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Abstract

In these lecture notes, we provide an introduction to the moduli space of Riemann sur-
faces, a fundamental concept in the theories of 2D quantum gravity, topological string
theory, and matrix models. We begin by reviewing some basic results concerning the
recursive boundary structure of the moduli space and the associated cohomology the-
ory. We then present Witten’s celebrated conjecture and its generalisation, framing it as
a recursive computation of cohomological field theory correlators via topological recur-
sion. We conclude with a discussion of JT gravity in relation to hyperbolic geometry and
topological strings.
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1 Introduction

As a physical theory, 2D gravity is a rather trivial theory, as the Einstein—Hilbert action
1
s:—f d®>xRvV—h (1.1)
2k Js,

is a topological invariant of the surface . Consequently, the Einstein equations are automati-
cally satisfied. In contrast, 2D quantum gravity is a rather rich theory, with deep connections
to the theory of integrable systems and algebraic geometry. In the quantum setting, what is
physically realized is not a fixed metric h on the surface %, but rather a fluctuating metric. The
quantity of interest, the path integral, is then an integral over the space of all such metrics up
to symmetry:

surface X diffeomorphism
{ (2’ h) ’ with metric h } / conformal transf. (1.2)

In mathematical terms, we are interested in the space parametrizing Riemann surfaces, and
more precisely in the calculation of integrals over such moduli space.

A completely different approach to 2D quantum gravity builds upon the idea of discretis-
ing the surfaces and counting triangulations, which in turn is related to random matrix theory.
The “random matrix method” started with G. ’t Hooft’s discovery in 1974 [1] from the study of
strong nuclear interactions, that matrix integrals are naturally related to graphs drawn on sur-
faces, weighted by their topology. This first example by 't Hooft was then turned into a general
paradigm for enumerating maps, by physicists E. Brezin, C. Itzykson, G. Parisi, and J.-B. Zu-
ber [2]. By their method, they recovered some results due to the mathematician W. T. Tutte in
the ’60s, about counting the numbers of triangulations of the sphere [3].

In the continuum limit, one would expect the two approaches to coincide. The idea that
these two models of 2D quantum gravity are equivalent has striking consequences and mo-
tivated E. Witten to formulate his famous conjecture about the geometry of moduli spaces
of Riemann surfaces [4]. The conjecture, later proved by M. Kontsevich [5], connects in a
beautiful way theoretical physics, algebraic geometry, and mathematical physics. Recently,
the physics literature has seen a resurgence of such ideas in connection to Jackiw—Teitelboim
gravity and its holographic dual, the Sachdev-Ye-Kitaev model [6, 7] (cf. C. Johnson’s and
G. Turiaci’s lecture notes [8,9]).

Another physical theory presenting deep connec-
tions with the theory of Riemann surfaces is string the-
ory. As a string travels through spacetime, it traces out
a Riemann surface, the worldsheet of the string. These
are nothing but stringy versions of Feynman diagrams.
The path integrals of the theory are mathematically
described as integrals over the moduli spaces of Rie-
mann surfaces mapping to the spacetime (cf. M. Liu’s -
lecture notes [10]). The properties satisfied by such Ulne o
integrals are mathematically described by the notion o
of cohomological field theory.

The goal of these notes is to describe the mathematics related to such ideas, focusing par-
ticularly on the moduli space of Riemann surfaces, the concept of cohomological field theory,
and its recursive solution. The main references include:

space

[11] D. Zvonkine, “An introduction to moduli spaces of curves and their intersection theory”
Not-too technical notes on the moduli space of curves, its intersection theory, and Witten’s conjecture

[12] R. Pandharipande, “Cohomological field theory calculations”

Not-too technical notes on cohomological field theories, focused on examples
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[13] J. Schmitt. “The moduli space of curves”
Algebro-geometric oriented notes on the moduli space of curves and its cohomology

[14] E. Arbarello , M. Cornalba , P A. Griffiths, “Geometry of Algebraic Curves, Vol. 11"

A comprehensive text on Riemann surfaces and their moduli

2 Moduli spaces of Riemann surfaces

In this section, we recall some facts about Riemann surfaces and their moduli space. The
latter has been a central object in mathematics since Riemann’s work in the mid-19th century,
and its compactification was defined more than 50 years ago by Deligne and Mumford [15]
by including stable curves. For a great one-hour introductory talk to the moduli spaces of
Riemann surfaces and its history, see [16].

2.1 Definition of the moduli spaces

Terminology. The primary focus of our study is on smooth, connected, compact, complex 1-
dimensional manifolds, simply called curves or Riemann surfaces, which have n labelled distinct
points (see M. Bertola’s lecture notes [17]). These will be denoted as

(Z>p1:"'1pn)' (2.1)

Each compact complex curve has an underlying structure of a real 2-dimensional orientable
compact surface, uniquely characterized by its genus g.

Our primary examples will be the sphere (genus 0) and the torus (genus 1). The sphere
has a unique structure as a Riemann surface up to isomorphism, identified as the complex
projective line P!. A complex curve of genus 0 is called a rational curve. The automorphism

group of P! is
a b
ea{(* 1)

a b az+b
Z= . 2.3
(C d) T td 23)

As for genus 1, every Riemann surface structure on the torus is, up to isomorphism, obtained
as a quotient C/A. Here A is a lattice, that is an additive group of the form

(2.2)

[a:b:c:d]eP?
ad—bc#0

acting as

A={n1w1+n2w2|n1,n2€Z} (24)

for wq, w, € C that are linearly independent over the reals. A complex curve of genus 1 is
referred to as an elliptic curve.

As discussed in the introduction, we are interested in the moduli space of Riemann surfaces
of a fixed genus g with n marked points (and in particular, we want to make sense of integrals
over such space: the path integrals of 2D quantum gravity).
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Definition 2.1. The moduli space M, ,, is the set of isomorphism classes of Riemann surfaces
of genus g with n marked points:

Riemann surfaces .
Mgn= { of genus g with n marked points } / 150- (2.5)

For isomorphism between two objects (%, py,...,p,) and (¥',p],...,p,) we mean a biholo-
morphism ¢ : ¥ — ¥’ that preserves the marked points: ¢(p;) = p.

The above definition is perfectly well-posed, but we want to give it more structure. Recall
that our goal is to discuss integrals over the moduli space of Riemann surfaces, so a structure
like that of a manifold would be desirable. It turns out that there is a lot of geometry, but
it is not as nice as that of a manifold. The main reason is that Riemann surfaces have au-
tomorphisms. The simplest example is P!, whose automorphism group is the infinite group
PSL(2,C). Since in the integration we want to quotient out by the group of symmetries, an
infinite group of automorphisms is bad news. In other words, M, does not have a nice ge-
ometric structure. There is however a way to get rid of automorphism by marking (at least
three) points.

Exercise 2.1.

1. Consider a genus O curve with three marked points (P!, p;,py,ps). Find the (unique)
g € PSL(2, C) that maps (P!, py, sy, ps3) to (P1,0,1, 00).

2. Consider a genus O curve with four marked points (P!, pq, Py, P3,pa). The group element
g € PSL(2,C) found in part (1) maps (P, p1,ps, p3,pa) to (P1,0,1,00,t). Find an ex-
pression for t as a function' of py, ps, P3, Pa-

The above exercise shows that

MO,BZ{(Pl:O:]-:OO)}:{*}:

1 1 (26)
M0,4:{(]P ,0,1,00,t)| t#o,l,OO}:]P \{0:1)00} .
One can generalise the above analysis to show that, for n > 3,
Moy ={(t1,..., t,3) €(P'\{0,1,00 )" | t; #1¢; } . (2.7)

This provides M, with a nice geometric structure.
Another bad example where the automorphism group is infinite is that of an elliptic curve
E, for which Aut(E) contains a subgroup isomorphic to E itself acting by translations. Again,
we can get rid of automorphisms (in this case, translations) by marking a point. If E = C/A,
a natural choice of marked point is the image of A C C, that is the identity element on the
torus. Thus, M, ; = {lattices } /C*, where C* acts by rescaling. To understand the quotient,
let us fix a basis (wq, wy) of A. Multiplying A by 1/w;, we obtain an equivalent lattice with
basis (1, t) for 7 in the upper half-plane H. Choosing another basis of the same lattice, that
is acting by the group SL(2,Z) of lattice base changes, we obtain another point 7’ € H. Thus,
we find that
M =H/SL(2,Z). (2.8)

A fundamental domain for the quotient is shown in figure 1. After glueing, we see that M ; is
topologically P!\ { oo }. However, lattices have non-trivial automorphisms. Indeed, the matrix
—Id acts trivially on H, so that the automorphism group of each point on M, ; contains at least

IThis is known as the cross-ratio, defined in deep antiquity (possibly already by Euclid) and considered by
Pappus who noted its key invariance property.
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c’ Cc

~

-1 _ 0

T S R RTETES:

1
2

Figure 1: The moduli space M, ;. The arcs AB and AB’ and the half-lines BC and
B’C’ are identified.

Z, as a subgroup. This is called the hyperelliptic involution of a marked elliptic curve. If we
write an elliptic curve as as (the compactification of) a degree 3 polynomial equation of the
form

E: y2=x3+ax+b, (2.9)

then the hyperelliptic involution is simply the map y — —y.
It is actually possible to completely characterise the automorphism group of each point T
in the fundamental domain (see figure 2):

o for T =™/ = # corresponding to the hexagonal lattice, the automorphism group
is Zg;
* for T = e™/2 = corresponding to the square lattice, the automorphism group is Zy;

* for any other 7 in the fundamental domain, the automorphism group Z,.

A theorem by A. Hurwitz implies that the automorphism group of any Riemann surface
satisfying 2g —24n > 0 is finite. Such a pair (g, n) is called stable. Conversely, every Riemann
surface with 2¢g —2 4+ n < 0 has an infinite group of automorphisms that preserve the marked
points. In other words:

Aut(Z,, p1,-..,Pp) is finite = —x=2¢g—2+n>0. (2.10)

This precludes defining the moduli spaces Mo, My 1, Mg o, and M, o as nice geometric
spaces. (While they can still be considered as sets, this is not particularly useful.)

mi/3 mi/2

T=e€ T=e

Figure 2: The automorphism groups of lattices.
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From now on, we will always assume 2¢g —2 4+ n > 0. In this case the situation is good,
but not as good as it can get: there are still curves with non-trivial automorphism group, as
the example of M, ; showed. Nonetheless, finiteness of the automorphism groups allows us
to consider the moduli space of Riemann surfaces as an orbifold.

Theorem 2.2. For 2g —2 4+ n > 0, the moduli space M, , is a connected, smooth, complex
orbifold of dimension
dim(M, ,) =3g —3+n. (2.11)

Exercise 2.2. For the reader familiar with Riemann—Roch and Riemann-Hurwitz, convince your-
self that the complex dimension of M, = M, is 3g — 3. This result was already known to
Riemann himself, who also coined the term “moduli space” (from the Latin word modus, meaning
measure):

Diese Bestimmung der Anzahl der Moduln einer Klasse 2p + 1
fach zusammenhiingender algebraischer Functionen gilt jedoch nur
unter der Voraussetzung, dass es 2u — p + 1 Verzweigungswerthe
giebt, welche von einander unabhingige Functionen der willkiirlichen
Constanten in der Function ¢ sind. Diese Voraussetzung trifft nur zuy,
wenn p > 1, und die Anzahl der Moduln ist nur dann = 3p — 3, fiir
p=1 aber = 1. Die directe Untersuchung derselben wird indess
schwierig durch die Art und Weise, wie die willkiirlichen Constanten
in ¢ enthalten sind. Man fithre deshalb in einem Systeme gleichver-

zweigter 2p 4 1fach zusammenhiingender Functionen, um die Anzahl
der Moduln zu bestimmen, als unabhiingig verinderliche Grosse nicht
eine dieser Functionen, sondern ein allenthalben endliches Integral
einer solchen Function ein.

To this end, consider the moduli space of pairs (%, f ), where 3. is a genus g Riemann surface and
f is a degree d holomorphic map from X to P! (i.e. a meromorphic function on X). Such a space
is sometimes referred to as a Hurwitz space, denoted H, 4. Compute its dimension in two different
ways.

* The dimension of H,4 4 equals the dimension of M, counting the “number of deformation
parameters” of the Riemann surface %, plus the “number of deformation parameters” of the
function f. Compute the latter via Riemann—Roch.

* Directly compute the dimension of H, 4 using Riemann-Hurwitz.
Conclude that dim M, =3g —3.

The definition of a smooth complex orbifold is rather technical, but similar in spirit to that
of a smooth complex manifold. The main difference is that locally an orbifold looks like an
open set of C¢/G, where G is a finite group. The simplest example of a complex orbifold to
keep in mind is the global quotient C/Z,,, where Z,, acts by rotation of 27” In particular, it
make sense to talk about integration over complex orbifolds. For the example of C/Z,,, given
a function f : C — C that is invariant under rotation of 27", we can define

f f(z,i)dzdizif f(z,2)dzdz. (2.12)
C/Z, |Zm| C

Most of the results that hold for manifolds extend (with proper modifications) to orbifolds.
Here is an example of the Euler characteristic.

Exercise 2.3. The Euler characteristic of an orbifold X is defined as

2= 1Xs) (2.13)
G

|G|

7
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where X is the locus of points with automorphism group G. Prove that y(M;;) = —%. The
formula generalises to the celebrated Harer—Zagier formula [18]:

X(Mg,n)z(]-_Zg)n—l ¢(1—2g), (2.14)

where (x),, denotes the Pochhammer symbol (or falling factorial) and {(x) is the Riemann zeta
function.Interestingly, the original computation by Harer and Zagier uses matrix model tech-
niques.

Although integral over orbifolds are well-defined, there is another potential issue to deal
with: non-compactness.The non-compactness problem can be seen already from the examples
of Mg 4 or M ;. The latter is topologically P!\ { oo }, with the missing point at infinity being
the source of non-compactness. We actually see how this limit point is realised geometrically
by considering the family of elliptic curves

E: y’=x(x—1)(x—1t), t€(0,1). (2.15)

In the limit t — O or 1, the Riemann surface E, becomes degenerate. For instance, ast — 0
we find y? = x2(x — 1), which locally around x = 0 looks like the union of the two complex
lines y = £+x. This means that at x = 0 we have two meeting components, also known as a
nodal singularity, and the surface E;, will look as follows.

In other words, the limit point of M, ; is not a torus anymore, but rather a pinched torus.

To make sense of integration over non-compact spaces we have two possibilities. The first
one is to consider only functions or differential forms with a certain decay at limit points.
The second option is to properly compactify the space of interest, and only consider regular
functions or differential forms on such compactification. We will follow the second route. It
turns out that for M, , the addition of Riemann surface with nodes is sufficient to get a nice
compactification.

Definition 2.3. A stable Riemann surface of genus g with n labelled marked points p4,...,p,
is a possibly singular, compact, connected, complex 1-dimensional manifold X such that:

* the genus of the surface obtained from X by smoothening all its nodes is g (see figure 3),
* the only singularities of 3 are nodes,

* the marked points are distinct and do not coincide with the nodes, and

* (3,p1,..-,Pn) has a finite number of automorphisms.

We can then define a moduli space parametrising isomorphism classes of stable Riemann sur-
faces, often called the Deligne-Mumford moduli space [15]:

_g . { stable Riemann surfaces } / iso (2.16)

of genus g with n marked points
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smoothening normalisation

Figure 3: The smoothening and the normalisation of a singular Riemann surface.
From the smoothening, one reads (g, n); from the normalisation, one reads the sta-
bility condition.

The last condition in the above definition can be reformulated as follows. Let X1,..., %
be the connected components of the surface obtained by separating all the branches of the
nodes (this process is called normalisation, see figure 3). Let g(v) be the genus of %, and n(v)
the number of special points, i.e., marked points and preimages of the nodes on ;. Then the
“finite automorphisms” condition is satisfied if and only if 2g(v) —2 + n(v) > 0 for all v.

The main result about the Deligne-Mumford moduli space is that it provides a compacti-
fication of the moduli space of Riemann surfaces.

Theorem 2.4. For 2g —2 4 n > 0, the moduli space Mg,n

* is a connected, smooth, complex, compact orbifold of dimension dim(ﬂg,n) =3g—3+n;

* it contains M, , as an open dense subset.

The set 5ﬂg’n = Hg,n \ M, is called the boundary of the moduli space.

Now that we have a compact space, we can safely talk about integration. More generally,
we have a nice (co)homology algebra

(HiMg.,Q),~) and  (H*(M,,,Q),—), (2.17)

where the algebra structure is with respect to the cap/cup product (corresponding to intersec-
tion of subvarieties/wedge of differential forms respectively). The Q coefficients are due to
the orbifold structure, and one can safely take C coefficients if they prefer. The two are dual
via Poincaré duality:

Hk(mg,n’ Q)= H2(3g—3+n)—k(mg,n: Q). (2.18)

Most importantly, we have a well-defined fundamental class against which we can integrate
cohomology classes to get a number:

J_ aeqQ, a € H*3¢3 (M, Q). (2.19)
M

Since taking cap products in cohomology (i.e. wedges of differential forms) amounts to take
cup products in homology (i.e. intersection of subvarieties), the theory of integration on com-
pact moduli spaces is often called intersection theory.

2.2 Stratification and tautological maps

Before discussing the cohomology of ﬂg’n and its intersection theory further, let us analyse in
more details the compactification. The main picture to keep in mind is the following: most of
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Figure 4: An illustration of the compactified moduli space Mg,n.

the points of /Vg,n are smooth Riemann surfaces that live on M, ,,, but by contracting cycles

gn
we produce stable singular Riemann surfaces that live on the boundary aﬂgﬂ. By performing
this procedure once, we create a single node. By repeatedly performing such operation, we
create Riemann surfaces that are more and more singular. See figure 4 for an illustration.

As an example, consider the space HOA. On the boundary aﬂm we find the singular
Riemann surface made of two P'’s glued together to form a node and each with two marked
points. These can be realised from a smooth rational curve with four marked points by con-
tracting a cycle separating the marked points into two-plus-two. We have three possible config-
urations, corresponding to the three possible ways of splitting (p;, po, P3, P4) into two disjoint
sets containing two points each.

p3 p2 pz

D2 D4 D3 D4 D4 D3
Notice that the above stable Riemann surfaces have no moduli: each rational component of
the normalisation has three special points (the two marked points and a branch of the node),
which can always be brought to (0, 1, c0). Another way of saying it is that we can realise each
of the above stable Riemann surfaces as M 5 x M 5. Recalling that M 4 = P'\{0,1,00},

we obtain that L
Moq= Mg (Mgs x Mg3)™ =P, (2.20)

which is indeed compact.

As for Hl,b the only element in the boundary aﬂl,l is the pinched torus with a marked
point encountered before. Again, the pinched torus has no moduli, as its normalisation is a
rational with three marked points. However, the pinched torus has Z, as an automorphism
group. Another way of saying it is to realise it as M, 3/Z,. This gives

m1,1 =My U(Mgs3/Zy), (2.21)

which is topologically a P! but with orbifold structure given by a point of automorphism Z,
a point of automorphism Z,, and all other points of automorphism Z,.

It should be clear from the above examples that the compactification of Mg,n has a sort
of recursive structure, obtained by pinching cycles and reducing the topology of the Riemann

10
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Y
AN 1

e
p

2
pPs3 2 3

Figure 5: A stable Riemann surface and the associated stable graph.

surface by breaking it up into pieces. We can keep track of this via certain graphs. Consider
Figure 14 for an illustration.

Definition 2.5. The stable graph associated with a stable Riemann surface (3, p,...,p,) € Hg,n
is the graph T obtained by associating:

* avertex v to each component of the normalisation, decorated by the genus g(v) of the
component;

* aleaf to each marked point p;, labelled by i accordingly;

* an edge to each node.

The genus of a stable graph T is
g)= > g)+h (D), (2.22)

veV(T)

where V(T') is the set of the vertices of the graph and h'(T") denotes the first Betti number (i.e.
the number of faces) of I'. It coincides with the genus of 3. We also denote by E(T') the set of
edges and by n(v) the valency of the vertex v (that is, the number of leaves and half-of-edges
incident to v). The latter corresponds to the number of special points (that is, marked points
and branches of nodes) on the component corresponding to the vertex v.

We remark that the stability condition implies that 2g(v) —2 4+ n(v) > 0 for all v € V(T').
This guarantees that for each (g,n), called the type, there are only finitely many stable graphs
of genus g with n leaves. Such stable graphs provides a stratification of M, ,: for a given T’

of type (g, n), set

. — T is the stable graph
My = { (ZoPrse o Pn) € Mg associated with (%, pq,...,Pn) } (2.23)
Then we get the stratification L
Men= || Mr. (2.24)

T type (g,n)

We have already analysed thoroughly the cases of WOA and ﬂm, whose stable graphs are
given as follows.

1 4 1 3 1 2 1 2
1D 11— 1—@ )

11
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Another example is that of M,:

dim(Mr)

S
oo @ oo
D -0 1

SSES CHENVEE S "

Here we drew the strata in correspondence to the type of stable Riemann dual to the graph
and on different levels according to the number of edges. Note that contraction of cycles is
dual to contraction of edges.

Exercise 2.4.
1. List all strata of ﬂz,l.

2. Consider a stable graph T of type (g,n). Show that the dimension of the stratum is given
by dim(My) = dim(M, ) — |Ep|.

The fact that the strata of Mg,n are parametrised by smaller-dimensional spaces M is
sometimes called the recursive boundary structure of M, ,. It is one of the most important

features of the moduli space of Riemann surfaces and the proofs of many results about ﬂg,n
(including the computation of integrals) use it in a very essential way.

One way of taking advantage of it is by defining glueing maps. More precisely, for each
stable graph T of type (g, n) we define

EF: ﬂl“ = l_[ mg(v),n(v) - mg,n > (2.25)

veV(I)

which sends the stable Riemann surface ((3,)yev (r), (qh> QhJe=(hh)eET)> P15 - - - » Pn) tO the sta-
ble Riemann surface (%, p;, ..., p,) obtained by glueing all pairs (g3, g5/) of points correspond-
ing to pairs e = (h,h’) forming edges of I'. The image of My under & coincide with the
closure of M.

The easiest case is that of a stable graph I" with a single edge e. We have two possible
cases: the edge is non-separating (i.e. a loop) or it is.

Non-separating edge. It corresponds to the following stable graph:

Q’ , (2.26)

1

12
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Thus, the glueing map, called the glueing map of non-separating kind, is given by

p1 q 1
SRS S ~=y. e
q/

To be pedantic, p should depend on (g, n). We omit the dependence for a lighter notation.

Separating edge. It corresponds to the following stable graph:

Z : 22

where g = g; + g, is a splitting of the genus and I; U I, = {py,...,p,} is a splitting of the
marked points. Thus, the corresponding glueing map, called the glueing map of separating
kind, is given by

P1 q P2 P1 P2
o Mgl’1+|11| X Mg2’1+|12| Mg’n ’ e.g. ’ @ .
!
q p3 P3

(2.29)
To be pedantic, o should depend on (g, n) and the choice of splitting of the genus and marked
points.
Notice how the above terms corresponds to the terms appearing in the topological recursion
formula (see V. Bouchard’s lecture notes [ 19]). This is not a coincide, as we will see in section 3.
We conclude this section with one more natural map between moduli spaces: the forgetful
map. This is the maps that forgets the last marked point:

T Mg i —>ﬂg,n, (Z, P15+ s Pr>Prst) — (T, P1, - o5 Pr)S80. (2.30)

Again, to be pedantic, m should depend on (g,n). We omit the dependence for a lighter
notation. The suffix ‘stab’ stands for ‘stabilisation’. Indeed, it may happen that, when forgetting
a marked point, the resulting Riemann surface is not stable. This is the case of a marked point
Pns+1 OD a rational component with only three special points. The stabilisation process simply
contracts this component to a point. If the resulting Riemann surface is still not stable, we
keep contracting unstable components until we find a stable result. For example:

tab
p1 P2 P p2 - P1
=0)- SR
p3

The glueing maps p, o and the forgetful map 7 are sometimes referred to as the tautological
maps. We will see shortly that they play a crucial role in the intersection theory of the moduli
space of Riemann surfaces. The main takeaway is that, thanks to the compactification and the
introduction of the tautological maps, we can think about the moduli spaces as a collection
of spaces connected by maps (rather than “isolated” spaces). In particular, we can talk about
pullback and pushforward in cohomology.

Let us recall these operation for an arbitrary smooth map

¢:M— N (2.32)

between smooth real orbifolds of real dimensions dimg(M) = m and dimg(N) = n.
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Pullback. The pullback is always a well-defined contravariant operation in cohomology
corresponding to pre-composition. More precisely, it is a degree-preserving map

¢*: HY (M) — H*(N). (2.33)

In terms of differential forms, write locally ¢ as (x4,...,x,,) — (y1(x),..., y,(x)) and let n be

¢ =t (y(x))dy,, () A Adyy, (). (2.34)

The pullback is compatible with both addition and cup product.

Pushforward. The pushforward is well-defined only for maps ¢ with compact fibres. In
this case, the pushforward defines a covariant operation in cohomology, which corresponds
to the geometric idea of “integration along fibres”. More precisely, if we denote by r the real
dimension of the fibres of ¢, then

¢, H(M) — HF"(N). (2.35)

In terms of differential forms, write locally ¢ as (x1,..., X, ¥1,--->Yn) — (¥1,---,Y,) and let w
be a k-form on M locally expressed as w = w """ (x, y)dx A+ - -Adx, Ady,, A - -Ady,,  +---.
The dots stand for terms with a lower number of dx’s. Then

(p,w)g = (J "k (x,q)dxy A A dxr) dgyy, A---Adgyy, (2.36)
$71(q)

for all g € N. The pushforward is compatible with the addition, but it does not respect the cup
product.

The definition generalises via Poincaré duality whenever both M and N are compact. In this
case, the pushforward is simply the pre-composition and post-composition of the pushforward
in homology by Poincaré duality:

¢ -H"(M)EH (M)— H (N)IEH"‘('"‘")(N) (2.37)
EE — HIm—k m—k - . .

It coincides with the “integration along fibres” whenever ¢ has compact fibres (whose dimen-
sion is r = m—n).

Projection formula. In the case of compact fibres, there is a useful formula, known as
projection formula, which expresses integrals over M as integrals over N. More precisely: if
w € HY(M) and n € H"¥(N), then

f wch)*n:J ¢ wAN. (2.38)
M N

2.3 Intersection theory and Witten’s conjecture

Recall our main goal: to define and compute integrals over the moduli space of Riemann
surfaces. Since ﬂg,n is a compact orbifold, we can finally discuss integrals of top cohomology
classes. However, we do not yet have natural classes to integrate. There are two natural
sources of cohomology classes.

* The Poincaré dual of natural (complex) subspaces.

* Chern classes of natural complex vector bundles over.
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In both cases, cohomology classes of even degree are produced. For this reason, when mul-
tiplying classes in cohomology, we will always omit the cap product since the cap product of
even-degree cohomology classes is commutative.

We have already encountered several subspaces of M

¢,n» Namely the boundary strata.
Recall that for a fixed stable graph T of type (g, n), the associated subspace My has complex
dimension dim(ﬂg’n) — |E(T")|. We deduce that the Poincaré dual, denoted by brackets [ - ],
lives in

[T] e HZEDI(M, ,, Q). (2.39)

It can be expressed as a pushforward along the glueing maps:

1

[[]= mgr,*l-

(2.40)

The element 1 in the right-hand side is the unit in H*(M¢, Q). In particular, the Poincaré dual
of the entire space, corresponding to the stable graph with a single vertex of genus g, no edges,
and n leaves, is the unit in cohomology:

1 I
[ ] =1€H'(M,,,Q). (2.41)

Let us discuss now Chern classes of complex vector bundles. A complex vector bundle
over ﬂg,n is the assignment of a complex vector space to each isomorphism class of stable
Riemann surfaces in such a way that, as the stable Riemann surface varies within the moduli
space, the assigned vector spaces vary smoothly and are coherently glued together. Once a
complex vector bundle V — ﬂg,n is given, we can consider its Chern classes:

(V) e H*(M,,,Q),  k=0,1,...,tk(}), (2.42)

where rk(V) denotes the complex rank of V), that is, the complex dimension of the fibres. The
0-th Chern class is always the unit in cohomology: cy(}) = 1. Chern classes are topolog-
ical invariants associated with complex vector bundles and offer a simple test to determine
whether two vector bundles are not isomorphic: if the Chern classes of a pair of vector bun-
dles differ, then the vector bundles are distinct (the converse, however, is not necessarily true).
Geometrically, they provide information about the number of linearly independent sections a
vector bundle has and can be expressed as polynomials in the coefficients of the curvature
form of a Hermitian connection V on V (the cohomology class does not depend on the choice
of connection):

rk(V) F
c(V;t)= Z (V) t* = det (Id— t —v) . (2.43)
o 27

The first example of such a holomorphic vector bundle is the so-called i-th cotangent line
bundle: for eachi e {1,...,n}, set

L;— Mg, Lilpypn = T3 2 (2.44)

In other words, the fibre over (%, py,...,p,) is the holomorphic cotangent space at the i-th
marked point. Since T;‘_Z is a complex vector space of dimension 1, the associated bundle £;
has complex rank 1: it is a line bundle. We then consider its first Chern class:

Y; =c1(L) € H* (M, Q). (2.45)

These are called Morita—Miller-Mumford classes, or simply 1-classes. As usual, strictly speak-
ing, -classes should depend on (g,n). We omit this dependence, that is hopefully clear from
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Figure 6: An illustration of the cotangent line bundle £;.

the context. As we will see shortly, 1-classes appear in the seminal work of Witten on topo-
logical 2D gravity [4] and represent a cornerstone of all physical theories connected to the
moduli space of Riemann surfaces, such as JT gravity and topological string theory.
From the 1-classes, we can derive new cohomology classes that are projections of forgotten
points: the Arbarello-Cornalba classes, or simply k-classes, defined as
K= (YI) € H*(M, ,,Q), m=0,...,3g—3+n, (2.46)

n+1

where 7: Mg,nﬂ — ﬂg,n is the forgetful map. Since the fibres of 7 are compact and one-
dimensional, the pushforward is well-defined in cohomology and decreases the complex coho-
mological degree by 1. As we will see shortly, the class 27t%x;, called the Weil-Petersson class,
plays a fundamental role in JT theory and hyperbolic geometry.

A third collection of natural cohomology classes consists of those arising from the most
natural vector space associated with a Riemann surface: the space of holomorphic differentials.
More precisely, define the Hodge bundle

H— My, Hlzpy,p) = AU (2.47)

.....

Here, (%) denotes the space of holomorphic forms on %, which is a complex vector space of
dimension g. One should be cautious, however, regarding the definition of holomorphic forms
on Riemann surfaces with nodes (that is, the definition of H on the boundary of the moduli
space). In order to understand how holomorphic forms should be defined on nodal Riemann
surfaces, consider the example

E,: y*=x(x—1(x—1t). (2.48)

For t # 0, the space of holomorphic forms on E, is one dimensional and generated by

dx dx
w,=—= .
y Vx(x—1)(x—1t)

As t — 0, the torus degenerates into a pinched torus, and the holomorphic form w, limits to

d
wp = —— (2.50)
xvx—1

(2.49)

One can verify in local coordinates that w, is no longer holomorphic, but is instead meromor-
phic with a simple pole at the node and opposite residues at the two branches of the node.
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The presence of this simple pole is crucial. Indeed, the pinched torus is a P! with two points
identified; on P!, there are no non-trivial holomorphic forms; however, there exists a one-
dimensional complex vector space of meromorphic forms with simple poles at the two special
points and opposite residues. In other words, the dimension of Q(E,) is preserved even in the
limit t — 0.

The definition of Q(X) is thus

meromorphic form on & }
, (2.51)

Q)= { with at most simple poles at the nodes, opposite residues
and holomorphic everywhere else

which has constant dimension g as ¥ moves within Mg’n (it does not depend on the marked
points). We then define the Hodge classes, or simply A-classes, as the Chern classes of the
Hodge bundle:

A = (H) € H*¥ (M, ,,Q),  k=0,...,8, (2.52)

As we will briefly mention in section 4, the Hodge class plays a fundamental role in topological
string theory.

We conclude this section with a brief overview of Witten’s conjecture. We begin with two
facts regarding 1p-class intersection numbers, also known as Witten’s correlators: the string and
dilaton equations. These are equations relating integrals of 1)-classes over different moduli
spaces. Such integrals are conveniently written following Witten’s notation as

(le"'fdn>g:J— ”bclll""l’g”: d; 2 0. (2.53)
M

The integral is set to be zero unless d; + -+ + d,, = 3g —3 + n, in which case the integrand is
a top-dimensional cohomology class.

* Geometric string equation. The pullback of v-classes along the forgetful map is

i

1
n*; =; —D;, Di=17 . (2.54)
n n

+1

The 2-class on the left-hand side lives in M
lives in /Vg’nﬂ.

while the one on the right-hand side

&,

* Geometric dilaton equation. The O-th x-class on ﬂg’n is equal to (minus) the Euler
characteristic: L
Ko = (2§ —2+n)1€H' (M, ,, Q). (2.55)

Exercise 2.5. Employ the geometric string and dilaton equations, together with the projection

428 formula and the expression (2.40) for the Poincaré dual of boundary strata, to prove the following

429

430

431

432

equations satisfied by Witten’s correlators.

» String equation. Integrals over ﬂg’nﬂ with no 1,1 are reduced to integrals over ﬂg,n:

A -
Mg,n+1 i=1 Mg,n J#

In Witten’s notation, the string equation amounts to the removal of a 7:
n

(T4, "'TdnTo)g =Z<Td1 Tg—17Td
i=1

Dy (2.57)

@ Hints. Consider the following facts.
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— By looking at cohomological degrees, what can you say about the integral fﬂ n*a for
g,n+1
a € H*Gs=3 (M, ,,Q)?
— Let D; as in equation (2.54). Interpreting it as a Poincaré dual, one can see that D; - D; = 0

forall i #j.

* Dilaton equation. Integrals over ﬂg’nﬂ with a single power of 1, are reduced to

integrals over Mg’n:
d d
f— P P = (28— 2+ 1) f— LERR (2.58)
Mg,n+l Mg:”

In Witten’s notation, the string equation amounts to the removal of a 7:

) (2.59)

(Ta, - 7q,71), = Qg —2+n) (74, -~ 7,

¢
The string and dilaton equations allow for the computation of all Witten’s correlators in

genus 0 and 1.

Exercise 2.6. Knowing the string equation and the integral (’rg)o = 1, show that all genus 0,
y-class intersection numbers are determined. Can you prove the following closed formula:

n—3
(le...fdn)(): (d1 p ), (2.60)
yeeesdy

D D! . . . . .
where ( o dn) = Tieqi s the multinomial coefficient?

Exercise 2.7. Knowing the string equation, the dilaton equation, and the integral (t); = 2i4,
show that all genus 1, 1)-class intersection numbers are determined. Can you prove the following
closed formula:

1 n n—|le|
a )= 5 ( )- ( Jael-2x ), 6n
! n'l 24 d]_,...,dn 61,...,6,126{0,1} dl—el,...,dn—en
where || =€, +---+¢€,?

While the genus 0 initial value (73), = 1 is trivially satisfied, the genus 1 case (T_1>1 = 2i4
is rather non-trivial. This can be computed using the geometry of the moduli space M, ; and
its connection to modular forms.

Exercise 2.8. Prove that (7{); = %4 using the following facts.
1. The following identity holds for arbitrary line bundle L: ¢,(L) = %cl (L6

2. For an arbitrary line bundle L, we have ¢c,(L) = [Z —P], where Z and P are the divisors of
zeros and poles of a generic meromorphic section of £ and [ - ] denotes the Poincaré dual®.

3. Consider the cotangent line bundle E?k — HM. There is a canonical identification of the
vector space of holomorphic sections of E?k and the vector space of weight k modular forms.

2Poincaré duality for orbifolds involves the automorphism group. More precisely, if Z is a sub-orbifold of X with

underlying topological space Z, then [Z] = El‘[f ], where G is the automorphism group of a generic point in Z.
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4. The following (combination of) Eisenstein series

1
G4(T) = Z ﬁ 5
A€(Z+TZ)\{0}
1
Ge(7) = T’ (2.62)
2€(Z+1Z)\{0}
. G4(7) Ge(T)
Gio(7) = (—4 ) ( )
2¢(4) 2¢(6)
are modular forms of weight 4, 6, and 12 respectively. Furthermore, they have a unique

simple zero at T = #, T =1, and T = +i00 respectively.

We can now state Witten’s conjecture. To start with, let us package Witten’s correlators in
a single generating series: let t; (for d > 0) be a set of formal variables and set

h2g—2+n

Z(tg, t1,t9,...; ) = exp Z o Z le ngl_[td . (2.63)

g=>0,n>1 dq,...,d, =0
2g—2+n>0

The generating series Z arises as a partition function in topological 2D quantum gravity. The
string and dilaton equations may be written as differential operators annihilating Z in the
following way.

Exercise 2.9. Define the differential operators

tZ
Ll—h——hz(Ztkakl ) (2.64)

k>1

E, 2k+1 3 1
Lo=Hh———H? th—+— |. 2.65
TS (Z 3 kﬁtk+24) (2.65)

k>0

Prove the following:

* The string equation and (Tg) o are equivalent to the equation L_, Z = 0.

* The dilaton equation and (7); = 2i4 are equivalent to the equation Ly Z = 0.

The operators L_; and L, may be viewed as the beginning of (a representation of a subal-
gebra of) the Virasoro algebra. More precisely, consider the Lie algebra Virs._; of holomorphic
differential operators spanned by

£, =—z"1 aaz’ n>-—1. (2.66)

The bracket is given by [ Z,,, £,] = (M —n)ZL4n-

The collection (L_4, L) of differential operators can be uniquely extended (under a certain
homogeneity restriction) to a complete representation of (an i-deformation of) Virs_;. For
n > 1, these are given by

0

— K2
atn+1

L,=h

Z (2n+2k+ 1) . )
£ (2n+3)11(2k — 1! Ot

2
. 5 Qa+DNERb+1)N 2 (2.67)

+_
2 520 (2n+3)! dt, oty
a+b=n—1
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Here m!! denotes the double factorial, defined recursively as m!! = m-(m—2)!! with initial con-
ditions 0!! = 1!! = 1. These are precisely the differential constraints appearing in Bouchard’s
course [19]!!

(2n+3)”

Exercise 2.10. Prove that the collection (L, := L, )n>_1 of differential operators defined
by equations (2.64), (2.65) and (2.67) is indeed a representatlon of Virs_4:

(L, L, ]=Rr2(m—n)L,,p. (2.68)
This, together with the form (2.67) of the operators, proves that (L,,),>_1 form an Airy ideal [19].

Theorem 2.6 (Witten’s conjecture/Kontsevich’s theorem). The differential operators (L,),>_1
annihilate the partition function Z:

L,Z=0 Vn>-1. (2.69)

Moreover, the above system of equations (known as Virasoro constraints) uniquely determine all
intersection numbers.

We remark that Witten’s original formulation of his conjecture states that Z is the unique
tau-function of the Korteweg—de Vries (KdV) hierarchy satisfying the string equation L_; Z = 0.
The KdV hierarchy is an infinite sequence of partial differential equations which extends in a
certain sense the KdV equation. The equivalent statement in terms of Virasoro constraints was
proved by R. Dijkgraaf, H. Verlinde, E. Verlinde [20].

Exercise 2.11. Show that the Virasoro constraints are equivalent to the following topological
recursion for Witten’s correlators:

n

_Z (2d, +2d,, — 1)
— (2d; + 1! (2d,, — 1)!!
1 (2a + 1)1 (2b+ 1N
T2 Z (2d; + )N

—

<7d1+dm—1Td2"'Tdm"'Tdn>g

(le...Tdn>g_

g—1

((TaTdez"'Tdn>

a+b=d1—2

+ E <TaT11>g1 <TbT12>g2)' (2.70)
811t82=8
Lhul={dy,...d, }

Prove that the above recursion is equivalent to the Eynard-Orantin topological recursion formula
dzydzy .
(21—22) ):

2d; + !
wg n(21,-..,2,) = (=1)" > (Tq, "~ Ta,) g]_[( i +2) % . (2.71)

dy,...,d,=0
dy+-+d,=3¢g—3+n

[21] (see [19]) on the Airy spectral curve (P!, x(z) = %, ¥(2) =2, w2(21,22) =

As mentioned in the introduction, Witten’s motivation for the above conjecture finds its
roots in 2D quantum gravity. In the classical setting, the spacetime is a surface while the
gravitational field is a Riemannian metric on the surface itself. In an attempt to quantise such
a theory, one should compute a certain integral over the space of all possible Riemannian
metrics on all possible surfaces. The space of Riemannian metrics over a fixed topological
surface is infinite-dimensional, and there are two possible ways to give meaning to such an
ill-defined quantity.

* The first way is to approximate the Riemann surface by small triangles. Thus, the integral
over all metrics is replaced by a sum over triangulations. This combinatorial problem can
be solved, and the Virasoro constraints appeared in works devoted to the enumeration
of triangulations on surfaces, which can be related to matrix models.
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@n | (raroma), |+ @m | (raemy), |+ @m) | (maemy), |
)| ¢ |1 av| @wh |& @] (W, | o
(0,4) | (1571)0 | 1 (ToTa)y 5 {T0Ts)a TS
(132) 2 1 1
(0,5) <T8Tz>0 i el 2.2) (17l i
0,5 ToT 22
(T3td), 2 (1273), = (r273) 5760
1 1
ey A3 | wonmh | & GD| ) | ww
3
(0,6) | (7g7172), 3 i 2 {ToTs)s o
(Tng)O 6 <TST4)1 2L4 (T177)3 ﬁ
1 77
(T§74), 1 (1,4) (757173)y | 5 (3,2) {72763 F14720
) 1 503
(t37,75) 4 <T%T§>1 3 (T3Ts)3 1451520
0,7) | ‘oirislo (toT31y), | % (t2) 2592
(1372), 6 0T1%2) | 3 4l3 1451520
4 1
T 1
(Ta731,), | 12 St 4 (4,1) | (T10)4 | 565854
(T3, 24

Table 1: Some 1-classes intersection numbers, computed using the topological re-
cursion relation (2.70).

* Alternatively, one can compute the partition function by integrating first over all con-
formally equivalent metrics. Afterward, the remaining integral is performed over the
moduli space of Riemann surfaces, and, more precisely, one has to compute integrals of
the form (74, "-Tdn)g.

Witten’s conjecture states that the partition functions resulting from the two approaches coin-
cide, based on the physical expectation that there is a unique theory of gravity.

Kontsevich’s proof follows the matrix model/discretisation idea (see [22] for a rigorous
proof). He started by considering the moduli space of metric ribbon graphs of genus g with
n faces of fixed length L,,..., L,, which comes with a natural (symplectic) volume form. By
interpreting metric ribbon graphs as a discretisation of Riemannian metrics, he expressed these
volumes precisely as the 1)-class intersection numbers

ng(Ll:---:Ln)=J exp( ZL%)
./\/l

- Z (Ta, l_[

dy,...,d,=>0 i=1
dy+-+d,=3g—3+n

(2.72)

Note that Vg ,(Ls,...,L,) is a symmetric polynomial in the boundary lengths squared. The
Laplace transform of such a volume is computed as the rational function

gn(ll, cHA ( f dL;e” ii)Vg’n(Ll,...,Ln)

n(2d; — ) (2.73)
= (Tq, Td,I)gl_[W'
dy, d>0 i=1 A

d1+~~~+dn=3g—3+n

Notice that (dy, --- dxn)f/\g,n(l) = w, »(A) is precisely the topological recursion correlator from
(2.71) computed from the Airy spectral curve.
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As Vg 4(Ly,...,Ly) is the volume of the moduli space of metric ribbon graphs of genus g
with n faces of fixed length L, ..., L,, he obtained an expression for the Laplace transform as
a sum over ribbon graphs:

~ 1 1
Von(Ar, . a) =222 %"= — ] (2.74)
g,n\’*1» >/'n B
G |AUt(G)| e=(i.))€E(G) A’i + }']
where the sum is over all trivalent ribbon graphs of genus g with n faces labelled by 1,...,n.

The notation e = (i, j) stands for the two (possibly equal) faces bounded by G.
For example, take g = n = 1. In this case there is a single trivalent ribbon graph given by

(2.75)

which has automorphism group Z¢ (the cyclic permutation of the edges and the permutation
of the vertices). Then Kontsevich’s formula (2.74) gives

. 1 1V 11
Vv, (A)=2-2|— | =—= 2.76
11(A1) 6 (2/11) 247@’ (2.76)

which indeed gives (7,); = 2i4, following (2.73).

On the one hand, Kontsevich’s theorem gives a sum of graphs, where each graph is weighted
by its symmetry factor and by a product of edge weights. This is typically the kinds of graphs
obtained from Wick’s theorem, and therefore it can be obtained with a perturbation of a Gaus-
sian Hermitian matrix integral. Specifically, trivalent ribbon graphs are generated by a cubic
formal matrix integral, the so-called Airy matrix integral:

Z(A) =

x3 9 L
ZO(A) dXexp(Ntr[?—AX ]) A =diag(Aq,...,Ay). 2.77)

Here Zy(A) = (n/N)N *2 ]_[i’j(li + }Lj)_l/ 2 is a normalisation constant. By Wick’s theorem,
one can write the large N expansion of log Z(A) as a sum over trivalent ribbon graphs:

N—(28—2+n) 1 .
os 2= Z Z l_[ > (2.78)
S0 no G A g epe Mt A
g—2+tn

where the sum is over all trivalent ribbon graphs of genus g with n labelled faces.

To conclude, integration by parts (also known as Schwinger—-Dyson equations in this con-
text) shows that Z(A) satisfies the Virasoro constraints (2.69), upon identification A = 2/N
and the times with the normalised traces of A:

tI'( A—Zd—l)

= >0. 2.
tq 2d D1’ d=>0 (2.79)

It is worth mentioning that, through resurgence techniques (see [23] or I. Aniceto’s and
M. Marifio’s lecture notes [24, 25]), one can compute the large genus asymptotic Witten’s
correlators [26], see figure 7:

n—1
ama), | Jea s on =32 BT g o). e
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Figure 7: The 2-point correlators normalised by their leading asymptotic: notice the
convergence to 1+0(g™!). Note also the different convergence behaviour: this hints
at subleading terms that do depend on the partition (d;,...,d,). This is indeed the
case, and it can be proved via resurgence.

The subleading asymptotics are also accessible using resurgence. The first proof of this result
uses combinatorial and probabilistic arguments, and is due to A. Aggarwal [27]. Notice the
Stokes constant S = i and the instanton action A = %, corresponding to those of the Airy
function. This is of course not a coincidence!

3 Cohomological field theories

The Virasoro constraints for Witten’s correlators provide a recursive computation of all -
class intersection numbers. The main geometric property underpinning the constraints is the
recursive nature of Hg,n. By looking at Witten’s correlators as the intersections of the unit
with p-classes, we can rephrase the recursive structure purely in cohomological terms: the
unit 1, , € H 9(M, ,, Q) is stable under pullback by all tautological maps, that is

g,n>
* _ v A

P lg,n - 1g—1,n+1 ) pP: Mg—l,n+2 - Mg,n ’ (3.1
* _ v A vl

o lg’n - 1g1,1+|11| ® 1g2,1+|12| ’ o M81;1+|I1| X M82;1+|12| - Mg,n’ (3.2)

1y =1g 115 T Mg = Mg, (3.3)

The first two equations can be interpreted as a cohomological version of the locality axiom
in 2D topological field theories (TQFT for short). Taking inspiration from TQFTs, we define
their cohomological version based on the cohomology of Mg’n. The original definition, due
to M. Kontsevich and Y. Manin in the mid '90s [28], was the first attempt at axiomatising
topological string theory and has deep connections with the seminal work of B. Dubrovin on
the geometry of 2D TQFTs [29].

3.1 Axioms

Fix once and for all a finite-dimensional Q-vector space V, called the phase space, equipped
with a non-degenerate pairing n: V x V. — Q. For convenience, we work in a fixed basis
(e1,...,¢,) of V. We denote by (7, ,) the matrix elements of the pairing, and by (n*-”) the
inverse matrix.
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Definition 3.1. A cohomological field theory on (V, n) consists of a collection Q = (2, ,)2g—2+n>0
of linear maps

Qg VO — H* (M, Q), Qg (e, ®--®e, )=0Q (3.4)

[T
satisfying the following axioms.

i) Symmetry. Each Q, , is S,-invariant, where the action of the symmetric group S, per-
mutes simultaneously the marked points of /Vg’n and the copies of V®".

ii) Glueing. Considering the glueing maps

p: Eg—l,mz _’_mg,n ; o (3.5)
O Mg 1 X Mg, 14, — Mgn,  81+82=8 hulhb={1,...,n},

we require

aﬁQ

* — 5
P iy, =M

o*Q

8—1;0, 8,155 ?

B Q ®

. : (3.6)
Gt bty gy € egyiBu, -

If the vector space comes with a distinguished non-zero element, which can be assumed with-
out loss of generality to be e;, we can also ask for a third axiom.

iii) Unit. Considering the forgetful map

T Mg p1 — Mg, (3.7)

we require

Q.. =Q,.

G5 5eeenlih Q51 5eeenlhs 1 and Qos,v,1 = My, - (3.8)

In this case, Q is called a cohomological field theory with unit; the distinguished element is
called unit or vacuum.

Pictorially, the axioms can be illustrated as follows.
141 * |41 @
Mn Hn B
151 o* n
Un P
231 * 1231
) e X, >@7 X (3.11)
Hn Hn
w w

A cohomological field theory (CohFT for short) determines a product = on V, called the quan-
tum product:
ep*e, =0y 04 n®P ep - (3.13)

Commutativity and associativity of = follow from (i) and (ii) respectively. If the CohFT comes
with a unit, the quantum product is unital, with e; € V being the identity by (iii).
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Exercise 3.1. Prove that (V, 1, *) forms a Frobenius algebra, that is, it satisfies

N(vy x vy, v3) = n(vy, vy x v3). (3.14)

A Frobenius algebra (with unit e) is equivalent to a 2D topological field theory Z via the following
assignments: Z(S') =V for the Hilbert space of states on the circle and

Z(@):n:wav-u@,

Z():*:V®V—>V, (3.15)
Z(@):e:(@—)V,

for the morphisms. The partition function Z(X% , ) of any genus g surface connecting n initial
states to m final states can be reconstructed from the above values using the TFT properties.

Associated to any CohFT €, we also have a collection of rational numbers called CohFT
correlators (or ancestor invariants), defined as

(Tul,dl “'Tun,dn>§ = f_

&

n
d;
i | |25 (3.16)
n i=1

Notice that, for degree reasons, Z?:l d; <3g—3+n.

Example 3.2. Here are some examples of CohFTs in one dimension. Let us take V = Q.e; and
n(eq,e;) = 1. In this case, we use the simpler notation €, ,, for Qg’n(ef’”) =Qq1,.1-

* Setting Qg , = 1, ,, the unit element in cohomology, we get a CohFT with unit e; con-
centrated in degree zero. It is called the trivial CohFT, discussed at the beginning of this
section. The associated correlators satisfy the Virasoro constraints (2.69), equivalent to
topological recursion on the Airy spectral curve % y2—x=0.

* TheclassQ, , = exp(272x,) defines a CohFT, sometimes called the Weil-Petersson CohFT
due to its connection with hyperbolic geometry and JT gravity (cf. [8,9]). It is not a
CohFT with unit. The associated correlators satisfy the Virasoro constraints (a dilaton-
shifted version (2.69)), equivalent to topological recursion on the sine spectral curve
(see exercise 3.2).

* The Hodge class Q, , = A(u) = i:o A uk defines a 1-parameter family of CohFTs with
unit e;. It arises as a vertex term in the localisation formula for the topological string
amplitudes of P!. A generalisation is provided by a product of Hodge classes:

D
Q.= [ M@, (3.17)
m=1

which arises as a vertex term in the localisation formula for the topological string am-
plitudes of a D-dimensional spacetime. A particularly nice case is that of D = 3 and the
parameters (u;, U, u3) subjected to the constraint

1 1 1

—+—+—=0. (3.18)

Uy Uy U
In the context of the localisation formulas, the constraint is the local Calabi-Yau condi-
tion [30-32] (cf. [10]). The connection to Virasoro constraints/topological recursion is
known only for D =1 and D = 3 with the Calabi-Yau condition (see exercise 3.4).
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In [33], Norbury defines a CohFT, denoted as ©, , € H z(zg_2+”)(ﬂg’n, Q) and know as
O-class, that satisfies a different version of the unit axiom, namely

Vo1 TE*@g,n = @g,n+1 . (3.19)

It appears in super JT gravity in relation to the fermionic part of the Weil-Petersson
volumes [34]. Norbury conjectured that the associated partition function is the so-called
Brézin—-Gross—Witten tau-function of the KdV hierarchy [35, 36], now proved in [37].
Equivalently, it satisfies Virasoro constraints equivalent to topological recursion on the
Bessel spectral curve %yzx —1=0.

Here are some higher-dimensional CohFTs appearing in the literature.

In [38], Witten studied a generalisation of his original work on 2D quantum grav-
ity by considering a Wess—Zumino-Witten at level k, conveniently re-parametrised as
k = r —2. Such a theory defines a CohFT of dimension r — 1, called the Witten r-spin
class, whose basic components are described as follows. Let V = @L_:ll Q.e,, with pairing
n(eyey) = 64y, and unit e;. The Witten r-spin class is a CohFT

W o €H 2P (Mg, Q) (3.20)

of pure complex degree

o ==+ w
&u r :

(3.21)

If D;_M is not an integer, the corresponding Witten class vanishes. The case r = 2 gives

the trivial cohomological field theory: WZ, .1 = lgn. In genus O, the construction
was first carried out by Witten [39] using r-spin structures. The construction of Witten’s
class in higher genera was first obtained by Polishchuk and Vaintrob [40]. The associated
partition function is an r-KdV tau function [41] and it satisfies W-constraints equivalent
to topological recursion on the r-Airy spectral curve % y'—x=0.

In [42] it was shown that all know relations in the so-called tautological ring of Mg,n

(the minimal subalgebra of the cohomology of /Vg,n stable under pushforwards and
pullbacks by tautological maps) are deduced from the Witten r-spin class.

In [37], the authors introduced an r-spin version of the ©-class, denoted G)r and sat-
isfying properties analogous to those satisfied by Witten’s class. It was proved to sat-
isfy W-constraints, equivalent to the topological recursion on the r-Bessel spectral curve
1.r —

Y’ x—1=0.

In [43], Chiodo defined a generalisation of the Hodge class, called Q-class, which de-
pends on two integers r > 1 and s € Z. Let V = @r 1 Q.e, with pairing given by

n(ey»€y) = $0u4+v=0 (mod r)- The Q-class is a CohFT of mixed cohomological degree:
) 20\
Q;;Slh ’’’’ € H (/\/lg’n, Q). (3.22)

It is defined as the total Chern class of a (virtual) vector bundle over the moduli space
of Riemann surfaces. The case r =s = 1 retrieves the Hodge class. The cases r > 2 and
s = %1 are related to the Witten and Theta r-spin classes respectively.

Let G be a complex, simple, simply-connected Lie group with Lie algebra g. Fix an integer
£ > 0 and define V to be the Q-vector space spanned by irreducible representations e,, of
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g at level £. Set n(e,,e,) =5, ,+, where v* denotes the dual representation, and let e;
be the vector associated with the trivial representation. The Verlinde bundle is the vector
bundle Vg’ o M ¢,n Whose fibres over a smooth Riemann surface are the spaces

.....

of non-abelian theta functions. The Chern characters of the Verlinde bundle

9.0 — g,
Af/g ST Ch(vg HU

) EH* (Mg, Q) (3.23)

form a CohFT with unit [44]. The glueing axiom is a consequence of the fusion rules,
while the unit axiom is the propagation of vacua.

* Topological string amplitudes on a fixed target Kéhler spacetime (X, w) are precisely the
CohFT correlators of a CohFT with underlying phase space the graded vector space

v= D H'(X,Z)-q ¢, 77(}’1,7”2)=J Y172 (3.24)
BEH,(X,Z) X

Notice that here V is infinite-dimensional, but graded by H,(X, Z) with finite-dimensional
pieces H*(X,Z). The unit in cohomology 1 € H°(X,Z) is the unit for the associated
CohFT. This was the motivating example for the axiomatic definition of CohFTs [28].
See [45] for a formal treatment of topological string amplitudes in algebraic geometry.

3.2 Givental’s action

We have already seen how ﬂg,n exhibits a recursive boundary structure. A natural question
arises: can we exploit such a recursive structure to define/compute CohFTs? The answer is
affirmative, and finds its roots in A. Givental’s work [46, 47] on localisation computations
in topological string theory [48]. Concretely, Givental defined two actions on CohFTs, the
rotation and translation actions.

3.2.1 Rotation

For a fixed (g,n), we have a list of all possible stable graphs parametrising the boundary of
M, . If we are given a CohFT Q on (V, 1), it is natural to decorate all vertices with cohomology

classes provided by  to obtain a cohomology class on M. For instance:

(3.25)

s QZ;Vl,Vz,a,ﬂ

In order to produce a cohomology class on ﬂg,n, we should contract all indices at the edges
with a cohomology-valued matrix E”»"% (a priori arbitrary), the indices at the leaves with a
cohomology-valued matrix L Zi (a priori arbitrary), and pushforward the result via the glueing
map &r. In the above example, we would get

D0, vap EP LY LY, (3.26)

where u denotes a fixed decorations at the leaf (i.e. the marked point).
Dividing by the natural automorphism factor and summing over all possible stable graphs,
we obtain an expression of the form

2, |ut(F)| (l_[ Qg(v)(vh)m)( 1 Evh’vh’)(l:llL‘ji). (3.27)

T type (g,n) veV(T) e=(h,h")€E(T)
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Here h ~ v denotes any half-edge h incident to the vertex v.

The natural question is: when is the collection of cohomology classes resulting from (3.27)
forming a CohFT? It turns out that (3.27) is too naive: the matrices E*-” and L” cannot be
arbitrary, but should involve specific combinations v-classes. This condition is captured by a
single element called the rotation matrix.

A rotation matrix on (V,7) is an End(V)-valued power series that is the identity in degree
0 and satisfying the symplectic condition with respect to 7:

R =5+ > (R)Lu* €Qu],  REu)n™PRy(—u)=n"". (3.28)
k>1

For a given rotation matrix, define the edge decoration as the following V®2-valued power
series in two variables®:

n"? —Ra (W) n®P Ry (v)

EWY(u,v) = € Q[u, v]. (3.29)

u-+v
The symplectic condition guarantees that E*”(u,v) is regular along u+ v = 0. Define the
u,v . _ w,v_ k
scalars E, throught the expansion E*”(u,v) = Zk,lzo Eu vt

Definition 3.3. Consider a CohFT Q on (V, n) together with a rotation matrix R. We define a
new collection of cohomology-valued linear maps

RQg ,: V" — H* (M, ,, Q) (3.30)

as follows. For each stable graph T of type (g,n), define a contribution through the following
construction:

* place Qg(yy,(y,),., at each vertex v of T', with arbitrary decorations v, at the half-edges

connected to v;

* place R;ii(ipi) at the i-th leaf of T,

* place E"»"W (3, y/) at every edge e = (h,h’) of T,

* contract all the indices.

In other words, we get a cohomology class:
n
Contr‘;ul...,,un = l_[ Q‘gf(v);(vh)lm‘, l_[ Evh’vh/(wh: 1th) (l_[Rf[l(%)) . (3.31)
vev(T) e=(h,h")€E(T) i=1

Although the expressions E """ (¢, ¢;,) and R:fl (2p;) have a priori infinitely many terms, they
terminate due to cohomological degree reasons.

Define RQ,.,, . to be the sum of contributions of all stable graphs, after pushforward to
the moduli space weighted by automorphism factors:

1
RQg;ul,...,un = Z m gr‘,*contf;m...,un . (3.32)
I type (g,n)

Let us analyse some examples in low topologies.

3Beware that several authors use R™! instead of R. Here we follow Givental’s convention.
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702 * RQy3. There is a single stable graph of type (0,3), and for dimensional reasons, the
703 decoration R(1);) at the leaves is simply the identity. Thus, we find
RQO’:S = Qo’g. (3.33)

704 * RQq 4. The stable graphs of type (0,4) are

1 4 i k
Ih= >@< Lijike = (3.34)
2 3 j t
705 for ij|kf € {12|34,13|24, 14|23}. The contribution of the stable graph I} is given by
Contl"o;m,uz,us,m = QO;UI’“2’N3;N4 + QO;a,uz,us,m(Rl)zlwl + QO;a,ul,ug,w(Rl )32111’2 (3.35)
+ QO;a,ubuz,w (R1)33¢3 + QO;a,ul,uz,u3 (Rl)z4q‘lj4 :
706 The contribution of the stable graph I};, is given by
J— (I,ﬁ
Contr, s puss = Losuguia Eoo 208, - (3.36)
707 It can be proved that ng,*l = [Tjjjke] = k1, so that we find
RQO§H];M2;H3>H4 = QO;ul,uz,us,w + QO;a,uz,us,m (Rl)fil% + QO;Q:HI:H3:H4 (Rl)grﬂbZ
+ QO;a,ul,uz,u4(R1)z3 Y3+ QO;a,ul,uz,us (R1)24¢4
(3.37)

a,p
+ (Z Qosu;,;,0 Eo o Qo;ﬁ,uk,ue) K1

ijlke
708 * RQ, ;. There are two stable graphs of type (1,1):

I'= 1—@ = 1—@ . (3.38)

700 The contribution of T is
COHtF;M = Ql;“ + Ql;v (Rl);;wl . (339)
710 For the one-loop diagram I/, we find
— a,f
Contyr,, = Qo a.p Eo,o . (3.40)
711 It can be shown that %ﬁp,*l = [I"] =124, so that
Ry, = Q5.+ (Q1, (R + 120 E*P )y (3.41)
1;u 1;u 1,y O;u,a,8 0,0 1 :
712 The main point of this construction is that the resulting collection of cohomology-valued

maps RQ2 forms a CohFT.

7

[y
w

714 Proposition 3.4. The collection of cohomology-valued linear maps RQ = (RQg ,)24—24n>0 forms

715 a CohFT on (V, 7). Moreover, rotations form a right group action.

iy
o
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3.2.2 Translation

The rotation action exploits the glueing map by attaching CohFTs through a sort of 2-point
correlator, the rotation matrix. There is one more tautological map we can take into account:
the forgetful map. Diagrammatically, the forgetful map prunes a leaf of the diagram, which
can be decorated (before forgetting it) with a sort of 1-point correlator. As in the case of the
rotation, the correct approach is to decorate the forgotten leaf with a specific combination of
y-classes. This is taken into account by the translation.

A translation is a V-valued power series vanishing in degrees 0 and 1:

THw) = D (Tl u*! € u?Q[u]. (3.42)

d>1

Definition 3.5. Consider a CohFT € on (V,n), together with a translation T. We define a
collection of cohomology-valued linear maps

TQg,: VO — H* (M, ., Q) (3.43)
by setting
1
TQg;ul,...,,un = Z 5ﬂ:m,*Qg;ul,...,un,vl,...,vm Tv1(¢n+1) e TVm(¢n+m) . (3.44)
m>0 '

Here 7,,: Mg,,ﬁm - Mg’n is the map forgetting the last m marked points. Notice that the
vanishing of T in degree 0 and 1 ensures that the above sum is actually finite.

Proposition 3.6. The collection of cohomology-valued linear maps TQ = (T Qg 1)2g—2+n>0 forms
a CohFT on (V,n). Moreover, translations form an abelian group action.

One can also check the composition law for a combination of rotation and translation. The
result is parallel to the action of rotation and translation on the plane, hence the name.

3.2.3 Examples and Teleman’s theorem

Several CohFTs are expressed through Givental’s action. We present here the cases of the
Weil-Petersson class and the Hodge class.

Exercise 3.2. Prove that exp(2m2k;) is the CohFT obtained from the trivial one under the action
of the following translation:

o n2)k )
T(u)= —Z %uk“ =u(1—e2"Y). (3.45)

Theorem 3.7 (Mumford’s formula). The Hodge class A(t) is the CohFT obtained from the trivial
one under the action of the following translation and rotation (in this order) [49]:

- — ﬂ m
R(u)—exp( > oo NG ) 3.46)

m>1
T(u)= u(l —R(u)) ,

where B,, is the m-th Bernoulli number. After re-summing the stable graphs sum, one deduces

that
B n
A(t):exp(ZJ1 m(mm—J—ri-ll)tm(Km_;d);n—i_ém))’ (3.47)

where 6, = % j*(Zk l=m—1 Yk(p')t ), and j is the inclusion of all codimension-one boundary
strata (i.e. stable graphs with a single edge). The classes v and 1’ are the two v)-classes at the
nodes.
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Givental’s action is extremely powerful for two reasons. First, as we will see shortly, it
gives a recursive way of computing CohFT correlators. Secondly, it (might) produce relations
in cohomology! Take for instance Mumford’s formula. One knows from geometric reasons that
the Hodge class A(t) vanishes in degree d > g (it is the Chern polynomial of a rank g bundle).
On the other hand, Mumford’s formula for A(t) gives a certain class in any degree. Denoting
by ’Hd the component of Mumford’s formula in complex degree d (i.e. the coefficient of t¢
in the rlght hand side of equation (3.47)), we obtain the following tautological relations: for
everyd > g, Hg’n =0 in H*¥(M ¢,n> Q). The first non-trivial example of such tautological
relations is the degree 1 relation in genus O:

H(l)’n =Ki _Zwl + 51 =0 in Hz(mo’n’ Q) . (3.48)

Pixton-Pandharipande-Zvonkine [42] exploited this argument in the case of Witten 3-spin
class to prove all known relations in cohomology.

Exercise 3.3. Prove, using Mumford’s formula, that A(t)A(—t) = 1. This is sometimes referred
to as Mumford’s relation. Deduce the relations )Lz =0.

Another reason why Givental’s action is extremely valuable is its range of applicability,
a result due to Teleman [50]. Teleman proved that all CohFTs whose underlying quantum
product is semisimple are contained in the orbit of the trivial CohFT under the Givental action.
Under an additional homogeneity condition, he provided an algorithm to explicitly compute
the rotation and the translation matrix.

Theorem 3.8 (Teleman’s classification). Let Q be a CohFT on (V,n). If Q is semisimple and
homogeneous, then the exist explicit R and T such that

Qg , =RTw (3.49)

g,n»>

where w Qg 1l HO(M,1.0) is the associated 2D TFT. If Q is semisimple (but not homogeneous),

gn =
than there exist R and T such that the above equation holds, but they are defined up to a diagonal

ambiguity.

In other words, Teleman’s theorem classifies all semisimple, homogeneous CohFTs as the
orbit under the Givental action of semisimple 2D TFT. Pretty neat!

3.3 Connection to topological recursion

Givental’s action provides a recursive construction of CohFTs. As the correlators of the trivial
CohFT are computed recursively via topological recursion, a natural question arises: is it pos-
sible to recursively compute all correlators obtained in the Givental orbit of the trivial CohFT?
The answer is affirmative and it beautifully connects to the theory of topological recursion.
Consider a spectral curve S = (%, x, y, B) with r simple ramification points. Choose local
coordinates {,, around a ramification point u such that x =¢ i + x(u). Consider the auxiliary

functions £* and the associated meromorphic differentials d£**, defined as

z k
£8(z) = J Blw, ) dé“’k(2)=d((—ii) g“(z)). (3.50)
w=u

d¢,(w £, d¢,
Set th = —2 ;g; ((ZZ)) .=~ Define the (r-copies of the trivial) CohFT*onV = EBL=1 C.e,, by setting
n(ey,e,) =6, and
o
_ U5, Un
W gipn bt = (thi)2e—2+n " (3.51)

“In the remaining part of this section, we work over C rather than Q.
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CohFT | Topological recursion

dim(V) # ramification points
trivial CohFT i—é’
translation w01
rotation d&
edge contribution w02

Table 2: The correspondence between CohFT and topological recursion data.

Define the rotation matrix R and the translation T by setting

R;(u):—‘/ij e_%um dév, (3.52)
27 ‘

1 x=x(u)
TI"L(U_) = (u l_"u =+ J e Zu“ Cl)o’l). (3.53)
Yu

v2nu

Here v, is the formal steepest descent path for x(z) emanating from the ramification point
u; locally it can be taken along the real axis in the {,,-plane. Moreover, the equations are
intended as equalities between formal power series in u, where on the right-hand side we take
an asymptotic expansion as u — 0.

Through the Givental action, we can then define a CohFT

Qg =RTw, ,: V®" — H*(M, ,,C) (3.54)

from the data (w,R, T) through a sum over stable graphs as explained in subsection 3.2. The
connection with the topological recursion correlators is given by the following theorem [51,
52].

Theorem 3.9 (CohFT/TR correspondence). Fix a compact spectral curve S = (X, X, y, wq )
and define the CohFT 2 as in (3.54). Then the topological recursion correlators compute the
CohFT correlators:

wg,n(zl; cee :Zn) = (Tul,dl T dy >Z dg'ul’dl (Zl) Tt dgumdn(zn) . (3.55)

Conversely, if we are given a CohFT in the Givental orbit of a semisimple 2D TFT, we can de-
fine a (local) spectral curve via equations (3.52) and (3.53) that computes the correlators as in
equation (3.55).

In a nutshell, the correspondence between CohFTs and topological recursion can be sum-
marised as in table 2.

Exercise 3.4. Show that the CohFT associated with the following spectral curve

ledZ2 )
(21 —22)2)

is the triple Hodge A(1)A(f)A(—f — 1). This is the CohFT underlying the (framed) topological
vertex [30-32], and the topological recursion formula for the triple Hodge class is nothing other
than the BKMP remodelling conjecture for the vertex. The large framing limit recovers the so-called
Lambert curve from [53] that computes Hurwitz numbers.

(Pl, x(z) =—f log(z) —log(1 —2), y(2) =—log(z), B(21,2,) = (3.56)
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@ Hint. Recall the integral representation of the Euler Beta function

1
T'(p)T'(q) 1 .
B(p,q)=———<=| t"'(1—-0)"dt (3.57)
I'p+q) J,
and the asymptotic expansion of the Euler Gamma function
1 1 fo%e)
1 —y)vtats B,.(a)
v/ 2 (— ~ Zm+IV om . 3.58
¢ i F(a—v1) exp mz:;m(m+1)v (3.58)

Here B,,.(a) are Bernoulli polynomials, and specialise to Bernoulli numbers at both a = 0 and a = 1:
B41(0) =Bpy1(1) = By

4 What’s next?

4.1 Moduli of hyperbolic surfaces

In JT gravity, the path integral of the theory is over the space of hyperbolic metrics (rather
than the space of complex structures). In other words, the ‘correct’ moduli space is that of
hyperbolic structures:

Mg’yrlf( Ly,...,L) = {X with n labelled geodesics boundaries

X is a hyperbolic surface of genus g
} / ~ 4.1)
of lengths L,,...,L,

where X ~ X’ if and only if there exists an isometry from X to X’ preserving the labelling of
the boundary components.

How is that related to the moduli space of Riemann surfaces? A non-trivial result, which
is a consequence of the Riemann uniformisation theorem, is that Mg?’,ﬁ)(L) is homeomorphic
to the moduli space of Riemann surfaces discussed in section 2.

Theorem 4.1. The space Mgf’,lf(L) is a smooth real orbifold of dimension 2(3g—3+n). Moreover,
for all L € RY, it is homeomorphic (as a smooth real orbifold) to the moduli space of smooth
Riemann surfaces:

MIR(L)= Mg, (4.2)

For any fixed L € R}, the moduli space ./\/llgl,y,lf(L) comes equipped with a natural symplec-
tic form, called the Weil-Petersson form and denoted wyyp. In particular, we can define the

volumes
3g—3+n

(6))
VvWP(L) = f St (4.3)

A toy example of such a structure is the fibration over R, > L by spheres S?(L) of radius L.
Although all fibres are homeomorphic to P!, each fibre carries a specific symplectic geometry
that depends on the point L on the base. For instance, the area of S?(L) is 47 L?. However, we
can transfer the particular geometry to P! and get an L-dependent form on P!. For instance,
under the isomorphism S?(L) = P! provided by stereographic projection, we find that the
symplectic form on S%(L) is mapped to the following polynomial in L:

dzdz

4L R —— .
(1+[z2)?

4.4

The analogous result for the Weil-Petersson form and the isomorphism /\/llgif',lf(L) =M, isa
result due to Wolpert (for the case L; = 0) and Mirzakhani (for the general case) [54,55].
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Figure 8: The geodesic a,, (in red) and some of its possible behaviour, together with
the simple closed curve(s) it determines (in green). On the left, the arc a,, intersects
the boundary component J,,%. (B,,-type), and it determines a single simple closed
curve y. In the two other cases, a, intersect 0,2 and itself respectively (c-type),
determining two simple closed curves (y,7’).

Theorem 4.2. Under the homeomorphism Mgﬁ(L) =M

as a closed form to Hg’n and defines the cohomology class

g, the Weil-Petersson form extends

1 n
22Kk, + EZLizwi' (4.5)
i=1

An immediate consequence of the above result is that the Weil-Petersson volumes are
finite (this was not obvious because M gf',lf (L) is not compact) and is a symmetric polynomial
in boundary lengths squared whose coefficients are intersection numbers involving 1)-classes
and exp(27%k;):

n
L:
WP _ 2%k d; i
wro= 3 | e i 9
g.n 1=

dyymsdy >0

dy+-+d,<3g—3+n

These intersection numbers are precisely in the form of CohFT correlators, and as such can be
computed by topological recursion!

Exercise 4.1. Consider the spectral curve

( 22 _ sin(2nz)

, Woo(21,27) = 4.7

dz,dz
Pl _z et Sua S I
x(@) =5 y@ =2 )

(21 —2)?
Using the CohFT /topological recursion correspondence (theorem 3.9) and the expression for the
Weil-Petersson form exp(2m2k;) in terms of Givental’s action (exercise 3.2), show that the topo-

logical recursion correlators associated with the above spectral curve compute the differential of
the Laplace transform of the Weil-Petersson volumes:

n oo
Wgn(21,..+,2,) =dy -+ d, (l_[J dL; e_ZiLf)Vglp(Ll,...,Ln). (4.8)
i=1J0

A statement equivalent to the topological recursion (for the volumes rather than their
Laplace transform) was proved by M. Mirzakhani in a remarkable series of papers [55, 56].
Her approach is completely geometric (rather than algebraic) and is base on the following
simple idea due to McShane [57].

Consider a fixed hyperbolic surface (3, h) with geodesic boundaries. Pick a random (with
respect to the hyperbolic measure) point p € 6, and consider the geodesic a,, starting at p
orthogonally to d;2. Then one of the following mutually excluding situations must arise (cf.
figure 8).
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A) The geodesic a

p» never intersects itself or a boundary component (it spirals indefinitely).

B,,) The geodesic a,, intersects d,, % for some m € {2,...,n}, without intersecting itself.
¢) The geodesic a, intersects J; X or it intersects itself.

On the one hand, the probability of finding (A) is zero by a result of Birman—Series. Thus, we
simply have that 1 (the total probability) is expressed as the sum of finding (8,,) or (C):

n
1=>"P, +P. (4.9)
m=2

In order to compute such probabilities, Mirzakhani proceeded as follows. Consider the union
of 6, %, the geodesic a, from p to the intersection point and, only in the B, case, 3,,%. A suffi-
ciently small neighbourhood of this embedded graph is a topological pair of pants. By taking
geodesic representatives of the boundary components, we obtain an embedded hyperbolic pair
of pants P whose geodesic boundary is (6,%, 3,,%, 7) in the B,,-case and (3, %,y,7’) in the c-
case (see again figure 8). Mirzakhani computed the probabilities P, and P; as functions of
the hyperbolic lengths of such curves, obtaining the celebrated Mirzakhani identity:

1= ST STB(L L () + Zc Ly, (). L()), 4.10)

m=2 v

where B and C are the explicit hyperbolic functions

cosh(%) + cosh(#)
cosh(%) + cosh(%)

eb e
C(L, ¢, E)——log(—m,).

e 2+e 2

B(L,L',0)=1— %log(
(4.11)

Integration of the constant function 1 over the moduli space gives the Weil-Petersson volumes
on the left-hand side, while the right-hand side can be expressed as a specific integration
formula involving volumes of lower complexity thanks to the removal of pairs of pants.

Theorem 4.3 (Mirzakhani’s recursion). The Weil-Petersson volumes are uniquely determined by
the following recursion on 2g —2+n>1

VIP(Ly, s Ly) = ZJ dCLB(Ly, Ly, OV (6, Ly, Ly, Ly)
0
1 oo oo
+ EJ J de dE’M’C(Ll,K,E’)(VgVPl o Ly, L)
0 0

+ Z V;vl;+|11|(€,L11)V 1+|1|(€/’L12)) 4.12)

with the conventions VWP VWp 0 and the base cases V P(L1,Ly,L3) =1, WP(L) 4—8 +5.

Topological recursion on the spectral curve given in (4.7) is precisely the Laplace transform
of Mirzakhani’s recursion [58].
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(gn) | V¥(Ly,..., L)

0,3) | 1

0,4) | 3my)+2n°

(0,5) | $my+ 3maz) +3m2mgy + 107r4

244n

1 3 3
(0, 6) —m(3) + 16M2,1) + —m(13) + m(z) + 67'[ m2) + 2677: me +

(0,7) | g™ + 23Men) + 3Mez) + 3Meaz + 3 m(14)+ 2 mgy + S mgy
2758n

+ 157’[ m(13) + 207'[ m(z) + 807'[ m(lz) + —m(l) +

(1,1) | %may+ ’f—z

(1L2) | ame + gman + Hmoy+ 5

(1,3) | M0 + M + 3mas + Sme) + ﬂ—zmm) + %m(l) + 42
(1,4) ﬁmm) + %m@ n+ 384"1(22) + 128m(2 i +5 m<14> + Ime,

+ +Z + 2 my, + 22 FIpL BN 2
12’“(21) m(13) 96 m(z) 12 m(m 36 ma)

1 2972 13974 1697° 2978
(2,1 722368 M4 t 138240 M3) T 23040 ") T 2880 M) T Toz

1 1 29 1172 2972 77?

(2,2) | zmem m(S) + a1z m(4 Dt s Me2 T 276480 My + 69120 M(3,1) T 7680 M(22)
197% nb 787710

+ 7680 m(3) + 1550 11520 m(Z 1) + St 8640 M(2) +5 36 m(lz) + 5o 1728 m(l) + o

1 770 378174 472091° 12718978
(3,1) 53508833280 H(7) T 5555148800 TH(6) T Z786918400 TH5) T 718037760 "H4) T 26127360 1TH3)
8983379710 8497697712 + 9292841714
87091200 ''H(2) 9331200 (€))] 4082400

Table 3: A list of Weil-Petersson polynomials VgV\;P(L) computed via topological recur-
sion. Here m; is the monomial symmetric polynomial associated with the partition
A, evaluated at L%, e, Lﬁ.

4.2 String theory and moduli of maps

As mentioned in the text, topological string is also intimately connected to the moduli space of
Riemann surfaces. Topological string theory (or, in mathematical terms, Gromov-Witten the-
ory) aims at computing worldsheets of the strings in a fixed target spacetime X as parametrised
Riemann surfaces, that is maps

f:(Zp,.-p)—X. (4.13)

Here p4,..., p, are marked points on ¥ and can be thought of as the initial/final states of the
worldsheet . The path integral of the theory is then an integral over the moduli space of such
maps:

(4.14)

— f:(znpl)"')pn)_)X}/N
Mool )= { @pr.epn ) | TP ,
where 8 € Hy(X,Z) is a fixed class (called the degree). The proper definition of M, (X, 3)
and its compactification is a very delicate mathematical problem (much more complicated
than the moduli space of Riemann surfaces). The computation of the associated correlators is
even more complicated.

Witten’s conjecture can be seen as the tip of the iceberg of such a theory: it corresponds
to the case of X = {}, a zero-dimensional target. Eguchi, Hori, and Xiong [59] extended
the Virasoro constraints for the point and conjectured that the partition function of every tar-
get obeys the Virasoro conditions. In a remarkable series of papers [60-62], Okounkov and
Pandharipande gave a complete solution in the one-dimensional case, proving the conjecture
of Eguchi-Hori—Xiong. Apart from the theory of a point and that of complex curves, Virasoro
constraints have also been shown to hold for special classes of targets (of arbitrary dimension),
namely:
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* for toric Fano manifolds and manifolds satisfying a semisimplicity assumption, as shown
by Givental-Teleman [46,50],

* even more explicitly for toric Calabi-Yau 3-folds following the Bouchard—Klemm-Marifio—
Pasquetti “remodelling conjecture” [63], now a theorem [64,65].
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