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Despite extensive research on long-range interacting quantum systems, the physical mechanism
responsible for the emergence of light cones remains unidentified. This work presents a novel per-
spective on the origins of locality and emergent light cones in quantum systems with long-range
interactions. We identify a mechanism in such spin chains where effective entanglement light cones
emerge due to destructive interference among quantum effects that entangle spins. Although long-
range entangling effects reach beyond the identified light cone, due to destructive interference,
entanglement remains exponentially suppressed in that region, ultimately leading to the formation
of the light cone. We demonstrate that this interference not only drives but is also necessary for
the emergence of light cones. Furthermore, our analysis reveals that reducing the interaction range
weakens this interference, surprisingly increasing the speed of entanglement transport—an effect
that opens new experimental opportunities for investigation.

I. INTRODUCTION

Understanding the propagation of entanglement in
many-body quantum systems is a cornerstone of mod-
ern quantum science, with critical implications for both
fundamental research and practical applications [1-12].
Despite decades of progress in mapping light cones and
constraining information propagation velocities, one piv-
otal question remains unanswered: what is the physical
mechanism underlying locality—that is, the emergence of
light cones—in quantum systems with long-range inter-
actions? It has recently been posed as an open question
how different notions of locality manifest themselves, for
instance through entanglement dynamics [13]. In this
work, we identify that quantum destructive interference
is the driving force behind light cone formation in such
systems.

In relativistic quantum field theory, the spread of cor-
relations is strictly limited by a light cone [14], governed
by the speed of light. However, in non-relativistic quan-
tum systems, the speed of light does not play such a
role. Despite the latter circumstance, the Lieb-Robinson
(LR) bound establishes an effective light cone structure
in short-range interacting quantum systems, where cor-
relations decay exponentially beyond this boundary [15].
The word effective emphasizes the existence of tunnel-
ing effects beyond this boundary [16]. Over the past few
decades, the LR theorem has been refined [17-28] and
validated [29-33] across a wide range of quantum sys-
tems, including Long-Range Interacting (LRI) systems.
In this class of systems, the long-range nature of the inter-
actions intuitively suggests the absence of any sharp light
cones, since all subsystems are directly coupled through
nonlocal terms. Nevertheless, light-cone-like structures
with surprisingly sharp boundaries continue to manifest
in various LRI chains, even when the interactions decay
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slowly with distance [23, 27, 28, 34-41], suggesting the
presence of a universal underlying mechanism.

The goal of this paper is not to refine existing LR
bounds or validate established knowledge. Instead, our
objective is to uncover the physical phenomenon that
underpins the emergence of light cones, which, to the
best of our knowledge, has been overlooked in the lit-
erature. Specifically, we demonstrate that quantum de-
structive interference drives the emergence of light cones
in long-range interacting quantum systems, underscoring
the role of quantum phases in the emergence of locality
in quantum systems. This new insight provides not only
a foundational understanding of the concept of locality
in quantum systems but also a deeper perspective on the
emergent nature of relativistic principles within quantum
dynamics—an area of ongoing significant effort [42].

We show that destructive interference is both necessary
and sufficient for the emergence of light cones in a wide
class of LRI quantum chains. This conclusion is substan-
tiated by several key observations. First, we demonstrate
that light cones arise explicitly as a consequence of de-
structive interference (sufficiency). Second, we show that
in the absence of destructive interference, light cones lose
a fundamental property—observed and well-documented
in the literature (necessity)—mnamely, their structural
independence from the interaction length in LRI spin
chains [13, 43]. Third, we establish that the breakdown of
destructive interference coincides with the disappearance
of light cones, aligning with prior theoretical and numer-
ical findings. Finally, we present both analytical and
numerical evidence of a counterintuitive phenomenon:
the acceleration of entanglement propagation—and the
corresponding diminishing of light cones—when the in-
teraction range is reduced, which weakens destructive
interference. This finding is particularly surprising, as
one would intuitively expect shorter interaction ranges
to slow down entanglement propagation. These results
collectively highlight the central role of destructive inter-
ference in shaping the dynamics of long-range quantum
systems, which has novel implication to quantum infor-



mation processing [28].

II. SPIN CHAIN MODEL

We consider one-dimensional (1D) spin chains with the
Hamiltonian

N
H=3 J(j—)H;, (1)
j<l
where H;; (satisfying ||H,,|| = 1) is a Hermitian opera-
tor acting on sites j and [. The interaction function J(n)
is assumed to be real, symmetric (J(n) = J(—n)), and
absolutely convergent, i.e.,

> 13(n)] < oo (2)

A special case is the power-law decaying interaction func-
tion, given by
. J
I(n) =I(j =) = —- 3)
=P

where J represents the interaction strength and p de-
termines the interaction length. For simplicity, we set
J(0) = 0 and J(1) = 1, implying J = 1. Additionally,
we set i = 1 throughout our formulation. The absolute
convergence of the interaction function requires p > 1.

In this setting, an arbitrary local observable O (||O]| =
1) evolves as

O(t) =U'(t)OU (), (4)

where U(t) = e ™ is the unitary time evolution op-
erator generated by the Hamiltonian (1). The Taylor
expansion of U (t),

Uiy =y S (5)

r!

contains hopping terms embedded in H", which are in-
duced by the interaction function J(n). These terms are
given by the repeated convolution of J(n), expressed as
(see also Figure 1):

J7(q) = > [3@). (6)

dy,dz, - ,dr€Z—{0},>°d;i=q 1

Here, q denotes the total displacement along the chain re-
sulting from r successive hopping events, with individual
hopping distances given by dy,...,d,.

Motivated by this observation, and considering the
presence of both U and U' in the expression for O(t),
we study the evolution of the following quantity:

Qq(t) = Zartzr»
r=0

Q. =

o > ()cvamerte. o
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Since ||Hj,|| = ||O|| = 1, the function Q,(t) serves as an
upper bound for variations in the expectation value of
O, evaluated with respect to an arbitrary wavefunction,
when transported to distance ¢ under the unitary evo-
lution dictated by H [15, 44], while taking into account
contributions from both U and U' at distance q.

Notably, in Section II of [45], we prove that Q,(t) ex-
actly quantifies entanglement production at distance g,
as a result of a local quench, in the free-particle limit.
Hence, in the remainder of this paper, we will refer to
Q,(t) as entanglement produced at distance g.

Furthermore, the series expansion in (7) is restricted
to even powers of ¢. This follows from the fact that J(n)
is a real function, which ensures that we can always take
Q,(t) = Q4(—t), as discussed in [46].

III. CHARACTERIZING LIGHT CONES

In the short-range limit, i.e., Nearest-Neighbor (NN)
interactions, we have a,, = 0 for r < ¢, and the first

nonzero term in the Taylor series expansion (7) is given
by [46, 47]:

Q,(f) o (2>2q. (8)

This term dominates the entanglement expansion for ¢ <
q [48] and explicitly dictates a linear light cone structure
for Q4(t), as expected [15]. (Note that since we set i =
1 and J(1) = 1, time ¢ and distance g can be directly
compared, e.g., t<q.)

Thus, (8), which corresponds to r = ¢ in the expan-
sion (7), governs early entanglement growth at distance
g (where early refers to t < ¢). Due to the interplay be-
tween r, ¢, and t, we can identify and define the emergent
linear light cone by the term r = ¢ in the Taylor series
(7). Similarly, terms with » < ¢ (r > ¢) correspond to

regions outside (inside) the light cone [49].
Analogously, when the coefficients «,. vanish (or are

exponentially suppressed) for r < £, and the early en-

tanglement dynamics (¢ < 2) satisfy

Ou(t) (%) (9)

q

we can identify the emerging linear light cone with 2r ~
q. The rationale for this characterization will be clarified
in subsection IV C. Moreover, the conditions 2r < ¢
(2r > q) define the regions outside (inside) the light cone
in this scenario. We will use this approach to rigorously
prove the existence of a light cone in Section IV. This
proof is established by demonstrating that o, ~ 0 for
2r < q, despite the extensive hopping effects— a direct
consequence of destructive interference.



IV. MAIN RESULT: EMERGENCE OF LIGHT
CONES VIA DESTRUCTIVE INTERFERENCE

For long-range interacting systems, the hopping pro-
cess in (6) leads to an accumulation of entangling effects
even on short time scales. This occurs due to the expo-
nential increase in the number of possible hopping paths
that can connect any two points on the chain for r > 2.
In fact, for r > 2, there exist infinitely many r-step hop-
ping pathways that connect any two sites (for infinitely
long chains).

Despite this accumulative feature, one might expect
that the formation of light cones results from the in-
significance of the accumulated effects, attributed to the
attenuation of the interaction function at long distances.
However, this cannot be the underlying reason, as it does
not explain the observation [13, 43] that the structure
of light cones is largely independent of the interaction
length (p) in power-law interactions when p > 3. We will
further discuss this issue in Subsection IV D.

In this Section, having ruled out the above attenuation-
based explanation, we demonstrate that light cone forma-
tion is entirely governed by the cancellation of terms in
the expansion (7) for «,.. Specifically, we prove that de-
structive interference is not only sufficient (as shown in
Subsection IV C) but also necessary (as shown in Subsec-
tion IV D) for the emergence of light cones.

A. Two Types of Interaction Functions

Before proceeding to the main proof of the role of de-
structive interference, it is essential to distinguish be-
tween two types of interaction functions (Type 1 and
Type 2), as illustrated in Figure 1. Destructive inter-
ference occurs specifically for Type 1 functions.

e Type 1: The dominant terms in the expansion (6)
arise when most d;’s are of order 1, with only a few
d;’s of order q.

e Type 2: The dominant terms in expansion (6) cor-
respond to a nearly uniform distribution of d;’s,
where the d;’s are of order ¢/r.

In Section IV of [45], we prove that the classification of
an interaction function J(n) is determined by the quan-
tity J” —J’J, where ’ denotes differentiation with respect
to n, assuming the function is continuous. We show that
as this quantity increases, Type 1 terms in (6) become
more dominant. Furthermore, in Subsection ITL.D of [45],
we demonstrate that for p > 2, the power-law interaction
(3) falls under Type 1.

In the next subsection, we prove the existence of
destructive interference for power-law interactions with
p > 2. However, the proof can be readily extended to all
Type 1 interaction functions.

Type 1
yp 4 =1 ds =5
e <0 e e e 00— 00 0>
1 q
Type 2:
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FIG. 1. Schematic illustration of the hopping process at dis-
tance ¢ in r steps, given by the r-th order convolution of
J(n), as described in (6). The figure distinguishes two differ-
ent types of hopping, as defined in IV A. Type 1 consists of
hoppings of order 1 accompanied by a long jump, while Type
2 corresponds to a more uniform distribution of hoppings.

B. Mechanism of Destructive Interference

Here we calculate o, given by the series expansion (7).
For this purpose, we first simplify the involved high-order
convolutions (J*"(g)) of the power-law decaying interac-
tion (3). Given that for p > 2, the power-law interaction
function (3) is Type 1, the high-order convolution (de-
fined in (6)) of this function can be expanded as

() (3)
G—rtp (2(g—1))"

Here, the first term corresponds to d; = dy = -+ =
d-—1=1and d. =q—r+1in (6). Since any of the d;’s
(among dy,ds, - - ,d,) can be chosen to equal ¢ —r + 1,
there are (q) such terms, which gives the numerator of
the first fraction in this expansion. The second term in
(10) corresponds to dy = do -+ = dr—o = 1, dry = 2,
and d,, = g—r in the expansion (6). Simple combinatorial
arguments dictate that there exist (g) such terms.

We now focus on the first term in the expansion (10). A
similar set of derivations holds for any other Type 1 term
in this series, all of which have been taken into account
in the full proof in Section III of [45]. When 0 < r < ¢,

the first term in (10) can be written as

s (-5

(1 +pr%q1 +p(p+1)(%)2+'“)-

-
(1)

If the first two terms in this Taylor expansion are used for
the high-order convolutions J*"*(¢) and J*"2(q) involved
in (7), then . can be expressed as follows for 0 < r < ¢
and 0 <7y < g

e, £, () (25

(Tz + pT2(T; - 1))) =0,

I (q) =

+.-. (10

(12)



due to the binomial theorem.

Equation (12) shows that even though many hopping
pathways contribute to transport entanglement through
the chain, their effects cancel out due to accumulated
phase differences, which as we will further demonstrate,
ultimately enforces the emergence of light cones. Hence,
equation (12) manifests the destructive interference phe-
nomenon. It demonstrates that despite the extensive ac-
cumulation of hopping amplitudes in the high-order con-
volutions J*"* (¢) and J*"2(q), the main effects contribut-
ing to the buildup of «, cancels out due to accumulated
phases during the hopping process. This cancellation of
entangling effects at distance ¢ leads to «,- = 0 up to the
considered order of approximations (see Figure 2).

To derive (12) and show that o, = 0, we truncated
the expansions (10) and (11). Although such cancella-
tions occur for other terms in both expansions, as demon-
strated in the full proof [45], the cancellation is not com-
plete for higher-order terms in (11) [50]. This results in
a marginal contribution to «, from these higher-order
terms, which is factorially small in ¢ and, for concrete-
ness, is characterized in the proof [45] of the theorem in
the next subsection. The theorem in the next subsection
concisely accounts for all effects beyond the truncations
used in this subsection to show that (12) ultimately leads
to formation of the 2r < ¢ light cone.

It is important to note that since (12) vanishes regard-
less of the value of p, the early entanglement dynamics
and the structure of the emergent light cone become in-
creasingly independent of the parameter p when p > 2,
explaining prior observations [43]. We will use this fea-
ture in subsection (IVD) to prove the necessity of de-
structive interference in explaining the formation of light
cones.

C. Emergence of the 2r ~ ¢ light cone due to
destructive interference

In the previous subsection, we showed that the main
body of entangling effects traveling to distance ¢ destruc-
tively interfere and cancel out when r; < g and 72 < q.
To ensure the validity of these inequalities, and given
that 2r = r; 4+ 72, we consider the region 2r < ¢q. There-
fore, for the 2r < ¢ light cone, by taking into account all
higher-order terms in the expansions (10) and (11), the
following theorem is proved in Section III of [45].

Theorem:
For spin chains governed by the long-range interacting
Hamiltonian (1)-(8), when p > 2, the entanglement mea-
sure Q,4(t), defined in (7), is constrained within the linear
light cone 2r < q, as defined in Section III. Specifically,
for 2r < q with ¢ > 1, due to destructive interference
among hopping terms, the coefficients - scale as follows

4

oo t) W

See the proof in [45].

Notably, this scaling exhibits exponential suppression
in ¢ relative to the scaling of «,. required for an emergent
light cone. We now elaborate. Consider the case of NN
interactions, where the first nonzero «, corresponds to
r = ¢, and in this case, we have «a, = W [46]. This
leads to the formation of the r = ¢ light cone. Similarly,
for the 2r ~ ¢ light cone to emerge, the first nonzero
a, term (here r &~ ¢/2) must be of order &, = W.
However, for 2r ~ ¢, the scaling for . is given by:

e~ O Gty a1 (4

which is exponentially smaller than &, = W, as

o Pt @2? 1 1
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)

(15)
for ¢ > 1, where w have used the Stirling’s approxima-
tion.

D. The necessity of destructive interference for
emergent light cones

The destructive interference mechanism is not only suf-
ficient (as described in subsection IV C) but also neces-
sary for the consistency of observed results in the litera-
ture.

Prior studies have indicated a robust and universal
emergence of linear light cones in LRI systems when
the range of interactions exceeds a threshold that varies
depending on the nature of the system [13, 23, 43, 51].
Here, the term robust signifies that the linearity of the
light cone remains independent of p once it surpasses the
threshold.

On the other hand, in Section (IIT), we demonstrated
that for linear light cones to emerge, it is necessary for
- to vanish for r < ¢ (or 2r < ¢, depending on the light
cone). These two statements together dictate that the
condition «, &~ 0 must remain independent of p, meaning
%QT:O forall s=1,2,....

Such a condition can arise only under one of two sce-
narios:

1. p is entirely absent from the formulation of entan-
glement—which is demonstrably not the case (see

(7)), or

2. despite p appearing in the formulation, the value of
a, remains fully independent of p.

Since p appears explicitly in the hopping pro-
cesses—through its role in the higher-order convolutions
that define «,—one would naturally expect «, to de-
pend on p. Therefore, for «,. to remain independent of p,
all contributions involving p within these hopping terms
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FIG. 2. Destructive interference as the mechanism behind
light cone formation in long-range interacting spin chains.
The arrows depict the long-range hopping process connecting
the spins, as discussed in Figure 1. Each contributing term
to entanglement production at distance ¢ (illustrated in the
top three spin chains) consists of two sequences of hoppings,
shown above and below the chains, corresponding to J*"!(q)
and J*"2(q) in (7). The order of hoppings (r1 and r2) in each
example sums to 2r = r; + r2 = 6. These hoppings generate
entanglement at distance g, represented by the intensity of the
orange color in the spins at ¢, in contrast to dark blue (signi-
fying no entanglement production). However, depending on
r1 and 72, the accumulated entangling effects acquire a phase.
Crucially, due to this phase accumulation, the total entangle-
ment built up at distance ¢ (when g > r = 3)—depicted in the
lowest spin chain—is exponentially suppressed as a result of
destructive interference between different hopping pathways.
This suppression gives rise to an emergent effective light cone,
restricting entanglement propagation despite the long-range
nature of interactions. The abrupt transition from orange to
blue in the lowest spin chain visually represents this suppres-
sion. The proof in Section IV establishes that destructive
interference is both necessary and sufficient for the forma-
tion of light cones, underscoring the fundamental role of this
phenomenon in explaining the persistence of locality in long-
range interacting spin chains.

must undergo systematic cancellation, resulting in «,, = 0
across all relevant values of p.

This situation can only occur through cancellation of
terms (i.e., destructive interference) among the hopping
processes (that involve p), as in (12). Consequently, de-
structive interference is not just an incidental effect but
a necessary mechanism ensuring the independence of the
light cone structure upon p, thereby reinforcing the ro-
bustness of the emergent linearity in the emergent light
cone structure.

V. FASTER ENTANGLEMENT PROPAGATION
FOR SHORTER-RANGED INTERACTIONS

The destructive interference phenomenon has a
counter-intuitive implication. In particular, the entan-

glement edge must propagate faster when the interaction
function is shortened, specifically when the interaction
terms that extend beyond the range (1) are not present
in the interaction function. This phenomenon is the di-
rect consequence of destructive interference in the early
entanglement region due to the following reason. The
destructive interference occurs when all entangling ef-
fects are superposed (see (12)). Therefore, if part of the
stream of quasi-particles is obstructed due to shortening
the interaction function, then the destructive interference
is weakened. Hence, the entanglement edge propagates
faster. This phenomenon is mathematically proved in
Section V of [45], and numerically demonstrated in the
next subsection. Here, a shortened interaction refers to:

Jy(n) = {Injlp’ 0<|n|<n (16)

Oa |n|>77an207

where 77 = 1 gives NN interaction.

A. Numerical Evidence

Figure 3 shows the Entanglement Edge Times (EETS)
at a distance of ¢ = 103 from the quenched spin in a fer-
romagnetic Heisenberg chain (when H;j, = S;Sy, with
S, being the spin operator at site j) as a function of the
interaction range (1) and for different values of p. EET
represents the time required for entangling effects, be-
yond quantum tunneling, to reach spins at the given dis-
tance. In this analysis, EET denotes the time when the
entanglement measure Q,(t) exceeded 107°. Prolonged
EETsS for the full-range interaction (denoted by n = c0),
compared to shortened interaction ranges demonstrate
the destructive interference effect, which is apparent for
p > 2 among the simulated cases. In Figure 3, the orange
dashed lines show prolonged EETSs when = oo in con-
trast to n = 14. Destructive interference also manifests
itself in the upward slopes of the curves, highlighted in
orange, which indicate an increase in the EETs as the
interaction range grows.

Another notable aspect in Figure 3 is the lack of depen-
dence of the = co-EET on the variable p for p > 3. This
can be seen in the flattening of the curves as p increases,
which is caused by destructive interference. To illustrate
this phenomenon more clearly, the inset in figure 3 dis-
plays the EETs for the full-range interaction length as a
function of p. Consequently, for p > 3, as 1 increases, the
EETSs quickly revert to the Nearest-Neighbor (NN) inter-
action time (n = 1), indicated by the horizontal dashed
black line. Thus, in this region, the EETs are not only
independent of p, but also become increasingly indepen-
dent of 1 when it exceeds a certain value. Based on this
feature, and given that p — oo corresponds to NN in-
teractions, for p > 3, light cones must be strictly linear
(similar to the case of NN interactions), confirming the
results in [23].



B. Practical Shortening of Interactions

As an alternative to the sharp shortening (16), which
can be practically challenging to implement, the experi-
mentally feasible [52, 53] softened shortening (character-
ized by the rate o) is given by

0<|n|<n
In| >mn

(17)

J
In.o(n) = { 7}' e—o(In|—n)

[nl?

This approach can also be used to experimentally observe
the counterintuitive acceleration of entanglement trans-
port in the chain. Table I shows the EET values for vari-
ous softened interactions in a numerical simulation of fer-
romagnetic Heisenberg chains, described in the previous
subsection. In this table, n = 5 represents the interaction
range for shortened interactions, while n = oo denotes
full long-range interaction. Additionally, o = oo, 1.5,
and 0.5 correspond to sharp, semi-softened, and highly
softened shortening of the interaction function, respec-
tively.

As the simulation data clearly indicate, the EETs for
shortened interactions are distinctly lower compared to
the full long-range case (n = oo). This difference becomes
more pronounced with increasing sharpness of shorten-
ing. Therefore, even though sharp shortening might not
be feasible in experimental settings, we propose that soft-
ened shortening can effectively be used to demonstrate
the destructive interference phenomenon in the labora-
tory.

EETs for softened interaction shortening
no= 5 = 5/n = 5n=00
c=o00 |c0=15 |c=0.5
EET (5) (p=25) |[413.0 [417.0 [431.6  |455.9

TABLE 1. Entanglement Edge Time (EET) for softened in-
teraction functions. Parameters n and o represent the in-
teraction range and shortening sharpness, respectively (see
17). n = oo denotes full long-range interaction, and o = co
denotes sharp shortening. EETs are calculated for p = 2.5
and are given in units of %(+0.1). The data in the table
clearly demonstrate that even with soft shortening, which is
expected to be experimentally feasible in an appropriate lab-
oratory setting, the counterintuitive acceleration of entangle-
ment persists.

VI. CONCLUDING REMARKS

In this work, we showed that quantum destructive in-
terference—a mechanism not previously recognized in the
literature—is both necessary and sufficient for the emer-
gence of light-cone-like structures in a broad class of long-
range interacting quantum spin chains. Specifically, al-
though long-range interactions enable non-local entan-
gling effects, their propagation is significantly suppressed

500 | 4

400 |-

300 |-

200 |-

Entanglement Edge Time (EET) (%)

100 |~

1 3 5 7 9 11 13 S
Interaction range-n

FIG. 3. Entanglement Edge Times (EETSs) for various inter-
action ranges (1) and different values of p. The plot demon-
strates how shortening interactions alters entanglement prop-
agation. The orange-highlighted upward slopes of the curves
illustrate the unexpected increase in EETSs as the interaction
range () grows for p > 2. Furthermore, the prolonged EETSs
for full-range interaction (represented by 1 = 00) compared
to shortened interaction values are shown by orange dashed
lines. Both of these unusual phenomena result from the de-
structive interference between entangling effects, which leads
to the formation of an effective light cone in long-range in-
teracting spin chains. The inset shows the progress of the
n = co-EETSs versus p. This figures shows the quick conver-
gence of EETs to the nearest-neighbor value for p > 3.

by destructive interference, enforcing the emergence of
effective light cone structures.

The results of this paper not only provide new theoret-
ical insights into the notion of locality (as a result of the
emergent light cones) in quantum systems but also offer a
concrete example of how causal structures, such as light
cones, emerge within the quantum dynamics of many-
body systems. This raises intriguing questions about
the role of destructive interference in embedding rela-
tivistic principles within quantum many-body dynamics.
Whether relativity itself is an emergent phenomenon re-
mains one of the most fundamental questions in theo-
retical physics [42], explored in contexts such as holo-
graphic spacetime [54, 55], and other frameworks [56-58].
Our work introduces destructive interference as a can-
didate mechanism that could bridge quantum dynamics
and emergent causal structures, a direction for further
investigation.



This analysis also unifies prior findings in the litera-
ture, including the emergence of Lieb-Robinson bounds
in power-law decaying interactions with p > 2 [13], which
coincides with the breakdown of destructive interference.
Furthermore, the presence of a strictly linear light cone
for p > 3 [23, 39] aligns with our result that, in this
regime, destructive interference constrains entanglement
propagation to mimic that of nearest-neighbor interac-
tions.

We predict that the destructive interference phe-
nomenon, underlying the counterintuitive acceleration of
entanglement growth, can be experimentally observed
through the use of shortened interactions. While ex-
act (sharp) shortening may pose experimental challenges,
softened shortening yield similar acceleration effects. No-
tably, similar tunable shortening have already been im-
plemented in Rydberg atom arrays [12], making them

a promising platform for testing our predictions. Ad-
ditional platforms for investigation include cold atoms
[6, 29] and trapped ions [31, 59-61]. Future work should
investigate whether destructive interference persists in
the strong long-range interacting limit p < 1, potentially
uncovering new mechanisms for entanglement suppres-
sion.
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I. HEISENBERG MODEL AND THE FREE-PARTICLE APPROXIMATION

In this section, we will revisit the Holstein-Primakoff transformation to obtain a linear
spin-wave approximation for the ferromagnetic Heisenberg model with long-range interac-
tions. The Hamiltonian is given by

N
H=:- " J(n)S;S;in, (S.1)

7,0<n

a)Electronic mail: pazodi@princeton.edu



where S; represents the spin operator at the j-th site, N is the number of spins and the
interaction function J(n) is defined by the subsequent power-law decay expression

o= {15 =

The interaction function in Fourier space (distinguished by the symbol ™) is

J(k)=> e *I(n), (S.3)

n

where the momenta (k) are multiples of QW” For spin—% particles, Holstein-Primakoff bosons

are given by Nakano and Takahashi (1994) and Holstein and Primakoff (1940),

1 _ 1o, 1
St =(1-blby)5b;, S5 =bl(1 b)), 57 = 5 bib;. (54)

Thus, the representation of bosons in Fourier space is:
~ 1 - 1 .
b= ——N e Hipl b= —— N etkip S5
R g o

Applying this transformation allows for the expression of the Bosonized Hamiltonians in
the following manner

H=H;sw + H’, (8.6)

where the linear spin-wave Hamiltonian (Hpsw) encompasses quadratic terms involving
bosonic annihilation and creation operators, and H' comprises both constant and higher-
order terms that characterize magnon interactions. Consequently, it follows from Nakano
and Takahashi (1994) that

Hysw = Z(M)W)k- (8.7)

kN ——
€k

The resolvent for the LSW Hamiltonian, denoted as G(s) = (s + +Hrgw) ', is expressed
as follows

G(s) = S (s + %ek)*i);i)k. (S.8)
k

In the next subsection, we will utilize this resolvent for the QCTF analysis. Given that
the resolvent incorporates only the LSW Hamiltonian and excludes the magnon interaction
terms, this approximation is solely applicable within the free-particle limit. The free-particle
approximation is used only in Subsection IIT A to prove that the measure (7) in the main
text exactly quantifies entanglement production at distance ¢ in this regime. Therefore, our
main proof of the existence of the destructive interference mechanism, which is based on the
consecutive convolution of the interaction function (6) and does not rely on the free-particle
approximation, remains valid beyond the free-particle limit.

II. QUANTUM CORRELATION TRANSFER FUNCTION (QCTF) ENTANGLEMENT
FORMULA

In this section, we briefly summarize the foundational principles of the Quantum Corre-
lation Transfer Function (QCTF) method from Azodi and Rabitz (2025). This approach



captures the bipartite entanglement of the subsystem M within a combined closed quantum
system that also comprises the subsystem R.

In this formulation, we use arbitrary basis sets for the subsystems M (dimension d,,) and
R (dimension d,), labeled as {|m)|m = 1,--- ,dp,} and {|r) |r = 1,--- ,d,}, respectively.
Consequently, the set {|m) ® |r)} forms a basis for the combined, isolated quantum system
of dimension d,,d,..

We represent the state of the composite system in both the Laplace and time domains
as |U(s)) and |¢(t)), respectively, such that |¥(s)) = L{](t))}. Using the basis defined
above, we have |¥(s)) = >_ tmr(s)[m@r). Consequently, [U(s)) can be expressed as
G(s) [1(0)), with G = (s+ +H) ™! serving as the resolvent for the entire system. Using this
notation, the projected wave function corresponding to the basis ket |m) can be defined in
the following manner

mig) = (ml @ I ) [9(s)) = (3 (Ir) (m] © () ) G() [6(0)) = Y () I1) - (5.9)

Observe that each projected wave function, which depends on s, represents the un-
normalized state of the subsystem R, following a projective measurement of subsystem
M in the {|m)} basis, with the measurement result being |m).

We use the following dynamical bipartite entanglement measure for the subsystem M:

Omls) = Y (g A (mal) * (Im1y) © [may))) (5.10)

1<m;<ma<n

= ) (mvhmid) x (malkmat) — (matplkmath) x (magplxmay)  (S.11)

1<mi<m2<n

Here, the symbol A represents anti-symmetrization, and is defined as (mi¢| A (mat)| =
(m1| ® (math] — (marh| ® (my1)|. Also, the operator x represents convolution in the domain
s such that simple Laplace poles obey (s + iw1)™! % (s + iwa) ™t = (s + i(w1 + we)) L.
Consequently, (|x) is the normal inner product, except for the convolution between the
Laplace variables on the sides according to the mentioned rule. This entanglement measure
is the linear entanglement entropy of the subsystem M in the Laplace domain, and it
is associated with the second-order Rényi entropy of the subsystem, following Azodi and
Rabitz (2025).

I1l. PROOF OF THE DESTRUCTIVE INTERFERENCE EFFECT AND THE THEOREM IN
THE MAIN TEXT

In this section, we provide a mathematical proof of the destructive interference phe-
nomenon, including the detailed proof of the Theorem presented in the main text. The
derivations in the main text are a summarized form of the more comprehensive proof given
here. The proof is organized into four main parts. In the first part (subsection IITA), we
derive the QCTF entanglement measure for the Heisenberg chain. The second part (sub-
section ITI B) demonstrates the cancellation of terms in the QCTF entanglement measure,
which demonstrates the presence of destructive interference. In subsection III C, we prove
the scaling for «, as stated in the Theorem. Finally, subsection IIID explains why the
theorem holds for p > 2.

A. Deriving the bipartite QCTF entanglement measure

In this section, we aim to derive the dynamical entanglement measure for a segment of
the Heisenberg chain, while also illustrating the destructive interference occurring among
quasi-particles within the entanglement measure. We are considering a chain of NV Spin—%



particles with Heisenberg interactions (S.1-S.3). This chain is split into two contiguous
parts, called subsystems M and R. Initially, from the ferromagnetic order |F) = |vac),
a group of spins in subsystem R are flipped: The initial state of the compound system is
denoted by [1(0)) = bgl -~-b$w |F). Therefore, {0;]¢ = 1,---w} (also denoted by {0;}) is
the set of indices of the initially flipped spins. This set should satisfy the dilute excitation
condition, namely w, the number of flipped spins should be much smaller than the size of R.
The overall density of excitations needs to be small, as a high concentration of excitations
can lead to failure of the LSW approximation; therefore, the initial state should be locally
dilute as well. For instance, adjacent flipped spins can lead to formation of bound states
and strong magnon-magnon interactions Jurcevic et al. (2014); Kranzl et al. (2023).

The initial state |[(0)) is a member of a larger set of product states with exactly w
flipped spins. For a clearer demonstration, we denote the collection of product states,
each having precisely w flipped spins compared to the ferromagnetic order, by &, i.e.,
Ew = {E|E; = b; ---bj.w |F)}. Here, i is an arbitrary identifier for the members of this
set. Also, in this definition, flipped spins can be anywhere in the chain. Therefore, in the
framework of quench experiments, the system is initially quenched from ferromagnetic order
to a member of &, denoted by [(0)) = Ey = b(TJl "'b(T)w |F). Each member of the set &,
can be rewritten as |E;) = |EZR> ® |ElM>, such that the kets {ElR> and |E5M> correspond
to the subsystems R and M respectively. Given this decomposition, in our proof, we will
use the following definitions of subsets of pairs of distinct members in F,,,

S ={(1E) . | B (EF|ET) =1, (B |[B") = 0}

S.12
D = {(1E), |E)) (B B) = 0, (B ER") = 0} 12
The set S (D) consists of pairs of product states (|E;),|Ek)), each with exactly w flipped
spins, for which the flipped spins in the subsystem R are the same (distinct), and the flipped
spins in the subsystem M are always distinct. Given this definition, S| J D includes all pairs
(|E1) , |Ek)) such that (EM|EM) = 0. This differentiation is advantageous for calculating
the QCTF entanglement measure, as these sets correspond to different terms in (S.11).

Let us proceed to calculate the dynamical entanglement measure Qa4(s) given by (S.10-
S.11). As we will see, structures of the form (Eo|GT(s*)|E;) % (Ex|G(s)|Eo) are the building
blocks of the entanglement measure (S.11). To simplify these forms, note that the system’s
resolvent in the LSW approximation, denoted as G(s) = (s + %HLSW)_l, is specified in
(S.8). Using (S.5), the resolvent can be rewritten as follows in the lattice domain

1 ) .
G(s) = ~ Z (54 Lep)Teiktm—mpt b

k,n,m h
1 o ; (S.13)
Gi(s") = v > (s ﬁek)_lelk(m_”)b;fnbn.
k,n,m

Let us use the notation |Ejy) = bLl bzw |vac) and |E;) = blT1 ---blTw |[vac). Therefore, we
have the following expansion

1 ) .
(BolGH (s )E) * (BUlGO)E) = <5 D0 (5 p(en, — ey,)~ et (Brlmmmhatman)
k1,ko
n1,Mn2,M1,M2
Ly, lw k1w

(vac| by, - bo, bfmbnlbj1 e b;rw |vac)
(vac| by, -+ by, bl by bh, - b [vac) .
(S.14)

Using the basic properties of the Holstein-Primakoff boson creation and annihilation oper-

2
ators, namely b; |vac) = 0) and b;r |[vac) = 0 (which is a consequence of (S.4)), we have the



following conditions on the indices in Equation (S.14)

Al.m1 c {01}, Bl.ms € {01}7
(A: i;:zlfiloj}\{ml}’ )AND(B: E§ Zfiii}\{mﬁ’ )
A4, {lg, tee ,lw} = {07,} \ {ml} B4. {kg, R ,k‘w} = {01} \ {mg}

(S.15)

We note that A3-A4 and B3-B4 are written without loss of generality, meaning that, for
example, one could alternatively choose Iy = ny for A3 and have {ly,l3, - ,l,} = {0;} —
{mq} for A4, without loss of generality.

Conditions A3 — 4, B3 — 4 fully determine the kets (|Ey),|E;)). As a result, since, ac-
cording to (S.12), these kets are required to be different in the sublattice M, as at least
one of ni(= Ili) or na(= k1) must be inside M, otherwise all labels ({k;},{l;}) would
be inside R and the kets would be identical inside M. Therefore, when (I.) n; and
na(# ni1) are both inside M, and (II.) my; = ms, (and only when both I and II are
satisfied) then {la, -« ,l,} = {ko, - ,ky}, and therefore we have <EZRIE,7§> = 1, hence
(|Ex),|E;)) € S. In contrast, when only one of ny,ns is in M (negation of I), or my # mq
(negation of II) then (E|EJ) = 0, and therefore (|Ey),|E;)) € D. Given this analysis,
(Eo|GT(s*)|Ey) x (Ey|G(s)|Eo) in equation (S.14) simplifies to the following

s i(kl(m—nl)—kQ(m—ng))

1 _q€
for (|Ev),|Ex) €S: > (s+ = (eky = €k,)) ! N7 , (S.16)

k1 k
mG{Oi}
’I’Ll;ﬁnzeM
’ . i(k1(m1—n1)—ka(ma—nz2))
1 _1€
for (|El> ) ‘Ek>) €eD: Z (S + ﬁ(@ﬂ - €k2)) N2 (817)
k1,k2
m1,m2€{0;}

nieEM
n2¢{n1}U({0:}\{m2})

The prime (') on the second summation emphasizes that if m; = ma, then ny € R.

Now, we can put together all the pieces and find the entanglement measure Q Mm(s) given
by (S.10-S.11). Let us clarify the relation between (Ey|GT(s*)|E;) « (Ex|G(s)|Ey) and
the terms in the entanglement measure. First, consider (|E;),|Ek)) € S. According to
(S.12), this set (S) includes all pairs such that the partial wave functions corresponding to
the subsystem R are identical, and partial wave functions corresponding to the subsystem
M are different. The identical partial wave functions corresponding to subsystem R are
characterized via variable m in summation (S.16), and the different partial wave functions
corresponding to subsystem M are characterized via variables mq,no. Therefore, if for
each pair ni,ns, we take the summation over m, this operation will perform the inner
product in the sub-Hilbert space of subsystem R, and the pair nj,ng, characterizing the
different partial wave function of subsystem M, play the role of the variables m; and
mo in (S.11). The summation over ki, k2 in (S.16) gives the evolution (dynamics in the
Laplace domain) of this quantity. Given this exposition, for each pair nq,ng, the norm of
(Eo|GT(s*)|Er) * (Ex|G(3)|Ep) gives the second term in (S.11). Finally, if we sum over all
such terms for all pairs ny,ng, i.e., equivalent to the summations over all my,mso in (S.11),
then the second part of this entanglement measure is given as

1 et(k1(m1—ni1)—ka(mi—nz)—ks(mz—n1)+ki(mza—nz))

N4

1 _
E (S—’_ﬁ(ekl — €ky — €kg +€k4))
k1,k2,k3,ka
m1,m2€{0;}
ni#ns €M

(S.18)



Analogously, we can relate the first term in the dynamical entanglement measure (S.11)
with the (Eo|GT(s*)|E)) * (E|G(s)|Eo) terms when (|E;),|E;)) € DUUS. To show this,
consider the expression

> (Eo|GT(s*)| ) * (Ek|G(s)|Eo) * (Eo|G(s*)|Ex) x (E1|G(s)|Eo) . (S.19)
(1Ex),|E))eEDU S

We recall that S|J D includes all basis kets for which the partial states corresponding to
subsystem M are different. Therefore, the first and last terms can form an inner product
in the sub-Hilbert space R due to the summation over |E;), and the second and third terms
can form a similar inner product due to the summation over |E)). Now, using (S.16-S.17),
the summation (S.19) is

et(k1(mi—n1)—ka(m2—n2)—ks(mi—n1)+ks(mz2—n2))

7 _
> (5 + 7 (€ry — €k = €hy + €1)) i
ki1,k2,ks,ka
m1,m2€{0;}
nieM
n2¢{n1}U({0:}\{m2})
(S.20)

In summary, using (S.10-S.11), in this part of the proof we showed that the dynamical
entanglement measure of subsystem M, is given by the difference between equations (S.20)
and (S.18),

Om(s) = (S.20) — (S.18). (S.21)

Here, we identify three main categories of the QCTF Laplace poles (i.e., linear combinations
of €’s) in the entanglement measure (S.21), more specifically in part (S.20) as follows. I:
when ki = ks, ko = k4, these poles contribute only to the zero frequency poles (s = 0)), II:
when ki # k3, ko = k4, called dominant poles, and I11: ki # k3, ko # k4, which are highly
(~ ﬁ) suppressed, compared to the dominant poles, as explained below. The reason for
this classification is also explored in detail in the analysis of short-range interacting chains
in Azodi and Rabitz (2024). Dominant poles lead to the characteristic behavior of early
entanglement evolution, and therefore we will only consider the effect of these poles. To see
how dominant poles emerge, let us keep all the variables fixed in the summation in (S.20),
except mo. Since the summation over ng includes all lattice labels 1,--- | N except ny, for
each term in the summation (over all variables except ng) we have:

et(ka(mz—nz)—ka(mz2—nz2))
N4
(5.22)
When ks # k4, and no is summed over all possible numbers, then the inner summation is
zero due to orthogonality of exponential functions. Also, note that for ny = {0;} \ {ma},

this term is zero, due to (S.15). Therefore, when ko # k4, the inner summation in (S.22) is
equal to negative the value of the summand for ny = {n;, ma},

(8—'—% (Ekl —€ky —€ky —*—6164))_1614(161 (ma=n1)=ks(ma—na))
n2¢{n1}U({0:}\{m2})

ilkatma—nz)—ka(my—na)) {1+e“’“4<’"2‘”N14"k2(’"2‘"1”, ko # ka
N+ ) Mo L =
nag {n1JU({0; 1\ {m2}) NT TN ko = ks

(S5.23)
For the case of ky = k4, the summation is proportional to the number of elements in the
set {n1} U ({0;} \ {m2}) which is N — w ~ N. Hence, dominant poles, corresponding to
ko = k4 are much stronger (on the order of V) than the other poles, due to the N~2 factor.
Note that the second term in the entanglement measure (S.18) does not have dominant
poles because of the absence of a similar complete summation. In what follows, we will
only consider the effects of the dominant poles, which characterize the early entanglement



dynamics in the N — oo regime. Consequently, by incorporating the contribution from
dominant poles, entanglement dynamics can be effectively approximated as follows:

et(k1—ks)(m1—n1))

i -1
S+ —(€k, — €k, .

m1,m2€{0;}
nieM

In this equation, the denominator is N2, instead of N4, for two reasons: First since N —
w ~ N in the numerator in (S.23), and second, the summation over ks = k4 in (S.20).
We will continue the analysis in the time domain and accordingly denote the dynamical
entanglement measure by Qq(t) = L71{Qa(s)}. For this purpose, it is convenient to use
the symmetrized (in the time domain around ¢ = 0) version of the entanglement measure,
which is %(QM(t) + Qa(—t)). This symmetrization is valid because we are only concerned
about ¢t > 0, and entanglement dynamics is invariant when J — —J. Therefore, the time-
domain equivalent of (S.24) is

1 i(k1— m—n
Qm(t) = 53 > cos ((er, — exy )t)e!Frhallm=m), (S.25)
me{0;}
neM
k1,ks3
Thus, upon finding the derivatives at ¢ = 0, one can form the Taylor expansion of Q(t) =
>, o art?" as follows (Note that the odd derivatives are equal to zero),

1 T Tl - m—n t2r
Qui =gz X (e e B Sn (5.20)
]{’7’?}603
me{0;},neM

B. Destructive interference as cancellation of terms in the QCTF entanglement measure

In this subsection, we show how the destructive interference occurs through cancellation
of terms in the coeflicients of the entanglement measure (S.26). Given this measure, the
coefficients a, in the expansion Qa(t) = >, _ a,t*" are given by (using (S.7)):

“T_(<12)7~7;! DD (k) = I(ky))?reithrha)lmmn)

me{0;},neM ki,k3

. 27)
_ (_1) 2r J r3 J r1 ,i(k1—k3)(m—n) (S
-7 > . > I(ks) (—I (k1)) e .

me{Of;}JL?EM k1,k3

r14+r3=2r

The inner summations (over ki, k3) give the inverse Fourier transforms of powers of J ks and
J &y, which, in the lattice domain correspond to (respectively rs and r; times) consecutive
convolutions of J,,, evaluated at m — n. This statement is a consequence of the following
property of the inverse Fourier transform Wong (2011) (we have used the fact that J(n) is
an even function.)

1 J r_tikm s kT
NZJ(k) e — JxJx x| =T (m). (S.28)
k

r times

Therefore «,. is

—1" 2r 1 PRTL *73
(2r)! 2 (m)(_l) I m =) m = n). (S.29)

r14rz=2r
mE{Oi},nEM



We will return to this equation after simplifying the terms involving the convolutions. For
p > 1 the convolution is convergent (see Section IITE for the proof). In this region, using
the basic properties of the convolution operator, and given the definition of J(n) in (S.2),
we have:

JT
J*(m) = . (S5.30)
dlzd [T 1dil?

> dizmy,di #0

Note that although the d;’s can be negative numbers, it is evident that the main contribution
comes from the positive d;’s. (For each negative d;, other positive d;’s must compensate to
keep the total summation equal to m, therefore, larger numbers appear in the denominator).
We expand the summation (S.30) (when » > 1 and p > 1) as

0" (m) (1) () (1)

e T U1 LT

Here the first term corresponds to the case where all d; = 1, except for one of them being
equal to m — r + 1, the second term corresponds to one d; being m — r, another equal to 2,
and the rest being 1, and so on. Each term in this series corresponds to the case where [
of the d;s are not equal to 1 (and the remaining d;s are equal to 1), such that the criteria
on the d;s are satisfied (see (S.31)). The contribution from such a term is % where
g(m,r,
g(m, 1) is the product of d;s, and f(m,r,l) counts the number of possible combinations
of d;s. For p > 1, these terms approach 0 very fast, because the denominator is the pth
power of a number that grows polynomialy with [. Therefore, as p grows, the first term
progressively dominates the series. In the next section, we identify the class of interaction
functions (J(n)) for which this property holds.

We now return to equation (S.29), and consider the case for 2r < min(|m — n|), which
corresponds to transient entanglement growth. In this regime, given that the first term in
the series (S.31) dominates for p > 1, let us start by approximating the convolution terms
in (S.29) only using the first term in their corresponding expansion (S.31). Therefore, (S.29)
becomes

o ~ ((_27{)): 3 (i:) (T) (7”13)(_1)“((m_n—rl+1)(m—n—r3+1))‘P. (S.32)

" me{0;},neM,
r1+r3=2r
ri>1,r3>1

Given the early entanglement assumption, 71,75 < 2r < |m — n|, for all possible m’s and
n’s, let us use the following expansion:

(m—n—r +1)m-n—rs+1))" = (m— n)*2p(1 +p:; :i +O(p(p + 1)(%>2))
(1 +p7:j :711 +O(p(p+ 1)(7::; :i)Q))

= (m—m) (1 p 2y T o L)),

(S.33)

It is easy to see that the first three terms in this expansion lead to vanishing «,.. Here, the
contribution of the first two terms is given by

(—J)r —2p 2r —2 2r " s
r~ - L -
“ (2r)! OZ M(m e +pm o n) r +;2r 1 ! 1 .
me{0;},ne > lirs>1

o Z <2rrZ 2> i mo S

r'l +r§:27‘72
ri,rs>0




where in the last line, we have changed the variables, rj = r; — 1, 4 = r3 — 1. Similarly,
the summation corresponding to the term p? 2= =L (the third term in (S.31)) vanishes,

m—-n m—n

since
2r " "3 "1 2r — 4 ’
Z (T ) (1) <1>(7‘1 —Drs—1)(-1)™ x Z ( y (1) = 0. (5.35)
r1+r3=2r 1 ri+ré:27q_4 |
ri>1,rg>1 Ti’rézo

The fact that the summations (S.34-S.35) are zero demonstrates the main objective of
the paper, namely, the destructive interference of quasi-particles in the early entanglement
growth regime.

So far we have demonstrated the particle hopping cancellations corresponding to the
first (dominant) term in the expansion of J*" in (S.31). Let us take a step further by
showing that the quasi-particle hopping cancellation happens in other terms as long as the
dependence of g(m,r,l) on r is weak. These terms are negligibly small in the p > 1 region,
as discussed earlier. In addition to their insignificance, similar particle hopping cancellations
can happen as well. If the dependence of g(m,r,1) on r is weak, or when g(m,r,1) = g(m,1),
upon replacing J,,*" (m —n) and J,,*"® (m —n) by their corresponding expansions (S.31), a

(i) (i)
g1 (m—n,r1,l1) g1 (m—n,rs,l3)
(corresponding to the [3th and I3th terms in the expansion (S.31)), we have the following
inner summation for ., according to (S.32)

B 2oy (V) Q) ettt

" me{0;},neM r1tT3=21
r12li,r3>l3

~ ((_2;{)): S @m—nb)gsm—nl) > (2:) (Zl ) (T?’) (~1)" =o0.

! l
me{0; },neM ri+rz3=2r 3
r1>1l1,r32>13

series of pairs of the form will be produced. For each of these pairs

(S.36)

Therefore, the quasi-particle hopping cancellation happens at higher order approximations
in (S.31), as long as the approximation g(m,r,l) ~ g(m,{) holds. This criterion is fur-
ther examined in the next Section. We emphasize that, these higher-order approximation
are highly suppressed compared to the first term in this series, when one takes the early
entanglement approximation.

C. Scaling of o, in the Theorem of the main text

Cancellations similar to (S.34) occur for higher order terms in (S.33). A general higher
order term in this expansion is proportional to (Z1=1)s1(Z=1)ss The contribution of these
terms to «,. is proportional to:

S ()3 0o v - (837

r1+r3=2r
r1>1,r3>1

When s; > 1, in the 71 — 1 < m — n regime, the terms (Z=1)%1 and (Z2=1)% are ex-
ponentially suppressed. Also, we already showed that for s;,so = 0,1 the destructive
interference mechanism is complete (see S.34-S.35). What remains is s1,s3 = 2,3, -,
and 1 < ri,73 < m —n (this later region is where the strongest contributions exist). In

(Tgr_lli__lg'l), Therefore, these contributions to «,. are

proportional to (when ry — 1 > s; and r3 — 1 > s3)

this regime we can write (r; — 1) =~
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2 (72":) (7“11) <r13> (=1)" (ry — 1)% (rg — 1)%

r1+r3=2r
r1—1>s1,r3—1>s3

N Z 2r\ (1) (T3 (—1)" (ry = 1)! (rs —1)!
- “ T1 1 1 (7“1—1—81)!(7“3—1—83)!.
r14+r3=2r
r1—1>s1,r3—1>s3

(.38)

Now, with the change of variables { = r; — 1 — s7 and r5 = r5 — 1 — s3, this equation can

be rewritten as
2r ’
—-1)"t =0.
« X (e (5:39)

ri+ré:2r—sl —s3—2
ri>0,r5>0

This equation shows the perfect cancellation amongst contributions from higher order terms
in the expansion (S.33). However, here we used the approximation that the summations
in (S.38-S.39) are over 71 > s1 + 1 and r3 > s3 + 1, therefore the contribution from the
complementary terms is not included. This complimentary set of indices include 1 < r; < s
and 1 < r3 < s3. Given the analysis above (namely that the effects are exponentially weak
in s1,s3), the strongest contributions correspond to r1 = s; = 2 and r3 = s3 = 2. Using
this fact, and based on (S.32- S.33), then «, must be of the following order of magnitude

o ~ o((_J) > (292 x 2(m —n) "~ (p(p+1))?). (S.40)

|
(2T)' me{0; },neM

We define ¢ = min |m — n| for m € {0;} and n € M. Then in the early entanglement regime
(=)'

=27 M (540

a, ~ O(
When M includes one spin, |[M| = 1, and J = 1, this equation gives the scaling in the
Theorem in the main text.

D. Explanation of p > 2 in the Theorem of the main text

Equations (S.34-S.36) prove the main finding in this paper, which is the fact that in the
early entanglement regime quasi-particles cancel through destructive interference despite
the long-range interactions among spins.

In the last part of this proof, we now show that for p > 2, the Type I series of hop-
pings dominate the expansion (S.31). As discussed earlier, the general form of terms in
this expansion is % where g(m,r, ) is the product of d;s, the numerator counts

g(m,r,
the possible combinations of {di,--- ,d,}. Therefore, for large p, the denominator of this
fraction grows factorially (to the power p) fast for Type 2 hoppings. (We recall that Type
2 includes hoppings of mostly order 7, as defined in the main text). Given this, we identify
p* such that for p > p*, the numerator of the general term % grow slower than
g(m,r,

its denominator. For this to happen, notice that the most significant contribution from
terms of Type 2 comes from the term with d; = 2,dy = 2,--- ;d; = 2,d;41 = 1,dj42 =
1,---d,—1 =1,d. = q—1—r+1. This combination ensures maximal combinatorial scaling
for the numerators, and minimal scaling in the denominator (by minimizing the product of
d;’s). Including all similar combinations of d;’s, these terms show up as

(p)(+1)
a1+ 1)

(S.42)
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We will analyze the features of this term, in particular the scaling of the numerator versus
the denominator of this fraction as a function of p. The fastest rate for the growth of the
numerator is when [ & r/2, namely when about half of the d;’s equal 2. As a result, we
should consider the scaling of

r 3l
2" (g — = +1)P. 4
(fr/?) versus 2P (q 5 +1) (S5.43)

Using Stirling’s approximation 7! ~ v/27r(3)", the binomial term in (S.43) is approximately

\/21?7 ~ 221827 On the other hand, since [ ~ r/2, the second term in (S.43) scales

as 2"P/2. Therefore, for the denominator of (S.42) to grow faster than its numerator (when
r > 1), we require r < rp/2 or p > 2.

E. Convergence of the high-order convolution expansion for J*"(¢q) in (S.31)

Here, we show that for p > 1, the higher order convolution J*"(¢) exists and is bounded,

therefore expansion (S.31) must be convergent. To prove the boundedness of the high-order
convolution, we will use the following theorem (refer to Bogachev and Ruas (2007) for the
proof):
If f,g € L1(R), then fxg € Li(R). Here, £1 denotes the first £,, or Lebesgue, space.
Thus, the space £1(R) is closed with respect to the convolution operation. This implies
that, when J(n) € £1(R), then all the higher orders of convolutions of this function must be
bounded too, for finite r. Given that for p > 1 the interaction functions J(n) are members
of £1(R), then the convolution exists and is bounded.

IV. NECESSARY CONDITION FOR THE DESTRUCTIVE INTERFERENCE PHENOMENON

Here, we identify the class of interactions that allow for the destructive interference ef-
fect. As described in the main text, as well as in the proof of the destructive interference
phenomenon, the weak dependence of the denominators in (S.31) on r results in the sepa-
ration of terms in (S.36), which leads to a, =~ 0 in (S.35-S.36). Also, as explained earlier,
this weak dependence is a result of the dominance of certain groups of quasi-particle hop-
pings, namely one long jump accompanied by a series of shorter jumps, in the high-order
convolution (S.30). Here, we will examine the criterion required for these type of jumps
to dominate the high-order convolution J*"(m). For this purpose, note that for a generic
interaction function, i.e., J(n) = J(—n), one can rewrite their high-order convolution as a
summation over all possible combinations as:

Irm)y= > []3). (S.44)

S di=mi=1

Therefore, the criterion mentioned above requires that (for large r) J(1)J(r—1) >
J(2)J(r—2) > J(3)J(r—3),---. Thus, this criterion can be examined by comparing
J(m)J(n) and J(m — 6)J(n+ §), when m —n > 2§ > 0. Considering n as a continuous
variable, this behavior is determined by the sign of the infinitesimal variation

d

d(S—JFJ(n —6)J(m +9), (S.45)

which is equal to (up to a first order variation in J)

S(I(m)JT' (n) — IJ(n)I' (m)), (S.46)
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where ’ denotes the derivative with respect to n. Hence, for monotonic functions (i.e.,
J'(n)J' (m) > 0), the sign of (45) is given by

(J'(n)? — I(n)I"(n) > 0;Vn. (S.47)

This quantity determines whether the aforementioned series of jumps can dominate the
high-order convolution of the interaction function J(n), or not.
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