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Abstract

The m-pairing state is the eigenstate of the hypercubic Hubbard model, which exhibits
anomalous logarithmic scaling of entanglement entropy. In multi-band systems, n-pairing
can be exact eigenstate when the band is flat without interband coupling. However, typ-
ical flatband systems such as Lieb and Kagome lattices often feature band touchings,
where interband coupling effects are non-negligible. Using the Creutz ladder, we in-
vestigate the deformation of n-pairing states under the interband coupling effect. Our
results show corrections to entanglement entropy scaling, with modified n-pairing states
displaying broadened doublons, nonuniform energy spacing, and deviations from exact
behavior for configurations with more than one n-pair, even in the large band gap limit,
except at t = 0. Through a Schrieffer-Wolff transformation, we quantify corrections to
the spectrum generating algebra, offering insights into the interplay between interaction-
driven phenomena and band structure effects. These findings illuminate the robustness
and limitations of n-pairing in realistic flatband systems.
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1 Introduction

Entanglement entropy (EE) is a fundamental measure of quantum correlations in diagnosing
many-body quantum phases [1-8]. In general, EE of thermal states obeys a volume law, scal-
ing proportionally to the system size (~ LY), while the ground states of gapped Hamiltonians
typically follow an area law (~ L%™1). On the other hand, certain critical systems [9-14] ex-
hibit logarithmic scaling of EE (~ log L), reflecting the presence of long-range correlations and
emergent symmetry structures such as quantum many-body scars and Hilbert space fragmen-
tation [4,15-25].

A representative example of such emergent structure is the n-pairing states, first introduced
by C. N. Yang in the context of the single-band Hubbard model [26]. A hidden pseudo-spin
SU(2) symmetry ensures the perfectly bound Cooper pairs as the eigenstates giving rise to
the off-diagonal long-range order (ODLRO) of a doublon pairing order. The resulting n-paired
eigenstate form an equally spaced tower of eigenstates. In multi-band systems, recent work has
shown that n-pairing can also be stabilized in flatband systems, when the flatband is perfectly
isolated from other bands [27,28].

In many lattice realizations of the flatbands such as Lieb, Kagome, and Creutz ladder mod-
els, the flatband accompanies symmetry protected band touching with dispersive bands [29,
30]. This band touching induces non-negligible couplings between the flat and dispersive
bands, thereby spoiling the exact pseudo-spin SU(2) symmetry that underpins the ideal -
pairing mechanism. Consequently, it remains an open question how 7 pairing states and the
associated dynamical phenomena, such as energy spacing, correlation length, and entangle-
ment entropy, evolve under the interband interactions.

In this work, we address the modification of ideal n-pairing states in the Creutz ladder, a
representative flatband model in one dimension. We reveal three key phenomena. First, even
when the flatband is not strictly isolated, a distinct subset of eigenstates continues to exhibit
log-law behaving entanglement entropy—indicative of 7)-like states. Second, while interband
coupling disrupts the exact pseudo-spin SU(2) symmetry and its associated spectrum generat-
ing algebra (SGA) of the n-pairing states, Schrieffer—Wolff (SW) transformation demonstrates
that an approximate SGA emerges, capturing the modified energy shifts induced by virtual
excitations. Third, in real space, the originally on-site doublon pairs broaden into extended
states as hybridization sets in, indicating that interband coupling effectively delocalizes the
pair correlations.

Recent studies have further revealed that n-pairing states are intimately connected to quan-
tum many-body scars (QMBS), a class of nonthermal eigenstates that coexist with a predomi-
nantly thermal spectrum [8,31-37]. Importantly, interband coupling can bridge these other-
wise isolated sectors, effectively modifying the interactions between macroscopic degrees of
freedom and, consequently, the overall thermalization dynamics. Finally we discuss experi-
mental realizations of our results in the cold atom systems.
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2 Model and Theoretical Setup

2.1 n-pairing states in hypercubic lattice

We start our discussion by introducing the n-pairing state in the D-dimensional hyper-cubic
lattice Hubbard model. The Hamiltonian is given as,

— T T
chbic =t Z Cr,o'cl‘/,O' +U Z My My | — MZ Cr,o'cl‘,O"
( r r,o

r.r'),o

where ¢, , (CI’ ) denotes the fermionic annihilation (creation) operator at site r and spin o,
with n, , = cr' »Cr,o Tepresenting the number operator. Here, (r,1’) denotes nearest-neighbor
pairs.

Assuming the periodic boundary conditions (PBC), we can define the n-operator, which
forms a doublon pair with the center of mass momentum 7 = (7, 7,..., 7). as,

n= Zei“'r Cr1Cr.ls @)
r

The Hubbard model preserves pseudo-spin SU(2) symmetry. The generators of pseudo-spin
SU(2) symmetry that are defined as, 1, = %(n +n", ny = 3(n— "), n, = %[n"',n], satisfy
the following symmetry algebra

[Me>Mp] = i€apenes [H,J?1=0, [H,1m,]=0 2)

where J2 = ni + nf, + n§ and a, b, and ¢ range over x, y, and 2, respectively. Accordingly, the
1 operators satisfy the following commutation relation (also known as the SGA [38]).

[H,n"]=(U-2u)n", (3)

Due to the SGA, the eigenenergies of the Hubbard models forms an equally spaced tower of
eigenstates,

) =(n")" o), 4

where |1) is the vacuum (or a reference eigenstate) and n runs over the possible number of
pairs. Intuitively, each application of 1" creates a doublon pair, raising the energy by U —2u
due to the on-site interaction and chemical potential. This original formulation of n-pairing,
characterized by a macroscopic doublon condensate with ODLRO, sets the stage for our inves-
tigation.

1-pairing generates the integrable dynamics in the eigenstate spectrum, resulting in the
logarithmic EE behavior. It can be predicted from quasiparticle nature of n-pairing states
appeared in Eq. 4 [39]. From homogeneous spatial configuration of the doublons, one can
write the reduced density matrix of the n-pairing states as follows,

9

where L = L, + Ly is the total system size, L, and Ly denote the sizes of subsystems A and B,
respectively, and |i) represents a symmetric state with i doublons in L, sites [40,41]. The EE
is then given by S = —ZiLiO A;lnA;. In the thermodynamic limit, this sum can be evaluated
analytically, yielding

Ly
pa= D M)l A= (5)
i=0

1 n n
S= 5(1 +In[27%(1—2)L,]), (6)

which shows a characteristic logarithmic dependence on L, [42].

3
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Figure 1: (a) Schematic representation of the Creutz ladder, consisting of two sub-
lattices A and B. Solid lines represents intercell and dashed lines denotes intracell
hopping of amplitudes t and t’, respectively. The red box highlights the CLS of the
flatband. Shaded regions represent the spatial profile of doublon pairs: The verti-
cal shaded region illustrates the localized doublon pair characteristic of the exact
n-pairing state, while the tilted shaded region shows the spatially extended doublon
pair associated with the modified n-pairing state, which arises due to interband cou-
pling. (b) Schematic representation of virtual process in SW transformation between
flatband and dispersive band subspace. Red arrows denote virtual process.

2.2 Multiband flatband systems

To capture the essential physics of n-pairing in flatband systems, we consider the Hamiltonian
of the form H,,,) = Hy;, —uN + H;y,,, where Hy;, denotes the single-particle tight-binding moel
and H;,,, the on-site interaction term respectively. Without loss of generality, the tight-binding
model can be written in the momentum space as,

Norb
Hkin = Z Z en(k)}/r’l,k’s Ynks> (7
n=1,s=1,| keBZ

where €, (k) is the eigenenergy of n-th band with momentum k and spin s =7, |. v, is the
annihilation operator of n-th single-particle eigenstates, where the electron operator is related
with the eigenvector such that ¢,y ; = [U(k)], ,7n ks With the orbital index a. Without loss
of generality, we assume that n = 1 is the flatband while the others are dispersive bands. We
consider the proection of the full Hilbert space onto the flatband subspace. The projection
operator is then defined as, P,g(k) = [U(k)],1[U (k)"']l’ﬁ, and the Fourier transform yields
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the corresponding projected electron operator in real space:

1 _ikR.
Ciao = \/_Nze kR wp (K)Cik g o

kp
= Zpa/s(i —J)Cj .o (8
IR
Ei,a,a = Ciao— Ei,a,U’ (9)

where ¢; 5, and ¢; 5, denote the projected annihilation operators in the flatband and the
complementary Hilbert-Fock space, respectively. It is important to note that the projected
operators satisfy the following anticommutation relations:

{Ei,a,a’ 5};[3’0/} = 500’ Pa[a’(i _j):
{Ei,a,a’ 5}-’/3,0/} = 500’ (5a/3 _Pa/j(i _j));
{Cia,0:€] 5.0} = 0. (10)

We can define the 7)-pairing in the projected fermion operators in the flatband subspace
as,

7= oply- an

r

However, in multi-band systems, the 1-pairing does not possess the SU(2) symmetry since

[Heotats 111 =(U —20)7" = U[ D > Prgi—m)el,  Psg(i—n)e 5|
J.B m#n
Y#6
. St Tt
+ Z Pop(i—J) (ni,a,TCj,ﬁ,TCi,a,l + ni,a,lci’a’ch,ﬁ’l)]. (12)
i’jia’ﬁ
It has been shown that one can define a generalized 7-pairing in a certain types of lattice
systems including bipartite systems [38]. However, as we show below, the general flatband
system does not fall in this case.

2.3 Schriffer-Wolff transformation of 7)-pairing

As a concrete example, we consider the one-dimensional Creutz ladder model that hosts a
flatband (See Fig. 1(a)) with the onsite Hubbard interactions as,

=S[ec! i i i =i
Hyjn = [t Civ1a0CiA0 T Ci1oCiAc T CitiacCiBo T Cit1poCiBo T Cpoliae T h'c']’
i,0

(13)

Hint =U Z ni,a,T ni,a,l) (]—4)
i,a=A,B

where a and i deontes sublattice and site index respectively. The kinetic part of the Hamil-
tonian consists of intra-cell hopping t’ between sublattices A and B within the same unit cell,
and inter-cell hopping t between nearest unit cells.

Without the Hubbard interaction, the Hamiltonian possesses the eigenstates of the flat-
band, given as U(k) = (1,—1)/+/2 . The flatband eigenstate renders the projection operator
P,p momentum independent. Consequently, the local projected fermion annihiliation operator
can be written as,

_ 1
Ciao = E(Ci)A,a - Ci,B,U): (15)
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which simplifies to a local linear combination of the original operators. in other words, ¢; ,
corresponds to the compact localized state (CLS) of the Creutz ladder model.

We derive the effective Hamiltonian in the flatband subspace using SW transformation
by treating for the effect of H;,, perturbatively [43]. We define the many- body projection
operators P onto the flatband space and its orthogonal projector Q =1—"7P onto the comple-

¥ i
mentary space such that the fock state |¢)) = n1 ks, my ks, T Ky sy |0) satisfy P|y) = |y)
if n; = ny = ... = ny = 1 otherwise zero. The effective Hamiltoman can be perturbatively

expanded as,
A A A1 4 A
Heff = (Hkin - .UN)P + PHintP + EP[E(Him): O(Hint)]P T+, (16)

where the superoperators O(X) and £(X) acting on an operator X are defined as,

i) (il OX) 1j) (il
E; —E; ’

OX)=PX0+OXP, LX)=)]

i,j

where |i) and |j) are eigenstates of unperturbed Hamiltonian Hy;,. E; and E; are the corre-
sponding eigenenergies. The operator O(X) extracts the off-diagonal components of X that
connect states in flatband and complementary subspaces, ensuring that the indices i and j in
the summation belong to different subspaces. This guarantees that the energy denominator
E; — E; is always nonzero, as long as the energy gap between the flatband and the disper-
sive band exist. Physically, £(X) incorporates the effects of virtual tunneling process between
the flat band and the complementary bands, with each contribution weighted by the inverse
energy difference, thereby capturing the higher-order corrections to the effective low-energy
dynamics.

For perfectly isolated flatband (i.e. infinite energy gap between the flatband and dispersive
band), only the first two terms on the right-hand side of Eq. (16) are non-vanishing such that

Hegt ~ (Hyjn — UN)P + PHyp P
= (Hygn —uN)P+U D &l el G GagP
ia

= (Hign —BNYP +U D iy g 1y P, (17)

ia

where fi;y; = €/, /Ci g0 Since (Hyp — uN )P is a constant times number operator, we can
redefine the term with effective chemical potential as (Hy;, — uN)P = peiN. Then, from Eq.
(10), one can verify that the effective Hamiltonian preserves the SU(2) symmetry, and the

projected n) operator satify the SGA as,

. U .
[Hegr, '] = (E—Zueff)ﬂ', (18)
with
TEED AN (19)
i,a

In contrast, when the flatband is not perfectly isolated, second-order and higher-order
terms from the SW transformation become significant. These additional corrections modify
the effective Hamiltonian and disrupt the exact commutation relations of the SGA, so that 7"
no longer generates eigenstates with constant energy shifts.
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W | (b)
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Figure 2: (a) Energy shift from the vacuum € /A as a function of the scaled interaction
strength U/A for various values of t’ when t = 0. Numerical simulations (symbols
with dashed lines) agree closely with the analytical prediction € = % — E—AZ (solid
line) from the SW transformation, indicating the validity of the SGA in t < t’ limit.
The inset corresponds to the magnified region highlighted by the red box in the main
figure. (b) Energy shift from the vacuum €/A for t = 0.5, showing deviations from
the analytical prediction due to enhanced interband coupling as t’ gets smaller. The
results highlight the breakdown of the SGA as t increases, emphasizing the impact

of higher-order corrections in the effective Hamiltonian.

3 Modified spectrum generating algebra

In the perfectly isolated flatband limit the operator ' commutes with the Hamiltonian, gen-
erating an equally spaced tower of n-paired eigenstates. In the case of a single 7 pair, the
modified n-pairing state converges to the exact n-pairing state in the limit of an infinite band
gap (A — o0). However, with finite band gaps between the flatband and the dispersive band,
interband coupling introduces nontrivial corrections that break the exact pseudo-spin SU(2)
symmetry, thereby modifying the idealized spectrum generating algebra.

To capture these corrections, virtual hopping processes between the flat and dispersive
bands are systematically incorporated using the Schrieffer—-Wolff transformation. (See Fig.
1(b)) In the limit where the dispersive band remains nearly flat(t < t’ limit), the band gap
A can be treated as approximately constant, allowing for a perturbative expansion. In this
regime, the second-order correction in Eq. (16) can be explicitly computed as follows,

@ _ _ PHinQHin P
SW — A

u? At At x & At oAt o2 = A
N Z PC; 01 a1 CialCiatCi 1€ p 1 CipiCipa P
i,j,a,p
=< ﬁi,a,lﬁi,a,TP (20)
i,a
The second-order correction to the effective Hamiltonian introduces an additional interac-

2
tion term, which effectively renormalizes the on-site interaction strength to the Uy = U — g—A.
The virtual process contributes to the additional correction to the SGA, which is given as,

U .
;ff —2w)i", (21)

[Hegr,1'1=(

7
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159 Despite the breakdown of exact SU(2) symmetry, the modified SGA in the perturbative
160 regimes still indicate the logarithmic EE. As depicted in Fig.2 (a) as U becomes larger, higher
161 order corrections become significant, energy shift deviate from the calculated €. Similarly
162 in Fig.2 (b), the deviation become larger as the band gap A gets smaller. Nonetheless, for
163 |U| < A, the structure of SGA remains robust enough to produce towers of equal level spac-
164 ing. As the band gap A decreases (or as U grows larger), the higher-order corrections in SW
165 transformation become non-negligible, resulting in modification of the overall thermalization
166 behavior. We find that the deviations of the equal level spacings.

v 4 Entanglement entropy logarithm

168 Our numerical results reveal that the entanglement entropy (EE) of the modified n-pairing
160 state exhibits an approximately logarithmic scaling with subsystem size [, even in the band-
170 touching limit (¢’ = 2). Fig 3(a) shows the calculated EE as a function of subsystem size [ for
171 various values of the intra-cell hopping t’. We find that the modified state follows the loga-
172 rithmic behavior approaching to the exact n-pairing state (red line) although the deviations
173 from the exact n-pairing become apparent when interband coupling increases.

174 The modifications of the EE can be heuristically understood by the spatial structure of the
175 pairing state. In the isolated flatband limit, the n-pair is strictly confined to a single CLS:

. 1 . . . .
Ty 2 [l _ Al | _ AT
L Z(Cim ¢ (Ciay ~Cip,y) (22)
1

176 When the virtual tunneling process is partially accessed via interband coupling, the pairing
177 amplitude begins to extend onto neighboring sites, leading to the delocalization of the doublon
178 wavefunction.

179 This effect is captured by the calculations two-point correlation function, which is given
180 as,
D= D3 D (elag€pCiar i) 23)
Lj  ap
d(i,j)=d

181 'where the distance d(i, j) between two unit cells i and j in PBC is defined by d(i, j) = min{|i—j|, L—|i—j|},
182 with L being the total number of unitcells in the system. Physically, C,(d) corresponds to the

183 probability of observing the configuration of the up spin and down spin separated by distant

184 d. Fig. 3(b) shows the calculated correlation function that shows the exponential decay as a

185 function of the spatial separation of the doublon pair d. Importantly, in the large band gap

186 (t’) limit the two-point correlation function becomes sharp again, recovering the spatially con-

187 fined doublon characteristic of the exact 1)-pairing state. The exponential confinement of the

188 doublon pair implies the robust EE logarithmic behavior. When t” approaches to 2t + U, the

180 correlation function shows the Friedel oscillations signifying the failure of the EE logarithm.

w0 5 Doublon-Doublon interactions in many 7n-Pairing States

101 The 7n-pairing state converges to the doublons of the exact CLS states in the isolated flatband
102 limit (A — ©0). Due to the exact confinement of the CLS state, the eta pair states does not
103 interact each other.

104 However for any finite A, the tails of the extended doublon wave functions overlaps. As a
105 result, the accumulations of the multiple 1 pairs undergoes inter n-pairing interactions. The

8
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(a) (b)
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log(l/N) d

Figure 3: (a) Entanglement entropy scaling for the modified n-pairing states as a
function of subsystem size [ (on a log scale) for a system of 12 unit cells and single
7 pair, with t = 1, U = —1, and various values of t’. The red solid line represents
the entanglement entropy of the exact n-pairing state. Even in the band-touching
limit (¢ = 2), the modified n-pairing state displays a logarithmic EE scaling. (b)
Logarithm of two-point correlation function C,(d) in the same system configuration
with Fig. 3(a). Here, d is the distance the unit cells in PBC hosting the up and
down spins of a doublon. The linear tail of the log(CZ(d)) illustrates broadening
of the doublon wave function and its exponentially decaying tail. Steepening of the
log(CZ(d)) at larger t/, indicates localization of the doublon wave function, regaining
spatial confinement of the exact n-pairing states.

dominant two-body interaction between 7-pair is repulsive regardless of the sign of U due to
the Pauli exclusion principle. This feature can be calculated from the diagonal matrix element
of four-point correlation function C4, which is given as,

Cy(d) = Z (D{;Dy ;) (24)
i,J
d(i,j)=d
o S L S S . . . .o
where D;;= > Ci atCip1CiyrCisL 18 doublon pair creation operator at i and j unit cells. In

a,B,y,6
physical terms, C4(d) represents the probability of observing a configuration where doublons

are separated by distant d. Fig. 4(a) illustrates behavior of the distance-dependent four-point
correlation function C4(d) for a system of 13 unit cells, with t = 1 and U = —1. The result
shows that C4(d) increases as doublons become more widely separated, reflecting a preference
for distant pair configurations. This behavior arises from the repulsive interaction between 7-
pairs. Moreover, as the band gap t’ grows, this tendency becomes more significant.

The preservation of doublon pairs under repulsive interactions can lead to an intriguing
scenario where, despite the inherent repulsion, the system’s ground state transitions into a
Bose-Einstein condensate (BEC). The doublon pairs act as composite bosons, remaining robust
even in the presence of strong repulsive forces. This stability allows the pairs to condense into a
single macroscopic quantum state at low temperatures, manifesting as off-diagonal long-range
order characteristic of a BEC. When U is negative, the n-pairing state becomes the ground state
in each fixed particle-number sector. In this regime, the ground state of the system behaves
as composite bosons like Cooper pairs, leading to a superconducting ground state with off-
diagonal long-range order. Within a simple mean-field picture, the critical temperature T,

9
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Figure 4: (a) Logarithm of four-point correlation function C4(d) in case of two 7
pairs for a system of 13 unit cells, with t = 1, U = —1, and various values of t’.
d is the distance between unit cells occupied by localized doublons in PBC. It can
be seen from increasing of C4(d) that the state exhibiting distant doublon pair is
more preferred due to the repulsive interaction between doublons. This tendency
become more pronounced as band gap (t’) become larger.(b) Entanglement entropy
scaling for the modified n-pairing states in the case of three n pairs as a function of
subsystem size [ (on a logarithmic scale) for a system of 12 unit cells, with t = 1,
U = —1, and various values of t’. The red solid line represents the entanglement
entropy of the exact multi n-pairing state in the isolated flatband case. Although the
modified n-pairing states converge in the large band gap limit, they do not coincide
with the exact n)-pairing states.

is expected to scale roughly with |U|, although a detailed prediction would require further
analysis of the band structure and interband coupling effects.

Despite this deviation, key hallmarks of n-pairing remain robust. In particular, the EE of
the modified multi-n pairing states is even lower than that of exact n-pairing states and follows
a logarithmic scaling with the subsystem size. Fig. 4(b) (which is analogous to Fig. 3(a) but
for the three-n pair case) clearly shows that, even when the exact tower structure is lost, the
EE retains a log-law behavior with even lower value. This indicates that the underlying pairing
order remains strong despite the breakdown of the exact pseudo-spin SU(2) symmetry.

6 Discussion

In this work we have investigated the deformation of 1)-pairing states in flatband systems due
to interband coupling, using the Creutz ladder as an example. Our analysis, demonstrates that
even when the flatband is not perfectly isolated, a subset of eigenstates retains key character-
istics of n-pairing. In the single-n pair regime, the modified 1)-pairing state converges to the
exact 7)-pairing state only in the large band gap limit (A — o0); for any finite gap, SW trans-
formation shows that virtual excitations into the dispersive band produce shift that deviates
from the ideal value as the interaction strength increases or the gap decreases. This quantifies
the effect of interband coupling to the pseudo-spin SU(2) symmetry.

We have characterized these modified states through two key observables. First, numerical
simulations that the entanglement entropy of the modified n-pairing state exhibits an approx-
imately logarithmic scaling with subsystem size [, even in the band-touching limit, in contrast

10
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to the generic eigenstates. Second, the real-space two-point correlation function shows that
while the exact n-pairing state features a sharply localized doublon confined to a CLS, the
modified state exhibits a broadened doublon profile due to interband hybridization. Notably,
this broadening is reduced in the large band gap limit, thereby restoring the sharp localization
characteristic of the isolated flatband.

Despite the breakdown of the exact pseudo-spin SU(2) symmetry and the accompanying
disruption of the SGA, the many-7 states still exhibit remarkably low entanglement entropy
that follows logarithmic scaling. This persistence of low entanglement entropy, alongside spa-
tially localized pairing correlations, underscores the robustness of the underlying ODLRO even
when the ideal eigenstate structure is lost.

Collectively, our findings shed light on the interplay between interaction-driven pairing and
band structure effects in realistic flatband systems. The persistence of 7-pairing signatures,
such as low entanglement entropy and confined doublon correlations, even in the presence
of interband coupling, suggests that strict band isolation is not an absolute requirement for
robust pairing phenomena. This has significant implications for experimental platforms such
as ultracold atoms, photonic lattices, and designer electronic systems, where perfect flatband
isolation is often unattainable.

Optical lattices in cold-atom systems offer a controllable platform for realizing the flat-band
structures. There has been experimental realizations of the Lieb lattices in both bosonic and
fermionic platforms by tuning the lattice unitcell [44,45]. The control of the lattice distance
can effectively tune the intra and intercell hopping ratio t’/t in addition to the interaction
strength U. The wide range of the controllability of the interaction strength (U/t ~ 1 ~ 10
via Feshbach resonance) can explicitly measures the dynamics of the many-body phase in the
controllable manner [46-49]. In such setups, n-pairing states can be prepared via adiabatic
ramping process starting from a configuration with localized doublons [50]. Their nonthermal
behavior can be signified by a persistently high probability of spin—spin correlations, seen as a
sharp peak in the pair momentum distribution [50,51].

Future work may extend our analysis to the dynamical response of these pairing states and
the exploration of similar phenomena in higher-dimensional flatband systems (such as Lieb
and Kagome lattice). While the spatial dimensions of the system may results in the qualitative
changes in the dynamical behavior, it is important to note that the SW transformation does
not alter the results. In our case the Creutz lattice model exhibit the lower energy flatband
with quadratic band touching. This energy band coincides with the Lieb lattice.
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