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ABSTRACT: This paper addresses the question of how categorical symmetries act on non-
topological extended operators in quantum field theory. Building on recent results in two
dimensions, we introduce higher tube algebras and categories associated to higher fusion
category symmetries. We show that collections of non-topological twisted sector extended
operators transform in higher representations of the associated higher tube algebras. We
also explain how this arises in the sandwich construction of categorical symmetries via
the Drinfeld center of higher fusion categories. Focusing on three dimensions, we discuss
examples that connect to a variety of previous constructions. For instance, in the case of
invertible symmetries, we show that higher tube algebras are higher analogues of twisted
Drinfeld doubles of finite groups, generalising known constructions in two dimensions.
We also discuss non-invertible Ising-like symmetry categories obtained by gauging finite
subgroups as well as non-invertible topological lines described by braided fusion categories.
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1 Introduction

It has recently been understood that quantum field theories admit finite symmetries cap-
tured by the mathematical structure of higher fusion categories [1-3]. This structure encap-
sulates the relevant properties of topological extended operators and includes both finite
invertible (or group-like) and non-invertible symmetries. The latter have been studied ex-
tensively in dimension D = 2 [4-26] and recent work has demonstrated their existence and
utility in dimension D > 2 [27-82].

An important question is how categorical symmetries act on and thereby organise the
spectrum of (not necessarily topological) extended operators in a quantum field theory. In
other words, a comprehensive representation theory for categorical symmetries in quantum
field theory is needed. This paper seeks to address this question in D > 2.

1.1 Background
1.1.1 Two dimensions

In two dimensions, one may consider quantum field theories with a spherical fusion category
symmetry C. Objects in the symmetry category C correspond to topological symmetry lines
and morphisms to junctions between them.

The topological lines in C act on twisted sector local operators, which are local op-
erators that are themselves attached to topological symmetry lines. Crucially, this action
may transform one twisted sector to another [13]. This action is captured by the type of
configuration illustrated in figure 1.

Figure 1.

In more detail, figure 1 captures the linking action of a topological symmetry line B € C
on a twisted sector local operator O that is attached to another topological symmetry line
X € C. This requires a point-like intersection ¥ connecting X to another topological sym-
metry line Y € C. Shrinking the circle then implements the action of B on O, transforming
one twisted sector to another.

The collection of data associated to configurations of the type illustrated in figure 1
is conveniently encoded in the tube category TC of C. Schematically, this is a finite semi-
simple category whose

e objects are twisted sectors X,Y, ... € C,



e morphisms X — Y are certain equivalence classes of pairs (B,1) consisting of a
topological symmetry line B € C and a morphism

$: BoX — Y®B. (1.1)

A more detailed description will be given in the main text.
The action of the symmetry category C on twisted sector local operators may then be
described as a functor
F :TC— Vec (1.2)

into the category of finite-dimensional vector spaces. This functor assigns a vector space
to each object X € TC, corresponding to a collection of twisted sector operators attached
to the line X. Furthermore, to each morphism X — Y it assigns a linear map between
vector spaces arising from configurations as in figure 1. We call this a tube representation
of C. The collection of tube representations forms a category [TC, Vec].

There is an equivalent formulation in terms of the associated tube algebra A(C), as
discussed in [24], where the above remarks have their genesis. Briefly, the tube algebra is
generated by morphisms in the tube category with the algebra product given by composi-
tion of morphisms. There is an equivalence

[TC,Vec] = Rep(A(Q)), (1.3)

meaning that tube representations may be regarded as ordinary representations of the tube
algebra.

As emphasised in [24], this has deep connections to the sandwich construction of finite
symmetries [83-88]!. In this framework, a two-dimensional theory 7~ with fusion category
symmetry C is viewed as an interval compactification of the associated three-dimensional
Turaev-Viro theory TV [94, 95], as illustrated in figure 2.
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Figure 2.

The left boundary condition B¢ is a canonical gapped boundary supporting the sym-
metry C, while the right boundary condition By contains information about the specific

!See also [89-93] for realisations of the sandwich construction in string theory.



theory 7. This has the conceptual advantage that universal information about the cate-
gorical symmetry C is abstracted onto the left boundary, while information about its action
on a specific two-dimensional theory is separated onto the right boundary.

Concretely, the relationship between tube representations and the sandwich construc-
tion takes the form of a braided equivalence [96-98]

[TC,Vec] = TVc(Sh), (1.4)

where the right-hand side is the category of topological lines in TV¢ that are linked by S?.
A tube representation corresponding to a bulk topological line is realised by local operators
at the junction (shown in red in figure 2) between the bulk topological line z € Z(C) and
boundary topological lines X € C on the canonical gapped boundary condition.

The topological line defects in the bulk topological theory TV are given by the fac-
torisation homology of C on S*,

TVc(Sh = C = 2(0), (1.5)
Sl

where Z(C) denotes the Drinfeld center of C2. In summary, tube representations of C are
captured by the Drinfeld center Z(C).

1.1.2 Extended operators

A natural question is how this construction generalizes to dimensions D > 2. A first step
was initiated in [80] (see also [79]), which studied the action of invertible symmetries on
genuine (untwisted) extended operators in any number of dimensions. The proposal is that
higher representation theory is the natural language: genuine (n— 1)-dimensional extended
operators transform in n-representations of an invertible symmetry.

An n-representation of an invertible symmetry G is an n-functor

F:G — nVec, (1.6)

where G is understood as m-groupoid and nVec is the n-category of finite-dimensional n-
vector spaces. The collection such n-representations forms as n-category

nRep(G) = [G,nVec]. (1.7)

This again has deep connections to the sandwich construction of finite symmetries. The
(D + 1)-dimensional bulk topological theory TV is now a generalised Dijkgraaf-Witten
theory constructed from G. The (n — 1)-dimensional extended operators L transforming in
n-representations of G now arise from junctions with a particular class of n-dimensional bulk
topological defects with the property that they are trivial when brought to the canonical
boundary condition B¢. This is illustrated in figure 3.

More precisely, such an n-dimensional bulk topological defect becomes trivial on B¢
in the absence of background fields for the invertible symmetry. Otherwise, it becomes a
n-dimensional background Wilson line, or extended n-dimensional TQFT equipped with
a G-equivariant structure, which is another description of an n-representation of G. This
reproduces the categorical perspective in [80].

2We work with spherical fusion categories and do not distinguish between center and co-center.
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Figure 3.

1.1.3 Synthesis

The idea of this paper is to combine the above constructions to develop the higher represen-
tation theory for non-invertible symmetries described by a spherical higher fusion category
C. This will capture the action of C on all local and extended twisted sector operators.

1.2 Summary

The most general setup we contemplate is a quantum field theory in D dimensions with a
spherical fusion (D — 1)-category symmetry C3. This captures the properties of topological
symmetry defects of various dimensions, including those arising from condensations of lower
dimensional topological symmetry defects.

We want to consider the action of C on (not necessarily topological) twisted sector
extended operators attached to topological symmetry defects. Concretely, we can consider
(n — 1)-dimensional extended operators attached to n-dimensional topological symmetry
defects, as illustrated schematically in figure 4. We refer to such extended operators as

n-twisted sector operators.

Figure 4.

1.2.1 Higher tube categories

Expanding on the results from two dimensions, we expect the data associated to configu-
rations of topological symmetry defects acting on n-twisted sector operators to be encoded

in a tube n-category
TSd(C) ) (1'8)

3Ultimately, in this paper we focus on D = 3, where such structures are entirely well-defined.



where d := D —n and S? denotes a sphere that links n-twisted sector operators in D di-
mensions. The intuition is that the tube n-category is obtained from C by compactification
on S%. Schematically, its objects are n-twisted sectors and morphisms capture actions of
all possible topological symmetry defects supported on S¢ x R"~1,

In more detail, Tga(C) is a finite semi-simple n-category with

e objects y, v, ... € Q471(C)* given by n-twisted sectors or genuine n-dimensional topo-
logical symmetry defects,

e l-morphisms p — v given by certain equivalence classes of pairs (B, V) consisting of
an object B € C and a d-morphism

U Wdbtep - veldy! (1.9)

that describes the wrapping of n-twisted sector operators by codimension-one topo-
logical symmetry defects B on S¢ x R*~ L.

e higher morphisms given by the wrapping / linking of n-twisted sector operators by
topological symmetry defects of higher codimension.

This is illustrated schematically in figure 5. A complete description in dimensions D = 2,3

will be given in the main text.

Figure 5.

The action of the symmetry category C on n-twisted sector operators is then captured
by an n-functor
F : Tga(C) = nVec (1.10)

which we call a tube n-representation. The collection of tube n-representations forms a

fusion n-category
[Tga(C), nVec], (1.11)

which we expect to be the Karoubi completion of Tga(C).

“We define QC := 1-Endc(1), where 1 denotes the monoidal unit of C. The operation Q™ for m € N is
then defined by applying €2 iteratively m times.



There is some redundancy is this description as tube m-representations can be recov-
ered from tube n-representations for m < n. In principle, it is therefore enough to consider
the top tube (D — 1)-category Tg1(C). Nevertheless, there is some efficiency and utility in
working with the intermediate tube categories.

1.2.2 Higher tube algebras

There is again an alternative description in terms of higher tube algebras Aga(C), which
are finite semi-simple n-algebras generated by 1-morphisms in the tube category T ga(C).
They have the property that their n-representations or module (n — 1)-categories are the
same as tube n-representations,

[Tga(C),nVec] = nRep(Aga(C)). (1.12)

Higher tube algebras therefore provide an equivalent formulation of the representation
theory of categorical symmetries.

The tube algebras perspective is often useful for explicit computations and to exhibit
some structural features. We describe the relation between the two perspectives in more
detail in the main text.

1.2.3 Sandwich construction

The formulation of tube n-representations again has deep connections to the sandwich
construction of finite symmetries, which generalises the correspondence between tube rep-
resentations of a fusion category C and its Drinfeld center Z(C).

Concretely, a D-dimensional theory 7 with higher fusion category symmetry C is
viewed as an interval compactification of an associated (D + 1)-dimensional topological
theory TVc. The left boundary condition is a canonical gapped boundary supporting the
symmetry C, while the right boundary condition contains information about the specific
D-dimensional theory 7. This is illustrated in figure 6.

_________

Figure 6.

The relationship between higher tube representations and the sandwich construction
now takes the form of an equivalence

[Tga(C),nVec] = TVc(S?), (1.13)



where the right-hand side is the category of m-dimensional topological defects in TV ¢
that are linked by S¢. From a physical perspective, tube n-representations are realised by
(n—1)-dimensional extended operators at the junction (shown in red in figure 6) between n-
dimensional defects in the bulk and topological symmetry defects on the canonical gapped
boundary condition.

The n-dimensional topological defects in the bulk topological theory TV ¢ are given by
factorisation homology of C on S¢,

TVc(SY) = /Sdc = Q1z(Q). (1.14)

In summary, higher tube representations of C are captured by factorisation homology of C,
or iterated loopings of the Drinfeld center of C. In particular, representations of the top
tube category Tg1(C) are equivalent to the full Drinfeld center Z(C).

1.2.4 Group-theoretical symmetries

Higher tube representations are interesting even for invertible symmetries G in D > 2.
Indeed, the (D + 1)-dimensional bulk topological theory TV is a generalised Dijkgraaf-
Witten theory constructed from G and the tube algebras Aga(C) provide higher analogues
of the twisted Drinfeld double construction.

A simple example is an ordinary finite group symmetry G in D dimensions with an ’t
Hooft anomaly specified by a group cocycle a € ZP+1(G,U(1)). The associated symmetry
category is

C = (D—1)Vecs. (1.15)

In this case, the higher tube algebras Agi(C) provide higher categorical versions of the
twisted Drinfeld double of finite groups, to which they reduce when D = 2 and d = 1. The
higher tube representations in this case can be determined systematically. For example,
the irreducible (D — 1)-representations of T¢1C are labelled by

1. a conjugacy class [z] € G/G with representative x € G,

2. an irreducible projective (D — 1)-representation of the centraliser C(G) with projec-
tive D-cocycle
(a) € ZP(C.(G), U (1)), (1.16)

where 7(«) is the transgression of the 't Hooft anomaly «.

This provides a description of simple objects in Z(C), or topological defects in the (D + 1)-
dimensional Dijkgraaf-Witten theory associated to G and «. In particular, note that
focusing on tube representations supported on the trivial conjugacy class recovers the fact
that genuine (D — 2)-dimensional extended operators transform in (D — 1)-representations
of the symmetry group G. This general class of examples was studied for D = 3 in [99-101].

The above construction has extensions to finite higher group symmetries G and pro-
vides a launch pad to study a large class of categorical symmetries in D > 2 obtained by
gauging finite higher subgroups H C G with topological phases. This typically leads to



non-invertible symmetries whose structure is nevertheless determined by group-theoretical
data. The resulting group-theoretical higher fusion categories were studied in [69]. In par-
ticular, they all correspond to gapped boundary conditions of the same (D +1)-dimensional
Dijkgraaf-Witten theory associated to G and «. Thus, while the associated higher tube
categories and algebras may be vastly different, they share the same higher tube represen-
tations and Drinfeld center. A number of Ising-like non-invertible examples of this type
are studied in the main text.

1.3 Outline

The paper is organised by increasing spacetime and extended operator dimension, as sum-
marised in table 1.

Twisted Tube Tube
Section D sector action category representations
[TC, Vec]
2 2 TC
=Z2(Q)
+ [Ts2(C), Vec]
3 3 T42(C
(3~ 52(C) — QZ(C)
Tg1(C),2Vec
1 3 Ta(c) | [Ts(©),2Ved
& -

Table 1.

e In section 2 we review the action of a fusion category symmetry C on twisted sector
local operators attached to topological symmetry lines in two dimensions, follow-
ing [24]. We provide a new perspective in terms of representations of the associated
tube category TC = Tg1(C) and show that this reproduces the Drinfeld center

[TC,Vec| = /51C = 2(C). (1.17)

As an example, we consider an anomalous finite group symmetry and illustrate how
local operators in the twisted sector transform in representations of its twisted Drin-
feld double. Furthermore, we study tube representations of Tambara-Yamagami cat-
egories that capture the non-invertible symmetries of the two-dimensional critical
Ising model.



e In section 3 we study the action of a fusion 2-category symmetry C on 1-twisted sector
local operators attached to topological line defect in three dimensions. We introduce
the tube category Tg2(C) and show that its category of representations reproduces

[Tg2(C), Vec] = /yc = Q2(C). (1.18)

As an example, we consider an anomalous finite 2-group symmetry and provide a
complete description of the associated tube category and tube representations. Fur-
thermore, we study a non-invertible Ising-like example that is obtained by gauging
a finite subgroup. These examples are realised concretely in dynamical gauge theo-
ries with gauge algebra spin(4N). Finally, we study fusion 2-categories of the form
C = Mod(B) where B is a braided fusion category and formulate tube representations
in terms of the Miiger center of B.

e In section 4 we study the action of a fusion 2-category symmetry on 2-twisted sector
line operators attached to topological surface defects in three dimensions. We intro-
duce the tube 2-category Tg1(C) and show that its 2-category of 2-representations
reproduces

[Ts1(C), Vec] = 1C = Z(0). (1.19)

S

As an example, we consider an anomalous finite 2-group symmetry and illustrate
how 2-twisted sector line operators transform in 2-representations of a higher cate-
gorical analogue of its twisted Drinfeld double. Furthermore, we discus compatibility
with gauging finite groups and twisted sectors for condensation defects. These ex-
amples are again realised concretely in dynamical gauge theories with gauge algebra
spin(4N). Finally, we study fusion 2-categories of the form C = Mod(B) and formu-
late tube 2-representations as braided module categories over B.

Note added: The authors are grateful to Lakshya Bhardwaj and Sakura Schéfer-Nameki
for coordination on potentially overlapping work.

2 Two dimensions

We consider a two-dimensional theory with a spherical fusion category symmetry C. We
review how twisted sector local operators transform in irreducible representations of the
tube category or the tube algebra associated to C and explain the relation to the sand-
wich construction via the Drinfeld center [24]. We illustrate these ideas for a finite group

symmetry with 't Hooft anomaly and Tambara-Yamagami fusion categories of Ising type.

2.1 Fusion category symmetry

We consider a quantum field theory in two dimensions whose symmetries are described by
a spherical fusion category C. We do not provide a complete definition of the latter here
but review some salient features and notation.

~10 -



Objects A € C are topological line defects and morphisms v : A — B are point-like
topological junctions between lines. The tensor structure ® : Cx C — C captures the
fusion of topological lines and their junctions. This is illustrated in figure 7.

B B D B®D
g0l 7 9 = Y®9J
A A C AC
Figure 7.

There is a simple tensor unit 1 € C and associativity is controlled by a natural isomor-
phisma: ((®.)®.=.® (.®.) with component morphisms

(A By C o4,80), A®(BeC), (2.1)

which we call the associator.

As a fusion category, C is equipped with additional structures that capture properties
of topological symmetry lines and their junctions. For instance, for each object A € C there
is a dual object A € C that corresponds to the orientation reversal of A. There are left and
right evaluation morphisms £4, r4 and co-evaluation morphisms £4, 74 that ensure that
the topological line A can be bent to the left and to the right consistently. These structures

11 _ i1 _

Figure 8.

are illustrated in figure 8.

|
I
i
|
S
>
---

In particular, the left and right evaluation and co-evaluation morphisms allow us to
canonically identify morphism spaces between tensor products of objects, such as

Homc(X,A®Y) = Homc(A® X,Y),

- 2.2
Homc(X,Y ® A) = Homc(X ® 4,Y). 22)

Physically, this means that topological lines can be freely bent around junctions with other
lines as illustrated in figure 9.

Finally, the spherical structure ensures that there is an unambiguous notion of dimen-
sion for each object A € C, which is obtained by placing the corresponding topological
symmetry defect on a circle, as illustrated in figure 10. The corresponding dimension is
then given by dim(A) = 4074 =14 004 € Endc(1) = C.

- 11 -
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Figure 10.

2.1.1 Connected components

An object S € C is called simple if it cannot be decomposed as a direct sum of non-trivial
sub-objects. As a consequence of the semi-simplicity of C, the relation

S ~T < Home(S,T) #0 (2.3)

then defines an equivalence relation on the set of simple objects, whose equivalence classes
are the connected components of C, i.e.

mo(C) := {simple objects S € C} / ~ . (2.4)

In particular, since there are no non-zero morphisms between non-isomorphic simple ob-
jects, mo(C) enumerates isomorphism classes of simple objects in C.

2.2 Twisted sector operators

We now consider twisted sector local operators O attached to outwardly oriented topolog-
ical lines X € C, as illustrated in figure 11. Local operators of this type are said to be in
the X -twisted sector. They need not be topological themselves and correlations functions
may depend on where they are inserted.

X

(@)

Figure 11.

In the following, we will denote by

F(X) € Vec (2.5)

- 12 —



a finite-dimensional vector space spanned by local operators in the X-twisted sector. The
reason for this notation will be explained momentarily.

A topological symmetry line B € C may act on X-twisted sector operators O € F(X)
by linking with S*. Due to the topological symmetry line X attached to O, this requires
a choice of morphism

BoX ——> Y®B (2.6)

that describes how B intersects X and transforms it into a new line Y. This is illustrated
in figure 12. Upon shrinking the S' down to O, the pair (B, ) then induces a linear map

F(X) FBY), F(Y) (2.7)

between twisted sectors.

Figure 12.

These linear maps must be compatible with the consecutive action of two topological
symmetry lines A and B in the sense that the diagram

f(B,w)/> F(Y) \J‘”(Ay )
F(X) F(2)

N

FAR B, ® V)

~13 -



commutes, where the morphism ¢ ® 1 is defined by the diagram

®R(BRX)
alA, By WU
(ARB)® ®R(Y®DB)
PO a(A,Y,B)! (2.9)

®(A® B) (A®Y)®
Z;:;\\\ /////
(Z2A)®

This condition simply states that acting on O with A and B consecutively is equivalent to
acting on O with their fusion A ® B, as illustrated in figure 13.

Figure 13.

Lastly, the action of topological lines on twisted sector local operators must be compat-
ible with the possibility to move topological junctions around the linking S'. Concretely,
consider a configuration as on the left-hand side of figure 14, where two line defects A and
B that are connected by a morphism v : A — B link a local operator O in the X-twisted
sector via a specified morphism

BeX 15 Yo A. (2.10)

By moving the topological junction « around the 1-sphere towards n from the left and from
the right, we can either regard this configuration as

1. the defect A acting on O via the intersection morphism ¢ = no (y® X),

2. the defect B acting on O via the intersection morphism ¢ = (Y ® ) o

— 14 —



Since both configurations are physically equivalent, the corresponding linear actions on O
must coincide in the sense that

F(A,p) = F(B,y). (2.11)

Figure 14.

For fixed topological lines X and Y, the above relations generate an equivalence relation

~ on the vector space
P Homc(B® X,Y @ B) (2.12)
BeC
capturing configurations that act identically on twisted sector local operators. We will
denote the equivalence class of a pair (B, ) under ~ by [B, ] in what follows.

2.3 Tube representations

The above action of the symmetry category C on twisted sector local operators may be
formulated in terms of the representation theory of the tube category or tube algebra of C.
This is a vast generalisation of the fact the local operators transform in representations of
a finite symmetry group.

2.3.1 Tube category

We first introduce the tube category TC = Tg1C°. This is a finite semi-simple category
whose objects are twisted sectors X € C and morphisms are actions of topological symmetry
defects on twisted sector operators via linking with S'. This has appeared in many guises
in the mathematical literature, such as for instance [102-106].

It has the following explicit description:

e Its objects are objects of C, i.e. Ob(TC) = Ob(C).

e [ts morphism spaces between objects X,Y € TC are given by

Homtc(X,Y) = <@ Homc(B®X,Y®B)>/ ~ (2.13)

BecC

®In two dimensions, there is only one tube category and so we drop the subscript S*

~15 —



with the equivalence relation ~ as above. More concretely, morphisms are linear
combinations of equivalence classes of pairs

(B, ]

X Y (2.14)
consisting of an object B € C and a morphism
¥ € Homc(B® X,Y ® B). (2.15)
e The composition of two morphisms
x By, A (2.16)
is defined by the composition law
(A, o [Biy] == [A® B, 9 O 9] (2.17)

with the morphism ¢ ® 9 defined as in (2.9).

There is an inclusion functor C — TC whose image corresponds to morphisms with B = 1.
The tube category TC is obtained by horizontal compactification on S': it has the same
objects as C but additional morphisms arising from intersections with horizontal topological
defects wrapping S!.

The above definition of morphism spaces in TC permits a clean physical interpretation
in terms of symmetry defects acting on twisted sectors, but may be rather abstract in view
of concrete computations. Fortunately, there exists a more concrete but less canonical
description of morphism spaces in TC. Concretely, there is an isomorphism

Homrc(X,Y) = P Homc(S®X,Y®S),

2.18
[S] € m0(C) (218)

where the sum ranges over a set of representatives S of isomorphism classes [S] € 7y (C) of
simple objects in C. For an explicit proof of this isomorphism we refer the reader to [107];
a schematic proof is presented in appendix A.1. From a physical perspective, this captures
the fact the action of a generic symmetry defect is completely determined by the action of
its simple constituents.

With the definition of TC in hand, the collection of vector spaces (2.5) and linear maps
(2.7) together with the compatibility conditions (2.8) and (2.11) can now be summarised
conveniently as a functor

F: TC — Vec, (2.19)

which can be regarded as a linear representation of TC. This explains our choice of notation.
In summary, twisted sector local operators transform in linear representations of the tube
category TC.

We denote the category of linear representations by

[TC, Vec]. (2.20)

~16 —



Although we do not discuss it here, this is the idempotent completion or Karoubi completion
of TC and has the structure of a non-degenerate braided fusion category. The braided
fusion structure captures the action of the symmetry category on products of twisted
sector local operators supported at separated spacetime points, whose configuration space
in two dimensions is homotopic to S*.

2.3.2 Tube algebra

There is an equivalent formulation of the above representation theory in terms of the tube
algebra A(C) = Ag1(C)8. This is the finite semi-simple associative algebra

A(C) = Ench< D S), (2.21)

[S]€mo(C)

where S again runs over a complete set of representatives of isomorphism classes of simple
objects in C and the algebra product is given by composition of endomorphisms in TC. As
a finite semi-simple associative algebra, it has a decomposition as a sum of simple algebras
indexed by primitive central idempotents.

Any representation F : TC — Vec of the tube category then determines a representa-
tion of the tube algebra on the vector space

Vo= f(@ S) (2.22)

(5]

by sending algebra elements
ac€ AC) — F(a)€ End(V). (2.23)

The irreducible representations arise from simple objects in [TC, Vec| and correspond to
primitive central idempotents in A(C). This sets up an equivalence of non-degenerate
braided fusion categories

[TC, Vec] = Rep(A(Q)). (2.24)

From either perspective, this provides a complete description of the representation theory
of a fusion category symmetry C on twisted sector local operators in dimension D = 2. We
will uniformly speak of representations of the tube category and the tube algebra as tube
representations in what follows.

2.4 Sandwich construction

We now rephrase the construction of tube representations in the context of the sandwich
construction of categorical symmetries [83—-88]. This is realised via the braided equivalence
between category of tube representations and the Drinfeld center discovered in [96-98]. We
now provide a quick summary of this equivalence.

An object of the Drinfeld center Z(C) is a pair z = (U, 7) consisting of

1. an object U € C,

6 Again, we drop the subscript S* in two dimensions.
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2. a half-braiding (.) ® U = U ® (.) with component morphisms

B
BU — U®B (2.25)
for each object B € C.

Note that there is a forgetful functor F' : Z(C) — C that discards the information of the
half-braiding and sends z — F(z) = U.

To each object z € Z(C) of the Drinfeld center, we can associate a tube representation
F. € [TC, Vec] by defining the functor F, as follows:

e To an object X € TC it assigns the vector space

F.(X) = Homc(U,X). (2.26)
e To a morphism [B, ] € Homtc(X,Y) it assigns the linear map

Fo(X) M F.(Y) (2.27)

that sends O € Homc (U, X) to O’ € Homc(U,Y) defined by the diagram”

B® (U® B)
O’l (BeU)® (2.29)
\ (B®O)® B
(BoX)®B .

It is known that, up to equivalence, every tube representation takes the form F = F, for
some z € Z(C). The mapping z — F, then extends to an equivalence

Z(C) = [TC, Vec] (2.30)

of braided fusion categories.

"Here, we use the canonical isomorphisms

Homc(B® U,U ® B) = Homc(U,B® (U ® B))

_ 2.28
Homc(B® X,Y ® B) & Homc((B® X)® B,Y) (2.28)

induced by the evaluation and co-evaluation morphisms as in (2.2). Their use is implicit when applied to
the morphisms 75 and % in (2.29).
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Let us now explain the physical picture underpinning this equivalence. We first give an
intrinsically two-dimensional perspective that extends our previous work [80]. Here, local
operators O in the X-twisted sector are viewed as junctions between X and an auxiliary
topological line U, as illustrated in figure 15. This identifies F,(X) = Homc (U, X). The
action of morphisms [B, ] is then obtained by surrounding O with a circular line B that
intersects the auxiliary line U via the half-braiding 7. Shrinking the circle down to O then
induces the linear map F,(B,¢) : F,(X) = F,(Y).

Figure 15.

In the sandwich construction, we view a two-dimensional theory 7 with fusion category
symmetry C as an interval compactification of the associated three-dimensional topological
theory TV . The Drinfeld centre is identified with the braided fusion category of topological
lines

TVc(S!) = €= 2(0), (2.31)
S
which is what the three-dimensional topological theory associates to S'. The left boundary
condition is a canonical gapped boundary condition B¢ with bulk-to-boundary functor
F : Z(C) — C, while the right boundary condition B contains informations about the
specific theory 7. This is illustrated in figure 16.

R R ittty %)
’ 1
/” E /”’ i ’/”, E
/”’ i /”’] : /"’ i
. e R
i X i X1 i i
i i i i i i
: o= I R VY
1
o T A
1 % 1 ,J— ——————— [ o
VL i VL
124 e e A
T Be TVe Bf
Figure 16.

A tube representation F, € [TC,Vec] with underlying vector space F,(X) given by
Homc (U, X) now corresponds to local operators on the gapped boundary condition B¢
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that sit at the junction between a bulk topological line z = (U, 7) and a boundary line
X € C, as described in [24].

2.5 Example: group symmetry

Let us consider a finite symmetry group G with ’t Hooft anomaly specified by a normalised
3-cocycle o € Z3(G,U(1)). This corresponds to the spherical fusion category C = Vec® of
finite-dimensiuonal G-graded vector spaces with associator twisted by «. The associated
tube algebra is the twisted Drinfeld double

AQ) = "@cla//a, (2.32)

where 7(«) is the transgression of the 't Hooft anomaly [108-110]. Its representation cate-
gory is one description of the three-dimensional topological theory TV, which is Dijkgraaf-
Witten theory constructed from G and «.

2.5.1 Symmetry category

The symmetry category C = Vecg is the spherical fusion category of finite-dimensional
G-graded vector spaces with associator twisted by the 3-cocycle a € Z3(G,U(1)). It has
the following explicit description:

e The simple objects are one-dimensional vector spaces C, with a single graded com-
ponent (Cy)p, = 64 - C.

e The morphism spaces between simple objects are given by

Homc(Cy,Cp) = 04 -C. (2.33)

e The fusion of simple objects is given by C, ® Cj, = Cg;, with associator

alg, h, k) -
(Cy@Cp) @ Cy, LN Cy® (CLaCy). (2.34)

From a physical perspective, the simple objects are topological symmetry lines labelled
by group elements g € G whose fusion is determined by the group law of G and associative
up to multiplicative phases parameterised by «. This is illustrated in figure 17.

gh ghk ghk
g h g h k g h k
Figure 17.
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2.5.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B, 1] where B = C,
and v has a single graded component

/

P =1
C!/ QC (C.I‘ —) C(”.IT) @Q C‘(] . (235)

They correspond to intersections of a vertical topological line x with a horizontal topological

line g € G, whereupon the former is transformed into 9z = gzg~".

Following standard notation, we denote the above generators by <e‘i x). Using the
definition (2.17), their tube algebra product can be determined to be
h -h
<<ix> © <<—y> = 6x,hy ) Ty(“)(f),h) : <<g—y> ) (236)

where the multiplicative phase is given by

a(g, h,y) - a(9y, g, h)

y(a)(g,h) = 2.37
(@) (9,) TR (237)
As a consequence of the 3-cocycle condition obeyed by the associator, it satisfies

7y(@)(gh, k) - Try) (@) (g, h)

which ensures that the algebra product in (2.36) is associative. Furthermore, equation
(2.38) defines a 2-cocycle
(o) € ZQ(G//G,U(l)) (2.39)

on the action groupoid G//G for the conjugation action of G on itself. This is known as
the transgression of the 't Hooft anomaly a € Z3(G,U(1)).

In summary, the tube algebra in this case can be identified with the twisted Drinfeld
double or twisted groupoid algebra

AQ) = "ClG//q). (2.40)

2.5.3 Tube representations

A general tube representation F is a collection of finite-dimensional complex vector spaces
V, := F(C,) together with linear maps

L g
Vi Ry(g) = F({(<—1)) View) (2.41)

that satisfy the composition rule
R.(g) o Ry(h) = 5m,hy ) Ty(a)(g,h) : Ry(gh)~ (2.42)

This collection of data can be viewed as a vector bundle over GG equipped with a projective
G-action that acts on the base by conjugation.
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From the composition rule (2.42), it is clear that F will decompose as a direct sum of
representations supported on conjugacy classes of G. Let us therefore fix a conjugacy class
[z] € G/G with representative x € G. If we restrict to group elements g, h € C;(G) in the
centraliser of x in G, the composition rule becomes

R.(g) o Ry(h) = 7u(a)(g,h) - Ru(gh). (2.43)

Consequently, the map
R, : Cx(G) — End(V,) (2.44)

defines an ordinary projective representation of C,(G) with 2-cocycle
m(a) € Z*(Cu(G),U(1)). (2.45)

A tube representation supported on [x] € G/G is then irreducible if the associated pro-
jective representation R, of C,(G) is irreducible. Conversely, it is known that, up to
equivalence, any irreducible projective representation of C,(G) determines an irreducible
tube representation by induction.

In summary, the irreducible tube representations are determined by

1. a group element x € G,
2. a projective representation of C,(G) with 2-cocycle

a(g,h,x) - a(z,g,h)
a(g,z, h)

T2(@) (g, h) = (2.46)

Up to equivalence, this data depends only on the conjugacy class [x] € G/G and the group
cohomology class [7,(a)] € H*(C,(G),U(1)). Note that tube representations on the trivial
conjugacy class [e] € G/G reproduce the fact that genuine local operators transform in
representations of G.

The above then reproduces the known equivalence

Rep(")C[G//G]) = Z(Vecd) (2.47)

between representations of the twisted Drinfeld double and topological lines in the three-
dimensional Dijkgraaf-Witten theory constructed from G and «. The latter is the three-
dimensional topological theory TV associated to the symmetry category C = Vecg,.

2.6 Example: Ising symmetry

We now consider an intrinsically non-invertible example realised in the critical Ising model.
General Tambara-Yamagami fusion categories C = TY(A, x, s) [111] are specified by

1. a finite abelian group A,
2. a non-degenerate bicharacter x : A x A — U(1),

3. a square-root s of |A|7L.

We focus here on A = Zy =: (z) with the unique non-degenerate bicharacter x(z,z) = —1
and s = 1/y/2. This symmetry is realised in the critical Ising model [13, 14].
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2.6.1 Symmetry category
The symmetry category C = TY(Za, x, s) has the following explicit description:

e There are three simple objects 1,  and m of dimension 1, 1 and v/2, respectively.
e The morphism spaces between simple objects S, S" € {1,xz,m} are given by

Homc(S,S") = dgs -C. (2.48)

e The fusion rules for simple objects are given by

r@r =1, r@m = mr = m, mem = 1dx. (2.49)
e The non-trivial components of the associator are given by

ala,m,b) = x(a,b)-1dy,

m m
(1 0
a(m,a,m) = ( 0 X(a,x)-ld;,;)
1z 1@z, (2.50)
a(m,m,m) = L (M T
; ’ ’ \/§ 1(71,” _1(17’)1
m e m meém

where a,b € Zs denote generic elements.

From a physical perspective, the fact that the associator becomes trivial when restricted to
simple objects a, b, c € {1, z} captures the absence of an anomaly for the Zy sub-symmetry
generated by .

2.6.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B, 1| corresponding
to the following combinations of an object B and an intersection morphism :

e For a,b € Zs, we denote by <%b—> those generators for which B = a and

v = 1Id
a®b —“b> b®a . (2.51)

e For b, c € Zo, we denote by <ﬂ+;—> those generators for which B = m and

/l//' — 1(17”

mb —————— cQm. (2.52)

e For a € Zy, we denote by <a—+g> those generators for which B = a and

P = Id
meb — T, ¢ QRm . (2.53)
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e For ¢ € Zs, we denote by <ﬂ+cg> those generators for which B = m and

v = Id.
m X m s mxm . (2-54)

The algebra product of these generators is straightforward to compute using (2.9). For
example, we find

o) = Mo+ o)
™) o (M) = ) - (H).
2 = o [+ ).
() o () = 555 [ - 4] (2.5)
2 = sl )]
() o () = (M) + ().
o) = (M) - ().
which are notably compatible with the fusion rule m® m =1& =z.

2.6.3 Tube representations

Let us now consider irreducible representations of the tube algebra. As the Drinfeld center
of general Tambara-Yamagami fusion categories TY(A, x,s) was computed in [112], it is
convenient to take this as the starting point to construct tube representations. The Drinfeld

center has
n(n+7)

2
simple objects, with n = |A|. When A = Zs, there are therefore 9 simple objects, or

(2.56)

equivalently 9 irreducible tube representations, which can be described as follows:

e There are two one-dimensional irreducible tube representations }"fc with untwisted
sector Fi*(1) = C and non-trivial generator actions

FE(HD) =1 and  FA((HE) = £V (2.57)

These representations correspond to genuine local operators that are not charged
under the Zy sub-symmetry generated by x and that remain genuine local operators
after the action of m.

e There are two one-dimensional irreducible tube representations F.& with twisted sec-
tor FF(x) = C and non-trivial generator actions

FAEHD) = -1 amd FE(ED) = @2 @)
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These representations are now associated to x-twisted operators that are charged
under the Zs sub-symmetry generated by x and remain twisted sector operators
after the action of m.

e There are four one-dimensional irreducible tube representations 7= and .7:% = (F%) :
with twisted sector F.t(m) = F.£(m) = C and non-trivial generator actions

FR() =i,
fnﬂ;«ﬂﬁ?» = i\%eisﬂ, (2.59)
Fall™m) = £ 57

e There is one two-dimensional irreducible tube representation F with twisted sectors
F(1) = F(z) = C and non-trivial generator actions

F((H) = <_01 8) - T - <8 fl) | (2.60)

A = (fah) . Fe - (0%)

This tube representations corresponds to a pair consisting of a genuine local operator
01 and an z-twisted sector local operator O, that are exchanged by the non-invertible
line m. The local operator O; is charged under the Zs sub-symmetry generated by
x, whereas the twisted sector operator local operator O, is not. This is illustrated in
figure 18.

Note that the two-dimensional irreducible tube representation is the only one that permits
genuine local operators charged under the Z, symmetry generated by z: such charge is
inevitably tied with the behaviour under the action of the non-invertible line m.

In the critical Ising model, the set of twisted sector primary fields and their transfor-
mation properties are such that each of these tube representations appears exactly once.
To understand the correspondence between tube representations and primaries, it is useful
to note that <ﬂ+37> corresponds to the lassoing action of m line, which in a conformal field
theory is proportional to the exponentiated spin

exp(2mi(h — h)) (2.61)

for a primary operator Oy, of weight (h, h) in the m-twisted sector. Following [13, 14], the
tube representations generated by primaries are summarised as follows:

e The primaries 1, & with conformal weights (h,h) = (0,0),(3,3) transform in the
irreducible tube representations F;", F .
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m m ®

Figure 18.

e The primaries 1), ¢ in the z-twisted sector with conformal weights (h, h) = (3,0),(0,3)
transform in the irreducible tube representations F,", F, . This is compatible with
the spin selection rules induced by them being charged under the non-anomalous Zy
symimetry.

e The primaries s, 5§, A, A in the m-twisted sector with conformal weights
7 1 1 11 11
(h,h) = (1,0), (0:16)» (15:3) > (30 76) (2.62)

transform in the irreducible tube representations F5, Ft, Fo Fo.

e The primaries o, 4 in the 1, 2-twisted sectors with conformal weights (h, h) = (1—16, %)

transform in the two-dimensional irreducible tube representation F.

=

3 Three dimensions: local operators

We consider a three-dimensional theory with spherical fusion 2-category symmetry C. This
section considers twisted sector local operators attached to topological symmetry lines,
while section 4 will consider twisted sector line operators attached to topological symmetry
surfaces. While the latter determines the former, this intermediate step nevertheless has
some utility and will not require higher algebraic methods.

We will motivate and introduce the tube category Tg2C and tube algebra Ag2(C) asso-
ciated to the manifold S? linking a point in three dimensions. We show that twisted sector
local operators transform in linear representations thereof, which are in 1:1-correspondence
with bulk topological lines in the sandwich construction. This extends to an equivalence

[Tg2C, Vec] = TV¢(S?) = C = QZ(Q) (3.1)
SZ

of symmetric fusion categories.
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We illustrate these ideas in three examples: a finite invertible symmetry with 't Hooft
anomaly, a non-invertible Ising-like symmetry obtained by gauging a finite 2-group, and
general non-invertible topological lines described by a braided fusion category.

3.1 Fusion 2-category symmetry

We consider a quantum field theory in three dimensions with a spherical fusion 2-category
symmetry C [1-3]. This framework captures both finite 2-group symmetries with 't Hooft
anomalies and finite non-invertible symmetries. We do not provide a full definition here
but summarise key features that will appear prominently in what follows.

Objects A € C correspond to topological surfaces defects, 1-morphisms v : A — B
to topological lines between surface defects, and 2-morphisms ® : v = § to point-like
junctions between topological lines. This is illustrated on the left-hand side of figure 19.
The tensor structure ® : C ® C — C captures the fusion of topological surfaces, their line

B B D < d®o | B D
H pr—
Y&
A A C A®C V0

Figure 19.

interfaces and point-like junctions, as illustrated on the right-hand side of figure 19. The
associativity of ® is again controlled by an associator a. The compatibility of the associator
« with the fusion of four surface defects is implemented by an invertible modification II
with component 2-isomorphisms

(AR B)®(C®D)
a(A®B,C, D) a(A,B,C®D)
(A®B)®C)®D A®(B®(C®D))
(3.2)
a(A,B,C)® D A®a(B,C,D)
7 a(A, BeC, D)
(A®(B®C))®D A®((BRC)®D) .
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We call II the pentagonator in what follows.
In addition, there is now a 2-associator A with component 2-isomorphisms

QD pP) &
(AoB)ec 27 e Bhec

a(A, B, C) a(A',B'.C") (3.3)

A®(Ba(C) ————— A'®(B'eC)
n®(p®o)

that control the associativity of the fusion of three 1-morphisms p: A — A’, p: B — B’
and o : C' — C’. Furthermore, there are interchanger 2-morphisms

A'® B
”/®B/Y \A'@é

A® B A'® B (3.4)
A@(\ /ﬂ;@B’
A® B

that control the braiding of topological lines v : A —+ A’ and 6 : B — B’ as illustrated in
figure 20.

Figure 20.

A spherical fusion 2-category C comes equipped with many additional structures [1].
Each object A € C has a dual object A € C defined by orientation reversal of the surface.
There are left and right evaluation 1-morphisms £4, 4 and co-evaluation morphisms /4,
74 as well as front and back closure 2-morphisms 74, P4 and co-closure 2-morphisms I 4,
P 4. These ensure topological surfaces can be bent to the left and to the right and closed
up forwards and backwards consistently. This is illustrated in figure 21.

Similarly, each 1-morphism v : A — B has a dual 7 : B — A defined by the orientation
reversal of the line. There are left and right evaluation 2-morphisms L., R, and co-
evaluation 2-morphisms f7 and §7 which ensure that line interface can be bent to the left
and to the right consistently. This is illustrated in figure 22.

Finally, the spherical structure ensures that there is a unambiguous notion of dimension
for each object A € C, which is obtained by placing the corresponding topological symmetry
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Figure 21.
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Figure 22.

7&\,4/17 B

Idp

defect on a sphere. Similarly, there is an unambiguous notion of dimension for each 1-
endomorphisms vy € 1-Endc(A) by placing the corresponding line defect on a circle as
before. This is illustrated in figure 23.

:IdA

O

IS

f—

Figure 23.

3.1.1 Homotopy groups and condensations

An object S € C is said to be simple if it cannot be decomposed as a direct sum of non-
trivial sub-objects. Similarly to an ordinary fusion 1l-category, the semi-simplicity of C
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implies that
S ~T :& 1-Homc(S,T) # 0 (3.5)

defines an equivalence relation on the set of simple objects, whose equivalence classes are
the connected components of C, i.e.

mo(C) := {simple objects S € C} / ~ . (3.6)

However, unlike an ordinary fusion 1-category, simple objects S and T that lie in the
same equivalence class [S] € 7y(C) need not be isomorphic but are instead related by a
condensation [2]. The set of connected components m(C) is therefore generally smaller
than the set of isomorphism classes of simple objects in C.

Abstractly, a 2-condensation from an object A € C onto an object B € C (denoted by
A = B) consists of two pairs of 1- and 2-morphisms

T [ A 7
N TN
A B and B B (3.7)
N
7

Idpg

such that P oI = Id%. As a consequence, the l-endomorphism € := 107 € 1-Endc(A)
defines a 1-condensation monad (g2 = ¢) in the sense that there exist 2-morphisms

7

Y
A A 3.8
\ ; (3.8)

\:/

satisfying Pol= Ide.

From a physical perspective, the topological defect B is obtained by condensing the
topological line € on A. In other words, B is defined by inserting a sufficiently fine mesh of
topological lines € on A whose junctions are controlled by the 2-morphisms P and I. This
is illustrated schematically in figure 24.

Upon decomposing the topological line € into a direct sum of simple lines, the insertion
of this network may be viewed as the gauging of the sub-symmetry on A that is generated
by the simple constituents of €. This physical perspective was introduced in the context
of an ordinary 1-form symmetry A, corresponding to the fusion 2-category C = 2Vecyy,
in [36]. The interpretation of condensation defects when gauging a finite non-abelian group
G in three dimensions, corresponding to the fusion 2-category C = 2Rep(G), was discussed
further in [51-53].

Since there are no non-trivial networks of topological lines on S2, objects related
by condensation correspond to topological surface defects that become equivalent when
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B + A

Figure 24.

wrapped on S2. In particular, objects related by condensation have the same dimension.
We may thus equivalently think of 7y(C) as enumerating classes of simple topological
surfaces that become indistinguishable on S2.

Lastly, we consider the 1-endomorphism category

QC := 1-Endc(1), (3.9)

which is an ordinary fusion 1-category due to the tensor unit 1 € C being a simple object
of C. We then define the first homotopy group of C to be

m(C) = m(QC), (3.10)
which captures isomorphism classes of simple genuine topological line defects.

3.2 Twisted sector operators

We now consider I-twisted sector local operators, which are local operators O attached to
an outwardly oriented topological line defect u € Q2C. Local operators of this type are said
to be in the p-twisted sector. The local operators need not be topological and correlation
functions may depend on where they are inserted.

By analogy with section 2, we denote by

F(u) € Vec (3.11)

a finite-dimensional vector space spanned by local operators in the u-twisted sector. The
reason for this notation will again be explained momentarily.

Figure 25.
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A topological symmetry defect B € C may act on 1-twisted sector local operators
O € F(u) by linking with a small S?, as shown in figure 25. Due to the attached topological
line p, this requires specifying a 2-morphism

Beu

B B (3.12)

D

v B

that determines how the surface B intersects the line p and transforms it into a new line
v. Upon shrinking the 2-sphere, the pair (B, ¥) then induces a linear map

F 222 F) (313

from the p-twisted to the v-twisted sector.
These linear maps must be compatible with the consecutive action of two topological
symmetry defects A and B in the sense that the diagram

\/‘ (3.14)
FA® B, P+ V)
commutes, where the 2-morphism ® x ¥ is defined by the diagram
A®(B®w)
A®(reB)
(A®B)®pu
(3.15)
(ARr)®B
ER(A®B)
(E®A)®B

Despite its fearsome appearance, this condition simply states that acting with A and B
consecutively is equivalent to acting with their fusion A ® B, as illustrated in figure 26.
Finally, the action of topological symmetry defects on 1-twisted sector local operators
must be compatible with the possibility to move topological lines around the encircling S2.
Concretely, consider a configuration as on the left-hand side of figure 27, where two surface
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= A®B

Figure 26.

defects A and B that are connected by a 1-morphism + : A — B link a local operator O
in the p-twisted sector via a specified 2-morphism

7@ p

A B (3.16)
S .

vy

By moving the topological line interface v around the 2-sphere towards N from the left
and from the right, we can either regard this configuration as

1. the defect A acting on O via the intersection 2-morphism & defined by

7
?/@ @\\ A
2 O (3.17)
X7y A/ VA 7

2. the defect B acting on O via the intersection 2-morphism ¥ defined by

B

v

(3.18)

vy



Since both configurations are physically equivalent, the corresponding linear actions on O
must coincide in the sense that

F(A,®) = F(B,T). (3.19)

This is illustrated on the right-hand side of figure 27.

Figure 27.

For fixed topological lines 1 and v, the above relations generate an equivalence relation

~ on the vector space

P 2-Homc(ldp ® p,v @1dp), (3.20)
BeC

which relates configurations acting identically on 1-twisted sector local operators as a con-
sequence of placing the topological defects on S2. We will denote the equivalence class of
a pair (B, V) under ~ by [B, V] in what follows.

3.3 Tube representations

We now formulate the above action of the symmetry category C on 1-twisted sector local
operators in terms of representation theory. We introduce the tube category T g2C and tube
algebra Ag2(C) and show that their linear representation theory captures the structures
presented above. This is a natural generalisation of the fact the local operators transform

in representations of a finite symmetry group in three dimensions.

3.3.1 Tube category

We first introduce the tube category Tg2C, which is a finite semi-simple category whose
objects are 1-twisted sectors and morphisms are actions of topological symmetry defects
on l-twisted sector operators via linking with S2.

This has the following explicit description:

e Its objects are those of C, Ob(Tg2C) = Ob(02C).

e [ts morphism spaces between objects u,v € Tg2C are given by

Homr ,c(p,v) = (@ 2—Homc(IdB®u,u®IdB))/ ~ (3.21)
BeC
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with ~ as described in the previous sub-section. More concretely, morphisms between
p and v in Tg2C are linear combinations of equivalence classes of pairs

1B.Y (3.22)

I

consisting of an object B € C and a 2-morphism

U € 2-Homc(Idg ® p,v @ Idp) . (3.23)

e The composition of morphisms

1 1B, Y] v 14, 9] ¢ (3.24)

is defined by the composition law
[A,®] o [B,V] := [A® B, & * V] (3.25)
with the 2-morphism ® x ¥ defined as in (3.15).

There is again an inclusion functor 2C < Tg2C whose image corresponds to morphisms
with B = 1. The tube category Tg2C is obtained by horizontal compactification of QC
on S?%: it has the same objects as 2C but additional morphisms from intersections with
topological surfaces wrapping S2.

The above definition of morphism spaces as a quotient allows for a clean physical
interpretation in terms of symmetry defects acting on 1-twisted sectors, but may be abstract
in view of concrete computations. Similarly to two dimensions, there exists a more concrete
but less canonical description in terms of simple objects of C, although this is now slightly
more intricate. Concretely, there is an isomorphism

HomTl(:(M? y) >~ @ 2-H0mC(IdS & M, v ® Ids) ’ (326)
[S] € m0(C)

where the sum is over a collection of representatives S of connected components [S] € 7y(C)
of C. A schematic proof of this isomorphism is presented in appendix A.2. From a physical
perspective, this captures the intuitive fact that the action of a generic symmetry defect on
1-twisted sector operators is completely determined by the action of its simple constituents.
Furthermore, the latter only need to be considered up to condensation, since condensations
become trivial on S2.

With the above definitions in hand, the collection of vector spaces (3.11) and lin-
ear maps (3.13) together with the compatibility conditions (3.14) and (3.19) can now be
summarised conveniently as a functor

F 1 Tg2C — Vec. (3.27)

In other words, 1-twisted sector local operators transform in linear representations of the
tube category Tg2C.
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We again denote the category of all such linear representations by
[Ts2C, Vec]. (3.28)

This is the idempotent or Karoubi completion of T g2C and has the structure of a symmetric
braided fusion category. The fusion structure captures the action of C on products of 1-
twisted sector local operators supported at separated spacetime points. The reason for
a symmetric fusion structure is that the configuration space in three dimensions is now
homotopic to S2.

3.3.2 Tube algebra

There is an equivalent formulation of the above representation theory in terms of the tube
algebra Ag2(C). This is the finite semi-simple associative algebra

Ag2(C) = Ende2c( D a> , (3.29)
[o] € m1(C)
where the sum ranges over a collection of representatives o of isomorphism classes [o] €
71(C) of simple topological lines in C. The algebra product is again determined by the
composition of morphisms in Tg2C.
Any representation F : Tg2C — Vec of the tube category then determines a represen-
tation of the tube algebra Ag2(C) on the vector space

Vo= f(@ 0) (3.30)

[o]

by sending algebra elements
ac€ A (C) — F(a) € End(V). (3.31)
This sets up an equivalence of symmetric fusion categories
[Ts2C, Vec] = Rep(Ag2(C)). (3.32)

From either perspective, this provides a complete description of the representation theory of
a spherical fusion 2-category symmetry C on 1-twisted local operators in three dimensions.
We will again uniformly speak of tube representations in what follows.

3.4 Sandwich construction

We now rephrase the above construction of tube representations in the context of the
sandwich construction. This is realised by a symmetric equivalence of the category of tube
representations and the category of topological lines in the associated four-dimensional
Turaev-Viro theory TVc.

The latter is the looping

TVc(S?) = C = QZ(Q) (3.33)
S2

of the Drinfeld center of the fusion 2-category C. From the explicit description of 1-
morphisms in Z(C) [113] (see also references [99, 114] for additional presentations), an
object in QZ(C) is given by a pair p = (w,T) consisting of
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1. an object w € QC,

2. a collection T' of 2-morphisms
B®w

7N

B B (3.34)

LS

w®B
for each object B € C, subject to suitable coherence conditions [99].

Note that there is a forgetful functor F' : QZ(C) — QC that discards the information of
the additional 2-morphisms 7" and sends p — F(p) = w.

To each object p € 2Z(C), we can associate a tube representation F, € [Tg2C, Vec] by
defining the functor F,, as follows:

e To an object u € QC it assigns the vector space

Fp(p) = 2-Homc(w, ). (3.35)
e To a morphism [B, V] € HomT,c(u, v) it assigns the linear map

Fplp) M Fp(v) (3.36)

that sends O € 2-Homc(w, 1) to O’ € 2-Homc (w, v) defined by the diagram®

8Here, we use the existence of canonical isomorphisms

2-Homc (Id5 ® w, w ® Id) = 2-Homc(¢g ow, [Idg ® (w ® Idg)] o €5)

3.37
2-Homc(Idp @ p, v ® Idg) = 2-Homc(rp o [ldg ® (p®1Idg)], vorg) (3.87)

that are induced by the (co)evaluation 2-morphisms of C. Their usage is left implicit when applied to the
morphisms Tz and ¥ in (3.38).
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(3.38)

We expect that, up to equivalence, every tube representation is of the form F = F, for
some p € 2Z(C) and that the mapping p — F,, extends to an equivalence

NZ(C) = [TgC, Vec]. (3.39)

of symmetric fusion categories.

Let us now explain the picture underpinning this equivalence. We first put forward an
intrinsically three-dimensional perspective generalising the categorical perspective in our
previous work [80], before explaining the interpretation in the four-dimensional sandwich
construction.

In the intrinsically three-dimensional perspective, local operators O in the p-twisted
sector are viewed as junctions between an auxiliary topological line defect w and p, as
illustrated in figure 28. We then have the following interpretation:

o F,(u) is identified with 2-Homc (w, ).

e The action of a morphism [B, ¥] is obtained by surrounding O with a spherical surface
B intersecting the auxiliary line w via the associated component 2-morphism of 7.
Shrinking the sphere induces the linear map F,(B, V) : F,(u) = Fp(v).

In the sandwich construction, we instead view a three-dimensional theory 7 with spher-
ical fusion 2-category symmetry C as an interval compactification of the four-dimensional
topological theory TV . Endomorphisms of the identity in the Drinfeld center are identified
with the symmetric fusion category of topologigical lines

TVc(S?) == [ C = QZ(0), (3.40)
5'2

— 38 —



Figure 28.

which is what the four-dimensional topological theory associates to S?. The left boundary
condition is the canonical gapped boundary condition B¢ with bulk-to-boundary functor
F : Z(C) — C, while the right boundary condition By contains informations about the
theory 7. This is illustrated in figure 29.
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P N !
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o | : 5 o
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, ’¢’ L :z_' ______________ 3 ’¢’
T B¢ ['Vc Br
Figure 29.

A tube representation F, € [Tg2C, Vec] with underlying vector space F,() given by
2-Homc (w, ) now corresponds to local operators on the gapped boundary condition B¢
that sit at the junction between a bulk topological line p = (w,T) € QZ(C) and a boundary
line p € QC.

3.5 Example: 2-group symmetry

Let us now consider finite 2-group symmetry G with 't Hooft anomaly A°. This corresponds
to the spherical fusion 2-category symmetry C = 2Vecé. For concreteness, we specialise
here to a split 2-group symmetry'® G = (G, A, p) consisting of

1. a finite O-form symmetry group G,

2. a finite abelian 1-form symmetry group A,

9A discussion of ’t Hooft anomalies for finite 2-group symmetries can be found in [115, 116].
10This is sometimes also written as G = A[1] x, G.
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3. a group action p: G — Aut(A) of G on A.

Furthermore, we restrict attention to a mixed 't Hooft anomaly between the 0-form and
the 1-form component specified by a normalised 2-cocycle

.
e Z2(G,A), (3.41)

where A := Hom(A, U(1)) denotes the Pontryagin dual of A.
We show that the associated tube algebra is the twisted groupoid algebra

Ag2(C) = *Ncla/,aq). (3.42)

where 6()\) denotes a groupoid 2-cocycle constructed from the 't Hooft anomaly A. The
linear representation theory of this tube algebra provides a concrete description of topo-
logical lines in the associated four-dimensional theory TV ¢, which is the four-dimensional
Dijkgraaf-Witten theory constructed from G, .

3.5.1 Symmetry 2-category

The symmetry category C = 2Vecé is the spherical fusion 2-category of G-graded 2-vector
spaces with 2-associator twisted by the presence of the 't Hooft anomaly \ € Z'%(G,A).
It has the following explicit description:

e The simple objects up to condensation'! are one-dimensional G-graded 2-vector
spaces 1, with graded components (14)p, = d44. Their fusion is given by

Ig®1, = 1gp (3.43)
with trivial associator and pentagonator.
e The 1-morphism spaces between simple objects are fusion categories
1-Hom(14,14) = 64 - Vecy , (3.44)

whose simple objects are one-dimensional vector spaces C, with graded components
(Ca)p = dap - C. The fusion of 1-morphisms C, € 1-End(1,) and C, € 1-End(1;) is
given by

Co ® Cp = Cp.0p € 1-End(14n) , (3.45)

where 9b := py(b) denotes the action of g € G on b € A.

e The 2-associator for the fusion of 1-morphisms is given by

(Cu@Cb)@C('

SN

1,(/®1/1®1A‘ l!l®1/1®1k (3.46)

~—

(C([ ® <C[)®C(>

HThese are condensation defects for the 1-form symmetry A.
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In physical terms, simple objects up to condensations are topological surfaces generat-
ing the 0-form symmetry G, while simple 1-endomorphisms are topological lines generating
the 1-form symmetry A. They correspond to the homotopy groups mo(C) and 71(C), re-
spectively.

Furthermore, passing a line a € A through a surface g € G transforms it into a new
line pg(a) € A determined by the homomorphism p : G — Aut(A). Passing a line a € A
through the fusion of two surfaces labelled by g,h € G generates a multiplicative phase
determined by the ’t Hooft anomaly A. This is illustrated in figure 30.

gh ab

g h a

Figure 30.

3.5.2 Tube algebra

The associated tube algebra is generated by equivalences classes of pairs [B, V] where
B =1, and ¥ has a single graded component

1(] ® C(l

lg lg (3.47)

N

C(U(l) ® ]‘(j

From a physical perspective, this corresponds to intersecting a topological line a € A with
a surface defect g € G, whereupon the former is transformed into the line 9a := py(a).
Note that the generators do not include contributions from condensations for the 1-form
symmetry A, which become trivial on S2.
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Continuing our notation from two dimensions, we denote the above generators by
(<% a). Using the definition (3.25), their algebra product can be determined to be

(La) o (b = 6,n - B(N(g,h) - (), (3.48)

where the multiplicative phase is given by
(M) (g,h) = (A(g,h),?"b) . (3.49)

As a consequence of the 2-cocycle condition obeyed by A, it satisfies

which ensures that the algebra product in (3.48) is associative. Furthermore, equation
(3.50) defines a 2-cocycle

~ 1, (3.50)

o(\) € Z*(A/,G,U(1)) (3.51)

on the action groupoid A//, G associated to the group action p : G — Aut(A).
In summary, the tube algebra can be identified with the twisted groupoid algebra

Ag(C) = "Nejay,al. (3.52)

3.5.3 Tube representations

A general tube representation F is a collection of finite-dimensional complex vector spaces
Vo := F(C,) together with linear maps

L g
v, Ra(g) = F((+—a)) Viow (3.53)

satisfying the composition rule
Ra(g) o By(h) = b4np - Ou(N)(g,h) - Ry(gh). (3.54)

This collection of data can be viewed as a vector bundle over the group A equipped with
a projective G-action that acts on the base via the group action p.

From the composition rule (3.54), it is clear that any tube representation F will de-
compose as a direct sum of representations supported on G-orbits in A. Let us therefore fix
an orbit [a] € A/G with representative a € A. If we restrict to group elements g, h € C,(QG)
in the stabiliser of a, the composition rule becomes

Ra(g) © Ra(h) = 0a(M)(g,h) - Ra(gh). (3.55)

Consequently, the map
R, : Cu(G) — End(V,) (3.56)

defines an ordinary projective representation of C,(G) with 2-cocycle

0.(N\) € Z%(C,(@),U(1)). (3.57)
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A tube representation supported on [a] € A/G is then irreducible if the associated pro-
jective representation R, of Cy(G) is irreducible. Conversely, any irreducible projective
representation of C,(G) determines an irreducible tube representation by induction.

In summary, the irreducible tube representations are determined by

1. a group element a € A,

2. a projective representation of C,(G) with 2-cocycle
0a(A)(g,h) = (Ag,h),a) . (3.58)

Up to equivalence, this data depends only on the orbit [a] € A/G and the group cohomology
class [0,()\)] € H?(Cy(G),U(1)). Note that tube representations supported in the identity
orbit [e] € A/G reproduce the fact that genuine local operators transform in representations
of the 0-form symmetry group G.

The above then sets up an equivalence

Rep(*VC[A//,G]) = QZ(2Vec)) (3.59)

between representations of the twisted groupoid algebra and topological lines in the four-
dimensional Dijkgraaf-Witten theory constructed from G, A, which is the four-dimensional
topological theory TV associated to the symmetry category C = 2Vecé.

3.5.4 Gauge Theory

Consider a pure gauge theory in three dimensions with a compact connected, simple gauge
group G. This has an anomaly-free split 2-group symmetry given by the automorphism
2-group of G

e Its O-form component is charge conjugation symmetry G = Out(G). Group elements
are equivalence classes [f] € Out(G) of automorphisms f € Aut(G) modulo inner
automorphisms. Thus [f] = [f'] iff f' = f o conj, for some g € G.

e Its 1-form component is the electric 1-form symmetry A = Z(G).

e The action p : G — Aut(A) of outer automorphisms [f] € Out(G) on central group
elements z € Z(G) defined by pjf(2) = f(2).

The 1-twisted sector local operators are fractional monopole operators on which topological
Gukov-Witten line defects end. They will transform in irreducible tube representations of
the automorphism 2-group.

Let us focus on G = Spin(4N) gauge theory with electric 1-form symmetry A = ZoxZs,
whose two factors are interchanged by the action of charge conjugation G = Zs. The
automorphism 2-group is therefore G = (Zg x Z2)[1] X Z2. Let us denote the generator of
charge conjugation symmetry by ¢ and the generators of the 1-form center symmetry by a
and b, so that “a = b. There are five irreducible tube representations:
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e There are four one-dimensional tube representations corresponding to a choice of
1-dimensional orbit {1}, {ab} and an irreducible representation of the stabiliser Zs.

e There is one two-dimensional tube representation corresponding to the 2-dimensional
orbit {a, b} with trivial stabiliser.

The one-dimensional tube representations simply capture the charge of fractional
monopole operators in the untwisted and ab-twisted sectors that are invariant under charge
conjugation symmetry. The two-dimensional tube representation captures a pair of frac-
tional monopole operators in the a-twisted and b-twisted sectors that are exchanged under
charge conjugation. An example of the latter is given by fractional monopole operators
labelled by the spinor representations St and S~ of G = Spin(4N).

These irreducible tube representations are in 1:1-correspondence with irreducible rep-
resentations of the finite group Ds. This is not a coincidence. Upon gauging the 1-form
symmetry A = Zy X Zg, we obtain a PSO(4N) gauge theory with symmetry group Dg
combining charge conjugation and the dual Zs X Zs magnetic symmetry. The fractional
monopole operators become genuine monopole operators after gauging and therefore trans-
form in irreducible representations of Dsg.

3.6 Example: Ising-like symmetry

The analysis of tube representations for a 2-group symmetry in three dimensions provides
a stepping stone to a vast number of non-invertible symmetries. Beginning with a three-
dimensional theory with 2-group symmetry G and 't Hooft anomaly «, we may gauge an
anomaly-free 2-subgroup H C G with trivialisation «|y = d¢, which generates the class of
group-theoretical fusion 2-categories

C = CG,a|H,9), (3.60)

introduced in [52]. This provides many non-invertible examples whose structure is simple
to determine using group-theoretical techniques.

The above symmetry categories all arise as gapped boundary conditions of a common
four-dimensional Dijkgraaf-Witten theory associated to G and a.. In other words, TV is the
same four-dimensional Dijkgraaf-Witten theory for all group theoretical fusion 2-categories
with fixed G, a. In particular, they share a common Drinfeld center. Thus, while the as-
sociated tube categories Tg2C and tube algebras Ag2(C) may be wildly different, their
categories of tube representations are equivalent. In practice, this highly non-trivial equiv-
alence may be determined explicitly by tracking tube representations under the gauging of
2-subgroups H C G.

3.6.1 Ising-like symmetry category

In the following, we will content ourselves with a simple example of a group-theoretical
fusion 2-category that shares some similarities with the Ising fusion category in two dimen-
sions. Let us start from a theory with ordinary group symmetry G = Dg & Dy X Zo and
symmetry category C = 2Vecp,. There are no 1-twisted sectors and tube representations
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are simply representations of Dg describing the transformation behaviour of genuine local
operators.

We now gauge the non-normal subgroup H = Zs. This results in the non-invertible
group-theoretical fusion 2-category

C = 2Rep(D4[1] X Zz) . (361)

A summary of this 2-category can be found in [52]. Here, we content ourselves with the
following brief description:

e There are three connected components my(C) = {1,V, D}, whose fusion rules on S?
(obtained by setting condensations to be trivial) are given by

VeV =1, VeD =D, DD =16V. (3.62)
Note that V' generates an unbroken Zy 0-form symmetry.
e The associated 1-endomorphism categories are given by
1-Endc(1) = 1-Endc(V) = Vecy,, Endc(D) = Vec. (3.63)

The first two are generated by a non-trivial topological line « which is the non-
trivial Wilson line for the gauged Zs-symmetry. In particular, m1(C) = {1,v}. The
restriction of v onto D gives the identity line on D.

3.6.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B, V] correspond-
ing to the following combinations of an object B and an intersection 2-morphism W:

e For € m(C), we denote by <1¢u> the case B =1 and ¥ =1d,.
e For p € m(C), we denote by <V¢M> the case B =V and ¥ = 1d, ® Id?..
e For p,v € m(C), we denote by <D¢:> the case B = D and ¥ = Id%,.

The algebra product of these generators can be computed using (3.15) and knowledge of
the 2-associator. For example, we find

(e o (e = (1),
p # o (3.64)
(7)o (pekT) = (1) + () (vE).

Note that these show similarities to the tube algebra of the Ising category in two dimensions
and are compatible with the fusion rules on S2.
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3.6.3 Tube representations

We now describe the tube representations. On general grounds, irreducible tube repre-
sentations are in 1:1-correspondence with irreducible representations of Dg. They may be
determined by starting from genuine local operators in the theory with Dg symmetry and
gauging the non-normal subgroup Zs C Dg. The five irreducible representations of Dg then
translate into the following tube representations:

e There are two one-dimensional irreducible tube representations .Fli with untwisted
sector Fir(1) = C and non-trivial generator actions

FE(E) <1 F () - +vE, (369

These correspond to genuine local operators that are not charged under the Zs sym-
metry generated by V and that remain genuine after the action of D.

e There are two one-dimensional irreducible tube representations f,;t with untwisted
sector ]:f(y) = C and non-trivial generator actions

FE(vED) = -1, FE(PED) = +v2 (3.66)

These correspond to y-twisted sector local operators that are charged under the Zs
symmetry generated by V and that remain twisted sector operators after the action
of the non-invertible defect D.

e There is one two-dimensional irreducible tube representation F with twisted sectors
F(1) = F(y) = C and non-trivial generator actions

s - (0] FweaEn - (00)

(3.67)
reaz) = (o). e - (37)-

This corresponds to an untwisted and a ~-twisted sector local operator which are
charged under the Zo symmetry generated by V and exchanged by the action of the
non-invertible defect D.

Note that there are no one-dimensional tube representations with a genuine local operator
charged under the Zo symmetry generated by V. Such a local operator must be transformed
into a y-twisted operator under the action of the non-invertible symmetry defect D.

3.6.4 (Gauge theory

The above scenario is straightforward to realise in the context of gauge theory. Starting
with a three-dimensional pure gauge theory with gauge group G = PSO(4N), we have an
ordinary symmetry group G = Dg = D4 X Zy consisting of
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e magnetic symmetry 71(G)Y = Dy,
e charge conjugation symmetry Out(G) = Zo.

This theory has genuine monopole operators labelled by representations of the Langlands
dual group G = Spin(4N), which transform in irreducible representations of Dg. For
example, consider the pair of genuine monopole operators ST and S~ labelled by the
spinor and conjugate spinor representations of Spin(4N). They are charged under the two
factors of the magnetic symmetry D4 = Zo X Zs respectively and exchanged under charge
conjugation. This is the two-dimensional irreducible representation of Dg.

Now gauging the non-normal charge conjugation subgroup Zy C Dg results in a gauge
theory with gauge group G’ = PO(4N), whose symmetry category is of the aforementioned
Ising-like non-invertible type. Concretely, the diagonal combination in Dy = Zs X Zo
remains an invertible Zo symmetry generated by V', while the broken combination becomes
the non-invertible symmetry D.

The genuine monopole operators charged under charge conjugation now become frac-
tional or twisted sector monopole operators and transform in irreducible tube representa-
tions as above. For example, we have that

e ST+ .5~ remains an untwisted monopole operator,
e ST — 8~ becomes a y-twisted monopole operator.

They are both charged under the Zy symmetry generated by V and exchanged by the
non-invertible symmetry D. This is precisely the two-dimensional irreducible tube repre-
sentation described above.

3.7 Example: braiding lines
Let us now consider a three-dimensional theory with topological lines described by a braided
fusion 1-category B. This corresponds to symmetry 2-category

C = Mod(B). (3.68)

Fusion 2-categories of this type are connected in the sense that mo(C) = {1}. In other
words, the only topological surfaces are condensations obtained by condensing topological
lines in B on the identity surface.

The braided fusion category B is equipped with isomorphisms

T R% v (3.69)

for each p, v € B that describe the braiding of topological lines, as illustrated on the left of
figure 31. The Miger center Z2(B) C B is then defined as the sub-category of lines ( € B
that braid trivially in the sense that the diagram
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QT
p®G RS (3.70)

commutes for all 4 € B, as illustrated on the right-hand side of figure 31. This is related
to the Drinfeld centre of the symmetry category by the symmetric equivalence

QZ(C) = 2,(B), (3.71)

KK

W wov v

as discussed in [117].

Figure 31.

We therefore conclude that for a connected fusion 2-category C = Mod(B) there is an

equivalence
[Ts2C, Vec] = Z5(B) (3.72)

between the representations of the tube category of C and the Miger center of B. From a
physical perspective, this equivalence simply captures the fact that topological lines with a
non-trivial braiding cannot end, and are thus obstructed from having twisted sectors. The

two extreme cases of this are as follows:

e B is non-degenerate if Z5(B) = Vec. In this case, all topological lines braid and there
are no twisted sector local operators. Tube representations simply correspond to the
vector spaces of genuine local operators.

e B is symmetric if Z5(B) = B. In this case, there are no constraints on twisted sector
local operators and tube representations simply enumerate the vector spaces of local
operators on which topological lines end.

In all cases, the tube representations or objects in Z2(B) simply enumerate the possible
non-trivial twisted sectors.

A straightforward explicit example is an anomalous 1-form symmetry A, in which case
all topological lines are invertible. This corresponds to choosing B = Vec?4 for an abelian
group A and an abelian 3-cocyle

q € Z3.(A,U(1)). (3.73)
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The associated fusion 2-category may be denoted C = 2Vec?4[1], where by an abuse of nota-
tion the 't Hooft anomaly ¢ is now regarded as a quadratic form for the 1-form symmetry
A via the chain of isomorphisms

H3 (A,U(1)) =2 HY(B?A,U(1)) = Hom(T'(A),U(1)). (3.74)
The associated Miiger center is simply given by
Z5(Vec,) = Vecy., (3.75)

where A+ C A denotes the orthogonal complement of A with respect to the symmetric
bilinear form

(a,b), = (3.76)

induced by the quadratic form q.

The two extreme cases are as follows. If the 1-form symmetry A is completely anoma-
lous (meaning (.,.), is non-degenerate), there are no twisted sectors. If on the other hand
the 1-form symmetry is anomaly-free (meaning (.,.), is trivial), there are no constraints
on twisted sectors.

A non-invertible example is the symmetric braided fusion category B = Rep(G). The
corresponding symmetry 2-category C = 2Rep(G) is obtained by gauging a finite non-
abelian symmetry group G in three dimensions [51, 52]. In this case, Z2(B) = Rep(G) and
there are no constraints on twisted sectors: tube representations simply enumerate twisted
sectors for topological Wilson lines.

4 Three dimensions: line operators

In this section, we continue studying a theory with a spherical fusion 2-category symmetry
C in three dimensions. However, we now consider the action on twisted sector line defects
attached to topological surfaces.

We will motivate and introduce the tube 2-category Tg1C and tube 2-algebra Ag:(C)
associated to the manifold S! linking a line in three dimensions. We show that twisted
sector line defects transform in irreducible 2-representations thereof, which are in 1:1-
correspondence with topological surfaces in the sandwich construction. We propose that
this extends to an equivalence

[Tg:1C,2Vec] = TVc(S!) = / C = 2(Q). (4.1)
Sl

of braided fusion 2-categories.

We illustrate these ideas in two examples. The first is a finite 2-group symmetry with ’t
Hooft anomaly, in which case the tube 2-algebra is a higher analogue of a twisted Drinfeld
double (this includes ordinary finite O-form and 1-form symmetries). The second describes
general non-invertible topological lines captured by a braided fusion category.
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4.1 Twisted sector lines

We consider 2-twisted sector line defects, which are line defects L attached to an oriented
topological surface X € C, as illustrated in figure 32. Line defects of this type are said
to be in the X-twisted sector. The line defects themselves need not be topological and
correlation functions may depend on where they are inserted.

L

Figure 32.

Following the perspective introduced in our previous work [80], any finite collection of
such simple line operators L may be regarded as a 2-vector space

F(X) € 2Vec. (4.2)

It is convenient (but not necessary) to assume that the line operators are reduced. Up to
equivalence, the 2-vector space F(X) is then completely determined by the cardinality of
the collection of line operators under consideration.

The action of a spherical fusion 2-category C on 2-twisted sector line operators now has
two layers of structure, corresponding to wrapping with topological surfaces (i.e. objects
of C) and linking with topological lines (i.e. 1-morphisms in C). We will consider the two

actions in turn.

4.1.1 Wrapping action

Topological surface defects B € C act on X-twisted sector lines L € F(X) by wrapping
them with a cylinder C? = R x S', as shown on the left of figure 33. Due to the topological
surface X attached to L, this requires a choice of 1-morphism

BoX ——> Y®B (4.3)

that specifies how B intersects X and transforms it into a new surface Y.
Upon shrinking the cylinder down onto L, we generate a point-like junction between
L and a line K in the Y-twisted sector, as illustrated on the right of figure 33. The set of
topological operators O at this junction forms a finite-dimensional vector space, which we
denote by
.F(B, w)K,L € Vec. (4.4)

By scanning over L and K, we then obtain a matrix F(B,) of vector spaces determined
by the pair (B, ), which we interpret as a 1-morphism
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Y
B
b K
Figure 33.
F(X) TBY) F(Y) (4.5)

in the 2-category 2Vec of 2-vector spaces.
The compatibility of this 1-morphism with the consecutive action of two symmetry
defects A and B is now implemented by a 2-morphism

}"(Bwb)/> ]:(Y)\]:anSD)

FX) Pagly T2 (4.6)

FARB,p o)

where the 1-morphism ¢ ® 9 is defined analogously to equation (2.9). Physically, this is
interpreted as the matrix of linear maps that relate the consecutive wrapping action of A
and B to the wrapping action of A ® B, as illustrated in figure 34.

There is now further additional structure corresponding to the fact that the 2-morphisms
Fy,0| B,y themselves must be compatible with the consecutive action of three symmetry
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Figure 34.

defects A, B, C. Concretely, we demand that the diagram

F(A®B)®C, (p0O9)Ox)

FaoBpov|Cx

F(ARB, pov)
F(X) /_\]—“(Z)
FICY) NI

F(B,v) / F(A, p) (4.7)

a2
B|Cx

F(BRC,Y®X)

FA’SDB%\/

F(AS(BRC), 90 (1OX))

2-commutes, where we regard .F(a(A, B,C), T4 By ij) as a 2-morphism in 2Vec that
is induced by the associator a(A, B, C) and the 2-morphsim I' 4 ,| g | ¢,y defined through
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the diagram'?

((AB

y \
(pOY)OX

(AB)(XC) A)B)C
Z®o(A,B,C)
O w
(AB)(CW) A B,CYeW ( A)(BC)
A(B(XC)) AY)B)C
BX)() W (A(YB))C
B(CW))
\ A(YB)C) /

(BCYW) .

(4.8)
This rather formidable condition simply captures that fact that the two ways to parenthe-
sise the wrapping action of three topological surfaces A, B and C' are naturally equivalent,
as illustrated graphically in figure 35.

4.1.2 Linking action

In addition to wrapping with a topological surface, we may link L with a topological line
0 : B — B’ forming an interface between topological surfaces B and B’, as shown on the
left-hand side of figure 36.

Due to the 1-morphisms 1) and 7’ attached to the intersections of B, B’ and X, this

12Tn order to maintain readability of the diagram, we omitted the monoidal structure ® in denoting the
fusion of objects in C.
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A®(B®C)

Figure 35.

K p

Figure 36.
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requires an additional choice of 2-morphism

Y®B

ARy

B® X Y @B (4.9)
5@)& //
B @ X

that describes how § intersects v and 1)’

Upon shrinking the cylinder down to L, we again obtain the vector space F(B, )k, 1, of
topological local operators O at the junction between L and a new line K in the Y-twisted
sector, as illustrated on the right-hand side of figure 36. These operators can now be acted
upon by sliding the 1-sphere formed by ¢ down onto O from the right. The pair (6, ©) thus
induces a linear map

]:(67@)1(,[/ : ]:(B7w)K,L — I(B/7¢/)K,L- (410)

By scanning over L and K, we then obtain a matrix F (4, ©) of linear maps determined by
the pair (0, 0), which we interpret as a 2-morphism

F(X) F(6,0) F(Y) (4.11)

F(B'4)

in the 2-category 2Vec of 2-vector spaces.

These 2-morphisms must be compatible with the possibility to link L with two parallel
line defects § and ¢’ as illustrated in figure 37. Mathematically, this is implemented by the
2-commutativity of the diagram

Fx) FBW) L Fy) (4.12)
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Figure 37.
where the 2-morphism O’ ¢ © is defined by the diagram

Y®B

P
X@é
B®X

Y ®(8'006)

Q

Y®B//

(5/0 0)® %//

B//®X

(4.13)

Physically, this condition simply states that linking L with two parallel line defects ¢ and

' is equivalent to linking with their composition § o ¢’, as illustrated in figure 37.

Moreover, the 2-morphisms F (9, ©) also need to be compatible with the possibility to
link L with two line defects o and § consecutively as illustrated in figure 38. Mathematically,
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A/®B/

Figure 38.

this is implemented by the 2-commutativity of the diagram

F(ARB, p®1)

(4.14)

F(B',4) \\ FAL Y
FA/,cp/|B’,’L/J/ /,’ /,’

FA' @B, ¢ oy
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where the 2-morphism Q2 ® © is defined by the diagram

(Z®A)®B
(ARY)®B
Z®(A®B)
(ZoA)@B'
YA 0®6
Z®(A'®B')
A® ¥'© (ZoA®B'
AR (Y @B (A
(AoBoX
A®(B'®X) (AeY)eB
Ae(YeB)

A'®(B'®X)

(4.15)
Physically, this condition simply states that linking L with two line defects o and § con-
secutively is equivalent to linking L with their fusion o ® 4, as illustrated in figure 38.

4.1.3 Equivalence relations

The action of topological surfaces and lines on 2-twisted sector line defects must be compat-
ible with the possibility to move topological lines and their junctions around the cylinder
C? =2 R x S'. This will generate equivalence relations that identify configurations acting
in the same way on 2-twisted sector line defects. There are now two layers of structure,
corresponding to the wrapping with surface and the linking with line defects, which we
consider in turn.

First, the wrapping action of topological surface defects must be compatible with the
possibility to move parallel topological lines around the cylinder C2. Concretely, consider
a configuration as on the left-hand side of figure 39, where two topological surfaces A and
B connected by a line interface v : A — B wrap a line operator L in the X-twisted sector
via a specified 1-morphism
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BoX —s YoA. (4.16)

By moving the topological junction v around the cylinder towards 7 from the left and from
the right, we can either regard this configuration as

1. the defect A wrapping L via the intersection 1-morphism ¢ = no (v ® X),
2. the defect B wrapping L via the intersection 1-morphism ¢ = (Y ® v) on.

Since both configurations are physically equivalent, the corresponding wrapping actions on
L must coincide in the sense that

F(A, o) = F(B,y). (4.17)

This is illustrated on the right-hand side of figure 39.

Figure 39.

Second, the linking action of topological line defects must be compatible with the ability
to move topological point-like junctions around the linking S'. Consider the configuration
on the left-hand side of figure 40, which can be described as follows:

e In the front, the line operator L is wrapped by two surfaces A and B that are
connected by a line interface v : A — B and intersect the attached surface X via a
specified 1-morphism

BoOX —> Y®A. (4.18)

e In the back, the line operator L is wrapped by two surfaces A’ and B’ that are
connected by a line interface 7' : A’ — B’ and intersect the attached surface X via a
specified 1-morphism

)
BeX - veA, (4.19)

e In the middle, the surfaces A, A’ and B, B’ are connected by line interfaces o : A — A’
and § : B — B’. At the bottom, these intersect the interfaces v and +' via a specified
2-morphism
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- B

7N
A B
(X\A/4ﬂ

At the top, they intersect n and 1’ via a specified 2-morphism

7/Y®A\{®a

B® X Y @A (4.21)

(5®X\ //
Bax” " .

By moving the parallel topological lines v and + around the cylinder towards 1 and 7’ from

(4.20)

the left and from the right respectively, we can interpret this configuration in the following
two ways:

1. Two surfaces A and A’ connected by a line 0 : A — A’ wrap L via intersection
1-morphisms

p=no(y®X) and ¢ =7no(Y®X). (4.22)

These are intersected by the topological line o via the intersection 2-morphism

X

T
B®X—l+Y®A

Y®o
” N
TRX YA
ARX / \n/
a®h , ,
AX B ®X
Y®X

(4.23)

2. Two surfaces B and B’ connected by a line defect 6 : B — B’ wrap L via intersection
1-morphisms

Y = (Y®y)on and ¢ = (Y®5)on. (4.24)

These are intersected by the topological line § via the intersection 2-morphism
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(4.25)

B'oX __/,)Y®A’
n

Since both configurations are physically equivalent, the corresponding linking actions must

coincide in the sense that
|
F(o,02) = F(0,0). (4.26)

This is illustrated on the right-hand side of figure 40.

Y Y Y
Al B
B !
A =
A

Figure 40.

Similarly to before, for fixed X and Y, we expect the above relations to generate
equivalence relations on pairs (B, 1) and (6, ©). Without providing further details, we will
schematically denote their equivalence classes by [B, ] and [d, ©] in what follows.

4.2 Tube 2-representations

We now formulate the action of the symmetry 2-category C on 2-twisted sector line opera-
tors in terms of higher representation theory. We introduce the tube 2-category T¢1C and
tube 2-algebra Agi(C), building on the results in sections 2 and 3, and show that their 2-
representation theory captures the structures presented above. This incorporates and gen-
eralises the fact that genuine line defects in three dimensions transform in 2-representations
of a finite invertible symmetry [79, 80].
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4.2.1 Tube 2-category

We first introduce the tube 2-category TgiC. This is the finite semi-simple 2-category

whose objects are twisted sectors and whose 1-morphisms and 2-morphisms are actions of

topological surface and line defects on twisted sectors via wrapping and linking respectively.
It has the following explicit description:

e Objects are objects of C, i.e. Ob(Tg1C) = Ob(C),

e 1-morphisms between objects X,Y € TqiC are given by direct sums of equivalence
classes of pairs

x By (4.27)
consisting of an object B € C and a 1-morphism
¢ € Homc(B® X,Y ® B). (4.28)
The composition of 1-morphisms is defined analogously to (2.17).

e 2-morphisms between 1-morphisms [B,¢], [B’,¢'] € Homt_c(X,Y) are linear com-
binations of equivalence classes of pairs

6.6] Y (4.29)

(B, 4]
consisting of a 1-morphism § € 1-Homc¢ (B, B’) and a 2-morphism

© € 2-Homc((Y ® ) o9, ' 0 (6 ® X)) . (4.30)

e The vertical composition of two 2-morphisms

B//, w//

(4.31)

is defined by the composition law

6,0'] 0 [5,0] = [§ 04,0 ¢0 (4.32)
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with the 2-morphism @' ¢ © defined as in (4.13). The horizontal composition of two
2-morphisms

X |lBel v (|l z (4.33)

AV ANG4
B/ (A",

is defined by the composition law

By [Ad
AN N
Jee X A

[0,9] % [6,0] = [o®6, QG 6] (4.34)
with the 2-morphism Q ® © defined as in (4.15).

e The 2-associator for the composition of 1-morphisms is given by

([A, ¢l o [B,9]) o [C.X]

« )
W

Z
w

[A,¢] o ([B,¥] o [C,x])

(4.35)

with the 2-morphism I'y ;| gy |,y defined as in (4.8).

We may now ask whether the 1-morphisms and 2-morphisms admit a simpler but
less canonical description in terms of representatives of homotopy groups of C. Unlike the
analysis in sections 2 and 3, the topology of the cylinder C? = R x S? does not immediately
identify the wrapping action of topological surfaces related by condensation. Nevertheless,
the actions of condensations are determined as follows:

Consider a 2-condensation A = B from A onto B as discussed in equation (3.7).
Physically, wrapping with B can be viewed as wrapping with A together with a network of
topological lines associated to the condensation monad e € 1-Endc(A4). As a consequence,
the wrapping action of B is determined by the wrapping action of A together with the
parallel and the linking action of . This is illustrated in figure 41.

This motivates the proposal that

Wo(l—Hostlc(X, Y)) = I_I TF()(l—HOIIlc(S & X, Y® X)) N (436)
[S] € m0(C)

which states that, up to isomorphism, the wrapping action of generic topological surfaces
is determined by the wrapping action of their simple constituents. Furthermore, up to
isomorphism, the latter only need to be considered up to condensation. We provide further
justification for this proposal in appendix A.3.
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Figure 41.

With the above definition of the tube 2-category T g1 C at hand, the collection of data
in (4.2), (4.5), (4.6) and (4.11) together with the compatibility conditions (4.7), (4.12) and
(4.14) can now be summarised conveniently as a pseudo-2-functor

F: TgC — 2Vec. (4.37)

In other words, line operators in the 2-twisted sector transform in 2-representations of the
tube 2-category Tq1C.
We denote the 2-category of all such linear 2-representations by

[T41C,2Vec]. (4.38)

We expect this is the Karoubi or idempotent completion of the tube category Tg:1C and
has the structure of a braided fusion 2-category. The fusion structure captures the action
of C on products of parallel twisted sector line defects supported at separate points in the
transverse plane. The braided fusion structure arises because the associated configuration
space is homotopic to S*.

4.2.2 Tube 2-algebra

There is an equivalent formulation of the above 2-representation theory in terms of the
tube 2-algebra Agi(C). This is the multi-fusion category

Agi(C) = 1-Endelc( D s), (4.39)
1] € m0(©)

where S runs over a complete set of representatives of connected components of C and the
monoidal structure is given by (horizontal) composition.

From a physical perspective, the restriction to simple objects up to condensation can
be motivated by the fact that, given a condensation A = B from A onto B, we can view
2-twisted sector lines at the end of B as 2-twisted sector lines at the end of A that are
acted upon by the associated condensation monad ¢ € 1-Endc(A). This is illustrated in
figure 42. We will give a more detailed discussion of twisted sectors for condensations in
the context invertible higher group-like symmetries later.
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Figure 42.

Any 2-representation F : Tg1C — 2Vec of the tube 2-category then determines a
2-representation of the tube 2-algebra Agi(C) on the 2-vector space

S = f(@ s) (4.40)

[S]
by sending 2-algebra elements

a€ Ay(C) — Fl(a)€ 1-End(S)

’ 4.41
¢ € Hom(a,b) — F(¢) € 2-Hom(F(a), F(D)). (4.41)

This sets up an equivalence of braided fusion 2-categories
[Ts1C,2Vec] = 2Rep(Ag1(C)). (4.42)

From either perspective, this provides a complete description of the 2-representation theory
of a fusion 2-category symmetry C on 2-twisted sector line operators in dimension D = 3.
We will speak uniformly of tube 2-algebra as tube 2-representations in what follows.

4.3 Sandwich construction

We now rephrase the above construction of tube representations in the context of the
sandwich construction. This is realised by an equivalence between the 2-category of tube 2-
representations and the 2-category of topological surfaces in the associated four-dimensional
Turaev-Viro theory TVc.

The latter is the Drinfeld center

TVc(SY) = C = Z(Q) (4.43)
Sl

of the fusion 2-category C. We begin with a brief summary of the Drinfeld center Z(C)
following [99, 113, 114], before giving an explicit description of the equivalence with tube
2-representations in one direction.

An object in Z(C) is a triple z = (U, 7, X) consisting of

1. an object U € C,
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2. a half-braiding (.) ® U = U ® (.) with component 1-morphisms as in (2.25) and

component 2-morphisms

B i
BU —— U®B

U U®é (4.44)

B/®UT—B/> Uw B’

for each 1-morphism § € Hom¢(B, B'),

3. a modification ¥ with component 2-morphisms

®(B&®U)
NG
(A®B)® ®U®B)

TA®E a(A,U,B)~ (4.45)

®(A®DB) (A®U)®

U/A AB
UeA)®

for each pair of objects A, B € C, subject to suitable coherence conditions [99].

Note that there is a forgetful 2-functor F' : Z(C) — C that discards the information of 7
and ¥ and sends z — F(z) = U. This forgetful functor will become the bulk-to-boundary
map in the sandwich construction discussed below.

To each object z € Z(C) of the Drinfeld centre we can associate a tube 2-representation
F. € [Tq1C,2Vec]| as follows:

e To an object X € T4 C it assigns the 2-vector space F,(X) given by the set of simple
objects in 1-Homc (U, X).

e To a l-morphisms [B, 9] € 1-Homt_, c(X,Y) it assigns the matrix of vector spaces

Fo(X) M F.(Y) (4.46)

— 66 —



whose entry at K € F,(Y) and L € F,(X) is given by the vector space of 2-morphisms

U® B

?// \\€®B

B®U Y @ B (4.47)

B X .

The composition of two matrices F,(A, ¢) and F,(B,1) is controlled by the matrix

of linear maps
F.(B, sz(y)\fj(fl

F(X) (FZ)A,¢|B,1/J FZ) (4.48)

whose entry at J € F,(Z) and L € F,(X) is given by the linear map that sends the
tensor product of two vectors

O1 € F.(A,¢)1k and O € F(B,Y)k1 (4.49)

to the vector O € F,(A® B, ¢ ® ) 1, defined by the diagram

AR(B®U) A®(B®X)

U@B (Y ®B)
(A®B)® L

(A®B)®
) (A®B)® X

(4.50)
TA®B

pOYP
(AU)®B (ARY)® B

Ue(AeB) —L2UASB) | /o usp)

e e

(U®A)®B (Z2A)®B

TA®B
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¢ To a 2-morphism [4, O] € 2-HomT, c([B, %], [B’,9']) it assigns the matrix of linear
maps

(B, )

N

FoX) || F=(6.0)  F(Y) (4.51)

Y S

F.(B' )

whose entry at K € F,(Y) and L € F,(X) is given by the linear map that sends a
vector O € F,(B, )k, to the vector O’ € F,(B',¢')k 1, defined by the diagram

U® B
B \Y@B
/
U® B N\
BU Y ® B
TB/
5@2\ \5@” (4.52)
B @U Y @ B
B® X
B'®L 0!
B'@X.

We propose that, up to equivalence, every tube 2-representation is of the form F = F,
for some z € Z(C), and the mapping z — F, extends to an equivalence

Z(C) = [TgiC,2Vec] (4.53)

of braided fusion 2-categories.

Let us explain the physical picture underpinning this equivalence. We first put forward
an intrinsically three-dimensional perspective that extends the categorical perspective in
our previous work [80] to a fusion 2-category symmetry acting on 2-twisted sector line op-
erators, before discussing its interpretation in the four-dimensional sandwich construction.

From an intrinsically three-dimensional perspective, line operators L in the X-twisted
sector are viewed as simple interfaces between an auxiliary topological surface defect U
and X, as illustrated in figure 43. We then have the following interpretations:

o F.(X) is identified with the set of simple objects of 1-Homc¢ (U, X).

— 68 —



e The action of 1-morphisms [B, ] is obtained by wrapping with a cylindrical surface
B that intersects U via the associated component 1-morphism of the half-braiding
7. Shrinking the cylinder then produces the matrix of vector spaces F,(B, 1) whose
elements are junctions O.

e The action of 2-morphisms [d, ©] is obtained by linking with a circular line § that
intersects U via the associated component 2-morphism of the half-braiding 7. They
act on junctions by sliding down the corresponding circle towards O from the right,
which produces the matrix F, (9, ©) of linear maps.

Figure 43.

In the sandwich construction, we instead view a three-dimensional theory T with
spherical fusion 2-category symmetry C as an interval compactification of the associated
four-dimensional topological theory TV . The Drinfeld center is identified with the braided
fusion 2-category of topological surfaces

TVc(Sh = Z(Q) = e (4.54)
S
which is what the four-dimensional topological theory TV assigns to S'. The left boundary
condition is the canonical gapped boundary condition B¢ with associated bulk-to-boundary
2-functor F' : Z(C) — C, while the right boundary condition By contains informations
about the theory 7. This setup is illustrated in figure 44.

A tube 2-representation F, € [T g1 C, Vec] with underlying 2-vector space F,(X) given
by the simple objects of 1-Homc (U, X) now corresponds to line operators on the boundary
B¢ that sit at the junction between a bulk surface z = (U, 7,X) € Z(C) and a boundary
surface X € C, as illustrated in figure 44.

As a special case of the above construction, we define the adjoint 2-representation as
the tube 2-representation that is induced by the monoidal unit 1 € Z(C) of the Drinfeld
center, i.e.

Ad = F1. (4.55)
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Figure 44.

From the discussion above, it is clear that this tube 2-representation describes the action
of the symmetry 2-category C on its own topological line defects, which explains our choice
of notation.

4.4 Junction operators

So far we considered 2-twisted sector line operators that are attached to topological surface
defects X € C. We now consider local operators O that sit at the junction between 2-twisted
sector lines as illustrated in figure 45.

L/
Figure 45.

Concretely, given two line operators L and L’ in the X-twisted sector transforming in
tube 2-representations F, F’, respectively, we denote by

(EX)L’,L € Vec (456)

the vector space of local operators O that can sit at the junction of L and L’, as illustrated
in figure 45. By scanning over L and L', we obtain a matrix Zx of vector spaces, which
we interpret as a 1-morphism
=X, 4.57
FX) — FI(X) (4.57)
in the 2-category 2Vec of 2-vector spaces.

Symmetry defects B € C can act on elements O € (Ex ) 1, in the manner illustrated
in figure 46. Concretely, consider wrapping the lines L and L’ with a cylindrical surface B
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N
K/
Figure 46.
via a specified intersection 1-morphism
BoX > v B (4.58)

as before. Shrinking the cylinder down towards L’ gives a choice of topological operator
0 e F(B,¥)r 1 (4.59)

sitting in-between the wrapped line L' and a new line K’ in the Y-twisted sector. Upon
dragging the topological operator O’ through O from left to right, the latter is transformed
into a new junction operator

O € (Ey)k i (4.60)

between lines K and K’ in the Y-twisted sector, whereas the former becomes a new topo-
logical operator
O e f(B,lﬂ)]gL (4.61)

to the right of O. For fixed L and K', the pair (B, ) thus determines a linear map

P FB Yk © Ex)ue

L' e F/(X)
EByw)k L (4.62)
P Evikx © FBYkL -
KeF(Y)

By scanning over L and K’, we then obtain a matrix E(B,y) of linear maps, which we
interpret as a 2-morphism

FX) —=X, Fx)
= A /
F(B,v) Z;/(Bn/)) l F(B, ) (4.63)

FY) —— F(Y)
Sy
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in the 2-category 2Vec. By similar arguments to before, this 2-morphism only depends
on the equivalence class of the pair (B,) under the relations discussed at the end of
sub-section 4.1.1.

Furthermore, the 2-morphisms =p ;) need to be compatible with the consecutive ac-
tion of two symmetry defects A and B as illustrated in figure 47. Mathematically, this is

Figure 47.

implemented by the 2-commutativity of the diagram

(4.64)

which states that acting on a junction operator O with two symmetry defects A and B
consecutively is equivalent to acting on O with their fusion A ® B.

The collection of data in (4.57) and (4.63) together with the compatibility condition
(4.64) can now be summarised conveniently as a natural transformation

= F = F. (4.65)

Local junction operators between lines L and L’ thus transform in natural transformations
between the corresponding tube 2-representations. These correspond to 1-morphisms in
the 2-category of tube 2-representations [T g1C, 2Vec]|.

As a special case, let us consider the category of 1-endomorphisms of the adjoint 2-
representation defined in (4.55). Using the equivalence (4.53), this can be identified with

1-End(Ad) = QZ(C), (4.66)
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which using the equivalence (3.39) allows us to recover the category of tube representations
for 1-twisted local operators discussed in section 3. In this sense, tube 2-representations
for 2-twisted sector line defects incorporate tube representations for 1-twisted sector local
operators.

4.5 Example: 2-group symmetry

Let us now consider a finite 2-group symmetry G = (G, A, p, &) consisting of
1. a O-form symmetry group G,
2. an abelian 1-form symmetry group A,
3. a group action p : G — Aut(A) of G on A,
4. a representative a of the Postnikov class [a] € H}(G, A).

The possible 't Hooft anomalies for a finite 2-group symmetry were classified in [115, 116].
For simplicity, we restrict attention to a pure ’t Hooft anomaly for the 0-form symmetry
specified by a normalised 4-cocycle m € Z*(G,U(1)).

4.5.1 Symmetry category

The associated symmetry category is the spherical fusion 2-category C = 2Vecg of finite-
dimensional G-graded 2-vector spaces with pentagonator twisted by the 't Hooft anomaly
7. It has the following explicit description:

e The simple objects up to condensation are one-dimensional G-graded 2-vector spaces
1, with graded components (14), = 04, and fusion 13 ® 15, = 1gp.

e The 1-morphism spaces between simple objects are the fusion categories
1-Hom(14,1) = dg4 - Vecy (4.67)

whose simple objects are one-dimensional vector spaces C, with graded components
(Ca)p = dap - C. The fusion of 1-morphisms C, € 1-End(1,) and C, € 1-End(1;) is

Co®Cy = Cp.0p € l—End(lgh). (468)

e The associator on simple objects is given by the A-graded vector space

(olyel, —, 1 g1, . (4.69)
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e The pentagonator on simple objects is given by

(g 1)@ (1 e1)

Ceq (g,h.k-1)
(g1 @1 @Y 1@ (1, ® (1 ® 1))
(4.70)
(Ca(g.h.k) ® Id; Idg ® (Ca(h.,k.l)

Calg,hk) X - '
1@ 1,e1)el — L ((1,®1)®1) .

The simple objects up to condensation are the topological surface defects generating the
0-form symmetry G, while simple 1-endomorphisms are topological lines generating the 1-
form symmetry A. They correspond to the homotopy groups mo(C) and 71 (C) respectively.
As before, passing a line labelled by a € A through a surface labelled by g € G transforms
it into a new line py(a) € A.

However, the fusion of three surfaces labelled by g, h, k is now only associative up to
an emitted line «(g,h,k) € A. The fusion of four topological surfaces labelled by g, h,
k, [ is invariant under the pentagon move up to a multiplicative phase (g, h, k,1). These
properties are illustrated in figure 48.

Figure 48.
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4.5.2 Tube 2-algebra
The associated tube 2-algebra Ag:i(C) has the following description:

e The simple objects up to ismorphism are given by equivalence classes of pairs [B, 1]
where B = 1, and v has a single graded component
b =Cq
ly®@ly ——— 1(!/;17) ®1g. (4.71)

Emulating our previous notation, we denote these objects by < % x> Using the

definition (2.17), their 2-algebra product can be determined to be

9 h _ ) g-h
<Ha$> ® <<Ty> o 6x’hy < a-9b- 7y(a)(g,h) y>’ (472)

where 7(a) € Z[%(G//G7 A) again denotes the transgression of « as in (2.37).

e The morphisms between simple objects <% a:> and <<% y> are spanned by equiva-

lence classes of pairs [6, ©] consisting of a 1-morphism ¢ : 1, — 1;, and a 2-morphism

(/1 ®1(1
/ \ (/l (S
lg®ly Ly @1p (4.73)
()®1\ %:
b
1p®1 Y :

The former can only be non-trivial when g = h, whereas the latter can only be
non-trivial when 2 = y. Upon choosing § = C,, the diagram in (4.73) enforces

a- e £ cob. (4.74)
The morphism spaces are therefore
h
Hom ({ <% 2), (¢7w) = 5% - C[Cyl(A)], (4.75)
where for u € G and p € A we defined C'(A) :={c€ A[“c=p-c}.

e Using the definition (4.32), the composition of morphisms is induced by the natural
map

ClH(A) x CHA) = CLy(A) (4.76)

given by multiplication in A. Using the definition (4.34), the 2-algebra product of
two morphisms

z)) = C[Cb/a(A)]

A
b
(4.77)
) = ClChA)]
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is given by the element of

gh

Hom<<<%:1:> ® <<%y> ; <<%37> ® <%y>> = Oghy - C[C(b/Z).g(d/c)(A)] (4.78)

that is defined by

n@m = Oyn,-n-9m. (4.79)

e The associator on simple objects is given by

T/‘;(ﬂ—ng h“, l‘)
g ~ h R k . : Q(.(/* h’v l‘) g h k
(L o) (crn) ez ———— (La)e (G e(2)),
(4.80)
where the multiplicative phase is given by
7(g, h, k,z) - 7(g,"% 2, h, k)

4 7h” k = . 481
TR = g R e k) (9, g, ) sy

Similarly to before, this defines a groupoid 3-cocycle
T(m) € Z*(GJ/G,U(1)) (4.82)

which is the transgression of the 't Hooft anomaly 7= € Z4(G,U(1)).

In summary, the tube 2-algebra for an anomalous finite 2-group symmetry may be
viewed as a higher categorical analogue of the twisted Drinfeld double. We will motivate
this interpretation further though special cases below.

4.5.3 Tube 2-representations

A general tube 2-representation F is given by a collection of finite-dimensional 2-vector
spaces n, := F(1;) together with 1-morphisms

Ry(a,g) = .7-"(<<%:c>)

- P (4.83)

in 2Vec, whose composition is controlled by 2-isomorphisms

Ra(b, h)/> fl(h@ \thm)(a, 9)

r :
(a,9),(b,h)
Ny F . > n(ghx) (484)

<<T (hr)><%r

Rx((a> g) : (b) h)) )
where we used the abbreviation

(a,9) - (b,h) == (a9 1x(a)(g,h), g-h). (4.85)
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Furthermore, for each d € Cbg Ja (A) there exists a 2-morphism

RI(av g)

ST N

Ny U Ry(d) = F(d) ngy) (4.86)
Ry (b, g)
that preserves the composition (4.76) and the 2-algebra product (4.79). This data needs
to satisfy the compatibility condition

k:B
T2(m)(9, 1, k) - Ra(a(g, ho k) © 10 o). bn), (k) © [T((a,g;,(b,h) * 1d(cp) | (4.87)
T@,g)7(b,h).(c,k) © [Id(w) * T(ﬁ,h%(c,k)] )

where we denoted by Id(. ) the identity 2-morphism of Ry(c, k) in 2Vec.

Similarly to two dimensions, it is clear that the tube 2-representation F decomposes
as a direct sum of 2-representations supported on conjugacy classes of G. Let us therefore
fix a conjugacy class [z] € G/G with representative € G. If we restrict attention to

1. elements g, h, k € C,(G) in the centraliser of x in G,
2. elements d € CT(A) =: C(A) in the group of z-invariants in A,

the data (4.83), (4.84) and (4.86) together with the compatibility condition (4.87) deter-
mines a projective 2-representation R, of the finite 2-group C,(G) defined as follows:

e Its O-form symmetry group is the extension A x. (o) Ci(G), where C,(G) is the
centraliser of x in G and the extension class is represented by

() € Z2(Co(G), A) . (4.88)

e Its 1-form symmetry group is Cy(A) = {d € A|*d = d}.
e Its action of the 0-form on the 1-form symmetry group is given by (#9)d = 9.

e Its representative & of the Postnikov class is given by
a((a,g),(b,h),(c.k)) = alg, hk). (4.89)

We will call the 2-group C,(G) the centraliser of  in G. The 3-cocycle associated to the
projective 2-representation R, is then given by

(1) € Z3(C(G),U(1)). (4.90)

A tube 2-representation supported on [z] € G/G is irreducible if the associated projec-

tive 2-representation R, of C;(G) is irreducible. Conversely, any irreducible projective

2-representation of Cy(G) determines an irreducible tube 2-representation by induction.
In summary, the irreducible tube 2-representations are determined by
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1. a group element x € G,

2. a projective 2-representation of C(G) with 3-cocycle

W(gahak7$) 'W(g,$,h, k)
W(g,h,l’,k) -W(x,g,h, k) .

:(m)(g, h, k) = (4.91)

Up to equivalence, this data depends only on the conjugacy class [x] € G/G and the group
cohomology class [,(7)] € H3(C(G),U(1)).

From a physical perspective, the 2-group C,(G) describes configurations that leave the
surface defect x € G invariant under the intersection with other O-form defects and the
parallel collision and linking with 1-form lines. A 2-representation of C,(G) then describes
the action of C;(G) on a set of 2-twisted sector lines at the end of the surface . The
projectivity is induced by the anomalous phases that arise when intersecting the surface x
with multiple O0-form defects wrapping z-twisted sector lines.

The above provides an explicit description of simple objects in the braided fusion 2-
category Z(2Vecg) describing topological surfaces in the four-dimensional Dikgraaf-Witten
theory associated to the data G and w. The latter is the relevant topological theory TV ¢
for the symmetry category C = 2Vecg in the sandwich construction. This is a higher
categorical analogue of the fact that representations of the twisted Drinfeld double of a
finite anomalous group provide a description of topological lines in the associated three-
dimensional Dijkgraaf-Witten theory.

4.5.4 Example: genuine lines

As a special case of the above considerations, let us consider tube 2-representations that
are supported on the trivial conjugacy class [e] € G/G. They describe the transformation
behaviour of genuine line operators attached to the trivial surface defect e € G.

Concretely, such a tube 2-representation is given by a 2-representation of the centraliser
2-group C.(G) whose

e O-form symmetry is A x G,

e 1-form symmetry is A,

e group action is the pullback of p: G — Aut(A),

e Postnikov representative is the pullback of a € Z;’(G, A).

In particular, this implies that genuine line operators transform in 2-representations of the
original 2-group G C C.(G) [79, 80]. However, there is additional structure that arises from
the parallel action of topological line defects in A on genuine line operators. This parallel
action will be discussed further below.
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4.5.5 Example: 0-form symmetry

Let us now consider the special case of an ordinary finite O-form symmetry group G with
't Hooft anomaly m € Z*(G,U(1)). The corresponding symmetry category is C = 2VecZ.
The associated tube 2-algebra is the multi-fusion category

Agi(C) = Vecg (4.92)

of finite-dimensional vector spaces graded by the inertia groupoid G//G with associator
twisted by the transgression of the 't Hooft anomaly © € Z*(G,U(1)). Concretely, simple
objects correspond to one-dimensional vector spaces C, ;, that fuse according to

Cyz @ Cry = (5I7hy “Cyny - (4.93)

This can be seen as a higher analogue of the twisted Drinfeld double of a finite group.
The irreducible tube 2-representations are labelled by pairs consisting of

1. a group element x € G,
2. an irreducible projective 2-representation of C;(G) with 3-cocycle 7,(m),

and depend up to equivalence only on the conjugacy class of x and the group cohomology
class of 7,(m). This reproduces the classification of simple objects in the Drinfeld center
Z(2Vecg;), or equivalently of simple topological surfaces in the associated four-dimensional
Dijkgraaf-Witten theory [99].

From a physical perspective, this corresponds to a finite collection of line operators in
the z-twisted sector that transform in an irreducible projective 2-representation under the
wrapping action of the centraliser C,(G). Concretely, such a 2-representation is labelled
by a pair consisting of

1. a subgroup H C C,(G),
2. a 2-cochain ¢ € C%(H,U(1)) satisfying ¢ = 7,.(m)|x.

The former corresponds to the subgroup of C,(G) that leaves a given x-twisted sector line
operator L invariant under the wrapping action, whereas the latter captures projective
phases that relate the consecutive wrapping action of two surface defects h,h’ € H to the
wrapping action of their fusion hh/ € H. This is illustrated in figure 49.

The above provides a generalisation of our previous work [80] to twisted sector line
operators. The latter are crucial for the detection of the ’t Hooft anomaly: Genuine
line defects transform in tube 2-representations supported on the trivial conjugacy class
le] € G/G, which are simply 2-representations of the group G. Since the projective 3-
cocycle of the latter is trivial, they do not detect the 't Hooft anomaly.

4.5.6 Example: 1-form symmetry

Next, we consider the case of an anomaly-free 1-form symmetry A. The corresponding
symmetry category is C = 2Vecy;). The associated tube 2-algebra is the multi-fusion

- 79 —



hh'

Figure 49.

category whose simple objects are labelled by group elements a € A and whose morphism
spaces are given by
Hom(a,b) = d45 - C[A]. (4.94)

The irreducible tube 2-representations are labelled by pairs consisting of
1. an irreducible 2-representations of A,
2. a character y € A := Hom(4,U(1)).

From a physical perspective, the former describes a finite collection of line operators L
that are acted upon by parallel collision with 1-form symmetry defects a € A. The latter
describes a collection of phases that arise when linking the line operators L with 1-form
defects a € A. This is illustrated in figure 50.

a

a>L
Figure 50.

From a mathematical point of view, the line operators L may be viewed as simple
objects of a finite semi-simple 1-category that is acted upon by the symmetric braided
fusion 1-category Vecy. This is due to the equivalence

2Rep(A) = Mod(Vecya) (4.95)

of 2-representations of A and Vecg-module categories. The additional character y then
equips such a Vecs-module category with the structure of a module braiding, which sets
up an equivalence

2Rep(Ag1(C)) = BrMod(Vecy) (4.96)

between the 2-category of tube 2-representations and the 2-category of braided module
categories over Vecy. This agrees with the description of the Drinfeld center Z(C) of the
symmetry category C = 2Vecy) [117].
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4.5.7 Compatibility with gauging

As a consistency check, let us describe how the above two special cases of a pure 0-form
and a pure 1-form symmetry are compatible with gauging. Concretely, it is known that
gauging a finite abelian 0-form symmetry A of a three-dimensional theory T with symmetry
category C = 2Vec4 results in theory 7' = 7T /A with symmetry category

C" = 2Rep(4) = 2Vec; (4.97)

(1]
where A = Hom(A,U(1)) denotes the dual 1-form symmetry. Although the associated
tube 2-algebras of 7 and T are distinct, their 2-representation theories are expected to be
equivalent as the symmetry categories C, C' have the same Drinfeld center.

It is illuminating to check this non-trivial equivalence explicitly, as it is intimately con-
nected to how twisted sectors for condensation defects are encoded in tube 2-representations.
Concretely, the two sides of the equivalence can be described as follows:

e In the theory 7 with symmetry category C = 2Vecy, tube 2-representations are
labelled by pairs consisting of
1. a group element a € A,
2. an irreducible 2-representation R of A,
following the analysis of subsection 4.5.5. This data corresponds to a collection of line

operators in the a-twisted sector transforming in a 2-representation R of the abelian
0-form symmetry A.

e In the theory 7’ with symmetry category C' = 2Vec Anp tube 2-representations are
labelled by pairs consisting of

1. an irreducible 2-representation R of A\,

2. a character a € A = A,

following the analysis of subsection 4.5.6. This data corresponds to a collection of line
operators transforming in a 2-representation R under the parallel action of topological
Wilson lines in A[1] with 1-form charge a € A.

At first glance, this may seem like a contradiction. Its resolution requires a non-trivial
correspondence between 2-representations R of A and 2-representations R of A. Such a
correspondence was discussed from a physical perspective in [51] in terms of a relationship
between different constructions of condensation defects in the gauged theory 7’. From a
mathematical perspective, it is induced by the non-trivial Morita equivalence

Mod(Vecs) = Mod(Rep(4)), (4.98)
which using (4.95) and the canonical identification Rep(A) = Vec ; implies that

-~

2Rep(A) = 2Rep(A4). (4.99)
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Let us give a physical intuition behind this equivalence. We start with a collection of
line operators L in the a-twisted sector of 7T transforming in an irreducible 2-representation
R of the 0-form symmetry A. Upon gauging A, these lines become 2-twisted sector lines for
the condensation defect in 7’ labelled by R, whose charge w.r.t. the dual 1-form symmetry
Ais given by a € A. In order to think of this as a module for Vec 3, we employ the fact that
condensation defects always admit gapped boundaries, which can be used to transform a
twisted sector for a condensation to a genuine line defect.

Concretely, upon thinking of R as a pair (B, ¢) consisting of a subgroup B C A and
a 2-cocycle ¢ € Z?(B,U(1)), the condensation defect R in 7’ admits a gapped boundary
condition that supports badly quantised Wilson lines in projective representations of B
with Schur-multiplier c¢. The Vec z-module structure then comes from transporting a bulk
Wilson line x € Rep(A) onto the condensation defect R, which restricts it to the subgroup
B C A, and subsequently moving it onto the gapped boundary, which is the tensor product
of (projective) representations. This is illustrated on the left-hand side of figure 51.

L
"4 N
v -
¥
\
R > X X
Figure 51.

Alternatively, we may perform an interval compactification and collapse the gapped
boundary onto the 2-twisted sector lines L. The resulting genuine lines operators L’ in T’
then form a Vec;-module (or equivalently a 2-representation R of 2) w.r.t. the parallel
action of topological Wilson lines. This is illustrated on the right-hand side of figure 51.

4.5.8 Gauge theory

Now consider a three-dimensional gauge theory with connected simple gauge group G. This
has an anomaly free split 2-group symmetry given by the automorphism 2-group of G. This
can be expressed G = Z(G)[1] x Out(G), where Out(G) is charge conjugation symmetry
and Z(G) is the electric 1-form symmetry.

The irreducible tube 2-representations are labelled as follows:
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e An outer automorphism [z] € Out(G) with representative x.

e A irreducible 2-representation of the centraliser 2-subgroup C,(G).

The twisted sectors are labelled outer automorphisms Out(G). The centraliser 2-group
has 0-form component Z(G) x Cy(Out(G)), 1-form component Stab,(Z(G)) and natural
action. The additional factor of Z(G) in the 0-form component arises from the parallel
action of 1-form symmetry generators, which are topological Gukov-Witten defects.

Let us consider G = Spin(4N). In this case the 2-group symmetry is G = (Za x Z)[1] %
Zso. There are two twisted sectors corresponding to genuine line defects and s-twisted line
defects where s is the generator of charge conjugation symmetry. We consider each in turn.

e The genuine line defects transform in 2-representations of (Zg x Zg)[1] x Dg. The ad-
ditional Zg X Zo that gives rise to Dg is generated by the parallel action of topological
Gukov-Witten lines.

e The s-twisted line defects transform in 2-representations of Zy[1] x Dg, where Zy[1]
is the diagonal 1-form symmetry that is invariant under charge conjugation. The
additional Zy x Zo that gives rise to Dg is again generated by the parallel action of
topological Gukov-Witten lines.

An example is the pair of Wilson lines Wg+, Wg- transforming in the spinor and conjugate
spinor representations, which transform together with topological Gukov-Witten lines in
an eight-dimensional irreducible 2-representation of (Za x Zsg)[1] x Ds.

Let us now consider the G = PSO(4N) gauge theory, which may be obtained by
gauging (Za x Z2)[1] in the example above. This has symmetry group G = Dg combining
the Zo X Zs magnetic symmetry and charge conjugation symmetry. There are now eight
twisted sectors forming five conjugacy classes and with centralizers:

[e] = {e}, Ce(Ds) = Ds,

[a] = {a, b}, Cu(Ds) = Zy X Za,

[s] = {s,abs},  Cy(Ds) = Zz x Lo, (4.100)
[ab] = {ab}, Cap(Ds) = Ds,

[

as) = {as,bs},  Cus(Dg) = Zy.

The irreducible tube 2-representations are classified by choosing 2-representations of the
centralizers.

The Wilson lines Wg+ and Wg- now become a-twisted and b-twisted in G = PSO(4N).
They are exchanged by charge conjugation and transform in a tube 2-representation as-
sociated to the conjugacy class {a,b}. This 2-representation corresponds to the wrapping
action of the Zs x Zs magnetic symmetry. The relevant 2-representation for the Wilson
lines Wg+, Wg- is the trivial 2-representation.

4.6 Example: braiding lines

Let us now again consider a three-dimensional theory with connected symmetry 2-category

C = Mod(B) (4.101)
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determined by a braided fusion 1-category B of topological lines and their condensations,
as discussed previously in section 3.7.
The Drinfeld center in this case is the braided fusion 2-category

Z(C) = BrMod(B) (4.102)

of braided (left) module categories over B [117]. We do not provide a complete description
here but settle for a brief discussion that will allow a graphical interpretation in terms of
tube 2-representations. Namely, an object of in the Drinfeld center is given by a finite
semi-simple 1-category M together with a B-action

>: BXM — M (4.103)
and a collection of 1-morphisms
br
usl —RLL o er (4.104)

for all p € B and L € M. These 1-morphisms must satisfy coherence conditions that may
be found in [117] and that we will illustrate graphically below.

From a physical perspective, all topological surfaces are condensations whose wrapping
action on line defects is completely determined by the parallel and linking of the topological
lines. Concretely, a topological line p € B can act on line defects L € M by parallel collision
or linking. This provides the data of the B-action and 1-morphisms br, ;, respectively, as
illustrated in figure 52.

p
i I
/;L / L brur £l

T g >J

Figure 52.

This data needs to be compatible with the braiding of topological lines in the ambient
three-dimensional spacetime in the sense that the sequences of topological moves illustrated
in figure 53 commute. This reproduce the coherence conditions presented in [117].
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A Condensation defects

In this appendix, we review the notion of condensation defects in higher categories intro-
duced in [2]. We then use these results to give a schematic proof of equations (2.18) and
(3.26), which state that the action of generic symmetry defects B € C on twisted sector
local operators can be reduced to the action of representatives of the connected components
of the (higher) fusion category C.

Following [2], we take an inductive approach to define the notion of an n-condensation
between objects A and B in an n-category C. For n = 0, a 0-condensation A = B is
an equality A = B of objects of a O-category (i.e. elements of a set). For generic n, an
n-condensation A = B in an n-category C is a pair of 1-morphisms

~
A B (A1)
N
7
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together with an (n — 1)-condensation m o1 - Idp in the (n — 1)-category 1-Endc¢(B). We
will unravel this definition in more detail for the cases n = 1,2 below.

A.1 1-condensations

A 1-condensation A = B between objects of a 1-category is a pair of morphisms ¢ and
as in (A.1) such that m o1 = Idp. If we restrict attention to simple objects S and T of a
fusion category C, a 1-condensation S —» T is equivalent to an isomorphism S = 7. The
set of connected components of C can thus be identified with

m0(C) = {simple objects S € C} /1-condensation . (A.2)

From a physical perspective, a 1-condensation A = B implies that the linking action
of B on twisted sectors is completely determined by the linking action of A. To see this,
consider linking an X-twisted sector local operator O with the symmetry defect B via a
specified intersection morphism . Using the splitting Idg = 7 o ¢, we can then insert a
small A-interval into the line B, which can be blown up to give a linking of O by A as
illustrated in figure 54. This shows that the linking action of B can be deduced from the
linking action of A on O.

Figure 54.

Let us now give a schematic proof of equation (2.18), which states that the linking ac-
tion of a generic symmetry defect B € C on twisted sectors in two dimensions is completely
determined by the action of its simple constituents. To see this, consider a decomposition

B = @i S; (A.3)
of B into simple objects S; € C together with inclusion and projection morphisms
in;: S; = B and pr,: B - S;. (A.4)
Using the completeness relation

Idp = Z in; o pr;, (A.5)

we can then insert a sum of small S;-intervals into the line B, which can be blown up
to give a sum of linkings of O by the S;’s as illustrated in figure 55. This shows that the
linking action of B is completely determined by the linking action of its simple constituents
S; on O. Furthermore, as discussed above, we can replace each of the S;’s by an arbitrary
representative of its connected component [S;] € mo(C), which proves equation (2.18).
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Figure 55.

A.2 2-condensations on the sphere

A 2-condensation A = B between objects of a 2-category is a pair of morphisms ¢ and
as in (A.1) together with a pair of 2-morphisms

Id B

such that P oI = Id%. Unlike in the case of 1-condensations, a 2-condensation S - T
between simple objects of a fusion 2-category C does not induce an isomorphism of S and
T in general. Nevertheless, it induces an equivalence relation on the set of simple objects,
which can be used to identify the set of connected components of C as

mo(C) = {simple objects S € C} /2-condensation . (A.7)

From a physical perspective, a 2-condensation A = B implies that the linking action
of B on 1-twisted sectors is completely determined by the linking action of A. To see this,
consider linking a p-twisted sector local operator O with the symmetry defect B via a
specified intersection 2-morphism ¥. Using the splitting Id% = P o I, we can then insert a
small A-bubble into the surface B, which can be blown up to give a linking of O by A as
illustrated in figure 56. This shows that the linking action of B can be deduced from the
linking action of A on O.

Let us now give a schematic proof of equation (3.26), which states that the linking
action of a generic symmetry defect B € C on 1-twisted sectors in three dimensions is
completely determined by the action of its simple constituents. To see this, consider a
decomposition

B = @i S; (A.8)

of B into simple objects .S; € C together with inclusion and projection 1-morphisms

in;: S; =& B and pr,: B —» S; (A.9)
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Figure 56.

and inclusion and projection 2-morphisms
In; : in; o pr; = Idp and Pr;: Idg = in; o pr;. (A.10)
Using the completeness relation
1d% = Zi In; o Pr;, (A.11)

we can then insert a sum of small S;-bubbles into the surface B, which can be blown up
to give a sum of linkings of O by the S;’s as illustrated in figure 57. This shows that the
linking action of B is completely determined by the linking action of its simple constituents
S; on O. Furthermore, as discussed above, we can replace each of the S;’s by an arbitrary
representative of its connected component [S;] € my(C), which proves equation (3.26).

O -\ A0
/ 1niQ/,p1‘,,j
Id% Si
Figure 57.

A.3 2-condensations on the cylinder

In the case of 2-twisted sector line operators, the topology of the wrapping cylinder ob-
structs a literal identification of the wrapping actions of symmetry defects related by con-
densation. Nevertheless, we expect them to be related as follows:

Given a 2-condensation A —= B, the wrapping action of B on 2-twisted sectors is
determined the wrapping action of A up to a 1-condensation. To see this, consider wrapping
a line operator L in the X-twisted sector with the symmetry defect B via a specified
intersection 1-morphism 1. Using the splitting Id% = P o I, we can then insert a small

— 88 —



A-bubble into the surface B as illustrated in the top right corner of figure 58. Topological
local operators O sitting at the junction between the wrapped line L and another line K
can then be collided with the topological junction I to give new topological operators 0]
as illustrated in the bottom right corner of figure 58. The map O — O is induced by the
2-morphism

[B) 1”

AT N\

X H[IdB, I+1dy) Y (A.12)

[B,(Woz)oqjj]

where (7 04) should be read as Idy ® (7 01) and I should be read as Id} ® I. Similarly,
there exists a 2-morphism

(B, Y]
SR
X [1ag, Px1ay) ¥ (A.13)

[B,(ﬂ'oz)oz/;]

where P should be read as Id%; ® P. As a consequence of P oI = Id%, the 2-morphisms 7
and P satisfy the relation

Furthermore, by moving the topological line interface m around the wrapping cylinder as
illustrated in the bottom left corner of figure 58, we may identify

[B, (Woz)ow] = [A,zo¢07r], (A.15)

where 20 o7 should be read as (Y ®1) oy o (mr ® X). Consequently, the pair Z, P defines
a l-condensation

[A, 20907 = [B,y] (A.16)

in the 1-category 1-HomT,c(X,Y’). This shows that the wrapping action of B on 2-twisted
sectors is determined the wrapping action of A up to 1-condensation.

Let us now give a schematic justification for equation (4.36), which states that, up
to isomorphism, the wrapping action of a generic symmetry defect B € C on 2-twisted
sectors is determined the wrapping action of its simple constituents. To see this, consider
a decomposition

B = @i S; (A.17)

of B into simple objects .S; € C together with inclusion and projection 1-morphisms

in;: S; -+ B and pr,: B —» S; (A.18)
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Figure 58.

and inclusion and projection 2-morphisms
In; : in; o pr; = Idp and Pr;: Idgp = in; o pr; (A.19)

as before. Using the completeness relation
1d% = ZZ In; o Pry;, (A.20)

we can then insert a sum of small S;-bubbles into the surface B as illustrated in the top
right corner of figure 59. Topological local operators O sitting at the junction between the
wrapped line L and a line K can then be collided with the topological junctions Pr; to give
new topological operators O; as illustrated in the bottom right corner of figure 59. The
maps O — O, are induced by 2-morphisms

i =

XH[IdB, Pr; « Idy] ¥ (A.21)

[B, (in; o pr;) o 1/;] .‘

where (in; o pr;) should be read as Idy ® (in; o pr;) and Pr; should be read as Id?- @ Pr;.
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Similarly, there exist 2-morphisms

(B, ]
X [1dp, In;  1dy] ¥ (A.22)

N

[B, (in; o pr;) o ¢]

where In; should be read as Id3- ®1In;. As a consequence of the completeness relation (A.20)
and the fact that Pr; o In; = Id iy, o pr,), the 2-morphisms P := >, P; and [ := >, I; then
satisfy the relations

ToP = Id[va] and Pol = Id@i [B, (in; opr;) o] * (A.23)

Furthermore, by moving the topological line interfaces in; around the wrapping cylinder as
illustrated in the bottom left corner of figure 59, we may identify

[B, (in; o pr;) o9p] = [Si, pr;o¢oiny], (A.24)

where pr; 0 ¢ o in; should be read as (Y ® pr;) o ¢ o (in; ® X ). Consequently, the pair P, I
defines an isomorphism

B,v] = €D, [Si, prjovoin (A.25)

of objects in the 1l-category 1-HomT,c(X,Y). This shows that, up to isomorphism, the
wrapping action of B on 2-twisted sectors is determined the wrapping action of its simple
constituents. Furthermore, as discussed above, up to 1-condensations we can replace each
of the S;’s by an arbitrary representative of its connected component [S;] € m(C), which
justifies equation (4.36).
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