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Abstract

In (super)gravity theories, T-duality relates solutions with an exact isometry which can
have wildly different asymptotic behaviors: a well-known example is the duality between
BTZ black holes and (non-extremal) three-dimensional black strings. Using this dual pair,
we show how the knowledge of a phase space which includes one set of solutions (here,
BTZ black holes embedded in the Brown-Henneaux phase space) allows to obtain a phase
space for the dual set via an asymptotic notion of T-duality. The resulting asymptotic
symmetry algebras can be very different. For our particular example, we find a large
algebra of symmetries for the black string phase space which includes as subalgebras
bms2, bms3, and a twisted warped conformal algebra. On the way, we show that a
chiral half of the Brown-Henneaux boundary conditions are dual to the Compère-Song-
Strominger ones.
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1 Introduction16

The identification of simple, lower-dimensional gravitational models which capture the essence17

of physically relevant higher-dimensional spacetimes has been a very fruitful enterprise. Three18

dimensional theories are a sweet spot for this approach, and over the years they have illumi-19

nated questions in a wide range of topics: the asymptotic symmetry structure of AdS gravity20

in the pre-holographic era [1], black hole microstate countings using the symmetries of the21

underlying dual [2–5], linear-response theory in black hole backgrounds [6], string theory em-22

beddings [7–11], or the relation between asymptotic and worldsheet symmetries [12–16], to23

name a few. An early three-dimensional toy model, inaugurating the arXiv and even predating24

the BTZ black hole [17], was the Horne-Horowitz black string [18]. It is a (2+1)-dimensional25

solution to the string theory low-energy effective action which shares many features with26

higher-dimensional Reissner-Nordström black holes: it has a non-trivial causal structure with27

outer and inner horizons, a timelike curvature singularity, thermal behavior, and vanishing28

curvature at large radius (making it, in a certain sense, asymptotically flat).29

Despite all of this, or perhaps because of it, the three-dimensional black string has been30

less studied than its asymptotically AdS3 black hole counterpart: the BTZ black hole, which31

has played a pivotal role in many developments of AdS/CFT. Still, the three-dimensional32

black string enjoys several remarkable properties and a relatively close relationship with BTZ33

black holes. It was introduced as an exact string theory background, via the construction of34

a gauged version of the SL(2,R)×R Wess-Zumino-Witten CFT [18]. It was later recognized35

that black strings could also be obtained as the target space of marginal deformations of the36

SL(2,R) WZW worldsheet theory describing BTZ black holes [19]. Another relation came37

from the observation that a general class of black strings results from TsT transformations38

[20, 21] applied to BTZ black holes, and this resulted in the proposal that TsT-transformed39

AdS3 backgrounds are holographically dual to single-trace T T̄ deformations of the boundary40

CFT2 [22,23] (see also [24]).41

In this paper, we will exploit a different connection between three-dimensional black strings42

and BTZ black holes [7]: they are related by the low-energy manifestation of T-duality imple-43

mented by Buscher rules [25,26]. These transformations map any solution of the low energy44

string equations with a translational Killing vector to another solution. Under certain con-45

ditions, the related backgrounds actually correspond to equivalent worldsheet theories [27],46

but we would like to emphasize from the start that in this paper we will not be dealing with47

the underlying BTZ CFT [8,16]. We will instead restrict ourselves to the (super)gravity realm48

in which Buscher rules provide a map generating new solutions from existing ones (with an49

isometry). Previous works used this perspective to discuss invariance of the thermodynamic50

properties of horizons under T-duality [28], even in the presence of α′ corrections [29, 30].51

We will now exploit a different property of the duality which makes it particularly interesting52

for the study of asymptotic structures: it can relate solutions with wildly different asymptotic53

behavior.54

At a classical level, asymptotic boundary conditions for gravitational theories determine the55

symmetries present in the phase space [31–33]. These are in turn an essential hint towards a56

quantum formulation of the theory, as the well-known example of Brown-Henneaux boundary57

conditions in AdS3 illustrates [1]: the asymptotic symmetry algebra should be realized in58
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any putative dual quantum mechanical description. Given that BTZ black holes belong to59

the well-understood Brown-Henneaux phase space, and that they can be related via T-duality60

to the Horne-Horowitz black strings, our goal will be to use T-duality as a tool to obtain a61

phase space for the black strings. This is a novel approach, different to those used to define62

boundary conditions for the three-dimensional black strings in the past [34, 35]. The result63

of our method will be a phase space carrying a new asymptotic symmetry algebra (66)-(67),64

significantly larger than the ones previously discussed in the literature and including as subsets65

some well-known subalgebras: bms2, bms3 and a twisted warped conformal algebra. Notice66

that, since the black strings are asymptotically flat, this is a symmetry algebra for the three-67

dimensional low-energy string EFT with asymptotically flat boundary conditions (although,68

admittedly, the notion of asymptotic flatness is slightly non-standard due to the Killing fields69

having diverging norm at infinity; see section 4 for the details).70

It is important to emphasize that this symmetry algebra is different from the one of the71

original Brown-Henneaux phase space, which as it is well-known carries two copies of the72

Virasoro algebra. This may seem puzzling at first, particularly if one thinks of T-duality in the73

stringy sense as relating equivalent backgrounds. However, we are here just applying Buscher74

rules to the low-energy (super)gravity fields, and we are doing so in a restricted and asymptotic75

sense (to be explained in section 4) which allows to generate new boundary conditions from76

existing ones. As a consequence, solutions in the original Brown-Henneaux phase space are77

not one-to-one mapped to solutions in the black string phase space (it is only solutions having78

an exact isometry that get mapped between both sides). It is in this sense that we dub our79

procedure asymptotic T-duality. We believe similar ideas can be applicable to other sets of dual80

pair (not necessarily in three dimensions), thus making asymptotic T-duality an interesting81

way to generate new boundary conditions from well-understood ones.82

The remainder of this paper is structured as follows. In section 2, we uplift the standard83

Brown-Henneaux analysis of asymptotically AdS3 boundary conditions to the universal bosonic84

sector of the low energy effective field theory of strings – that is, we include a dilaton and a85

Kalb-Ramond two-form. Despite obtaining the same set of charges as in the original work,86

forming two Virasoro towers, the section sets up the notation and conventions that we will87

use later when applying Buscher rules. In section 3, as a warm-up, we consider a situation88

in which we have a complete phase space with an exact Killing vector: a chiral subset of89

the previous AdS3 solution space. Upon dualizing in the direction of the exact Killing vector,90

we obtain a dual phase space which turns out to be exactly the one obtained by Compère,91

Song and Strominger (CSS) in [36]. Section 4 constitutes the bulk of this work, and it shows92

by means of an example how T-duality can be used to generate new boundary conditions93

from existing ones. From the full set of Brown-Henneaux boundary conditions, and dualizing94

along an angular direction which provides an asymptotic isometry, we obtain a new set of95

boundary conditions for the low energy string effective field theory. The non-extremal black96

strings, being T-dual to BTZ black holes, are included within the phase space defined by these97

boundary conditions. The asymptotic symmetry algebra has four infinite towers of charges,98

which combine in a way to include bms2, bms3, and a twisted version of the warped conformal99

algebra as subalgebras. We conclude with a discussion in section 5. Three appendices provide100

extra details relevant at different points of the paper. Appendix A shows that, in a phase space101

with an exact Killing vector, asymptotic symmetry transformations are the same before and102

after applying a T-duality transformation. Appendix B discusses in detail how black strings103

fit within the boundary conditions of section 4. Finally, appendix C collects results needed to104

evaluate the algebra of the charges in section 4.105
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2 Brown-Henneaux boundary conditions for the string EFT106

In this section, we will generalize the classical analysis of asymptotically AdS3 boundary con-107

ditions by Brown and Henneaux [1] so that it applies to the low energy effective theory gov-108

erning the universal massless NS-NS sector of string theory. This problem has already been109

considered in previous works [37], and our results will be compatible with them. The role of110

this section is mainly to set the stage for a later application of T-duality transformations to the111

Brown-Henneaux boundary conditions, so in particular the notation and methods presented112

here will recurrently appear throughout the paper.113

Consider the theory in Einstein frame114

L =
1

2κ2
N

L0 ε , L0 = R− 2Λ0e4Φ − 4(∂Φ)2 −
1
12

e−8ΦH2 , (1)

where ε is the volume form of the manifold. Varying the fields we obtain115

δL =
1

2κ2
N

�

−δGMN EMN
G + 2δΦEΦ +

1
2
δBPQ E PQ

B

�

ε+ dΘ , (2)

with116

EΦ = 4∇2Φ− 2e−8Φh2 − 4Λ0e4Φ , (3a)

E PQ
B = εPQM∇M

�

e−8Φh
�

, (3b)

EMN
G = RMN −

1
2

GMNL0 − 4∇MΦ∇NΦ+
1
2

e−8Φh2GMN , (3c)

and the boundary contribution is Θ = θ · ε with117

θR =
1

2κ2
N

�

2GL[R∇S]δGSL − 8δΦ∇RΦ−
1
2

e−8ΦHRPQδBPQ

�

. (4)

We are using the notation for differential form calculus of [38], and we have often simplified118

expressions by taking the scalar dual of the 3-form H, h= − ⋆H (so that H = hε).119

We impose now boundary conditions inspired by those of [1], in a form adapted to connect120

with Bañados metrics [39,40]:121

ds2 =
ℓ2

r2
dr2 + r2

�

ηab +
ℓ2

r2
Yab + . . .

�

dxa dx b , (5a)

B =

�

r2

C0
+ b(xa) +

β(xa)
r2

+ . . .

�

dx+ ∧ dx− , (5b)

Φ=
1
4

log
�

2
C0

�

+
Ỹ (xa)

r2
+
φ(xa)

r4
+ . . . , (5c)

where a, b, . . . label coordinates in the two-dimensional space orthogonal to the radial di-122

rection, and ηab is the Minkowski metric in that two-dimensional space. These boundary123

conditions are defined by two fixed parameters, a length scale ℓ setting the asymptotic AdS3124

radius and a dimensionless constant C0.1 This sets the charge of the Kalb-Ramond two-form125

field, B, as we will later discuss in more detail. An asymptotic analysis of the equations of126

motion (3) shows that, in order to have solutions, we must relate the parameters ℓ and C0 to127

the cosmological constant Λ0 as128

Λ0 = −
C0

ℓ2
. (6)

1One could think of generalizing the boundary conditions, allowing C0 (and thus ℓ) to vary in the spirit of [41].
While such an extension may be interesting, it is not needed for our purposes.
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This is analogous to the usual Λ0 = −1/ℓ2 value in Einstein gravity, but here modified by129

the B-field charge.2 Note that we cannot set C0 = 0, since the constant piece in the dilaton130

would blow up. From now on we will write our expressions in terms of C0 and ℓ. We have131

also chosen to use null coordinates for the constant radius surfaces, but they can be traded132

for more standard ones via x± = t/ℓ ± φ. The choice of Fefferman-Graham gauge, setting133

Gr r = ℓ2/r2 and Gra = 0, is convenient but not essential.134

The previous set of boundary conditions can be shown to define a well-posed variational135

problem if we add to our action the following boundary term136

B = 1

κ2
N

�

K −
1
ℓ

�

ε∂M +
1

2κ2
N

�

e−8Φ ⋆H
�

B , (7)

so that when varying we consider the full action137

S =

∫

M
L +

∫

∂M
B . (8)

Indeed, a first order variation produces a boundary term of the form138

(Θ+δB)|∂M =−
ε∂M

2κ2
N

��

K MN −
�

K −
1
ℓ

�

γMN
�

δGMN + 8nR∂RΦδΦ

�

+
1

2κ2
N

δ
�

e−8Φ ⋆H
�

B|∂M + dC , (9)

where139

C = c · ε∂M , cM = −
1

2κ2
N

γMN nRδGNR . (10)

In these expressions, extrinsic curvatures are computed with respect to the outward pointing140

unit normal n= (ℓ/r)dr, and γMN refers to the metric induced at the boundary,141

γMN dx M dxN = r2

�

ηab +
ℓ2

r2
Yab + . . .

�

dxa dx b . (11)

With the boundary conditions above, the term (9) behaves as142

(Θ+δB)|∂M =
1

4ℓκ2
N

�

ℓ2ηabδYab + 16δỸ + . . .
�

dx+ ∧ dx− + dC , (12)

where the total derivative on the boundary dC plays no role since its integral over ∂M van-143

ishes. We thus define a well-posed variational problem if we demand144

Ỹ = −
ℓ2

16
ηabYab ≡ −

ℓ2

16
Y . (13)

Even though relating subleadings can in general be a dangerous restriction on a given space145

of solutions (potentially eliminating many or all of them), here we are justified in doing it146

because this is the condition required by conservation of the Kalb-Ramond charge,147

∂M

�

e−8Φ ⋆H
�

= 0 , (14)

and this is one of our equations of motion. Note that the last term in the boundary piece (7)148

converts to a fixed charge ensemble, allowing a well posed variational problem by fixing just149

2The asymptotic value of the dilaton is also fixed in terms of C0 as written in the boundary conditions in order
to have non-trivial solutions. One would typically set it to 0 (C0 = 2) by conformally rescaling the metric by a
constant, but we will keep it general here.
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C0, with b(xa) free (without that term, we would need to demand δb = 0). The requirement150

to work at fixed charge is motivated by the fact that the leading term in the B-field in (5)151

is the one giving the charge, and not the pure gauge piece at the boundary, b(xa).3 This is152

similar to the situation with standard gauge fields in low dimensions (e.g., AdS2), where the153

non-normalizable (leading) mode specifies the charge instead of the chemical potential.4154

We can now analyze the asymptotic symmetry transformations which preserve the previous155

boundary conditions. A general transformation is composed of a diffeomorphism and a gauge156

transformation of the B-field,157

δξ,ΛGMN = LξGMN , δξ,ΛBMN = LξBMN + 2∂[MΛN] , δξ,ΛΦ= LξΦ . (15)

Respecting the metric boundary conditions lands us in the Brown-Henneaux diffeomorphisms,158

ξ[T a] = −
r
2
∂aT a ∂r +

�

T a +
ℓ2

2

∫ r
dr ′

(r ′)3
hab∂b∂c T c

�

∂a , (16)

characterized by two chiral functions, T±(x±). The subleadings in ∂a just ensure we stay159

in Fefferman-Graham gauge, and hab denotes there the inverse of the (renormalized) metric160

induced at fixed r, hab = ηab + (ℓ2/r2)Yab + . . . . These diffeomorphisms also preserve the161

boundary conditions in the other fields,5 thus they constitute asymptotic Killing vectors of our162

theory. Regarding transformations of the B-field, our boundary conditions allow asymptoti-163

cally164

Λ= λ+O(r−1) , (17)

with λ a one-form on fixed-r surfaces. Here λ just acts as a boundary gauge transformation,165

b→ b+ dλ.166

The equations of motion (3) can be solved perturbatively in the asymptotic expansion.167

The B-field equation is simply charge conservation, e−8Φ ⋆ H = −C0/ℓ. The dilaton equation168

of motion demands169

ηabYab = 0 , (18)

and the metric one then sets ∂−Y++ = ∂+Y−− = 0. We thus obtain the standard two chiral func-170

tions Y++ = Y++(x+), Y−− = Y−−(x−) of the Brown-Henneaux phase space. They transform171

under the asymptotic diffeomorphisms as172

δξY±± = T±∂±Y±± + 2Y±±∂±T± −
1
2
∂ 3
±T± . (19)

Charges are then computed using the covariant phase space analysis of [31, 43]. The173

general codimension-2 form relating charges between phase space solutions is174

kBB =
ε∂Σ

κ2
N

τ[M nN]

�

2ξM∇[RδGN]
R + ξ

R∇NδGM
R +

1
2
δGR

R∇
NξM −δGN

R ∇
[RξM] (20)

+ 8δΦξN∇MΦ+
e−8Φ

4
δGS

S HMNRBRLξ
L +

1
2
δ
�

e−8ΦH
�MNR

BRLξ
L

+e−8Φ
�

HRM[NξS]δBRS −δBMRGNSLξBSR

��

−
1

2κ2
N

δ
�

e−8Φ ⋆H
�

Λ .

3Incidentally, adding the boundary piece to work at fixed charge also makes the action finite for any configu-
ration satisfying the boundary conditions (5). This would be a desirable feature in a hypothetical definition of a
quantum gravity path integral.

4See [42] for a nice recent discussion about ensemble choices and natural boundary conditions in gravitational
theories.

5This is true up to the fact that the diffeomorphisms generate Bra terms in the B-field, therefore taking us out
of our chosen gauge. We must thus supplement the diffeomorphism by a compensating gauge transformation with
parameter Λξ adapted to cancel these terms. This can be done and the needed Λξ is O(r−1), thus we neglect this
technicality as it plays no role in what follows.
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Here, nN is the radial unit normal, τM the unit normal to a Cauchy slice (orthogonal to nN ),175

and ε∂Σ the volume form at the boundary of a Cauchy slice (these satisfy ε= τ∧ n∧ε∂Σ). As176

usual, δ denotes a variation between different solutions of the phase space. The term within177

square brackets corresponds to diffeomorphism charges, while the final piece is the gauge178

charge (clearly integrable). Evaluating in our phase space of solutions and for the asymptotic179

symmetry transformations, all charges turn out to be integrable and we get180

L[T] =
ℓ

κ2
N

∫ 2π

0

dφ
�

Y++(x
+)T+(x+) + Y−−(x

−)T−(x−)
�

, (21)

for diffeomorphism charges and181

N[Λ] = −
C0

2ℓκ2
N

∫ 2φ

0

dφλφ , (22)

for gauge transformations. For the gauge transformations we only get the global Kalb-Ramond182

charge (appearing for λφ = 1, so Λ = dφ + . . . ),6 but we get two Virasoro towers from the183

diffeomorphisms, since the algebra computed via184

{L[T1], L[T2]}= δT2
(L[T1]) , (23)

is185

i
�

L(±)m , L(±)n

	

= (m− n)L(±)m+n +
ℓπ

κ2
N

m3δm+n,0 , (24)

where L(±)m is the charge associated to the mode T±(x±) = eimx± . As expected, we have186

obtained the well-known Brown-Henneaux result (with the same central charge).187

3 Chiral Brown-Henneaux and CSS as T-dual boundary conditions188

In section 4, we will discuss how we can apply some notion of T-duality asymptotically to189

generate new boundary conditions from the ones of the previous section. Before doing so,190

however, we want to explore in this section a toy model of what T-duality can do to a certain191

set of boundary conditions and its associated solution space. In order to be as explicit as192

possible, we will work with a phase space which can be written in closed form, not only in193

an asymptotic expansion; and we will take it to have an exact Killing vector for all its field194

configurations. These conditions can be met starting from the well-known Bañados phase195

space for AdS3 gravity [39,40],196

ds2 =
ℓ2

r2
dr2 − r2

�

dx+ −
ℓ2

r2
Y−−(x

−)dx−
��

dx− −
ℓ2

r2
Y++(x

+)dx+
�

. (25)

In order to extend these metrics to solutions of our theory (1), we must supplement them with197

an appropriate dilaton and Kalb-Ramond two-form [7]. To make contact with the previous198

section, we choose199

B =

�

r2

C0
+ b(xa) +

ℓ4

C0r2
Y++(x

+)Y−−(x
−)

�

dx+ ∧ dx− , Φ=
1
4

log
�

2
C0

�

. (26)

6Clearly only the φ-independent part of λφ gives charges, but one may ask why we do not allow λφ = λφ(t).
The reason is that charges are not conserved in that case, as it is easy to check. This can be understood as follows.
Conservation requires (off-shell) invariance of the action, which due to the form of Θ demands dΛ = 0 at the
boundary, so ∂φλt = ∂tλφ . Expanding in modes, this equation forces the φ-independent part of λφ to be constant.
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These are all solutions of our theory and they satisfy the boundary conditions (5), but200

notice that we are not claiming they are all the possible solutions satisfying such boundary201

conditions. In particular, matter fields being present, in the phase space of the previous section202

there will be backreacted solutions where the space is not everywhere locally AdS3. These are203

not being considered now, so we are looking at a subset of the phase space in the previous204

section. As anticipated above, in order to apply T-duality we want to further restrict the field205

configurations so that we have an exact Killing vector throughout all of them, so we introduce206

a chiral version of the Bañados phase space in which we only keep left-moving excitations,207

ds2 =
ℓ2

r2
dr2 − r2

�

dx+ −
ℓ2

r2
y−− dx−
��

dx− −
ℓ2

r2
Y++(x

+)dx+
�

, (27a)

B =

�

r2

C0
+ b(x+) +

ℓ4

C0r2
Y++(x

+)y−−

�

dx+ ∧ dx− , (27b)

Φ=
1
4

log
�

2
C0

�

. (27c)

where lowercase y−− emphasizes this is a constant now.208

Since this is a subset of solutions within the phase space of the previous section, we can209

reuse most of the analysis done there to obtain the charges. Within the restricted phase space210

considered now, however, we will just get a single Virasoro tower, because we have frozen211

one of the chiral components. Let us be a bit more explicit. The asymptotic symmetry trans-212

formations are Brown-Henneaux diffeomorphisms (16) with T− = t− a constant, as well as213

gauge transformations with asymptotic form λ= α(x+)dx− + λ̃, with λ̃ a closed one-form on214

the boundary. Notice that the algebra of these transformations mixes non-trivially. Indeed,215

expanding in modes using x+ ∼ x+ + 2π,216

Tn = einx+∂+ + . . . , αm = eimx+ dx− + . . . , (28)

symmetry transformations δ(ξ,Λ) form the algebra217

i[δ(Tm,0),δ(Tn,0)] = (m− n)δ(Tm+n,0) , (29a)

i[δ(0,αm),δ(0,αn)] = 0 , (29b)

i[δ(Tm,0),δ(0,αn)] = −nδ(0,αm+n) . (29c)

At the level of the symmetry transformations, we have just found a Witt tower together with218

a u(1) loop algebra (plus the zero mode ∂−). It is interesting to observe though that not all219

of these are real symmetries of our theory, since the charges associated with gauge transfor-220

mations vanish (other than the global charge). The argument is the same presented in the221

previous section: except for the zero mode, charges of the form (22) integrate to zero. We are222

thus left with a single Witt algebra associated to the left-moving sector.223

The phase space has now an exact Killing vector, ∂−, along which we can perform a T-224

duality transformation.7 The simplest way to do this is by first going to string frame via225

G̃MN = e4ΦGMN , and then applying the standard Buscher rules. To do so, consider the Killing226

vector normalized to get R2
η = G̃MNη

MηN adimensional (pick η= ℓ−1∂−) and complete η to a227

basis of the tangent space, {η, ui}with i = 1,2. Defining the auxiliary field MMN = G̃MN−BMN ,228

7Technically, ∂− may not be a spacelike direction throughout the whole spacetime, and it is certainly null asymp-
totically. It is then likely that a proper worldsheet definition of T-duality along this direction is not available. How-
ever, in this work we regard T-duality as a solution-generating technique in (super)gravity, so we will just apply
Buscher rules, taking advantage of the fact that they relate solutions with an isometry to new solutions, irrespective
of the string theory definition of the transformation.
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Buscher rules give the dual solution in string frame as229

ÒMMN ui
M u j

N = MMN ui
M u j

N −
1

R2
η

MMRMSNη
RηSui

M u j
N , (30a)

ÒMMNη
M ui

N = −
1

R2
η

MMNη
M ui

N , ÒMMN ui
MηN =

1
R2
η

MMN ui
MηN , (30b)

ÒMMNη
MηN =

1

R4
η

, e4bΦ =
1

R4
η

e4Φ , (30c)

where the dual metric and B-field are read from the symmetric and antisymmetric parts of230

ÒMMN . Finally, we go back to Einstein frame with the transformation bGMN = e−4bΦÒG̃.231

Dropping tildes from now on, the result of this procedure in the chiral restriction of the232

Bañados phase space produces as dual solution space233

ds2 =
ℓ̂2

ρ2
dρ2 −ρ2dx+
�

dx− − P(x+)dx+
�

+ ℓ̂2
�

L(x+)(dx+)2 +∆
�

dx− − P(x+)dx+
�2�

−
∆ℓ̂4

ρ2
L(x+)dx+
�

dx− − P(x+)dx+
�

, (31a)

B =

�

ρ2

bC0

+
∆ℓ̂4

bC0

1
ρ2

L(x+)

�

dx+ ∧ dx− , (31b)

Φ=
1
4

log

�

2
bC0

�

, (31c)

where we have rescaled the radial coordinate and defined some new constants and functions234

to ease the notation:235

ρ =

√

√2y−−
C0

r , ℓ̂2 =
4ℓ2 y2

−−

C2
0

, bC0 =
4y2
−−

C0
,

∆=
C2

0

4y−−
, P(x+) =

b(x+)
ℓ2

, L(x+) = Y++(x
+) .

(32)

In this form, the above metrics can be easily recognized as those forming the CSS phase space236

[36] (supplemented with the appropriate B-field and dilaton to turn them into solutions of the237

theory (1)), so we have just shown that the chiral Bañados and CSS phase spaces are T-dual.238

Notice that Λ = −C0/ℓ
2 = −bC0/ℓ̂2 and, to make contact with the standard CSS analysis, we239

are treating y−− (correspondingly, ∆) as a fixed constant. So, for each chiral Bañados phase240

space with a certain value of y−−, we get a corresponding CSS phase space with fixed ∆.8241

Asymptotic symmetry transformations are diffeomorphisms generated by vector fields of242

the form243

ξ[ε,σ] = −
ρ

2
ε′(x+)∂ρ +
�

ε(x+) +O(ρ−2)
�

∂+ +
�

σ(x+) +O(ρ−2)
�

∂− , (33)

and we do not have asymptotic gauge transformations of the B-field non-vanishing at the244

boundary because the duality has not produced a fluctuating O(ρ0) term. The vector fields245

form a Witt algebra together with an Abelian loop algebra. In fact, the algebra is exactly246

(29), where Tm are modes of ε(x+) and αm are now modes of σ(x+), thus coming from247

8One could try to allow∆ to vary following the argument presented in the appendix of [36]. However, defining
a phase space for all values of y−− and dealing with the whole set of duals still presents problems, because we
would be varying also the B-field charge bC0 and AdS radius ℓ̂. We thus keep the example simple and discuss the
duality at fixed y−− and ∆.
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diffeomorphisms instead of gauge transformations.9 This is a manifestation of the well-known248

fact that gauge transformations of the B-field become diffeomorphisms after T-duality, and249

viceversa. It is intriguing however to note that now all transformations are real symmetries,250

since the charges computed using the covariant phase space method (20) become251

L[ε] = ℓ̂

κ2
N

∫ 2π

0

dφε(x+)
�

L(x+)−∆P2(x+)
�

, (34a)

N [σ] = 2∆
ℓ̂

κ2
N

∫ 2π

0

dφσ(x+)P(x+) , (34b)

where, contrary to [36], we have not shifted the zero mode charge of σ. Using appropriate252

versions of (23), the algebra of charges becomes253

i {Lm,Ln}= (m− n)Lm+n +
ℓ̂π

κ2
N

m3δm+n,0 , (35a)

i {Nm,Nn}= −4∆
ℓ̂π

κ2
N

mδm+n,0 , (35b)

i {Lm,Nn}= −nNn+m , (35c)

where we have again expanded in modes εm(x+) = eimx+ , σm(x+) = eimx+ .254

Let us end this section with a brief summary and some comments about the result obtained.255

By restricting the phase space of solutions to a chiral subset possessing an exact Killing vector,256

(27), we can apply a T-duality transformation to all such solutions, obtaining an exact notion257

of T-dual phase space. This procedure has uncovered the surprising result that one (chiral)258

half of the Brown-Henneaux phase space is T-dual to the CSS phase space. Perhaps even259

more surprisingly, the algebra of symmetry transformations is the same in both cases, but260

this is not the case for the actual algebra of non-trivial charges. This can be traced back to the261

exchange between B-field gauge transformations and diffeomorphisms that T-duality produces.262

The Abelian tower comes from gauge transformations in the chiral Brown-Henneaux case,263

and most of these are trivial (i.e., they have vanishing charge). That same tower arises from264

diffeomorphisms in CSS which have non-trivial charges. This difference is particularly puzzling265

if we think of T-duality not as a solution generating technique in (super)gravity, but as an266

actual equivalence of stringy origin. In that philosophy, we would expect that the chiral Brown-267

Henneaux and CSS backgrounds define equivalent theories, and the symmetry algebras should268

then match. Of course, in a stringy setup one could question the consistency of unnaturally269

chopping off the allowed set of solutions to just a chiral half of the set of all asymptotically270

AdS3 metrics (after all, the excluded backgrounds should also be valid stringy excitations), so271

we refrain from giving too much relevance to the mismatch in the toy model we just presented.272

4 Dual boundary conditions: a phase space for the black string273

After having discussed how T-duality may affect the asymptotic structure of a theory in a con-274

trolled and simple setup, we aim now to use the well-understood Brown-Henneaux boundary275

conditions (5), together with some asymptotic notion of T-duality, to generate a new set of276

boundary conditions. At the very least, this will allow us to obtain boundary conditions defin-277

ing a phase space which contains the three-dimensional black strings. Indeed, black strings are278

9The invariance under T-duality of the asymptotic symmetry transformations we are observing here can be
proven in full generality (without reference to any specific background, just assuming there is a U(1) symmetry to
dualize) by using the form of Buscher rules, as shown in appendix A.
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T-dual to BTZ black holes [7]. Since BTZ black holes are included within the Brown-Henneaux279

phase space, the dual black strings will be included in any notion of T-dual phase space we are280

able to define. More broadly, we believe the construction can serve as a blueprint for how to281

generate new boundary conditions using T-duality. This is interesting in its own right, since282

in many cases T-duality heavily affects the asymptotic structure, and thus we can use well un-283

derstood boundary conditions (here, Brown-Henneaux AdS3 asymptotics) to generate novel284

ones (here, the ones containing black strings, which are asymptotically flat in some sense to285

be made precise below).286

4.1 T-dual boundary conditions287

We start our journey from (5). These boundary conditions possess288

η=
∂+ − ∂−
ℓ

=
∂φ

ℓ
, (36)

as an exact Killing vector of the leading components. This is the condition we demand to289

apply our asymptotic notion of T-duality, expecting this will produce dual fields whose leading290

components also provide a solution (the situation is actually slightly subtler, as we will shortly291

discuss). A direct application of Buscher rules (30) gives us the following dual boundary292

conditions (in Einstein frame):293

ds2 =
�

1+
F(xa)

r̂
+ . . .
�

dr̂2 + r̂2
�

Mab +
1
r̂

Zab + . . .
�

dxa dx b , (37a)

B =
1
2

�

β̃(xa)
r̂
+ . . .

�

dz ∧ dw , (37b)

e4Φ =
r̂2
0

r̂2

�

1+
ψ(xa)

r̂
+ . . .
�

, (37c)

where, to simplify the notation, we have redefined our coordinates as294

r̂ =
r2

C0ℓ
,

z
p

C0

= x+ + x− = 2
t
ℓ

,
w
p

C0

= −x+ + x− = −2φ , (38)

and r̂0 = ℓ/
p

2C0. New fluctuations are related to the old ones in a way which will not be295

very relevant for us, e.g.,296

F =
2ℓ
C0
(Y++ + Y−− − Y+−) , ψ= −

2ℓ
C0

�

Y++ + Y−− −
3
2

Y+−

�

,

β̃ =
ℓ3

2C2
0

(Y++ − Y−−) ,
(39)

and these are all functions of (xa) = (z, w). However, two facts that naturally come out of the297

duality are crucial. The first one is the form of the fluctuating leading metric Mab,298

(Mab) =

�

A(xa) −1/2
−1/2 0

�

, A=
2b
ℓ2
+

2Y+−
C0

. (40)

Notice that subleading terms in the original boundary conditions became part of the leading299

pieces after dualizing, in particular through A(z, w). Thus, it is not true that the leading pieces300

of (37) provide a valid solution, and going on-shell will later impose non-trivial restrictions301
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on A(z, w) – see (58). The other important fact is that Zww, the leading piece in dw2 (since302

Mww = 0), is fixed to be a constant303

(Zab) =

�

Zzz(xa) Zzw(xa)
Zzw(xa) ℓ/4

�

. (41)

Zzz and Zzw can be obtained as combinations of the old fluctuations from the Buscher transfor-304

mations, although it will not be needed in the following discussion. Zzw is found to be linear in305

the fluctuations Yab, while Zzz is quadratic in Yab and includes also further subleading pieces306

from the Brown-Henneaux boundary conditions, (5). This different behavior can be traced307

back to the manifestly different treatment Buscher rules do of the dualizing coordinate (w or308

φ) versus the remaining directions.309

As promised, the three-dimensional black string solutions introduced in [18] can be shown310

to satisfy these boundary conditions. However, due to the nature of our construction, they311

do so in their form obtained by T-dualizing the BTZ black holes [7]. We refer the reader to312

appendix B for details and we just quote here the main results. BTZ black holes correspond313

to solutions with constant Y++ = L+ and Y−− = L− in the boundary conditions (5). Buscher314

rules transform them to315

ds2 = g4(r̂)dr̂2 + r̂2 g2(r̂)

��

2b
ℓ2
+

4ℓL+L−
C2

0 r̂

�

�

1+
b

2ℓr̂

�

dz2 +
ℓ

4r̂
dw2

−
�

1+
b
ℓr̂
+
ℓ2 L+L−

C2
0 r̂2

�

dzdw

�

, (42a)

B =
ℓ3(L+ − L−)
4C2

0 r̂ g2(r̂)
dz ∧ dw , (42b)

e4Φ =
r̂2
0

r̂2 g4(r̂)
, (42c)

where we are using coordinates (38), and g2(r̂) is316

g2(r̂) = 1+
ℓ

C0 r̂
(L+ + L−) +

ℓ2

C2
0 r̂2

L+L− . (43)

Note also that b = b(t) = b(z), since any dependence on φ is forbidden by the requirement to317

have an exact angular Killing vector in the BTZ background, needed to apply T-duality. All these318

solutions satisfy the dual boundary conditions (37), and they do so for constant subleading319

pieces satisfying F = −ψ. One can take these backgrounds to the more familiar black string320

form via the coordinate changes321

dw= dW +
�

2b(z)
ℓ2
−

2(L+ + L−)
C0

�

dz , (44)

and322

R= r̂ g2(r̂) , z =

p

C0(T + X )
2(L+L−)1/4

, W =
(
p

L+ +
p

L−)2T + (
p

L+ −
p

L−)2X
p

C0(L+L−)1/4
, (45)

after which the solution becomes323

ds2 =
dR2

�

1− M
R

�

�

1− Q2

MR

� + R2

�

−
�

1−
M
R

�

dT2 +

�

1−
Q2

MR

�

dX 2

�

, (46a)

B = −
r̂2
0Q
R

dT ∧ dX , (46b)

e4Φ =
r̂2
0

R2
, (46c)
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with324

M=
ℓ

C0

�p

L+ +
p

L−
�2

, Q2 =
ℓ2

C2
0

(L+ − L−)
2 . (47)

Note also that the solution with all fluctuations turned off in the boundary conditions (37)325

(i.e., the dual of a massless BTZ black-hole) is326

ds2 = dr̂2 + r̂2
�

−dzdw+
ℓ

4r̂
dw2
�

, (48)

which is a plane wave in the presence of a dilaton e4Φ = r̂2
0/r̂2. The fact that this cannot be327

mapped to the M = Q = 0 black string was already noticed in [7], and the reason can be328

traced back to the transformation (45) being ill-defined for extremal solutions with either L+329

or L− vanishing.10 Therefore, the precise statement is that our boundary conditions include330

all solutions of the form (42), many of which can be mapped to non-extremal black strings in331

the standard form (46). Extremal black strings, defined by setting M = |Q| in (46), are not332

part of our configuration space.333

It is interesting to note that our boundary conditions (37) share some similarities with the334

CSS metrics discussed in the previous section, (31). In particular, the coordinate in which we335

dualize (x− there, w here) has a vanishing leading piece in the metric, and the first subleading336

is fixed (ℓ̂2∆ there, ℓ/4 here). This is the first of many similarities with CSS we will encounter,337

but note that the different asymptotic behaviour of the Killing vector used to dualize (R2
η ∼ r2

338

now) has completely changed the asymptotic curvature. In particular, we are no longer dealing339

with locally AdS3 metrics, as shown by the large-r̂ expansion of the Ricci scalar340

R=
R− 2

r̂2
+O(r̂−3) , (49)

where R= 4∂ 2
wA is the Ricci scalar of the 2d metric Mab. The boundary conditions are asymp-341

totically flat in the sense that this curvature scalar decays as r̂−2, but (37) are not standard342

asymptotically flat boundary conditions (in particular, for A = 0, the Killing vectors ∂z ± ∂w343

have diverging norm at large r̂). It is also important to keep in mind for the forthcoming anal-344

ysis that the fluctuating A(xa) forbids a clear identification of timelike and spacelike directions345

in the asymptotic region. Even though z comes from the time t, we have ∂ 2
z ∼ r̂2A, so z is346

actually a spacelike direction if A> 0. We will come back to this point later when integrating347

charges, since it will be relevant to pick our Cauchy surface of integration.348

Let us briefly discuss the variational problem with the boundary conditions (37). The349

boundary term (7) must be slightly modified to350

B̂ = 1

κ2
N

�

K −
e2Φ

r̂0

�

ε∂M, (50)

so that varying the action with this modified boundary term produces351

�

Θ+δB̂
��

�

∂M =−
ε∂M

2κ2
N

��

K MN −
�

K −
e2Φ

ℓ

�

γMN

�

δGMN

+8

�

nR∂RΦ+
e2Φ

2r̂0

�

δΦ

�

+ dC , (51)

10Another notable exceptional case is the solution obtained by dualizing empty AdS3, for which the transforma-
tion (45) also does not make sense. Such dual, included in the boundary conditions (37), is a product of time and
the two-dimensional Euclidean black hole [7,44].
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with dC as in (9) an irrelevant total derivative.11 Using the boundary conditions gives352

�

Θ+δB̂
��

�

∂M =
ℓ

8κ2
N

δAdz ∧ dw+ dC . (52)

This structure is exactly the same appearing in the CSS construction [36]: the non-vanishing353

contribution can be written as ZabδM ab, with M ab the inverse of Mab. In order to have a354

well-defined variational problem, we thus apply the same trick presented in [36] and include355

an extra, non-covariant piece in the action356

S −→ S −
1

κ2
N

∫

∂M
d2 x
Æ

−det Mab
ℓ

4
A(z) , (53)

such that now δS = 0 with the boundary conditions (37).357

4.2 Asymptotic symmetry transformations and charges358

The asymptotic symmetry transformations preserving the boundary conditions (37) are dif-359

feomorphisms generated by360

ξ[R,Q, T, S] =ℓ ( f (z, w) + . . . )∂r̂ +
�

T (z)−
2ℓ
r̂
∂w f + . . .
�

∂z

+
�

S(z)−wT ′(z)−
2ℓ
r̂
(∂z f + 2A∂w f ) + . . .

�

∂w , (54)

where we have written the leading r̂ component as361

f (z, w) = R(z) +wQ(z) +
w2

8
T ′(z) , (55)

and the form of ξr̂ comes from imposing δZww = 0. Since we are now fixing the boundary362

value of the B-field, the allowed gauge transformations have Λ = λ̃+O(r̂−1) with λ̃ a closed363

one-form on the boundary. Much like with Brown-Henneaux boundary conditions, this will364

only produce the global charge, so we will not discuss it further.365

Before computing the charges associated to these transformations and the corresponding366

symmetry algebra, we need to go on-shell and impose the conditions derived from the equa-367

tions of motion, (3). From the dilaton equation of motion (note that the cosmological constant368

is Λ0 = −C0/ℓ
2 = −1/(2r̂2

0 ))369

F + 2ψ+ Z +M abDaDbψ= 0 , (56)

where Da is the covariant derivative associated to the 2d metric Mab, and Z = M abZab. The370

B-field equation simply requires to have constant charge, so ∂M β̃ = 0. Finally, the metric371

equation of motion gives at leading order in the radial part the requirement that Mab must be372

locally flat373

R= 4∂ 2
wA= 0 , (57)

so we get374

A(z, w) = A0(z) +wA1(z) . (58)

11It would be interesting to find a T-duality invariant boundary term able to produce a well-defined variational
problem with both boundary conditions, (5) and (37). Also, we have dropped the piece in B fixing the charge,
(e−8Φ ⋆ H)B. While it can be included, we believe it is more natural to think of the boundary conditions (37)
in a “grand canonical” ensemble, with B fixed to zero at the boundary. One could actually add to (37) a piece
Bzw = (b̃ + β̃/r̂ + . . . )/2, such that B goes to a fixed b̃ at the boundary. The following analysis still holds, so we
prefer to leave b̃ = 0 as this value naturally comes out of the duality.
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Subleading pieces give the following three conditions375

D2Z − DaDbZab = F + 2ψ+ Z , (59a)

M cd Dc Zda = ∂a(F +ψ+ Z) , (59b)

DaDbF = (D2F)Mab , (59c)

where indices in derivatives Da were raised with M ab. Solving all these equations in full376

generality is fortunately not needed for our purposes. We can just impose them as conditions377

when we are evaluating on-shell quantities, such as the charges we are about to compute.378

In particular, the explicit form of the second equation in (59) is going to be relevant. The379

z-component is380

2∂w (Zzz + 2AZzw) = −∂z

�

F +ψ− 2Zzw −
ℓ

2
A
�

, (60)

while the w-component imposes381

∂w

�

F +ψ− 2Zzw +
ℓ

2
A
�

= 0 . (61)

There is a final point we need to address before obtaining the charges associated with the382

asymptotic symmetry transformations (54): we need to fix the Cauchy slice used to compute383

them (at least asymptotically close to the boundary, where charges will be evaluated). Naively,384

we could think that surfaces of constant z are the natural choice, since z is directly related to t385

before the duality transformation. However, as indicated before, these surfaces are asymptot-386

ically null, so not really well-suited for the standard Hamiltonian analysis. Since we are using387

T-duality merely as a solution generating technique, we will not relate the choices after the388

transformation with those made before: we regard the theory with the boundary conditions389

(37) as a well defined entity of its own, not tied to the structure before the duality. The form390

of the boundary conditions suggests a better choice of Cauchy slices: those with constant w,391

so that we will perform integrals over z. Compactifying this spatial coordinate to regulate IR392

issues, we will be able to expand functions such as A0(z) in Fourier modes, as it is conventional.393

Note that there are still potential issues when A(z, w) < 0, since in that case constant w394

surfaces are asymptotically timelike (alternatively, ∂ 2
z ∼ r̂2A(z, w) becomes negative). Never-395

theless, a choice must be made, because having a fluctuating leading boundary metric given396

by Mab forbids the identification of spacelike surfaces consistently throughout the whole phase397

space, and we believe the results that will be presented below justify the choice of constant398

w surfaces as surfaces of integration. Incidentally, it is worth mentionning that this is also399

very similar to the choice made in the CSS construction [36]. There, the equivalent to (z, w)400

coordinates are light-cone coordinates on the boundary, and Cauchy slices are taken to have401

z + w = constant. It is straightforward to generalize our discussion to this alternative choice402

of Cauchy slice, and our results still hold. But it must be noted that also in CSS the leading403

boundary metric has a fluctuating piece, P(x+) using our notation in (31), and the chosen404

2t = x+ + x− = constant surfaces are spacelike if and only if P(x+)> −1.405

We can now compute the charges associated with the asymptotic symmetry transforma-406

tions. Using the general form presented in (20), we obtain integrable diffeomorphism charges407
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of the form:408

T = 1

2κ2
N

∫

dz
�

(Zzz + 2AZzw) T −
w
2

�

F +ψ− 2Zzw −
ℓ

2
A0

�

T ′
�

, (62a)

S = 1

4κ2
N

∫

dz
�

F +ψ− 2Zzw +
ℓ

2
A
�

S , (62b)

R= − ℓ
κ2

N

∫

dz A1 R , (62c)

Q= ℓ

κ2
N

∫

dz A0 Q , (62d)

where calligraphic letters denote the charges associated with T (z), S(z), R(z), and Q(z). Veri-409

fying that these charges are conserved (i.e., they do not depend on the fixed value of w used410

for the integrals) is a very non-trivial consistency check of our result. This is obvious for R and411

Q, since they do not depend on w at all. For S, the implicit dependence through the phase412

space functions combines to give a w-independent quantity on-shell, as equation (61) shows.413

For R, the implicit and explicit dependences can be shown to cancel by virtue of equations414

(60), (61), and the fact that total derivatives integrate to zero over the full boundary cycle.415

The symmetry algebra follows from (23), properly adapted to the charges just obtained.416

Appendix C contains auxiliary results to evaluate the variation of the phase space functions417

under the action of the asymptotic Killing vectors. Using them and expanding in modes the418

functions appearing in the vectors,12 we get419

i{Tm,Tn}= (m− n)Tm+n , i{Tm,Sn}= −(m+ n)Sm+n +
1
4

mQm+n , (63a)

i{Tm,Qn}= (m− n)Qm+n , i{Tm,Rn}= −nRm+n − i
2πℓ

κ2
N

m2δm+n,0 , (63b)

i{Sm,Sn}= −
πℓ

2κ2
N

mδm+n,0 , i{Sm,Qn}= iRm+n −
2πℓ

κ2
N

mδm+n,0 , (63c)

with the remaining brackets vanishing,420

{Sm,Rn}= {Rm,Rn}= {Rm,Qn}= {Qm,Qn}= 0 . (64)

In order to interpret this algebra, note that the Tm generate a Witt tower (i.e., a Virasoro421

algebra with c = 0). The remaining charges can be associated with fields of definite weight if422

we replace Sm by423

S̄m = Sm −
1
8
Qm , (65)

in which case brackets with Tm become424

i{Tm,Qn}= (m− n)Qm+n , (66a)

i{Tm,Rn}= −nRm+n − i
2πℓ

κ2
N

m2δm+n,0 , (66b)

i{Tm, S̄n}= −(m+ n)S̄m+n . (66c)

12Mode expansions are Sm ∼ eimz∂w and similarly for the other asymptotic Killing vectors. Note that this sets the
periodicity z ∼ z+2π. This is not a restriction since rescaling z can be mapped to a rescaling of the parameters in
our boundary conditions.
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Q, R and S̄ have thus weight 2, 1, and 0 respectively; and we get a central extension between425

T and R. After the redefinition we have i{S̄m, S̄n} = 0, so the only remaining non-trivial426

bracket is427

i{S̄m,Qn}= iRm+n −
2πℓ

κ2
N

mδm+n,0 . (67)

The generators {S̄m,Qm,Rm} themselves form a subalgebra which can be identified by428

looking at the zero modes, for which the only non-vanishing bracket is429

i{S̄0,Q0}= iR0 . (68)

The Hermitian generators {S̄0,Q0,R0} thus satisfy the commutation relations of the three-430

dimensional Heisenberg algebra, with S̄0 and Q0 acting as “position” and “momentum” oper-431

ators, and R0 being the central element. It is possible to build a loop algebra on top of this,432

following the standard procedure [45]. The algebra of the S̄, Q and R towers is a central433

extension of the result of this construction, namely434

i{J a
m, J b

n }= i f ab
cJ

c
m+n +

2πℓ

κ2
N

gabmδm+n,0 , (69)

where a, b, c ∈ {S̄,Q,R} label the different towers of generators, f ab
c are the structure con-435

stants of the Heisenberg algebra (68) ( f S̄QR = − f QS̄
R = 1), and g S̄Q = gQS̄ = −1 are the436

non-zero components of gab. Notice that gab is not the Killing metric of the three-dimensional437

Heisenberg algebra (which would be trivial). This is a consequence of the algebra (68) not438

being semisimple: in those cases, the central extension is not necessarily proportional to the439

Killing metric (e.g., a u(1) algebra has a trivial Killing metric, but the loop algebra built from440

it admits a non-trivial central extension).441

To summarize, the asymptotic symmetry algebra derived from the boundary conditions442

(37) has the form of a Witt tower (without central extension) plus three towers of weights443

two, one and zero respectively, which together form a central extension of the loop algebra444

constructed from the Heisenberg algebra (69). This is a very large algebra which contains some445

well-known subalgebras within it. The {T ,Q} generators form a bms3 subalgebra without446

any central extension [46]; similarly, the {T , S̄} give a non-centrally extended bms2 [47,48].447

Finally, the {T ,R} assemble together into a centrally extended version of the warped Witt448

algebra [5], where the central extension is trivial in the {Pm,Pn} but non-trivial in the mixed449

bracket, and is thus often referred to as twisted warped Witt algebra [47,49].450

5 Discussion451

From a (super)gravity perspective, T-duality is a transformation that takes as input solutions452

to the field equations and spits out new solutions, possibly with wildly different asymptotic453

behavior. A paradigmatic example of this is the duality between asymptotically AdS3 BTZ black454

holes and black strings, which have asymptotically vanishing curvature. Strictly speaking,455

the duality transformation can only be used whenever the backgrounds have an exact Killing456

vector. However, by means of the BTZ / black string example, our goal in this paper has been457

to show that whenever we have a well-understood phase space in which one set of solutions458

can be embedded (namely, BTZ black holes in the Brown-Henneaux phase space of section 2),459

T-duality transformations can inform the construction of a dual phase space that includes the460

dual solutions (black strings in the phase space of section 4). In this sense, we could call a461

construction along the lines of the one presented in this paper asymptotic T-duality.462

The construction is intended to be meaningful only at the level of classical gravitational463

theories. Thus, we view it as a way to generate new boundary conditions from existing ones, in464
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a process that can eventually lead to interesting and new asymptotic symmetry algebras. The465

different algebras make manifest that no kind of equivalence is in general expected between466

the theory with the original and the dual boundary conditions. This contrasts with the situation467

in string theory whenever an exact isometry is present, since then backgrounds related by T-468

duality are known to define equivalent theories [27].469

One of the main byproducts of our analysis has been the construction of a phase space470

containing the three-dimensional black strings of Horne and Horowitz [18], at least whenever471

they are away from the extremal limit. Previous works have also addressed the problem of con-472

structing such a phase space [34, 35], but our proposal resulting from asymptotic T-duality is473

different and new. We obtain a much larger symmetry algebra (66)-(67), potentially allowing474

more control over the set of states in the phase space. As a downside, the present construction475

does not allow us to discuss black strings in the extremal limit, since these are not obtained by476

dualizing BTZ black holes.477

It would be interesting to further explore the implications of the symmetry algebra (66)-478

(67) for the theory with boundary conditions (37). A quantum gravitational theory with those479

boundary conditions would provide a representation of the aforementioned symmetry algebra480

on its Hilbert space, thus the study of the representations of the algebra could inform us about481

the possible spectrum of such a theory. Another interesting avenue to extract consequences482

from the symmetry algebra would be to derive some Cardy-like formula [50] able to constrain483

the density of states at sufficiently high energies. If such a formula exists, it should reproduce484

the entropy of the black strings as derived in appendix B, thus giving a microscopic, symmetry-485

based argument for its origin. Since it is simple enough to be suggestive, let us reproduce here486

the result (98) giving the entropy of the black strings (42) in terms of their Killing charges for487

the case b(z) = 0:488

SBH = 8π
p

T0





√

√

√

S̄0 +

√

√

S̄2
0 +

k̄
8
T0 +

√

√

√

S̄0 −

√

√

S̄2
0 +

k̄
8
T0



 , (70)

where T0 and S̄0 = S0 are the charges associated with the Killing vectors ∂z and ∂w, and489

k̄ = −2πℓ/κ2
N . This formula thus gives SBH as a function of the zero-mode charges T0 and490

S̄0 and the central extension of the algebra, which is the typical form of a Cardy-like formula.491

Deriving it from properties of the algebra (66)-(67) would be an extremely interesting result.492

However, it is worth highlighting an immediate challenge in trying to complete this program.493

A naive attempt to derive the formula using the subalgebras for which Cardy formulas are494

known (bms3 [3,4,51] and twisted warped conformal [5,52]) fails, because the relevant zero-495

mode charges are T0 and S̄0, which belong to the bms2 subalgebra. We do not have a Cardy496

formula for bms2, so obtaining one could also be useful in the present situation. Finally, as497

already noted at the end of section 4, the algebra (66)-(67) is particularly appealing since it498

unifies well-known algebras (bms2, bms3, and twisted warped Witt) into a single structure.499

This is yet another argument to grant it further study.500

More broadly, our construction of asymptotic T-duality through the BTZ / black string501

example can in principle be generalized to other T-dual pairs in (super)gravity. Given that T-502

duality can heavily affect the asymptotic structure of a spacetime, and supported by the results503

obtained for the example developed in the present work, we believe that this can provide a504

way to obtain novel boundary conditions which lead to interesting symmmetry algebras for a505

variety of asymptotic behaviors. It is also possible to explore similar ideas in other potentially506

interesting contexts. One example would be trying to implement an asymptotic notion of507

T-duality in the language of double field theory [53–55]. Given that this is a particularly508

well-suited formalism to discuss T-duality equivalent backgrounds, it is conceivable that the509

asymptotic analysis we have performed in this paper has also an illuminating counterpart in510
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the double field theory language. Another potential avenue would be to implement alternative511

solution-generating transformations in an asymptotic sense. TsT transformations are probably512

the first and more natural example to consider, and it would be interesting to explore the513

effect of TsT transformations applied to the Brown-Henneaux boundary conditions. If one can514

make sense out of such a construction, the result can also impact our understanding of three-515

dimensional black strings, given that these can be obtained by TsT transformations of BTZ black516

holes. Recent works have addressed the question of the effect of such TsT transformations in517

the asymptotic symmetry algebra using a worldsheet perspective [56], and the results point518

towards a conservation of the two Virasoro towers. It would be interesting to reproduce such519

a result from a target space perspective, using methods similar to the ones developed in this520

work. Finally, it is known that for backgrounds allowing an exact worldsheet description,521

spacetime and worldsheet symmetries can sometimes be related (this is the case for AdS3 and522

some of its deformations, and 3d flat space [13, 14, 37, 56–58]). It would be interesting to523

investigate whether such a construction can be performed for the 3d black string. One aspect524

to take into account is the fact that the black string metrics are only valid to first order in α′,525

and higher order corrections might have to be taken into account along the lines of [59,60].526
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A Asymptotic symmetries for an exact T-duality539

In this appendix, we will prove that the asymptotic symmetry transformations of a phase space540

with an exact U(1) isometry are preserved under T-duality. We start by writing the general form541

of a metric, Kalb-Ramond and dilaton fields with a U(1) isometry along the z direction using542

adapted coordinates543

ds2 = gi j dx i dx j + e2C
�

dz + Aidx i
�2

, (71a)

Bi j = Bi j + B[iA j] , Biz = Bi , (71b)

Φ= φ +
1
2

C , (71c)

where the coordinates are split as xN = (x i , z). The fields gi j , C , Ai , Bi , Bi j and φ depend544

only on x i , and the seemingly unnatural definitions of φ and Bi j simplify later expressions. In545

particular, Buscher rules in string frame take a simple form. By interchanging546

Ai↔ Bi , and C↔−C , (72)
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we get a new solution of the equations of motion.547

On the other hand, under a symmetry transformation generated by ξ and Λ the fields in548

(71) transform as549

δξ,Λgi j =Lξgi j − A(i g j)l∂zξ
l , (73a)

δξ,ΛAi =LξAi + ∂iξ
z − Ai

�

∂zξ
z + A j∂zξ

j
�

+ e−2C gi j∂zξ
j , (73b)

δξ,ΛC =LξC + ∂zξ
z + Ai∂zξ

i , (73c)

δξ,ΛBi =LξBi + Bi j∂zξ
j + Bi∂zξ

z + ∂iΛz − ∂zΛi , (73d)

δξ,ΛBi j =LξBi j + B[i
�

∂ j]ξ
z − e−2C g j]l∂zξ

l
�

+ B[iA j]
�

∂zξ
z + Al∂zξ

l
�

+ 2∂[iΛ j] − A[ j
�

Bi]∂zξ
z + Bi]l∂zξ

l + ∂i]Λz − ∂zΛi]
�

, (73e)

δξ,Λφ =Lξφ −
1
2

�

∂zξ
z + Ai∂zξ

i
�

, (73f)

where we have split the reducibility parameters as ξ = ξi∂i + ξz∂z , Λ = Λidx i +Λzdz. Given550

that we are working on a phase space with a U(1) isometry, we should impose that the pa-551

rameters ξi and Λ have not dependence on z, and that ξz = ζ(x i) + αz. This simplifies the552

transformation laws, obtaining553

δξ,Λgi j =Lξgi j , (74a)

δξ,ΛAi =LξAi + ∂iζ−αAi , (74b)

δξ,ΛC =LξC +α , (74c)

δξ,ΛBi =LξBi + ∂iΛz +αBi , (74d)

δξ,ΛBi j =LξBi j + 2∂[iΛ j] + B[i∂ j]ζ+ A[i∂ j]Λz , (74e)

δξ,Λφ =Lξφ −
1
2
α , (74f)

At this point is easy to see that after applying the transformations (72) we get the same trans-554

formation laws for each of the fields, up to interchanging ζ↔ Λz and α↔−α (and recalling555

the fact the the dilaton has shift invariance).556

The solution to the asymptotic symmetry parameters preserving some particular boundary557

conditions is then the same for one phase space and its T-dual, after the interchange of the558

gauge parameter and the z component of the diffeomorphism generator. It is worth noticing559

that this is only proven at the level of the reducibility parameters and not at the level of the560

charges. Indeed, symmetry transformations with vanishing charge can acquire a charge in the561

T-dual phase space, as it is shown in section 3.562

B Black string from T-duality: charges and thermodynamics563

In this appendix, we will explicitly show how the three-dimensional black strings fit into the564

boundary conditions defined by (37). Obtaining the black strings from T-duality was already565

done in [7], so our task is mainly to transform the results to our current notation. We will also566

include a brief discussion regarding the thermodynamics of black strings, as it will help clarify567

the role played by our choice of Cauchy slice when integrating charges.568

Let us start from the form of the BTZ metrics. Writing them in a way that fits the boundary569
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conditions (5), and including a free pure gauge term in the B-field, we have570

ds2 =
ℓ2

r2
dr2 − r2

�

dx+ −
ℓ2 L−

r2
dx−
��

dx− −
ℓ2 L+

r2
dx+
�

, (75a)

B =

�

r2

C0
+ b(xa) +

ℓ4

C0r2
L+L−

�

dx+ ∧ dx− , (75b)

Φ=
1
4

log
�

2
C0

�

, (75c)

where L± are now constants related to the mass and angular momentum of the BTZ black hole571

by572

M =
2π(L+ + L−)

κ2
N

, J =
2πℓ(L+ − L−)

κ2
N

. (76)

A direct application of the T-duality Buscher rules along the direction ξ = ∂φ = (∂+ − ∂−)/ℓ573

produces the dual field configuration574

ds2 = g4(r̂)dr̂2 + r̂2 g2(r̂)

��

2b
ℓ2
+

4ℓL+L−
C2

0 r̂

�

�

1+
b

2ℓr̂

�

dz2 +
ℓ

4r̂
dw2

−
�

1+
b
ℓr̂
+
ℓ2 L+L−

C2
0 r̂2

�

dzdw

�

, (77a)

B =
ℓ3(L+ − L−)
4C2

0 r̂ g2(r̂)
dz ∧ dw , (77b)

e4Φ =
r̂2
0

r̂2 g4(r̂)
, (77c)

in which we have already transformed to the appropriate coordinates for the dual using (38),575

and g2(r̂) is given by576

g2(r̂) = 1+
ℓ

C0 r̂
(L+ + L−) +

ℓ2

C2
0 r̂2

L+L− . (78)

By comparing with the boundary conditions (37), it is immediate to read the form of the577

subleading terms in this solution. Of course, to actually have a solution we need ξ to be an578

exact Killing vector of the original spacetime, so b = b(z) is a function only of z (directly579

related to t before the duality).580

In order to make contact with the original literature [7, 18], let us use the fact that b(z)581

can be removed by a diffeomorphism and introduce new coordinates582

dz = dZ , dw= dW +
�

2b(z)
ℓ2
−

2(L+ + L−)
C0

�

dZ , (79)

in terms of which the metric looks like (77) but with b→ ℓ2(L++L−)/C0. This diffeomorphism583

after T-duality can be regarded as a gauge choice for b in the BTZ solution, (75). It turns out584

this value was the one used in [7], once we take into account that we are in Fefferman-Graham585

gauge (with the radial piece of the metric fixed to ℓ2/r2). The standard form of the black string586

appears if we introduce yet another set of coordinates,587

R= r̂ g2(r̂) , Z =

p

C0(T + X )
2(L+L−)1/4

, W =
(
p

L+ +
p

L−)2T + (
p

L+ −
p

L−)2X
p

C0(L+L−)1/4
, (80)
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in terms of which the solution becomes588

ds2 =
dR2

�

1− M
R

�

�

1− Q2

MR

� + R2

�

−
�

1−
M
R

�

dT2 +

�

1−
Q2

MR

�

dX 2

�

, (81a)

B = −
r̂2
0Q
R

dT ∧ dX , (81b)

e4Φ =
r̂2
0

R2
. (81c)

where we have introduced new parameters589

M=
ℓ

C0

�p

L+ +
p

L−
�2

, Q2 =
ℓ2

C2
0

(L+ − L−)
2 . (82)

Let us analyze the thermodynamics of this black string. This is easy in the (T, X ) frame:590

there is a horizon at R =M generated by the Killing vector ∂T ,13 under which the Hawking591

temperature is592

TH =

p

1−Q2/M2

4π
=

(L+L−)1/4

2π(
p

L+ +
p

L−)
. (83)

Notice that the asymptotics of this solutions does not allow us to normalize the generator of593

the horizon in any canonical way at infinity, given that (∂T )2 diverges as R2. It is important to594

remember our choice in order to compare with the results in other frames. In the (T, X ) frame,595

it is natural to compute charges at fixed T , in which case we obtain596

HT =
M

2κ2
N

∆X , HX = 0 , (84)

for the charges associated to the exact Killing vectors ∂T and ∂X (∆X is an IR regulator for the597

integral over X , HT/∆X is the physically meaningful quantity giving the energy of the black598

string per unit length). The first law can now be shown to hold in the form599

δHT = THδSBH +ΨBδQB , (85)

with SBH the Bekenstein-Hawking entropy at constant T600

SBH =
2πAH

κ2
N

=
2πM
κ2

N

√

√

1−
Q2

M2
∆X , (86)

and ΨB and QB the potential and charge associated to the B-field [43],601

ΨB =
r̂2
0Q
M

, QB =
Q

2κ2
N r̂2

0

∆X . (87)

If we want to think of the black string as embedded in our dual configuration space, sat-602

isfying the boundary conditions (37), we should stay in the coordinates (77) and work with603

Cauchy slices at fixed w. This is indeed what we did in Section 4. The properties of the horizon604

are of course independent of the coordinates used, so we still have a horizon at r̂ = r̂h with605

r̂h g2(r̂h) =M generated by606

ξ= ∂T =
2(L+L−)1/4
p

C0

∂w +

p

C0

2(L+L−)1/4

�

∂z +
2b(z)
ℓ2

∂w

�

. (88)

13We assume M ≥ |Q| in the following analysis. See the original literature for a discussion of the spacetime
structure in other situations [18].
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Note that ∂w and the vector within parentheses are the exact Killing vectors of the metric (77).607

The corresponding charges follow from the general covariant phase space formalism described608

in the main text,609

H(w) ≡ H [∂w] =
r̂2
0 (L+ + L−)

2ℓκ2
N

�

∆z +
1

2r̂2
0 (L+ + L−)

B(∆z)

�

, (89a)

H(z) ≡ H
�

∂z +
2b(z)
ℓ2

∂w

�

=
8r̂4

0 L+L−
ℓ3κ2

N

�

∆z +
L+ + L−

8r̂2
0 L+L−

B(∆z)

�

, (89b)

where610

B(∆z) =

∫

∆z
b(z)dz , (90)

is the integral of b(z) over a piece ∆z of the Cauchy slice. In the main text we took z compact611

to regulate, in which case taking ∆z = 2π so that we integrate over the whole circle, this612

integral just picks the zero mode of b(z). We assume this is the case from now on and write613

B = 2πb0. Note also that the non-trivial charges are associated with T and S in the asymptotic614

Killing vectors (54) (for constant b, they are the corresponding zero-mode charges).615

We can finally verify the first law in this frame. Of course, the different choice of Cauchy616

slice did not change the properties of the horizon, in particular the temperature is still617

TH =

p

1−Q2/M2

4π
=

(L+L−)1/4

2π(
p

L+ +
p

L−)
. (91)

However, the different slicing does change the entropy, which taking horizon slices of constant618

w becomes619

SBH =
16π
p

2r̂3
0

p

L+L−
�
p

L+ +
p

L−
�

ℓ2κ2
N

�

1+
b0

4r̂2
0

p

L+L−

�

. (92)

Similarly, the different slicing affects the B-field potential, which is given by −ξ ·B pulled-back620

to a w-constant horizon slice now [43],621

ΨB =

p
2r̂3

0

ℓ

(L+L−)1/4(L+ − L−)

(
p

L+ +
p

L−)2

�

1+
1

4r̂2
0

p

L+L−

b0

2π

�

, (93)

and the three-form charge becomes622

QB =
Q

2κ2
N r̂2

0

∆z = 2π
L+ − L−
ℓκ2

N

. (94)

Varying with respect to L+ and L−, one can verify that the first law holds,623

2
p

2r̂0(L+L−)1/4

ℓ
δH(w) +

ℓ

2
p

2r̂0(L+L−)1/4
δH(z) = TH δSBH +ΨB δQB , (95)

which should not come as a surprise since the first law is a theorem which does not care about624

how we slice our spacetime.625

Let us end with some brief comments and lessons we can extract from this computation626

for our phase space. All black strings in the form (77) are contained within the phase space627

we built and analyzed in section 4. However, the slicing used there to study the charges is628

different to the standard slicing that the form (81) naturally suggests. This is unavoidable if629

we want to write a phase space that includes all black strings as they arise from T-duality of BTZ630

black holes: the map (r̂, z, w)→ (R, T, X ) involves the charges L±, so we cannot diagonalize631
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the metric in a uniform way for all black strings. It is also illuminating for the discussion to632

write the entropy (92) in terms of the charges,633

SBH =
2π2 r̂3

0

κ2
Nℓ

2







√

√

√

√

�

2q2
B + h(z) − 8h2

(w)

�

�

2q2
B + h(z)
�

4h2
(w)

+ 2h(z) −
2q2

B + h(z) − 8h2
(w)

2h(w)







×





√

√

√
2q2

B + h(z)
h(w)

+ 4qB +

√

√

√
2q2

B + h(z)
h(w)

− 4qB



 , (96)

where we have introduced rescaled charges (per unit length) to simplify the notation,634

h(w) =
ℓκ2

N

2πr̂2
0

H(w) , h(z) =
ℓ3κ2

N

2πr̂4
0

H(z) , qB =
ℓκ2

N

2π
QB . (97)

If we repeat the construction in the b0 = 0 case, this imposes the relation between the charges635

2q2
B + h(z) − 8h2

(w) = 0, producing a simple-looking formula for the entropy in terms of the636

Killing charges. To make it even more suggestive, note that for b0 = 0 the charges S0 and S̄0637

related as in (65) agree, so identifying S̄0 = H(w) and T0 = H(z) we can write the entropy as638

SBH = 8π
p

T0





√

√

√

S0 +

√

√

S̄2
0 +

k̄
8
T0 +

√

√

√

S̄0 −

√

√

S̄2
0 +

k̄
8
T0



 . (98)

where k̄ = −2πℓ/κ2
N characterizes the central extension in the {S̄m,Qn} bracket (alternatively,639

it is four times the central extension in the {Sm,Sn} algebra before the redefinition).640

C Action of the asymptotic Killing vectors on phase space func-641

tions642

This appendix collects auxiliary results needed to obtain the algebra of charges presented in643

(63). Brackets are computed according to644

{P1,P2}= δξ2
P1 , (99)

where P1 and P2 are any two of the charges in (62), and ξ2 is the asymptotic Killing vector of645

the form (54) associated with the charge P2. In essence, brackets are given by the variation646

under the asymptotic Killing vectors of the charges.647

These variations can be deduced from those of the basic phase space functions appearing648

in the expressions for the charges. The variation of such functions is649

δξA0 = TA′0 + 2T ′A0 + SA1 − S′ , (100a)

δξA1 = TA′1 + T ′A1 + T ′′ , (100b)

δξF = T∂z F + (S −wT ′)∂wF , (100c)

δξψ= T∂zψ+ (S −wT ′)∂wψ− 2ℓR− 2ℓwQ−
ℓ

4
w2T ′ , (100d)

δξZzz = T∂z Zzz + 2T ′Zzz + (S −wT ′)∂wZzz + 2(S′ −wT ′′)Zzw

+ 2ℓ∂ 2
z f − 2ℓ∂wA∂z f + 2ℓ∂zA∂w f − 4ℓA∂wA∂w f + 2ℓAf , (100e)

δξZzw = T∂z Zzw + (S −wT ′)∂wZzw +
ℓ

4
S′ + 2ℓ∂wA∂w f + 2ℓ∂z∂w f − ℓ f , (100f)
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where primes denote derivatives with z, and T (z), S(z), R(z) and Q(z) are the functions defin-650

ing the asymptotic Killing vectors (54). To compute the algebra of charges, it is useful to read651

the following combined variation:652

δξ

�

F +ψ− 2Zzw +
ℓ

2
A
�

=T∂z

�

F +ψ− 2Zzw +
ℓ

2
A
�

+ ℓT ′A0 − 4ℓQA1 − ℓS′ − 4ℓQ′ , (101)

where we have simplified the result using equation (61). The reader may also find useful when653

computing {T1,T2} the following variations under the action of an asymptotic Killing vector654

for which only T (z) is turned on655

δT (Zzz + 2AZzw) = T∂z (Zzz + 2AZzw) + 2T ′ (Zzz + 2AZzw)−wT ′∂w (Zzz + 2AZzw)

+
ℓ

2
wT ′∂zA+

ℓ

2
wT ′′
�

A−
w
2

A1

�

+
ℓ

4
w2T ′′′ , (102a)

δT

�

F +ψ− 2Zzw −
ℓ

2
A0

�

= T∂z

�

F +ψ− 2Zzw −
ℓ

2
A0

�

− ℓT ′
�

A−
w
2

A1

�

−
1
2
ℓwT ′′ . (102b)
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