Domain walls from SPT-sewing

Yabo Li,"»* Zijian Song,? T Aleksander Kubica,® and Isaac H. Kim*
L Center for Quantum Phenomena, Department of Physics,
New York University, 726 Broadway, New York, New York 10003, USA
2 Department of Physics and Astronomy, University of California, Davis, California 95656, USA
3Yale Quantum Institute & Department of Applied Physics,
Yale University, New Haven, CT 06520, USA
4 Department of Computer Science, University of California, Davis, California 95616, USA

We introduce a systematic method for constructing gapped domain walls of topologically ordered
systems by gauging a lower-dimensional symmetry-protected topological (SPT) order. Based on
our construction, we propose a correspondence between 1d SPT phases with a non-invertible G x
Rep(G) x G symmetry and invertible domain walls in the quantum double associated with the group
G. We prove this correspondence when G is Abelian and provide evidence for the general case by
studying the quantum double model for G = S3. We also use our method to construct anchoring
domain walls, which are novel exotic domain walls in the 3d toric code that transform point-like
excitations to semi-loop-like excitations anchored on these domain walls.
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I. INTRODUCTION

Most of our understanding of topological order stems from various exactly solvable models. The quantum
double [1] and string-net models [2] provided concrete examples to study universal properties of topologically
ordered phases; their extensions to three dimensions are also known [3]. It is believed that they constitute
all gapped phases of matter with a gappable boundary [4, 5]. These models can also host a variety of lower-
dimensional defects, which can make their physics richer [6-21]. The codimension-1 defects are called as
domain walls, which are the main subject of our work.

Domain walls are often understood by folding the system along them and, subsequently, turning the
domain walls into gapped boundaries [9]. In two dimensions, if the underlying anyon model is Abelian, the
gapped boundary can be classified in terms of the set of anyons that can be condensed on the boundary,
known as the Lagrangian subgroup [16]. More generally, Refs. [9, 17, 18, 22-24] proposed to use higher
category theory to classify the boundaries. The corresponding mathematical object is a generalization of the
Lagrangian subgroup, called the Lagrangian algebra. Beyond studying the condensation of Abelian anyons
(0-dimensional topological defects), this framework examines the condensation of non-Abelian anyons and
higher-dimensional topological excitations [24]. This approach has been employed in the study of gapped
boundaries and domain walls of 2d non-Abelian quantum doubles [21] as well as 3d topological orders [25, 26].

However, not everything about the domain walls is well-understood, even in two spatial dimensions.
For instance, Ref. [27] reported a set of superselection sectors and fusion rules at the domain wall whose
categorical description is not understood at the moment; domain walls in higher dimensions are even less
understood. In general, in order to study the physical properties of the system it is desirable to have a
solvable model whose ground state can be described exactly.



The unifying approach to the problem of understanding domain walls that underpins our work is gauging.
Recent studies have shown that gauging gives rise to a method of preparing a variety of topological phases [28—
37]; gauging has also been explored in the context of quantum error-correcting codes [38-43]. The gauging
procedure can be implemented using constant-depth adaptive quantum circuits and has been experimentally
demonstrated [44-47]. Very recently, such an approach was extended to the more general setting of solvable
anyon models [48].

Our work employs a similar approach, but by gauging lower-dimensional defects. For instance, we exten-
sively study the effects of gauging a lower-dimensional symmetry-protected topological (SPT) order embed-
ded in a trivial bulk, symmetric under the same symmetry group. We remark that there are prior works
creating defects in a similar way [49]. However, the way in which we gauge the lower-dimensional SPT
is different and leads to the domain walls that, to the best of our knowledge, cannot be obtained by the
method from Ref. [49]. In order to differentiate the two approaches, we refer to the method from Ref. [49] as
gauged-SPT domain wall (or more generally, defect). Our method is referred to as SPT-sewing. The origin
of this name will become clear once we explain our method.

Although the bulk of our work focuses on gauging the standard SPT (based on a group symmetry), we also
consider nontrivial SPT phases with a generalized notion of symmetry [50, 51]. These generalized symmetries
are known as non-invertible symmetries [52-54], and lattice models for various non-invertible SPT phases
have been studied [55-60]. We also discuss such models because there are domain walls that can only be
created by gauging an SPT with a non-invertible symmetry.

The gauging approach allows us to obtain a variety of domain walls. In fact, in two spatial dimensions,
we believe our approach is general enough to construct all gapped domain walls (insofar as the underlying
topological order in the bulk can be obtained by gauging some SPT). The main evidence for this conjecture
comes from Abelian anyon models, for which we prove that all gapped domain walls can be obtained via
our method. The evidence for the non-Abelian case is more scarce; nonetheless, we provide some nontrivial
examples, such as the quantum double model for the symmetric group Ss.

In three spatial dimensions, we obtain conceptually novel domain walls, which we call anchoring domain
walls. Anchoring domain walls transform point-like excitations into semi-loop-like excitations anchored on
them, and vice versa. We find that there are two types of such domain walls, which exhibit different physics.
Namely, one type hosts an Abelian anyon model at the domain wall whereas the other one hosts a non-
Abelian anyon model. To the best of our knowledge, such domain walls have not been studied before. How
they fit with the existing categorical classification of lower-dimension defects [24] remains unclear. We simply
discuss their constructions and pertinent properties, leaving the classification question for future work.

The rest of this article is structured as follows. In Section II, we describe our method with a simple
example of the 2d toric code [1]. In Section III, we introduce the convention used throughout our work
and review how gauging works. In Section IV, we construct all possible gapped domain walls for Abelian
quantum doubles in two dimensions. In Section V, we apply our method to the non-Abelian quantum double
model for Ss3. In Section VI, we discuss various exotic domain walls in the 3d toric code and some simplified
models are presented in Section VII. We end with a discussion in Section VIII.

II. EXAMPLE: 2D TORIC CODE

In this section, we explain our method with a simple example of the 2d toric code. First, we briefly review
this model and the gauging map we use. We then explain how gauging can be used to construct domain
walls of the 2d toric code.

A. Toric code and the gauging map

The toric code [1] is defined on a square lattice, wherein each edge hosts one qubit. The Hamiltonian
contains commuting four-body interaction terms, often referred to as the vertex (A,) and plaquette (B))
terms

H=-Y A,-Y B=-> [[x-> 1]z (1)
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Figure 1. Schematic description of the gauging map. Local symmetric operators are mapped to local operators on
the right lattice. For instance, X, is mapped to [, .. Xe, and Z,Z,s on adjacent vertices is mapped to Z(, .y on
the edge. As a result, two different boundary Hamiltonians become the smooth and rough boundary.

where V and F are the sets of vertices and plaquettes, respectively. The ground states are thus the simulta-
neous +1-eigenstates of A, and B,. If a quantum state |¥) is a —1-eigenstate of a certain vertex (plaquette)
term, we say that |¥) has a point-like e (m) excitation on that vertex (plaquette). A pair of such excitations
can be created by applying a string of Pauli Z or X operators on the ground state.

A ground state of the toric code can be obtained via a gauging map applied to the trivial fixed-point
state of the Zy symmetry, i.e., |—|—)®V [61]. The gauging map is a bijective map between states with global
symmetry Zso and states with a gauge symmetry Z, on the same lattice, but with the Hilbert space associated
with the vertices for the former and with the edges for the latter. It is convenient to describe the action of
the gauging map on local operators. The map converts a Pauli X operator on a vertex v to [[, ., Xe. It also
converts a Pauli operator of the form Z,Z, to Z., where e is an edge connecting v and v’. Upon gauging,
the Zs global symmetry becomes the Zy gauge symmetry. This implies that the state |—|—>®V gets mapped
to a ground state of the toric code; see Fig. 1.

For the lattice with open boundary conditions, the gauging map yields gapped boundaries of the toric
code. Let A be a square lattice with open boundary conditions and denote its boundary as A C A. Different
boundaries of the toric code can be obtained by choosing different boundary Hamiltonians with respect to the
Zs global symmetry. There are only two allowed possibilities, the symmetry and spontaneously symmetry
breaking phases. After gauging, they become different toric code boundaries.

The smooth boundary [12] can be obtained from the product state |+>®A, which can be thought of as the
ground state of a Zy symmetric Hamiltonian

Hl = Hbulk + Hboundary = - Z Xv - Z Xv- (2)
vEA\OA vEIA

Upon gauging, Hyoundary becomes a sum of stabilizers that define the smooth boundary; see the top right
of Fig. 1.

The rough boundary [12] can be obtained by changing the boundary term to a Zs-symmetry breaking
term

Hllaoundary = Z ZUZU" (3)
(v,v")EOA

After gauging, we obtain the rough boundary; see the bottom right of Fig. 1.

On the smooth (rough) boundary, a single m (e) particle can be annihilated. When that happens, we say
that m (e) is condensed on that boundary [7, 62]. These two boundaries are the only possible boundaries
for the 2d toric code [8, 9, 13-15, 17-19].



Subgroup K |2-cocycle |Domain wall
759 trivial | .S

Zgl) X Zf) nontrivial | Sy

zV x 2 trivial [ S,
Zél) trivial Sime
ng trivial Sem
1 trivial Se

Table I. Correspondence between the 1d gapped phases under Z;l) X Z§2> and the domain walls in the Z2 toric code.
K is the unbroken subgroup, and the different 2-cocycles correspond to the different SPT phases under the unbroken
K symmetry.

B. Examples of SPT-sewing

Gapped phases of matter can host a gapped domain wall, which is a codimension-1 defect. For the toric
code, there are six types of domain walls. Some of these domain walls are invertible, meaning that all the
anyons can pass through. There are two invertible domain walls, the trivial one and the one exchanging the
e and m particles. We refer to them as S; and Sy, respectively. The other domain walls are non-invertible
and are labeled by the anyons that can condense on them, i.e., Se, Sy, Sem, and Spe.

The non-invertible domain walls can be obtained via the method in Section IT A. We thus focus on the
construction of invertible domain walls, in particular the Sy, domain wall. There are many different ways of
constructing Sy, e.g., via a lattice defect [6, 9]. Recently, Ref. [49] showed that S, can be constructed from
gauging a 1d Kitaev Majorana fermion chain. Ref. [63] showed from topological field theory that S, can
be constructed from higher-gauging on a codimension-1 surface in the spacetime. Ref. [64] showed that the
domain walls can be obtained from a toric code ground state by applying a linear-depth unitary sequential
circuit.

Here we take a different approach to constructing the Sy domain wall by considering two disconnected
lattices with close-by boundaries; see Eqgs. (4)-(5) for illustration. Note that there is a Zo global symmetry
on each side. We can then obtain an invertible domain wall by decorating a nontrivial Zo x Zo SPT state
on the close-by boundaries and gauging. (For a trivial SPT, gauging would yield S,,.) We can view this
procedure as sewing together two boundaries using a 1d SPT state, hence the name SPT-sewing.

An emblematic example of a Zs x Zo SPT is the one-dimensional cluster state [65], where each Zy symmetry
acts separately on the set of even and odd sites. By placing the even and odd sites on the left and right
close-by boundaries, we obtain an SPT compatible with the global symmetry we imposed. After applying
the gauging map to this setup, the stabilizers of the SPT are transformed as follows

This domain wall is invertible because the e and m particles from one side can pass through. Upon passing,
e is exchanged with m, and vice versa. Therefore, we realized the S, domain wall by gauging a 1d SPT
under the Zy X Zo symmetry.

Because there is only one nontrivial 1d SPT under the Z, X Zy symmetry, one cannot hope to sew a
Zo X Zo SPT to obtain the transparent domain. However, we can instead consider a lattice defect line with
three global Zy symmetries. The following is a 1d Zg x Zg X Zs SPT, which after gauging returns the trivial
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The SPT wavefunctions in Egs. (4)-(5) can be constructed from the topological action [35, 66-68]; see
Appendix A 3 for a pedagogical introduction. For each Zs symmetry, we introduce a Zsy-valued background
gauge field, denoted as A;,7 € {1,2,3}. Then, the topological action for Sy is

1
Siop = / AU A, (6)

The topological action for the S; domain wall is
1 1
Stop :/§A1UA2+§AQUA3. (7)

In both cases, the term %Ai UA; can be understood as a domain wall decoration between the i’th and the j'th
Zs symmetry [66, 69]. Importantly, this approach for constructing SPT wavefunctions readily generalizes to
any Abelian symmetry group.

Attentive readers might notice a similarity between SPT-sewing and gauged-SPT defects [49], since both
approaches construct domain walls by gauging a trivially symmetric state decorated by lower-dimensional
SPTs. However, there are important differences between the two, as we now explain.

First, for gauged-SPT defects the gauging map is applied throughout the bulk. Consequently, the gauged-
SPT defects are always invertible. However, in SPT-sewing the gauging map is applied on two disconnected
lattices and the obtained domain walls may or may not be invertible.

Second, the gauged-SPT defects arising from bosonic SPTs are always flux-preserving domain walls. On
the other hand, the Sy domain wall in the toric code is not flux-preserving. Thus, one should consider
decorating a Kitaev Majorana fermion chain with a Z, fermion parity symmetry, such that after gauging Sy
is obtained [49]. However, in a generic topological order, it is not clear if all the invertible domain walls can
be constructed this way. On the other hand, the SPT-sewing constructions of invertible domain walls only
use bosonic SPTs, and should be readily generalizable to domain wall constructions in generic topological
orders. We now turn to such generalizations.

III. GAUGING MAP

In this section, we review a generalization of gauging from Section II. Without loss of generality, we
consider oriented graphs. We use the convention where the degrees of freedom prior to and after gauging
live on the vertices and edges, respectively.

The local Hilbert space C(G) is assumed to be finite-dimensional and its basis is labeled by the elements
of a finite group G. The action of the gauging map I" is defined on the basis states as follows

9y 9 r 99 (8)
—0Q—
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Figure 2. (a) The action of the operators Ay and B,,. (b) Gauging maps any state to a zero-flux state.

It is convenient to study the action of the gauging map on local operators. We introduce the following
standard left- and right-multiplication operators

LY |h) = |gh),  L%|h) = |hg™"). (9)

Prior to gauging, the action of LY. o can be described diagrammatically as follows

gl gl
gQ g() g4 92 ggg-l g4
L, © 0=0 . (10)
v v
95 95

Upon gauging, this state becomes

993'9, 9:'9,9""

where AY is an appropriate product of Lﬂ_ and LY depending on the orientations [1]. Therefore, upon gauging
we obtain

Lo, L A (12)

The same approach works also at the boundary of the lattice.
Under gauging, the symmetric product state gets mapped to the ground state of the quantum double
model [1]. The symmetric product state

% =& \/% > ), (13)

veV



is a +1-eigenstate of the operator LY , on the vertex v. After gauging, this operator becomes AY, and

the state becomes a +1-eigenstate of Ag By construction, the resulting state also satisfies the zero-flux
condition; see Fig. 2(b). That is, it is the +1-eigenstate of B, defined in Fig. 2(a). The resulting state is the
ground state of the following Hamiltonian

H=-) A~ By, (14)

veV peEF

which is exactly the parent Hamiltonian of the quantum double model [1]. Thus, gauging maps the symmetric
product state to a ground state of the quantum double model. A similar conclusion holds for open boundary
conditions. In that case, the resulting boundary of the quantum double is analogous to the smooth boundary
of the toric code.

IV. DOMAIN WALLS IN THE 2D ABELIAN QUANTUM DOUBLE

In this section, we generalize SPT-sewing from Section II to the 2d quantum double model for any Abelian
group G. The main result of this section is that all the domain walls can be obtained from G x G x G SPT-
sewing.

A. Gauged-SPT domain walls

To study the general SPT-sewing construction of domain walls, we first review the domain walls in the G
quantum double obtained by gauging G symmetric SPT phases. These domain walls are extensively studied
in Ref. [49, 70, 71]; we refer to them as the gauged-SPT domain walls. Using the gauged-SPT domain walls
and the folding trick, we will be able derive the properties of the general SPT-sewn domain walls.

Let us first pick a 1d line on the lattice, where there is a natural global G symmetry action. We then put
a symmetric product state H—)®V on the lattice, and decorate the line with a 1d SPT with a G symmetry.
The gauging map will take this decorated state into a ground state of the quantum double model, with a
gapped domain wall on the line.

If we fuse together two such domain walls obtained by gauging SPT; and SPTs, the resulting domain wall
should be equivalent to the one obtained from gauging the stacked SPTs (usually denoted as SPT; KSPT5).
For all the SPT states under finite symmetry group, stacking certain number of copies of the SPT state
results in a trivial SPT, meaning the set of domain walls obtained this way should have a group structure.
Therefore, the gauged-SPT domain walls are always invertible, i.e., all the anyons can pass through them.

Similarly to the invertible Sy in the toric code, there could be an anyon exchange after passing through
an invertible domain wall. Ref. [49] shows that the gauged-SPT domain walls correspond to some “flux-
preserving” maps on anyons. When G is Abelian, any anyon is specified by a pair (e, m), where e is the
charge and m is the flux, and this map is given by the slant product of the 2-cocycle!

(e,m) = (e iy, m), (15)

where e and 4,V are representations of G, and m is an element in G.

Every finite Abelian group is isomorphic to a product of cyclic groups, hence G = [[; Z,,. For such an
Abelian group, we can understand the 2-cocycle v via its corresponding SPT topological action; see Appendix
A 3 for more details. The general form of the topological action is given by a sum over terms that couple
between two cyclic subgroups

ki ; ; ;
o = ’ A@ AW
St P /; gcd(nz,nj) U 9 (16)

1 In general, a 1d SPT state under a G symmetry corresponds to a 2-cocycle representative v, where v is a map from G x G to

U (1) satisfying the cocycle condition. Its slant product igv is a representation of G defined as igv(h) := ZEZ’Z; for g,h € G.




where A® is the Zn,-valued background gauge field, and k; ; = 0,1,--- ,gcd(n;,nj) — 1. This SPT has a
decoration of k; j-th power of the fundamental charge of the Z,,, symmetry on the Z,; symmetry defect.

An anyon of the Abelian quantum double is specify by (ejes -+ ,mimg---), where ¢; € {0,1,...,n; — 1}
is a representation of the Z,, subgroup and m; € {0,1,...,n; — 1} is an element of Z,,. According to
Eq. (15), the invertible gauged-SPT domain wall given by the topological action in Eq. (16) corresponds to
the following flux-preserving map

(6, m) - (6/16/2 e 7’rn), e; = (ei + Zki}jmj) mod n;. (17)
J
Let us discuss a simple example of G = Zs X Zy. The quantum double model corresponds to the two
copies of the toric code. Therefore, the anyons are the compositions of ej, my,es, mo particles, where the
index ¢ = 1,2 denotes the copy. The only nontrivial gauged-SPT domain wall is given by the topological
action in Eq. (6), and the corresponding flux-preserving map is

€; <> €5, My <> Mmiey, Mo <> Moej. (18)

B. G x G SPT-sewing

We start the SPT-sewing construction by taking two disconnected square lattices with close-by boundaries
and putting the product state |+)®V on them. As we have already demonstrated, the gauging map will take
this state to a quantum double ground state, with two adjacent smooth boundaries that condense all the
flux anyons. This realizes a non-invertible domain wall of a general quantum double model. To SPT-sew
this domain wall into an invertible one, we can consider putting a G x G SPT on the lattice defect.

The topological action (2-cocycle) of the group G x G is composed of terms that couple two cyclic subgroups.
These terms can be divided into (i) the terms that couple two cyclic groups within each copy of G and (ii)
the terms that couple cyclic groups from different copies of G; these are called type-I and type-II actions,
respectively [72]. We denote the two type-I 2-cocycles as wy and wsy (corresponding to the first and second
copy of G) and the type-II cocycle as n. Given any G x G 2-cocycle representative v, we can uniquely
decompose it as v = winws.

We can use the folding trick to study the SPT-sewn domain walls with a G x G symmetry. Let us consider
folding the lattice along the lattice defect, resulting in a square lattice where each edge is associated with the
Hilbert space C(G) @ C(G); see Fig. 3(a). The SPT-sewing construction after folding is essentially decorating
the boundary with a G x G SPT. The gauging map takes the bulk into a ground state of two copies of the G
quantum double, and the boundary can be regarded as a gauged-SPT domain wall with the G x G symmetry,
fusing with a smooth boundary. After folding, the G x G 2-cocycle is given by vy = winws.

According to Eq. (15), anyons passing through this gauged-SPT domain wall get mapped as follows

((67 el)a (ma m/)) — ((6, e/) : Z‘mm’Vfﬂ (ma m,))a (19)

where e, e’ (respectively, m,m’) are charges (fluxes) in the first and second copy. Using the decomposition
of the folded 2-cocycle vy = winws we can write

(€ €') +imm vy = (e(imwi) (imn), € (imn) (im@2)) , (20)

for any group elements m,m’ € G. The smooth boundary itself condenses all the flux anyons. Therefore,
this boundary (viewed in the folded picture as a gauged-SPT domain wall followed by a smooth boundary)
condenses the following anyons

((imwl . Zm’nym im’w2>7 (m7m/)) ) (21)

where we use ¢ to denote the anti-particle of ¢ anyon.
If we unfold this condensation picture, we conclude that the anyon

(imwl : Z-m’777 m) ) (22)
coming from the left of an SPT-sewn domain wall can be condensed together with another anyon
(imn * iy wa, m') (23)

coming from the right, for any m,m’ € G.
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Figure 3. (a) After folding the system along the domain wall, the bulk becomes an H = G X G quantum double, and
an SPT-sewn domain wall with a G X G symmetry becomes a gapped boundary, which is an H gauged-SPT domain
wall followed by a smooth boundary. (b) After folding, an SPT-sewn domain wall with a G x G symmetry becomes a
H x G gauged-SPT domain wall followed by a smooth boundary. Note that by adding extra unentangled G degrees
of freedom along the boundary, we can reduce this scenario to the one in (a).

Lemma 1. In a 2d quantum double (gauge theory) of a finite Abelian group G, an SPT-sewn domain wall
constructed from a G x G SPT is invertible if and only if the type-1I part of the 2-cocycle v is non-degenerate.

Proof. We can further regard this SPT-sewn domain wall as a fusing of a gauged-SPT domain wall char-
acterized by wy with an SPT-sewn domain wall characterized by 115 and another gauged-SPT domain wall
characterized by ws. Since the two gauged-SPT domain walls are always invertible, and their corresponding
anyon maps are known, we can set w; = ws = 1 and focus on the contribution from the SPT-sewing part.
From above, this domain wall condenses an anyon (4,,,1, m) coming from the left of an SPT-sewn domain
wall can be condensed together with another anyon (i,,n7, m') coming from the right, for any m,m’ € G.
Therefore, this domain wall is always invertible, and corresponds to some charge-flux exchange map, unless
there exists an element g € G, such that ¢gn = 1. O

The anyon map given by such an invertible SPT-sewn domain wall characterized by a 2-cocycle v = wynws
can be understood as follows. Suppose an anyon (e,m) is coming from the left bulk. It will be mapped
sequentially as

(esm) <25 (¢l m) L (&, m") 25 (¢, m"), (24)

where the first and third arrows are some flux-preserving maps given by Eq. (15), and the second arrow is a
charge-flux exchange map given above.
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C. G x G x G SPT-sewing

The invertible domain walls constructed above are richer than the gauged-SPT domain walls. However,
there is still a large number of invertible domain walls that cannot be constructed from sewing with G x G
SPTs. Thus, we now consider SPT-sewing with G x G x G symmetry, and show that this construction gives
rise to all the invertible domain walls for Abelian quantum double models.

Let us first consider G = Z3. The quantum double model for G is therefore n copies of the toric code.
The anyons are compositions of the charge e; and flux m;, which are their own anti-particles. The braiding
between e; and e; (or m; and m;) is trivial, whereas the braiding between e; and m; gives rise to a phase
(—1)%, wherei,j = 1,--- ,n. This is the same as the algebra of the Pauli operators in an n-qubit system, by
equating e; with Pauli Z;, m; with Pauli X;, and equating the braiding between anyons with the commutator
between two operators UVUTVT.

Furthermore, as we pointed out, the invertible domain walls are in a one-to-one correspondence with the
maps on the anyons that are compatible with the anyon fusion and braiding, and are thus called braided
autoequivalences [20, 21, 73]. It is straightforward to see that these anyon maps correspond to automorphisms
of the n-qubit Pauli group. To be more precise, the group form by the invertible domain walls in Z% quantum
double is the quotient of the Clifford group by the Pauli group and phases (which is isomorphic to the
symplectic group of degree 2n over Zs).

Lemma 2. In a 2d quantum double (gauge theory) of G = Z%, all the invertible domain walls (invertible
defects) can be constructed from SPT-sewing with G x G x G symmetry.

We sketch the proof idea; see Appendix B for details. Let us start from the conjugation action on the
Pauli Z; and X; operators by any n-qubit Clifford group element. According to Theorem 1 in Ref. [74], with
some adjustments, any action on the Pauli operators is the conjugation by the following canonical unitary
operator U = QIIQ), where

0= H czli, = ﬁ czi, m=|J[ex? S(HHh> [Text=], @9
=1

ij=1 ij=1 i#j i

hi, I‘i’j,l"gjj = 0,1, and S is a permutation operator for n qubits. The matrices A, A’ are upper-triangular
and unit-diagonal, i.e., A;; = A} ; =0 for i > j and A;; = A} ; = 1 for all i. The product of CX gates is
ordered, such that the control qubit index increases from the left to the right. For example, when n = 4,
[, CX. = OX132CX 3  OXp iy CXp 3t CXy 1 CX 5.

Ks we argued, the conjugation by the Clifford operators on the Pauli Z; and X; operators corresponds
to the braided autoequivalences of anyons e; and m;. Thus, the unitaries © and ' correspond to the flux-
preserving maps given by the gauged-SPT domain walls. We claim that the following SPT-sewn domain
wall with G x G x G symmetry gives rise to the corresponding anyon map

Stop:/zrgjciucjjuzr
] %,

" AL

2] 2]

9 AiUAj—‘r E CE AiUBS(j)
1,9k,

(26)

Biuy
: — 5D AU G,

Aks) Al
-‘riBs(j)UCk-l- Z 5

i,5,k,

hj=1
where A is the inverse matrix. A;, B;, and C; are the background gauge fields for the i-th Zs subgroup in
the first, second, and third G symmetry.

To study the anyon map given by the above topological action, let us fold the topological order along
the domain wall, such that the bulk becomes a quantum double of a group G x G, and the domain wall
becomes a gapped boundary, as shown in Fig. 3(b). The set of anyons condensing on this boundary can be
derived similarly as in Section IV B. After unfolding, the anyon map is essentially from the component of a
condensed anyon that is in the first copy, to the component that is in the second copy of the G quantum
double.

In Appendix B 1, we derive the anyon map from the condensed anyons on the folded boundary of G x G
quantum double, and show that it exactly corresponds to the conjugation of the canonical Clifford operator
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in Eq. (25). In fact, we can generalize the above result to an arbitrary finite Abelian group. We present it
as the following theorem and defer the proof to Appendix B 2.

Theorem 1. In a 2d quantum double (gauge theory) of a finite Abelian group G, all the invertible domain
walls can be constructed from SPT-sewing with G x G X G symmetry.

D. Example: G =Z2s X Z2

The Zo x Zs quantum double is essentially the two copies of the Zs toric codes. It is also equivalent to
the 2d color code by introducing ancilla qubits and applying local unitary transformations [75-77]. The
2d color code has been extensively studied in the quantum information community due to its capability to
support fault-tolerant quantum operations, in particular transversal logical gates [75]. Recently, it was shown
that by applying a non-destructive sequence of measurements (anyon condensations), fault-tolerant logical
gates in the second level of the Clifford hierarchy can be realized [78, 79]. In addition to its computational
advantages, the classification of gapped boundaries, domain walls, and twist defects of the 2d color code has
also been studied [80, 81]. In this subsection, we provide a new perspective on the gapped domain walls in
this topological order through SPT-sewing.

The correspondence between anyons in the two copies of the toric code and the anyons in the 2d color
code are listed in the following table.

er | etea | e Tz | 9o | bz
eitma| fifz |miea| +— |7y |gy|by
me |mima| ma T2|9g> b

The braided auto-equivalences in the model are given by the permutations of the rows and columns,
corresponding to S3 x S3, and the transpose of the table, corresponding to Zs. Thus, the braided auto-
equivalences together form the group (S5 x S3) X Zg, with 72 elements. We now list some examples of
gauged-SPT and SPT-sewing constructions of the domain walls, and their corresponding anyon maps.

As we showed in Eq. (18), the gauged-SPT domain wall with a Zy X Zs symmetry given by the topological
action

1
Stop = 5/141 U A, (27)

gives rise to a flux-preserving map
€; <> €5, My <> Miey, Mo <> Moeq. (28)

The SPT-sewn domain walls with the (Zy x Z3)? topological actions

1
Stopzi/AlLJBl‘f'AQUBQ;

X (29)
Stop = §/A1UB2+A2UBM
give rise to the following charge-flux exchange maps
€1 > my, ez <> mo;
1 1 2 2 (30)

€1 <> Mo, €2 <> M.

The above domain walls, and all the other invertible domain walls can be constructed from SPT-sewing
with (Zg x Zg)? symmetry. For instance, from the topological actions

1

Stop = 5

/AIUB2+A2UBl+ZBiUCi§
7
(31)
1
Stop:5/A1UB2+ZA2UBi+BiUCi7
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we can obtain the domain walls with the following anyon maps

€] <> €2, My <> Ma;

mi — Mg, Mo — M1My, €3 — €1, €1 — €1€9.

V. NON-ABELIAN EXAMPLE: S QUANTUM DOUBLE

In this section, we discuss the construction of the domain walls in the non-Abelian quantum double models
by taking G = S3 as an example. In Section V A, we provide a brief introduction to the S35 quantum double,
including the anyonic excitations and the corresponding ribbon operators. Then, we discuss the gauged-SPT
and SPT-sewn domain wall constructions for the S3 quantum double. Specifically, in Section V B, we show
that there is no nontrivial gauged-SPT domain wall with an S3 symmetry. In Section V C, we study the
SPT-sewn domain wall with an S3 x S3 symmetry, and show that it is not invertible. In Section VD, we
show that the invertible domain walls, especially the C' <+ F domain wall [7, 21], can be constructed from
SPT-sewing with an S35 x Rep(S3) x S3 symmetry. Based on these results, we conjecture that the invertible
domain walls in a generic quantum double model can be constructed via G x Rep(G) x G SPT-sewing.

A. S3 quantum double

The group of permutations on a set of three elements S3 is isomorphic to the dihedral group Ds, the
symmetry of an equilateral triangle. There are two generators ¢ and ¢ satisfying the following relations

S =t?=e, tct=c? (33)

where e is the identity element.
The local Hilbert space C(S5) has an orthonormal basis {|g) : g € S3}. Furthermore, we define the

following operators
LL|h) = lgh),  TE|h) = dg.nlh),

’ (34)
LY|h) = |hg™"), T2|h) = b4-1u|h),

where g, h € S3. LY operators can be understood as generalized Pauli X operators, while the linear combi-
nations of T can be understood as generalized Pauli Z operators. For the convenience of later discussion,
we define the following operators

ZL _ Z ezm'j/sTJcrft’“7
.k
~ iy iy
Zr =3 eI, (35)
.k
Cj k
Z=> (-)FTgt.
.k
For more details about the operators in C(S3), see Appendix D 2.

The S3 quantum double model can be defined on a square lattice by associating each edge with the Hilbert
space C(S3) and taking the Hamiltonian

H=-) A~ B, (36)

veV pEF

where A, = |—é‘ > g A9. The commuting local projectors AY and B, are defined in Fig. 2. The anyons in
this non-Abelian quantum double are given by the pair ([g], p), where the flux [g] = {hgh™|h € S3} is a
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Figure 4. Ribbon & starts from a site sp and ends at a site s;. The ribbon operator Fg(h’g) on this ribbon is composed
of some shift operators on the edges and a Kronecker delta.

conjugacy class, and the charge p is an irreducible representation of the centralizer Z, = {h|hg = gh}. They
are shown in the following table [7]

ABC|D E|F G H
flux [e e el[t] [t] |l [d [
charge|1 s 7|1 —-1|1 w w*

where s denotes a one-dimensional sign representation

pS(C) =1, PS(t) = -1, (37)

and 7 is a two-dimensional representation

0= (7 ). wr=(07). 39

Moreover, —1 denotes the nontrivial representation of Z; = {1,¢}, and w,w* denote the nontrivial represen-
tations of Z. = {1,¢,c?}.

These anyonic excitations can be created on the lattice by the so-called ribbon operators, generalizing the
Pauli X and Z string operators in the toric code. On an oriented lattice, a site is given by a pair s = (v, f),
where v is one of the vertices of a face f. A ribbon is a “path” of neighboring sites. Given a ribbon &, the
action of the ribbon operator F\™ in the group basis is shown in Fig. 4 [7, 62].

The multiplication of ribbon operators on the same ribbon ¢ is

F£1,91F£2792 -5 anhz,gz‘ (39)

91,92

If the end of a ribbon £; is the start of another ribbon &3, we can denote the composition of the two ribbons
as & = £1&. The ribbon operator th "9 on ribbon ¢ obeys the co-multiplication rule

h,g hk k" thkk™1g
F =) FUR : (40)
keSs

The ribbon operators that create a pair of certain anyons ([g], p) at the ends of the ribbon £ are given by

a linear combination of F/Y for different h,g € S3. For example, both C' and F' in S3 quantum double have
two internal degrees of freedom, so they have quantum dimensions do = dp = 2. Correspondingly, their
ribbon operators creating C' and F' can be viewed as 2 x 2 matrices, with their entries given as follows

1
c - e,
(F)ij = 5 > (@) FEY,

gESs

1 —i gigd

F _ c " t"kt

(Fe)ij = 5 Y Ff ,
keZ,.

where Z, = {1, ¢, c?}; see Appendix D 3 for details.
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B. 53 gauged-SPT domain wall

The gauged-SPT domain wall construction reviewed in Section IV A also works for non-Abelian groups.
The resulting domain walls are always invertible and give rise to some flux-preserving anyon maps [49]. For
G = S3 there is no nontrivial S3 SPT, since the second cohomology group is trivial, i.e.,

H2(S5,U(1)) = 1. (42)

Thus, the gauged-SPT domain wall construction for the S3 quantum double gives no nontrivial results.

C. S3 x 83 SPT-sewn domain wall

Now we consider the SPT-sewn domain walls with a S3 x S3 symmetry. The SPT phases are classified by
the second cohomology group, which is

H? (S5 % S3,U(1)) = Zs. (43)

Eq. (43) follows from the Kiinneth formula [82, 83], which we review in Appendix A 6.

Gauging different SPTs lead to different types of domain walls. Gauging the trivial SPT, we obtain smooth
boundaries on both sides. For the nontrivial SPT, upon gauging we obtain a non-invertible domain wall.
Only a subset of the anyons can pass through the domain wall. The action of the domain wall on these
anyons is

A+ A B+ D, E«E (44)

The other anyons are condensed on the domain wall.
We now focus on the high-level reasoning behind Eq. (44); we provide an explicit lattice construction of
this domain wall in Appendix E 1. Using the Kiinneth formula, we obtain

H? (S5 x S3,U(1)) = H (S5, H (S5, U(1))), (45)

where H!(S3, U(1)) is the group of one-dimensional representations of S3. Eq. (45) implies that H? (S5 x S3,U(1))
is determined from a pairing between elements of S5 and its one-dimensional representations. This is anal-
ogous to the case of the toric code in Section IV B, where the 2-cocycle n represented a nontrivial pairing
between elements of Zy and its representations. The corresponding SPT-sewn domain wall gave rise to
the e <+ m domain wall. Similarly, we can expect the pairing between the group elements and the group
representations to correspond to a charge-flux exchange.

Since the only nontrivial one-dimensional representation of Ss is the sign representation in Eq. (37), the
elements tc’ for i = 0,1,2 have nontrivial pairings. Thus, an anyon with the ¢ flux passing through the
domain wall becomes an anyon with the s charge, and vice versa. The map is thus given in Eq. (44), and
all the other anyons cannot pass through this domain wall.

We remark that the S5 quantum double can be reduced to the toric code model by applying a projection
on each edge, leaving a state on a two-dimensional subspace spanned by |e) and [t). In doing so, A — 1,
B — e, D — mand E — em [84]. Therefore, the above SPT-sewn domain wall becomes the e <> m exchange
domain wall in the toric code.

D. S5 x Rep(Ss3) x S3 SPT-sewn domain walls

We found that the domain walls obtained from gauging a S35 x S3 SPT is noninvertible. It turns out the
same conclusion holds for S3 x S3 x S5 symmetry. Thus the approach used for Abelian quantum doubles no
longer works for non-Abelian quantum doubles. In what follows, we describe an alternative method which
does lead to an invertible domain wall.

The crucial new ingredient we use is the non-invertible symmetry [52-54]. Specifically, we consider a non-
invertible S3 x Rep(S3) x S3 symmetry and apply our SPT-sewing method. The Rep(S3) symmetry contains
the trivial representation 1, a one-dimensional sign representation s, and a two-dimensional representation
7. The fusion rules are given by the tensor product of representations [85, 86].
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As before, we consider three layers of 1d lattices, wherein each vertex is associated with a Hilbert space
C(S3). We use a4, b;, and ¢; to label the vertices on the respective layer. The two S3 symmetries are given
by

Ag = HL?‘mai’ Cg = HLz‘7Ciagi’ v'q € S, (46)

where the shift operator L is defined in Eq. (34), and o] =37, |ghg_1>b_ (h| is a conjugation by element
g on qudit at vertex b;. The Rep(S3) symmetry is given by a matrix product operator (MPO)

B, :=Tr (H Zp,,h) . V¥p € Rep(S3), (47)
which deserves a further explanation. First of all, each matrix Z, is defined as

Zy="Y_ rl9) @1g){gl, (48)

gES3

where p(g) acts on the auxiliary (virtual) space. The product of these operators are assumed to follow a
particular order, i.e., [[, Z,p, = ... Z,4,Z,p,. The trace in Eq. (47) is taken over the virtual space.

In the literature, SPTs with respect to the S5 x Rep(S3) x S3 has not been studied to the best of our
knowledge. Nonetheless, there are some related prior works. The S5xRep(S3) % Ss is a fusion category, which
can be seen as an example of the non-invertible symmetry [52-54]. Unlike the classification of bosonic SPT
phases with an ordinary symmetry via group cohomology, the SPT phases with a non-invertible symmetry
correspond to the fiber functors of a category, and their classifications are still elusive except for some special
families of categories [50, 51]. Nonetheless, there are interesting exactly solvable models that respect a related
symmetry; see Ref. [55, 87, 88] for studies on SPTs with G x Rep(G) symmetry.

We consider two types of SPTs, one being the trivial SPT and the other being the nontrivial one. Upon
gauging these, we obtain two invertible domain walls of the S3 quantum double. The first is the trivial
domain wall, and the second type of domain wall corresponds to the braided autoequivalence that exchanges
C and F anyons [7, 21].

1. Trivial domain wall

Let us first start with the trivial domain wall. We consider an S3 x Rep(S3) x S3 SPT state given by the
wavefunction

|SPT1> = Z ’ 7hai7hbmhciahai+17"'>a (49)
{ha;she; }

where hy, = he,hy ha,_ bzt | for all vertex i. Eq. (49) can be obtained preparing states in {a;} and {¢;} in
the uniform superposition state and {b;} in |e), followed by a sequence of controlled multiplications [55, 87].
Thus this state can be understood as a generalized cluster state. This state is symmetric under the symmetry

operators defined in Eq. (46) and Eq. (47). We can write a Hamiltonian for this state as composed of the
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following commuting stabilizers

“ T A
IL-‘ 1
[ 1
P - - - 1 1 1
b 1 O O 1
A P !
L L
1 A\ ¥4 (L
i M I |
(50)
—>
o—0 a
Zg Zs ‘
Z@‘ b
(22 %mE| l
Zp Zp
o0 c

where g € S3, p € Rep(S3) and d, is the dimension of p. The order of the Z, operators are taken as directed
in Eq. (50). This Hamiltonian has a unique ground state, and commutes with the symmetry operators, hence
is an 53 X Rep(Ss) X 53 SPT.

To see that this SPT gives rise to a trivial domain wall after gauging, we consider a local projection on
each b; vertex to |e). Since this projection does not commute with some of the SPT stabilizers, the stabilizers
for the projected state are given by some combinations or reductions of the original stabilizers. Thus the
domain wall stabilizers from gauging the projected state are also given by combinations or reductions of
the SPT-sewn domain wall stabilizers. It is then obvious that, if an anyon a can pass through the former
domain wall, then a can also pass through the SPT-sewn domain wall. Hence, if the former domain wall is
invertible, then the SPT-sewn domain wall is also invertible, and gives rise to same braided autoequivalence
(anyon map).

After this projection, the S3 x S3 symmetry on the top and bottom layers are given by

Ug =][L%.. Vg€Ss,

U =[] L., Vg€ Ss.
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After gauging, the stabilizers of the projected state becomes the domain wall stabilizers as follows

e L Ik
b b
L L% 7%
O c
L%
I
— s
o] a & a
Zg © Zo Zo
Tr(2. 7. Z: 7} de Tr(Z, Z.)d.

Zo T ZpT ¢ Zo 0 ¢

which gives rise to a trivial domain wall. The order of the Z, operators in the lower left are taken in the
same order as Eq. (50) without the last Z, on layer b. Therefore, the S3 x Rep(S3) x S3 SPT-sewn domain
wall given from Eq.(49) is an invertible trivial domain wall. We note that this SPT state can be defined for
any finite group G, and the SPT-sewing construction would always give rise to a trivial domain wall in a G
quantum double model.

2. C < F domain wall

Now we consider another S5 x Rep(S3) x S3 SPT which becomes the domain wall exchanging C and F
anyon after gauging. Given an S3 group element, we can always decompose it as g = ng, where n = ¢* and
q = t* for some integers i and k. The SPT state is given by

|SPT2> - Z ’ 7hai7hbiahci7hai+17"'>a (52)
{ha;she; }

where hy, = he, ;' qa,_, hz,' | for all vertex i. The stabilizers of its Hamiltonian are shown in Fig. 5. These
stabilizers commute with each other, and are symmetric under the S3 x Rep(S3) x S3 symmetry. Thus they
give rise to a non-invertible SPT phase.

To show that the SPT-sewn domain wall is the invertible C' <+ F' domain wall, we project each b; vertex
to state %(|e> + |c) + |c?)), such that Z = 1 and L® = 1 acting on b; for all i. It turns out that the

projected state spontaneously breaks the S3 x S3 symmetry into a (Zs x Z3) X Zs symmetry. Furthermore,
it corresponds to a nontrivial SPT phase under the unbroken symmetry. In Appendix E 2, we show that the
above stabilizers are consistent with the standard fixed-point SPT state construction using 2-cocycles [69].

We now list the stabilizers for the projected state. The first set of stabilizers gives rise to the spontaneous
breaking of Zs x Zy generated by Uy and Uf, to the diagonal subgroup generated by operator USU; defined
in Eq. (51). The stabilizer on the left is the localized symmetry operators of the diagonal Zs subgroup, and
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Figure 5. An S3 X Rep(S3) x S3 SPT is defined by a Hamiltonian composed of these commuting stabilizers; see
Eq (35) for the definition of the operators. In this figure, m and [ are site labels for odd and even sites, and a, b, and

c are the labels of each layer. The term g.,, corresponds to the state at site m in layer ¢ and Z.

eigenvalue of the Pauli Z operator at site [ + 1 in layer c.

1+, represents the

the stabilizer on the right is the symmetry breaking order parameter

T

-

The above stabilizers are translational-invariant along the domain wall.

The other set of stabilizers gives rise to the SPT phases under the unbroken (Zs x Z3) X Zs symmetry.
This SPT entangles the Z3 part of the top qudits and the Zg part of the bottom qudits, mediated by the Z,
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part of qudits

i
n
—

Here we assume [ is even. Z; is the eigenvalue of Pauli Z operator at site [.

Now we gauge the S5 symmetry of the upper chain together with the product state |+) in the bulk above,
and gauge the S3 symmetry of the lower chain together with the product state |+) in the bulk below.
The gauging map will take this state to an S3 quantum double ground state, with a gapped domain wall.
The domain wall stabilizers are obtained from the above SPT stabilizers via the gauging map defined in
Appendix D 1, and the calculations are presented in Appendix E 2.

We summarize all the stabilizers below,

(1) @) 3) :

LY L
L L Ll L
’l)e ’UE v
Zi' 7 TLS s I I
L i
. (55)
(4) (5) (6)
Zi | Zn Z
—0—, 0 0,
o
Lt L
—@
Z
L%

in which Z L, Z R, and Z are defined in Eq. (35). v, represents an even site, v, represents an odd site, and v
represents a general site, both even and odd.

If we take a ribbon ¢ to be the composition of a ribbon &; above the domain wall, and another ribbon &
below the domain wall as displayed below. In Appendix E 2, we show that the following ribbon operator

CF C pF
where £ = &£, commutes with all the domain wall stabilizers. Thus, this ribbon operator only creates an F'

anyon at one end of &, and a C anyon at the other end of £;. In other words, anyon C' and F are exchanged
when passing through this domain wall. Therefore, the SPT-sewn domain wall given by stabilizers in Fig. 5
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Figure 6. The C < F domain wall in the Ss quantum double is obtained from the e <> m domain wall in the Zg
quantum double via gauging the charge conjugation symmetry.

is also an invertible C <« F' domain wall.

£, 4

We remark that if we only gauge the Zs subgroup of S3 on the top and bottom bulks, then the bulk
becomes an SET state, i.e., a Zs toric code ground state with a Zy charge conjugation symmetry. The
domain wall becomes an invertible domain wall in this Z3 quantum double that gives rise to the following
anyon map

m—e, e—m? (58)
The remaining Zs symmetry acts on the qutrits as a charge conjugation. After gauging this charge conjuga-
tion symmetry, an S3 quantum double ground state is obtained in the bulk, and the above domain wall in
the symmetry enriched topological (SET) order becomes the C' +» F' domain wall as shown in Fig. 6. This
result agrees with Ref. [21, 84].
Based on this construction, we conclude this subsection with a conjecture.

Conjecture 1. In a 2d quantum double (gauge theory) of a finite group G, all the invertible domain walls
can be constructed from SPT-sewing with G X Rep(G) x G symmetry.
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Figure 7. (a) Lattice structure used in the construction of the 3d models. Each triangular lattice is perpendicular
to the z direction; on each of them, there are three types of vertices, labeled R, G, and B, respectively. Each lattice
perpendicular to the triangular lattices forms a square lattice. (b) Orientation of the domain wall (the pink layer).

When G is Abelian, then the representation category Rep(G) is isomorphic to group G. In this case, all the
invertible domain walls can be constructed through SPT-sewing with G x G x G symmetry [Theorem 1]. Our
result in this section provides a nontrivial evidence for this conjecture for non-Abelian groups. The proof of
this conjecture for general G is left for future work.

VI. EXOTIC DOMAIN WALLS IN THE 3D TORIC CODE

In three spatial dimensions, the SPT-sewn domain walls can exhibit exotic properties and host anyons
which are nontrivially related to the excitations in the bulk. We obtain these domain walls by gauging a
two-dimensional SPT embedded in a trivial product state in three dimensions.

This section discusses construction of these domain walls. This entails constructing certain 2d SPTs and
gauging them (with respect to the 3d lattice). Note that there is a simple framework for constructing a
fixed-point wavefunction of a 2d SPT on a triangular lattice [61, 89]. As such, it will be convenient to work
in a slightly non-standard version of the 3d toric code that respects the triangular structure; see Fig. 7 for
our convention. For construction of similar models on a cubic lattice, see Section VII.

Upon gauging a trivial product state in three dimensions, we obtain the standard 3d toric code vertex and
plaquette terms in the bulk

H:—ZAU—ZBP

veV peEF

N IEE | 2

veV vee peF ecp

(59)

The ground states are the simultaneous +1-eigenstates of all the terms. If a quantum state |¥) is the —1-
eigenstate of a certain vertex term, we say that |¥) has a point-like e excitation on that vertex. The m
excitation, however, is a loop-like object in the dual lattice, with B, |¥) = — |¥) for each plaquette p the
loop passes through. A pair of point-like e excitations can be created by applying an open string of Pauli
Z operators, whereas a loop-like m excitation is created by a product of Pauli X operators on a membrane
bounded by the loop.

When we embed a two-dimensional SPT in a trivial product state, upon gauging, we always obtain the
same bulk Hamiltonian away from the domain wall. However, what we obtain at the domain wall depends
on the SPT we embed.

We consider three types of SPTs, which we refer to as type-I, type-11, and type-III. They correspond to
the nontrivial classes of H3(Za X Zg x Z3,U(1)) [61, 72, 90]. The corresponding cocycles (denoted as wr,wrr,
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and wryrr) are given as follows

wy = (_1)pa<i>b(i>c<i>

Wiy = (71)pa(i)b(j)c(j)’ (60)

)

() (D) ()
wrrr = (1) 7

where p € {0,1}, A = (aM,a® a®), B = 0,62, 663)), ¢ = (W, @ ), 0 p0) *) € {0,1}, and
(4) is the label for different copies.

Because the type-I1 SPT only involves a single copy of Z,, it is natural to place the SPT on one triangular
lattice, sandwiched by other lattices. Then, the gauging method of Section III readily applies. However, for
the type-II, it is more convenient to view it as a gapped boundary of two copies of the toric code, placing
two qubits per site. Then, there is a natural Zs X Zs symmetry we can gauge. Similarly, for the type-III
case, we can place three qubits at each site and gauge the Zs X Zg X Zo symmetry.

Before we describe our construction, we remark that the type-II and type-III domain walls are rather
exotic. When a charge in the 3d bulk passes through these domain walls, it leaves a semi-loop-like excitation
anchored on them. Therefore, we refer to these domain walls as anchoring domain walls. The anchoring
domain walls can be classified further in terms of the anyon model at the domain wall and its interplay with
the excitations in the bulk. The type-II domain wall hosts an Abelian anyon model, whereas the type-IIT
hosts a non-Abelian anyon model.

The rest of this section is organized as follows. We review a method to construct a fixed-point SPT
wavefunction in Section VI A, tailored to 2d. We then describe the domain walls of type-I, type-II, and
type-11I in Section VIB, VIC, and VI D, respectively.

A. 2d SPT

Without loss of generality, consider one layer of a triangular lattice. Note that the vertices of this lattice
can be partitioned into three sets, labeled R, G, and B, so that no neighboring vertices are in the same set;
see the z = 0 plane in Fig. 7(a) for illustration and the orientation of the edges.

The SPT wavefunction can be obtained by applying the SPT entangler to the symmetric product state [61,
89]. This can be done by assigning a phase factor to each triangle in the following way

9y
=w(g3,95 '92,95 1),

95 9 1)
61

=w (93,95 "92, 95 ' 91),

9, 93
where w is the cocycle. The resulting wavefunction is

[y =" [T «“=* (93,95 " 92,95 91) @) 190): (62)

{gv} D123EF veV

where g, is the state at the site v, Aj23 is a 2-simplex (triangular face), and s(Aj123) = £1 denotes the
orientation of Aqa3.

The phase factors in Eq. (61) define a constant-depth circuit diagonal in the standard basis. By conju-
gating the stabilizers of the symmetric product state by this circuit, we obtain the stabilizers of the SPT
wavefunction.
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B. Type-I: double semion domain wall

Applying the procedure described in Section VI A to the nontrivial cocycle wy € H3(Za,U(1)) in Eq. (60)
we obtain

(63)

where the red wavy lines represent CZ gates.

In the current setup, the Hamiltonian in Eq. (63) is defined on a triangular lattice, sandwiched between
other layers of the triangular lattice; see Fig. 7. After gauging the global Zs; symmetry, we obtain the
following Hamiltonian

H=-— Z AW, — Z B,, (64)

veV peEF

where A, and B, are the same set of operators as in Eq. (59). The operator W, is defined as

where again the red wavy lines represent CZ gates.

If we were to remove the edges perpendicular to the plane in Eq. (64), our procedure would amount to
gauging the Levin-Gu SPT [91], which gives rise to the double semion model; see Appendix F1. In this
model, there are four anyons: 1, s, 5§ and s5. Their fusion rules are given by

sxs=1, §x8§=1, §X5=ss. (66)

Their topological spins are
(1) =1, 6(s) =1, 0(5) = —i, 0(s5) = 1. (67)

The anyons s and § are, respectively, a semion and an anti-semion, hence the name double semion.

Due to the edge in the perpendicular direction, there is a nontrivial interplay between the bulk excitations
and the excitations at the domain wall. For instance, an e particle entering the domain wall becomes an ss
boson in the double semion model. This boson can also leave the domain wall and become an e particle on
the other side as well. An m string can also pass through this domain wall, with a semion s attached at the
intersection of the m string and the domain wall. The behavior of the excitations passing through the domain
wall is shown in Fig. 8. For the construction of the operators that create excitations, see Appendix F 1.

The domain wall obtained here is similar to a gapped boundary known as the twisted smooth boundary
of the 3d toric code [25, 92, 93]. In that model, an electric charge from the bulk becomes a composite of
a semion s and an anti-semion 5. Furthermore a semi-loop of magnetic flux can terminate on it, with the
endpoints attached to a pair of semions or anti-semions. However, note that our construction yields a domain
wall between two copies of the 3d toric code, not a gapped boundary.

C. Type-II: anchoring domain wall

Now we consider the cocycle wy; € H3(Zy x Z,U(1)) in Eq. (60). Because this requires having two Zs
degrees of freedom, we assume that each site contains two qubits. After applying the corresponding SPT
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Figure 8. The excitations of the type-I domain wall.

entangler, we obtain the Hamiltonian of the SPT

@ oz @ W c

where (i) labels the qubits at each site and each sum is over the vertices from R, G, and B, respectively; see
Fig. 7(a). For calculation details, see Appendix F 2.

The Hamiltonian in Eq. (68) is embedded on a boundary of a 3d lattice in Fig. 7. After gauging we obtain
a boundary for two copies of the 3d toric code. The resulting Hamiltonian is described in Appendix F 2. This
boundary can be viewed alternatively as a domain wall between two 3d toric codes, which is the perspective
we now take.

The anyon content of this domain wall can be inferred from a purely 2d model obtained by gauging
Eq. (68). This is the twisted Zs x Zs quantum double model, which is in the same phase as the Z, quantum
double [94]. The anyons for both models are listed in Table IT and Table III, and there is a one-to-one
correspondence between them. There are 16 types of anyons, generated by e(1:0) e 1.0 and m(01)
where the superscripts represent layers the anyons belong to.

1 00 P N cR ) CRY
GRY D O O [, D 01
L6 L0 RPN ) L) B € 5 Ry PO € B P GBS

2O D U0 [, (T (T [ 1y 00 (LT [, (T (1)

Table II. Anyon table of the Zs x Za twisted quantum double.

To summarize, there are the following anyons.

e Four fermions: m(01e(0:1) 1 1:0)(1,0) 1y (10) o(1,1) 1y (0,1) (1,1)
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Table III. Anyon table of the Zs quantum double.

e Two semions: m(bD mLDe1)

e Two anti-semions: m1:De01) (1) (1,0),

These anyons have a nontrivial interplay with the bulk excitations, as we explain below; see also Fig. 9.
First of all, an e particle from the right bulk, upon entering the domain wall, becomes an e(®!) anyon on the
domain wall. This anyon can be split into a pair of m(9 and m(19e(1) which are attached to a semi-
loop excitation anchored on the opposite side of the domain wall. Thus the e particle from the right bulk
gets transformed to a semi-loop anchored on the domain wall on the opposite side. Similarly, an e-particle
from the left bulk can get transformed to a semi-loop anchored on the domain wall on the opposite side.
However, the domain wall anyon attached to the semi-loop is different. Instead of m(9 the m(%1) anyons
are attached. For the operators that create the excitations, see Appendix F 2.

(0,1)
m
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v ' mR
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Figure 9. Excitations of the anchoring domain wall (type-II).

Thus, unlike the domain wall in Section VI B, in this domain wall the bulk excitations change their types
after passing through. To the best of our knowledge, such a domain wall has not been discussed before. This
domain wall generalizes the e <+ m domain wall in the 2d toric code and is beyond the classification of the
Lagrangian subgroup formalism. Potentially, it could be classified by the condensable algebra [17, 21, 24-26].
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D. Type-III: non-Abelian anchoring domain wall

Now we consider the cocycle wrrr € H3(Zo X Zy x Zo,U(1)) in Eq. (60). In this setup, on each site, we
introduce three Zs degrees of freedom. After applying the SPT entangler, we obtain

cz

-,

where (7) labels the qubits at each site.
After gauging Eq. (69), we obtain the following

H=-> > AW¢!-> B, (70)

veV ge@G peEF

where g = (a,b,c) € G = Z3 and AY is defined as

A9 — (AgU)a (A,(f))b (Agf”))c. (71)

The B, term is the same as in Eq. (59), on all three copies. The additional term W is defined as follows

where a,b,c € {0,1}. For calculation details, see Appendix F 3.

Similar to the other domain walls discussed so far, the anyon content of the domain wall can be inferred
by gauging Eq. (69) on a plane. This becomes the Z3 twisted quantum double, which has been widely
studied recently in the context of gauged-SPT defects, exotic boundaries, and fault-tolerant quantum com-
putation [49, 95-98]. The Z3 twisted quantum double is equivalent to the Dy quantum double [72, 94], a
non-Abelian anyon model. Thus the SPT-sewn domain wall can host non-Abelian anyons. The excitations
can be labeled by the magnetic fluxes, A € Z3, and the associated projective representation corresponding
to a 2-cocycle c4, which is given by the slant product of the 3-cocycle

A,B, C)WIII(By C, A)
wrrr(B, A, C) .

(B, C) = iaw(B, ) = 1l (73)

The anyons are summarized as follows [72].

e A=(0,0,0). There are 8 anyons in this class: 1 vacuum and 7 electric charges. We label them as 1,
6(100)’ 6(010), 6(001)7 6(110)’ 6(011)7 6(101) and e(lll), where e(abe) e(a/b/c/) — e(a+a’b+b’c+c’)_

e A =(1,0,0). There are two two-dimensional irreducible representations for c4, one with bosonic and
the other with fermionic self-statistics. Therefore, we label them as m(°?) and (190 Similarly, we
have m(°19 and £10) when A = (0,1,0), and m(®°Y and f(°°Y) when A = (0,0, 1).

e A= (1,1,0). Similarly to the previous case, there are two two-dimensional irreducible representations
for c4, one with bosonic and the other with fermionic self-statistics. We use the same nomenclature to
label the anyons in this class as m(110) | (011 (101) = £(110) = £(011) "y f(101),
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e A= (1,1,1). In this case, there are two two-dimensional irreducible representations for ¢4, one with
semionic and the other with anti-semionic self-statistics. Therefore, we label them as s and s.

In summary, there are 22 different types of anyons in Z3 twisted quantum double, including 1 vacuum, 7
electric charges, and 14 dyons.

Similar to the domain wall in Section VI C, this is also an anchoring domain wall. However, an important
difference is that this domain wall hosts non-Abelian anyons. For instance, at the intersection point of
semi-loop (say, over the first copy) and the domain wall we get the m{199) anyon. These can be fused into
electric charges or vacuum, which can then propagate into the bulk as an electric charge. Thus we see that
the semi-loop can be transformed into electric charge on the two remaining copies, i.e.,

mr X mpr=1+er1 +er2+eriera. (74)

Here we are considering a setup in which there is one copy of the 3d toric code on the right side of the
domain wall and two copies of the 3d toric code on the left side. Then mp is the endpoint of the semi-loop
on the right side and er; and ey are the electric charges on the two copies on the left side; see Fig. 10(a).

We can also change the fusion channel by braiding the domain wall magnetic anyons [44, 72]. For instance,
we can consider the setup displayed in Fig. 10(b). We first create a magnetic semi-loop for each copy on the
left bulk, resulting a pair of m(1%9) anyons and a pair of m(©19 anyons on the domain wall. By braiding one
m19) and one Mm% an e(°°) particles are created on the domain wall, which can propagate to the bulk.
This happens because braiding two magnetic fluxes of different types generates an electric charge of the third
type at the intersection of the path [79]. For the operators that create excitations, see Appendix F 3.
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Figure 10. Excitations of the anchoring domain wall (type-III). (a) A semi-loop on one side and a direct sum of electric
charges from the other side can condense on this domain wall. (b) Two semi-loops are attached to the domain wall.
By braiding one of the m(°*? (100) (001) charge on the other side.

with a m , one can obtain a e
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VII. SIMPLE MODELS OF THE EXOTIC DOMAIN WALLS

In this section, we describe simplified models that produce the same physics as the ones described in
Sections VIB and VIC. There are two advantages of these simplified models. First, they are defined on a
cubic lattice, similar to the well-known 3d toric code model. Second, they are (generalized) Pauli models [99],
which make them easy to study.

We consider a cubic lattice throughout this section. In the bulk, each edge hosts one qubit, and the 3d
toric code model is given as in Eq. (59),

H=-> 4,-) B, (75)

veV peF
where A, and B, are given by
A Z,
A A
Z
Z ; & ; ‘ (76)

A. Type-I domain wall

We now describe a simple model of the type-I domain wall. Away from the domain wall, each edge hosts
a single qubit. For the edges on the domain wall, we introduce two qubits per site. These two qubits can be
viewed as a four-dimensional qudit. The set of operators acting on this qudit is generated by the generalized
Pauli X and Z operators

3 3

X =Y |h+1mod 4)(h|, Z =" i"h)(h|. (77)

h=0 h=0

Because the stabilizers away from the domain wall are the same as that of the 3d toric code, we focus on
the stabilizers at the domain wall. The domain wall stabilizers are given as follows

The domain wall contains the plaquette depicted as the second term and its translations in the x and y
directions. Here L and R represent the qubits lying to the left and the right of the domain wall.
On the domain wall there are four anyons: 1, s, 5§ and s5. The fusion rules are given by
sxs=1, §x35=1, sx3=ss. (78)

Their topological spins are

0(1) =1, 0(s) =i, 0(3) = —i, 0(s3) = 1. (79)
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The anyon s is a semion, while § is an anti-semion.
On the domain wall, pairs of s, 5, and s5 are created by the following operators?

7 7
W = ( W = ~1+/'/, W = ~2+. (80)
b X Z

Note that when a pair of s or 5 anyons is created, two semi-loops of magnetic flux are also generated in
the bulk on both sides of the domain wall. A pair of s§ anyons can be created solely on the domain wall.
However, by applying a string of Pauli Z operators, one can move an s§ anyon into the bulk, where it
becomes an electric charge.

In terms of the bulk excitations, the above description can be rephrased as follows. An e particle entering
the domain wall becomes an ss boson in the double semion model. This boson can further leave the domain
wall and become an e particle on the other side. Therefore, e can pass through this domain wall unchanged.
Similarly, an m string can also pass through this domain wall, with a semion s anchored to the intersection
of the m string and the domain wall.

B. SPT-sewn domain wall: Z; quantum double

Now we introduce a model of the type-II domain wall. The stabilizers of this model are shown below:

following the convention used in Section VII A.
On the domain wall, the excitations are the anyons of the Z; quantum double. The set of anyons is
generated by {€,m}. Both of them have bosonic statistics. They have bosonic self-statistics

0(e)=0(m) =1. (82)
The combinations of € and m can have semionic or fermionic self-statistics, namely
0(mé) =i, O(m%e) = —1. (83)
By applying the following operator on the domain wall
Yo
the neighboring stabilizers in Eq. (81)(a) are violated, creating a pair of €2 anyons on the corresponding
vertices. By further applying Pauli Z operators on the connected edges in the right bulk, this pair of &2

anyons moves into the bulk and becomes a pair of e charges. We conclude that an e-particle from the right
bulk corresponds to a &2 anyon on the domain wall.

we = (84)

2 Here we only consider creating anyon pairs in a specific direction. For the full discussion we refer the reader to Ref. [99].
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Similarly, by applying the following operator on the domain wall

~ 2 32
Wm:+X, (85)

the neighboring stabilizers in Eq. (81)(d) are violated, creating a pair of m? anyons on the corresponding
faces. By further applying Pauli Z operators on the connected edges in the left bulk, this pair of m? anyons
moves into the bulk and becomes a pair of e charges. We conclude that an e particle from the left bulk
corresponds to an m? anyon on the domain wall.

Now, let us consider the following scenario. By applying the following operator on the domain wall

We = /Z./ (86)
a pair of € and é2 anyons is created on the domain wall. As we discussed before, an 2 anyon on the domain
wall can become an e charge in the right bulk. Therefore, we can apply Pauli Z strings to move an &>
anyon into the bulk, leaving a pair of € anyons on the domain wall. Furthermore, the operator in Eq. (86)
violates the stabilizer in Eq. (81)(e). By further applying a Pauli X operator in the left bulk, a semi-loop of
magnetic flux is generated. Therefore, the resulting configuration is a semi-loop of magnetic flux anchored
on the domain wall, with the endpoints attached to a pair of € anyons, and an electric charge emerging on
the other side.

Similar scenario happens when we apply the operator W™ on the domain wall

Wm:+§. (87)

After applying this operator, a pair of m and M3 anyons are created on the domain wall. As we discussed
before, an m? anyon on the domain wall can become an e charge in the left bulk. Therefore, we can
apply Pauli Z strings to move an m? anyon into the bulk, leaving a pair of 7 anyons on the domain wall.
Furthermore, the operator in Eq. (87) violates the stabilizer in Eq. (81)(c). A semi-loop of magnetic flux is
thus generated in the right bulk. The nontrivial properties of this domain wall are depicted in Fig. 11.

SIUSI
3
)

Figure 11. Excitations of the anchoring domain wall in terms of the anyons of the Z, quantum double.
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VIII. DISCUSSION

In this article, we have introduced SPT-sewing, which is a systematic method of constructing gapped
domain walls of topologically ordered systems. Compared to the prior works [48, 49], where gauging was
used to create lower-dimensional defects from defects in a simpler topologically ordered (or trivial) phase,
SPT-sewing uses a lower-dimensional SPT to entangle two disconnected topological orders.

Using SPT-sewing, we proved that all the invertible domain walls in the 2d Abelian G' quantum double
model can be constructed from G x G x G SPT-sewing, and illustrated the discussion with several examples.
We conjecture that all the invertible domain walls in a generic 2d quantum double can be constructed from
SPT-sewing with a non-invertible G X Rep(G) x G symmetry. Our investigation of the S5 quantum double
model provides a nontrivial evidence of this conjecture.

We also used our method of SPT-sewing to construct anchoring domain walls, which are exotic domain
walls in the 3d toric code. We provided the domain wall lattice models constructed by sewing the canonical
2d SPT states on a triangular lattice given by the 3-cocycles, as well as the equivalent but simpler domain
wall lattice models on a cubic lattice. These domain walls transform point-like excitations into semi-loop-like
excitations anchored on them. As such, anchoring domain walls appear to generalize the e <+ m exchange
domain wall [6] to higher dimensions.

There are several future directions to pursue. First, it is natural to expect that SPT-sewing will lead to
efficient methods of creating gapped domain walls in topologically ordered lattice models. Since the gauging
map for solvable groups can be implemented via constant-depth adaptive circuits [28-31], we anticipate
the domain walls for Abelian models, the C' <+ F' domain wall and the exotic domain walls in 3d that we
described in our work to be also implementable via constant-depth adaptive circuits. Second, it is natural
to ask whether there is a field-theoretical description of the SPT-sewing construction and the models we
discovered. To the best of our knowledge, the anchoring domain walls in the 3d toric code have not been
studied before and they appear not to fit into the existing categorical classification of lower-dimensional
defects in Ref. [24].3 We leave their classifications and extensions to higher dimensions for future work.
Third, it would be interesting to understand if the anchoring domain walls can be used to design a self-
correcting quantum memory [100]. The anchoring domain walls transform point-like excitations to semi-
loop-like excitations, thereby inhibiting their propagation. However, it remains unclear how to construct a
model, such as one based on arranging these domain walls into a defect network [101-103], that employs the
anchoring domain wall to produce a macroscopic energy barrier for self-correction.
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Appendix A: Introduction to group cohomology, topological action, and SPT states

In this section, we provide a brief introduction to group cohomology, SPT topological actions, and the
corresponding SPT fixed-point states.

1. Group cohomology

An n-cochain is a map from group elements in G® = G x ... x G to a U(1) value*. We denote it
as ¢n(g1,92,-,9n). The set of n-cochain forms a group C"(G,U(1))°, and the group elements have the
following multiplication rule,

(C . Cl)n(gtha 7gn) = Cn(glugZa ugn) : C'/n,(glugZa ugn) (Al)
The coboundary operator ¢ is a map from C*(G,U(1)) to C"TY(G,U(1)), 6 : C* — C™*1, and the element
cn € C(G,U(1)) to dcpq1 € CPFHG,U(1)). The map is given by the following.
_yn+1 n e
Sni1(91, 925 s Gnt1) = (92, 935 s Gns1)Cn (91, 920 9n) T [ enlgrs s gigis1s s gna) Y7 (A2)
i=1

One can check the coboundary operator ¢ is nilpotent, which satisfied 62 = 1. We can further define two
subgroups, Z"(G,U(1)) Cc C"(G,U(1)) and B*(G,U(1)) C C*(G,U(1)), such that

ZM"G,U(1)) :=A{wn | dw, = 1}, (A3)
which is the n-cocycle, and
B™"(G,U(1)) == {by | by = bcn, Vep—1 €C™ M, (A4)

which is the n-coboundary. By the nilpotency property, one can check that B"(G,U(1)) C Z"(G,U(1)).
The cohomology group can be defined as,

H"(G,U(1)) == 2"(G,UQ1))/B"(G,U(1)). (A5)
Let us discuss some simple examples. When n = 1, we have
ZHG,U1)) = {wr | wilg)wi(g2) = wi(g192)} (AG)
and,
BYG,U(1)) = {1}. (A7)

Therefore, the first cohomology group H!(G,U(1)) = Z1(G,U(1))/B*(G,U(1)) is the set of all the inequiv-
alent 1d representations of G.
When n = 2, we have

Z2(G,U(1)) = {wa | w2(g1, 9293)w2(92, 93) = wa(g192, g3)w2(g1, 92) }, (A8)
and
B*(G,U(1)) = {wa | wa(g1,92) = wi(g1)wi(g2)/wi(g192)}- (A9)

The cohomology group H?(G,U(1)) classifies the inequivalent projective representations.

4 In general, U(1) can be replaced by any G-module M. Throughout this paper, we only study the case when M = U(1).
5 In the literature, it is also denoted by C™(X, M), representing the group of M-valued n-cochains on the topological space X.
This group consists of all maps from the n-simplices of X to M.
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When n = 3, we have

Z3G.U(1)) = {ws | w3(92, 93, 94)w3(91, 9293, 94)ws (91, 92, 93) _ 1 (A10)
’ w3(9192, 93, 94)w3 (91, 92, 9394) 7

and

B3 (G, U(1)) = .2, g3) = wa(g1, g293)w2 (g2, g3) ’ ALl
(G,U(1)) = {ws | w3(g1,92,93) W2(9192793)W2(91792)} (A11)

The cohomology group H?(G,U(1)) classifies inequivalent classes of F-symbols of the fusion category Vecg.
Besides the coboundary operator &, one could also define the slant product iy : C" — C"~!, such that

n—1
3 _1yn—1 _yn—1+i
chn—l(glag%'“agn—l) = Cn(gaglaQQa"'agn—l)( b Hcn(gla"'agiagagi-l-la“-agn—l)( b . (A12)
i=1

The slant product and the coboundary operator have the following relation,

0(igc)n =ig(0C)pn, Ven, €C™. (A13)
For the above equation, we can also see that if ¢, is an n-cocycle, then i4c,,—1 is an (n—1)-cocycle. Therefore,
the slant product gives rise to a homomorphism i, : H"(G,U(1)) = H"~Y(G,U(1)), Vg € G.

Physically, the slant product of the 3-cocycle w? € H3(G,U(1)) corresponds to the definition of the dyon
charges of the G twisted quantum double. We refer the readers to Ref. [72] for more details.

2. Cup product

Instead of the algebraic interpretation of group cohomology we introduced above, there is also a geometric
interpretation. In this interpretation, C™(G, M) is the group of n-cochains satisfying the following condition,

C™(G, M) := {vn|gvn(90, 91, -+ 9n) = vn(990, 991, -+ 99n) }» (Al4)
in which v,, is a map such that v, : G"*! — M. The relation between v,, and ¢, is given as follows:

cn(91,92, -, 9n) = Vn(1,91,9192, .-, 9192 - - - Gn)

= vn(1, g1, G2 -, Gn) (AL5)
There is a map between a G-valued n-simplex and the n-cochain v,,. When n = 1, we have
95 9 — vi(g1,92)- (A16)
When n = 2, we have the following
9,
— v2(91, 92, 93)- (A17)
93 %

More examples can be found in Ref. [89]. Because of this geometric interpretation, the expression for
coboundary operation becomes more compact. We have

n+1 )
6Vn41(90s - Gn41) = H Vﬁfl) (905 -+ Gi=1, Git 15 s Gt 1) (A18)
i=0
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The coboundaries and cocycles are defined similarly as in Eq. (A4) and Eq. (A3).
Consider we have two cochains v,, € C"(G,U(1)) and v,, € C"2(G,U(1)). We can construct a map such
that C™ (G, U(1)) x C"2(G, U(1)) — C™+72(G, U(1))°:

Vn, (907 g1, - g’ﬂl) U vn, (gn1 yGny+1s -0 gn1+n2) = Vni+ny (gO’ g1; .-y gn1+n2)' (Alg)
The product U is called the cup product. The cup product satisfies the Leibniz Rule.

O0(Vny Uny) = 6(Un, ) U, + (=1)" vy, Ud(vn,). (A20)

From the Leibniz rule we can see that the product of two cocycles gives rise to another cocycle.

3. Topological action and SPT state

In this subsection, we provide a brief introduction to the topological action, and its corresponding fixed-
point SPT wavefunctions.
For a (d + 1)-dimensional G-SPT state, the topological action is given by

St P (M, A] = 2mi / L[A], (A21)
M

in which A is a background gauge field that is a G-valued 1-cocycle, and M is the spacetime manifold. The
Lagrangian L£[A] is a topological invariant and satisfies,

5L =0, (A22)

where the coboundary operator 0 is defined in Eq. (A4). Two Lagrangians differed by a coboundary §© are
equivalent,

L =L+ 60, (A23)

where © is a d-cochain. Distinct classes of inequivalent Lagrangians give rise to different bosonic G-SPT
phases, which are classified by the cohomology group H+!(G,U(1)).

To obtain the corresponding SPT state, one could write the physical action of the theory in terms of the
physical fields (matter fields) from the topological action. When the symmetry group is Z,,, for example, we
can replace the the Z,-valued gauge field A by [d¢],, where [z], :=  mod n. ¢ is the physical field of the
SPT which is a Z,-valued 0-cochain. The global symmetry is given by the following transformation,

¢ = d+c, (A24)

where c is a Z,-valued 0-cocycle.

Upon this replacement, the physical Lagrangian is obtained as a coboundary L[d¢] = dw[#]. On an
manifold M with boundary M, the path integral of the theory gives rise to a quantum state. Therefore,
the SPT state defined on such manifold is independent of the bulk, and can be fully characterized by its
boundary OM,

Wysproc » X onldlg), (A25)
$€CO(OM,G)

in which ¢ is a G-valued 0-cochain on OM, and w[¢] is the Lagrangian on OM.
In the remainder of this subsection, we provide an example to illustrate how to write down the SPT state
given a topological action on a lattice. Let us consider the topological action given by Eq. (6),

1
L= ZAU 4, (A26)

6 Tn general, the cup product gives rise to the following map, C™1 (G, M) x C"2(G, M3) — C™11"2(G, My ®z M>), where
My and M2 are G-modules, and ®7z maps two modules M7 over Z and Ms over Z to another module M3 over Z such that
Ms = My ®z M. When My = Mz = U(1), M3 = U(1). We only consider this case throughout this paper.
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where A; and Ay are Zs-valued 1-cocycles. A discussion of the cup product is provided in Appendix A 2.
After we substitute the gauge fields by the corresponding physical fields, d¢; and d¢o, we have,

S:2ﬂ'i/ 1(5(]51 U5¢2:27T’i/ 5(1¢1U5¢2>, (A27)
M 2 Mo \2

where ¢ and ¢o are Zs-valued 0-cocycles. One can check this action has a Zo X Zy symmetry given by the
following transformation,

¢1 = d1+ 1, P2 = P2+ o, (A28)

where ¢; and ¢y are 0-cocycles. Using the Stokes’ theorem, the SPT state on the spatial dimension is thus
given by the path integral,

[Wyspr = D et o 401050216, ) (A29)
¢1,02

On a 1d spin chain with n sites, where each site hosts two qubits, ¢1, ¢2 € {0,1}" and |¢1, ¢2) corresponds
to a configuration of the qubits in the computational basis. We denote the values of the fields at site i as
¢1(i) and ¢2(7). Let us consider the following branching structure of the chain,

i—1 1 41
¢, , (A30)

b,

On each site, there are two qubits corresponding to ¢; and ¢, respectively. We first combine the terms on
edge (i — 1,4) and edge (i, + 1) for even i,

(o1 U 5¢2)<i71,i> + (¢ U 5¢2)(i,i+1)
= ¢1(9)(p2(7) — ¢2(i — 1)) + ¢1(7)(P2(i + 1) — ¢2(4)) (A31)
= ¢1(i)(2(i — 1) + d2(i + 1)).

We see that ¢;(odd) and ¢o(even) are decoupled from the rest. Therefore, we can ignore the decoupled
qubits, such that effectively there is only one qubit at each site, as depicted below,

1 i+l

L

The path integral in Eq. (A29) can be written in the following form

| W) spr = Z €™ i even P1(0)(S2(=DHd2(i41)) | £5(7) 1)

{e(®)}
1-27; 1-2Z;_1 1-2Z; 1-Z;41

(_1)ZievenT 7t |+>®" (A33)
= H CZi,i_chi,i+1|+>®n

i even

This is the ground state wavefunction of 1d Zs X Zs cluster state and the Hamiltonian can be written as
follows,

Hcluster = - Z ZileiZiﬁLl' (A34)
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4. G-SPT phases in 2+ 1D

In this subsection, we construct the 2 + 1D G-SPT Hamiltonian and ground state wavefuncion. Consider
a lattice £ with vertices v € V. We assign one qudit per vertex. The qudit state is given by |g), g € G. The
trivial G-symmetric ground state can be written as,

QN

1
b) = @Zm : (A35)

geG

The global symmetry operator is given by the tensor product of LY. operators on every qudit, [, L9.
The local Hamiltonian is given by the right group multiplication. We have

H=-) 1%, (A36)

In 2+1D bosonic qudit systems with finite global symmetry group G, it has been shown that these systems
can be classified according to the third group cohomology H3(G,U(1)) [89]. Different phases are labeled
by cohomology classes of 3-cocycles [w] € H?*(G,U(1)), and cannot be transformed into one another by
finite-depth, symmetry-preserving local unitary circuits [104]. The trivial class in the cohomology group
corresponds to the ground state given in Eq. (A35) and the Hamiltonian in Eq. (A36). It is also referred to
as the trivial symmetry-protected topological (SPT) phases. The nontrivial classes in the cohomology group
give rise to the nontrivial SPT phases.

When there exists nontrivial 3-cocycles, ws(g1, g2, g3), the corresponding SPT ground state can be obtained
by applying the SPT entangler Ugpr on the product state in Eq. (A35). The SPT entangler is a phase gate.
The phases correspond to different states are given as follows.

9, 9,
o —1 —1 _ —1 —1 —1
=w3(9g3,95 92,92 91), =wyz (93,93 92,92 91)- (A37)

93 gl gl g3

The fixed-point SPT wavefunction can be written as [61, 89],

QN

1 (A o
|¥)spr = Uspr @l > lg) => 11 w3212 (g5, 951 92,95 91) i), (A38)
9€G {9i} Di2s

in which [] A,qs w3 18 the product of the phase factors ws of a certain spin configuration, the sum is over

all the spin configurations, and s(A123) = £1 depends on the orientation of the triangle, as discussed in
Eq. (A37).
The SPT Hamiltonian is given by

Hgpr = USPTHngTa (A39)

where H is given in Eq. (A36).
The SPT ground state Eq. (A38) is symmetric under global symmetry transformation, ], Lf’hv. We have

s(A\ _ _
TT2% o 1w)ser = S T ws™ (93095 g2, 93 Lon) T] 29 o)

{9:} &
s(A — —
= Z Hw3( )(93,93 192392 191)|{99i}> (A40)
{9:} &

s(A _ _ _
= Z szs( )(9 193793 192792 191)|{9i}>,

{g:3 &
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By applying the 3-cocycle condition in Eq. (A10), we obtain the following relation,

w3(971, 92,95 'g)ws(97 1, 93,95 ' 92)

w3(97 93,95 92,95 "g1) = — = w3(93, 95 ' 92,95 ' g1) (A41)
w3(9~t 93,95 g1)
One can show that, on a closed manifold, we have,
s(A — — s(A _ — _
[Tws' (9595 92,95 1) = [ ws' ™ (97" 9. 95 92, 95 ' g1)- (A42)
A A
Therefore, we have
HLi,v\‘I%PT = |¥)spr, (A43)

when the manifold is closed, and [], Li,y is the global symmetry of the SPT phases.

5. 141D (Zs X Z3) x Zz SPT phases

As an illustrative example, and also for the benefit of later discussion, let us consider constructing the
lattice model for the 1+ 1D (Zs x Z3) x Zy SPT. Consider we have a 1 + 1D S3 x S5 state, and the Zg X Zgy
subgroup breaks in the the diagonal group Zs. The corresponding nontrivial SPTs are classified by the
nontrivial classes [w] € H2((Z3 x Z3) x Z2,U(1)). In this subsection, we show in details on how to construct
the ground state wavefunction and the corresponding stabilizers. This SPT will later have an important
role. After gauging, it becomes the C' <+ F exchange domain wall of S35 quantum double; see Appendix E 2.

The group elements of (Zs x Z3) % Z2 are generated by c;, ca, and t. The group presentation is

A=c=1, tet=cl, tegt=ci ciea = cacy. (A44)
The group cohomology is given by
H2 ((Zz x Z3) % Zy,U(1)) = Zs. (A45)

The 2-cocycles can be written as follows,
o o i
w (c?c%lt‘“hc?c?t’”) = exp <;”m1j2(—1)k1> : (A46)

Similar to the 241D cases, one can define the SPT entangler for the 1+ 1D SPT. The action of the entangler
on 1D is given by

:91 9:2 = wa(g2, 95 1), 9:2 g:l = w; (92,95 ') (A47)

The SPT-entangler can thus be written as,

. B L . i1—i)(—=1)*2 (j1—jo)(=1)F2 1, —
ws (61120%2tk2,t k202]2cl lzclllcélt]ﬁ) = Wy (01120%215]“270(1“ 32)(=1) ngl 32)(=1) thi—k

2m . .
= exp <3m2(31 - J2)> .

Let us consider the following lattice with the SPT entangler,

(A48)

. |

-1 v 1+1



43

in which [ is the label of site. Without loss of generality, we assume [ is even throughout the paper. At each
site [, there is a (Z3 x Z3) x Zy qudit. The qudit state can be written as |c}'c}'t*). |c}') represents the state
of the upper qutrit, |¢}') represents the state of the lower qutrit, and |tk1) represents the state of the qubit.

After applying the SPT entangler, the original stabilizers are no longer stabilizers. To find the new
stabilizers, we do the following calculation.”

2mi L . i
L, Zexp (3 sz(jm,l —ij)) .o, cimehmthm L)
m

4,3

27 . . i~ 71 j
=2 <3 > i —;mH)) vl e, )
7 m

(A50)
2mi . . . . . . il le ki
:ZGXP 3 (Zl+Zl)(]l—1*Jl+1)+zlm(]m—1*]m+l) el et )
4,J m#l
27 . . . . i
:Zexp <3 (Zl(Jll = Jir1) + Zlm(]mq - Jm+1)>> ooy cileg ™ ).
] m
Reorganizing the above equation, we get
c = > Z 211 X i . i i
L2, (Zl+1’22l—11,2) ZQXP <3 Zlm(Jmfl —Jm+1)> e )
" " (A51)

27 . . i
=2 e <3 S i1 — ymﬂ)) et ).
1,7 m

in which ZH,Q = exp (2miji+1/3), 21111’2 = exp (2mij;—1/3) correspond to the eigenvalues of the generalized
Pauli Z operator on the qutrit states |j;41) and |j;_1), and Z; = (—1)* corresponds to the eigenvalue of

~ ~ Z
Pauli Z on the state |k;) Therefore, Lc_lyl (ZHLQ Zf_lu) l is a stabilizer of the SPT. Similarly, one can obtain
all the other stabilizers, which are given as follows,

[—1 l [+1 l [+1 [+2
oO—0O0 0
LS ’Z‘Zm Z-Zl—l
7 Z% LS ’
Q00 OoO—0—+10
(A52)
-1 l [+1 l [+1 1+2
oO—0—+0 o090 oO—0—0
LC
c 2 o ) Lt_
L

The last L' operator is applied on the qubit at each site.

7 Here we assume n = 1. The n = 2 result can be obtained similarly.
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6. Kiinneth formula and the classification of 1d domain walls

When M is Abelian, finitely-generated, and a trivial G x G’ module, we have the following Kiinneth
formula [83].

d
H (G x G M) =P H" (GH" (G M)). (A53)

k=0

In 1+1d, the Kiinneth formula can help us understand the domain wall classifications. Let us look at one
example. When d =2, M = U(1), and G = G’ are finite Abelian groups, we have

H?(G x G,U(1)) = H (G, H*(G,U(1))) & H' (G, H (G, U(1))) & H*(G, H°(G,U(1)))

. (A54)
=H}(G,U(1)) & H'(G,G) & H*(G,U(1)),
in which G is the representation of G. The H2(G, U(1)) classifies gauged G-SPT defects, while the H'(G, G)
classifies the maps between electric and magnetic sectors of G quantum double. As we mentioned in the
previous subsection Appendix A 1, the first cohomology group H!(G,U(1)) classifies inequivalent 1d repre-
sentations, while H!(G, é) classifies group homomorphism between G and G. In quantum double models,
magnetic fluxes are labeled by different conjugacy classes while the electric charges are labeled by different
irreducible representations. When G is Abelian, each elements corresponds to a conjugacy class and the
representation of G is just itself. Therefore, the group homomorphism between G' and G just tells us the
map of anyons between two quantum doubles with symmetry G. When G is trivial, this corresponds to the
map that maps all magnetic fluxes to identity (vacuum), which gives rise to the smooth boundary. When it
is nontrivial, it corresponds to a map between magnetic fluxes and electric charges between two G quantum
doubles.
When we have a GV x G x G®) gauged SPT as a domain wall, the Kiinneth formula is as follows,

HA(GW x G x GO, U(1)) = HAH(GW, UL) @ HA(GP,UQ1)) @ HA(G®,U(1)) A5
@Hl(g(1)7é(2)) @Hl(G(3),G(2)) @7—[1(0(1),@(3)). ( )

For a gauged GV x G x G®) SPT domain wall, it is classified by the gauged G()-SPT defect, as well as
the anyon maps between every two G quantum doubles. Similar decomposition holds for more G symmetries
added.

When G is non-Abelian, there exists higher-dimensional representations. Therefore, the domain wall given
by H'(G,Rep*®(G")) is not invertible since the fluxes which correspond to higher-dimensional representations
maps to 1 (vacuum). For example, when G = G’ = S3, and M = U(1), we have

H? (S5 x S3,U(1)) = H? (S3,H* (S5, U(1))) & H" (S5, H" (S3,U(1))) ® H (S5, H° (S3,U(1)))

2 1 1d 2 (A56)
=H>(S3,U(1)) ® H (S3,Rep “(S3)) ® H=(S5,U(1)),

The nontrivial class in H'(S3, Rep'?(S3)) gives rise to the anyon maps [¢] — 1, [¢] — 1, and [t] — —1.

Therefore, it realizes the invertible domain wall that swaps D and B anyons, while is non-inveritible for C,

F. G, and H. An in-depth discussion of the domain walls in S3 quantum double is provided in Appendix E.
Appendix B: Proof of Lemma 2 and Theorem 1

1. Proof of Lemma 2

According to the theorem 1 in Ref. [74], with some adjustments, any action on the Pauli operators can
given by the conjugation of the following canonical unitary operator U = QII{Y’. The three unitary operators
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are
n n
— Iy, 5J ! __ 1 J
1,0=1 1,7=1 (Bl)
=([[cx) H T CX, L)
i#£] i=1 i#]
where h;, I'; 5, F’ . =0,1, and S is a permutation between n qubits. The matrices A, A’ are upper-triangular

and unit- dlagonal ie., Al g = A' =0fori>jand A;; = AL, =1 for all i. The product of CX gates
is ordered such that the control qublt index increases from the 1eft to the right. For example when n = 4,
[y OX;57

CX[ 32 CX A CX L OX g3  CXy 3 OX 5. (B2)

As we argued, the conjugation of the Clifford operators on the Pauli Z; and X; operators has a correspon-
dence to the braided autoequivalences of anyon e; and m;. We claim that the following SPT-sewing with
G x G x G symmetry gives rise to the corresponding anyon map

L, I
Stop:/ZT’JciuchrZ Q’JAiuAj
— s

(B3)

i Dk
,J J) k,s(j)
+ E A; UBS(J + E BS(J UC, + E fAi U Ck,
1,5, gk, 1,5,k,
hj=0 h]:0 hj=

where A;, B;, and C; are the background gauge fields for the i-th Zs subgroup in the first, the second, and
the third G symmetry respectively. To show the anyon map from this SPT-sewing, we first notice that the
unitaries 2 and €’ correspond to the flux-preserving maps of gauged-SPT domain walls given by the first
two terms in the topological action.

For the conjugation of the unitary II, we first notice that the anyon map from a unitary ([[,,; CX fAJJ) is
given by

n n
Aiy‘ Zn
mi = [m5™, e =], (B4)
j=1 j=1

where A is the inverse matrix. As two special cases of the unitary II, when h; = 0, the corresponding anyon
map is given by

A A

4).k 1k<()

W%Hm “@%H P (B5)
J,k=1 J,k=1

We can use the following SPT-sewing to achieve this map

Ay Aks)
Stop = /Z —2 AU By + Y —5 Buy) UCh- (B6)
%] g,k
When h; = 1, the corresponding anyon map is given by
m; — H k -5(.7) e; — H mkAj,iAs(j)dc' (B7)
J,k=1 j,k=1

We can use the following SPT-sewing to achieve this map

Stop = / Z ’”(”A UCh. (BS)

N
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In the general case of h;, the conjugation of IT gives rise to the following anyon map

AL Ak Af B () i Dk, s () Al Dagyn
mios T miioo T e, ooy [T @0 [ aton gy

k,h;=0 k=1 k,h;=0 k=1

To see how the last three terms of the topological action give rise to the above anyon map, let us fold the
topological order along the domain wall, such that the bulk becomes a quantum double of group G x G,
and the domain wall becomes a gapped boundary. To study the anyon map give by the SPT-sewn domain
wall, we can look at the anyons that are condensed on this boundary. After unfolding, the anyon map is
essentially from the component of a condensed anyon that is in the first copy, to the component that is in
the second copy of the G quantum double.

If we stack on top of the boundary another G symmetry breaking state, we can think of this folded
boundary as a SPT-sewn domain wall with (G4 x G(©)) x (GP) x GP)) symmetry, fusing with a smooth
boundary. The folded SPT topological action is given by

AL Ay
s(4) s Z S(J)
Stop = / Z fA U Ck + Z ]A U BS(]) + Z C U Bg(]) (B]_O)
;L;J:kl’ hj’io h]’ﬂo

The first term gives rise to a gauged-SPT domain wall, and the last two terms give rise to an SPT-sewn
domain wall. We can thus write the 2-cocycle of this SPT as v = w7, the anyon map is given in Section IV B.
We denote the anyons in copy A, B and copy C, D of the G quantum double as ¢ and ¢ respectively. The
anyon map from w; is flux-preserving,

w1 AL AL () S Wi AL A G - Wi ~
m; — my; H e, "’ . My — My ey & . €5,6; — €;,6E;. (B11)

khj=1 khj=1
The anyon map from 7 is a flux-charge exchange,
i, n Z/',i ~ n Zi,s(") Asiyy,i
m; —> H es(])]’ €; — H ms(;‘)a m; — H es(]') ’ ) €; —> H m ‘] . (B12)
;=0 h;=0 h;=0 h;=0
We notice that since 7 is a degenerate 2-cocycle, which means the sewing of two smooth boundaries are
not dense enough. As a result, the anyon map given above is not invertible, in that some fluxes might be

condensed on, and some charges cannot pass through this SPT-sewing defect. For example, the product of
charges on the RHS of the first two terms in Eq. (B11) are two anyons that cannot pass through

N RS os
~B 5 :,5(7) 7 s(r), kS, j 2k, s(d)
II & - I mys =1

khy=1 k,hj=1,hp=0
. A, AL A (B13)
A ,8(4) rk Sk, S,8(0)
IT < S v =1
kohy=1 k,h;=1,h,=0

Since our aim is to find all the anyons that are condensed on this boundary, we can just take the following
bulk anyons,

AL B Gy s AL A
mi [[ & o ] et T, (B14)
k,hj=1 k,hj=1

which will become m; and m; after the flux-preserving map given by w;. Therefore either they can pass
through this n SPT-sewn domain wall, or they are condensed on this domain wall already. Combining the
two anyon maps, we find that a combination of these two anyons is condensed on the domain wall,

m; H AtJAk s(4) _Tg H e, )J) M H AkJA7 s(J) _Tg H 5(;;(J)' (B15)
hj=0

kyhy=1 k,hy=1 h;=0
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Thus, taking the following combination

A A LA Ay
m; H &, 25(4) H Ty ()t

keohy=1 t,hp=0

J— J— !

A Ry o - Ay By ay ) D Bsn)e
:(mi IT & J) 11 (mt II ™ SJ) (B16)
k=1 t,hp=0 k,hy=1
/
A e
( H ee(y)) H ( H €s(j) at
t,hp=0

After unfolding, the above condensed anyon gives the first term in Eq. (B9). To find the other set of
condensed anyon, we take use of the fact that all the flux anyons on the smooth boundary are condensed,
and they can be pushed through the n SPT-sewn domain wall into the bulk,

et Ty e I (I I )™
s ()

;=0
= (B17)
A A w ~ ANy AL\ P
1 H SORCIS H (Hmksm,k Het w) '
k,hy=1 hj=1 &k t
Taking a product of the above, we obtain the following condensed anyon,
85,8k 50) = 8Bk
e [T & I me™ (B18)

k,h;=0 k,h =1

After unfolding, the above condensed anyon gives the second term in Eq. (B9).

2. Proof of Theorem 1

In this section, we prove that G x G x G SPT-sewing gives rise to all the invertible domain walls in a 2d
G quantum double for any Abelian group G. An Abelian group is always isomorphic to a product of cyclic
group, G' = Zy, X Zp, X -+ ZLy,. Thus the most general form of topological action that characterizes 1d
G x G x G SPT is given by

b c

I'; C
Stop = AUA 7B U B; — ¥ _C,uUC;
top Z /gcd (s, nyj) + ged(ng, nj) + ged(ng, nj) J

wi=1 B19
ab ac bc (B19)

- Al U B; [ Al ucC; _

* ged(ni, n;) it ged(ng, n;) i+ gcd(m,ng)

where T'; j,A; j = 0,1,--- ,gced(n;,nj) — 1, and I'; ; = 0. It turns out that like the case when G = Z%, to
construct 1nvert1ble domain walls, we do not need all those SPT phases. In the following, we will focus on

the F?’j = 0 cases.

Let us project the SPT state given by the topological action into the subspace of Xf’” = 1, where Xf’” is
the generalized Pauli X operator for the Z,,, subgroup of the second G symmetry on vertex v. (While the
projection is not necessary, it simplifies the analysis.) After the projection, the resultant state has symmetry
G* x G°, and is possibly in the spontaneously symmetry broken phase. The partition function of this phase
is given by [35]

(B20)
exp | 2mi zq:/ i UA: + ¥, uc; + AL A, uC
ged(ng, nj) ! 7 ged(ng, n;) ! 7 ged(ng, n;) ¢ J
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The delta functions in the partition function is a symmetry breaking term. For example, if we take A
as a Zs-valued background gauge field, and As as a Zy-valued background gauge field. A delta function
§(3A; mod 1) in the partition function indicates the spontaneously breaking of symmetry from Zs x Zy to
the Z,4 subgroup. A delta function § (%Al + iA4 mod 1) in the partition function indicates the symmetry
breaking from Zo X Z4 to a Zo = <t1t§> subgroup, where t; is the generator of Z, and ts is the generator of
Z4. In comparison, a delta function 5(%141 + %A4 mod 1) in the partition function indicates the symmetry
breaking from Zy x Z4 to Z3 = (tito,13).

After we apply the gauging map, this (possibly symmetry breaking) 1d G® x G® phase becomes a gapped
domain wall in the G quantum double. Comparing this domain wall with the domain wall obtained from
the SPT state before projection, we notice that with the projection the stabilizers need to be updated
appropriately. Nonetheless, if an anyon a can pass through the former domain wall, it can also pass through
the SPT-sewn domain wall. Hence if the former domain wall is invertible, the SPT-sewn domain wall is also
invertible, giving rise to the same braided autoequivalence (anyon map).

To study the SPT-sewing construction of invertible domain walls, we now focus on the domain walls from
gauging the projected states, which has a G x G symmetry (that can include symmetry-breaking cases).

Theorem 2. In a 2d quantum double (gauge theory) of a finite group G, all the domain walls can be
constructed from gauging 1d phases with G x G symmetry.

Proof. The 1d phases under G x G symmetry are classified by a pair (K,v), where K C G x G is the
unbroken subgroup, and the 2-cocycle [v] € H?(K,U(1)) characterizes the SPT order with the unbroken K
symmetry. In Ref. [7], the domain wall Hamiltonian in a G quantum double on square lattice are given, which
corresponds to gauging the fixed-point K SPT states broken from the G x G symmetry. In Ref. [61, 105],
several examples and extensions of this results are considered. We note that, if two states are in the same
phase under G x G symmetry, then there exists a shallow depth symmetric circuit to map one to the other.
As a result, the two domain walls obtained after gauging are also related by a shallow depth circuit, hence
of the same type. O

From Theorem 2, Theorem 1 immediately follows.

Let us make a few remarks on the properties of a domain wall obtained from gauging given a pair (K, v),
focusing on an Abelian group G. If K = G x G, the domain walls are indeed the G x G SPT-sewn domain
wall, discussed in Sec. IV B. When K = 1, we have a state breaking all the symmetries before gauging. The
corresponding domain wall is a rough boundary for both left and right bulk quantum double, as we showed
for toric code model in Table I. Furthermore, when K = G*, we obtain after gauging a rough boundary of
the right bulk, and a boundary of the left bulk that is a v gauged-SPT domain wall followed by a smooth
boundary.

Suppose we write G' = Zy, X Zp, X -+ 2Ly, where each Z,, is a p-group, i.e., n; is a prime number to
some power. We can similarly decompose the Abelian subgroup K into a product of p-groups. The partition
function of the (K,0) symmetry breaking phase is in general given by

H(SZ 51A+ksz

It is straightforward to show that each delta function gives rise to an anyon map. Namely, an anyon [, efs ‘

C; mod 1). (B21)

from the left bulk passing through this domain wall becomes H eks”‘ in the right bulk. We denote the

generator of Z,, as t;. Elements {g, = [],; ks, “}and {g, =, t; ko, 1 respectively generate subgroups of G,
dubbed H and H " below. For an invertible (K 0) domain wall, the two groups should be isomorphic. We
can write both groups as product of p-cyclic groups. Furthermore, we can always decompose the group G as
a product of p-cyclic groups, such that each p-cyclic subgroup of H (H') is a subgroup of a certain p-cyclic
subgroup of G. Different decompositions of group G might be different from our original decomposition by
some isomorphisms. The two decompositions given from H and H’ thus correspond to two linear maps of
the background gauge fields A, = ) . k;,A;, and C, = 3, k’r +Cr. The coefficients are given by k;, =

¢-Nr/ged(ni, Ny) and k., = A7} N,./ged(ny, Ny), where A’s are integers, and N, is the order of the r-th
cychc subgroup of H C G The delta function can thus be rewritten as

AY Af
Hé(nrA + C’ modl) Hé(zgcdm, T)Ai+gcd(nk,Nr)Ok modl). (B22)
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This is the general partition functions of (K,0) phases, if they give rise to invertible domain walls after
gauging. We can embed the subgroup H into G?, such that the above partition function can always be
written as in Eq. (B20) by choosing the corresponding values for parameters Af, and A7 ;.

Now we consider a generic pair (K,v). Given the subgroup K, we can construct two isomorphisms on G
as described above, such that the background gauge fields for G* and G¢ becomes A; and Cj. As we show
above, the delta functions in the partition function become “diagonal” as on the left hand side of Eq. (B22).
The gauge fields for the unbroken subgroup K are essentially given by . LA + lgéi, such that the vector
formed by components ; is orthogonal to vector (--- ,0, l::r, 0,---,0, l;r, 0,---) for all . Given a 2-cocycle v
for group K, we can write down its corresponding topological action using the K gauge fields. In the end,
we can always write the topological action given from v as a bilinear form of A; and C;, which is written as
in Eq. (B20) by choosing the corresponding parameters.

To summarize, the key point is that all the domain walls in a G quantum double can be obtained by
gauging a 1d phase characterized by a pair (K,v), where K C G x G [Theorem 2]. In the Abelian case,
one can see this more explicitly; as long as (K, v) gives rise to an invertible domain wall, we can write its
partition function as in Eq. (B22). Thus, all the invertible domain walls can be obtained from gauging 1d
phases with such partition functions. Recall that phases with such partition functions can be obtained by
applying projections on some G x G x G SPT states. Therefore, from SPT-sewing G x G x G SPT states,
we can construct all the invertible domain walls in an Abelian G quantum double.

Appendix C: Domain walls in Z3 toric code from Z3 x Z3s phases

In this section, we provide an example of the domain walls in Z3 quantum double. The relations between
the subgroups K € Zs X Zs, the corresponding 2-cocycles, and the anyon automorphisms are displayed
in Table IV. Instead of discussing the symmetry-breaking picture, we focus on constructing the invertible
domain walls from SPT-sewing.

First, let us discuss the domain walls from Z3 x Z3 SPT-sewing. The calculation of 2-cocycles shows that
there are two nontrivial classes of Z3 x Z3-SPT.

H2:(Zs x Z3,U(1)) = Zs. (C1)

They correspond to the e +» m and e +» m~! domain walls Sy, and Sy,. Here we use the former one as an
example. The Hamiltonians and the gauging map are given by,

T AT T T T 1

1 '~ '

' X '

X 7

I )_ (o3

1 X '

I
> (C2)

0., _ |
[ Z X [
: 5(‘7! }il:
[ S —— R —— B

The second invertible domain wall is the trivial domain wall S7, which maps every anyon to itself. The
Hamiltonian of the SPT-sewing defect, the domain wall, and the gauging map between them are given as
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follows,

[
I
I
I
I
I

N !

Here the X and Z are generalized Pauli operators and they have the following actions on states.
X|j)=1j+1mod 3), Z|j) = e9/j), (C4)

in which j € {0,1,2}, X2=X"! and 22 =Z"1.

One can see that after projecting (measuring) all the qutrits in the middle layer to the X =+1 eigenstate,
the symmetry breaks into the diagonal subgroup and the domain wall corresponding to K = nggl and
Wy = 1.

The last example is the the e <+ e~! domain wall S,., which is also called the charge conjugation domain
wall. The construction of this domain wall is given as follows,

Similarly, projecting all the qutrit states in the middle layer to the X = +1 eigenstate gives rise to the
symmetry breaking domain wall corresponding to K = nggz and we = 1.

As we mentioned earlier, the SPT state corresponds to a topological action. For the Z3 quantum double,
the topological actions of the corresponding SPTs are given by

1 ~ 1
S1 = / §A1 UAs+ gAQ U As, (C6)
1 1~
Sy = / §A1 UAs + §A2 U As, (07)
1 1
S3 = / §A1 UAs + §A2 U As, (CS)
in which g, = —A,;. Sy corresponds to the e +» m domain wall, Sy corresponds to the trivial domain wall,

and S3 corresponds to the charge-conjugation domain wall.



Subgroup K |2-cocycle |Domain wall
759 trivial | .S

ngg? trivial Sec

Zél) X ng) nontrivial | Sy,

Zél) X Zg) nontrivial | Sy,

7 x 28 Jtrivial [ S,

VAR trivial | Sime

VAR trivial | Sem

71 trivial Se

o1

Table IV. Correspondence between the gapped phases under Zgl) X Zé2)7 and the gapped domain walls in Z3 quantum
double. K is the unbroken subgroup, and different 2-cocycles [w] € H?(K,U(1)) correspond to different SPT phases
under the unbroken K symmetry.

Appendix D: Gauging global symmetries
1. Gauging map

In this subsection, we provide a brief discussion of the gauging map for ground state wavefunctions and
operators in systems with a finite symmetry group G.

Gauging is a bijective, isometric duality map from wavefunctions with global symmetries to wavefunctions
with gauge (local) symmetries [61]. Consider a lattice £ with vertices v € V and edges e € £. We assign a
G-qudit to each vertex and edge, where each qudit state is represented by |g) with g € G. The gauging map
T" between states on the vertices and states on the edges is given as follows:

9y % r %', (D1)
o o > o
Therefore, for a state on the square lattice, the gauging map is,
9:'9,
0O
F A4
— O : D2
979, 095‘93 (D2)
O
A\ 4
959,
Consider the symmetric ground state
®N
1
|¥) = @ Z 9) ) (D3)

geG

which is equivalent to the superposition of all the possible spin configurations. The global symmetry is given
by the tensor product of left group multiplication, [, Liﬂ,. One can check that after gauging, this global
symmetry operator maps to identity.

[Mee, —1 (D4)

The local Hamiltonian is given by the right group multiplication. We have

H=-) 1%, (D5)
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After gauging, the LY. » operator becomes the star term of the quantum double model. We have

Therefore, we have the following map of operator after gauging:
Lo, L A, (D7)

The zero-flux condition is automatically guaranteed by the gauging map. For example, for the state in
Eq. (D2), we have,

(95"'94) " (97" 93) (92 ' 91) (91 '94) = 1. (D8)

Therefore, after gauging the state in Eq. (D3), we can get the ground state wavefunction of G quantum
double with the following Hamiltonian [1],

H=-% A,-> B, (D9)

in which
1 k
AU = @ZAga B - Z HTii;eeap' (DIO)
9 g192...gr=11i=1

As demonstrated in this example, gauging the trivial SPT phase gives rise to the quantum double D(G).
More generally, gauging the nontrivial SPT phases give rise to the twisted quantum doubles D*(G) [91, 106].

2. Gauging S3 global symmetry

In this subsection, we take the S3 symmetry as an example to show how to sequentially gauge the Zs and
Zs subgroups, and finally obtain the ground state and Hamiltonian of the S3 quantum double.

The S5 group is the semidirect product of Zz and Zs, S5 = Zs X Zs. It is a non-Abelian group consisting
of six elements, {e, ¢, c?,t,ct,c*t}, where e is the identity element, ¢® = t? = e, tct = ¢? and tc*t = c. Since
S3 has a semidirect product structure, we can choose a basis consisting of product states over C* @ C2:

lg) = [¢"t?) = ") @ [t7), (D11)
where n € {0,1,2}, g € {0,1}, g € S3, c" € Z3 and t? € Zy. The left and right multiplications are

LE|e"th) = [e"Ther), L |emtT) = | D)

D12
Ll |ty = [e ™ 0TY), L2 |c"t9) = |7 ) (D12)
We can also define the generalized Pauli Z operators as linear combinations of 7% operators,
ZL _ Z eQwij/BTijtk7
gk
~ g
Zr =3 T, (D13)
ik

Jtk
Z =Y (-nFr§".
J.k
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Consider S3 qudits are assigned to the vertices of a square lattice, and each qudit is in the +1-eigenstate
of LY operator. A spin configuration can be depicted as follows,

(D14)

For the sake of simplicity, we denote the S3 state in terms of n;q; instead of ¢™it%.
Let us first gauge the Zs symmetry. After gauging, the ground state becomes the following,

(D15)

where the Zs qubits are on the vertices, and the Z3 qutrits are on the edges. By applying the same method
as Eq. (D6), one can find the local stabilizers become,

Zo

Iz,
SNy

—,v

(D16)

—v

in which Zy = (—1)% corresponds to the eigenvalue of the Pauli Z operator on the state |go). These are the
stabilizers of the symmetry-enriched topological (SET) phases. Then we can further gauge the remaining
Zo symmetry. We get

Zo

(D17)

which are the star terms of S3 quantum double.
In the presence of the smooth boundary, after sequentially gauge the Zz and Zs symmetry, the generalized
Ising stabilizers maps to the following:

c FS3 c
L — LY
v

3. Ribbon operators of S3 quantum double

(D18)

Given a ribbon &, one can define a ribbon operator Fg(h’g ) such that it commutes with all the stabilizers

except for the stabilizers at the endpoints [1]. The ribbon operator of quantum doubles is defined in Fig. 4
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and the multiplication and comultiplication rules are provided in Eq. (39) and Eq. (40).
In general, a ribbon operator that create anyonic excitation labeled by (C, R) is given by [1, 30, 62]

S(u.v d‘rr —
FéC,R),(u, )::7)| Z (T2 (k)

(C- 7Pikp-/1)
F. ‘
| (C ]{)EE(C)

: , (D19)

53’
in which E(C) is the centralizer group of an element r¢ € C, d; is the dimension of the irreducible representa-
tion of the centralizer group. Here u = (i,5) and v = (¢, j'), where ,¢' € {1,...,|C|} and j,5 € {1,...,d:}
are the indices for the elements of the conjugacy class and the matrix row/column indices respectively.
I (k) is the d, dimensional irreducible representation of k € F(C). Lastly, we choose {pl}ll(ill € G such that
¢ = pirop; ' € C.

We can write down all the eight ribbon operators for anyons A to H of S3 quantum double. (We denote
the third root of unity as w below.) The ribbon operators for the three pure electric charges are given by:

([e],1) _ 1 e,e e,c 6,02 e,t e,tc e,t02
F([e],fl) _ 1 (Fe,e + FoC 4 Fe,c2 o Fe,t . Fe,tc _ FC,tCZ) (DQI)
3 T 6 13 3 3 3 3 13 )
([e],m) _1 10 e,e w 0 e,c w 0 e,c? 01 e,t 0 w e,tc 0w e, tc?
Fe _3|:<01F‘5+00.)F5+0LJF5+10F§+w0F§+w0Ff )
(D22)

corresponding to the ribbon operators for the A, B, and C anyons.
The ribbon operators for anyons with [¢] flux are given by:

r Fge Fg,CQ Fg,c Fg,t FEt,tCQ Fg,tc
Fg([t],l) _ % Fgc,c Fgc,e thc,c? + thc,tc2 Fftc,tc Fstc,t 7 (D23)
I thc"’,c2 thCQ,c Ffth,e Féth,tc FEtC2,t th:Q,th |
r th,e Fg,c2 F;?c th,t Fét,tCQ Fg,tc
Fg(m’_l) _ % thc,c thc,e thc,cz . thc,tCQ Fgc,tc thc,t 7 (D24)
I thc"’,c2 thcQ,c Fgcz,e thcz,tc F{tCQ,t F£027t02

for the D and F anyons.
Finally, we have the ribbon operators for anyons with [c] flux:

1 [ FCZ,E Fcz’t FC2’C FCQ,tCZ F‘cz,c2 Fc2,tc
Fﬁ([CLl) = g ch,t Fg'cve + Ec tc gc c? + c,tc? Ec c ’ (D25)
[ e A2t e c?te? Cz,c2 2 te
Ff([C]M) - % <FF€C7t };5678 > tw (ch tc Fg(' c? > +w (ch tc? Fé(' c ) ’ (D26)
L 3 3 Fg Fg F5 F5
r 2 2 2 2,2 2 2 2
o 1 c”,e co,t Fc ,C Fc ,tc Fc ,C Fc ,tc
plbe L (Fe T E ) (e e ) g (T, e (D27)
I3 c,t c,e c,te c,C c,tc c,c
3|\ Fo' Fe Fote Fp FO' Fg

for the F, G, and H anyon.
The comultiplication rule of anyonic ribbon operators can be obtained by matrix product of the internal
states up to a constant factor for normalization.

) _ [EC) LR p(c.R)
Fe =L Fe 7UF, T, (D28)
in which & = & &s.

Here we show the comultipilication rules of C' and F anyons as examples. The C' anyon ribbon operator
is given by,

e,e — 1e,c e,c2 e,t e,tc — e,tc2
1 <F§ +OFPS +wFES  FPt+ wFE™ + oFy ) (D29)

([e},m) _ =
Ff - 3 Fe,t +@Fe,tc +er,tc2 Fe,e +er,c +@Fe,c2
3 § 3 & & &
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By applying the comultiplication rule Eq. (40), the (Fé[e]’w)> ) term can be equivalently written as
1

1

1 1
3

e,k e,k™1 — ek ek le e,k e,k 1c?
3 Z (Ffl ® F§2 + wF€1 ® F§2 + WF& ® F§2 )

keSs

1 e,e _ e,.c e,c? e,e — e,.c e,c?
- g (Ffl +WF§1 +WF1 ) ® (F& +W'Féz +W'Fz )

1 -
+g (Falerg" oy @ (R + oy +urg”)
_ ([e],m) ([6]777)) ( ([e],m) ( ([e],m)

3 (Ffl )11 (F’EQ n T 3\ Fe )12 Fe, )21 '

The (Fé[e]’w)) term can be written as
12

e,e — e,c e,c?\
(Fg —l—ng +wF§ >—

(D30)

1

1 1
3

e,k e, k™1t e,k e,k ltc — ek e,k ec?
3 > (F51 ®F," twF ] ®F, T Wl @k )

keSs3
_ 1 Fe,e + _Fe,c + Fe,c2 ® Fe,t + Fe,tc + _Fue,tc2
3 &1 W, W, &2 W, W,
1 e,t e,tc — e,th e,e e,c — e,c2
+ 3 (F€1 + WFfl + wF{l ) ® (Ffz + wF{z + wF{z )

=3 (77, (7)o (7)), (5257),,

The decomposition of the other terms can be obtained similarly. Finally, we have

et ete | —petc®) _
<F§ —l—wF5 —I—wF§ )—

(D31)

Fg([e]v‘“') — 3F£([e]a7r)F£(2[€]:7") (D32)

1

Next, let us check the F' ribbon operator. We have,

(D33)

c2,e FCQ,C FCQ’CQ FC27t Fc2,t02 Fc2,tc
1 (F e HE T E e TR Ok >
3

plan _ 1
13 Fc’t + Fc’tc + Fc,ltc2 Foe 4 Fc,c2 + Foe
13 3 3 & 3 3

The first term (Fé[c}’1)> can be written as
11

e e c?,c? _ 1 2k Ele?k k! 2k kK, ke 2k E7le?k k12
(Fs TF A )—§Z(F§1 ® I, T F, T ek, T, T @I, )
keSs

1

=g (B R B ) o (R L )
1 cz,t c2,t¢:2 cz,tc c,t c,tc c,tc2
+3 (Fe P 4 R ) o (g + RS + RS

W =

(D34)
The decompostion of the other terms can be obtained similarly. We conclude that

FIY = gpldD gl (D35)

Appendix E: Domain walls in S; quantum double

In this section, we provide more details about the construction of the domain walls introduced in Sec. V.
The structure of this section is as follows: In Appendix E 1, we will construct the S5 x S3 SPT-sewn domain
wall, which corresponds to the B <» D domain wall discussed in Sec. V C. In Appendix E 2, we will construct
the C < F domain wall. The corresponding (Zs x Z3) X Zg SPT can be obtained from measuring out the
middle layer of the S5 x Rep(S3) x S3 SPT-sewn domain wall as discussed in Sec. VD.
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1. S3 xS3 SPT-sewn domain wall

Consider we have two S3 Ising models with smooth boundaries in the symmetric phase. We can sew
the two smooth boundaries together by applying the SPT entangler, which corresponds to the nontrivial
2-cocycles wo € H?(S3 x S3,U(1)). We have

H?(S3 x S3,U(1)) = Zo, (E1)
The nontrivial 2-cocycle is given by
wo ((t“cﬁ,t"ZCJZ), (t"’lcﬁ,ti'zci/z)) = (—1)ids, (E2)

By scrutinizing the exact form of the 2-cocycle, we find the nontrivial 2-cocycle of S5 x S3 in fact comes
form the Zs X Zy subgroup. The 2-cocyle of the nontrivial Zy x Zo SPT is given by

vy (8, 22), (#5,4%)) = (~1)"%, (E3)

which is exactly the same as Eq. (E2).

Therefore, the B <> D domain wall can be obtained by sewing the Zs x Zs subgroup of the smooth
boundaries with S5 x S3 symmetry and gauging the global S35 x S3 symmetry. The SPT Hamiltonian and
the gauging map are shown as follows.

For the Zs layer, we have

For the Z3 layer, we have

To show this domain wall condenses B and D anyons, we can show that Fé([e]’_l) ® Ff([t]’l) and Ff([t]’l) ®

F([e]’fl) commute with the stabilizers on the domain wall. The nontrivial stabilizers on the domain wall are
the following:

(E6)

For the simplicity of discussion, we consider a ribbon £ passing across the domain wall. The left part of the
ribbon is labeled as &1, while the right part of the ribbon is labeled as ég. We denote £ = £1.¢R.
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By definition, A anyon (the vacuum) can go through the domain wall. Pairs of B anyons in the left bulk

are created by the ribbon operator F, E(Le]’fl)

Z string attaches to the domain wall from the left bulk, the first term in Eq. (E6) is violated. One can further

, which is a string of Pauli Z operators on qubits. Since the Pauli

apply the ribbon operator of the D anyon on the other side, namely, Fég]’l). We find that each entry of

F, 5(1[:],1) contains a Zs shift operator at the endpoint attached to the domain wall, which anti-commutes with

the Pauli Z operator in the first term in Eq. (E6) as well. Therefore, the product Féﬁe]’_l)Fég]’l) commutes

with the stabilizers on the domain wall. One can also verify F, [t] 1)F (<=1 commutes with the domain wall
stabilizers as well.
Now consider the scenario where two FE anyon ribbon operators are attached to the same site on the

domain wall, Fg/ (It]: _1)F (-1 " We have the following fusion rule [7]:

BxD=F (E7)
For the ribbon operator, according to the multiplication rule in Eq. (39), we have
([el,.=1) ([t1,1) _ po([t],-1)
Fe Fe = F; . (E8)

One can check it by substituting Eq. (D21) and Eq. (D23) into the above equation.

Therefore, we can consider aligning the ribbon operators for the B and D anyons together on each side
of the domain wall. Specifically, we have the ribbon operators Féie]’_l)Fég]’l)7 and Fg]’l)FéE}’_l). By
([t]fl)F([thl)

&R
F ([e]’_l)FéE] 1 and FEF] I)Ff(}[:]’ D commute independently with the domain wall stabilizers. Therefore,
their multlphcatlon also commutes with the stabilizers.

We conclude that the S3 x S3 SPT-sewn domain wall is invertible for A, B, D, and F anyons. For all the
other anyons, this domain wall is not traversable.

multiplying them together, we obtain F As we have shown earlier this subsection, both

2. C « F domain wall

In this subsection, we construct the C' «<» F domain wall by gauging the (Zs x Z3) x Zs SPT on a
codimension-1 submanifold of the 2d S3 Ising model. The (Z3 x Z3) x Zs SPT is calculated in Appendix A 5.
Unlike in Appendix A 5, where we assume there is one qubit per site, here we assume there are two qubits
per site. However, since the Zs X Zy group breaks into the diagonal subgroup, the two setups are equivalent
up to isometry. Therefore the qubit state at each site can be written as |tkltkl>, where |t’fl> is the qubit
state above, while |t ') is the qubit state below.

After gauging the Z3 symmetry, the Zs stabilizers on the domain wall becomes the following,
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And the Z5 operators are unchanged. The ground state of the above Hamiltonian corresponds to the domain
wall Hamiltonian of a symmetry-enriched topological (SET) phase. Specifically, it corresponds to the Zj
quantum double enriched by the Z, charge conjugation symmetry. The ground state wavefunction can be
written as follows:

|¥)spT o Z |3 (BN (i =ni)y @ |95, (E10)
{ni}{g;}

where i and ¢’ are neighboring vertices, s(A) = £1 depending on the orientation of the edge, n; € {0,1,2},
and ¢; € {0,1}. Along the domain wall, we require an additional constraint that the top and bottom qubit
states are the same in the group basis.

Then we further gauge the remaining Z, symmetry. We use the first stabilizer in Eq. (E9) as an example.
We have

211 . .
|V)sET = Z exp <3ZI(JZ+1,1 _Jll,l)>

{41,51,k1 }

Clt1 Cl (tl
r 2mi . ik, P (E11)

- xp\ 3 (i1 = Jim1a) ) et CL)\ [ A ﬁl\ t,
{ilajhk}l} \ |9

H g G g

t2 02/1 Vt2 tg /0271 lt21
O O
U U

In which ji41; = f1+1 — J1, @, 51 € {0,1,2}, k; € {0,1}, and |¥)qp is the ground state wavefunction for the
Ss quantum double with the above domain wall. Similarly, one can get the other stabilizers. We summarize
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all the stabilizers below.

1) : (2) 3) 4)

LS L'
Ly L L L Z
U(‘ v(? Ue v@
zZ' 7 TLL AT ’
—Q@
) Z
Ly
, (E12)
(5) (6) (7) (8)
: L
Zi | Zn ' I’ Z
. ’UO. 7}0 . ’Uo
Lo LI L
—@
Z
" -

in which Z,, Zg, and Z are defined in Eq. (35). Although Eq. (E11)(1) and (3) do not commute with each
other, conjugating (1) by (3) yields, the inverse of (1). Thus they are frustration-free. The same conclusion
can be applied between (5) and (7). If needed, these can be turned into a commuting Hamiltonian by
summing the terms over ¢ and t.

Following the discussion in Appendix D 3, The C'F ribbon operator can be written as follows,
CF _ qpC F
Fet =3F Fy,, (E13)

in which & = &£ and the intersection of £ and & is at the domain wall; see Eq. (E14) for an illustration.

There are two types of stabilizers on the domain wall that connect the two bulks: Eq. (E12)(1) and
Eq. (E12)(6), and Eq. (E12)(3) and Eq. (E12)(7). One can check that all the other stabilizers commute
trivially with the C'F ribbon operator. We use Eq. (E12)(1) and Eq. (E12)(3) as nontrivial examples to
illustrate that the C'F ribbon operator commutes with the stabilizers on the domain wall. The commutation
for the remaining cases can be shown similarly.

The branching structure and labels of ribbons and qudits are displayed below, as well as the ribbon we
choose.

3 —

(E14)

<o .

£, 4

The arrow in the above equation shows the direction of the anyons.
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We place the C ribbon operator on & and F ribbon operator on &. Note the ribbon operator has a
nontrivial overlap with domain wall stabilizers only on qudit 1,2, and 3. Thus it suffices to check the
commutation relation with respect to a “short” ribbon operator supported on these sites; the commutation
relations for the longer ribbon operators then follow from the comultiplication rule [Appendix D 3].

The nontrivial part of the calculation can be summarized as follows. The relevant matrix entries of
Eq. (E13) are

e,e e,c e,c e 2. c?,c?
o+ P + WG ) @ (B + FG O+ FG )

(E15)

FCF (
e,t e,tc e,tlc c,t c,tc c,tc2

+<F +wFS e+ oF ) @ (R + P+ P

CF e,e — 1e,c e,c2 cz,t c2,tc cz,tc2
F (F —|—ng1 +WF51 ) ® (FEQ + F§2 + F§2 )

e,t — e,tc2 e,tc c,e c,c 0,02

+ (Ffl +WF§1 + wFEl ) ® <F§2 + Ff2 + Ffz ) :
Before we proceed, we point out a subtlety on the orientation of the ribbon operator. If we rotate Eq. (E14)
counterclockwise so that it becomes horizontal, and compare it with the ribbon operator defined in Fig. 4,
we find the orientation of the horizontal line reverses in the middle. If the reversed orientation is applied

everywhere, the delta function defined in Fig. 4 would become dg-1 5, 4, 0,-
First, let us check the commutation relation between Eq. (E12)(1) and the first term in Eq. (E15). Because

FE( ©9) projects the state on the qudit 1 to ¢!, we get
Le F(@»Q) F(e,gc )Lc (EIG)
+,17 & +,1»
Furthermore, we get
(¢*,9) (®.9) -1 (e.9) _ (e,9) 7—1
Z F =wk, "7, ZLQF WFe, " Z1 5, (E17)

From these relations, it follows that (FgF ) and (FECF ) are invariant under the conjugation by
11 12
Eq. (E12)(1). Similarly, one can show that the other matrix elements commute with Eq. (E12)(1) as

well.
The next nontrivial commutation relation is between Eq. (E12)(3) and Fg F. To that end, we note

LY (FG9=FoULY (E18)
and

(L, ® LY ) ngg = FOO (L, 0Ll ), (Lh,®Ll ) Fof = ng»gt (L4, ® L ). (E19)

Thus conjugation by (L% ; ® L, , ® L% 3) effectively exchanges the first and the second term of ( FZF
+ + +.3 £ ),

[Eq. (E15)]; the same conclusion applies to (Fg F ) L 2 well. It is also straightforward to check that

(FgF) and (chF) also commute with (LY ; ® LY, , ® L 3). We conclude that FgF commutes with
21 22 ' ’ ’

Eq. (E12)(3).

The other stabilizers on the domain wall—specifically (2), (4), (5), (6), (7), and (8) in Eq. (E12)—commute
trivially with Fg F. Therefore, the C'F ribbon operator FEC F [Eq. (E14)] commutes with the domain wall
stabilizers Eq. (E12). By using the same method, one can check that Ff'C commutes with the domain wall

stabilizers as well. We conclude that the Hamiltonian Eq. (E12) corresponds to the domain wall Hamiltonian
representing the C' <+ F' domain wall.

Appendix F: Domain walls in the 3d toric code: calculation details

In this section, we provide calculation details for the domain walls discussed in Section VI. In all the cases,
we will start from a trivial SPT, apply the SPT entanglers, and then gauge the entire system. We discuss
the type-1, II, and III domain walls in Section F1, F 2, and F 3.
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Let us remind the readers of our convention. We shall employ a lattice structure in Fig. 7. The vertices
of this lattice can be partitioned into three sets R, GG, and B. Vertices in these sets and the orientation of
the edges are described as follows:

With respect to this lattice, the SPT entanglers are constructed using the method of Ref. [61, 90], which
amounts to assigning the following phase factor to each triangle:

g2 g2
=w(g3,95 '92,95 ' g1), =w (93,95 92,95 ' 91), (F2)

g3 gl gl gg

where w is an appropriate cocycle.

1. Type-I domain wall

We begin by constructing a nontrivial Zo SPT on a codimension-1 submanifold. The SPT on this sub-
manifold is called the type-I SPT, which is equivalent to the Levin-Gu SPT [91]. The corresponding type-I
3-cocycle is given by [61, 72]

2

where g1, 92,93 € {0,1} correspond to the states at three vertices of a triangle, and [g2 + g3] = ¢2 + g3
mod 2. Equivalently, the nontrivial 3-cocycle can be written in the following form

wr(g1, 92, 93) = (—1)919293, (F4)

P
wr(g1,92,93) = exp <91(92 +93—[92 + 93])> ; (F3)

which will be more convenient for us.
Letting w = wy, we obtain the SPT entangler. For the purpose of obtaining the stabilizers of the SPT
Hamiltonian, it suffices to obtain the entangler acting nontrivially on a single site, such as the following:

95 Oy,

With respect to these sites, we obtain the following SPT entangler (specifically, consisting only of gate acting
nontrivially on gg)

wi(90, 90 91,91 '92)wr (90, 9o 93, 95 ' 9a)wr (90, 9o ' 95,95 9s)

wr(90, 90 93, 95 ' 92)wr (90, 9o 95,95 9a)wr (90, 9o 91, 91 96)

= exp (1igo(9192 — 9293 + 9394 — 9495 + 9596 — 9691))
= CCZo,1,2CC%Z¢,2,3CCZ0,3,4CCZ0,4,5CCZo 5,6CCZo 6,1,
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in which CCZ; ;1 is the CCZ gate between qubits i, j, and k. The same result applies to every vertex,
independent of their type (R, G, and B). Thus the SPT entangler is a product of CCZ on every plaquette.
Therefore, the fixed-point SPT wavefunction is given by the following,

) =" T i (95,95 92,95 " 91) Q) lgw) (F7)

{gv} D123 v

in which g, is the state at site v, Aja3 is a 2-simplex (triangular face), and s(A123) = %1 denotes the
orientation of the triangle.

Conjugating the local stabilizers of the trivial SPT by the SPT entangler, we obtain the Hamiltonian of
the SPT:

(F8)

After applying the gauging map [Section III], we obtain stabilizers of 3d toric code in the bulk. However,
on the domain wall, we obtain the Hamiltonian of the type-I Zs twisted quantum double, which is similar to
the Hamiltonian of the quantum double model but includes an extra phase factor W¢ associated with each
vertex [34, 106]. The Hamiltonian on the domain wall is given by

H=-> Y AWJ-> B, (F9)
v geG P

Here A, and B, are the vertex operator and the plaquette operator. (We use the convention in which raising
by the power of 0 yields an identity operator.)

We now describe the remaining operator W,,. To that end, recall that the gauging maps the vertex degrees
of freedom to the edge degrees of freedom [Section III]. Specifically, it gives the map:

U {gi)o — Hgig; ' e- (F10)

When g; € Z,,, we have gigj_1 = g; — g;. Thus we get |g;;) = |g;: — g;) on the edges after gauging. Applying
this relation to every CZ gate in Eq. (F8), we obtain

(F11)

where the red wavy lines represent CZ gates between the connected two qubits.

While Eq. (F9) is not known in the literature in its exact form, we note that it can be related to a known
exactly solvable model of double semions. More specifically, if we remove the edges perpendicular to the
triangular lattice, its ground state becomes exactly the ground state of the model in Ref. [99]. To see this,
note the following relation between a CZ gate and a product of S and St gates on a flux-free triangle:

St
o o}
7 . (F12)
VVWN\ =
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Using these relations, we can change the star operator as follows:

AW - (F13)

Here we conjugated each site on the triangular lattice by S and St to remove Pauli Z operators. At each
edge connected to v, a factor of ¢ is introduced. The product of these factors gives rise to a minus sign. If
we only consider the qubits on the triangular lattice, Eq. (F13) is exactly the generalized star term defined
in Ref. [91, 99] as the stabilizer of the double semion model.

Similar to quantum doubles, ribbon operators can be defined for twisted quantum doubles as well. A
detailed discussion can be found in Ref. [107]. Here, we present the relevant results.

An open ribbon £ can be defined on the triangular lattice with endpoints (i4,t4) and (ig,tp), as displayed

below
ta W ' (F14)

acting on the ribbon & can be defined as follows:

A ribbon operator Féh’g)

(R HES D {his}y = fa - f5 - fan - w)(9). (F15)

in which [{h;;}) is the set of states inside the ribbon and h;; = hh;; when the group is Abelian. The right
hand side of Eq. (F15) is a phase factor. The definitions of each components can be found in Ref. [107].
Here, instead of writing down the explicit form of the ribbon operator, we analyze the structure of the ribbon
operator, and discuss the phenomenology of anyons.

The anyons of the TQD can be labeled by the magnetic fluxes, A € Z,, and the associated projective
representation corresponding to a 2-cocycle c4, which is given by the slant product of the 3-cocycle.

w[(A, B, C)UJ[(B, C, A)

CA(B,C) = iAoJ(B,C) = wI(B A C)

(F16)

When A = 0, ca vanishes. Therefore, anyons without magnetic fluxes are classified by the irreducible
representations of Zo, which corresponds to the the vacuum 1 and the boson s5. The ribbon operator
creating a pair of s5 can be represented as follows,

WW . (F17)

By applying the operator above, the star terms at the endpoints are violated, creating a pair of s5. One
can then apply Pauli Z operators on the neighboring edges in the bulk to move the s§ pairs into the bulk,
where they become two electric charges.
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When A =1, C4 = (—1)B¢. The corresponding projective representations give rise to the semion s and
the anti-semion 5. The ribbon operators can be written in the following form:

wo VIR
g

wo IV
g

in which ®,(¢) and ®3(£) are phase gates satisfying Eq. (F15). On the domain wall, a pair of s or § anyons
can be created by the above ribbon operator. At the same time, this operator also violates the connected
plaquette stabilizers in the bulk, generating semi-loops of magnetic fluxes on both sides. Therefore, the
excitation it creates is a magnetic loop anchored on the domain wall, with intersections attached to a pair
of semions or anti-semions.

(F18)

2. Type-II domain wall

In this subsection, we discuss the 2 + 1D Zs X Zo SPT-sewn domain wall. Restricted to the domain wall,
the model is effectively a Zg X Zy twisted quantum double (TQD), which is also equivalent to the Z4 quantum
double (QD) [94]. We consider a lattice construction similar to that shown in Eq. (F1). In the bulks on
both sides of the domain wall, there are 3d toric codes, and the domain wall itself is the Zy x Zy SPT-sewn
domain wall. Therefore, there are two qubits per site on the domain wall, each belonging to a different bulk
on either side.

Let us first discuss the ungauged model. The nontrivial SPT that couples two Z, symmetries together is
called the type-II SPT [61, 72, 90]. The corresponding 3-cocycle can be written as,

P
ey + g5 - [9&2) +g§2)})> : (F19)

wrr(g1, 92, 93) = exp < B

in which g1, go, and g3 are Zo X Zs states at each vertex of a triangle on the domain wall, and we have

a1 = 0",99), 92 = (657, 95), g5 = (45", 652, p, 9\, 65, g € {0,1}, and [gég) +g§2)} represents the

sum of gg) and g§2) modulo 2. Equivalently, the nontrivial 3-cocycle can be written as the following form,

wrr(g1,92,93) = (—1)g§1>g£2)g§2)~ (F20)

On the domain wall, the lattice is the same as Eq. (F1), but with two qubits per site. The branching
structure near site G is given as follows,

(
g\

(0
g
O 2

%, 9, (F21)
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in which ¢ € {1, 2} labels different qubits at each site. The SPT entangler acting nontrivially on gg is

wrr(91, 97 " 92,95 " 90)wri(g3, 95 94, 91 ' g0)wir (95, 95 ' 96, 95 90)
wrr(gs, 95 ' 92,95 " 90)wrr(gs, 95 " 9a. 91 'g0)wir(g1. 95 ' 96, 95 90)

= exp (mgé2)( (2) (1) _ g§2) 4 (2)g£1) _ 9512) O (2)gé1) _ géz)ggl)))

. 1) (2 2 2 1 2 2 2 1) (2 2 2
xeXp(m(g§)g§)(gé)—gé))Jrgé)gé)(gi)—gé)) 95”957 (96 — gi))))

wexp (i (509 - 60082 + 06 — g5 + 900 — )

= CCZ2) 11 2 CCZy2) 52 3010 CCZLy2) 42) 300 CCZg2) 42 500 CCZ2) g2) 500 CCZLo2) 20 101)
x CCZy1) 12,2 CCZ11) 12 62 CCZ31) 22 32 CCZ3g1) 302) 42 CCZ5 1) 42 52 CCZ51) 52) 62
X CZy1) 22 CZy ) g2 CZs) o2 CZiz) 42 CZis1) 42 Clis ) g2) -

(F22)

Here CCZg2) ;1) o2 represents a CCZ gate acting on the second qubit at site 0, the first qubit at site 1, and
the second qubit at site 2. Note that, when conjugating the single-qubit operator on a site of type G, only
the first line in the last equation contributes.

Similarly, one can get the SPT entangler near site of type R, which is given by

CCZ0(1)71(2)72(2) CCZ0(1)72(2)73(2) CCZo(l),4(2)72(2)CCZQ(1),4(2),5(2)CCZO(1)76(2)’5(2) CCZ0(1)76(2)71(2). (FQS)
And we also have the SPT entangler near site of type B, which is

CCZO(z) 2(1) 1(2) CCZO(z) 61,12 CCZO(z) ,2(1) 3(2) CCZ0<2)’4(1)73(2) CCZO(2)76<1))5<2) CCZO(2)74(1)75(2)

(F24)
XCCZQ(I) 72(2)71(2) CCZQ(I) ,2(2) ,3(2) CCZ4(1) 74(2) ,3(2) CCZ4(1)74(2)75(2) CCZ6(1)76(2),5<2) CCZG(I),6(2),1(2) .

Note again only the first line contributes when conjugating an operator at the center site by the SPT
entangler.
Combining all the contributions together, the Hamiltonian of the SPT is given by the following:

(2) Cz (2) o cz @ (2) cz (1)
< o o

(F25)

- ~0 O ~0 O -
CZ : CZ

The number labels associated with each site represent which qubit the CZ gates apply on.

After applying the gauging map to Eq. (F25), we obtain 3d toric codes in the bulk on both sides of the
domain wall. On the domain wall, we get a model which is effectively a Zy x Zs twisted quantum double,
but with extra edges connected to the bulk. The Hamiltonian can be written in the following form:

== > AW - Z B,, (F26)

v geG

where A9, B, and WJ are shown in Fig. 12.

Before we discuss the properties of the domain wall in terms of bulk excitations, we first discuss the anyon
theory of the Zg X Zo twisted quantum double [72]. Anyons of Zy x Zy TQD can be labelled as (A, nMn(2),
in which A labels the magnetic fluxes and n(Yn(? labels the electric charges. For simplicity, and to draw

an analogy to the Z, toric code model, we will label the anyon (A, n(Vn®) as m(@™:a®)e®™:n™) For the
full anyon content, see Table II. The exchange statistics are given by

e(m(o 1) (0, 1)) (m(l,O)e(l,O)) _ e(mu,o) (1, 1)) 9(m(0 1) (1, 1)) _ 71’

F27
0( (1, ) 0( (1, 1)6(1’1)) =i, a(m(l,l)e(o 1) ) 0( (1 0)) —i ( )

All other anyons are bosons.
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Figure 12. (a) Lattice used in the construction of type-II domain wall. We assign two qubits per site, each one being
labeled by the bulk on different sides. (b) Plaquette Z stabilizers B,. (c) The star terms AJ. X represents the
Pauli X operator acting on the first qubit, X @) represents the Pauli X operator acting on the second qubit, and
X2 represents a product of Pauli X operators acting on both qubits. (d) The phase operator W7. The red wavy
lines represent CZ gates between qubits on different sites. The numbers label the qubits on each site. For example,
a wavy line connects (1) and (2) represents a CZ gate between the first qubit on the first site and the second qubit
on the second site. The operators not specified in these diagrams are identities.

The ribbon operators are given as follows. Pairs of e('9) and pairs of ¢(®!) anyons can be created by
applying Pauli Z strings on the corresponding qubits.

(1) 1 1
6(1.0) Z Z( ) Z( ) e(l’o)

g

, (F28)

in which the subscripts represents which side of the 3d toric code the qubit belongs to. At the endpoints, the
star terms are violated, creating excitations. By applying Pauli Z operators on the neighboring edges in the
bulk, one can move the anyons (1% and e(®!) into the bulk, where they become ey, and ep, respectively.

A Pair of m™9 and m9e(®1) can be created by

(@ [ W\’{/’Y\/ -

(1 0) (1 0) (0,1)
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And similarly, a pair of m(%1) and m(©De(1:9 can be created by

(o) (D)

o CAVAY VA

(0 1) (0 1) (1,0)

in which ®;(£) and ®,(¢) are phase gates satisfying Eq. (F15). On one side of the bulk, (% or e(%1) can
move out of the domain wall and become ey, or eg in the bulk. On the other side, string of X violates
the plaquette stabilizers in the bulk, generating a semi-loop of magnetic flux with endpoints attached with
a pair of m(9 or m(0:1),

With these ribbon operators, we can study the interplay between the excitations in the domain wall and
the excitations of the 3d bulk. Consider a system with two (34 1)d toric codes and a (2+1)d Zy x Zz TQD
as a gapped domain wall, as depicted in Fig. 9(a). We label the excitations in the left as {11,er, mr, mrer},
and the excitations in the right as {1g,er, mgr, mrer}.

The endpoints of ey, and eg lines can terminate on this domain wall and become bound states with e(1,0)
and e(%1) | respectively. The endpoints of my, and mpz can terminate on this domain wall as well, and become
bound states with m:? and m(®Y | respectively. This condensation property can enable a nontrivial domain
wall. Namely, a pair of endpoints of magnetic fluxes become a single electric charge on the other side. This
process is depicted in Fig. 9(a).

0) (0,1)

Also, a semi-circle of magnetic flux terminate on this domain wall and becomes a pair of m(*9 or m
anyons and their anti-particles. For example, we can choose the anyon pair to be m(9 and m(:9e(0:1),
Since e(®1) forms a bound state with e from the other side, it can come out of the domain wall and become
a epr particle in the bulk. Therefore, near the domain wall, there is one magnetic semi-loop attached to a
pair of m19 particles, and a string of e particle.

3. Type-III domain wall

In this subsection, we discuss the Zs X Zgy X Zo SPT-sewn domain wall between two 3+1D toric codes and
one 341D toric code. The procedure is briefly summarized as follows: Consider that we have three copies
of the lattice displayed in Eq. (F1). For each copy, we assign one qubit at each vertex. We stack two copies
on one side of the domain wall and one copy on the other side. At the domain wall, the lattice is similar
to Eq. (F1), but with three qubits per site, each belonging to one of the copies. We initialize the state of
each qubit to be the |+) state and apply the SPT entangler on the domain wall. After gauging the entire
Zo X Lo X Zo symmetry, we obtain the Zy X Zo X Zo SPT-sewn domain wall.

Let us first discuss the ungauged model. The corresponding type-III 3-cocycle is given by

w111(91ag2793) = exp (P7”9§1) 52)9:(»,3)) s (F31)

in which g1 = (31", 9'%,9), 92 = (45", 657, 95), g5 = (67,952, 95y, p, o', 957, giF) € {0,1}. The

nontrivial 3-cocycle can be equivalently written as,

Wi = ( 1)9(1)9(2)g(3) (F32)

Following calculations similar to Appendix F' 1 and F 2, the SPT entangler near a site of type R is given
by

CCZya) 12 23 CCZy1) 32 23 CCZo1) 302 43 CCZo) 5020 43 CCZy) 52 6 CCZg1) 12 63 - (F33)

Similarly, one can get the SPT entangler near site G and site B. The Hamiltonian of the SPT on the domain
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wall is given by

CZ

A

After applying the gauging map to Eq. (F10), we get the Z3 twisted quantum double. The Hamiltonian

can be written in the follow form
H=->"%"AIW¢-> B, (F35)

v geG P

in which g € G = Z3, A, is the star term, B, is the plaquette term, while the phase terms WJ are displayed
below,

where a,b,c € {0,1}.
The excitations of the Z3 TQD can be labelled by the magnetic fluxes, A € Z3, and the associated projective
representation corresponding to a 2-cocycle c4, which is given by the slant product of the 3-cocycle.

A B B A
ca(B,C) :=iqw(B,C) = wirr( (:JH’I?éWXIé),Cv )_ (F37)

The anyons are summarized as follows [72]:
e A=(0,0,0). There are 1 vacuum and 7 electric charges in this class. We label them as 1, e(100) (010)
e(001)  ((110) o(011) ¢(101) 3nq (1) iy which e(110) = (100) x (010),

e A =(1,0,0). There are two two-dimensional irreducible representations for c4, and the self-statistic
for one is bosonic and the other is fermionic. Therefore, we label them as m(19%) and f(109) Similarly,
we have m(91%) and f(°10) when A = (0,1,0), and m®°Y) and £V when A = (0,0, 1).

e A=(1,1,0). Similar to the previous case, there are two two-dimensional irreducible representations for
ca, and the self-statistic for one is bosonic and the other is fermionic. We use the same nomenclature
to label the anyons in this class as m(110) m(011) p(101) - £(110) = £(011) " 5pq f(101),

e A= (1,1,1). In this case, there are two two-dimensional irreducible representations for c, and the
self-statistics for one is semionic while for the other one is anti-semionic. Therefore, we label them as
s and s.

In summary, there are 22 different types of anyons in Z3 TQD, including 1 vacuum, 7 electric charges, and
14 dyons.

Similar to the type-I, and type-II cases, electric charges can be created by strings of Pauli Z operators,
and magnetic fluxes can be created by strings of Pauli X operators with a sequence of phase gates along the
ribbon. When braiding two magnetic fluxes with different types, for example, m (%9 and m(©19) an eletric
charge of the third type, e(°°Y)| can be generated at the intersection, which can be moved to the bulk and
becomes a electric charge on the other side of the domain wall.
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