
Path integrals for classical-quantum dynamics

Jonathan Oppenheim1 and Zachary Weller-Davies2, 1

1Department of Physics and Astronomy, University College London,
Gower Street, London WC1E 6BT, United Kingdom

2Perimeter Institute for Theoretical Physics, Waterloo, Ontario, Canada

Consistent dynamics which couples classical and quantum degrees of freedom exists. This dynam-
ics is linear in the hybrid state, completely positive and trace preserving. Starting from completely
positive classical-quantum master equations, we derive a general path integral representation for
such dynamics in terms of a classical-quantum action, which includes the necessary and sufficient
conditions for complete positivity and trace preservation. The path integral we study is a general-
ization of the Feynman path integral for quantum systems, and the stochastic path integral used
to study classical stochastic processes, allowing for interaction between the classical and quantum
systems. When the classical-quantum Hamiltonian is at most quadratic in the momenta we are
able to derive a configuration space path integral, providing a map between master equations and
covariant classical-quantum path integrals.

I. INTRODUCTION

Recently, there has been progress in understanding the dynamics of classical-quantum systems, where one system
can be treated as classical and the other quantum mechanically. Examples of consistent classical-quantum (CQ) master
equations, originally introduced in [1, 2], have since been studied in a variety of different contexts [3–6], including
gravity [5, 7–9], and can be shown to be completely positive, trace preserving (CPTP), and preserve the split between
classical and quantum degrees of freedom [1, 6, 10, 11]. The CPTP condition is required for the dynamics to respect
positivity and normalisation of probabilities [12]. Other approaches to classical-quantum dynamics include sourcing
classical degrees of freedom via feedback and measurement of quantum matter [13–16], which also lead to completely
positive classical-quantum master equations. The most general form of CPTP classical-quantum dynamics has been
derived [5, 17], and takes an analogous form to that of the GSKL or Lindblad equation [18, 19] in open quantum
systems and the rate equation in classical dynamics.

In the master equation picture, the complete positivity, and general consistency, of the dynamics is manifest.
However, in a variety of contexts a path integral approach is perhaps more useful. For example, some numerical
simulations are better suited to path integral methods [20–26], especially when saddle point approximations are
valid. For practical applications, it is useful to note that classical-quantum dynamics can be viewed as the natural
framework to discuss quantum theory when measurements are involved, which is particularly relevant for quantum
control procedures. Indeed, the most general operation one is allowed to perform in standard quantum theory is
described by a series of CPTP maps which are performed conditioned on the outcomes of measurements, and is
described by the classical-quantum map in Equation (1). On the other hand, CQ dynamics is the framework to
consider theories with a classical field, whether fundamental or effective, and a path integral approach allows one
to impose space-time and gauge symmetries, as well as the possibility to enforce the modern principles used when
studying effective field theories [27].

In quantum mechanics, it is well known that one can derive the path integral approach from the Schrödinger
equation, and also from the more general Lindblad equation arising from open quantum systems [28, 29]. It is perhaps
less well known that one can do the same for classical dynamics, arriving at an equivalence between general master
equations and path integrals [30–33]. For example, a Brownian particle whose conditional probability distribution
P (x, p|x′, p′) evolves according to the Fokker-Plank equation has an equivalent description in terms of a path integral
which is (up to factors of i, ℏ) the same as the standard path integral of quantum mechanics.
In this work we shall make use of the recent developments in the understanding of classical-quantum master

equations to write down a classical-quantum path integral, equivalent to dynamics which is CPTP. Specifically, using
the most general form of CPTP classical-quantum dynamics introduced in [5, 17], we associate a path integral to
any CQ master equation, from which the conditions on complete positivity can easily be read off. The general
result is given by Equation (20). We also study CP classical-quantum path integrals without resorting to master
equation methods in an accompanying paper [34]. In Table I we compare the standard Feynman path integral for
quantum systems, the classical path integral for stochastic systems, and the classical-quantum hybrid path integrals
we construct in this work.

Classical-quantum path integrals have appeared previously [36–40]. These may be valid when applied to some initial
probability densities, but generally lead to negative probabilities since the dynamics is not completely positive on all
initial states. Here, we consider dynamics which is CPTP on all states at all times. Of particular relevance is the class
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TABLE I: A table representing the classical, quantum, and classical-quantum path integrals.

Classical stochastic

Path integral p(q, p, tf ) =
∫
DqDp eiSC [q,p]δ(q̇ − ∂H

∂p
)p(q, p, ti)

Action iSC = −
∫ tf
ti

dt 1
2
( ∂H

∂q
+ ṗ)D−1

2 ( ∂H
∂q

+ ṗ)

CP condition D−1
2 a positive (semi-definite) matrix, D−1

2 ⪰ 0

(a) The path integral for continuous, stochastic classical dynamics [30–33] in phase space generated by a stochastic Hamiltonian. One sums
over all classical configurations (q, p) with a weighting according to the difference between the classical path and its expected force − ∂H

∂q
,

by an amount characterized by the diffusion matrix D2. In the case where the force is determined by a Lagrangian LC , the action SC

describes a suppression of paths away from the Euler-Lagrange equations iSC = −
∫ tf
ti
dt 1

2
( δLC

δqi
)(D−1

2 )ij( δLC
δqj

), by an amount determined

by the diffusion coefficient D2. The most general form of classical path integral is given by Equation (22).

Quantum

Path integral ρ(ϕ±, tf ) =
∫
Dϕ± eiS[ϕ+]−iS[ϕ−]+iSFV [ϕ+,ϕ−]ρ(ϕ±, ti)

Action

S[ϕ] =

∫ tf

ti

dt
(1
2
ϕ̇2 + V (ϕ)

)
,

iSFV =

∫ tf

ti

dt
(
Dαβ

0 L+
αL

∗−
β − 1

2
Dαβ

0 (L∗−
β L−

α + L∗+
β L+

α )
)

CP condition Dαβ
0 a positive (semi-definite) matrix, D0 ⪰ 0.

(b) The path integral for a general autonomous quantum system, here taken to be ϕ. The quantum path integral is doubled since it
includes a path integral over both the bra and ket components of the density matrix, here represented using the ± notation. In the absence
of the Feynman Vernon term SFV [28], the path integral represents a quantum system evolving unitarily with an action S[ϕ]. When the
Feynman Vernon action SFV is included, the path integral describes the path integral for dynamics undergoing Lindbladian evolution
[18, 19] with Lindblad operators Lα(ϕ). Because of the ± cross terms, the path integral no-longer preserves the purity of the quantum

state and there will generally be decoherence by an amount determined by D0. By way of example, taking Dαβ
0 = D0 and L±

α = ϕ±(x)

a local field, results in a Feynman-Vernon term iSFV = −D0

∫ tf
ti
dtdx

(
ϕ−(x) − ϕ+(x)

)2
which decoheres the state in the ϕ(x) basis:

off-diagonal terms in the density matrix where ϕ+(x) is different to ϕ−(x) are suppressed.

Classical-quantum

Path integral ρ(q, p, ϕ±, tf ) =
∫
DqDpDϕ± eiSC [q,p]+iS[ϕ+]−iS[ϕ−]+iSFV [ϕ±]+iSCQ[q,p,ϕ±]δ(q̇ − p

m
)ρ(q, p, ϕ±, ti)

Action iSC [z] + iSCQ[z, ϕ
±] = −1

2

∫ tf

ti

dt D−1
2

(∂HC

∂q
+

1

2

∂VI [q, ϕ
+]

∂q
+

1

2

∂VI [q, ϕ
−]

∂q
+ ṗ

)2
.

CP condition D0 ⪰ 0, D2 ⪰ 0 and 4D2 ⪰ D−1
0

(c) The phase space path integral for continuous, autonomous classical-quantum dynamics. The path integral is a sum over all classical
paths of the variables q, p, as well as a sum over the doubled quantum degrees of freedom ϕ±. The action contains the purely quantum
term from the quantum path integral in Table Ib, but also includes the term iSC + iSCQ. This suppresses paths away from the drift,
which is sourced by both purely classical terms described by the Hamiltonian HC and the back-reaction of the quantum systems on the
classical ones, described by a classical-quantum interaction potential VI . The action acts to suppress paths which deviate from the ±
averaged Hamilton’s equations (see Equation (52)). The most general form of classical-quantum path integral is given by Equation (20).
Under certain conditions, namely when the classical-quantum action (20) is quadratic in momenta, one can arrive at a configuration space
path integral, where paths deviating from the ± averaged Euler-Lagrange equations as suppressed (see Equation (65)). In order for the
dynamics to be completely positive, the decoherence-diffusion trade-off 4D2 ⪰ D−1

0 must be satisfied [9, 17], where D−1
0 is the generalized

inverse of D0, which must be positive semi-definite.. As a consequence, there must be both a Feynman-Vernon term D0, and deviation
from paths away from their expected drift due to the diffusion coefficient D2, and both effects cannot be made small. When the trade-off
is saturated, the path integral preserves purity of the quantum state, conditioned on the classical degree of freedom[35] (see Section IVC).
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of continuous master equations [7, 10], the most general form of which was introduced in [17]. We find these path
integrals have a natural decomposition into a pure classical part, representing the stochastic nature of the classical
degrees of freedom, a pure quantum part, which includes a Feynman-Vernon term, and a classical-quantum part –
which acts to exponentially suppress the paths which deviate from the averaged equations of motion – as summarized
by Table I. Under certain conditions, namely when the dynamics is at most quadratic in momenta, we can integrate
out the momenta to arrive at a configuration space path integral. In the case where the dynamics is approximately
Hamiltonian, as in [5–7], the configuration space path integral acts to exponentially suppress the paths which deviate
from paths solving the averaged Euler-Lagrange equations.

The final form we find motivates a general form of configuration space path integrals, summarized by Equation (70).
In [34] we prove such path integrals are completely positive without resorting to master equation methods, meaning
the general form is valid even when higher derivative terms are included. As a result, these path integrals provide
a general framework to construct classical-quantum theories which respect space-time symmetries. In this work we
are primarily interested in deriving CQ path integrals from master equations, but for completeness we also include
a discussion of their more general form. These are discussed in more detail in [34] where they are used to construct
CQ path integrals for gravity including a diffeomorphism invariant theory based on the trace of Einstein’s equations.
These CQ path integrals can be thought of as an effective theory where space-time is treated as classical. On the
other hand, if taken as fundamental, the parameter space of the theory can be experimentally constrained via the
decoherence diffusion trade-off [9], which has already been used to constrain theories with a fundamentally classical
gravitational field. We will find that the trade-off plays a special role here. When it is saturated, the path integral
takes on a particularly simple form.

The outline of the paper is as follows. In section II we briefly review the CQ master equation, where we discuss
the necessary and sufficient conditions for complete positivity, as well as reviewing the classical-quantum Kramers-
Moyal expansion [5] – a tool which is helpful in deriving the path integral. In section IIIA, we show how one can
perform a Trotterization [41] of the CQ master equation to arrive at a general CQ path integral in terms of the
quantum variables, the classical variables and “response variables” denoted u, which are often found in path integral
approaches to classical dynamics [42]. In section IV we show that for the continuous class of master equations [17], it
is possible to integrate out the response variables to get a path integral in terms of the classical and quantum degrees
of freedom alone. In the case where the Lindblad operators and Hermitian, or when the decoherence-diffusion trade-
off is saturated, the path integral takes on a particularly simple form. This is shown in Subsections IVA and IVC
respectively. In section V we study the configuration space path integral. In the case the dynamics is approximately
Hamiltonian, we show that the result of the path integral action is to exponentially suppress the paths which deviate
from the averaged Euler-Lagrange equations, with all the information about the classical-quantum interaction encoded
in a proto-action WCQ. In section VI, we discuss the path integral for interacting classical and quantum fields. We
give an example of a CQ master equation which has a Lorentz invariant path integral. For completeness we also
review the covariant path integral formalism introduced in our companion paper [34]. We conclude by mentioning
possible directions for future research.

The appendices contain examples of path integrals. In Appendix A we derive the path integral for the most general
Markovian1 continuous measurement procedure, where one also allows for classical control and feedback. In Appendix
B we study examples of CQ path integrals which maintain space-time symmetries such as Lorentz and diffeomorphism
invariance.

II. CLASSICAL-QUANTUM DYNAMICS

In this section, we provide a concise review of the map and master equation that governs classical-quantum (CQ)
dynamics. A central element is the Kramers-Moyal expansion [43, 44], whose CQ analogue [5] is given in Equation (8).
In classical Markovian systems, the Kramers-Moyal expansion serves as the foundation for constructing a path integral
representation of the dynamics [32]; we observe a similar structure in the classical-quantum case, where the CQ map’s
moments appear in the path integral’s exponent. The requirement of complete positivity imposes constraints on these
moments, as discussed thoroughly in [9].

We model the classical degrees of freedom using a continuous measurable space M, with typical elements denoted
by z. For example, if the classical variables are position and momentum, then M = R2 and z = (q, p). The quantum
part of the system is described by a Hilbert space H. A more informal discussion of field-theoretic cases is provided in
Section VI. Let S(H) denote the set of positive semi-definite operators on H. A CQ state is then a map ϱ : M → S(H)

1 More precisely, we consider dynamics which is autonomous, meaning that the coupling constants of the theory don’t depend on the
time. By including an auxillary classical variable which acts as a clock, we can accommodate the case where the coupling constants are
time dependent, so long as they satisfy the same positivity conditions as in the time-independent case.
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subject to the normalization condition
∫
M dz TrH ϱ = 1. That is, to each classical configuration z, we associate an

unnormalized density operator ϱ(z) such that TrH ϱ = p(z) ≥ 0 defines a classical probability distribution, and∫
M dzϱ(z) yields a normalized density operator on H.
As shown in [5], any autonomous, linear dynamical map preserving the CQ structure is completely positive if and

only if it takes the form

ϱ(z, t+ δt) =

∫
dz′Λ(z|z′, δt)(ϱ(z′, t)) =

∫
dz′Λµν(z|z′, δt)Lµ(z|z′, δt)ϱ(z′, t)L†

ν(z|z′, δt), (1)

where Λ(z|z′, δt) is completely positive for each z, z′2, Lµ(z|z′, δt) are Lindblad operators, and Λµν(z|z′, δt) defines a
positive measure over z, z′. To ensure probability conservation, the dynamics must satisfy∫

dzΛµν(z|z′, δt)L†
ν(z|z′, δt)Lµ(z|z′, δt) = I. (2)

We now introduce a moment expansion of the dynamics in the form of a classical-quantum Kramers-Moyal expan-
sion. The moments of the transition amplitude are defined as

Mµνn, i1 . . . in(z
′, δt) =

∫
dz Λµν(z|z′, δt)(z − z′)i1 . . . (z − z′)in , (3)

where the indices ij ∈ {1, . . . , d} label components of (z − z′). For instance, if d = 2 and z = (q, p), then (z − z′) =
(q− q′, p−p′), with components (z− z′)1 = q− q′ and (z− z′)2 = p−p′. Each Mµνn, i1 . . . in(z

′, δt) is thus an n-rank
tensor with dn components. Importantly, these moments are constrained by complete positivity, which translates into
positivity conditions on Mµνn, i1 . . . in.
To characterize the short-time behavior, we expand the moments as

Mµν(z′, δt)n,i1...in = δµ0 δ
ν0 + δtDµνn, i1 . . . in(z

′, t) +O(δt2), (4)

which defines the short-time coefficients Dµν
n,i1...in

(z′, t). We define the characteristic function, i.e., the Fourier trans-
form of the transition amplitude:

Cµν(u, z′, δt) =

∫
dzeiu·(z−z′)Λµν(z|z′, δt) =

∞∑
n=0

(in)ui1 . . . uin
n!

Mµν
n,i1...in

(z′, δt), (5)

where the dual variables u are referred to as response variables. Inverting the Fourier transform relates Λµν to its
moments:

Λµν(z|z′, δt) =
∫
du e−iu·(z−z′)Cµν(u, z′, δt) =

∞∑
n=0

Mµν
n,i1...in

(z′, δt)

n!

1

(2π)d

∫
du e−iu·(z−z′)(in)ui1 . . . uin . (6)

Substituting this into the CQ map (1), and applying the short-time expansion from Equation (3), the state at t+δt
becomes

ϱ(z, t+ δt) =
1

(2π)d

∫
dudz′ e−iu(z−z′)

(
ϱ(z′, t) +

∞∑
n=0

δt(in)
ui1 . . . uin

n!
Dµνn, i1 . . . in(z

′, t)Lµϱ(z
′, t)L†

ν

)
. (7)

This equation is central for deriving the CQ path integral. The moments in (7) correspond to physical features:
for example, the first and second moments D1, D2 quantify the amount of drift and diffusion, respectively, while the
zeroth moment D0 quantifies decoherence. The moments are not independent—probability conservation allows one
to eliminate D00

0 in favor of the other coefficients [5]. Taking the limit δt→ 0 and using (2), we obtain the CQ master
equation:

2 Since the classical configuration space is continuous, we require that the kernel Λ̂(z), defined by Λ̂(z)(ψ) =
∫
dz′Λ(z|z′)ψ(z′), is

completely positive for all z. Taking ψ(z) = δ(z, z′) then implies Λ(z|z′) must be CP for all z, z′.
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∂ϱ(z, t)

∂t
=

∞∑
n=1

(−1)n

n!

(
∂n

∂zi1 . . . ∂zin

)(
D00

n,i1...in(z, t)ϱ(z, t)
)

− i[H(z), ϱ(z, t)] +Dαβ
0 (z, t)Lαϱ(z, t)L

†
β − 1

2
Dαβ

0 (z, t)L†
βLα, ϱ(z, t)+

+
∑

µν ̸=00

∞∑
n=1

(−1)n

n!

(
∂n

∂zi1 . . . ∂zin

)(
Dµν

n,i1...in
(z, t)Lµϱ(z, t)L

†
ν

)
, (8)

with H(z) = i
2 (D

µ0
0 Lµ − D0µ

0 Lµ†), which is Hermitian since Dµ0
0 = (D0µ

0 )∗. Equation (8), our CQ Kramers-Moyal

expansion, consists of three parts: the first line describes purely classical dynamics, determined by Λ00(z|z′); the

second line captures quantum Lindbladian evolution—Dα0
0 terms generate Hamiltonian dynamics, and Dαβ

0 yield
dissipation in the purely quantum evolution, both of which can depend on classical variables; and the final line
represents back-reaction, where changes in classical distributions coincide with quantum state changes.

We often denote the full moment tensor as Dn, comprising components Dµν
n,i1...in

. In shorthand, the master equation
reads

∂ϱ

∂t
= L(ρ), (9)

where the superoperator L corresponds to the right-hand side of Equation (8). The formal solution is

ρ(t) = U(t, ti) = T e
∫ t
ti

dt′L(t′)
(ρ(ti)), (10)

with T denoting the time-ordering operator, necessary since L(t) may not commute at different times. In the au-
tonomous case, the evolution forms a semigroup [19], satisfying U(t, ti) = U(t, t′)U(t′, ti).

III. DERIVATION OF THE PATH INTEGRAL FORMALISM

In classical Markovian dynamics, the Kramers-Moyal expansion is used to obtain a path integral representation of
the dynamics. For the reader unfamiliar with classical path integrals for open classical systems we recommend [32]
(see also [33, 45]). The path integral for quantum systems is found after Trotterizing [41] the dynamics and inserting
position and momentum resolutions of the identity – see [29] for a review of quantum path integrals for open quantum
systems. In the hybrid case, we shall do both simultaneously to arrive at a CQ path integral, using the short time
representation of the dynamics appearing in Equation (7).

We first derive a path integral for the most general CQ master equation to arrive at a phase space path integral,
which includes an integral over response variables. The result is Equation (20). In its most general form, the path
integral is a complicated object, however, in section IV we study the path integral for the class of continuous master
Equations. In this case, we find that we can always integrate out the response variables to arrive at a phase space path
integral alone, given by Equation (44).3 The resulting path integral has a natural interpretation in terms of suppressing
paths away from there averaged equations of motion by an amount characterized by D−1

2 .4 Simultaneously there is
decoherence the quantum system, by an amount depending on D0. The decoherence diffusion trade-off [9], necessary
for complete positivity of the dynamics, tells us that one cannot simultaneously make the effects of decoherence and
diffusion small if there is back-reaction on the classical system.

A. Derivation of phase space path integral for any CQ dynamics

Let us now derive the CQ path integral for the master equation in Equation (8). For ease of presentation, we shall
take the Lindblad operators Lµ to be functions of two canonically conjugate operators ϕ, π, with [ϕ, π] = i, Lµ(ϕ, π),
but the derivation also holds if they are functions of multiple operators and we can also write a coherent state path

3 In section V we discuss the sufficient conditions to derive a configuration space path integral, namely that the classical-quantum action
be at most quadratic in momenta.

4 Here, and throughout, the −1 denotes the generalized inverse of D2(D0), since D2(D0) are only required to be positive semi-definite
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integral using similar methods to [29]. We use the convention that ⟨ϕ|ϕ′⟩ = δ(ϕ − ϕ′) and ⟨π|π′⟩ = 2πδ(π − π′) so
that ⟨ϕ|π⟩ = eiπϕ.
To derive the path integral, we first Trotterize the dynamics. Defining tf = ti + Kδt and tk = kδt, we use the

identity

U(tf , ti) = lim
K→∞

U(tf , tk−1)U(tk−1, tk−2) . . . U(t2, ti) = lim
K→∞

(1 + δtL(tk−1))(1 + δtL(tk−2)) . . . (1 + δtL(ti)). (11)

In the time independent case, (11) reduces to the familiar statement

U(tf , ti) = eL(tf−ti) = lim
K→∞

eLδt = lim
K→∞

(1 + Lδt)K . (12)

We can use Equation (11) to write the CQ state at time tk+1 in terms of the state at time tk as

ϱ(zk+1, tk+1) =

∫
dzkδ(zk+1 − zk)ϱ(zk, tk) + δtL(zk+1|zk)(ϱ(zk, tk)). (13)

Using the definition of the delta function, we can identify the right hand side of Equation (13) with that of Equation
(7) to write

ϱ(zk+1, tk+1) =
1

(2π)d

∫
dukdzk e

−iuk·(zk+1−zk)

(
ϱ(zk, tk) +

∞∑
n=0

δt(in)
uk,i1 . . . uk,in

n!
Dµν

n,i1...in
(zk, tk)Lµϱ(zk, tk)L

†
ν

)
.

(14)
The next step is to map the Lindblad operators acting on the CQ state to c-numbers which can be exponentiated.
Just as with the quantum path integral, we first write the state in terms of the ϕ basis

ϱ(zk, tk) =

∫
dϕ−k dϕ

+
k ϱ(zk, ϕ

+
k , ϕ

−
k , tk) |ϕ

+
k ⟩⟨ϕ

−
k |, (15)

where ϱ(z, ϕ+k , ϕ
−
k , tk) = ⟨ϕ+|ϱ(z, tk)|ϕ−⟩. The +,− convention is such that when we calculate the expectation value

of operators TrO+ϱO−, then, after using cyclicity of the trace Tr ϱO−O+ = TrO−O+ϱ, the operators O− are always
to the left of O+.
Inserting (14) into (15), along with π+, π− resolutions of the identity (at the position ILµϱL

†
νI) gives the following

expression for the transition amplitude

ϱ(zk+1, ϕ
+
k+1, ϕLk+1, tk+1) =

1

(2π)d

∫
dϕ−k dϕ

+
k dπ

−
k dπ

+
k dukdzke

δtI(ϕ−
k ,ϕ+

k ,π−
k ,π+

k ,uk,zk,tk)ϱ(zk, ϕ
+
k , ϕ

−
k , tk),

where we have implicitly defined the (time-discrete) classical-quantum action

I(ϕ−k , ϕ
+
k , π

−
k , π

+
k , uk, zk, tk) = −iuk · (zk+1 − zk)

δt
+ i

(ϕ+k+1 − ϕ+)

δt
π+ − i

(ϕLk+1 − ϕ−)

δt
π−

+

∞∑
n=0

(in)
uk,i1 . . . uk,in

n!
Dµν

n,i1...in
(zk, tk)L

+
µL

−∗
ν , (16)

using the shorthand L+
µ := Lµ(ϕ

+, π+) = ⟨π+|Lµ(ϕ, π)|ϕ+⟩, and similarly for L−. Taking the t → 0,K → ∞ limit,
with δtK = tf − ti, we arrive at the path integral representation of the transition amplitude

ϱ(z, ϕ+, ϕ−, tf ) =

lim
K→∞

∫ { K∏
k=1

dϕ±k

}{
K∏

k=1

dπ±
k

2π

}{
K∏

k=1

duk
(2π)d

}{
K∏

k=1

dzk

}
eδt

∑K
k=1 I(ϕ−

k ,ϕ+
k ,π−

k ,π+
k ,uk,zk,tk)ϱ(zi, ϕ

+
i , ϕ

−
i , ti),

(17)

where it should always be understood that boundary conditions for the final state have been imposed. For ease of
notation, we will write this formally as

ϱ(z, ϕ+, ϕ−, tf ) =

∫
Dϕ±Dπ±DuDz eI(ϕ

−,ϕ+,π−,π+,u,z,ti,tf )ϱ(zi, ϕ
+
i , ϕ

−
i , ti), (18)
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where

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) =

∫ tf

ti

dt

[
−iu · dz

dt
+ iϕ̇+π+ − iϕ̇−π− +

∞∑
n=0

(in)
ui1 . . . uin

n!
Dµν

n,i1...in
(z, t)L+

µL
−∗
ν

]
, (19)

and the ± denotes integration over both the +,− variables. Finally, we can use the normalization condition to
substitute in for the coefficient D00

0 to write the path integral in a way which reflects the structure of the master
equation in (8), in which case we find our general expression for the CQ action

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) =

∫ tf

ti

dt

[
− iu · dz

dt
+

∞∑
n=1

(in)
ui1 . . . uin

n!
D00

n,i1...in(z, t)

+ iϕ̇+π+ − iH+ − iϕ̇−π− + iH− +Dαβ
0 (z, t)L+

α (ϕ
+, π+)L∗−

β − 1

2
Dαβ

0 (z, t)
(
L∗+
β L+

α + L∗+
β L+

α

)
+
∑

µν ̸=00

∞∑
n=1

(in)
ui1 . . . uin

n!
Dµν

n,i1...in
(z, t)L+

µL
∗−
ν

]
.

(20)

We can break down Equation (20) into its familiar parts, by writing

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) = iSC [u, z] + iS[ϕ+, π+]− iS[ϕ−, π−] + iSFV [z, ϕ
±, π±] + iSCQ[u, z, ϕ

±, π±]. (21)

In Equation (21) SC [u, z] is the pure classical action [32]

iSC [u, z] =

∫ tf

ti

dt

[
−iu · dz

dt
+

∞∑
n=1

(in)
ui1 . . . uin

n!
D00

n,i1...in(z, t)

]
, (22)

S[ϕ, π] = ϕ̇π − H is a pure quantum action (written in momentum variables), which appears in the combination
iS[ϕ+, π+] − iS[ϕ+, π+] due to the bra and ket components of the density matrix. SFV [z, ϕ

±, π±] is the Feynman-
Vernon action familiar in the study of open quantum systems, describing the pure Lindbladian part of the dynamics

SFV [z, ϕ
±, π±] = −i

∫ tf

ti

dt Dαβ
0 (z, t)L+

αL
∗−
β − 1

2
Dαβ

0 (z, t)
(
L∗+
β L+

α + L∗+
β L+

α

)
, (23)

and SCQ[u, z, ϕ
±, π±] is describes the novel non-trivial CQ interaction terms

iSCQ[u, z, ϕ
±, π±] =

∫ tf

ti

dt
∑

µν ̸=00

∞∑
n=1

(in)
ui1 . . . uin

n!
Dµν

n,i1...in
(z, t)L+

µL
∗−
ν . (24)

One sees that the quantum back-reaction on the classical system is encoded by the interaction of the Linbdlad
operators with the response variables u through the coupling Dµν

n,i1...in
(z, t). Equation (17) is the most general path

integral formulation for CQ autonomous dynamics. However, the fact that there are infinitely many terms appearing
in the exponent make it potentially difficult to work with, at least exactly, and represents the fact that in general
classical-quantum dynamics can involve finite sized jumps in the classical phase space.

Nonetheless, there is an important class of dynamics for which the path integral becomes much simpler. In [17]
it was proven that there are two classes of CQ dynamics in a CQ version of the Pawula theorem [46]. Either the
CQ master equation has infinitely many moments Dn or the moment series has at most two moments and describes
continous dynamics in phase space. In the case of infinitely many moments, the dynamics consists of finite sized jumps
in phase space. These dynamics were introduced in [1], and in the case of z of finite dimension, its generality was
proven by Poulin [47]. An example of a consistent continuous master equation, when the back-reaction is a constant
force, first appeared in [7, 10]. The general form of the continuous dynamics is given by [17]

∂ϱ(z, t)

∂t
=

n=2∑
n=1

(−1)n

n!

(
∂n

∂zi1 . . . ∂zin

)(
D00

n,i1...in(z, t)ϱ(z, t)
)
− ∂

∂zi

(
D0α

1,i(z, t)ϱ(z, t)L
†
α

)
− ∂

∂zi

(
Dα0

1,i(z, t)Lαϱ(z, t)
)

− i[H(z), ϱ(z, t)] + +Dαβ
0 (z, t)Lαϱ(z, t)L

†
β − 1

2
Dαβ

0 (z, t){L†
βLα, ϱ(z, t)}+, (25)
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where completely positivity of the dynamics is equivalent to the condition that the matrix

D =

[
D2 D1

D†
1 D0

]
⪰ 0 (26)

is positive semi-definite. It is useful to note that that since Equation (26) is in block form it follows from the Schur
complement that positive semi-definiteness of D is equivalent to the following conditions

D ⪰ 0 ⇔ D2 ⪰ 0, D0 −D†
1D

−1
2 D1 ⪰ 0,

(
I −D2D

−1
2

)
D1 = 0 and

D ⪰ 0 ⇔ D0 ⪰ 0, D2 −D1D
−1
0 D†

1 ⪰ 0,
(
I −D0D

−1
0

)
D†

1 = 0.
(27)

Here −1 denotes the generalized inverse, since D2, D0 are only required to be positive semi-definite. For convenience,
we often write the generalized inverse of an object X as X−1 but we emphasise that it should always be understood
as the generalized inverse if X is not invertible. As a consequence of Equation (27), master Equations of the form of

Equation (25) must obey D2 ⪰ D1D
−1
0 D†

1, which is the decoherence-diffusion trade-off explored in [9].5

For the class of continuous master equations, the action of Equation (20) reads

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) =

∫ tf

ti

dt

[
− iu · dz

dt
+ iuiD

00
1,i −

1

2
uiD

00
2,ijuj

iϕ̇+π+ − iH+ − iϕ̇−π− + iH− +Dαβ
0 L+

αL
∗−
β − 1

2
Dαβ

0

(
L∗−
β L−

α + L∗+
β L+

α

)
+ iuiD

0α
1,iL

∗−
α + iuiD

α0
1,iL

+
α

]
,

(28)

and we can identify the purely classical contribution with the Fokker-Plank action [32, 33]

iSC =

∫ tf

ti

dt

[
−iu · dz

dt
+ iuiD

00
1,i −

1

2
uiD

00
2,ijuj

]
, (29)

whilst the CQ interaction is determined via

SCQ =

∫ tf

ti

dt
[
uiD

0α
1,iL

∗−
α + uiD

α0
1,iL

+
α

]
. (30)

Equation (28) gives the general form of path integrals for any continuous autonomous CQ master equation. In the next
section we show that these path integrals can be simplified further since the action is quadratic in u. Therefore, we are
able to integrate out the response variables u to obtain a path integral over ϕ±, π±, z alone. In this case, the coupling
between quantum and classical degrees of freedom can be written down directly, as opposed to being mediated by
response variables, and we show this has a natural interpretation as suppressing classical paths which deviate away
from their averaged path, determined by both pure classical drift and drift sourced by quantum back-reaction on the
classical degrees of freedom.

To summarize this section, we have seen that by introducing a recursive short time moment expansion of the
classical-quantum state, Equation (14), we are able to write down the general form of the phase space classical-
quantum path integral. The general expression is given by Equation (20), and for continuous dynamics we arrive
at the considerably simpler path integral of Equation (28). In the general case, the action includes an integral over
response variables u. However, for the continuous master equations the response variables couple quadratically in
the action; in the next section we shall integrate these out to obtain a path integral formulation without response
variables.

5 The factor of 2 difference with [9] arises since we have not absorbed the n! appearing in the master equation (8) into the definition of
the moments Dn.



9

IV. PATH INTEGRAL FORMULATION FOR CONTINUOUS CQ MASTER EQUATIONS WITHOUT
RESPONSE VARIABLES

In this section, we perform the integral over response variables in Equation (28) to obtain a path integral repre-
sentation of the continuous master equation in terms of the variables ϕ±, π±, z alone. Since the pure quantum parts
of the action are u independent, the relevant portion of the action, i.e, the u dependent part, is given by SC + SCQ

– as defined in Equations (29) and (30). We have to be careful since the diffusion matrix D2 appearing in SC is a
symmetric, positive semi-definite matrix, as opposed to a positive definite matrix, and so the Gaussian integral over
response variables is slightly less standard.

To deal with this issue, we first diagonalize the diffusion matrix by means of an orthogonal transformation Oij(z, t)

D00
2,ij(z, t) =

∑
k

Oik(z, t)
Tλk(z, t)Okj(z, t). (31)

We expect the u path integral measure to be invariant under orthogonal transformations of u and so after applying
the orthogonal transformation to Equation (28), or more properly to each u integral in Equation (17), we arrive at
the diagonalized action for the continuous master equation

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) =

∫ tf

ti

dt

[
− iuiOij

dzj
dt

+ iuiOijD
00
1,j −

1

2
uiλiui

iϕ̇+π+ − iH+ − iϕ̇−π− + iH− +Dαβ
0 L+

αL
∗−
β − 1

2
Dαβ

0

(
L∗−
β L−

α + L∗+
β L+

α

)
+ iuiOijD

0α
1,jL

∗−
α + iuiOijD

α0
1,jL

+
α

]
.

(32)

Having diagonalized the diffusion matrix D00
2,ij the uiuj cross terms appearing in Equation (28) decouple and we can

perform each component ui of the Du path integral separately. Since we know that D00
2,ij is a positive semi-definite

matrix there are two cases to consider – when its eigenvalues vanish λi = 0 and when they are strictly positive λi > 0.
We split the action into terms consisting of response variables which couple to a zero eigenvalue and those which
couple to a strictly positive eigenvalue

I(ϕ−, ϕ+, π−, π+, u, z, ti, tf ) = I(ϕ−, ϕ+, π−, π+, uλ=0, z, ti, tf ) + I(ϕ−, ϕ+, π−, π+, uλ>0, z, ti, tf ). (33)

Given this decomposition, we are then able to perform the integration over the response variables in turn, starting
with those associated to a zero eigenvalue.

1. Integral over response variables ui with λi = 0

When λi = 0 the action in Equation (32) is linear in ui. We know that for the dynamics to be completely positive
we must have (27) that

(I −D2D
−1
2 )D1 = 0, (34)

and as a consequence

(I − λλ−1)OD1 = 0, (35)

where λ−1 is the generalized inverse of λ. We can write (35) in components as∑
j

(1− δ(λi))OijD1,j = 0, (36)

where δ(λi) is 0 if λi = 0 and one otherwise. In the case when λi > 0 this poses no extra restrictions. However, when
λi = 0 the i, j component can only be satisfied if

∑
j OijD1,j = 0. Hence, whenever λi = 0 the terms uiO1,jD

0α
1,j -

and its complex conjugate term - will not contribute in Equation (32). This is expected: if we use a basis of classical
variables such that the diffusion matrix is diagonal, then if any of the classical variables are deterministic we expect
to have no quantum back-reaction on these degrees of freedom, since we know this must be of stochastic nature due
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to Equation (27) and the decoherence diffusion trade-off [9].
In fact, for vanishing λi, the only term involving the response variable ui is given by the purely classical SC action,

and takes the form ∑
j,i|λi=0

(
−iuiOij

dzj
dt

+ iuiOijD
00
1,j

)
. (37)

Performing the ui path integral over (37) gives rise to a delta functional

ϱ(z, ϕ+, ϕ−, tf ) =

∫
Dϕ−Dϕ+Dπ−Dπ+Duλ>0Dz

∏
k|λk=0

δ(Okj
dzj
dt

−OkjD1,j)) e
I(ϕ−,ϕ+,π−,π+,uλ>0,z,ti,tf )ϱ(zi, ϕ

+
i , ϕ

−
i , ti),

(38)
where we denote Duλ>0 as the remaining path integral over the variables with eigenvalue λi > 0. Duλ>0 should

be understood as the K → ∞ limit of
∏K

k=1

∏R
i=1

du⃗k,i

2π , where i = 1, . . . R label the components of uk,i which have
positive eigenvalue λi > 0.

2. Integral over response variables with λi > 0

Now let us consider the path integral for the response variables ui which couple to a positive eigenvalue λi > 0.
The terms in the CQ action (28) which involve these response variables are given by SC and SCQ∑

i|λi≥0,j

[
− iuiOij

dzj
dt

+ iuiOijD
00
1,j −

1

2
uiλiui + iuiOijD

0α
1,j(z)L

∗−
α + iuiOijD

α0
1,j(z)L

+
α

]
. (39)

Equation (39) is quadratic in ui and the quadratic terms couple to a now positive matrix uiλiδijui. As such, at each
timestep tk we can perform a standard Gaussian integral∫

exp dRu

(
−1

2
u ·A · u+ iJ · u

)
=

√
(2π)R

detA
exp

(
−1

2
J ·A−1 · J

)
, (40)

and integrate out the remaining response variables. Explicitly, at each time-step we can perform the integration over
the remaining ui variables using Equation (40), identifying R as the rank of the positive definite block of D2,ij , A as

the R×R matrix with elements Aij = (δt)δijλj and finally Ji = OijD1,diff where Ddiff
1,j is the vector

Ddiff
1,i (z, ϕ±, π±, t) = D00

1,i(z, t) +D0α
1,i(z, t)L

∗
α(ϕ

−, π−) +Dα0
1,i(z, t)Lα(ϕ

+, π+)− dzi
dt
. (41)

Ddiff
1,j describes the difference between the classical path dzi

dt and its expected drift, sourced by both quantum back-

reaction D0α
1,i(z)L

∗
α(ϕ

−, π−) +Dα0
1,i(z)Lα(ϕ

+, π+), and purely classical drift D00
1,i. Using Equation (40) we see that for

each ui integration we will pick up a contribution√
(2π)R

(δt)R detλ+
exp

(
−1

2
Ddiff

1 ·D−1
2 ·Ddiff

1 δt

)
, (42)

where detλ+ is defined as the product of all the positive eigenvalues of D2,ij .
It is important to emphasise that the diffusion matrix D2(z, t) can be z dependent, as can its eigenvalues, and so the

λ+(z, t) appearing in Equation (42) is also generically z dependent, describing a phase space dependent normalization
factor that we shall henceforth absorb into the definition of the Dz measure. This term is similar in nature to the
additional curvature term which arises when studying classical path integrals in curved space, as well as when studying
Langevin equations with multiplicative noise [48, 49].

All together we can integrate out all the response variables u, to write the classical quantum path integral in terms
of the variables ϕ±, π±, z alone

ϱ(z, ϕ+, ϕ−, tf ) =

∫
Dϕ−Dϕ+Dπ−Dπ+Dz

∏
k|λk=0

δ(Okj
dzj
dt

−OkjD1,j)) e
I(ϕ−,ϕ+,π−,π+,z,ti,tf )ϱ(zi, ϕ

+
i , ϕ

−
i , ti), (43)
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where the action takes the form

I(ϕ−, ϕ+, π−, π+, z, ti, tf ) =

∫ tf

ti

dt

[
− 1

2
Ddiff

1 ·D−1
2 ·Ddiff

1

+ iϕ̇+π+ − iH+ − iϕ̇−π− + iH− +Dαβ
0 L+

αL
∗−
β − 1

2
Dαβ

0

(
L∗−
β L−

α + L∗+
β L+

α

)]
,

(44)

and we have redefined the Dz integration measure, which due to Equation (42), now reads

K∏
k=1

dzk√
(2πδt)R detλ+k

. (45)

Equation (44) gives the most general path integral for the entire class of continuous CQ master equations. The
conditions for the underlying dynamics to be completely positive can be read off directly from Equation (27). In
particular, the underlying dynamics will be CP if and only if the Lindbladian coefficient D0 is positive semi-definite

D0 ⪰ 0, (I −D0D
−1
0 )D1 = 0 and D2 ⪰ D1D

−1
0 D†

1 where D−1
0 is the generalized inverse D0.

The classical-quantum interaction of the action in Equation (44) is contained in the term

−
∫ tf

ti

dt
1

2
Ddiff

1 (z, ϕ±, π±, t) ·D−1
2 (z, t) ·Ddiff

1 (z, ϕ±, π±, t), (46)

which, using the definition of Ddiff
1 in Equation (41), has a very natural interpretation as suppressing contributions

to the path integral where paths dz
dt differ from the expected drift, D00

1,i + D0α
1,iL

∗−
α + Dα0

1,iL
+
α , which is sourced by

both the pure classical evolution and the quantum back-reaction on the system. We also see that the amount one
is penalized for moving away from the expected classical trajectory depends on the inverse of the diffusion matrix;
if there is a large amount of diffusion, then D−1

2 is expected to be small, and so classical paths which venture away
from the expected value are penalized less. However, if there is very little diffusion then D−1

2 will be large, and
classical trajectories are forced to stick nearby the most likely path. Since both D−1

2 and D0 cannot simultaneously
be made small by virtue of the complete positivity condition in Equation (27) there is a trade-off between the amount
of diffusion in the classical system and the strength of the Lindbladian evolution of the quantum system which is
characterized by the second line of Equation (44). To further gain intuition for the path integral, let us now discuss
some cases in which the path integral in Equation (44) simplifies.

A. Hermitian Lindblad operators

A particularly nice interpretation of the path integral arises when the Lindblad operators Lα in Equation (44) are
Hermitian. In this case we can write the pure Lindbladian term of the path integral SFV in Equation (23) in terms
of a negative semi-definite quadratic form

iSFV = −1

2

∫ tf

ti

dt(L−
α − L+

α )D
αβ
0 (L−

β − L+
β ), (47)

and so Equation (44) reads

I(ϕ−, ϕ+, π−, π+, z, ti, tf ) =

∫ tf

ti

dt

[
iϕ̇+π+ − iH+ − iϕ̇−π− + iH−

− 1

2
(L−

α − L+
α )D

αβ
0 (L−

β − L+
β )−

1

2
Ddiff

1 ·D−1
2 ·Ddiff

1

]
. (48)

Reminding ourselves that the path integral can be used to compute the off-diagonal elements of the density operator
ϱ(z, ϕ+, ϕ−, tf ), we see that the Lindbladian part of the action suppresses the off-diagonal elements by an amount

dependent on L−
α − L+

α and the Lindbladian coupling matrix Dαβ
0 . In particular when Dαβ

0 is large, we find that
paths where L−

α ∼ L+
α are heavily preferred, causing the density matrix to decohere into the eigenbasis dictated

by the Lindblad operators. On the other hand, if the magnitude of the decoherence is small, then one can maintain
superpositions for a long time. However, we know from the CP conditions that long coherence times leads to necessarily
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large D2 on the classical system, with the precise relationship determined by the strength of the quantum back-
reaction D1. Large diffusion means that D−1

2 will be small, and so paths can deviate away from there average
without much suppression; there is a lot of classical uncertainty. In other words, if the decoherence rate is small,
so that superpositions can be maintained, then measuring the classical degree of freedom necessarily gives you little
information about the coherence of the quantum state. This is precisely the reason that consistent classical-quantum
dynamics exists, it is the stochastic coupling between classical and quantum degrees of freedom, and the trade-
off between maintaining superpositions and classical uncertainty, which allows one to evade the no-go theorems of
Feynman regarding the consistency of hybrid dynamics (see [50–53] for an incomplete list of some of the original
arguments on the inconsistency of classical-quantum dynamics).

B. Hamiltonian drift

Another simplification occurs when the drift Ddrift
1 is generated by a CQ Hamiltonian HCQ[ϕ, π] = HQ[ϕ, π] +

HC [q, p] + VI [q, ϕ], as in [5, 6, 16]. We assume the interaction is minimally coupled, so that the interaction potential
VI [q, ϕ] depends on classical and quantum position but not momenta, whilst HC [q, p] we take to be a purely classical
Hamiltonian. When the drift is generated by a Hamiltonian, the back-reaction, described by the D0α

1 term in the
master equation (25), is given by the Alexandrov-Gerasimenko bracket [54, 55]

1

2
({VI , ϱ} − {ϱ, VI}), (49)

where for simplicity we consider only one classical degree of freedom. Furthermore, due to the trade-off in Equation
(27), we know the full master equation must contain a term

∂ϱ(q, p)

∂t
= {HC , ϱ} − i[HQ + VI , ϱ] +

1

2

∂2

∂p2
(D2ϱ) +

1

2
({VI(q, ϕ), ϱ} − {ϱ, VI(q, ϕ)})−

1

2
D0

{∂VI
∂q

,
{∂VI
∂q

, ϱ
}}
, (50)

where HQ is a quantum Hamiltonian and complete positivity demands 4D2 ≥ D−1
0 . For the master equation in

Equation (50), the path integral action of Equation (44) is

I(ϕ−, ϕ+, π−, π+, z, ti, tf ) =

∫ tf

ti

dt

[
iϕ̇+π+ − i(H+

Q + V +
I )− iϕ̇−π− + i(H−

Q + V −
I )

− D0

2

(
∂VI
∂q

−
− ∂VI

∂q

+)2

− 1

2
Ddiff

1 ·D−1
2 ·Ddiff

1

]
, (51)

where the classical-quantum interaction takes the form

Ddiff
1 ·D−1

2 ·Ddiff
1 = D−1

2

(
{HC , p}+

1

2
{VI [q, ϕ+], p}+

1

2
{VI [q, ϕ−], p} − ṗ

)2

. (52)

Equation (52) thus acts to suppress paths which deviate from the ± averaged Hamiltonian equations of motion. In
Section V, we show that when the action is at most quadratic in the momenta of the classical and quantum systems,
one can integrate out the momentum variables to arrive at a configuration space path integral, where paths deviating
from their averaged Euler-Lagrange equations are suppressed.

C. When the trade-off is saturated

We will now see that when one saturates the decoherence-diffusion trade-off, which we take to mean that D0 =
D1D

−1
2 D1 in Equation (27), a remarkable set of cancellations occur, and the path integral takes on a very simple

form. In particular, it factorises, so that there is no coupling between the ϕ+ and ϕ− fields. This reflects the fact
that when the trade-off is saturated the classical-quantum dynamics keeps quantum states pure conditioned on the
classical trajectories[35]. This can also be seen via the path integral approach. When the trade-off is saturated, we
can expand out the classical-quantum interaction term in the path integral of Equation (44) to find that all of the
cross terms involving ± vanish. In particular those arising from D0 cancel with those arising from D−1

2 and Equation
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(44) reduces to

I(ϕ−, ϕ+, π−, π+, z, ti, tf ) = I+
CQ(ϕ

+, π+, z, ti, tf ) + I−∗
CQ(ϕ

−, π−, z, ti, tf )− IC(z, ti, tf ), (53)

where

ICQ(ϕ, π, z, ti, tf ) =

∫ tf

ti

dt

[
iϕ̇π − iH − (D00

1,i −
dzi
dt

)(D−1
2 )ijD0α

1,jL
∗
α − 1

2
(LαD

αβ
0 L∗

β +D0α
1,iL

∗
α(D

−1
2 )ijD0β

1,jL
∗
β)

]
(54)

IC(z, ti, tf ) =

∫ tf

ti

dt
1

2
(D00

1,i −
dzi
dt

)(D−1
2 )ij(D00

1,j −
dzj
dt

). (55)

When the back-reaction is Hermitian, meaning that D0α
1,iLα(ϕ, π) = Li(ϕ, π, z) is Hermitian, Equation (54) simplifies

further and after eliminating for D0 = D1D
−1
2 D1 its general form can be written in terms of (D−1

2 )ij alone

ICQ(ϕ, π, z, ti, tf ) =

∫ tf

ti

[
iϕ̇π − iH − (D00

1,i −
dzi
dt

)(D−1
2 )ijLj − (Li(D

−1
2 )ijLj)

]
. (56)

An important example of dynamics where the trade-off is saturated is an ideal continuous measurement of a Hermitian
operator Z(zt), where we can also allow the choice of continuous measurement, and its strength k(zt), to depend on
the measurement outcome zt at time t. In Appendix A we discuss this in more detail and give a general path integral
formulation for such Markovian continuous measurement and feedback procedures, extending previous work [22–26].

To summarize this section, we have shown that one can integrate out the response variables for the class of continuous
CQ master equations to arrive at the path integral in Equation (44), which is represented in terms of the quantum
phase space variables ϕ, π and the classical variables z alone. In the next section, we look at examples where we can
arrive at a configuration space path integral in both quantum and classical degrees of freedom.

V. CONFIGURATION SPACE PATH INTEGRALS

In this section, we consider configuration space path integrals. A configuration space path integral is an important
tool in understanding whether or not one can construct covariant theories (fundamental or effective) of interacting
classical-quantum fields. The conditions for which we can arrive at a configuration space path integral are standard.
In ordinary quantum mechanics we are able to integrate out the quantum momenta if the path integral is at most
quadratic in the quantum momentum variables. In the CQ case, if the action is quadratic in both the classical
and quantum momenta then we can arrive at a full configuration space path integral. For all such dynamics, the
methodology of arriving at a configuration space path integral is the same: at each time step, one completes the
square in the action and performs a Gaussian path integral. In this section we focus on a class of CQ dynamics which
end up having interesting configuration space path integrals. In particular, as in [5], we take the classical degrees
of freedom to live in a phase space and we take the CQ dynamics to be generated by an interaction potential VI .
We shall assume the dynamics are minimally coupled, which we take to mean that the CQ couplings depend only on
position and not on momenta, and we diffuse only in momenta. This class of dynamics proves to be interesting since
one finds a configuration space path integral which can be written in terms of a CQ proto-actionWCQ, as summarized
by Equation (65).

A. An explicit derivation of a configuration space path integral

Consider a classical system z = (qi, pj), coupled to a quantum system ϕ, π. In this subsection we consider continuous
master equations of the form

∂ϱ(q, p)

∂t
= {HC , ϱ} − i[HQ + VI , ϱ] +

∂2

∂pi∂pj
(D2,ij(qi)ϱ) +

1

2
({VI(qi, ϕ), ϱ} − {ϱ, VI(qi, ϕ)})

+Dαβ
0 (qi)

(
Lα(ϕ)ϱL

†
β(ϕ)−

1

2
{L†

β(ϕ)Lα(ϕ), ϱ}
)
,

(57)

where HC =
∑

i
p2
i

2mi
+V (qi) is the purely classical Hamiltonian, HQ = π2

2mQ
+V (ϕ) is the purely quantum Hamiltonian

and VI(qi, ϕ) is a classical-quantum interaction potential, a hybrid object which we take to only depend on the classical
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and quantum positions qi, ϕ. We also assume that VI is Hermitian, although in general this need not be the case. We

take the Lindbladian coupling Dαβ
0 (qi, t) and the diffusion coefficient D2,ij(qi, t) to depend on the classical positions

only. We emphasize the conditions imposed on Equation (57) are not necessary to get a configuration space path
integral; one only requires that the momentum dependence be at most quadratic. However, including qi diffusion, or
momentum dependence π in the Lindblad operators, alters the form of the momentum integral and complicates the
final form of path integral we find.

Since we can make an arbitrary selection of Lindblad operators, we shall use this to fix 1
2D

0α
1,i = δiα, and take a

basis of Lindblad operators which includes Li =
∂VI

∂qi
. With this choice, Equation (57) becomes

∂ϱ(q, p)

∂t
= {HC , ϱ} − i[HQ + VI , ϱ] +

1

2

∂2

∂pi∂pj
(D2,ij(qi)ϱ) +

1

2
({VI(qi, ϕ), ϱ} − {ϱ, VI(qi, ϕ)})

+Dij
0 (qi)

(
∂VI
∂qi

ϱ
∂V †

I

∂qj
− 1

2

{
∂V †

I

∂qj

∂VI
∂qi

, ϱ

})
+ LLindblad(ϱ),

(58)

where LLindblad denotes the collection of pure Lindbladian terms one could include in Equation (58) that are not
associated to ∂VI

∂qi
. Since these will not be accompanied by any back-reaction on the classical degrees of freedom we

will ignore them, focusing on terms associated to back-reaction alone. The LLindblad terms could easily be added back
to the final configuration space path integral by a suitable choice of Feynman-Vernon action. Since we have fixed
D0α

1,i =
1
2δ

i
α the complete positivity condition of Equation (27) is now that 4D2 ⪰ D−1

0 .
The transition amplitude for Equation (58) reads

ϱ(q, p, ϕ+, ϕ−, tf ) = (
∏
i

mi)

∫
Dϕ±Dπ±DqDpδ(miq̇i − pi)) e

I(ϕ−,ϕ+,π−,π+,q,p,ti,tf )ϱ(q, p, ϕ+i , ϕ
−
i , ti), (59)

which can be read off from Equation (43). The corresponding action is given by

I(ϕ−, ϕ+, π−, π+, q, p, ti, tf ) =

∫ tf

ti

dt

[
iϕ̇+π+ − i(H+

Q + V +
I )− iϕ̇−π− + i(H−

Q + V −
I )

− 1

2

(
∂V −

I

∂qi
−
∂V +

I

∂qi

)
Dij

0 (q, t)

(
∂V −

I

∂qj
−
∂V +

I

∂qj

)
− 1

2

(
ṗi +

∂HC

∂qi
+

1

2

∂V −
I

∂qi
+

1

2

∂V +
I

∂qi

)
(D−1

2 )ij(q, t)

(
ṗj +

∂HC

∂qj
+

1

2

∂V −
I

∂qj
+

1

2

∂V +
I

∂qj

)]
.

(60)

Since there is no qi diffusion, the pure Hamiltonian part of the classical evolution enforces the constraint pi = miq̇i
via the delta functional in Equation (59). Combined with the form of back-reaction in Equation (60), we see the
action suppresses paths which deviate from the ± averaged Hamilton’s equations, just as in Section IVB. We can
now perform the classical momentum integration, including over the final momenta, to get a path integral over the
classical configuration space. Doing this, Equation (60) becomes

I(ϕ−, ϕ+, π−, π+, q, ti, tf ) =

∫ tf

ti

dt

[
iϕ̇+π+ − i(H+

Q + V +
I )− iϕ̇−π− + i(H−

Q + V −
I )

− 1

2
(
∂∆VI
∂qi

)Dij
0 (
∂∆VI
∂qj

)− 1

2

(
miq̈i +

∂HC

∂qi
+
∂V̄I
∂qi

)
(D−1

2 )ij(q)

(
mj q̈j +

∂HC

∂qj
+
∂V̄I
∂qj

)]
.

(61)

In Equation (61) we have introduced the notation V̄I = 1
2 (V

−
I + V +

I ), the ± average potential and ∆VI = V −
I − V +

I
as the difference in the potential along the ± branches.

We now define a classical-quantum action WCQ, which we refer to as the CQ proto-action, for reasons which will
become clear shortly. The proto action is defined as

WCQ = SC + SQ + SI =

∫
dtLC(q) + LQ(ϕ) + VI(q, ϕ) :=

∫
dtWCQ. (62)

Where classical Lagrangian LC(q) =
∑

i piq̇i −HC(qi, pi) and LQ(ϕ) = πϕ̇−HQ(ϕ, π) is the quantum Lagrangian.
We then recognize the CQ interaction term of Equation (61) as the Euler-Lagrange equations which result from
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varying the ± average of the proto-action W̄CQ. Specifically we can rewrite the CQ interaction in Equation (61) in
terms of variations of the ± averaged CQ proto-action W̄CQ

−1

2

(
miq̈i +

∂HC

∂qi
+
∂V̄I
∂qi

)
(D−1

2 )ij(q)

(
mj q̈j +

∂HC

∂qj
+
∂V̄I
∂qj

)
= −1

2

δ

δqi
(W̄CQ[q, ϕ

±])(D−1
2 )ij

δ

δqj
W̄CQ[q, ϕ

±]). (63)

In order to get a full configuration space path integral, all that remains is to do the integrals over the momentum
of the quantum system. As with the standard quantum path integral, the technical requirement to be able to do this
is that the action in Equation (61) is quadratic in π+, π− so that we can perform the π+, π− integral exactly by
completing standard Gaussian integrals. Since we have taken the simplest case where the only momentum dependence
π−, π+ comes from the Hamiltonian, the result of the momentum integration is to perform a Legendre transformation.
We end up with the configuration space CQ path integral representation of the transition amplitude

ϱ(q, ϕ+, ϕ−, tf ) = N
∫

Dϕ−Dϕ+Dq eI(ϕ
−,ϕ+,q,ti,tf )ϱ(q, ϕ+i , ϕ

−
i , ti), (64)

where N =
∏

imi is a normalization constant arising from the classical momentum path integral, and we have
absorbed the usual factors from the Gaussian integrals into the definition of Dϕ± to obtain the standard path integral
measures. The action in Equation (64) takes its final form

I(ϕ−, ϕ+, q, ti, tf ) =
∫ tf

ti

dt

[
iW+

CQ − iW−
CQ − 1

2
(
δ∆WCQ[q, ϕ

±]

δqi
)Dij

0 (
δ∆WCQ[q, ϕ

±]

δqj
)

− 1

2

δ

δqi
(W̄CQ[q, ϕ

±])(D−1
2 )ij

δ

δqj
(W̄CQ[q, ϕ

±])

]
.

(65)

Equation (65) is remarkably simple, with everything described by the classical-quantum proto-action in Equation
(62). All of the CQ interaction is encoded in variations of a single classical-quantum proto-action WCQ and, due to

the choice of Lindblad operators, the complete positivity condition is that 4D2 ⪰ D−1
0 . The classical trajectories are

suppressed away from the ± averaged equations of motion which arise from varying the proto-action by an amount
depending on D2, whilst there is simultaneous decoherence by an amount which depends on the difference in the
equations of motion between the ± branches.

This direct derivation of the path integral was valid for the family of master equations given by Equation (57),
which couple less than quadratically in the momenta. However, given the final and suggestive form of Equation
(65) it is tempting to take it as a definition of classical-quantum dynamics and let WCQ be an arbitrary functional
of q, ϕ± and their derivatives. Although the mapping from the path integral to the master equation may not be
completed analytically, one might expect that the condition that 4D2 ⪰ D−1

0 is sufficient for the dynamics to be
completely positive. One often does something similar in quantum theory by taking the path integral formulation
to be the fundamental object of study, which often includes higher derivative terms in the action even though the
mapping between master equation’s and path integral can only be computed exactly when the master equation is at
most quadratic in momenta. Inspired by the action in Equation (65), in an accompanying short paper [34] we prove
directly from path integral methods that any configuration space path integral of the form

I(ϕ−, ϕ+, q, ti, tf ) = ICQ(q, ϕ
+, ti, tf )+I∗

CQ(q, ϕ
−, ti, tf )−IC(q, ti, tf )+

∫ tf

ti

dtdx̄
∑
γ

cγ(q, t, x̄)(Lγ [ϕ
+]L∗

γ [ϕ
−]) (66)

defines completely positive CQ dynamics. In Equation (66) cγ > 0, Lγ [ϕ
±] can be any functional of the bra and ket

variables, ICQ determines the CQ interaction on each of the ket and bra paths and IC(q, ti, tf ) is the purely classical
action which takes real values. In order for the path integral to be convergent we impose that IC is positive (semi)
definite, as well as asking that the real part of ICQ be negative (semi) definite. Equation (65) is a special case of

Equation (66) when 4D0 ⪰ D−1
2 is satisfied, which can be seen by expanding out the CQ action and grouping terms

by 4D0 −D−1
2 [34]. This is true for an arbitrary CQ proto-action WCQ.

This result of Equation (66) is important, since it allows us to study consistent classical-quantum path integrals,
even when we cannot perform the momentum integration exactly from the Hilbert space picture. Instead, using
Equation (66) as a starting point, we can write down by an appropriate choice of WCQ.
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VI. PATH INTEGRALS FOR CLASSICAL FIELDS INTERACTING WITH QUANTUM FIELDS

In this section, we comment on the path integral for classical fields interacting with quantum fields. This provides a
natural arena to study the renormalization properties of classical-quantum dynamics, as well as covariant properties of
classical-quantum field theories. We treat the path integral as a formal object, making no attempt to prove anything
rigorously, as is often the case with field theories.

The path integral remains largely unchanged for the case of fields. Starting with a classical-quantum master
equation involving fields, one can (formally) insert various resolutions of the identity and arrive at analogous formulas
for Equations (20), (44), (65). We do not reproduce these steps here, since they are identical to those in rest of the
paper. Instead we quote the final result for local6 classical-quantum dynamics, which is to send all the couplings
appearing in the action Dµν

n,i1...in
(z, t) → Dµν

n,i1...in
(z, x), the classical variables appearing in the action zi → zi(x), the

quantum variables to (ϕ, π) → (ϕ(x), π(x)) and finally we one must integrate over all space in the action
∫
dt→

∫
dx,

where x = (t, x⃗). To be explicit in understanding the field theoretic case, in this section we consider a master Equation
which has a Lorentz invariant path integral.7

For a quantum field ϕ(x) coupled to a classical field q(x), the field theoretic version of the master Equation in (57)
is

∂ϱ(q, p)

∂t
= {HC , ϱ} − i[HQ + VI , ϱ] +

1

2
({VI(q, ϕ), ϱ} − {ϱ, VI(q, ϕ)}) +

1

2

∫
dx⃗

δ2

δpi(x⃗)δpj(x⃗)
(D2,ij(q, t, x⃗)ϱ)

+

∫
dx⃗ Dij

0 (q, t, x⃗)

(
δVI
δqi(x⃗)

ϱ
δV †

I

δqj(x⃗)
− 1

2

{ δV †
I

δqj(x⃗)

δVI
δqi(x⃗)

, ϱ
})

,

(68)

where VI [q, ϕ] =
∫
dx⃗VI [q, x⃗] is an interaction potential and we take the purely classical part of the dynamics to be

generated by the action SC(q) =
∫
dt
∫
dx⃗LC [q, x]. It should be noted that Equation (68) needs regularizing, since

there are multiple functional derivatives acting at the same point x. This corresponds to the fact that in the field
theoretic case the path integral will require renormalization. For the choice of dynamics in Equation (68), the path
integral action is again found to be of the form in Equation (65)

I(ϕ−, ϕ+, q, ti, tf ) =
∫ tf

ti

dtdx⃗

[
iW+

CQ[q]− iW−
CQ[q]

− 1

2
(
δ∆WCQ

δqi
)Dij

0 (q, t, x⃗)(
δ∆WCQ

δqj
)− 1

2

δ

δqi
(W̄CQ[q, ϕ

±])(D−1
2 )ij(q, t, x⃗)

δ

δqj
(W̄CQ[q, ϕ

±])

]
,

(69)

where nowWCQ[q, ϕ] is now a space-time CQ proto-action, given by the sum of the classical, quantum, and interaction
actions via Equation (62).

The path integral enables us to construct CQ theories with space-time symmetries. For example, Equation (69)
will describe Lorentz invariant CQ dynamics when WCQ is chosen to be a Lorentz invariant scalar. We study field
theoretic path integrals in more detail in [34]. There, we start with Equation (66) and prove the resulting dynamics
is CP. Given the form of Equation (69), it is natural to consider the class of dynamics

I(ϕ−, ϕ+, q, ti, tf ) =
∫ tf

ti

dtdx⃗

[
iW+

CQ(x)− iW−
CQ(x)

− 1

2

δ∆WCQ

δqi
Dij

0 (q, t, x⃗)
δ∆WCQ

δqj
− 1

2

δW̄CQ

δqi
(D−1

2 )ij(q, t, x⃗)
δW̄CQ

δqj

]
,

(70)

where we impose the restriction 4D0 ⪰ D−1
2 to ensure the action takes the form in Equation (66) and is therefore

completely positive. Note, the action in Equation (70) takes the same form as Equation (69) but now we let WCQ

be an arbitrary CQ proto-action. For completeness, we include examples of Lorentz and diffeomorphism invariant
dynamics which follows from Equation (70) in Appendix B, but refer the reader to [34] for more details.

6 For dynamics which allows for spatially correlated diffusion, the most general thing one can have is to replace the couplings
like Dµν

n,i1...in
(z, t) → Dµν

n,i1...in
(z, x, y, wi1 . . . win ) and the terms appearing in the action like Dµν

n,i1...in
(z, t)ui1 . . . uinLµL∗

ν →∫
dxdydwi1 . . . dwinD

µν
n,i1...in

(z, x, y, wi1 . . . win , )ui1 (xi1 ) . . . uin (xin )Lµ(x)L∗
ν(y). In this case, one arrives at a field theoretic version

of (20), but integrating out the phase space variables becomes difficult.
7 In the purely quantum case Lorentz invariant open systems, and their renormalization properties, have recently been studied in [56, 57].
A simple example of Lorentz invariant quantum dynamics, which was shown to be renormalizable [56], is given by the Lorentz invariant
Lindblad Equation which has the action

I(ϕ−, ϕ+, ti, tf ) =
∫ tf

ti

dt

[
iL+

Q(x)− iL−
Q(x)−

D0

2

∫
dx

(
ϕ−(x)− ϕ+(x)

)2 ]
. (67)
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VII. DISCUSSION

In this work we have discussed the path integral for general classical-quantum master equations, emphasising the
necessary and sufficient conditions for the dynamics to be consistent and completely positive on the quantum system.
In the general case we find a path integral representation of the dynamics with response variables, given by Equation
(20), whilst for the class of continuous master equations, we were able to integrate out the response variables to arrive
at the phase space path integral of Equation (44). Under certain conditions, namely when the action of Equation
(44) is at most quadratic in classical (quantum) momenta, we can integrate out the classical (quantum) momenta to
arrive at a configuration space path integral. For the case of minimally coupled Hamiltonian theories, we end up with
a simple path integral representation, Equation (65), where the dynamics is completely encoded via the proto-action
WCQ. Given its final form, we posited that the resulting CQ action should be completely positive for an arbitrary
proto-action, a result we prove via path integral methods in an accompanying short paper [34]. We then studied the
classical-quantum path integral for fields. In Appendix B we give an explicit example of a Lorentz invariant theory,
and an example of a diffeomorphism invariant theory CQ gravity based on the trace of Einstein’s equation’s. We now
conclude by discussing possible areas for future research.

Applications of the CQ path integral. It would be interesting to explore possible applications of the path integral
to standard quantum mechanical scenarios. Generally, we expect CQ dynamics to be a good effective description
of a quantum system when one part behaves effectively classical [58]. A particularly relevant scenario is perhaps
measurement based quantum control [59, 60], or coherent quantum control with dissipative resources [58, 61]. In
Appendix A we introduced the path integral for the most general Markovian continuous measurement procedure one
can perform. In this context, these path integral can be understood as an extension of [22, 23] which has proved useful
in simulating quantum control tasks, particularly in the strong measurement limit where saddle point approximations
are valid. We also expect that the path integral could be useful for certain systems in quantum chemistry where
hybrid classical-quantum coupling has previously been used to study systems beyond the mean field approximation
[62, 63].

Lorentz invariant collapse models via a classical field and relativistic measurement. We saw that the CQ path integral
corresponded to a Lorentz invariant path integral which causes decoherence of the quantum state via interaction with
a classical field. Using Equation (66) we are able to write down families of covariant models with a fundamentally
classical field which naturally give rise to a decoherence mechanism on the quantum state. It would be interesting to
explore such theories further in the context of relativistic collapse models [64–70]. The main difference between the
CQ dynamics considered here and standard collapse models is that here, the quantum system becomes classicalised
through it’s interaction with a dynamical physical field, rather than an unobservable auxiliary field.

On a related note, such dynamics also corresponds to a way of constructing relativistic quantum measurement:
one first identifies a classical system which acts as a measurement device and a quantum system to be measured.
One then studies the effective CQ dynamics of the interacting classical and quantum systems. The details of the
measurement apparatus and coupling are encoded in phenomenological parameters Dn, which govern the strength
of the back-reaction of the quantum system and the strength of the measurement respectively. Within this effective
prescription, there would be no need to discuss when or how a measurement occurs, there is only effective dynamics
of continuously interacting classical and quantum systems.

Renormalization of classical-quantum field theories. The renormalization of open quantum field theories was recently
studied in [56, 57, 71]. It was found that open ϕ4 theory was perturbatively renormalizable, and the complete positivity
condition for the Lindblad Equation was peturbatively preserved under renormalization[56].8 On the other hand, open
Yukawa theory was found to be non-renormalizable [57]. It would be interesting to explore the renormalization of
classical-quantum field theories. This is even more highly constrained than the renormalization of open QFT, since
not only does the Lindbladian coupling need to remain positive semi-definite, but so does the diffusion coupling, and
for complete positivity one also demands that these be inversely related. Having a renormalizable theory of interacting
classical and quantum fields would by itself be an interesting result. On the contrary, if it was found that CQ field
theories are not renormalizable, and only valid as effective theories when a physical cutoff is imposed, this would have
important consequences for theories which treat the gravitational field as being fundamentally classical.

Implications for classical-quantum gravity. Finally, it would be interesting to explore further the consequences of
the path integral in understanding theories where the gravitational field is treated classically, both as a fundamental
theory, but also as an effective theory where non-Markovian effects could be incorporated. We have seen that we
can construct diffeomorphism invariant theories of CQ gravity via Equation (B7) and it is would be worthwhile to

8 Though it should be said that the most general form of dynamics introduced in [56] is not CP because of the negative definite Lindbladian
momentum coupling ∂µϕ+∂µϕ− which enters into the master equation [72]. Specifically, when one goes to the master Equation picture
the resulting Lindbladian is not CP since the Gaussian momentum integrals are altered due to additional momentum couplings in the
Lindbladian.
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explore these models further to better understand this type of dynamics and constraints it imposes. We were here
unable to construct a complete theory giving all the components of Einstein’s equations, and we leave as an open
question whether or not such dynamics exists. To this end, one can consider a diffusion kernel D2(x, t;x

′t′), or a
similar decoherence kernel which couples different points in space-time.
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Appendix A: The path integral for Markovian continuous measurement

In this section we arrive at the general form of path integral representation for a continuous measurement procedure.
To construct a continuous measurement, we divide time into a sequence of intervals of length ∆t, and consider a weak
measurement in each interval. To obtain a continuous measurement, we make the strength of each measurement
proportional to the time interval, and then take the limit in which the time intervals become infinitesimally short. We
consider a continuous measurement of a Hermitian operator Z(zt), which can depend on the measurement signal zt at
time t, and which we take to be a functional of x, p. The measurement signal zt is related to the measurement outcome
αt by zt = αtdt [73]. The measurement signal undergoes continuous evolution, whilst the measurement outcome αt

is wildly discontinuous, especially for weak measurements where little information is gained in each timestep. It well
known [73, 74] that for a continuous measurement the dynamics of the quantum state can be described by the set of
coupled differential equations

d|ψ(t)⟩ =
{
−k(zt)(Z(zt)− ⟨Z(zt)⟩)2dt+

√
2k(zt)(Z(zt)− ⟨Z(zt)⟩)dξ

}
|ψ(t)⟩ (A1)

dzt = ⟨Z(zt)⟩dt+
dξ√
8k(zt)

, (A2)

where zt is the measurement signal, or record, and k(zt) parameterizes the measurement strength, which can in
general also be zt dependent, and for simplicity we are ignoring the pure quantum evolution in comparison to the
measurement dynamics. The stochastic part of the evolution, described via dξi, is the standard multivariate Wiener
process satisfying the Ito rules dξidξj = δijdt, dξidt = 0. The measurement outcome itself undergoes white noise

dynamics αt = ⟨Z(zt)⟩ + 1
8k(zt)

dξ
dt and is discontinuous in time which is why the signal zt is preferred. From the

measurement signal, one can obtain the measurement record by taking the time derivative.
From the set of non-linear stochastic differential equations given in (A1), (A2), it is possible [35] to construct a

linear classical-quantum master equation for the combined classical-quantum state given by

∂ϱ(z)

∂t
= −k(z)[Z(z), [Z(z), ϱ(z)]] + Z(z)

2

∂ϱ(z)

∂z
+
∂ϱ(z)

∂z

Z(z)

2
+

1

16

∂2

∂z2
(k−1(z)ϱ(z)), (A3)

from which we identify D0,Z
1 = DZ,0

1 = 1
2 , D0(z) = 2k(z) and D2(z) = 1

8k(z) . We can easily check that for perfect

measurements, the decoherence diffusion trade-off in Equation (26) is satisfied and in fact saturated. Substituting
into Equation (48), we find the corresponding action

I(x±, p±, z, ti, tf ) =
∫ tf

ti

dt

[
iẋ+p+ − iẋ−p− − k(z)(Z−(x, p)− Z+(x, p))2

− 4k(z)

(
1

2
(Z+(x, p) + Z−(x, p))− dz

dt

)2 ]
. (A4)

To our knowledge, such a general form of Markovian continuous measurement path integral has not appeared in
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the literature, and is complementary to current approaches [22–26]. One could also write down a coherent state
path integral for continuous measurement using the methods introduced in [29], which could be of use in studying
problems in optical quantum feedback [75]. One can also allow for noisy measurements by including an appropriate
Feynman-Vernon term in Equation (A4). We should also emphasize that we have derived this from slightly different
considerations than other approaches, namely by starting from complete positivity of classical-quantum dynamics.
Such path integrals have proved useful in optimizations of quantum control tasks, especially in the strong measurement
regime where saddle-point approximations are valid [22, 23].

It is important to note that the path integral in Equation (44) is more general than the continuous measurement
path integral of Equation (A4). Firstly, it allows for the case where there are many measurement operators and
outcomes. It also allows for noisy imperfect quantum measurements. More importantly, it allows for the case where
both the classical and the quantum degrees of freedom have dynamics of their own, which is encoded in the fact that

in Equation (44) Ddiff
1 can contain purely classical evolution determined by the drift D00

1 , and we can also include
purely Hamiltonian, and more generally Lindbladian, quantum evolution.

Appendix B: Lorentz and diffeomorphism invariant CQ path integrals

For completeness, in this section we give examples of Lorentz and diffeomorphism invariant CQ path integrals which
can be constructed using the result of [34]. Namely that the path integral with action in Equation (70)

I(ϕ−, ϕ+, q, ti, tf ) =
∫ tf

ti

dtdx⃗

[
iW+

CQ(x)− iW−
CQ(x)

− 1

2

δ∆WCQ

δqi
Dij

0 (q, t, x⃗)
δ∆WCQ

δqj
− 1

2

δW̄CQ

δqi
(D−1

2 )ij(q, t, x⃗)
δW̄CQ

δqj

]
,

(B1)

is completely positive for an arbitrary CQ proto-action WCQ when the restriction 4D0 ⪰ D−1
2 is imposed.

1. Lorentz invariant classical-quantum theories

Lorentz invariant path integrals for open quantum systems have appeared in [56, 71]. The fact that Lorentz invariant
CQ dynamics exists can already be seen in Equation (69) by taking D2 to be a constant and picks a Lorentz invariant
interaction VI . As another example, in Equation (B1) we could pick a proto-action based on the stress energy tensor
of the quantum matter Tµν . For example, we can consider a proto-action

WCQ[q, ϕ] =

∫
d4xLQ[ϕ]−

1

2
∂µq∂

µq − ληµνTµν [ϕ](x)q(x) (B2)

where LQ is a purely quantum Lagrangian and we have taken the classical action for q to be a mass-less Klein-Gordon
scalar field. We find Lorentz invariant dynamics which causes decoherence of the quantum state according to

I(ϕ−, ϕ+, q, ti, tf ) =
∫ tf

ti

dtdx⃗

[
iL+

Q(x)− iL−
Q(x)−

λ2D0[q]

2
(T−(x)− T+(x))2

− 1

2D2[q]

(
−∂qµ∂µq(x) +

λ

2
(T+(x) + T−(x))

)2 ]
,

(B3)

where T = ηµνTµν is the trace of the stress energy tensor. Such dynamics essentially amounts to a Lorentz invariant
collapse model, where in Equation (B3) the collapse occurs dynamically due to interaction with a classical field. In
particular, when the proto-action is based on the stress energy tensor there is an amplification mechanism by which
states with small energy maintain coherence, whilst macroscopic objects decohere. The key difference between the
CQ dynamics considered here and standard collapse models is that here the quantum system classicalizes due to its
interaction with a dynamical classical field. It turns out that we can further arrive at diffeomorphism invariant CQ
dynamics by taking the CQ interaction potential WCQ to be related to a gravitational action, which we now show.
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2. Diffeomorphism invariant theories of classical-quantum gravity

Let us now explore some of the consequences for classical-quantum theories of gravity and construct an example of
a diffeomorphism invariant dynamics. The natural thing to do is to attempt to construct covariant classical-quantum
dynamics which approximates Einstein dynamics. Since the paths away from δ

δqi
(W̄CQ[q, ϕ

±]) are exponentially

suppressed by an amount depending on D−1
2 , the most likely path will be those for which

δ

δqi
(W̄CQ[q, ϕ

±]) ≈ 0. (B4)

As such, in order to approximate Einstein gravity, we can take WCQ to be the sum of the Einstein Hilbert action
SEH [g] = 1

16π

∫
dx

√
−gR[g] and a matter action Sm[g, ϕ]. For example, in the case of gravity coupled a scalar-field,

we take the proto-action to be

WCQ[q, ϕ] =
1

16π

∫
dx

√
−gR[g] +

∫
dx

√
−g
[
−1

2
gµν∇µϕ∇νϕ− 1

2
m2ϕ2

]
, (B5)

the sum of the Einstein Hilbert and Klein-Gordon actions.
When the proto-action is related to the gravitational action WCQ[g, ϕ] = SEH [g] + Sm[g, ϕ] we have

δ

δgµν
(W̄CQ[g, ϕ

±]) = −
√
−g

16π
(Gµν − 1

2
(8π(Tµν)+ + 8π(Tµν)−), (B6)

and so paths would be exponentially suppressed away from the ± averaged Einstein equation by an amount depending
on D2.

Taking the full CQ action of Equation (70) gives

I[ϕ−, ϕ+, gµν ] =
∫
dx

[
iL+

KG − iL−
KG − det(−g)

8
(Tµν+ − Tµν−)D0,µνρσ(T

ρσ+ − T ρσ−)

− det(−g)
512π2

(Gµν − 1

2
(8π(Tµν)+ + 8π(Tµν)−)D−1

2,µνρσ[g](G
ρσ − 1

2
(8π(T ρσ)+ + 8π(T ρσ)−)

]
.

(B7)

The interaction is fully characterized by the tensor densities D0,µνρσ and D−1
2,µνρσ which must be satisfy 4D0 ⪰ D−1

2 .

With the present notation, this means vµν(4D0,µνρσ −D−1
2,µνρσ)v

ρσ ≥ 0 for any matrix vρσ. Constructing CQ theories
which approximates Einstein dynamics then corresponds to choosing a suitable D0, D2, which satisfy the complete
positivity condition and gives rise to classical paths which tend to stick towards Einstein’s equations.

The simplest choice which is completely positive is to take D0,µνρσ = D0g
−1/2gµνgρσ, in which case one finds a

diffeomorphism invariant CQ theory of gravity in which paths deviating from the trace of Einstein’s equations are
suppressed, along with a simultaneous decoherence according to the trace of the stress energy tensor. In the Newtonian
limit, where the trace of the stress energy tensor is dominated by its mass term, this acts to decohere the quantum
state into mass eigenstates. This is a related amplification mechanism to that used in spontaneous collapse models
[64–70], but here the decoherence mechanism arises as a consequence of treating the gravitational field classically and
imposing diffeomorphism invariance on the CQ action.

Because of this decoherence and diffusion, the path integral defined by Equation (B7) does not suffer from the same
pathologies as the standard semi-classical Einstein’s equation’s Gµν = 8πG⟨Tµν⟩ [5, 35]. The reason the standard semi-
classical equations fail is that they do properly account for correlations between the classical and quantum degrees of
freedom. For example, the semi-classical equations predict the same thing for a test particle falling in a gravitational
field produced by a planet in superposition of approximately orthogonal states as it does for a gravitational field
produced by a planet in a statistical mixture of the same states [5, 68].

On the other hand, the action in (B7) includes the correlation between the matter and gravitational degrees of
freedom via the CQ interaction term on the second line – though its not a complete theory since it is based on the
trace of Einstein’s equations. For example, consider starting in an initial state describing a planet in superposition
of left and right |L⟩, |R⟩ states, then the action of the decoherence term will be to enforce (in the Newtonian limit)
that the quantum state decoheres into mass eigenstates – meaning that after the decoherence time the planet will
be found on either the left, or the right. Because of the CQ interaction, paths where the quantum state decoheres
into being on the left are correlated with the classical paths in which the gravitational field is sourced by a planet on
the left Tµµ

L , and similarly for paths which decohere to the planet being found on the right. This healthier type of
semi-classical dynamics was explored in detail in [35] and it would be interesting to explore this further in the context
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of a diffeomoprhism invariant theory.
The challenge in constructing a complete theory is to obtain the transverse parts of the Einstein equation, whilst

still ensuring the path integral over classical metrics remains negative definite so that the path integral converges. In
Lorentzian signature, this doesn’t appear to be possible within the current framework, since it amounts to constructing
a positive definite metric out of the metric tensor alone. One could instead choose a D0,µνρσ which is non purely
geometric, in which case it either introduces a preferred background, or must be made dynamical. It is also possible
to consider a D0,µνρσ(x, x

′) which is a positive definite kernel in space-time coordinates x, x′ in which case one has
stochastic processes which are correlated in space time, and the CQ interaction terms take the form

−1

2

∫
dxdx′

δ∆WCQ

δgµν(x)
D0,µνρ,σ(x, x

′)
δ∆WCQ

δgρσ(x′)
− 1

2

∫
dxdx′

δW̄CQ

δgµν(x)
D−1

2,µνρσ(x, x
′)
δW̄CQ

δgρσ(x′)
. (B8)

One could alternatively look to study dynamics which retains some space-time symmetry, such as spatial diffeomor-
phism invariance, but breaks full diffeomorphism invariance. This could be useful when studying effective dynamics
where full diffeomorphism invariance may be broken. For example, using the ADM decomposition of the metric
gµν = −N2dt2 + hab(Nadt + dxa)(N bdt + dxb), then by making use of the lapse and shift vectors and the family of

positive definite de-Witt metrics Gabcd[β] =
√
h
2

(
hachbd + hadhbc − 2βhabhcd

)
, β < 1/3, one could attempt to write

down CQ actions invariant under foliation preserving diffeomorphisms, just as one does in Horava gravity [76].
As either an effective or fundamental theory, it is important to understand the subtleties of constraints in CQ

theories of gravity. The phase space path integral is usually where one sees the constraint structure. For example
in GR the phase space path integral linear in the lapse N and the shift N i variables, and performing the functional
integral over them leads to a delta functional which enforces the constraints. However, by inspecting the gravitational
action in Equation (B7) one sees that the usual constraint structure will be necessarily altered: the CQ evolution is
quadratic in WCQ and hence for gravity will be quartic in momenta. As a result, going to the momentum picture
is more involved and we leave the study of constraints as an interesting direction for future work. It would also be
interesting to study CQ constraints in simpler theories with gauge invariance, such as those with reparameterization
invariance, but this is also beyond the scope of the current work.

As an effective theory, one could also look to study non-Markovian extensions of CQ dynamics. If the dynamics is
non-Markovian but time-local, then one expects a large class of master equation to take a similar form to that found
in [5], i.e, Equation (8), but the diffusion and decoherence coupling need not be positive semi-definite [77, 78]. This
could lead to Equation (B7) retaining full diffeomorphism invariance in the non-Markovian regime.
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