
Prepared for submission to JHEP

SymTFTs for U(1) symmetries from descent

Finn Gagliano and Iñaki Garćıa Etxebarria
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1 Introduction

There has been a great increase in our understanding of Symmetry TFTs (SymTFTs)

since their origins in [1–5]. SymTFTs have been extensively studied in the context of finite

discrete higher-form symmetries, and extensions to continuous higher-form symmetries [6–

8] and non-invertible symmetries [9, 10] are known. Non-topological generalisations have

been discussed in [11], and more recently SymTFTs for theories defined on a manifold with

boundary have been described in [12–21]. The literature on these topics is already vast, so

we have included only some initial pointers into the relevant literature, we refer the reader

to [22–24] for reviews and additional references. For reviews of categorical symmetries

more generally, see [25–31].

Thus far, there have been string theory derivations of SymTFTs for discrete higher-

form symmetries [4, 32, 33], as well as for continuous and non-invertible symmetries de-

scribed by a SymTh [11]. An outline of how SymTFTs for continuous non-abelian 0-form

symmetries could be obtained from string theory was given in [8], but we will be focusing

only on abelian higher-form symmetries in this work. Applications of SymTFTs from string

theory to holography have also been considered [34–36], as well as interpreting the SymTFT

as a theory of gravity via the holographic principle [37]. Additionally, in [38] a proposal
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was given for obtaining SymTFTs for continuous abelian symmetries from M-Theory using

similar methods to those proposed in [8].

In [4], SymTFTs for discrete higher-form symmetries were obtained from the bound-

ary of the engineering geometry, with the discrete defects of the SymTFT arising from

torsional fluxes on this boundary. In particular, the anomaly theory was obtained from

dimensionally reducing the topological sector of M-Theory on the link of the singular locus

in the geometry, and the presence of the BF sector of the SymTFT had to be deduced

from arguments following [39–42]. In [32], following [43–46], the BF sector was obtained

by considering the fields of Type II string theory as parameters of gauge transformations

on the boundary of an 11-dimensional Maxwell-BF theory. This approach allows for the

treatment of both electric and magnetic degrees of freedom at the same time, which is cru-

cial for determining the BF action for the discrete sector of the SymTFT. The resulting

“symmetry descent” procedure (which we will review in detail below) leads to the following

formula for the Lagrangian LSym of the SymTFT

∆

∫
L
Lbulk = δLSym (1.1)

where the left-hand side describes the gauge variation of the dimensional reduction on the

linking geometry, and the right-hand side is the derivative of the Lagrangian for the BF

sector of the SymTFT. The name “symmetry descent” is due to the similarity of (1.1) with

the usual anomaly descent equation.

The aim of this note is to use the symmetry descent method to rederive from a ge-

ometric perspective the SymTFT for U(1) higher-form symmetries given in [6, 7]. For

d-dimensional QFTs geometrically engineered in a Type II string theory on a space X10−d

with boundary L9−d, our result is the following BF sector of the SymTFT

LBF = 2πi
∑
k,l

Ki,j(gk, Hl−1)ñi−k−1 ∪ δm̃j−l−1 + Ji,j(gk, Vl)ni−k−1 ∪ δBj−l−2 (1.2)

where Ki,j is a rational number and Ji,j is an integer, both defined in terms of intersection

numbers of L9−d, and the n, ñ, m̃ fields are real cochains that integrate to an integer, and

B is a real cochain. The Lagrangian (1.2) describes both the finite and U(1) symmetry

sectors: the first term in (1.2) is the usual BF sector for discrete higher-form symmetries,

and the second corresponds to the SymTFT that describes U(1) symmetries given in [6, 7].

This note is organized as follows. In section 2 we review background material nec-

essary for our later discussion. In section 3 we derive the U(1)/R SymTFT for theories

engineered on a conical geometry X10−d with link ∂X10−d = L9−d using the symmetry

descent procedure, and in section 4 we derive a simplified differential form version of the

SymTFT by performing a standard Kaluza-Klein reduction of the bulk action on the link

L9−d, obtaining similar results to those in [38]. In section 5 we discuss the example of the

6d N = (1, 1) and N = (2, 0) su(N) theories. The analysis of this example will bring to

light various subtleties of the procedure, which we solve in section 6 by going to differential

K-theory, and where we also discuss how to incorporate anomalies in our discussion.
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2 Review of background material

2.1 Symmetry inflow and the Hopkins-Singer formalism

The bulk actions considered in [32] to obtain the SymTFT from string theory are inspired

by the problem of writing down an action for a self-dual field. Consider a self-dual field

strength F2p+1 in 4p+ 2 dimensions, so that ∗F2p+1 = F2p+1. Naively, the action for such

a field is ∫
X4p+2

F2p+1 ∧ ∗F2p+1 =

∫
X4p+2

F2p+1 ∧ F2p+1 = 0 . (2.1)

There are different ways of addressing this problem [43–45, 47–64]. We will focus on the

approach initiated in [32, 43–46], in which one considers a Maxwell-BF theory in 4p + 3

dimensions, on some Y4p+3 with ∂Y4p+3 = X4p+2, and treats the field strengths F2p+1 as

gauge parameters of the fields in this bulk theory

Sbulk =

∫
Y4p+3

1

2e2
dB2p+1 ∧ ∗dB2p+1 +

1

2m2
dC2p+1 ∧ ∗dC2p+1 + kB2p+1 ∧ dC2p+1 . (2.2)

A BF theory on a manifold with boundary is not invariant under the gauge transformations

B2p+1 → B2p+1+dλB
2p, C2p+1 → C2p+1+dλC

2p due to non-vanishing total derivatives, and it

was shown in [32, 46] that these boundary terms obey Maxwell’s equations on the boundary,

with dλB
2p ≡ F2p+1, dλ

C
2p ≡ ∗F2p+1.

A crucial aspect of the derivation for the symmetry descent procedure introduced in

[32] was the formulation of the theory in terms of Hopkins-Singer differential cochains [65].

This was necessary in order to consider the effects of torsional elements of the cohomol-

ogy of the linking geometry, which result in the discrete higher-form symmetries of the

SymTFT. While it is possible in principle to see the effects of free cocycles without using

a differential uplift of the cohomology, we still find it useful for our purposes to keep this

uplift. Introductions for physicists to the Hopkins-Singer formalism were given in [32, 46],

so we will be brief in our review below. We follow the conventions in [32]. In particular,

we use Č(n)p(M), Ž(n)p(M) to denote the space of (bi-graded) Hopkins-Singer differential

cochains and differential cocycles respectively, and denote Čp(M) := Č(p)p(M). We will

denote a differential cochain ǎp ∈ Č(n)p(M) with a subscript for its degree unless stated

otherwise. Such an ǎp is then given by

ǎp = (Np, Ap−1, Fp) ∈ Cp(M;Z)× Cp−1(M;R)× Ωp(M;R) (2.3)

where Cp(M;G) is the space of G-valued p-dimensional cochains, and Ωp(M;R) is the

space of differential p-forms. If p < n we set Fp = 0. We can give a more familiar meaning

to these terms by briefly introducing some notions recapped in [46]. All of the gauge-

invariant information of a gauge field Ap is encoded in the pair (Fp+1, χ), where Fp+1 is the

field strength of the gauge field, which should be gauge-invariant, and χ : Zp → U(1), is a

map from closed p-dimensional submanifolds to U(1), called the higher holonomy function

χ(Σp) = e
2πi

∫
Σp

Ap (2.4)
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such that a shift Ap → Ap + n for n ∈ Z leaves the holonomy function (and the field

strength) invariant. This is the Cheeger-Simons formulation of differential cohomology in

terms of differential characters. The formulation in terms of the differential characters χ

captures all of the gauge-invariant information of the gauge field, but we wish to discuss

gauge parameters of the gauge field, as these furnish our Maxwell degrees of freedom

on the boundary of our bulk theory, so we need to work at the level of the differential

cochains Čp(M). (In section 6 we will have to go one step further, and discuss differential

refinements of generalized cohomology theories.) We define for convenience the following

maps for a Hopkins-Singer cochain ǎp+1:

h(ǎp+1) = Ap ∈ Cp(M;R), (2.5)

I(ǎp+1) = Np+1 ∈ Cp+1(M;Z), (2.6)

R(ǎp+1) = Fp+1 ∈ Ωp+1(M;R). (2.7)

Consider [Fp+1] ∈ Hp+1(M;R) as a (potentially trivial) cohomology class. Then we define

[Np+1] ∈ Hp+1(M;Z) to be the (again, potentially trivial) integral cohomology class that

maps to [Fp+1] under the natural map Hp+1(M;Z) → Hp+1(M;R). This is an integral up-

lift of the de Rham field strength, the characteristic class. By definition of integral cochains,∫
Np+1 ∈ Z. Note that if [Np+1] ∈ TorHp+1(M;Z) then [Fp+1] = 0 ∈ Hp+1(M;R). See

[40] for a nice explanation of this.

In [32, 44–46], the RR sector of the Type II string theories was then given by 11d bulk

actions similar to those for self-dual gauge fields

S = 2πih

(∫
Nd+2×L9−d

ǎi · ǎj

)
(2.8)

where ∂Nd+2 = Md+1 is the spacetime on which the SymTFT of a d-dimensional QFT T
will be defined, ∂X10−d = L9−d is the link of the geometric engineering geometry, where

we assume for simplicity that X10−d is a toric variety, such that we can consider the

defect group of T to arise from generators of the homology of L9−d — see [66, 67] for an

explanation of this. To condense notation, we will sometimes write Y11 := Nd+2 × L9−d.

Finally, ǎi, ǎj are two differential cochains in the 11d bulk geometry such that i + j =

12, where we are no longer considering only self-dual fields. These cochains have gauge

transformations

ǎi → ǎi + db̌i−1 (2.9)

and we note that the actions in the form of (2.8) are not gauge invariant when ∂Y11 ̸= ∅,

similar to the bulk actions for self-dual fields. This is crucial for the works of [32, 46], and

will continue to be for what we discuss here. In this note, we are considering only Type

II string theories, and so ǎi · ǎj terms in the bulk theory are BF terms that correspond to

terms of the form ∫
M10

Fi−1 ∧ ∗Fi−1 (2.10)

of the 10d Type II actions, where M10 = ∂Y11 = Md+1×L9−d. The Type II field strengths

Fi−1 appear in the 11d bulk as gauge parameters of the ǎi fields. Thus, if we have, say,
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Type IIA, then we would have terms of the form above for F2, F4, giving us the required

11d bulk action1

S = 2πih

(∫
Y11

ǎ3 · ǎ9 + ǎ5 · ǎ7
)

. (2.11)

We could then do the same analysis for Type IIB to get a similar 11d action corresponding

to the F1, F3, F5 field strengths:

S = 2πih

(∫
Y11

ǎ2 · ǎ10 + ǎ4 · ǎ8 + ǎ6 · ǎ6
)

(2.12)

where ǎ6 is dotted with itself - this comes from the fact that the F5 field strength is self-dual,

i.e. F5 = ∗F5.

As has been analysed in detail in [32, 46], one can let the ǎi field become pure gauge

near the boundary of the bulk, i.e. we let ǎi = db̌i−1, such that, near the boundary, we

have the gauge non-invariance of the action in (2.8)

S = 2πih

(∫
Y11

db̌i−1 · db̌j−1

)
(2.13)

with the SymTFT Lagrangian being obtained from the symmetry descent equation

h

(∫
L9−d

db̌i−1 · db̌j−1

)
= δLSym mod 1. (2.14)

The b̌i−1 field corresponds to the electric field strength Fi−1 of the 10d string theory,

and b̌j−1 similarly corresponds to the magnetic dual field strength. See [32, 46] for an

explanation of this correspondence between an 11d bulk Maxwell-BF theory and the 10d

Maxwell on the boundary.

Drawing from the ideas of [66, 67], we get a contribution to the defect group of the

engineered d-dimensional QFT T by wrapping Dp-branes around non-compact (k + 1)-

cycles in the engineering geometry X10−d, and this corresponds to an expansion of the field

strengths of these fluxes into components on the spacetime of the QFT and the engineering

geometry. For example, to obtain the SymTFT for discrete higher-form symmetry corre-

sponding to wrapping a D(i − 3) brane around a torsional (k − 1)-cycle of the link L9−d,

one can make the ansatz

b̌i−1 = β̌i−k−1 · ťk (2.15)

for both b̌i−1, b̌j−1, where ťk is a flat differential uplift of some torsion generator tk ∈
TorHk(L9−d;Z) = TorHk−1(L9−d). Then, substituting this ansatz into (2.14) gives us

Lsym =
1

n
h(β̌i−k−1 · β̌j−k−1) (2.16)

which is a BF term of the SymTFT for a Zn higher-form symmetry.

1The product of differential cochains is not (graded) commutative, so there is an ambiguity regarding

the ordering of the terms in (2.11). We will address this issue explicitly below.
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As b̌i−1 corresponds to an Fi−1 field strength of Type II string theory, it couples to an

electric D(i − 3) brane, and b̌j−1 to the magnetic dual D(j − 3) = D(9 − i) brane, where

we have used that i+ j = 12. Therefore, the electric flux associated to a D(i− 3) brane is∫
Σi−1

R(b̌i−1) (2.17)

and the magnetic flux associated to the dual D(9− i) brane is∫
Σj−1

R(b̌j−1) (2.18)

Following the discussion in [50], these fluxes should really be quantized in an appropriate

K-theory class, but for now we can naively assume that these are integral. We discuss K-

theoretic aspects of the formulation in section 6, and will find that the pursuit of SymTFTs

for both continuous and discrete higher-form symmetries of a theory will lead us to actions

most naturally formulated in terms of differential K-theory.

2.2 SymTFTs for U(1) symmetries

The SymTFT for a U(1) symmetry was put forward in [6, 7]:

S =

∫
Yd+1

bd−p−1 ∧ dAp+1 (2.19)

where bd−p−1 is an R (d− p− 1)-form gauge field, and Ap+1 is a U(1) (p+ 1)-form gauge

field. The topological operators of such a theory are

Uα = eiα
∫
bd−p−1 ,Wq = eiq

∫
Ap+1 (2.20)

where
∫
bd−p−1 ∈ Z, α ∈ U(1), q ∈ Z. There are then 3 possible boundary conditions

for these operators: firstly, if we pick Dirichlet for Wq, and Neumann for Uα, then this

corresponds to a U(1)(p) symmetry of the d-dimensional theory. If we choose instead to

have Dirichlet for Uα and Neumann for Wq, then we have a Z(d−p−2) symmetry, and the

gauging of the U(1)(p) symmetry in this case is understood as gauging U(1) with the

discrete topology, sometimes called flat gauging. The final possible boundary condition is

to give Wbq, Uα̃ Dirichlet boundary conditions, where α̃ ∈ U(1)/(1bZ) ∼= U(1) while giving

Wk, U 2πn
b

Neumann boundary conditions, where k ∈ Zb, n ∈ Z, b ∈ Z>1. Then, letting

Uα̃ link Wbq and Wk link U 2πn
b
, we get a U(1)(p) × Z(d−p−2)

b symmetry. In [7], this final

boundary condition could be inferred by gauging a Zb subgroup of the U(1)(p) symmetry

such that we obtain a Z(d−p−2)
b dual global symmetry. If we were to gauge the whole U(1)(p)

symmetry, but now without discrete topology by introducing a dynamical photon to the

theory, this maps the original SymTFT to another for the dual U(1)(d−p−3) symmetry

Sgauged =

∫
Yd+1

cp+2 ∧ dBd−p−2 (2.21)

where Bd−p−2 is a U(1) gauge field corresponding to this dual U(1)(d−p−3) symmetry, and

cp+2 is another R gauge field. [7] refers to this as dynamical gauging.
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3 SymTFTs for U(1) symmetries from Type II string theory

We will now show how to extend the symmetry descent procedure to the case of continuous

abelian symmetries. In section 4 we will use a Kaluza-Klein approach using differential

forms rather than differential cohomology, which doesn’t allow us to discuss torsion gen-

erators and thus discrete higher-form symmetries, but allows us to get a better feeling

of the physics of this formulation. The main extension of [32] that leads us to terms in

the SymTFT for continuous higher-form symmetries is adjusting the ansatz of (2.15): to

include continuous symmetries in the symmetry descent procedure we can pick the most

general ansatz possible, notably including free cocycles, not just torsion:

b̌i−1 = β̌i−1 +
9−d∑
k=0

∑
α

β̌α
i−k−1 · ǧαk (3.1)

where α indexes the various generators gαk ∈ Hk(L9−d;Z) such that ǧαk ∈ Žk(L9−d) and

β̌α
i−k−1 ∈ Č(i − k)i−k−1(Nd+2).

2 In this ansatz, we must only sum over the ǧk whose

corresponding non-compact cycle in homology can have the associated D(i − 3)-brane

wrapped around it to give a defect in T , and similar for the dual magnetic brane and the

expansion of b̌j−1.

Explicitly, this means that ǧk must be the differential uplift of the cohomology dual

to a generator of
Hk(X10−d,L9−d)

Hk(X10−d)
, but in this note we will assume for all examples the

isomorphism
Hk(X10−d,L9−d)

Hk(X10−d)
= Hk−1(L9−d) for simplicity. The reason we require such ǧk is

that wrapping branes around cycles in
Hk(X10−d,L9−d)

Hk(X10−d)
gives us the defect group D of our

QFT T which then corresponds to the higher-form symmetries of our theory, and so it is

appropriate to only include the corresponding generators ǧk ∈ Žk(L9−d) in our ansatz. We

will discuss the defect group in more detail in section 5. As we have chosen ǧαk ∈ Žk(L9−d),

we have dǧαk = 0. This is analogous to a Kaluza-Klein reduction, where picking non-closed

ǧαk would give massive modes after a dimensional reduction. We are interested only in

IR behaviour, where such massive modes should be integrated out, and thus we expand

in terms of closed generators ǧαk . For the same reason, we choose that torsion generators

ǧk = ťk are flat to avoid any massive modes, i.e. R(ťk) = 0.

We then have for ťk = (tk, φk−1, 0)

dťk = (δtk,−tk − δφk−1, 0) = 0 (3.2)

which implies

tk = −δφk−1 (3.3)

Free generators ǧk = f̌k cannot be flat, so for f̌k = (fk, hk−1, vk), we have that

df̌k = (δfk, vk − fk − δhk−1, δvk) = 0 (3.4)

and therefore

δhk−1 = vk − fk (3.5)

2Note that in (3.1) we are leaving implicit the pullbacks of the β̌, ǧ to Y11, and will continue to do so

throughout.
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A useful corollary of this is ∫
Σk

vk =

∫
Σk

fk. (3.6)

for closed k-dimensional submanifolds Σk of L9−d. We can see this using Stokes’ theorem∫
Σk

vk − fk =

∫
Σk

δhk−1 =

∫
∂Σk=∅

hk−1 = 0 . (3.7)

Getting back to the ansatz in (3.1), we have from [46] that for b̌i−1 to be valid gauge

parameters, we require the ǎi fields to be left invariant under the identification

ǎi = (Ii, Ai−1, Fi) ∼ (Ii − δMi−1, Ai−1 +Mi−1 − δαi−2, Fi) . (3.8)

In [32], the gauge parameters b̌i−1 were given as

b̌i−1 = (fi−1, λi−2, 0) , (3.9)

i.e. b̌i−1 ∈ Č(i)i−1, which is a flat field, and is the space of gauge parameters for our fields.

There is one last thing that we would like to emphasize before moving onto the sym-

metry descent procedure. Suppose we have some b̌i = (fi, λi−1, 0), then its derivative is

given as

db̌i = (δfi,−fR
i − δλi−1, 0) . (3.10)

Here we have written R superscripts for the fi term in h(db̌i) to emphasize that we have

promoted fi ∈ Ci(M;Z) to fR
i ∈ Ci(M;R) via the natural inclusion map. More on this

can be found in [46, 50]. Thus, we are almost thinking of fR
i as an R gauge field that

integrates to an integer. This subtle detail has some importance for our final result, but

from now on we will leave the superscripts implicit unless directly relevant, as is often done

in the literature.

We would now like to use the ansatz in (3.1) to perform symmetry descent. From the

discussion above, we have that the β̌i−k−1 from our ansatz in (3.1) are of the form

β̌i−k−1 = (ni−k−1, Ai−k−2, 0) (3.11)

so that

db̌i−1 = dβ̌i−1 +
∑
k

∑
α

(dβ̌α
i−k−1) · ǧαk (3.12)

as dǧαk = 0, where

dβ̌i−k−1 = (δni−k−1,−ni−k−1 − δAi−k−2, 0) (3.13)

such that, leaving α indices implicit and writing ǧk = (gk, hk−1, vk) with vk = 0 if gk is

torsion,

db̌i−1 =
∑
k,α

(δni−k−1 ∪ gk, (−1)i−kδni−k−1 ∪ hk−1 − (ni−k−1 + δAi−k−2) ∪ vk, 0). (3.14)

Similarly, we write β̌j−l−1, the second gauge parameter terms

β̌j−l−1 = (mj−l−1, Bj−l−2, 0) (3.15)
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where the generator it couples to is written as

Ǧγ
l = (Gγ

l , H
γ
l−1, V

γ
l ) (3.16)

where the γ indices label each generator of Ž l(L9−d), and we will leave these indices implicit

from now on. Now, temporarily leaving the subscript indices indicating the degree of the

cochains and forms implicit also, we have

db̌j−1 =
∑
γ,l

(δm ∪G, (−1)j−lδm ∪H − (m+ δB) ∪ V, 0). (3.17)

The product of these two gauge parameters is then given by

db̌i−1 · db̌j−1 =∑
α,γ,k,l

(δn ∪ g ∪ δm ∪G, (−1)iδn ∪ g ∪
[
(−1)j−lδm ∪H − (m+ δB) ∪ V

]
, 0). (3.18)

We are interested in the integral on the left-hand side of (2.14), which we can write now

as ∑
α,γ,k,l

∫
L9−d

(−1)iδn ∪ g ∪
[
(−1)j−lδm ∪H − (m+ δB) ∪ V

]
(3.19)

where we are still leaving indices and subscripts implicit. Then, this integral can be written

as ∑
α,γ,k,l

Ki,j(g,H)δni−k−1 ∪ δmj−l−1 + Ji,j(g, V )δni−k−1 ∪ (δBj−l−2 +mj−l−1) (3.20)

where we define

Ki,j(gk, Hl−1) := (−1)i+j−l+k(j−l)

∫
L9−d

gk ∪Hl−1, (3.21)

Ji,j(gk, Vl) := (−1)i+1+k(j−l−1)

∫
L9−d

gk ∪ Vl. (3.22)

These integrals are dependent on a number of factors, and so we have extracted them here to

simplify our result. An important note is that Ji,j is always an integer: if R(Ǧl) = Vl where

Ǧl is the differential refinement of a torsion generator, then Vl = 0 and thus Ji,j(gk, Vl) = 0.

Otherwise, let Ǧl be the differential refinement of a free generator. Then from (3.6), we

have
∫
Vl =

∫
Gl, where Gl is the integral cochain I(Ǧl). Therefore,

∫
Vl has integral

periods and Vl is closed. As I(ǧk) = gk is also closed and integral, we have

Ji,j(gk, Vl) =

∫
gk ∪ Vl =

∫
[gk] ∪ [Vl] ∈ Z. (3.23)

This is a crucial aspect of our derivation; consider the following terms from (3.20):∑
Ji,j(gk, Vl)δni−k−1 ∪mj−l−1 (3.24)
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This is supposed to be of the form δLSym, like all of the other terms of (3.20), but this one

is not and so should not contribute to LSym. The corresponding term in the action is

S = 2πi

∫
Nd+2

∑
Ji,j(gk, Vl)δni−k−1 ∪mj−l−1 (3.25)

where ni−k−1 ∈ Ci−k−1(Nd+2;Z),mj−l−1 ∈ Cj−l−1(Nd+2;Z) and so the integral of the

cochain δn ∪ m is an integer. Since Ji,j is also an integer the corresponding term of the

action reduces to 2πiq with q ∈ Z, so this is trivial in the path integral, and does not need

to be included in LSym. The remaining term Ji,jδn ∪ δB has a Bj−l−1 ∈ Cj−l−1(Nd+2;R)
factor, so we can choose to absorb Ji,j into Bj−l−1, so long as Ji,j ̸= 0.

Finally, we can write the remaining terms in (3.20) in the form δLSym and use Stokes’

theorem to obtain the following action for the SymTFT

S = 2πi
∑

α,γ,k,l

∫
Md+1

Ki,j(gk, Hl−1)ni−k−1 ∪ δmj−l−1 + Ji,j(gk, Vl)ni−k−1 ∪ δBj−l−2 (3.26)

which is the main result stated in (1.2). Note that we have left the R superscript of nR
i−k−1

implicit in (3.26), and will continue to do so from now on.

The first term in (3.26) is the usual BF term describing discrete higher-form sym-

metries (with Ki,j the torsional linking pairing, see for instance [4, 42] for further dis-

cussion of this term), and the second term, involving nR
i−k−1 ∈ Ci−k−1(Md+1;R) and

Bj−l−2 ∈ Cj−l−2(Md+1;R) a cochain description of the U(1)/R theory studied in [6, 7] for

describing continuous abelian symmetries. To see this, we note that we can construct two

basic operators out of ni−k−1 and Bj−l−2:
3

Uα(γ) = eiα
∫
γ ni−k−1 , (3.27a)

Wq(γ) = e2πiq
∫
γ Bj−l−2 . (3.27b)

Invariance under large gauge transformations of Bj−l−2 forces q ∈ Z, and due to the

integrality of ni−k−1 we have α ∈ R/2πZ. This reproduces the operator content of the

theories in [6, 7].

Finally, let us point out that our 11d bulk actions model U(1) gauge fields, which

implies by the analysis above that we are unable to reproduce SymTFTs with action

a ∧ db, where both a and b are connections on R bundles. This is as expected, given that

the theories that we are discussing are those with a string theory realisation, which are

believed to always have spectra compatible with compact symmetry groups [68].

4 Kaluza-Klein reduction in terms of differential forms

The purpose of using a differential cohomology formulation of the bulk theory in section 3

was to allow us to derive the SymTFT for both discrete and continuous symmetries at the

3In [6, 7] the U(1) gauge field takes values in [0, 2π), whereas our Bj−l−2 fields are valued in [0, 1), hence

the factor of 2π in the exponent of our operator.
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same time. However, if we are interested in just the continuous sector, then it is possible

to perform Kaluza-Klein reduction with ordinary cohomology. In this section we perform

such a reduction, as it might be illuminating for readers unfamiliar with the formalism

used in the previous section. See [69] for how to instead compute SymTFTs for discrete

symmetries in this way.

The full bulk Lagrangian in terms of differential cohomology is given in [32] as

−S = 2πi

∫
Y11

i

2e2
R(ǎi) ∧ ∗R(ǎi) +

i

2m2
R(ǎj) ∧ ∗R(ǎj) + h(ǎi · ǎj) (4.1)

where i+ j = 12 as usual. Working at the level of differential forms we can write this as

−S = 2πi

∫
Y11

i

2e2
db ∧ ∗db+ i

2m2
dc ∧ ∗dc+ b ∧ dc . (4.2)

If we expand the forms in terms of the harmonic forms of L9−d we get

bp =

9−d∑
k=0

∑
ik

f
(ik)
p−k ∧ ω

(ik)
k , (4.3)

c10−p =
9−d∑
k=0

∑
ik

g
(ik)
10−p−k ∧ ω

(ik)
k , (4.4)

where ωik
k are the harmonic k-forms of L9−d, and f, g are forms on Nd+2. Here bp corre-

sponds to an Fp field strength of Type II string theory that we are treating as a fundamental

field of our bulk theory, and similarly c10−p corresponds to ∗Fp. To lighten our notation,

below we will omit the index ik = 1, ..., hk, where hk is the k-th Betti number of L9−d.

Then,

db ∧ ∗db =
∑
k

(dfp−k ∧ ∗Ndfp−k) ∧ (ωk ∧ ∗Lωk) (4.5)

and we define

Kk =

∫
L9−d

ωk ∧ ∗Lωk (4.6)

such that the kinetic term of the b form becomes

2πi
∑
k

Kk

∫
Nd+2

i

2e2
dfp−k ∧ ∗dfp−k. (4.7)

This is the usual result that one would expect from a KK reduction of a Maxwell-like term,

i.e. we just get multiple copies of Maxwell-like terms in the lower dimensional theory. We

can find the dimensional reduction of the kinetic term for c similarly. Finally, we consider

the BF -like term:

b ∧ dc =

9−d∑
k=0

(f ∧ dg) ∧ (ωk ∧ ω9−d−k) (4.8)

and define the intersection numbers

Jk =

∫
L9−d

ωk ∧ ω9−d−k (4.9)
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such that the BF term becomes

2πi
∑
k

Jk

∫
Nd+2

f ∧ dg (4.10)

where again we are summing over multiple BF couplings.

Near the boundary we can write, by a choice of gauge transformation [32, 46],

fi = eατFi (4.11)

and

gi = eατGi (4.12)

where coordinates of Nd+2 are given as (x, τ) with x ∈ Md+1. Here, Fi is an ‘electric’ field

strength with integral periods and Gi is the corresponding ‘magnetic’ field strength, with

both of these viewed as gauge parameters of the bulk fi, gi fields, such that we can write

the pure gauge BF coupling as∑
k

Jk

∫
[−ϵ,0]×Md+1

eατd(eατ )Fp−k ∧Gd+1−p+k . (4.13)

From here we get the following action on the boundary

SSym = 2πi
∑
k

Jk

∫
Md+1

Fp−k ∧Gd+1−p+k . (4.14)

We can choose to write Fp−k = dAp−k−1, with Ap−k−1 the electric gauge field, and then

consider the following operators

Wq = e2πiq
∫
A , (4.15a)

Uα = eiα
∫
G . (4.15b)

For Wq to be invariant under large gauge transformations of A, we require q ∈ Z, and
the fact that G has integral periods implies that α ∈ U(1). Thus, this corresponds to a

U(1)(p−k−2) symmetry of the QFT in the same way as we discussed below (3.27a) and

(3.27b).

There is a puzzling asymmetry in this discussion, which was somewhat hidden in the

discussion in the previous section, but which will reappear in the next section: why did

we choose Ap−k−1 as our fundamental field when writing the holonomy operator, and not

the connection Bd−p+k whose field strength is G? This is certainly unnatural, since the

bulk treated these fields on equal footing. To start to understand this, note that the

operators (4.15), in the context of (generalised) Maxwell theory, are the ordinary Wilson

line and the generator of the electric symmetry measuring Wilson lines, this last one written

in terms of the magnetic field strength, using the electromagnetic duality relation ∗F = G

(coming from the equations of motion in the bulk [32, 46]). Reducing the parent type II

string theory on a space with harmonic forms will lead to a Maxwell theory with massless

U(1) factors, so we certainly expect such operators to be present in the theory. But we
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should also expect the dual ’t Hooft and magnetic symmetry generators. Crucially, as we

well know from Maxwell theory, these operators are all present in the theory of a single

U(1) propagating field, but their presentation depends on the electromagnetic duality frame

that we choose when formulating the theory.

There is in fact a very analogous situation in the context of holography: consider

the reduction of IIB supergravity on AdS5 × X5, with H3(X5;R) = H2(X5;R) = R, so
there is a harmonic 2-form ω2 and a harmonic 3-form ω3 in the internal space X5. A simple

geometry with this property is the base of the conifold, X5 = T 1,1 := (SU(2)×SU(2))/U(1)

[70]. Writing C4 = A1 ∧ω3 +B2 ∧ω2 would lead to the conclusion that there is a massless

1-form and a massless 2-form in AdS5, but this argument needs to be supplemented by the

self-duality condition F5 = ∗F5, which implies dA1 = ∗dB2, so these are not independent

local degrees of freedom. The situation is rather that there is a single dynamical U(1) field,

and various duality frames in which to describe it.

Associate, to each duality frame, a boundary condition where the fundamental gauge

connection in that duality frame has Dirichlet boundary conditions at infinity. Bulk elec-

tromagnetic duality does not in general respect this choice (it typically maps Dirichlet to

Neumann), so these boundary conditions lead to distinct holographic dual theories on the

boundary. We can rephrase this by saying that electromagnetic duality induces an action

on the space of dual CFTs, via its action on the space of boundary conditions. This action

of bulk electromagnetic duality on the space of CFTs was discussed in [71, 72], where it

was shown to reproduce the effect of gauging global symmetries on the boundary CFT.

Coming back to the SymTFT context, we will now show in an example that a similar

picture arises naturally from the string theory descent procedure once we formulate things

in their natural K-theory setting: we will obtain SymTFTs where we see both the bulk

U(1) field and its electromagnetic dual on an equal footing.

5 6d N = (1, 1) su(N) theory

We have just seen how to derive the SymTFT for both continuous and discrete higher-form

symmetries. We now illustrate these ideas in an explicit example, the 6d N = (1, 1) su(N)

theory, whose SymTFT can be obtained by considering the link L3 = S3/ZN on Type IIA

string theory. We wrote down what the uplifted 11d bulk action should be for Type IIA

in (2.11), and so we are considering the cases where we have (i, j) = (3, 9), (5, 7). The

cohomology of L3 is given by

H•(L3;Z) = {Z, 0,ZN ,Z} (5.1)

and so we should consider (the differential uplift of) two generators: f̌3, ť2. The zero-

degree generator does not contribute to the defect group here, as one can calculate that
H1(X4,L3)
H1(X4)

= 0. We have from [4, 32] that ť2 = (t2, φ1, 0), such that t2 = −dφ1 as in (3.3),

and ∫
L3

t2 ∪ φ1 =
1

N
mod 1 . (5.2)
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Then, by following the discussion of section 3, we have

f̌3 = (f3, h2, v3) (5.3)

with f3 = vol(L3) [4]. Therefore, from (3.6) we have∫
L3

f3 =

∫
L3

v3 = 1 . (5.4)

As discussed in section 2.1, the gauge non-invariance on the boundary of the bulk theory

is captured by the terms

2πih

(∫
db̌2 · db̌8 + db̌4 · db̌6

)
. (5.5)

5.1 Symmetries from magnetic branes

Making a similar yet slightly restricted version of the ansatz in (2.15),

db̌2 = dβ̌2 + dβ̌0 · ť2, (5.6a)

db̌8 = dβ̌8 + dβ̌6 · ť2 + dβ̌5 · f̌3, (5.6b)

db̌4 = dβ̌4 + dβ̌2 · ť2, (5.6c)

db̌6 = dβ̌6 + dβ̌4 · ť2 + dβ̌3 · f̌3 (5.6d)

where we note that we are purposefully not including a dβ̌1 · f̌3 term in (5.6c), which

will correspond to wrapping a D2-brane around a 3-cycle, giving a continuous (−1)-form

symmetry. We will discuss this term separately below. We do not include a similar term

in (5.6a) as this would correspond to wrapping a D0 brane around a 3-cycle, giving a (−3)-

form symmetry, which, at least in this formalism, is not possible by dimensional reasons.

(See [73] for an interpretation of such symmetries in a context similar to ours.) Therefore,

by considering (1.2), we have that possible values to sum over are k = 0, 2, and l = 0, 2, 3,

where there are no α, γ indices required as each degree of cohomology of L3 has just one

generator. We denote for β̌ that do not couple to the generator f̌3

β̌ = (n,A, 0) (5.7)

and for β̌ that do couple to f̌3

β̌ = (m,B, 0). (5.8)

Finally, for those β̌ that couple to ť2 we denote

β̌ = (ñ, C, 0). (5.9)

Note that this is slightly different to our notation in section 3, where we had the ‘electric’

gauge parameter β̌i−k−1 = (n,A, 0) and ‘magnetic’ gauge parameter β̌j−l−1 = (m,B, 0).

By computing Ki,j(gk, Hl−1), Ji,j(gk, Vl) for all values of i, j, k, l mentioned above, using

(5.2) and (5.4) and by considering dimensionality of the integrals, e.g.
∫
L3

cn = 0 if n ̸= 3
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for some cochain cn, we are able to derive the whole BF sector of the SymTFT for the 6d

(1,1) theory: the surviving Ki,j are

K3,9(t2, φ1) = K5,7(t2, φ1) =
1

N
(5.10)

and the surviving Ji,j are

J3,9(1, v3) = J5,7(1, v3) = 1 (5.11)

such that the resulting BF sector of the SymTFT is

Sm
(1,1) =

2πi

N

∫
ñ0 ∪ δñ6 + ñ2 ∪ δñ4 + 2πi

∫
n2 ∪ δB4 + n4 ∪ δB2 (5.12)

where the first integral describes the discrete higher-form symmetries Z(−1)
N ×Z(5)

N and Z(1)
N ×

Z(3)
N respectively, and the second integral describes the continuous higher-form symmetries

U(1)(3), U(1)(1), respectively. Note that the Bp+1 terms in the second integral, after a

sandwich, are background gauge fields for a U(1)(p) symmetry, as in [6, 7]. The (d−p−1)-

dimensional symmetry operators are then generated by the nd−p−1 cochains.

We can consider the form of the defect group given in [67] to see that these are in fact

higher-form symmetries of the theory:

D =
⊕
n

D(n) =
⊕

n=p−k

Hk+1(X4, L3)

Hk+1(X4)
=
⊕

n=p−k

Hk(L3;Z) (5.13)

where p is the dimension of the p-branes that wrap the non-compact (k + 1)-cycles of

X4 = C2/ZN given by elements of Hk(L3;Z). In this last equality, we have used that there

is an isomorphism between the non-compact (k+1)-cycles of X4 and the compact k-cycles

of L3 in this example. By considering the long exact sequence of relative homology, as is

discussed in [66, 67], the values of k that we can consider here are k = 1, 3. Type IIA has

Dp-branes given in electric-magnetic dual pairs as (D0, D6), (D2, D4), and so the defect

group from the equation above is then

D = (Z(1)
N ⊕ Z(−1))D2 ⊕ (Z(3)

N ⊕ Z(1))D4 ⊕ (Z(−1)
N )D0 ⊕ (Z(5)

N ⊕ Z(3))D6 (5.14)

where Z(p) defects correspond to a U(1)(p) symmetry, and Z(p)
N defects correspond to a Z(p)

N

symmetry. Therefore, we can see that this is almost exactly the defect group we would

expect from the SymTFT in (5.12). However, we have no term for the U(1)(−1) symmetry

coming from the electric (Z(−1))D2. We explicitly chose to not include a term in our ansatz

corresponding to this earlier on. If we add the missing dβ̌1 · f̌3 term to our ansatz for db̌4
we get the following additional term for the 6d (1, 1) theory:

Sm
(1,1) → Sm

(1,1) + 2πi

∫
m1 ∪ δA5 (5.15)

where the new term comes from the cross term (dβ̌1 · f̌3) · dβ̌6. This is not the term that

one would expect for a (−1)-form symmetry, it is rather the term one expects for a 4-form
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symmetry. So our ansatz in its current form can capture the symmetries coming from the

D(9− i) branes, but it misses symmetries coming from electric D(i− 3) branes.

We will now show how a slightly different choice of bulk action can describe the sym-

metries from D(i− 3) branes, at the cost of missing the symmetries coming from D(9− i)

branes. In section 6 we will show that differential K-theory provides a unified formulation

that can describe all expected symmetries.

5.2 Symmetries from electric branes

As a second attempt, let us suppose we replace the

2πih

(∫
ǎ5 · ǎ7

)
(5.16)

term in our 11d action (2.11) with

2πih

(∫
ǎ7 · ǎ5

)
. (5.17)

The product of differential cochains is not (graded) commutative, so despite the superficial

similarity this change can lead to potential changes in the SymTFT resulting from descent.

We make the ansatz

db̌4 = dβ̌4 + dβ̌2 · ť2 + dβ̌1 · f̌3 , (5.18)

db̌6 = dβ̌6 + dβ̌4 · ť2 + dβ̌3 · f̌3 . (5.19)

We will use the same notation for the β̌ fields as in section 5.1. Computing the SymTFT

coming from the new action, with the bulk ǎ5, ǎ7 fields as in (5.17), we get

Se
(D2,D4) =

2πi

N

∫
δñ2 ∪ ñ4 + 2πi

∫
m3 ∪ δA3 + 2πi

∫
n6 ∪ δB0 (5.20)

where the final integral looks exactly like what we expect for a U(1)(−1) symmetry, and

the sector corresponding to the discrete higher-form symmetries from (D2, D4) branes is

preserved, up to an integral by parts. The second term corresponds to a U(1)(2) symmetry,

electromagnetic dual in the bulk to the U(1)(1) symmetry written in (5.14).

5.3 The (2, 0) theory

Let us briefly consider another related example, the d = 6 N = (2, 0) su(N) theory,

engineered from IIB string theory on the same geometry as the previous example, X4 =

C2/ZN , with L3 = S3/ZN . The 11d bulk action we are considering here is given by (2.12),

and so for (1.2) we need to sum over (i, j) = (2, 10), (4, 8), (6, 6). For now, we only wish to

discuss the latter term, corresponding to the self-dual F5 field strength. Making the most

general ansatz for db̌5, we have

db̌5 = dβ̌5 + dβ̌3 · ť2 + dβ̌2 · f̌3 . (5.21)
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Considering all the allowed values of k, l, we can calculate the surviving Ji,j ,Ki,j and the

resulting SymTFT that we get is

SD3 =
2πi

N

∫
ñ3 ∪ δñ3 + 2πi

∫
n5 ∪ δB1 +m2 ∪ δA4. (5.22)

Again, we can compare this with the calculation of the defect group. For IIB, we have

Dp-branes given in electric-magnetic dual pairs (D(−1), D7), (D1, D5), (D3) where the

D3-brane is self-dual. By using (5.13) for just p = 3 and the same values of k as the 6d

N = (1, 1) example, we get

DD3 = (Z(2)
N ⊕ Z(0))D3. (5.23)

We can see that the first integral of (5.22) accounts for the Z(2)
N symmetry, where we note

that for 6d theories T we have the property that T ∼= T /Z(2)
N , i.e. gauging a discrete

2-form symmetry in 6d leaves the theory invariant. Then, the first term of the second

integral in (5.22) corresponds to the Z(0) defects, and we have an extra term coming from

the (dβ̌2 · f̌3) · dβ̌5 term of the 11d action. For the 6d N = (1, 1) theory, and generally

theories engineered in IIA, we were able to avoid terms that weren’t described by (5.13)

by considering the electric-magnetic dual branes separately, by swapping the order of the

product of ǎi and ǎj in the action and making a different ansatz. However, this method

doesn’t work for theories engineered from Type IIB, as the D3 brane is self-dual and we

cannot make two different ansatzes for the same field.

6 Ǩ-theory refinement

In our discussion so far we have seen that the SymTFT obtained from descent does depend

on the precise ordering of the differential cochains in the bulk action. The dependence

is somewhat mild: different orderings lead to different electromagnetic dual fields being

represented in the SymTFT explicitly. Depending on whether we want to make the electric

or magnetic representative manifest we could choose one form or the other. As discussed

at the end of section 4, this question is ultimately related to whether we are gauging the

continuous symmetries in the field theory or not.

Rather than saying that the bulk of the SymTFT depends on the choice of whether

we gauge the symmetry or not, we take a different perspective, following what happens in

holography [71, 72]: we now show that using a better formulation of RR fields in string

theory, namely differential K-theory, leads to a universal SymTFT where both possibilities

appear, linked by a duality relation.

6.1 Ǩ-theory bulk action

So far we have argued that one can obtain the BF sector of the SymTFT for discrete and

continuous symmetries by using ordinary differential cohomology, but in fact a formulation

of RR fluxes in terms of differential K-theory is more natural from the string theory point
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of view [49].4 In this section and the next we will show how the K-theory formulation

leads to an action which treats the two possibilities for the continuous SymTFT sector

democratically. We start in this section with a quick review of the ideas of Belov and

Moore [44, 45], and their further development in [32], and we refer the reader to those

papers for more extensive discussion.

In order to understand the type IIA bulk action from an eleven dimensional perspective,

let ǎ ∈ Ǩ1(Y11) be

ǎ = ǎ1 + ǎ3 + ǎ5 + ǎ7 + ǎ9 + ǎ11 (6.1)

with the group of differential K-theory cochains defined as in [65] (the details of the con-

struction will not be essential for the point we want to make), and

ǎ∗ = ǎ1 − ǎ3 + ǎ5 − ǎ7 + ǎ9 − ǎ11 . (6.2)

For Type IIB, we can similarly define an ǎ ∈ Ǩ0(Y11) as

ǎ = ǎ0 + ǎ2 + ǎ4 + ǎ6 + ǎ8 + ǎ10 + ǎ12 (6.3)

with ǎ∗ defined in an alternating way, similarly to (6.2).

The 11d bulk action describing the RR sector is [32, 44, 45]

S = 2πih

(
1

2

∫
Y11

ǎ · ǎ∗
)

, (6.4)

where the schematic factor of 1/2 should be understood as a choice of quadratic refinement.

Only terms of the form ǎi · ǎj with i+ j = 12 appear in the resulting action, so we get

S = 2πih

(
1

2

∫
Y11

ǎi · ǎj − ǎj · ǎi
)

(6.5)

for i+ j = 12.

6.2 Duality symmetric formulation for the SymTFT

We will now show how Ǩ-theory actions of the form (6.5) lead, by symmetry descent, to

SymTFTs where symmetries from electric and magnetic branes appear simultaneously. In

particular, the terms relevant to the SymTFT for the F4 field strength term of IIA for the

6d N = (1, 1) are

S = 2πih

(
1

2

∫
Y11

ǎ5 · ǎ7 − ǎ7 · ǎ5
)

. (6.6)

Making the most general ansatz for the gauge transformations

db̌4 = dβ̌4 + dβ̌2 · ť2 + dβ̌1 · f̌3, (6.7)

db̌6 = dβ̌6 + dβ̌4 · ť2 + dβ̌3 · f̌3 (6.8)

4The K-theory formulation is known to be limited, in that it is not known how to extend it to include

the NSNS sector in a way that makes the dualities of string theory manifest, see [74] for a discussion of the

relevant issues.
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leads to the SymTFT

S(D2,D4) = Sdiscrete + 2πi

∫
n4 ∪ δB2 + n6 ∪ δB0 +m1 ∪ δA5 +m3 ∪ δA3 (6.9)

where Sdiscrete is just the first integral of (5.12), which we have already checked is under

control. We see that theK-theory formulation exhibits both the U(1)(−1) symmetry coming

from a D2 brane and the U(1)(1) symmetry coming from a D4 brane simultaneously,

corresponding to the first two terms of the integral. However, both electromagnetic dual

terms also appear, corresponding to the two final terms of the integral. These U(1) fields

are, of course, still linked by electromagnetic duality, so this formulation is symmetric at

the cost of being redundant.

6.3 The anomaly sector

We now would like to argue, extending the discussion in [32], that including an H-twisting

of our Ǩ-theoretical action allows us to compute anomaly terms of the SymTFT. We will

use the 6d (1, 1) theory as a guiding example. Let us consider the ǨH formulation of our

bulk action

S = 2πih

(∫
Y11

1

2
ǎ · ǎ∗

)
− 2πih

(∫
W12

ǎ · Ȟ · ǎ∗
)

(6.10)

where W12 = N8 × X4. We have that the integral over L3 of the gauge transformations

of ǎ of this term should give us Lanomaly when we restrict Nd+2 back to Md+1. Here, Ȟ

is a differential refinement of the NSNS 2-form field B2, and we can choose Ȟ ∈ Ȟ3(N8)

such that we implicitly pullback Ȟ to W12, as usual. Then, let Ȟ = (g, γ,Γ), such that

δγ = Γ− g. We can consider the terms

ǎi · Ȟ · ǎj (6.11)

as composing our 12d Lagrangian, where now i + j = 10. Then, under a gauge transfor-

mation:

SH = 2πih

(∫
Nd+2×X10−d

ǎ · Ȟ · ǎ∗
)

→ 2πih

(∫
Nd+2×X10−d

db̌ · Ȟ · db̌∗
)

(6.12)

where now we can use Stokes’ theorem to obtain

∆SH = −2πih

(∫
Nd+2×L9−d

b̌ · Ȟ · db̌∗
)

+ 2πih

(
d

∫
Nd+2×X10−d

b̌ · Ȟ · db̌∗
)

(6.13)

where in this note we will not consider the contribution from this second term, as is done

in [32].

Considering 6d (1,1) theory as an example, we can choose the same most general

ansatz5 as in section 5.2 for b̌i−1, b̌j−1, and we have that the terms contributing to Lanomaly

from our 12d Lagrangian will be

β̌i−1 · Ȟ · (dβ̌j−4 · f̌3) + (β̌i−4 · f̌3) · Ȟ · dβ̌j−1 (6.14)

5We consider only free generators here, as anomalies of discrete symmetries from torsion generators has

already been discussed in [32].
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where we sum over both (i, j) and (j, i) due to the K-theoretic formulation of the action.

Integrating over L3, we get

∆SH = 2πi

∫
N8

ni−1 ∪ g3 ∪ δBj−5 +mi−4 ∪ g3 ∪ δAj−2 (6.15)

= 2πi

∫
M7

ni−1 ∪ g3 ∪Bj−5 +mi−4 ∪ g3 ∪Aj−2 (6.16)

− 2πi

∫
N8

δni−1 ∪ g3 ∪Bj−5 + δmi−4 ∪ g3 ∪Aj−2 (6.17)

such that we have

Sanomaly = 2πi
∑

i+j=10

∫
M7

ni−1 ∪ g3 ∪Bj−5 +mi−4 ∪ g3 ∪Aj−2. (6.18)

Therefore, for the 6d (1,1) theory we can write the anomaly terms between continuous

symmetries as

S
(1,1)
anomaly = 2πi

∫
M7

n0∪g3∪B4+n2∪g3∪B2+n4∪g3∪B0+m1∪g3∪A3+m3∪g3∪A1. (6.19)

Slightly extending the computation of anomaly terms given in [32], we can make an-

other expansion of Ȟ in the following way

Ȟ = Ȟ0 · f̌3 (6.20)

where Ȟ0 = (g0, 0,Γ0), which gives

Ȟ = (g0 ∪ f3, g0 ∪ h2,Γ0 ∧ v3). (6.21)

Then, we require that i+ j = 10 as usual for our ǎi · Ȟ · ǎj , but now we need the following

coupling for this choice of Ȟ:

β̌i−1 · (Ȟ0 · f̌3) · dβ̌j−1. (6.22)

Evaluating this and integrating over L3 to obtain the anomaly term as before, we get

Sanomaly = 2πi
∑

i+j=10

∫
M7

ni−1 ∪ g0 ∪Aj−2. (6.23)

We can choose to set g0 = 1. For example, the choice (i, j) = (5, 5) gives the term

n4 ∪ g0 ∪A3 (6.24)

which, when included in the SymTFT for the 6d (1,1) theory given in (6.9), we get equations

of motion, after setting g0 = 1,

− δB2 = A3 (6.25)

− δm3 = n4. (6.26)

Therefore we can see, for example, that picking Dirichlet boundary conditions for A3 forces

Neumann boundary conditions for B2, such that we cannot choose both the U(1)(1) and

dual U(1)(2) symmetries at the same time. Additionally, if we include the anomaly terms

from (6.19), we also find an anomaly between B2 and B0, where these are defects for

(Z(1))D4, (Z(−1))D2 from (5.14) respectively, and give symmetries coming from electric-

magnetic dual branes such that only one can be present in a given theory.
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Note added. As we were finishing this note we were informed about the upcoming work

[75], which has some overlap with our discussion. We thank the author for agreeing to

coordinate submission.
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