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1 Introduction

It has recently been understood that quantum field theories admit finite symmetries cap-

tured by the mathematical structure of higher fusion categories [1–3]. This structure encap-

sulates the relevant properties of topological extended operators and includes both finite

invertible (or group-like) and non-invertible symmetries. The latter have been studied ex-

tensively in dimension D = 2 [4–26] and recent work has demonstrated their existence and

utility in dimension D > 2 [27–82].

An important question is how categorical symmetries act on and thereby organise the

spectrum of (not necessarily topological) extended operators in a quantum field theory. In

other words, a comprehensive representation theory for categorical symmetries in quantum

field theory is needed. This paper seeks to address this question in D ≥ 2.

1.1 Background

1.1.1 Two dimensions

In two dimensions, one may consider quantum field theories with a spherical fusion category

symmetry C. Objects in the symmetry category C correspond to topological symmetry lines

and morphisms to junctions between them.

The topological lines in C act on twisted sector local operators, which are local op-

erators that are themselves attached to topological symmetry lines. Crucially, this action

may transform one twisted sector to another [13]. This action is captured by the type of

configuration illustrated in figure 1.

Figure 1.

In more detail, figure 1 captures the linking action of a topological symmetry line B ∈ C

on a twisted sector local operator O that is attached to another topological symmetry line

X ∈ C. This requires a point-like intersection ψ connecting X to another topological sym-

metry line Y ∈ C. Shrinking the circle then implements the action of B on O, transforming

one twisted sector to another.

The collection of data associated to configurations of the type illustrated in figure 1

is conveniently encoded in the tube category TC of C. Schematically, this is a finite semi-

simple category whose

• objects are twisted sectors X,Y, ... ∈ C,
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• morphisms X → Y are certain equivalence classes of pairs (B,ψ) consisting of a

topological symmetry line B ∈ C and a morphism

ψ : B ⊗X → Y ⊗B . (1.1)

A more detailed description will be given in the main text.

The action of the symmetry category C on twisted sector local operators may then be

described as a functor

F : TC→ Vec (1.2)

into the category of finite-dimensional vector spaces. This functor assigns a vector space

to each object X ∈ TC, corresponding to a collection of twisted sector operators attached

to the line X. Furthermore, to each morphism X → Y it assigns a linear map between

vector spaces arising from configurations as in figure 1. We call this a tube representation

of C. The collection of tube representations forms a category [TC,Vec].

There is an equivalent formulation in terms of the associated tube algebra A(C), as
discussed in [24], where the above remarks have their genesis. Briefly, the tube algebra is

generated by morphisms in the tube category with the algebra product given by composi-

tion of morphisms. There is an equivalence

[TC,Vec] ∼= Rep(A(C)) , (1.3)

meaning that tube representations may be regarded as ordinary representations of the tube

algebra.

As emphasised in [24], this has deep connections to the sandwich construction of finite

symmetries [83–88]1. In this framework, a two-dimensional theory T with fusion category

symmetry C is viewed as an interval compactification of the associated three-dimensional

Turaev-Viro theory TVC [94, 95], as illustrated in figure 2.

Figure 2.

The left boundary condition BC is a canonical gapped boundary supporting the sym-

metry C, while the right boundary condition BT contains information about the specific

1See also [89–93] for realisations of the sandwich construction in string theory.
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theory T . This has the conceptual advantage that universal information about the cate-

gorical symmetry C is abstracted onto the left boundary, while information about its action

on a specific two-dimensional theory is separated onto the right boundary.

Concretely, the relationship between tube representations and the sandwich construc-

tion takes the form of a braided equivalence [96–98]

[TC,Vec] ∼= TVC(S
1) , (1.4)

where the right-hand side is the category of topological lines in TVC that are linked by S1.

A tube representation corresponding to a bulk topological line is realised by local operators

at the junction (shown in red in figure 2) between the bulk topological line z ∈ Z(C) and
boundary topological lines X ∈ C on the canonical gapped boundary condition.

The topological line defects in the bulk topological theory TVC are given by the fac-

torisation homology of C on S1,

TVC(S
1) :=

∫
S1

C = Z(C) , (1.5)

where Z(C) denotes the Drinfeld center of C2. In summary, tube representations of C are

captured by the Drinfeld center Z(C).

1.1.2 Extended operators

A natural question is how this construction generalizes to dimensions D ≥ 2. A first step

was initiated in [80] (see also [79]), which studied the action of invertible symmetries on

genuine (untwisted) extended operators in any number of dimensions. The proposal is that

higher representation theory is the natural language: genuine (n−1)-dimensional extended

operators transform in n-representations of an invertible symmetry.

An n-representation of an invertible symmetry G is an n-functor

F : G → nVec , (1.6)

where G is understood as n-groupoid and nVec is the n-category of finite-dimensional n-

vector spaces. The collection such n-representations forms as n-category

nRep(G) = [G, nVec] . (1.7)

This again has deep connections to the sandwich construction of finite symmetries. The

(D + 1)-dimensional bulk topological theory TVC is now a generalised Dijkgraaf-Witten

theory constructed from G. The (n− 1)-dimensional extended operators L transforming in

n-representations of G now arise from junctions with a particular class of n-dimensional bulk

topological defects with the property that they are trivial when brought to the canonical

boundary condition BC. This is illustrated in figure 3.

More precisely, such an n-dimensional bulk topological defect becomes trivial on BC

in the absence of background fields for the invertible symmetry. Otherwise, it becomes a

n-dimensional background Wilson line, or extended n-dimensional TQFT equipped with

a G-equivariant structure, which is another description of an n-representation of G. This

reproduces the categorical perspective in [80].

2We work with spherical fusion categories and do not distinguish between center and co-center.
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Figure 3.

1.1.3 Synthesis

The idea of this paper is to combine the above constructions to develop the higher represen-

tation theory for non-invertible symmetries described by a spherical higher fusion category

C. This will capture the action of C on all local and extended twisted sector operators.

1.2 Summary

The most general setup we contemplate is a quantum field theory in D dimensions with a

spherical fusion (D−1)-category symmetry C3. This captures the properties of topological

symmetry defects of various dimensions, including those arising from condensations of lower

dimensional topological symmetry defects.

We want to consider the action of C on (not necessarily topological) twisted sector

extended operators attached to topological symmetry defects. Concretely, we can consider

(n − 1)-dimensional extended operators attached to n-dimensional topological symmetry

defects, as illustrated schematically in figure 4. We refer to such extended operators as

n-twisted sector operators.

Figure 4.

1.2.1 Higher tube categories

Expanding on the results from two dimensions, we expect the data associated to configu-

rations of topological symmetry defects acting on n-twisted sector operators to be encoded

in a tube n-category

TSd(C) , (1.8)

3Ultimately, in this paper we focus on D = 3, where such structures are entirely well-defined.
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where d := D − n and Sd denotes a sphere that links n-twisted sector operators in D di-

mensions. The intuition is that the tube n-category is obtained from C by compactification

on Sd. Schematically, its objects are n-twisted sectors and morphisms capture actions of

all possible topological symmetry defects supported on Sd × Rn−1.

In more detail, TSd(C) is a finite semi-simple n-category with

• objects µ, ν, ... ∈ Ωd−1(C)4 given by n-twisted sectors or genuine n-dimensional topo-

logical symmetry defects,

• 1-morphisms µ→ ν given by certain equivalence classes of pairs (B,Ψ) consisting of

an object B ∈ C and a d-morphism

Ψ : Idd−1
B ⊗ µ → ν ⊗ Idd−1

B (1.9)

that describes the wrapping of n-twisted sector operators by codimension-one topo-

logical symmetry defects B on Sd × Rn−1.

• higher morphisms given by the wrapping / linking of n-twisted sector operators by

topological symmetry defects of higher codimension.

This is illustrated schematically in figure 5. A complete description in dimensions D = 2, 3

will be given in the main text.

Figure 5.

The action of the symmetry category C on n-twisted sector operators is then captured

by an n-functor

F : TSd(C)→ nVec (1.10)

which we call a tube n-representation. The collection of tube n-representations forms a

fusion n-category

[TSd(C), nVec] , (1.11)

which we expect to be the Karoubi completion of TSd(C).

4We define ΩC := 1-EndC(1), where 1 denotes the monoidal unit of C. The operation Ωm for m ∈ N is

then defined by applying Ω iteratively m times.
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There is some redundancy is this description as tube m-representations can be recov-

ered from tube n-representations for m < n. In principle, it is therefore enough to consider

the top tube (D− 1)-category TS1(C). Nevertheless, there is some efficiency and utility in

working with the intermediate tube categories.

1.2.2 Higher tube algebras

There is again an alternative description in terms of higher tube algebras ASd(C), which

are finite semi-simple n-algebras generated by 1-morphisms in the tube category TSd(C).

They have the property that their n-representations or module (n − 1)-categories are the

same as tube n-representations,

[TSd(C), nVec] ∼= nRep(ASd(C)) . (1.12)

Higher tube algebras therefore provide an equivalent formulation of the representation

theory of categorical symmetries.

The tube algebras perspective is often useful for explicit computations and to exhibit

some structural features. We describe the relation between the two perspectives in more

detail in the main text.

1.2.3 Sandwich construction

The formulation of tube n-representations again has deep connections to the sandwich

construction of finite symmetries, which generalises the correspondence between tube rep-

resentations of a fusion category C and its Drinfeld center Z(C).
Concretely, a D-dimensional theory T with higher fusion category symmetry C is

viewed as an interval compactification of an associated (D + 1)-dimensional topological

theory TVC. The left boundary condition is a canonical gapped boundary supporting the

symmetry C, while the right boundary condition contains information about the specific

D-dimensional theory T . This is illustrated in figure 6.

Figure 6.

The relationship between higher tube representations and the sandwich construction

now takes the form of an equivalence

[TSd(C), nVec] ∼= TVC(S
d) , (1.13)
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where the right-hand side is the category of n-dimensional topological defects in TVC

that are linked by Sd. From a physical perspective, tube n-representations are realised by

(n−1)-dimensional extended operators at the junction (shown in red in figure 6) between n-

dimensional defects in the bulk and topological symmetry defects on the canonical gapped

boundary condition.

The n-dimensional topological defects in the bulk topological theory TVC are given by

factorisation homology of C on Sd,

TVC(S
d) :=

∫
Sd

C = Ωd−1Z(C) . (1.14)

In summary, higher tube representations of C are captured by factorisation homology of C,

or iterated loopings of the Drinfeld center of C. In particular, representations of the top

tube category TS1(C) are equivalent to the full Drinfeld center Z(C).

1.2.4 Group-theoretical symmetries

Higher tube representations are interesting even for invertible symmetries G in D ≥ 2.

Indeed, the (D + 1)-dimensional bulk topological theory TVC is a generalised Dijkgraaf-

Witten theory constructed from G and the tube algebras ASd(C) provide higher analogues

of the twisted Drinfeld double construction.

A simple example is an ordinary finite group symmetry G in D dimensions with an ’t

Hooft anomaly specified by a group cocycle α ∈ ZD+1(G,U(1)). The associated symmetry

category is

C = (D− 1)VecαG . (1.15)

In this case, the higher tube algebras ASd(C) provide higher categorical versions of the

twisted Drinfeld double of finite groups, to which they reduce when D = 2 and d = 1. The

higher tube representations in this case can be determined systematically. For example,

the irreducible (D − 1)-representations of TS1C are labelled by

1. a conjugacy class [x] ∈ G/G with representative x ∈ G,

2. an irreducible projective (D−1)-representation of the centraliser Cx(G) with projec-

tive D-cocycle

τx(α) ∈ ZD(Cx(G), U(1)) , (1.16)

where τ(α) is the transgression of the ’t Hooft anomaly α.

This provides a description of simple objects in Z(C), or topological defects in the (D+1)-

dimensional Dijkgraaf-Witten theory associated to G and α. In particular, note that

focusing on tube representations supported on the trivial conjugacy class recovers the fact

that genuine (D− 2)-dimensional extended operators transform in (D− 1)-representations

of the symmetry group G. This general class of examples was studied for D = 3 in [99–101].

The above construction has extensions to finite higher group symmetries G and pro-

vides a launch pad to study a large class of categorical symmetries in D > 2 obtained by

gauging finite higher subgroups H ⊂ G with topological phases. This typically leads to
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non-invertible symmetries whose structure is nevertheless determined by group-theoretical

data. The resulting group-theoretical higher fusion categories were studied in [69]. In par-

ticular, they all correspond to gapped boundary conditions of the same (D+1)-dimensional

Dijkgraaf-Witten theory associated to G and α. Thus, while the associated higher tube

categories and algebras may be vastly different, they share the same higher tube represen-

tations and Drinfeld center. A number of Ising-like non-invertible examples of this type

are studied in the main text.

1.3 Outline

The paper is organised by increasing spacetime and extended operator dimension, as sum-

marised in table 1.

Section D
Twisted

sector action
Tube

category
Tube

representations

2 2 TC
[TC,Vec]

= Z(C)

3 3 TS2(C)
[TS2(C),Vec]

= ΩZ(C)

4 3 TS1(C)
[TS1(C), 2Vec]

= Z(C)

Table 1.

• In section 2 we review the action of a fusion category symmetry C on twisted sector

local operators attached to topological symmetry lines in two dimensions, follow-

ing [24]. We provide a new perspective in terms of representations of the associated

tube category TC = TS1(C) and show that this reproduces the Drinfeld center

[TC,Vec] =

∫
S1

C = Z(C) . (1.17)

As an example, we consider an anomalous finite group symmetry and illustrate how

local operators in the twisted sector transform in representations of its twisted Drin-

feld double. Furthermore, we study tube representations of Tambara-Yamagami cat-

egories that capture the non-invertible symmetries of the two-dimensional critical

Ising model.
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• In section 3 we study the action of a fusion 2-category symmetry C on 1-twisted sector

local operators attached to topological line defect in three dimensions. We introduce

the tube category TS2(C) and show that its category of representations reproduces

[TS2(C) , Vec ] =

∫
S2

C = ΩZ(C) . (1.18)

As an example, we consider an anomalous finite 2-group symmetry and provide a

complete description of the associated tube category and tube representations. Fur-

thermore, we study a non-invertible Ising-like example that is obtained by gauging

a finite subgroup. These examples are realised concretely in dynamical gauge theo-

ries with gauge algebra spin(4N). Finally, we study fusion 2-categories of the form

C = Mod(B) where B is a braided fusion category and formulate tube representations

in terms of the Müger center of B.

• In section 4 we study the action of a fusion 2-category symmetry on 2-twisted sector

line operators attached to topological surface defects in three dimensions. We intro-

duce the tube 2-category TS1(C) and show that its 2-category of 2-representations

reproduces

[TS1(C) , Vec ] =

∫
S1

C = Z(C) . (1.19)

As an example, we consider an anomalous finite 2-group symmetry and illustrate

how 2-twisted sector line operators transform in 2-representations of a higher cate-

gorical analogue of its twisted Drinfeld double. Furthermore, we discus compatibility

with gauging finite groups and twisted sectors for condensation defects. These ex-

amples are again realised concretely in dynamical gauge theories with gauge algebra

spin(4N). Finally, we study fusion 2-categories of the form C = Mod(B) and formu-

late tube 2-representations as braided module categories over B.

Note added: The authors are grateful to Lakshya Bhardwaj and Sakura Schäfer-Nameki

for coordination on potentially overlapping work.

2 Two dimensions

We consider a two-dimensional theory with a spherical fusion category symmetry C. We

review how twisted sector local operators transform in irreducible representations of the

tube category or the tube algebra associated to C and explain the relation to the sand-

wich construction via the Drinfeld center [24]. We illustrate these ideas for a finite group

symmetry with ’t Hooft anomaly and Tambara-Yamagami fusion categories of Ising type.

2.1 Fusion category symmetry

We consider a quantum field theory in two dimensions whose symmetries are described by

a spherical fusion category C. We do not provide a complete definition of the latter here

but review some salient features and notation.
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Objects A ∈ C are topological line defects and morphisms γ : A → B are point-like

topological junctions between lines. The tensor structure ⊗ : C × C → C captures the

fusion of topological lines and their junctions. This is illustrated in figure 7.

Figure 7.

There is a simple tensor unit 1 ∈ C and associativity is controlled by a natural isomor-

phism α : (.⊗ .)⊗ .⇒ .⊗ (.⊗ .) with component morphisms

(2.1)

which we call the associator.

As a fusion category, C is equipped with additional structures that capture properties

of topological symmetry lines and their junctions. For instance, for each object A ∈ C there

is a dual objectA ∈ C that corresponds to the orientation reversal of A. There are left and

right evaluation morphisms ℓA, rA and co-evaluation morphisms ℓ̄A, r̄A that ensure that

the topological line A can be bent to the left and to the right consistently. These structures

are illustrated in figure 8.

Figure 8.

In particular, the left and right evaluation and co-evaluation morphisms allow us to

canonically identify morphism spaces between tensor products of objects, such as

HomC(X,A⊗ Y ) ∼= HomC(A⊗X,Y ) ,

HomC(X,Y ⊗A) ∼= HomC(X ⊗A, Y ) .
(2.2)

Physically, this means that topological lines can be freely bent around junctions with other

lines as illustrated in figure 9.

Finally, the spherical structure ensures that there is an unambiguous notion of dimen-

sion for each object A ∈ C, which is obtained by placing the corresponding topological

symmetry defect on a circle, as illustrated in figure 10. The corresponding dimension is

then given by dim(A) = ℓA ◦ rA = rA ◦ ℓA ∈ EndC(1) = C.
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Figure 9.

Figure 10.

2.1.1 Connected components

An object S ∈ C is called simple if it cannot be decomposed as a direct sum of non-trivial

sub-objects. As a consequence of the semi-simplicity of C, the relation

S ∼ T ⇔ HomC(S, T ) ̸= 0 (2.3)

then defines an equivalence relation on the set of simple objects, whose equivalence classes

are the connected components of C, i.e.

π0(C) := {simple objects S ∈ C} / ∼ . (2.4)

In particular, since there are no non-zero morphisms between non-isomorphic simple ob-

jects, π0(C) enumerates isomorphism classes of simple objects in C.

2.2 Twisted sector operators

We now consider twisted sector local operators O attached to outwardly oriented topolog-

ical lines X ∈ C, as illustrated in figure 11. Local operators of this type are said to be in

the X-twisted sector. They need not be topological themselves and correlations functions

may depend on where they are inserted.

Figure 11.

In the following, we will denote by

F(X) ∈ Vec (2.5)
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a finite-dimensional vector space spanned by local operators in the X-twisted sector. The

reason for this notation will be explained momentarily.

A topological symmetry line B ∈ C may act on X-twisted sector operators O ∈ F(X)

by linking with S1. Due to the topological symmetry line X attached to O, this requires

a choice of morphism

(2.6)

that describes how B intersects X and transforms it into a new line Y . This is illustrated

in figure 12. Upon shrinking the S1 down to O, the pair (B,ψ) then induces a linear map

(2.7)

between twisted sectors.

Figure 12.

These linear maps must be compatible with the consecutive action of two topological

symmetry lines A and B in the sense that the diagram

(2.8)
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commutes, where the morphism φ⊙ ψ is defined by the diagram

(2.9)

This condition simply states that acting on O with A and B consecutively is equivalent to

acting on O with their fusion A⊗B, as illustrated in figure 13.

Figure 13.

Lastly, the action of topological lines on twisted sector local operators must be compat-

ible with the possibility to move topological junctions around the linking S1. Concretely,

consider a configuration as on the left-hand side of figure 14, where two line defects A and

B that are connected by a morphism γ : A→ B link a local operator O in the X-twisted

sector via a specified morphism

(2.10)

By moving the topological junction γ around the 1-sphere towards η from the left and from

the right, we can either regard this configuration as

1. the defect A acting on O via the intersection morphism φ = η ◦ (γ ⊗X),

2. the defect B acting on O via the intersection morphism ψ = (Y ⊗ γ) ◦ η.
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Since both configurations are physically equivalent, the corresponding linear actions on O
must coincide in the sense that

F(A,φ) !
= F(B,ψ) . (2.11)

This is illustrated on the right-hand side of figure 14.

Figure 14.

For fixed topological linesX and Y , the above relations generate an equivalence relation

∼ on the vector space ⊕
B ∈C

HomC(B ⊗X,Y ⊗B) (2.12)

capturing configurations that act identically on twisted sector local operators. We will

denote the equivalence class of a pair (B,ψ) under ∼ by [B,ψ] in what follows.

2.3 Tube representations

The above action of the symmetry category C on twisted sector local operators may be

formulated in terms of the representation theory of the tube category or tube algebra of C.

This is a vast generalisation of the fact the local operators transform in representations of

a finite symmetry group.

2.3.1 Tube category

We first introduce the tube category TC = TS1C5. This is a finite semi-simple category

whose objects are twisted sectorsX ∈ C and morphisms are actions of topological symmetry

defects on twisted sector operators via linking with S1. This has appeared in many guises

in the mathematical literature, such as for instance [102–106].

It has the following explicit description:

• Its objects are objects of C, i.e. Ob(TC) = Ob(C).

• Its morphism spaces between objects X,Y ∈ TC are given by

HomTC(X,Y ) =

(⊕
B ∈C

HomC(B ⊗X,Y ⊗B)

)/
∼ (2.13)

5In two dimensions, there is only one tube category and so we drop the subscript S1
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with the equivalence relation ∼ as above. More concretely, morphisms are linear

combinations of equivalence classes of pairs

(2.14)

consisting of an object B ∈ C and a morphism

ψ ∈ HomC(B ⊗X,Y ⊗B) . (2.15)

• The composition of two morphisms

(2.16)

is defined by the composition law

[A,φ] ◦ [B,ψ] := [A⊗B, φ⊙ ψ] (2.17)

with the morphism φ⊙ ψ defined as in (2.9).

There is an inclusion functor C ↪→ TC whose image corresponds to morphisms with B = 1.

The tube category TC is obtained by horizontal compactification on S1: it has the same

objects as C but additional morphisms arising from intersections with horizontal topological

defects wrapping S1.

The above definition of morphism spaces in TC permits a clean physical interpretation

in terms of symmetry defects acting on twisted sectors, but may be rather abstract in view

of concrete computations. Fortunately, there exists a more concrete but less canonical

description of morphism spaces in TC. Concretely, there is an isomorphism

HomTC(X,Y ) ∼=
⊕

[S]∈π0(C)

HomC(S ⊗X,Y ⊗ S) , (2.18)

where the sum ranges over a set of representatives S of isomorphism classes [S] ∈ π0(C) of
simple objects in C. For an explicit proof of this isomorphism we refer the reader to [107];

a schematic proof is presented in appendix A.1. From a physical perspective, this captures

the fact the action of a generic symmetry defect is completely determined by the action of

its simple constituents.

With the definition of TC in hand, the collection of vector spaces (2.5) and linear maps

(2.7) together with the compatibility conditions (2.8) and (2.11) can now be summarised

conveniently as a functor

F : TC → Vec , (2.19)

which can be regarded as a linear representation of TC. This explains our choice of notation.

In summary, twisted sector local operators transform in linear representations of the tube

category TC.

We denote the category of linear representations by

[TC,Vec] . (2.20)

– 16 –



Although we do not discuss it here, this is the idempotent completion or Karoubi completion

of TC and has the structure of a non-degenerate braided fusion category. The braided

fusion structure captures the action of the symmetry category on products of twisted

sector local operators supported at separated spacetime points, whose configuration space

in two dimensions is homotopic to S1.

2.3.2 Tube algebra

There is an equivalent formulation of the above representation theory in terms of the tube

algebra A(C) = AS1(C)6. This is the finite semi-simple associative algebra

A(C) := EndTC

( ⊕
[S]∈π0(C)

S
)
, (2.21)

where S again runs over a complete set of representatives of isomorphism classes of simple

objects in C and the algebra product is given by composition of endomorphisms in TC. As

a finite semi-simple associative algebra, it has a decomposition as a sum of simple algebras

indexed by primitive central idempotents.

Any representation F : TC→ Vec of the tube category then determines a representa-

tion of the tube algebra on the vector space

V := F
(⊕

[S]

S
)

(2.22)

by sending algebra elements

a ∈ A(C) 7→ F(a) ∈ End(V ) . (2.23)

The irreducible representations arise from simple objects in [TC,Vec] and correspond to

primitive central idempotents in A(C). This sets up an equivalence of non-degenerate

braided fusion categories

[TC,Vec] ∼= Rep(A(C)) . (2.24)

From either perspective, this provides a complete description of the representation theory

of a fusion category symmetry C on twisted sector local operators in dimension D = 2. We

will uniformly speak of representations of the tube category and the tube algebra as tube

representations in what follows.

2.4 Sandwich construction

We now rephrase the construction of tube representations in the context of the sandwich

construction of categorical symmetries [83–88]. This is realised via the braided equivalence

between category of tube representations and the Drinfeld center discovered in [96–98]. We

now provide a quick summary of this equivalence.

An object of the Drinfeld center Z(C) is a pair z = (U, τ) consisting of

1. an object U ∈ C,

6Again, we drop the subscript S1 in two dimensions.
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2. a half-braiding (.)⊗ U τ
=⇒ U ⊗ (.) with component morphisms

(2.25)

for each object B ∈ C.

Note that there is a forgetful functor F : Z(C) → C that discards the information of the

half-braiding and sends z 7→ F (z) = U .

To each object z ∈ Z(C) of the Drinfeld center, we can associate a tube representation

Fz ∈ [TC,Vec] by defining the functor Fz as follows:

• To an object X ∈ TC it assigns the vector space

Fz(X) := HomC(U,X) . (2.26)

• To a morphism [B,ψ] ∈ HomTC(X,Y ) it assigns the linear map

(2.27)

that sends O ∈ HomC(U,X) to O′ ∈ HomC(U, Y ) defined by the diagram7

(2.29)

It is known that, up to equivalence, every tube representation takes the form F = Fz for

some z ∈ Z(C). The mapping z 7→ Fz then extends to an equivalence

Z(C) ∼= [TC,Vec] (2.30)

of braided fusion categories.

7Here, we use the canonical isomorphisms

HomC(B ⊗ U,U ⊗B) ∼= HomC(U,B ⊗ (U ⊗B))

HomC(B ⊗X,Y ⊗B) ∼= HomC((B ⊗X)⊗B, Y )
(2.28)

induced by the evaluation and co-evaluation morphisms as in (2.2). Their use is implicit when applied to

the morphisms τB̄ and ψ in (2.29).
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Let us now explain the physical picture underpinning this equivalence. We first give an

intrinsically two-dimensional perspective that extends our previous work [80]. Here, local

operators O in the X-twisted sector are viewed as junctions between X and an auxiliary

topological line U , as illustrated in figure 15. This identifies Fz(X) = HomC(U,X). The

action of morphisms [B,ψ] is then obtained by surrounding O with a circular line B that

intersects the auxiliary line U via the half-braiding τ . Shrinking the circle down to O then

induces the linear map Fz(B,ψ) : Fz(X)→ Fz(Y ).

Figure 15.

In the sandwich construction, we view a two-dimensional theory T with fusion category

symmetry C as an interval compactification of the associated three-dimensional topological

theory TVC. The Drinfeld centre is identified with the braided fusion category of topological

lines

TVC(S
1) :=

∫
S1

C = Z(C) , (2.31)

which is what the three-dimensional topological theory associates to S1. The left boundary

condition is a canonical gapped boundary condition BC with bulk-to-boundary functor

F : Z(C) → C, while the right boundary condition BT contains informations about the

specific theory T . This is illustrated in figure 16.

Figure 16.

A tube representation Fz ∈ [TC,Vec] with underlying vector space Fz(X) given by

HomC(U,X) now corresponds to local operators on the gapped boundary condition BC
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that sit at the junction between a bulk topological line z = (U, τ) and a boundary line

X ∈ C, as described in [24].

2.5 Example: group symmetry

Let us consider a finite symmetry group G with ’t Hooft anomaly specified by a normalised

3-cocycle α ∈ Z3(G,U(1)). This corresponds to the spherical fusion category C = VecαG of

finite-dimensiuonal G-graded vector spaces with associator twisted by α. The associated

tube algebra is the twisted Drinfeld double

A(C) = τ(α)C[G//G] , (2.32)

where τ(α) is the transgression of the ’t Hooft anomaly [108–110]. Its representation cate-

gory is one description of the three-dimensional topological theory TVC, which is Dijkgraaf-

Witten theory constructed from G and α.

2.5.1 Symmetry category

The symmetry category C = VecαG is the spherical fusion category of finite-dimensional

G-graded vector spaces with associator twisted by the 3-cocycle α ∈ Z3(G,U(1)). It has

the following explicit description:

• The simple objects are one-dimensional vector spaces Cg with a single graded com-

ponent (Cg)h = δg,h · C.

• The morphism spaces between simple objects are given by

HomC(Cg,Ch) = δg,h · C . (2.33)

• The fusion of simple objects is given by Cg ⊗ Ch = Cgh with associator

(2.34)

From a physical perspective, the simple objects are topological symmetry lines labelled

by group elements g ∈ G whose fusion is determined by the group law of G and associative

up to multiplicative phases parameterised by α. This is illustrated in figure 17.

Figure 17.
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2.5.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B,ψ] where B = Cg
and ψ has a single graded component

(2.35)

They correspond to intersections of a vertical topological line x with a horizontal topological

line g ∈ G, whereupon the former is transformed into gx = gxg−1.

Following standard notation, we denote the above generators by ⟨ g←−x⟩. Using the

definition (2.17), their tube algebra product can be determined to be

⟨ g←−x⟩ ◦ ⟨ h←−y⟩ = δx,hy · τy(α)(g, h) · ⟨
g ·h←−−−y⟩ , (2.36)

where the multiplicative phase is given by

τy(α)(g, h) =
α(g, h, y) · α(ghy, g, h)

α(g, hy, h)
. (2.37)

As a consequence of the 3-cocycle condition obeyed by the associator, it satisfies

τy(α)(h, k) · τy(α)(g, hk)
τy(α)(gh, k) · τ(ky)(α)(g, h)

= 1 , (2.38)

which ensures that the algebra product in (2.36) is associative. Furthermore, equation

(2.38) defines a 2-cocycle

τ(α) ∈ Z2
(
G//G,U(1)

)
(2.39)

on the action groupoid G//G for the conjugation action of G on itself. This is known as

the transgression of the ’t Hooft anomaly α ∈ Z3(G,U(1)).

In summary, the tube algebra in this case can be identified with the twisted Drinfeld

double or twisted groupoid algebra

A(C) = τ(α)C[G//G] . (2.40)

2.5.3 Tube representations

A general tube representation F is a collection of finite-dimensional complex vector spaces

Vx := F(Cx) together with linear maps

(2.41)

that satisfy the composition rule

Rx(g) ◦ Ry(h) = δx,hy · τy(α)(g, h) · Ry(gh) . (2.42)

This collection of data can be viewed as a vector bundle over G equipped with a projective

G-action that acts on the base by conjugation.
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From the composition rule (2.42), it is clear that F will decompose as a direct sum of

representations supported on conjugacy classes of G. Let us therefore fix a conjugacy class

[x] ∈ G/G with representative x ∈ G. If we restrict to group elements g, h ∈ Cx(G) in the

centraliser of x in G, the composition rule becomes

Rx(g) ◦ Rx(h) = τx(α)(g, h) · Rx(gh) . (2.43)

Consequently, the map

Rx : Cx(G) → End(Vx) (2.44)

defines an ordinary projective representation of Cx(G) with 2-cocycle

τx(α) ∈ Z2(Cx(G), U(1)) . (2.45)

A tube representation supported on [x] ∈ G/G is then irreducible if the associated pro-

jective representation Rx of Cx(G) is irreducible. Conversely, it is known that, up to

equivalence, any irreducible projective representation of Cx(G) determines an irreducible

tube representation by induction.

In summary, the irreducible tube representations are determined by

1. a group element x ∈ G,

2. a projective representation of Cx(G) with 2-cocycle

τx(α)(g, h) =
α(g, h, x) · α(x, g, h)

α(g, x, h)
. (2.46)

Up to equivalence, this data depends only on the conjugacy class [x] ∈ G/G and the group

cohomology class [τx(α)] ∈ H2(Cx(G), U(1)). Note that tube representations on the trivial

conjugacy class [e] ∈ G/G reproduce the fact that genuine local operators transform in

representations of G.

The above then reproduces the known equivalence

Rep
(
τ(α)C[G//G]

) ∼= Z(VecαG) (2.47)

between representations of the twisted Drinfeld double and topological lines in the three-

dimensional Dijkgraaf-Witten theory constructed from G and α. The latter is the three-

dimensional topological theory TVC associated to the symmetry category C = VecαG.

2.6 Example: Ising symmetry

We now consider an intrinsically non-invertible example realised in the critical Ising model.

General Tambara-Yamagami fusion categories C = TY(A,χ, s) [111] are specified by

1. a finite abelian group A,

2. a non-degenerate bicharacter χ : A×A→ U(1),

3. a square-root s of |A|−1.

We focus here on A = Z2 =: ⟨x⟩ with the unique non-degenerate bicharacter χ(x, x) = −1
and s = 1/

√
2. This symmetry is realised in the critical Ising model [13, 14].
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2.6.1 Symmetry category

The symmetry category C = TY(Z2, χ, s) has the following explicit description:

• There are three simple objects 1, x and m of dimension 1, 1 and
√
2, respectively.

• The morphism spaces between simple objects S, S′ ∈ {1, x,m} are given by

HomC(S, S
′) = δS,S′ · C . (2.48)

• The fusion rules for simple objects are given by

x⊗ x = 1 , x⊗m = m⊗ x = m, m⊗m = 1⊕ x . (2.49)

• The non-trivial components of the associator are given by

(2.50)

where a, b ∈ Z2 denote generic elements.

From a physical perspective, the fact that the associator becomes trivial when restricted to

simple objects a, b, c ∈ {1, x} captures the absence of an anomaly for the Z2 sub-symmetry

generated by x.

2.6.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B,ψ] corresponding

to the following combinations of an object B and an intersection morphism ψ:

• For a, b ∈ Z2, we denote by
〈a

b

〉
those generators for which B = a and

(2.51)

• For b, c ∈ Z2, we denote by
〈m

b

c 〉
those generators for which B = m and

(2.52)

• For a ∈ Z2, we denote by
〈a

m

〉
those generators for which B = a and

(2.53)
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• For c ∈ Z2, we denote by
〈m

m
c 〉 those generators for which B = m and

(2.54)

The algebra product of these generators is straightforward to compute using (2.9). For

example, we find 〈m
1

1 〉
◦
〈m

1

1 〉
=
〈1

1

〉
+
〈x

1

〉
,〈m

x

x 〉
◦
〈m

x

x 〉
=
〈x

x

〉
−
〈1

x

〉
,〈m

m
1 〉 ◦ 〈m

m
1 〉 =

1

2
√
2

[ 〈1
m

〉
+
〈x

m

〉 ]
,

〈m
m
1 〉 ◦ 〈m

m
x 〉 =

1

2
√
2

[ 〈1
m

〉
−
〈x

m

〉 ]
,

〈m
m
x 〉 ◦ 〈m

m
x 〉 = − 1

2
√
2

[ 〈1
m

〉
+
〈x

m

〉 ]
,〈m

1

x 〉
◦
〈m

x

1 〉
=
〈1

x

〉
+
〈x

x

〉
,〈m

x

1 〉
◦
〈m

1

x 〉
=
〈1

1

〉
−
〈x

1

〉
,

(2.55)

which are notably compatible with the fusion rule m⊗m = 1⊕ x.

2.6.3 Tube representations

Let us now consider irreducible representations of the tube algebra. As the Drinfeld center

of general Tambara-Yamagami fusion categories TY(A,χ, s) was computed in [112], it is

convenient to take this as the starting point to construct tube representations. The Drinfeld

center has
n(n+ 7)

2
(2.56)

simple objects, with n = |A|. When A = Z2, there are therefore 9 simple objects, or

equivalently 9 irreducible tube representations, which can be described as follows:

• There are two one-dimensional irreducible tube representations F±
1 with untwisted

sector F±
1 (1) = C and non-trivial generator actions

F±
1

(〈x
1

〉)
= 1 and F±

1

(〈m
1

1 〉)
= ±

√
2 . (2.57)

These representations correspond to genuine local operators that are not charged

under the Z2 sub-symmetry generated by x and that remain genuine local operators

after the action of m.

• There are two one-dimensional irreducible tube representations F±
x with twisted sec-

tor F±
x (x) = C and non-trivial generator actions

F±
x

(〈x
x

〉)
= −1 and F±

x

(〈m
x

x 〉)
= (±i) ·

√
2 . (2.58)
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These representations are now associated to x-twisted operators that are charged

under the Z2 sub-symmetry generated by x and remain twisted sector operators

after the action of m.

• There are four one-dimensional irreducible tube representations F±
m and F̃±

m ≡
(
F±
m

)∗
with twisted sector F±

m(m) = F̃±
m(m) = C and non-trivial generator actions

F±
m

(〈x
m

〉)
= i ,

F±
m

(〈m
m
1 〉) = ± 1√

2
e

iπ
8 ,

F±
m

(〈m
m
x 〉) = ± 1√

2
e−

i3π
8 .

(2.59)

• There is one two-dimensional irreducible tube representation F with twisted sectors

F(1) = F(x) = C and non-trivial generator actions

F
(〈x

1

〉)
=

(
−1 0

0 0

)
, F

(〈x
x

〉)
=

(
0 0

0 +1

)
,

F
(〈m

1

x 〉)
=

(
0 0√
2 0

)
, F

(〈m
x

1 〉)
=

(
0
√
2

0 0

)
.

(2.60)

This tube representations corresponds to a pair consisting of a genuine local operator

O1 and an x-twisted sector local operator Ox that are exchanged by the non-invertible

line m. The local operator O1 is charged under the Z2 sub-symmetry generated by

x, whereas the twisted sector operator local operator Ox is not. This is illustrated in

figure 18.

Note that the two-dimensional irreducible tube representation is the only one that permits

genuine local operators charged under the Z2 symmetry generated by x: such charge is

inevitably tied with the behaviour under the action of the non-invertible line m.

In the critical Ising model, the set of twisted sector primary fields and their transfor-

mation properties are such that each of these tube representations appears exactly once.

To understand the correspondence between tube representations and primaries, it is useful

to note that
〈m

m
1 〉 corresponds to the lassoing action of m line, which in a conformal field

theory is proportional to the exponentiated spin

exp(2πi(h− h̄)) (2.61)

for a primary operator Om of weight (h, h̄) in the m-twisted sector. Following [13, 14], the

tube representations generated by primaries are summarised as follows:

• The primaries 1, ε with conformal weights (h, h̄) = (0, 0), (12 ,
1
2) transform in the

irreducible tube representations F+
1 , F−

1 .
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Figure 18.

• The primaries ψ, ψ̃ in the x-twisted sector with conformal weights (h, h̄) = (12 , 0), (0,
1
2)

transform in the irreducible tube representations F+
x ,F−

x . This is compatible with

the spin selection rules induced by them being charged under the non-anomalous Z2

symmetry.

• The primaries s, s̃, Λ, Λ̃ in the m-twisted sector with conformal weights

(h, h̄) =
(

1
16 , 0

)
,
(
0, 1

16

)
,
(

1
16 ,

1
2

)
,
(
1
2 ,

1
16

)
(2.62)

transform in the irreducible tube representations F+
m, F̃+

m,F−
m, F̃−

m.

• The primaries σ, µ in the 1, x-twisted sectors with conformal weights (h, h̄) = ( 1
16 ,

1
16)

transform in the two-dimensional irreducible tube representation F .

3 Three dimensions: local operators

We consider a three-dimensional theory with spherical fusion 2-category symmetry C. This

section considers twisted sector local operators attached to topological symmetry lines,

while section 4 will consider twisted sector line operators attached to topological symmetry

surfaces. While the latter determines the former, this intermediate step nevertheless has

some utility and will not require higher algebraic methods.

We will motivate and introduce the tube category TS2C and tube algebra AS2(C) asso-

ciated to the manifold S2 linking a point in three dimensions. We show that twisted sector

local operators transform in linear representations thereof, which are in 1:1-correspondence

with bulk topological lines in the sandwich construction. This extends to an equivalence

[TS2C,Vec] ∼= TVC(S
2) :=

∫
S2

C = ΩZ(C) (3.1)

of symmetric fusion categories.

– 26 –



We illustrate these ideas in three examples: a finite invertible symmetry with ’t Hooft

anomaly, a non-invertible Ising-like symmetry obtained by gauging a finite 2-group, and

general non-invertible topological lines described by a braided fusion category.

3.1 Fusion 2-category symmetry

We consider a quantum field theory in three dimensions with a spherical fusion 2-category

symmetry C [1–3]. This framework captures both finite 2-group symmetries with ’t Hooft

anomalies and finite non-invertible symmetries. We do not provide a full definition here

but summarise key features that will appear prominently in what follows.

Objects A ∈ C correspond to topological surfaces defects, 1-morphisms γ : A → B

to topological lines between surface defects, and 2-morphisms Φ : γ ⇒ δ to point-like

junctions between topological lines. This is illustrated on the left-hand side of figure 19.

The tensor structure ⊗ : C ⊗ C → C captures the fusion of topological surfaces, their line

Figure 19.

interfaces and point-like junctions, as illustrated on the right-hand side of figure 19. The

associativity of ⊗ is again controlled by an associator α. The compatibility of the associator

α with the fusion of four surface defects is implemented by an invertible modification Π

with component 2-isomorphisms

(3.2)
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We call Π the pentagonator in what follows.

In addition, there is now a 2-associator Λ with component 2-isomorphisms

(3.3)

that control the associativity of the fusion of three 1-morphisms µ : A → A′, ρ : B → B′

and σ : C → C ′. Furthermore, there are interchanger 2-morphisms

(3.4)

that control the braiding of topological lines γ : A → A′ and δ : B → B′ as illustrated in

figure 20.

Figure 20.

A spherical fusion 2-category C comes equipped with many additional structures [1].

Each object A ∈ C has a dual objectA ∈ C defined by orientation reversal of the surface.

There are left and right evaluation 1-morphisms ℓA, rA and co-evaluation morphisms ℓA,

rA as well as front and back closure 2-morphisms IA, PA and co-closure 2-morphisms IA,

PA. These ensure topological surfaces can be bent to the left and to the right and closed

up forwards and backwards consistently. This is illustrated in figure 21.

Similarly, each 1-morphism γ : A→ B has a dual γ : B → A defined by the orientation

reversal of the line. There are left and right evaluation 2-morphisms Lγ , Rγ and co-

evaluation 2-morphisms Lγ and Rγ which ensure that line interface can be bent to the left

and to the right consistently. This is illustrated in figure 22.

Finally, the spherical structure ensures that there is a unambiguous notion of dimension

for each object A ∈ C, which is obtained by placing the corresponding topological symmetry
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Figure 21.

Figure 22.

defect on a sphere. Similarly, there is an unambiguous notion of dimension for each 1-

endomorphisms γ ∈ 1-EndC(A) by placing the corresponding line defect on a circle as

before. This is illustrated in figure 23.

Figure 23.

3.1.1 Homotopy groups and condensations

An object S ∈ C is said to be simple if it cannot be decomposed as a direct sum of non-

trivial sub-objects. Similarly to an ordinary fusion 1-category, the semi-simplicity of C
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implies that

S ∼ T :⇔ 1-HomC(S, T ) ̸= 0 (3.5)

defines an equivalence relation on the set of simple objects, whose equivalence classes are

the connected components of C, i.e.

π0(C) := {simple objects S ∈ C} / ∼ . (3.6)

However, unlike an ordinary fusion 1-category, simple objects S and T that lie in the

same equivalence class [S] ∈ π0(C) need not be isomorphic but are instead related by a

condensation [2]. The set of connected components π0(C) is therefore generally smaller

than the set of isomorphism classes of simple objects in C.

Abstractly, a 2-condensation from an object A ∈ C onto an object B ∈ C (denoted by

A ↩→ B) consists of two pairs of 1- and 2-morphisms

(3.7)

such that P ◦ I = Id2B. As a consequence, the 1-endomorphism ε := ı ◦ π ∈ 1-EndC(A)

defines a 1-condensation monad (ε2 ↩→ ε) in the sense that there exist 2-morphisms

(3.8)

satisfying P̂ ◦ Î = Idε.

From a physical perspective, the topological defect B is obtained by condensing the

topological line ε on A. In other words, B is defined by inserting a sufficiently fine mesh of

topological lines ε on A whose junctions are controlled by the 2-morphisms P̂ and Î. This

is illustrated schematically in figure 24.

Upon decomposing the topological line ε into a direct sum of simple lines, the insertion

of this network may be viewed as the gauging of the sub-symmetry on A that is generated

by the simple constituents of ε. This physical perspective was introduced in the context

of an ordinary 1-form symmetry A, corresponding to the fusion 2-category C = 2VecA[1],

in [36]. The interpretation of condensation defects when gauging a finite non-abelian group

G in three dimensions, corresponding to the fusion 2-category C = 2Rep(G), was discussed

further in [51–53].

Since there are no non-trivial networks of topological lines on S2, objects related

by condensation correspond to topological surface defects that become equivalent when
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Figure 24.

wrapped on S2. In particular, objects related by condensation have the same dimension.

We may thus equivalently think of π0(C) as enumerating classes of simple topological

surfaces that become indistinguishable on S2.

Lastly, we consider the 1-endomorphism category

ΩC := 1-EndC(1) , (3.9)

which is an ordinary fusion 1-category due to the tensor unit 1 ∈ C being a simple object

of C. We then define the first homotopy group of C to be

π1(C) := π0(ΩC) , (3.10)

which captures isomorphism classes of simple genuine topological line defects.

3.2 Twisted sector operators

We now consider 1-twisted sector local operators, which are local operators O attached to

an outwardly oriented topological line defect µ ∈ ΩC. Local operators of this type are said

to be in the µ-twisted sector. The local operators need not be topological and correlation

functions may depend on where they are inserted.

By analogy with section 2, we denote by

F(µ) ∈ Vec (3.11)

a finite-dimensional vector space spanned by local operators in the µ-twisted sector. The

reason for this notation will again be explained momentarily.

Figure 25.
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A topological symmetry defect B ∈ C may act on 1-twisted sector local operators

O ∈ F(µ) by linking with a small S2, as shown in figure 25. Due to the attached topological

line µ, this requires specifying a 2-morphism

(3.12)

that determines how the surface B intersects the line µ and transforms it into a new line

ν. Upon shrinking the 2-sphere, the pair (B,Ψ) then induces a linear map

(3.13)

from the µ-twisted to the ν-twisted sector.

These linear maps must be compatible with the consecutive action of two topological

symmetry defects A and B in the sense that the diagram

(3.14)

commutes, where the 2-morphism Φ ⋆Ψ is defined by the diagram

(3.15)

Despite its fearsome appearance, this condition simply states that acting with A and B

consecutively is equivalent to acting with their fusion A⊗B, as illustrated in figure 26.

Finally, the action of topological symmetry defects on 1-twisted sector local operators

must be compatible with the possibility to move topological lines around the encircling S2.

Concretely, consider a configuration as on the left-hand side of figure 27, where two surface

– 32 –



Figure 26.

defects A and B that are connected by a 1-morphism γ : A → B link a local operator O
in the µ-twisted sector via a specified 2-morphism

(3.16)

By moving the topological line interface γ around the 2-sphere towards N from the left

and from the right, we can either regard this configuration as

1. the defect A acting on O via the intersection 2-morphism Φ defined by

(3.17)

2. the defect B acting on O via the intersection 2-morphism Ψ defined by

(3.18)
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Since both configurations are physically equivalent, the corresponding linear actions on O
must coincide in the sense that

F(A,Φ) !
= F(B,Ψ) . (3.19)

This is illustrated on the right-hand side of figure 27.

Figure 27.

For fixed topological lines µ and ν, the above relations generate an equivalence relation

∼ on the vector space ⊕
B ∈C

2-HomC(IdB ⊗ µ, ν ⊗ IdB) , (3.20)

which relates configurations acting identically on 1-twisted sector local operators as a con-

sequence of placing the topological defects on S2. We will denote the equivalence class of

a pair (B,Ψ) under ∼ by [B,Ψ] in what follows.

3.3 Tube representations

We now formulate the above action of the symmetry category C on 1-twisted sector local

operators in terms of representation theory. We introduce the tube category TS2C and tube

algebra AS2(C) and show that their linear representation theory captures the structures

presented above. This is a natural generalisation of the fact the local operators transform

in representations of a finite symmetry group in three dimensions.

3.3.1 Tube category

We first introduce the tube category TS2C, which is a finite semi-simple category whose

objects are 1-twisted sectors and morphisms are actions of topological symmetry defects

on 1-twisted sector operators via linking with S2.

This has the following explicit description:

• Its objects are those of C, Ob(TS2C) = Ob(ΩC).

• Its morphism spaces between objects µ, ν ∈ TS2C are given by

HomTS2C(µ, ν) =

(⊕
B ∈C

2-HomC(IdB ⊗ µ, ν ⊗ IdB)

)/
∼ (3.21)
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with ∼ as described in the previous sub-section. More concretely, morphisms between

µ and ν in TS2C are linear combinations of equivalence classes of pairs

(3.22)

consisting of an object B ∈ C and a 2-morphism

Ψ ∈ 2-HomC(IdB ⊗ µ, ν ⊗ IdB) . (3.23)

• The composition of morphisms

(3.24)

is defined by the composition law

[A,Φ] ◦ [B,Ψ] := [A⊗B, Φ ⋆Ψ] (3.25)

with the 2-morphism Φ ⋆Ψ defined as in (3.15).

There is again an inclusion functor ΩC ↪→ TS2C whose image corresponds to morphisms

with B = 1. The tube category TS2C is obtained by horizontal compactification of ΩC

on S2: it has the same objects as ΩC but additional morphisms from intersections with

topological surfaces wrapping S2.

The above definition of morphism spaces as a quotient allows for a clean physical

interpretation in terms of symmetry defects acting on 1-twisted sectors, but may be abstract

in view of concrete computations. Similarly to two dimensions, there exists a more concrete

but less canonical description in terms of simple objects of C, although this is now slightly

more intricate. Concretely, there is an isomorphism

HomT1C(µ, ν)
∼=

⊕
[S]∈π0(C)

2-HomC(IdS ⊗ µ, ν ⊗ IdS) , (3.26)

where the sum is over a collection of representatives S of connected components [S] ∈ π0(C)
of C. A schematic proof of this isomorphism is presented in appendix A.2. From a physical

perspective, this captures the intuitive fact that the action of a generic symmetry defect on

1-twisted sector operators is completely determined by the action of its simple constituents.

Furthermore, the latter only need to be considered up to condensation, since condensations

become trivial on S2.

With the above definitions in hand, the collection of vector spaces (3.11) and lin-

ear maps (3.13) together with the compatibility conditions (3.14) and (3.19) can now be

summarised conveniently as a functor

F : TS2C → Vec . (3.27)

In other words, 1-twisted sector local operators transform in linear representations of the

tube category TS2C.
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We again denote the category of all such linear representations by

[TS2C,Vec] . (3.28)

This is the idempotent or Karoubi completion of TS2C and has the structure of a symmetric

braided fusion category. The fusion structure captures the action of C on products of 1-

twisted sector local operators supported at separated spacetime points. The reason for

a symmetric fusion structure is that the configuration space in three dimensions is now

homotopic to S2.

3.3.2 Tube algebra

There is an equivalent formulation of the above representation theory in terms of the tube

algebra AS2(C). This is the finite semi-simple associative algebra

AS2(C) := EndTS2C

( ⊕
[σ]∈π1(C)

σ
)
, (3.29)

where the sum ranges over a collection of representatives σ of isomorphism classes [σ] ∈
π1(C) of simple topological lines in C. The algebra product is again determined by the

composition of morphisms in TS2C.

Any representation F : TS2C→ Vec of the tube category then determines a represen-

tation of the tube algebra AS2(C) on the vector space

V := F
(⊕

[σ]

σ
)

(3.30)

by sending algebra elements

a ∈ A1(C) 7→ F(a) ∈ End(V ) . (3.31)

This sets up an equivalence of symmetric fusion categories

[TS2C,Vec] ∼= Rep(AS2(C)) . (3.32)

From either perspective, this provides a complete description of the representation theory of

a spherical fusion 2-category symmetry C on 1-twisted local operators in three dimensions.

We will again uniformly speak of tube representations in what follows.

3.4 Sandwich construction

We now rephrase the above construction of tube representations in the context of the

sandwich construction. This is realised by a symmetric equivalence of the category of tube

representations and the category of topological lines in the associated four-dimensional

Turaev-Viro theory TVC.

The latter is the looping

TVC(S
2) :=

∫
S2

C = ΩZ(C) (3.33)

of the Drinfeld center of the fusion 2-category C. From the explicit description of 1-

morphisms in Z(C) [113] (see also references [99, 114] for additional presentations), an

object in ΩZ(C) is given by a pair p = (ω, T ) consisting of
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1. an object ω ∈ ΩC,

2. a collection T of 2-morphisms

(3.34)

for each object B ∈ C, subject to suitable coherence conditions [99].

Note that there is a forgetful functor F : ΩZ(C) → ΩC that discards the information of

the additional 2-morphisms T and sends p 7→ F (p) = ω.

To each object p ∈ ΩZ(C), we can associate a tube representation Fp ∈ [TS2C,Vec] by

defining the functor Fp as follows:

• To an object µ ∈ ΩC it assigns the vector space

Fp(µ) := 2-HomC(ω, µ) . (3.35)

• To a morphism [B,Ψ] ∈ HomT1C(µ, ν) it assigns the linear map

(3.36)

that sends O ∈ 2-HomC(ω, µ) to O′ ∈ 2-HomC(ω, ν) defined by the diagram8

8Here, we use the existence of canonical isomorphisms

2-HomC(IdB ⊗ ω, ω ⊗ IdB)
∼= 2-HomC(ℓB ◦ ω, [IdB ⊗ (ω ⊗ IdB)] ◦ ℓB)

2-HomC(IdB ⊗ µ, ν ⊗ IdB) ∼= 2-HomC(rB ◦ [IdB ⊗ (µ⊗ IdB)], ν ◦ rB)
(3.37)

that are induced by the (co)evaluation 2-morphisms of C. Their usage is left implicit when applied to the

morphisms TB̄ and Ψ in (3.38).
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(3.38)

We expect that, up to equivalence, every tube representation is of the form F = Fp for

some p ∈ ΩZ(C) and that the mapping p 7→ Fp extends to an equivalence

ΩZ(C) ∼= [TS2C,Vec] . (3.39)

of symmetric fusion categories.

Let us now explain the picture underpinning this equivalence. We first put forward an

intrinsically three-dimensional perspective generalising the categorical perspective in our

previous work [80], before explaining the interpretation in the four-dimensional sandwich

construction.

In the intrinsically three-dimensional perspective, local operators O in the µ-twisted

sector are viewed as junctions between an auxiliary topological line defect ω and µ, as

illustrated in figure 28. We then have the following interpretation:

• Fp(µ) is identified with 2-HomC(ω, µ).

• The action of a morphism [B,Ψ] is obtained by surroundingO with a spherical surface

B intersecting the auxiliary line ω via the associated component 2-morphism of T .

Shrinking the sphere induces the linear map Fp(B,Ψ) : Fp(µ)→ Fp(ν).

In the sandwich construction, we instead view a three-dimensional theory T with spher-

ical fusion 2-category symmetry C as an interval compactification of the four-dimensional

topological theory TVC. Endomorphisms of the identity in the Drinfeld center are identified

with the symmetric fusion category of topologigical lines

TVC(S
2) :=

∫
S2

C = ΩZ(C) , (3.40)
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Figure 28.

which is what the four-dimensional topological theory associates to S2. The left boundary

condition is the canonical gapped boundary condition BC with bulk-to-boundary functor

F : Z(C) → C, while the right boundary condition BT contains informations about the

theory T . This is illustrated in figure 29.

Figure 29.

A tube representation Fp ∈ [TS2C,Vec] with underlying vector space Fp(µ) given by

2-HomC(ω, µ) now corresponds to local operators on the gapped boundary condition BC

that sit at the junction between a bulk topological line p = (ω, T ) ∈ ΩZ(C) and a boundary

line µ ∈ ΩC.

3.5 Example: 2-group symmetry

Let us now consider finite 2-group symmetry G with ’t Hooft anomaly λ9. This corresponds

to the spherical fusion 2-category symmetry C = 2VecλG . For concreteness, we specialise

here to a split 2-group symmetry10 G = (G,A, ρ) consisting of

1. a finite 0-form symmetry group G,

2. a finite abelian 1-form symmetry group A,

9A discussion of ’t Hooft anomalies for finite 2-group symmetries can be found in [115, 116].
10This is sometimes also written as G = A[1]⋊ρ G.
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3. a group action ρ : G→ Aut(A) of G on A.

Furthermore, we restrict attention to a mixed ’t Hooft anomaly between the 0-form and

the 1-form component specified by a normalised 2-cocycle

λ ∈ Z2
ρ̂ (G, Â) , (3.41)

where Â := Hom(A,U(1)) denotes the Pontryagin dual of A.

We show that the associated tube algebra is the twisted groupoid algebra

AS2(C) = θ(λ)C[A//ρG] . (3.42)

where θ(λ) denotes a groupoid 2-cocycle constructed from the ’t Hooft anomaly λ. The

linear representation theory of this tube algebra provides a concrete description of topo-

logical lines in the associated four-dimensional theory TVC, which is the four-dimensional

Dijkgraaf-Witten theory constructed from G, λ.

3.5.1 Symmetry 2-category

The symmetry category C = 2VecλG is the spherical fusion 2-category of G-graded 2-vector

spaces with 2-associator twisted by the presence of the ’t Hooft anomaly λ ∈ Z2
ρ̂ (G, Â).

It has the following explicit description:

• The simple objects up to condensation11 are one-dimensional G-graded 2-vector

spaces 1g with graded components (1g)h = δg,h. Their fusion is given by

1g ⊗ 1h = 1gh (3.43)

with trivial associator and pentagonator.

• The 1-morphism spaces between simple objects are fusion categories

1-Hom(1g, 1h) = δg,h · VecA , (3.44)

whose simple objects are one-dimensional vector spaces Ca with graded components

(Ca)b = δa,b · C. The fusion of 1-morphisms Ca ∈ 1-End(1g) and Cb ∈ 1-End(1h) is

given by

Ca ⊗ Cb = Ca · gb ∈ 1-End(1gh) , (3.45)

where gb := ρg(b) denotes the action of g ∈ G on b ∈ A.

• The 2-associator for the fusion of 1-morphisms is given by

(3.46)

11These are condensation defects for the 1-form symmetry A.
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In physical terms, simple objects up to condensations are topological surfaces generat-

ing the 0-form symmetry G, while simple 1-endomorphisms are topological lines generating

the 1-form symmetry A. They correspond to the homotopy groups π0(C) and π1(C), re-

spectively.

Furthermore, passing a line a ∈ A through a surface g ∈ G transforms it into a new

line ρg(a) ∈ A determined by the homomorphism ρ : G → Aut(A). Passing a line a ∈ A
through the fusion of two surfaces labelled by g, h ∈ G generates a multiplicative phase

determined by the ’t Hooft anomaly λ. This is illustrated in figure 30.

Figure 30.

3.5.2 Tube algebra

The associated tube algebra is generated by equivalences classes of pairs [B,Ψ] where

B = 1g and Ψ has a single graded component

(3.47)

From a physical perspective, this corresponds to intersecting a topological line a ∈ A with

a surface defect g ∈ G, whereupon the former is transformed into the line ga := ρg(a).

Note that the generators do not include contributions from condensations for the 1-form

symmetry A, which become trivial on S2.
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Continuing our notation from two dimensions, we denote the above generators by

⟨ g←−a⟩. Using the definition (3.25), their algebra product can be determined to be

⟨ g←−a⟩ ◦ ⟨ h←−b⟩ = δa,hb · θb(λ)(g, h) · ⟨
g ·h←−−−b⟩ , (3.48)

where the multiplicative phase is given by

θb(λ)(g, h) = ⟨λ(g, h), ghb⟩ . (3.49)

As a consequence of the 2-cocycle condition obeyed by λ, it satisfies

θb(λ)(h, k) · θb(λ)(g, hk)
θb(λ)(gh, k) · θ(kb)(λ)(g, h)

= 1 , (3.50)

which ensures that the algebra product in (3.48) is associative. Furthermore, equation

(3.50) defines a 2-cocycle

θ(λ) ∈ Z2
(
A//ρG,U(1)

)
(3.51)

on the action groupoid A//ρG associated to the group action ρ : G→ Aut(A).

In summary, the tube algebra can be identified with the twisted groupoid algebra

AS2(C) = θ(λ)C[A//ρG] . (3.52)

3.5.3 Tube representations

A general tube representation F is a collection of finite-dimensional complex vector spaces

Va := F(Ca) together with linear maps

(3.53)

satisfying the composition rule

Ra(g) ◦ Rb(h) = δa,hb · θb(λ)(g, h) · Rb(gh) . (3.54)

This collection of data can be viewed as a vector bundle over the group A equipped with

a projective G-action that acts on the base via the group action ρ.

From the composition rule (3.54), it is clear that any tube representation F will de-

compose as a direct sum of representations supported on G-orbits in A. Let us therefore fix

an orbit [a] ∈ A/G with representative a ∈ A. If we restrict to group elements g, h ∈ Ca(G)
in the stabiliser of a, the composition rule becomes

Ra(g) ◦ Ra(h) = θa(λ)(g, h) · Ra(gh) . (3.55)

Consequently, the map

Ra : Ca(G) → End(Va) (3.56)

defines an ordinary projective representation of Ca(G) with 2-cocycle

θa(λ) ∈ Z2(Ca(G), U(1)) . (3.57)
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A tube representation supported on [a] ∈ A/G is then irreducible if the associated pro-

jective representation Ra of Ca(G) is irreducible. Conversely, any irreducible projective

representation of Ca(G) determines an irreducible tube representation by induction.

In summary, the irreducible tube representations are determined by

1. a group element a ∈ A,

2. a projective representation of Ca(G) with 2-cocycle

θa(λ)(g, h) = ⟨λ(g, h), a⟩ . (3.58)

Up to equivalence, this data depends only on the orbit [a] ∈ A/G and the group cohomology

class [θa(λ)] ∈ H2(Ca(G), U(1)). Note that tube representations supported in the identity

orbit [e] ∈ A/G reproduce the fact that genuine local operators transform in representations

of the 0-form symmetry group G.

The above then sets up an equivalence

Rep
(
θ(λ)C[A//ρG]

) ∼= ΩZ(2VecλG) (3.59)

between representations of the twisted groupoid algebra and topological lines in the four-

dimensional Dijkgraaf-Witten theory constructed from G, λ, which is the four-dimensional

topological theory TVC associated to the symmetry category C = 2VecλG .

3.5.4 Gauge Theory

Consider a pure gauge theory in three dimensions with a compact connected, simple gauge

group G. This has an anomaly-free split 2-group symmetry given by the automorphism

2-group of G:

• Its 0-form component is charge conjugation symmetry G = Out(G). Group elements

are equivalence classes [f ] ∈ Out(G) of automorphisms f ∈ Aut(G) modulo inner

automorphisms. Thus [f ] = [f ′] iff f ′ = f ◦ conjg for some g ∈ G.

• Its 1-form component is the electric 1-form symmetry A = Z(G).

• The action ρ : G → Aut(A) of outer automorphisms [f ] ∈ Out(G) on central group

elements z ∈ Z(G) defined by ρ[f ](z) = f(z).

The 1-twisted sector local operators are fractional monopole operators on which topological

Gukov-Witten line defects end. They will transform in irreducible tube representations of

the automorphism 2-group.

Let us focus onG = Spin(4N) gauge theory with electric 1-form symmetry A = Z2×Z2,

whose two factors are interchanged by the action of charge conjugation G = Z2. The

automorphism 2-group is therefore G = (Z2 × Z2)[1]⋊ Z2. Let us denote the generator of

charge conjugation symmetry by c and the generators of the 1-form center symmetry by a

and b, so that ca = b. There are five irreducible tube representations:
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• There are four one-dimensional tube representations corresponding to a choice of

1-dimensional orbit {1}, {ab} and an irreducible representation of the stabiliser Z2.

• There is one two-dimensional tube representation corresponding to the 2-dimensional

orbit {a, b} with trivial stabiliser.

The one-dimensional tube representations simply capture the charge of fractional

monopole operators in the untwisted and ab-twisted sectors that are invariant under charge

conjugation symmetry. The two-dimensional tube representation captures a pair of frac-

tional monopole operators in the a-twisted and b-twisted sectors that are exchanged under

charge conjugation. An example of the latter is given by fractional monopole operators

labelled by the spinor representations S+ and S− of G = Spin(4N).

These irreducible tube representations are in 1:1-correspondence with irreducible rep-

resentations of the finite group D8. This is not a coincidence. Upon gauging the 1-form

symmetry A = Z2 × Z2, we obtain a PSO(4N) gauge theory with symmetry group D8

combining charge conjugation and the dual Z2 × Z2 magnetic symmetry. The fractional

monopole operators become genuine monopole operators after gauging and therefore trans-

form in irreducible representations of D8.

3.6 Example: Ising-like symmetry

The analysis of tube representations for a 2-group symmetry in three dimensions provides

a stepping stone to a vast number of non-invertible symmetries. Beginning with a three-

dimensional theory with 2-group symmetry G and ’t Hooft anomaly α, we may gauge an

anomaly-free 2-subgroup H ⊂ G with trivialisation α|H = dϕ, which generates the class of

group-theoretical fusion 2-categories

C = C(G, α |H, ϕ) , (3.60)

introduced in [52]. This provides many non-invertible examples whose structure is simple

to determine using group-theoretical techniques.

The above symmetry categories all arise as gapped boundary conditions of a common

four-dimensional Dijkgraaf-Witten theory associated to G and α. In other words, TVC is the

same four-dimensional Dijkgraaf-Witten theory for all group theoretical fusion 2-categories

with fixed G, α. In particular, they share a common Drinfeld center. Thus, while the as-

sociated tube categories TS2C and tube algebras AS2(C) may be wildly different, their

categories of tube representations are equivalent. In practice, this highly non-trivial equiv-

alence may be determined explicitly by tracking tube representations under the gauging of

2-subgroups H ⊂ G.

3.6.1 Ising-like symmetry category

In the following, we will content ourselves with a simple example of a group-theoretical

fusion 2-category that shares some similarities with the Ising fusion category in two dimen-

sions. Let us start from a theory with ordinary group symmetry G = D8
∼= D4 ⋊ Z2 and

symmetry category C = 2VecD8 . There are no 1-twisted sectors and tube representations
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are simply representations of D8 describing the transformation behaviour of genuine local

operators.

We now gauge the non-normal subgroup H = Z2. This results in the non-invertible

group-theoretical fusion 2-category

C = 2Rep(D4[1]⋊ Z2) . (3.61)

A summary of this 2-category can be found in [52]. Here, we content ourselves with the

following brief description:

• There are three connected components π0(C) = {1, V,D}, whose fusion rules on S2

(obtained by setting condensations to be trivial) are given by

V ⊗ V = 1 , V ⊗D = D , D ⊗D = 1⊕ V . (3.62)

Note that V generates an unbroken Z2 0-form symmetry.

• The associated 1-endomorphism categories are given by

1-EndC(1) = 1-EndC(V ) = VecZ2 , EndC(D) = Vec . (3.63)

The first two are generated by a non-trivial topological line γ which is the non-

trivial Wilson line for the gauged Z2-symmetry. In particular, π1(C) = {1, γ}. The

restriction of γ onto D gives the identity line on D.

3.6.2 Tube algebra

The associated tube algebra is generated by equivalence classes of pairs [B,Ψ] correspond-

ing to the following combinations of an object B and an intersection 2-morphism Ψ:

• For µ ∈ π1(C), we denote by
〈
1

µ

〉
the case B = 1 and Ψ = Idµ.

• For µ ∈ π1(C), we denote by
〈
V

µ

〉
the case B = V and Ψ = Idµ ⊗ Id2V .

• For µ, ν ∈ π1(C), we denote by
〈
D

µ

ν 〉
the case B = D and Ψ = Id2D.

The algebra product of these generators can be computed using (3.15) and knowledge of

the 2-associator. For example, we find〈
V

µ

〉
◦
〈
V

µ

〉
=
〈
1

µ

〉
,〈

D
ν

µ 〉
◦
〈
D

µ

ν 〉
=
〈
1

µ

〉
+ (−1)δν,γ ·

〈
V

µ

〉
.

(3.64)

Note that these show similarities to the tube algebra of the Ising category in two dimensions

and are compatible with the fusion rules on S2.
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3.6.3 Tube representations

We now describe the tube representations. On general grounds, irreducible tube repre-

sentations are in 1:1-correspondence with irreducible representations of D8. They may be

determined by starting from genuine local operators in the theory with D8 symmetry and

gauging the non-normal subgroup Z2 ⊂ D8. The five irreducible representations of D8 then

translate into the following tube representations:

• There are two one-dimensional irreducible tube representations F±
1 with untwisted

sector F±
1 (1) = C and non-trivial generator actions

F±
1

(〈
V

1

〉)
= 1 , F±

1

(〈
D

1

1 〉)
= ±

√
2 . (3.65)

These correspond to genuine local operators that are not charged under the Z2 sym-

metry generated by V and that remain genuine after the action of D.

• There are two one-dimensional irreducible tube representations F±
γ with untwisted

sector F±
γ (γ) = C and non-trivial generator actions

F±
γ

(〈
V

γ

〉)
= −1 , F±

γ

(〈
D

γ

γ 〉)
= ±

√
2 . (3.66)

These correspond to γ-twisted sector local operators that are charged under the Z2

symmetry generated by V and that remain twisted sector operators after the action

of the non-invertible defect D.

• There is one two-dimensional irreducible tube representation F with twisted sectors

F(1) = F(γ) = C and non-trivial generator actions

F
(〈
V

1

〉)
=

(
−1 0

0 0

)
, F

(〈
V

γ

〉)
=

(
0 0

0 −1

)
,

F
(〈
D

1

〉)
=

(
0 0√
2 0

)
, F

(〈
D

γ

〉)
=

(
0
√
2

0 0

)
.

(3.67)

This corresponds to an untwisted and a γ-twisted sector local operator which are

charged under the Z2 symmetry generated by V and exchanged by the action of the

non-invertible defect D.

Note that there are no one-dimensional tube representations with a genuine local operator

charged under the Z2 symmetry generated by V . Such a local operator must be transformed

into a γ-twisted operator under the action of the non-invertible symmetry defect D.

3.6.4 Gauge theory

The above scenario is straightforward to realise in the context of gauge theory. Starting

with a three-dimensional pure gauge theory with gauge group G = PSO(4N), we have an

ordinary symmetry group G = D8
∼= D4 ⋊ Z2 consisting of
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• magnetic symmetry π1(G)∨ = D4,

• charge conjugation symmetry Out(G) = Z2.

This theory has genuine monopole operators labelled by representations of the Langlands

dual group LG = Spin(4N), which transform in irreducible representations of D8. For

example, consider the pair of genuine monopole operators S+ and S− labelled by the

spinor and conjugate spinor representations of Spin(4N). They are charged under the two

factors of the magnetic symmetry D4 = Z2 × Z2 respectively and exchanged under charge

conjugation. This is the two-dimensional irreducible representation of D8.

Now gauging the non-normal charge conjugation subgroup Z2 ⊂ D8 results in a gauge

theory with gauge group G′ = PO(4N), whose symmetry category is of the aforementioned

Ising-like non-invertible type. Concretely, the diagonal combination in D4 = Z2 × Z2

remains an invertible Z2 symmetry generated by V , while the broken combination becomes

the non-invertible symmetry D.

The genuine monopole operators charged under charge conjugation now become frac-

tional or twisted sector monopole operators and transform in irreducible tube representa-

tions as above. For example, we have that

• S+ + S− remains an untwisted monopole operator,

• S+ − S− becomes a γ-twisted monopole operator.

They are both charged under the Z2 symmetry generated by V and exchanged by the

non-invertible symmetry D. This is precisely the two-dimensional irreducible tube repre-

sentation described above.

3.7 Example: braiding lines

Let us now consider a three-dimensional theory with topological lines described by a braided

fusion 1-category B. This corresponds to symmetry 2-category

C = Mod(B) . (3.68)

Fusion 2-categories of this type are connected in the sense that π0(C) = {1}. In other

words, the only topological surfaces are condensations obtained by condensing topological

lines in B on the identity surface.

The braided fusion category B is equipped with isomorphisms

(3.69)

for each µ, ν ∈ B that describe the braiding of topological lines, as illustrated on the left of

figure 31. The Müger center Z2(B) ⊂ B is then defined as the sub-category of lines ζ ∈ B

that braid trivially in the sense that the diagram
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(3.70)

commutes for all µ ∈ B, as illustrated on the right-hand side of figure 31. This is related

to the Drinfeld centre of the symmetry category by the symmetric equivalence

ΩZ(C) ∼= Z2(B) , (3.71)

as discussed in [117].

Figure 31.

We therefore conclude that for a connected fusion 2-category C = Mod(B) there is an

equivalence

[TS2C,Vec] ∼= Z2(B) (3.72)

between the representations of the tube category of C and the Müger center of B. From a

physical perspective, this equivalence simply captures the fact that topological lines with a

non-trivial braiding cannot end, and are thus obstructed from having twisted sectors. The

two extreme cases of this are as follows:

• B is non-degenerate if Z2(B) = Vec. In this case, all topological lines braid and there

are no twisted sector local operators. Tube representations simply correspond to the

vector spaces of genuine local operators.

• B is symmetric if Z2(B) = B. In this case, there are no constraints on twisted sector

local operators and tube representations simply enumerate the vector spaces of local

operators on which topological lines end.

In all cases, the tube representations or objects in Z2(B) simply enumerate the possible

non-trivial twisted sectors.

A straightforward explicit example is an anomalous 1-form symmetry A, in which case

all topological lines are invertible. This corresponds to choosing B = VecqA for an abelian

group A and an abelian 3-cocyle

q ∈ Z3
ab(A,U(1)) . (3.73)
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The associated fusion 2-category may be denoted C = 2VecqA[1], where by an abuse of nota-

tion the ’t Hooft anomaly q is now regarded as a quadratic form for the 1-form symmetry

A via the chain of isomorphisms

H3
ab(A,U(1)) ∼= H4(B2A,U(1)) ∼= Hom(Γ(A), U(1)) . (3.74)

The associated Müger center is simply given by

Z2(Vec
q
A) = VecA⊥ , (3.75)

where A⊥ ⊂ A denotes the orthogonal complement of A with respect to the symmetric

bilinear form

⟨a, b⟩q :=
q(ab)

q(a)q(b)
(3.76)

induced by the quadratic form q.

The two extreme cases are as follows. If the 1-form symmetry A is completely anoma-

lous (meaning ⟨., .⟩q is non-degenerate), there are no twisted sectors. If on the other hand

the 1-form symmetry is anomaly-free (meaning ⟨., .⟩q is trivial), there are no constraints

on twisted sectors.

A non-invertible example is the symmetric braided fusion category B = Rep(G). The

corresponding symmetry 2-category C = 2Rep(G) is obtained by gauging a finite non-

abelian symmetry group G in three dimensions [51, 52]. In this case, Z2(B) = Rep(G) and

there are no constraints on twisted sectors: tube representations simply enumerate twisted

sectors for topological Wilson lines.

4 Three dimensions: line operators

In this section, we continue studying a theory with a spherical fusion 2-category symmetry

C in three dimensions. However, we now consider the action on twisted sector line defects

attached to topological surfaces.

We will motivate and introduce the tube 2-category TS1C and tube 2-algebra AS1(C)

associated to the manifold S1 linking a line in three dimensions. We show that twisted

sector line defects transform in irreducible 2-representations thereof, which are in 1:1-

correspondence with topological surfaces in the sandwich construction. We propose that

this extends to an equivalence

[TS1C, 2Vec] ∼= TVC(S
1) :=

∫
S1

C = Z(C) . (4.1)

of braided fusion 2-categories.

We illustrate these ideas in two examples. The first is a finite 2-group symmetry with ’t

Hooft anomaly, in which case the tube 2-algebra is a higher analogue of a twisted Drinfeld

double (this includes ordinary finite 0-form and 1-form symmetries). The second describes

general non-invertible topological lines captured by a braided fusion category.
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4.1 Twisted sector lines

We consider 2-twisted sector line defects, which are line defects L attached to an oriented

topological surface X ∈ C, as illustrated in figure 32. Line defects of this type are said

to be in the X-twisted sector. The line defects themselves need not be topological and

correlation functions may depend on where they are inserted.

Figure 32.

Following the perspective introduced in our previous work [80], any finite collection of

such simple line operators L may be regarded as a 2-vector space

F(X) ∈ 2Vec . (4.2)

It is convenient (but not necessary) to assume that the line operators are reduced. Up to

equivalence, the 2-vector space F(X) is then completely determined by the cardinality of

the collection of line operators under consideration.

The action of a spherical fusion 2-category C on 2-twisted sector line operators now has

two layers of structure, corresponding to wrapping with topological surfaces (i.e. objects

of C) and linking with topological lines (i.e. 1-morphisms in C). We will consider the two

actions in turn.

4.1.1 Wrapping action

Topological surface defects B ∈ C act on X-twisted sector lines L ∈ F(X) by wrapping

them with a cylinder C2 ∼= R×S1, as shown on the left of figure 33. Due to the topological

surface X attached to L, this requires a choice of 1-morphism

(4.3)

that specifies how B intersects X and transforms it into a new surface Y .

Upon shrinking the cylinder down onto L, we generate a point-like junction between

L and a line K in the Y -twisted sector, as illustrated on the right of figure 33. The set of

topological operators O at this junction forms a finite-dimensional vector space, which we

denote by

F(B,ψ)K,L ∈ Vec . (4.4)

By scanning over L and K, we then obtain a matrix F(B,ψ) of vector spaces determined

by the pair (B,ψ), which we interpret as a 1-morphism
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Figure 33.

(4.5)

in the 2-category 2Vec of 2-vector spaces.

The compatibility of this 1-morphism with the consecutive action of two symmetry

defects A and B is now implemented by a 2-morphism

(4.6)

where the 1-morphism φ ⊙ ψ is defined analogously to equation (2.9). Physically, this is

interpreted as the matrix of linear maps that relate the consecutive wrapping action of A

and B to the wrapping action of A⊗B, as illustrated in figure 34.

There is now further additional structure corresponding to the fact that the 2-morphisms

FA,φ |B,ψ themselves must be compatible with the consecutive action of three symmetry
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Figure 34.

defects A, B, C. Concretely, we demand that the diagram

(4.7)

2-commutes, where we regard F
(
α(A,B,C), ΓA,φ |B,ψ |C,χ

)
as a 2-morphism in 2Vec that

is induced by the associator α(A,B,C) and the 2-morphsim ΓA,φ |B,ψ |C,χ defined through
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the diagram12

(4.8)

This rather formidable condition simply captures that fact that the two ways to parenthe-

sise the wrapping action of three topological surfaces A, B and C are naturally equivalent,

as illustrated graphically in figure 35.

4.1.2 Linking action

In addition to wrapping with a topological surface, we may link L with a topological line

δ : B → B′ forming an interface between topological surfaces B and B′, as shown on the

left-hand side of figure 36.

Due to the 1-morphisms ψ and ψ′ attached to the intersections of B, B′ and X, this

12In order to maintain readability of the diagram, we omitted the monoidal structure ⊗ in denoting the

fusion of objects in C.
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Figure 35.

Figure 36.
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requires an additional choice of 2-morphism

(4.9)

that describes how δ intersects ψ and ψ′.

Upon shrinking the cylinder down to L, we again obtain the vector space F(B,ψ)K,L of

topological local operators O at the junction between L and a new line K in the Y -twisted

sector, as illustrated on the right-hand side of figure 36. These operators can now be acted

upon by sliding the 1-sphere formed by δ down onto O from the right. The pair (δ,Θ) thus

induces a linear map

F(δ,Θ)K,L : F(B,ψ)K,L → F(B′, ψ′)K,L . (4.10)

By scanning over L and K, we then obtain a matrix F(δ,Θ) of linear maps determined by

the pair (δ,Θ), which we interpret as a 2-morphism

(4.11)

in the 2-category 2Vec of 2-vector spaces.

These 2-morphisms must be compatible with the possibility to link L with two parallel

line defects δ and δ′ as illustrated in figure 37. Mathematically, this is implemented by the

2-commutativity of the diagram

(4.12)
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Figure 37.

where the 2-morphism Θ′ ⋄Θ is defined by the diagram

(4.13)

Physically, this condition simply states that linking L with two parallel line defects δ and

δ′ is equivalent to linking with their composition δ ◦ δ′, as illustrated in figure 37.

Moreover, the 2-morphisms F(δ,Θ) also need to be compatible with the possibility to

link L with two line defects σ and δ consecutively as illustrated in figure 38. Mathematically,
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Figure 38.

this is implemented by the 2-commutativity of the diagram

(4.14)
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where the 2-morphism Ω⊙Θ is defined by the diagram

(4.15)

Physically, this condition simply states that linking L with two line defects σ and δ con-

secutively is equivalent to linking L with their fusion σ ⊗ δ, as illustrated in figure 38.

4.1.3 Equivalence relations

The action of topological surfaces and lines on 2-twisted sector line defects must be compat-

ible with the possibility to move topological lines and their junctions around the cylinder

C2 ∼= R × S1. This will generate equivalence relations that identify configurations acting

in the same way on 2-twisted sector line defects. There are now two layers of structure,

corresponding to the wrapping with surface and the linking with line defects, which we

consider in turn.

First, the wrapping action of topological surface defects must be compatible with the

possibility to move parallel topological lines around the cylinder C2. Concretely, consider

a configuration as on the left-hand side of figure 39, where two topological surfaces A and

B connected by a line interface γ : A→ B wrap a line operator L in the X-twisted sector

via a specified 1-morphism
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(4.16)

By moving the topological junction γ around the cylinder towards η from the left and from

the right, we can either regard this configuration as

1. the defect A wrapping L via the intersection 1-morphism φ = η ◦ (γ ⊗X),

2. the defect B wrapping L via the intersection 1-morphism ψ = (Y ⊗ γ) ◦ η.

Since both configurations are physically equivalent, the corresponding wrapping actions on

L must coincide in the sense that

F(A,φ) !
= F(B,ψ) . (4.17)

This is illustrated on the right-hand side of figure 39.

Figure 39.

Second, the linking action of topological line defects must be compatible with the ability

to move topological point-like junctions around the linking S1. Consider the configuration

on the left-hand side of figure 40, which can be described as follows:

• In the front, the line operator L is wrapped by two surfaces A and B that are

connected by a line interface γ : A → B and intersect the attached surface X via a

specified 1-morphism

(4.18)

• In the back, the line operator L is wrapped by two surfaces A′ and B′ that are

connected by a line interface γ′ : A′ → B′ and intersect the attached surface X via a

specified 1-morphism

(4.19)

• In the middle, the surfaces A, A′ and B, B′ are connected by line interfaces σ : A→ A′

and δ : B → B′. At the bottom, these intersect the interfaces γ and γ′ via a specified

2-morphism
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(4.20)

At the top, they intersect η and η′ via a specified 2-morphism

(4.21)

By moving the parallel topological lines γ and γ′ around the cylinder towards η and η′ from

the left and from the right respectively, we can interpret this configuration in the following

two ways:

1. Two surfaces A and A′ connected by a line σ : A → A′ wrap L via intersection

1-morphisms

φ = η ◦ (γ ⊗X) and φ′ = η′ ◦ (γ′ ⊗X) . (4.22)

These are intersected by the topological line σ via the intersection 2-morphism

(4.23)

2. Two surfaces B and B′ connected by a line defect δ : B → B′ wrap L via intersection

1-morphisms

ψ = (Y ⊗ γ) ◦ η and ψ′ = (Y ⊗ γ′) ◦ η′ . (4.24)

These are intersected by the topological line δ via the intersection 2-morphism
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(4.25)

Since both configurations are physically equivalent, the corresponding linking actions must

coincide in the sense that

F(σ,Ω) !
= F(δ,Θ) . (4.26)

This is illustrated on the right-hand side of figure 40.

Figure 40.

Similarly to before, for fixed X and Y , we expect the above relations to generate

equivalence relations on pairs (B,ψ) and (δ,Θ). Without providing further details, we will

schematically denote their equivalence classes by [B,ψ] and [δ,Θ] in what follows.

4.2 Tube 2-representations

We now formulate the action of the symmetry 2-category C on 2-twisted sector line opera-

tors in terms of higher representation theory. We introduce the tube 2-category TS1C and

tube 2-algebra AS1(C), building on the results in sections 2 and 3, and show that their 2-

representation theory captures the structures presented above. This incorporates and gen-

eralises the fact that genuine line defects in three dimensions transform in 2-representations

of a finite invertible symmetry [79, 80].
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4.2.1 Tube 2-category

We first introduce the tube 2-category TS1C. This is the finite semi-simple 2-category

whose objects are twisted sectors and whose 1-morphisms and 2-morphisms are actions of

topological surface and line defects on twisted sectors via wrapping and linking respectively.

It has the following explicit description:

• Objects are objects of C, i.e. Ob(TS1C) = Ob(C),

• 1-morphisms between objects X,Y ∈ TS1C are given by direct sums of equivalence

classes of pairs

(4.27)

consisting of an object B ∈ C and a 1-morphism

ψ ∈ HomC(B ⊗X,Y ⊗B) . (4.28)

The composition of 1-morphisms is defined analogously to (2.17).

• 2-morphisms between 1-morphisms [B,ψ], [B′, ψ′] ∈ HomTS1C
(X,Y ) are linear com-

binations of equivalence classes of pairs

(4.29)

consisting of a 1-morphism δ ∈ 1-HomC(B,B
′) and a 2-morphism

Θ ∈ 2-HomC

(
(Y ⊗ δ) ◦ ψ, ψ′ ◦ (δ ⊗X)

)
. (4.30)

• The vertical composition of two 2-morphisms

(4.31)

is defined by the composition law

[δ′,Θ′] ◦ [δ,Θ] := [δ′ ◦ δ, Θ′ ⋄Θ] (4.32)
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with the 2-morphism Θ′ ⋄Θ defined as in (4.13). The horizontal composition of two

2-morphisms

(4.33)

is defined by the composition law

[σ,Ω] ∗ [δ,Θ] := [σ ⊗ δ, Ω⊙Θ] (4.34)

with the 2-morphism Ω⊙Θ defined as in (4.15).

• The 2-associator for the composition of 1-morphisms is given by

(4.35)

with the 2-morphism ΓA,φ |B,ψ |C,χ defined as in (4.8).

We may now ask whether the 1-morphisms and 2-morphisms admit a simpler but

less canonical description in terms of representatives of homotopy groups of C. Unlike the

analysis in sections 2 and 3, the topology of the cylinder C2 ∼= R×S2 does not immediately

identify the wrapping action of topological surfaces related by condensation. Nevertheless,

the actions of condensations are determined as follows:

Consider a 2-condensation A ↩→ B from A onto B as discussed in equation (3.7).

Physically, wrapping with B can be viewed as wrapping with A together with a network of

topological lines associated to the condensation monad ε ∈ 1-EndC(A). As a consequence,

the wrapping action of B is determined by the wrapping action of A together with the

parallel and the linking action of ε. This is illustrated in figure 41.

This motivates the proposal that

π0
(
1-HomTS1C

(X,Y )
) ∼= ⊔

[S]∈π0(C)

π0
(
1-HomC(S ⊗X,Y ⊗X)

)
, (4.36)

which states that, up to isomorphism, the wrapping action of generic topological surfaces

is determined by the wrapping action of their simple constituents. Furthermore, up to

isomorphism, the latter only need to be considered up to condensation. We provide further

justification for this proposal in appendix A.3.
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Figure 41.

With the above definition of the tube 2-category TS1C at hand, the collection of data

in (4.2), (4.5), (4.6) and (4.11) together with the compatibility conditions (4.7), (4.12) and

(4.14) can now be summarised conveniently as a pseudo-2-functor

F : TS1C → 2Vec . (4.37)

In other words, line operators in the 2-twisted sector transform in 2-representations of the

tube 2-category TS1C.

We denote the 2-category of all such linear 2-representations by

[TS1C, 2Vec] . (4.38)

We expect this is the Karoubi or idempotent completion of the tube category TS1C and

has the structure of a braided fusion 2-category. The fusion structure captures the action

of C on products of parallel twisted sector line defects supported at separate points in the

transverse plane. The braided fusion structure arises because the associated configuration

space is homotopic to S1.

4.2.2 Tube 2-algebra

There is an equivalent formulation of the above 2-representation theory in terms of the

tube 2-algebra AS1(C). This is the multi-fusion category

AS1(C) := 1-EndTS1C

( ⊕
[S]∈π0(C)

S
)
, (4.39)

where S runs over a complete set of representatives of connected components of C and the

monoidal structure is given by (horizontal) composition.

From a physical perspective, the restriction to simple objects up to condensation can

be motivated by the fact that, given a condensation A ↩→ B from A onto B, we can view

2-twisted sector lines at the end of B as 2-twisted sector lines at the end of A that are

acted upon by the associated condensation monad ε ∈ 1-EndC(A). This is illustrated in

figure 42. We will give a more detailed discussion of twisted sectors for condensations in

the context invertible higher group-like symmetries later.
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Figure 42.

Any 2-representation F : TS1C → 2Vec of the tube 2-category then determines a

2-representation of the tube 2-algebra AS1(C) on the 2-vector space

S := F
(⊕

[S]

S
)

(4.40)

by sending 2-algebra elements

a ∈ A2(C) 7→ F(a) ∈ 1-End(S) ,
ϕ ∈ Hom(a, b) 7→ F(ϕ) ∈ 2-Hom(F(a),F(b)) .

(4.41)

This sets up an equivalence of braided fusion 2-categories

[TS1C, 2Vec] ∼= 2Rep(AS1(C)) . (4.42)

From either perspective, this provides a complete description of the 2-representation theory

of a fusion 2-category symmetry C on 2-twisted sector line operators in dimension D = 3.

We will speak uniformly of tube 2-algebra as tube 2-representations in what follows.

4.3 Sandwich construction

We now rephrase the above construction of tube representations in the context of the

sandwich construction. This is realised by an equivalence between the 2-category of tube 2-

representations and the 2-category of topological surfaces in the associated four-dimensional

Turaev-Viro theory TVC.

The latter is the Drinfeld center

TVC(S
1) :=

∫
S1

C = Z(C) (4.43)

of the fusion 2-category C. We begin with a brief summary of the Drinfeld center Z(C)
following [99, 113, 114], before giving an explicit description of the equivalence with tube

2-representations in one direction.

An object in Z(C) is a triple z = (U, τ,Σ) consisting of

1. an object U ∈ C,
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2. a half-braiding (.) ⊗ U τ
=⇒ U ⊗ (.) with component 1-morphisms as in (2.25) and

component 2-morphisms

(4.44)

for each 1-morphism δ ∈ HomC(B,B
′),

3. a modification Σ with component 2-morphisms

(4.45)

for each pair of objects A,B ∈ C, subject to suitable coherence conditions [99].

Note that there is a forgetful 2-functor F : Z(C) → C that discards the information of τ

and Σ and sends z 7→ F (z) = U . This forgetful functor will become the bulk-to-boundary

map in the sandwich construction discussed below.

To each object z ∈ Z(C) of the Drinfeld centre we can associate a tube 2-representation

Fz ∈ [TS1C, 2Vec] as follows:

• To an object X ∈ TS1C it assigns the 2-vector space Fz(X) given by the set of simple

objects in 1-HomC(U,X).

• To a 1-morphisms [B,ψ] ∈ 1-HomTS1C(X,Y ) it assigns the matrix of vector spaces

(4.46)
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whose entry atK ∈ Fz(Y ) and L ∈ Fz(X) is given by the vector space of 2-morphisms

(4.47)

• The composition of two matrices Fz(A,φ) and Fz(B,ψ) is controlled by the matrix

of linear maps

(4.48)

whose entry at J ∈ Fz(Z) and L ∈ Fz(X) is given by the linear map that sends the

tensor product of two vectors

O1 ∈ Fz(A,φ)J,K and O2 ∈ Fz(B,ψ)K,L (4.49)

to the vector O ∈ Fz(A⊗B,φ⊙ ψ)J,L defined by the diagram

(4.50)
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• To a 2-morphism [δ,Θ] ∈ 2-HomTS1C([B,ψ], [B
′, ψ′]) it assigns the matrix of linear

maps

(4.51)

whose entry at K ∈ Fz(Y ) and L ∈ Fz(X) is given by the linear map that sends a

vector O ∈ Fz(B,ψ)K,L to the vector O′ ∈ Fz(B′, ψ′)K,L defined by the diagram

(4.52)

We propose that, up to equivalence, every tube 2-representation is of the form F = Fz
for some z ∈ Z(C), and the mapping z 7→ Fz extends to an equivalence

Z(C) ∼= [TS1C, 2Vec] (4.53)

of braided fusion 2-categories.

Let us explain the physical picture underpinning this equivalence. We first put forward

an intrinsically three-dimensional perspective that extends the categorical perspective in

our previous work [80] to a fusion 2-category symmetry acting on 2-twisted sector line op-

erators, before discussing its interpretation in the four-dimensional sandwich construction.

From an intrinsically three-dimensional perspective, line operators L in the X-twisted

sector are viewed as simple interfaces between an auxiliary topological surface defect U

and X, as illustrated in figure 43. We then have the following interpretations:

• Fz(X) is identified with the set of simple objects of 1-HomC(U,X).
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• The action of 1-morphisms [B,ψ] is obtained by wrapping with a cylindrical surface

B that intersects U via the associated component 1-morphism of the half-braiding

τ . Shrinking the cylinder then produces the matrix of vector spaces Fz(B,ψ) whose
elements are junctions O.

• The action of 2-morphisms [δ,Θ] is obtained by linking with a circular line δ that

intersects U via the associated component 2-morphism of the half-braiding τ . They

act on junctions by sliding down the corresponding circle towards O from the right,

which produces the matrix Fz(δ,Θ) of linear maps.

Figure 43.

In the sandwich construction, we instead view a three-dimensional theory T with

spherical fusion 2-category symmetry C as an interval compactification of the associated

four-dimensional topological theory TVC. The Drinfeld center is identified with the braided

fusion 2-category of topological surfaces

TVC(S
1) := Z(C) =

∫
S1

C , (4.54)

which is what the four-dimensional topological theory TVC assigns to S1. The left boundary

condition is the canonical gapped boundary condition BC with associated bulk-to-boundary

2-functor F : Z(C) → C, while the right boundary condition BT contains informations

about the theory T . This setup is illustrated in figure 44.

A tube 2-representation Fz ∈ [TS1C,Vec] with underlying 2-vector space Fz(X) given

by the simple objects of 1-HomC(U,X) now corresponds to line operators on the boundary

BC that sit at the junction between a bulk surface z = (U, τ,Σ) ∈ Z(C) and a boundary

surface X ∈ C, as illustrated in figure 44.

As a special case of the above construction, we define the adjoint 2-representation as

the tube 2-representation that is induced by the monoidal unit 1 ∈ Z(C) of the Drinfeld

center, i.e.

Ad := F1 . (4.55)
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Figure 44.

From the discussion above, it is clear that this tube 2-representation describes the action

of the symmetry 2-category C on its own topological line defects, which explains our choice

of notation.

4.4 Junction operators

So far we considered 2-twisted sector line operators that are attached to topological surface

defectsX ∈ C. We now consider local operatorsO that sit at the junction between 2-twisted

sector lines as illustrated in figure 45.

Figure 45.

Concretely, given two line operators L and L′ in the X-twisted sector transforming in

tube 2-representations F ,F ′, respectively, we denote by

(ΞX)L′,L ∈ Vec (4.56)

the vector space of local operators O that can sit at the junction of L and L′, as illustrated

in figure 45. By scanning over L and L′, we obtain a matrix ΞX of vector spaces, which

we interpret as a 1-morphism

(4.57)

in the 2-category 2Vec of 2-vector spaces.

Symmetry defects B ∈ C can act on elements O ∈ (ΞX)L′,L in the manner illustrated

in figure 46. Concretely, consider wrapping the lines L and L′ with a cylindrical surface B
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Figure 46.

via a specified intersection 1-morphism

(4.58)

as before. Shrinking the cylinder down towards L′ gives a choice of topological operator

O′ ∈ F ′(B,ψ)K′,L′ (4.59)

sitting in-between the wrapped line L′ and a new line K ′ in the Y -twisted sector. Upon

dragging the topological operator O′ through O from left to right, the latter is transformed

into a new junction operator

Õ ∈ (ΞY )K′,K (4.60)

between lines K and K ′ in the Y -twisted sector, whereas the former becomes a new topo-

logical operator

O ∈ F(B,ψ)K,L (4.61)

to the right of Õ. For fixed L and K ′, the pair (B,ψ) thus determines a linear map⊕
L′ ∈F ′(X)

F ′(B,ψ)K′,L′ ⊗ (ΞX)L′,L

⊕
K ∈F(Y )

(ΞY )K′,K ⊗ F(B,ψ)K,L .

(Ξ(B,ψ))K′,L (4.62)

By scanning over L and K ′, we then obtain a matrix Ξ(B,ψ) of linear maps, which we

interpret as a 2-morphism

(4.63)
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in the 2-category 2Vec. By similar arguments to before, this 2-morphism only depends

on the equivalence class of the pair (B,ψ) under the relations discussed at the end of

sub-section 4.1.1.

Furthermore, the 2-morphisms Ξ(B,ψ) need to be compatible with the consecutive ac-

tion of two symmetry defects A and B as illustrated in figure 47. Mathematically, this is

Figure 47.

implemented by the 2-commutativity of the diagram

(4.64)

which states that acting on a junction operator O with two symmetry defects A and B

consecutively is equivalent to acting on O with their fusion A⊗B.

The collection of data in (4.57) and (4.63) together with the compatibility condition

(4.64) can now be summarised conveniently as a natural transformation

Ξ : F ⇒ F ′ . (4.65)

Local junction operators between lines L and L′ thus transform in natural transformations

between the corresponding tube 2-representations. These correspond to 1-morphisms in

the 2-category of tube 2-representations [TS1C, 2Vec].

As a special case, let us consider the category of 1-endomorphisms of the adjoint 2-

representation defined in (4.55). Using the equivalence (4.53), this can be identified with

1-End(Ad) ∼= ΩZ(C) , (4.66)
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which using the equivalence (3.39) allows us to recover the category of tube representations

for 1-twisted local operators discussed in section 3. In this sense, tube 2-representations

for 2-twisted sector line defects incorporate tube representations for 1-twisted sector local

operators.

4.5 Example: 2-group symmetry

Let us now consider a finite 2-group symmetry G = (G,A, ρ, α) consisting of

1. a 0-form symmetry group G,

2. an abelian 1-form symmetry group A,

3. a group action ρ : G→ Aut(A) of G on A,

4. a representative α of the Postnikov class [α] ∈ H3
ρ (G,A).

The possible ’t Hooft anomalies for a finite 2-group symmetry were classified in [115, 116].

For simplicity, we restrict attention to a pure ’t Hooft anomaly for the 0-form symmetry

specified by a normalised 4-cocycle π ∈ Z4(G,U(1)).

4.5.1 Symmetry category

The associated symmetry category is the spherical fusion 2-category C = 2VecπG of finite-

dimensional G-graded 2-vector spaces with pentagonator twisted by the ’t Hooft anomaly

π. It has the following explicit description:

• The simple objects up to condensation are one-dimensional G-graded 2-vector spaces

1g with graded components (1g)h = δg,h and fusion 1g ⊗ 1h = 1gh.

• The 1-morphism spaces between simple objects are the fusion categories

1-Hom(1g, 1h) = δg,h · VecA (4.67)

whose simple objects are one-dimensional vector spaces Ca with graded components

(Ca)b = δa,b · C. The fusion of 1-morphisms Ca ∈ 1-End(1g) and Cb ∈ 1-End(1h) is

Ca ⊗ Cb = Ca · gb ∈ 1-End(1gh) . (4.68)

• The associator on simple objects is given by the A-graded vector space

(4.69)
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• The pentagonator on simple objects is given by

(4.70)

The simple objects up to condensation are the topological surface defects generating the

0-form symmetry G, while simple 1-endomorphisms are topological lines generating the 1-

form symmetry A. They correspond to the homotopy groups π0(C) and π1(C) respectively.

As before, passing a line labelled by a ∈ A through a surface labelled by g ∈ G transforms

it into a new line ρg(a) ∈ A.
However, the fusion of three surfaces labelled by g, h, k is now only associative up to

an emitted line α(g, h, k) ∈ A. The fusion of four topological surfaces labelled by g, h,

k, l is invariant under the pentagon move up to a multiplicative phase π(g, h, k, l). These

properties are illustrated in figure 48.

Figure 48.
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4.5.2 Tube 2-algebra

The associated tube 2-algebra AS1(C) has the following description:

• The simple objects up to ismorphism are given by equivalence classes of pairs [B,ψ]

where B = 1g and ψ has a single graded component

(4.71)

Emulating our previous notation, we denote these objects by
〈 g←−

a
x
〉
. Using the

definition (2.17), their 2-algebra product can be determined to be〈 g←−
a
x
〉
⊗
〈 h←−

b
y
〉

= δx,hy ·
〈

g ·h←−−−−−−−−−−−
a · gb · τy(α)(g,h)

y
〉
, (4.72)

where τ(α) ∈ Z2
ρ(G//G,A) again denotes the transgression of α as in (2.37).

• The morphisms between simple objects
〈 g←−

a
x
〉
and

〈 h←−
b
y
〉
are spanned by equiva-

lence classes of pairs [δ,Θ] consisting of a 1-morphism δ : 1g → 1h and a 2-morphism

(4.73)

The former can only be non-trivial when g = h, whereas the latter can only be

non-trivial when x = y. Upon choosing δ = Cc, the diagram in (4.73) enforces

a · (gx)c !
= c · b . (4.74)

The morphism spaces are therefore

Hom
(〈 g←−

a
x
〉
,
〈 h←−

b
y
〉)

= δg,hx,y · C
[
C

gx
b/a(A)

]
, (4.75)

where for u ∈ G and p ∈ A we defined Cu
p (A) := {c ∈ A | uc = p · c}.

• Using the definition (4.32), the composition of morphisms is induced by the natural

map

Cu
p (A) × Cu

q (A) → Cu
p·q(A) (4.76)

given by multiplication in A. Using the definition (4.34), the 2-algebra product of

two morphisms

n ∈ Hom
(〈 g←−

a
x
〉
,
〈 g←−

b
x
〉)

= C
[
C

gx
b/a(A)

]
m ∈ Hom

(〈 h←−
c
y
〉
,
〈 h←−

d
y
〉)

= C
[
C

hy
d/c(A)

] (4.77)
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is given by the element of

Hom
(〈 g←−

a
x
〉
⊗
〈 h←−

c
y
〉
,
〈 g←−

b
x
〉
⊗
〈 h←−

d
y
〉)

= δx,hy · C
[
C

ghy
(b/a) · g(d/c)(A)

]
(4.78)

that is defined by

n⊗m = δx,hy · n · gm. (4.79)

• The associator on simple objects is given by

(4.80)
where the multiplicative phase is given by

τz(π)(g, h, k) :=
π(g, h, k, z) · π(g, hkz, h, k)
π(g, h, kz, k) · π(ghkz, g, h, k)

. (4.81)

Similarly to before, this defines a groupoid 3-cocycle

τ(π) ∈ Z3
(
G//G,U(1)

)
(4.82)

which is the transgression of the ’t Hooft anomaly π ∈ Z4(G,U(1)).

In summary, the tube 2-algebra for an anomalous finite 2-group symmetry may be

viewed as a higher categorical analogue of the twisted Drinfeld double. We will motivate

this interpretation further though special cases below.

4.5.3 Tube 2-representations

A general tube 2-representation F is given by a collection of finite-dimensional 2-vector

spaces nx := F(1x) together with 1-morphisms

(4.83)

in 2Vec, whose composition is controlled by 2-isomorphisms

(4.84)

where we used the abbreviation

(a, g) · (b, h) :=
(
a · gb · τx(α)(g, h), g · h

)
. (4.85)
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Furthermore, for each d ∈ C gx
b/a(A) there exists a 2-morphism

(4.86)

that preserves the composition (4.76) and the 2-algebra product (4.79). This data needs

to satisfy the compatibility condition

τx(π)(g, h, k) · Rx(α(g, h, k)) ◦ r x(a,g) · (b,h), (c,k) ◦
[
r
(kx)
(a,g), (b,h) ∗ Id(c,k)

]
= r x(a,g), (b,h) · (c,k) ◦

[
Id(a,g) ∗ r x(b,h), (c,k)

]
,

(4.87)

where we denoted by Id(c,k) the identity 2-morphism of Rx(c, k) in 2Vec.

Similarly to two dimensions, it is clear that the tube 2-representation F decomposes

as a direct sum of 2-representations supported on conjugacy classes of G. Let us therefore

fix a conjugacy class [x] ∈ G/G with representative x ∈ G. If we restrict attention to

1. elements g, h, k ∈ Cx(G) in the centraliser of x in G,

2. elements d ∈ Cx1 (A) =: Cx(A) in the group of x-invariants in A,

the data (4.83), (4.84) and (4.86) together with the compatibility condition (4.87) deter-

mines a projective 2-representation Rx of the finite 2-group Cx(G) defined as follows:

• Its 0-form symmetry group is the extension A ⋊τx(α) Cx(G), where Cx(G) is the

centraliser of x in G and the extension class is represented by

τx(α) ∈ Z2
ρ(Cx(G), A) . (4.88)

• Its 1-form symmetry group is Cx(A) = {d ∈ A | xd = d}.

• Its action of the 0-form on the 1-form symmetry group is given by (a,g)d = gd.

• Its representative α̃ of the Postnikov class is given by

α̃
(
(a, g), (b, h), (c, k)

)
= α(g, h, k) . (4.89)

We will call the 2-group Cx(G) the centraliser of x in G. The 3-cocycle associated to the

projective 2-representation Rx is then given by

τx(π) ∈ Z3(Cx(G), U(1)) . (4.90)

A tube 2-representation supported on [x] ∈ G/G is irreducible if the associated projec-

tive 2-representation Rx of Cx(G) is irreducible. Conversely, any irreducible projective

2-representation of Cx(G) determines an irreducible tube 2-representation by induction.

In summary, the irreducible tube 2-representations are determined by
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1. a group element x ∈ G,

2. a projective 2-representation of Cx(G) with 3-cocycle

τz(π)(g, h, k) :=
π(g, h, k, x) · π(g, x, h, k)
π(g, h, x, k) · π(x, g, h, k)

. (4.91)

Up to equivalence, this data depends only on the conjugacy class [x] ∈ G/G and the group

cohomology class [τx(π)] ∈ H3(Cx(G), U(1)).

From a physical perspective, the 2-group Cx(G) describes configurations that leave the
surface defect x ∈ G invariant under the intersection with other 0-form defects and the

parallel collision and linking with 1-form lines. A 2-representation of Cx(G) then describes

the action of Cx(G) on a set of 2-twisted sector lines at the end of the surface x. The

projectivity is induced by the anomalous phases that arise when intersecting the surface x

with multiple 0-form defects wrapping x-twisted sector lines.

The above provides an explicit description of simple objects in the braided fusion 2-

category Z(2VecπG) describing topological surfaces in the four-dimensional Dikgraaf-Witten

theory associated to the data G and π. The latter is the relevant topological theory TVC

for the symmetry category C = 2VecπG in the sandwich construction. This is a higher

categorical analogue of the fact that representations of the twisted Drinfeld double of a

finite anomalous group provide a description of topological lines in the associated three-

dimensional Dijkgraaf-Witten theory.

4.5.4 Example: genuine lines

As a special case of the above considerations, let us consider tube 2-representations that

are supported on the trivial conjugacy class [e] ∈ G/G. They describe the transformation

behaviour of genuine line operators attached to the trivial surface defect e ∈ G.
Concretely, such a tube 2-representation is given by a 2-representation of the centraliser

2-group Ce(G) whose

• 0-form symmetry is A⋊G,

• 1-form symmetry is A,

• group action is the pullback of ρ : G→ Aut(A),

• Postnikov representative is the pullback of α ∈ Z3
ρ(G,A).

In particular, this implies that genuine line operators transform in 2-representations of the

original 2-group G ⊂ Ce(G) [79, 80]. However, there is additional structure that arises from

the parallel action of topological line defects in A on genuine line operators. This parallel

action will be discussed further below.
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4.5.5 Example: 0-form symmetry

Let us now consider the special case of an ordinary finite 0-form symmetry group G with

’t Hooft anomaly π ∈ Z4(G,U(1)). The corresponding symmetry category is C = 2VecπG.

The associated tube 2-algebra is the multi-fusion category

AS1(C) = Vec
τ(π)
G//G (4.92)

of finite-dimensional vector spaces graded by the inertia groupoid G//G with associator

twisted by the transgression of the ’t Hooft anomaly π ∈ Z4(G,U(1)). Concretely, simple

objects correspond to one-dimensional vector spaces Cg,h that fuse according to

Cg,x ⊗ Ch,y = δx,hy · Cgh,y . (4.93)

This can be seen as a higher analogue of the twisted Drinfeld double of a finite group.

The irreducible tube 2-representations are labelled by pairs consisting of

1. a group element x ∈ G,

2. an irreducible projective 2-representation of Cx(G) with 3-cocycle τx(π),

and depend up to equivalence only on the conjugacy class of x and the group cohomology

class of τx(π). This reproduces the classification of simple objects in the Drinfeld center

Z(2VecπG), or equivalently of simple topological surfaces in the associated four-dimensional

Dijkgraaf-Witten theory [99].

From a physical perspective, this corresponds to a finite collection of line operators in

the x-twisted sector that transform in an irreducible projective 2-representation under the

wrapping action of the centraliser Cx(G). Concretely, such a 2-representation is labelled

by a pair consisting of

1. a subgroup H ⊂ Cx(G),

2. a 2-cochain c ∈ C2(H,U(1)) satisfying δc = τx(π)|H .

The former corresponds to the subgroup of Cx(G) that leaves a given x-twisted sector line

operator L invariant under the wrapping action, whereas the latter captures projective

phases that relate the consecutive wrapping action of two surface defects h, h′ ∈ H to the

wrapping action of their fusion hh′ ∈ H. This is illustrated in figure 49.

The above provides a generalisation of our previous work [80] to twisted sector line

operators. The latter are crucial for the detection of the ’t Hooft anomaly: Genuine

line defects transform in tube 2-representations supported on the trivial conjugacy class

[e] ∈ G/G, which are simply 2-representations of the group G. Since the projective 3-

cocycle of the latter is trivial, they do not detect the ’t Hooft anomaly.

4.5.6 Example: 1-form symmetry

Next, we consider the case of an anomaly-free 1-form symmetry A. The corresponding

symmetry category is C = 2VecA[1]. The associated tube 2-algebra is the multi-fusion
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Figure 49.

category whose simple objects are labelled by group elements a ∈ A and whose morphism

spaces are given by

Hom(a, b) = δa,b · C[A] . (4.94)

The irreducible tube 2-representations are labelled by pairs consisting of

1. an irreducible 2-representations of A,

2. a character χ ∈ Â := Hom(A,U(1)).

From a physical perspective, the former describes a finite collection of line operators L

that are acted upon by parallel collision with 1-form symmetry defects a ∈ A. The latter

describes a collection of phases that arise when linking the line operators L with 1-form

defects a ∈ A. This is illustrated in figure 50.

Figure 50.

From a mathematical point of view, the line operators L may be viewed as simple

objects of a finite semi-simple 1-category that is acted upon by the symmetric braided

fusion 1-category VecA. This is due to the equivalence

2Rep(A) ∼= Mod(VecA) (4.95)

of 2-representations of A and VecA-module categories. The additional character χ then

equips such a VecA-module category with the structure of a module braiding, which sets

up an equivalence

2Rep(AS1(C)) ∼= BrMod(VecA) (4.96)

between the 2-category of tube 2-representations and the 2-category of braided module

categories over VecA. This agrees with the description of the Drinfeld center Z(C) of the
symmetry category C = 2VecA[1] [117].
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4.5.7 Compatibility with gauging

As a consistency check, let us describe how the above two special cases of a pure 0-form

and a pure 1-form symmetry are compatible with gauging. Concretely, it is known that

gauging a finite abelian 0-form symmetry A of a three-dimensional theory T with symmetry

category C = 2VecA results in theory T ′ = T /A with symmetry category

C′ = 2Rep(A) ∼= 2Vec
Â[1]

, (4.97)

where Â = Hom(A,U(1)) denotes the dual 1-form symmetry. Although the associated

tube 2-algebras of T and T ′ are distinct, their 2-representation theories are expected to be

equivalent as the symmetry categories C, C′ have the same Drinfeld center.

It is illuminating to check this non-trivial equivalence explicitly, as it is intimately con-

nected to how twisted sectors for condensation defects are encoded in tube 2-representations.

Concretely, the two sides of the equivalence can be described as follows:

• In the theory T with symmetry category C = 2VecA, tube 2-representations are

labelled by pairs consisting of

1. a group element a ∈ A,

2. an irreducible 2-representation R of A,

following the analysis of subsection 4.5.5. This data corresponds to a collection of line

operators in the a-twisted sector transforming in a 2-representation R of the abelian

0-form symmetry A.

• In the theory T ′ with symmetry category C′ = 2Vec
Â[1]

, tube 2-representations are

labelled by pairs consisting of

1. an irreducible 2-representation R̂ of Â,

2. a character a ∈ ̂̂A = A,

following the analysis of subsection 4.5.6. This data corresponds to a collection of line

operators transforming in a 2-representation R̂ under the parallel action of topological

Wilson lines in Â[1] with 1-form charge a ∈ A.

At first glance, this may seem like a contradiction. Its resolution requires a non-trivial

correspondence between 2-representations R of A and 2-representations R̂ of Â. Such a

correspondence was discussed from a physical perspective in [51] in terms of a relationship

between different constructions of condensation defects in the gauged theory T ′. From a

mathematical perspective, it is induced by the non-trivial Morita equivalence

Mod(VecA) ∼= Mod(Rep(A)) , (4.98)

which using (4.95) and the canonical identification Rep(A) = Vec
Â
implies that

2Rep(A) ∼= 2Rep(Â) . (4.99)
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Let us give a physical intuition behind this equivalence. We start with a collection of

line operators L in the a-twisted sector of T transforming in an irreducible 2-representation

R of the 0-form symmetry A. Upon gauging A, these lines become 2-twisted sector lines for

the condensation defect in T ′ labelled by R, whose charge w.r.t. the dual 1-form symmetry

Â is given by a ∈ A. In order to think of this as a module for Vec
Â
, we employ the fact that

condensation defects always admit gapped boundaries, which can be used to transform a

twisted sector for a condensation to a genuine line defect.

Concretely, upon thinking of R as a pair (B, c) consisting of a subgroup B ⊂ A and

a 2-cocycle c ∈ Z2(B,U(1)), the condensation defect R in T ′ admits a gapped boundary

condition that supports badly quantised Wilson lines in projective representations of B

with Schur-multiplier c. The Vec
Â
-module structure then comes from transporting a bulk

Wilson line χ ∈ Rep(A) onto the condensation defect R, which restricts it to the subgroup

B ⊂ A, and subsequently moving it onto the gapped boundary, which is the tensor product

of (projective) representations. This is illustrated on the left-hand side of figure 51.

Figure 51.

Alternatively, we may perform an interval compactification and collapse the gapped

boundary onto the 2-twisted sector lines L. The resulting genuine lines operators L′ in T ′

then form a Vec
Â
-module (or equivalently a 2-representation R̂ of Â) w.r.t. the parallel

action of topological Wilson lines. This is illustrated on the right-hand side of figure 51.

4.5.8 Gauge theory

Now consider a three-dimensional gauge theory with connected simple gauge group G. This

has an anomaly free split 2-group symmetry given by the automorphism 2-group of G. This

can be expressed G = Z(G)[1] ⋊ Out(G), where Out(G) is charge conjugation symmetry

and Z(G) is the electric 1-form symmetry.

The irreducible tube 2-representations are labelled as follows:
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• An outer automorphism [x] ∈ Out(G) with representative x.

• A irreducible 2-representation of the centraliser 2-subgroup Cx(G).

The twisted sectors are labelled outer automorphisms Out(G). The centraliser 2-group

has 0-form component Z(G) ⋊ Cx(Out(G)), 1-form component Stabx(Z(G)) and natural

action. The additional factor of Z(G) in the 0-form component arises from the parallel

action of 1-form symmetry generators, which are topological Gukov-Witten defects.

Let us consider G = Spin(4N). In this case the 2-group symmetry is G = (Z2×Z2)[1]⋊
Z2. There are two twisted sectors corresponding to genuine line defects and s-twisted line

defects where s is the generator of charge conjugation symmetry. We consider each in turn.

• The genuine line defects transform in 2-representations of (Z2×Z2)[1]⋊D8. The ad-

ditional Z2×Z2 that gives rise to D8 is generated by the parallel action of topological

Gukov-Witten lines.

• The s-twisted line defects transform in 2-representations of Z2[1] ×D8, where Z2[1]

is the diagonal 1-form symmetry that is invariant under charge conjugation. The

additional Z2 × Z2 that gives rise to D8 is again generated by the parallel action of

topological Gukov-Witten lines.

An example is the pair of Wilson linesWS+ , WS− transforming in the spinor and conjugate

spinor representations, which transform together with topological Gukov-Witten lines in

an eight-dimensional irreducible 2-representation of (Z2 × Z2)[1]⋊D8.

Let us now consider the G = PSO(4N) gauge theory, which may be obtained by

gauging (Z2 × Z2)[1] in the example above. This has symmetry group G = D8 combining

the Z2 × Z2 magnetic symmetry and charge conjugation symmetry. There are now eight

twisted sectors forming five conjugacy classes and with centralizers:

[e] = {e}, Ce(D8) = D8,

[a] = {a, b}, Ca(D8) = Z2 × Z2,

[s] = {s, abs}, Cs(D8) = Z2 × Z2,

[ab] = {ab}, Cab(D8) = D8,

[as] = {as, bs}, Cas(D8) = Z4.

(4.100)

The irreducible tube 2-representations are classified by choosing 2-representations of the

centralizers.

The Wilson linesWS+ andWS− now become a-twisted and b-twisted inG = PSO(4N).

They are exchanged by charge conjugation and transform in a tube 2-representation as-

sociated to the conjugacy class {a, b}. This 2-representation corresponds to the wrapping

action of the Z2 × Z2 magnetic symmetry. The relevant 2-representation for the Wilson

lines WS+ , WS− is the trivial 2-representation.

4.6 Example: braiding lines

Let us now again consider a three-dimensional theory with connected symmetry 2-category

C = Mod(B) (4.101)
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determined by a braided fusion 1-category B of topological lines and their condensations,

as discussed previously in section 3.7.

The Drinfeld center in this case is the braided fusion 2-category

Z(C) = BrMod(B) (4.102)

of braided (left) module categories over B [117]. We do not provide a complete description

here but settle for a brief discussion that will allow a graphical interpretation in terms of

tube 2-representations. Namely, an object of in the Drinfeld center is given by a finite

semi-simple 1-category M together with a B-action

▷ : B ⊠ M → M (4.103)

and a collection of 1-morphisms

(4.104)

for all µ ∈ B and L ∈ M. These 1-morphisms must satisfy coherence conditions that may

be found in [117] and that we will illustrate graphically below.

From a physical perspective, all topological surfaces are condensations whose wrapping

action on line defects is completely determined by the parallel and linking of the topological

lines. Concretely, a topological line µ ∈ B can act on line defects L ∈ M by parallel collision

or linking. This provides the data of the B-action and 1-morphisms brµ,L respectively, as

illustrated in figure 52.

Figure 52.

This data needs to be compatible with the braiding of topological lines in the ambient

three-dimensional spacetime in the sense that the sequences of topological moves illustrated

in figure 53 commute. This reproduce the coherence conditions presented in [117].
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A Condensation defects

In this appendix, we review the notion of condensation defects in higher categories intro-

duced in [2]. We then use these results to give a schematic proof of equations (2.18) and

(3.26), which state that the action of generic symmetry defects B ∈ C on twisted sector

local operators can be reduced to the action of representatives of the connected components

of the (higher) fusion category C.

Following [2], we take an inductive approach to define the notion of an n-condensation

between objects A and B in an n-category C. For n = 0, a 0-condensation A ↩→ B is

an equality A = B of objects of a 0-category (i.e. elements of a set). For generic n, an

n-condensation A ↩→ B in an n-category C is a pair of 1-morphisms

(A.1)
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together with an (n− 1)-condensation π ◦ ı ↩→ IdB in the (n− 1)-category 1-EndC(B). We

will unravel this definition in more detail for the cases n = 1, 2 below.

A.1 1-condensations

A 1-condensation A ↩→ B between objects of a 1-category is a pair of morphisms ı and π

as in (A.1) such that π ◦ ı = IdB. If we restrict attention to simple objects S and T of a

fusion category C, a 1-condensation S ↩→ T is equivalent to an isomorphism S ∼= T . The

set of connected components of C can thus be identified with

π0(C) = {simple objects S ∈ C} / 1-condensation . (A.2)

From a physical perspective, a 1-condensation A ↩→ B implies that the linking action

of B on twisted sectors is completely determined by the linking action of A. To see this,

consider linking an X-twisted sector local operator O with the symmetry defect B via a

specified intersection morphism ψ. Using the splitting IdB = π ◦ ı, we can then insert a

small A-interval into the line B, which can be blown up to give a linking of O by A as

illustrated in figure 54. This shows that the linking action of B can be deduced from the

linking action of A on O.

Figure 54.

Let us now give a schematic proof of equation (2.18), which states that the linking ac-

tion of a generic symmetry defect B ∈ C on twisted sectors in two dimensions is completely

determined by the action of its simple constituents. To see this, consider a decomposition

B =
⊕

i
Si (A.3)

of B into simple objects Si ∈ C together with inclusion and projection morphisms

ini : Si ↪−→ B and pri : B ↠ Si . (A.4)

Using the completeness relation

IdB =
∑

i
ini ◦ pri , (A.5)

we can then insert a sum of small Si-intervals into the line B, which can be blown up

to give a sum of linkings of O by the Si’s as illustrated in figure 55. This shows that the

linking action of B is completely determined by the linking action of its simple constituents

Si on O. Furthermore, as discussed above, we can replace each of the Si’s by an arbitrary

representative of its connected component [Si] ∈ π0(C), which proves equation (2.18).
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Figure 55.

A.2 2-condensations on the sphere

A 2-condensation A ↩→ B between objects of a 2-category is a pair of morphisms ı and π

as in (A.1) together with a pair of 2-morphisms

(A.6)

such that P ◦ I = Id2B. Unlike in the case of 1-condensations, a 2-condensation S ↩→ T

between simple objects of a fusion 2-category C does not induce an isomorphism of S and

T in general. Nevertheless, it induces an equivalence relation on the set of simple objects,

which can be used to identify the set of connected components of C as

π0(C) = {simple objects S ∈ C} / 2-condensation . (A.7)

From a physical perspective, a 2-condensation A ↩→ B implies that the linking action

of B on 1-twisted sectors is completely determined by the linking action of A. To see this,

consider linking a µ-twisted sector local operator O with the symmetry defect B via a

specified intersection 2-morphism Ψ. Using the splitting Id2B = P ◦ I, we can then insert a

small A-bubble into the surface B, which can be blown up to give a linking of O by A as

illustrated in figure 56. This shows that the linking action of B can be deduced from the

linking action of A on O.
Let us now give a schematic proof of equation (3.26), which states that the linking

action of a generic symmetry defect B ∈ C on 1-twisted sectors in three dimensions is

completely determined by the action of its simple constituents. To see this, consider a

decomposition

B =
⊕

i
Si (A.8)

of B into simple objects Si ∈ C together with inclusion and projection 1-morphisms

ini : Si ↪−→ B and pri : B ↠ Si (A.9)
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Figure 56.

and inclusion and projection 2-morphisms

Ini : ini ◦ pri ⇒ IdB and Pri : IdB ⇒ ini ◦ pri . (A.10)

Using the completeness relation

Id2B =
∑

i
Ini ◦ Pri , (A.11)

we can then insert a sum of small Si-bubbles into the surface B, which can be blown up

to give a sum of linkings of O by the Si’s as illustrated in figure 57. This shows that the

linking action of B is completely determined by the linking action of its simple constituents

Si on O. Furthermore, as discussed above, we can replace each of the Si’s by an arbitrary

representative of its connected component [Si] ∈ π0(C), which proves equation (3.26).

Figure 57.

A.3 2-condensations on the cylinder

In the case of 2-twisted sector line operators, the topology of the wrapping cylinder ob-

structs a literal identification of the wrapping actions of symmetry defects related by con-

densation. Nevertheless, we expect them to be related as follows:

Given a 2-condensation A ↩→ B, the wrapping action of B on 2-twisted sectors is

determined the wrapping action of A up to a 1-condensation. To see this, consider wrapping

a line operator L in the X-twisted sector with the symmetry defect B via a specified

intersection 1-morphism ψ. Using the splitting Id2B = P ◦ I, we can then insert a small
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A-bubble into the surface B as illustrated in the top right corner of figure 58. Topological

local operators O sitting at the junction between the wrapped line L and another line K

can then be collided with the topological junction I to give new topological operators Õ

as illustrated in the bottom right corner of figure 58. The map O 7→ Õ is induced by the

2-morphism

(A.12)

where (π ◦ ı) should be read as IdY ⊗ (π ◦ ı) and I should be read as Id2Y ⊗ I. Similarly,

there exists a 2-morphism

(A.13)

where P should be read as Id2Y ⊗ P . As a consequence of P ◦ I = Id2B, the 2-morphisms I
and P satisfy the relation

P ◦ I = Id[B,ψ] . (A.14)

Furthermore, by moving the topological line interface π around the wrapping cylinder as

illustrated in the bottom left corner of figure 58, we may identify[
B, (π ◦ ı) ◦ ψ

]
=
[
A, ı ◦ ψ ◦ π

]
, (A.15)

where ı ◦ψ ◦ π should be read as (Y ⊗ ı) ◦ψ ◦ (π⊗X). Consequently, the pair I, P defines

a 1-condensation

[A, ı ◦ ψ ◦ π] ↩→ [B,ψ] (A.16)

in the 1-category 1-HomT2C(X,Y ). This shows that the wrapping action of B on 2-twisted

sectors is determined the wrapping action of A up to 1-condensation.

Let us now give a schematic justification for equation (4.36), which states that, up

to isomorphism, the wrapping action of a generic symmetry defect B ∈ C on 2-twisted

sectors is determined the wrapping action of its simple constituents. To see this, consider

a decomposition

B =
⊕

i
Si (A.17)

of B into simple objects Si ∈ C together with inclusion and projection 1-morphisms

ini : Si ↪−→ B and pri : B ↠ Si (A.18)
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Figure 58.

and inclusion and projection 2-morphisms

Ini : ini ◦ pri ⇒ IdB and Pri : IdB ⇒ ini ◦ pri (A.19)

as before. Using the completeness relation

Id2B =
∑

i
Ini ◦ Pri , (A.20)

we can then insert a sum of small Si-bubbles into the surface B as illustrated in the top

right corner of figure 59. Topological local operators O sitting at the junction between the

wrapped line L and a line K can then be collided with the topological junctions Pri to give

new topological operators Õi as illustrated in the bottom right corner of figure 59. The

maps O 7→ Õi are induced by 2-morphisms

(A.21)

where (ini ◦ pri) should be read as IdY ⊗ (ini ◦ pri) and Pri should be read as Id2Y ⊗ Pri.
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Similarly, there exist 2-morphisms

(A.22)

where Ini should be read as Id2Y ⊗Ini. As a consequence of the completeness relation (A.20)

and the fact that Pri ◦ Ini = Id(ini ◦pri), the 2-morphisms P :=
∑

i Pi and I :=
∑

i Ii then

satisfy the relations

I ◦ P = Id[B,ψ] and P ◦ I = Id⊕i [B, (ini ◦ pri) ◦ψ] . (A.23)

Furthermore, by moving the topological line interfaces ini around the wrapping cylinder as

illustrated in the bottom left corner of figure 59, we may identify[
B, (ini ◦ pri) ◦ ψ

]
=
[
Si, pri ◦ ψ ◦ ini

]
, (A.24)

where pri ◦ ψ ◦ ini should be read as (Y ⊗ pri) ◦ ψ ◦ (ini ⊗X). Consequently, the pair P, I

defines an isomorphism

[B,ψ] ∼=
⊕

i

[
Si, pri ◦ ψ ◦ ini

]
(A.25)

of objects in the 1-category 1-HomT2C(X,Y ). This shows that, up to isomorphism, the

wrapping action of B on 2-twisted sectors is determined the wrapping action of its simple

constituents. Furthermore, as discussed above, up to 1-condensations we can replace each

of the Si’s by an arbitrary representative of its connected component [Si] ∈ π0(C), which
justifies equation (4.36).
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[19] M. Nguyen, Y. Tanizaki, and M. Ünsal, Noninvertible 1-form symmetry and Casimir scaling

in 2D Yang-Mills theory, Phys. Rev. D 104 (2021), no. 6 065003, [arXiv:2104.01824].

[20] I. M. Burbano, J. Kulp, and J. Neuser, Duality defects in E8, JHEP 10 (2022) 186,

[arXiv:2112.14323].

[21] T.-C. Huang, Y.-H. Lin, K. Ohmori, Y. Tachikawa, and M. Tezuka, Numerical Evidence for

a Haagerup Conformal Field Theory, Phys. Rev. Lett. 128 (2022), no. 23 231603,

[arXiv:2110.03008].

[22] R. Thorngren and Y. Wang, Fusion Category Symmetry II: Categoriosities at c = 1 and

Beyond, arXiv:2106.12577.

[23] E. Sharpe, Topological operators, noninvertible symmetries and decomposition,

arXiv:2108.13423.

[24] Y.-H. Lin, M. Okada, S. Seifnashri, and Y. Tachikawa, Asymptotic density of states in 2d

CFTs with non-invertible symmetries, arXiv:2208.05495.

[25] C.-M. Chang, J. Chen, and F. Xu, Topological Defect Lines in Two Dimensional Fermionic

CFTs, arXiv:2208.02757.

[26] Y.-H. Lin and S.-H. Shao, Bootstrapping Non-invertible Symmetries, arXiv:2302.13900.

[27] T. Rudelius and S.-H. Shao, Topological Operators and Completeness of Spectrum in

Discrete Gauge Theories, JHEP 12 (2020) 172, [arXiv:2006.10052].

[28] B. Heidenreich, J. McNamara, M. Montero, M. Reece, T. Rudelius, and I. Valenzuela,

Non-invertible global symmetries and completeness of the spectrum, JHEP 09 (2021) 203,

[arXiv:2104.07036].

[29] M. Koide, Y. Nagoya, and S. Yamaguchi, Non-invertible topological defects in 4-dimensional

Z2 pure lattice gauge theory, PTEP 2022 (2022), no. 1 013B03, [arXiv:2109.05992].

[30] Y. Choi, C. Cordova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, Non-Invertible Duality Defects

in 3+1 Dimensions, arXiv:2111.01139.

[31] J. Kaidi, K. Ohmori, and Y. Zheng, Kramers-Wannier-like Duality Defects in (3+1)D

Gauge Theories, Phys. Rev. Lett. 128 (2022), no. 11 111601, [arXiv:2111.01141].

[32] J. Wang and Y.-Z. You, Gauge Enhanced Quantum Criticality Between Grand Unifications:

Categorical Higher Symmetry Retraction, arXiv:2111.10369.

[33] X. Chen, A. Dua, P.-S. Hsin, C.-M. Jian, W. Shirley, and C. Xu, Loops in 4+1d Topological

Phases, arXiv:2112.02137.

[34] C. Cordova, K. Ohmori, and T. Rudelius, Generalized symmetry breaking scales and weak

gravity conjectures, JHEP 11 (2022) 154, [arXiv:2202.05866].

[35] F. Benini, C. Copetti, and L. Di Pietro, Factorization and global symmetries in holography,

arXiv:2203.09537.

[36] K. Roumpedakis, S. Seifnashri, and S.-H. Shao, Higher Gauging and Non-invertible

Condensation Defects, arXiv:2204.02407.
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