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Abstract

Fusion surface models, as introduced by Inamura and Ohmori [1], extend the concept
of anyon chains to 2+1 dimensions, taking fusion 2-categories as their input. In this
work, we construct and analyze fusion surface models on the honeycomb lattice built
from braided fusion 1-categories. These models preserve mutually commuting plaque-
tte operators and anomalous 1-form symmetries. Their Hamiltonian is chosen to mimic
the structure of Kitaev’s honeycomb model, which is unitarily equivalent to the Ising fu-
sion surface model. In the anisotropic limit, where one coupling constant is dominant,
the fusion surface models reduce to Levin-Wen string-nets. In the isotropic limit, they
are described by weakly coupled anyon chains and are likely to realize chiral topological
order. We focus on three specific examples: (i) Kitaev’s honeycomb model with a pertur-
bation breaking time-reversal symmetry that realizes chiral Ising topological order, (ii)
a ZN generalization proposed by Barkeshli et al. [2], which potentially realizes chiral
parafermion topological order, and (iii) a novel Fibonacci honeycomb model featuring a
non-invertible 1-form symmetry.
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1 Introduction36

Kitaev’s exactly solvable spin-1
2 model on the honeycomb lattice [3] displays a range of ex-37

otic quantum spin liquid phases, both topologically ordered and gapless. When time-reversal38

symmetry is broken, it supports non-abelian topological order with Ising anyons, which hold39

promise for fault-tolerant quantum computation [4]. This non-abelian phase also features40

gapless edge modes described by chiral Ising conformal field theories. The edge modes, char-41

acteristic of chiral topological order, are of great interest to experiments. Certain signatures42

of these edge modes were observed in the thermal Hall conductances of the Kitaev material43

candidate α-RuCl3 [5, 6], though this interpretation has been questioned due to a lack of ro-44

bustness [7].45

Numerous generalizations of Kitaev’s honeycomb model have been developed indepen-46

dently, including extensions to higher spin [8–10] and to ZN [2, 11, 12]. In this paper, we47

take a systematic approach to constructing these generalizations. We develop techniques in-48

troduced in [1] to show how braided fusion categories provide a convenient framework as49

well as tools to explore such topologically ordered phases.50

A deep connection between lattice statistical-mechanical models and fusion categories pre-51

dates the definition of the latter. Transfer matrices of 2d classical lattice models can be written52
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in terms of the generators of algebras such as that of Temperley and Lieb, the very same al-53

gebras that underlie the construction of knot invariants like the Jones polynomial [13–15].54

Fusion categories provide an elegant understanding of the common mathematical structure, a55

connection that became readily apparent in the “anyon chain" limit of these models [16, 17].56

Such lattice models inherit a symmetry algebra from the input categories, resulting in non-57

invertible symmetries and dualities [18–20], meaning they cannot be implemented by unitary58

operators. Many of these lattice models, such as those of Andrews–Baxter–Forrester [21], have59

integrable limits [22] described by rational conformal field theories in the continuum.60

Recently, Inamura and Ohmori [1] introduced a generalization to one dimension higher.61

Taking fusion 2-categories as input, their construction yields 3d classical and 2+1d quantum62

lattice models that build in useful symmetries. The latter, called fusion surface models, include63

Levin-Wen string-nets [23] in a special case. Strikingly, Kitaev’s honeycomb model can be64

formulated as a fusion surface model. Moreover, we show how chiral topological order occurs65

in fusion surface models, as a time-reversal-symmetry-breaking perturbation causing it is easily66

realized in this framework.67

We utilise this method to construct several models naturally generalizing the Kitaev honey-68

comb model. Our Hamiltonians contain non-commuting terms akin to those in Kitaev’s model.69

By design, they possess 1-form symmetries that manifest as mutually commuting plaquette op-70

erators. The existence of these potentially anomalous 1-form symmetries makes them promis-71

ing candidates for various topologically ordered phases. Indeed, they reduce to Levin-Wen72

string-net models in a particular limit. Chiral topological order can occur because of complex73

phases in the Hamiltonian, and we provide evidence it does indeed occur.74

In our work we take advantage of a simplification, in that many interesting cases do not75

require the general data of a 2-category, but rather only that of a braided fusion 1-category.76

Thus in essence generalizing the anyon-chain construction to 2+1d requires (at minimum)77

adding braiding to fusing. The ensuing models typically seem to break time-reversal symmetry,78

and so provide candidates for chiral topological order without further modification.79

We begin in Section 2 by reviewing how quantum chains constructed from fusion cate-80

gories possess non-invertible symmetries. The 2+1d fusion surface models from braided fu-81

sion categories are described in Section 3, where we show they become Levin-Wen models82

in a particular limit. In Section 4, we review how Kitaev’s honeycomb model, including the83

magnetic-field perturbation and twist defects, is unitarily equivalent to the Ising fusion surface84

model. Section 5 investigates the ZN generalization of Kitaev’s honeycomb model constructed85

from the Tambara-Yamagami category, which turns out to be closely related to the model intro-86

duced in Barkeshli et al. [2]. We present further evidence that these models do indeed realize87

chiral topological order. Finally, a novel Fibonacci honeycomb model with a non-invertible88

1-form symmetry is introduced in Section 6. Its time-reversal-symmetry breaking makes it a89

promising candidate for having chiral topological order.90

2 Review of quantum anyon chains91

Anyon chains are 1+1d quantum lattice models constructed from fusion categories [16,17,24].92

They can be obtained from the anisotropic limit of the 2d classical statistical-mechanical mod-93

els [13,14,18]. A key feature is that the Hamiltonian commutes with non-local “non-invertible"94

symmetries, whose generators are constructed from the fusion category. Such symmetries pro-95

vide a natural generalization of Kramers-Wannier duality. More generally, these operators al-96

low the construction of topological defects in the corresponding 2d classical lattice models,97

and so also yield topologically twisted boundary conditions in the 1d quantum chains. In this98

section, we review the construction of the anyon-chain Hamiltonian and its symmetries, laying99
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the groundwork for the fusion surface model construction in Section 3.100

To construct the anyon chains, we start with the input fusion category C, which consists of101

a finite number of simple objects {a, b, c, . . . } with fusion rules102

a⊗ b = ⊕cN
c
ab c ,

where the N c
ab are non-negative integers. Fusion diagrams are planar trivalent graphs whose103

edges are labeled by objects in the category. At each trivalent vertex, the labels of its incident104

edges satisfy N c
ab ̸= 0. Evaluating a fusion diagram means associating an isotopy invariant105

to it. The diagram can be continuously deformed without changing its evaluation. Also, the106

evaluation is invariant under a set of manipulations described below in (2), (3). In this pa-107

per, we restrict to multiplicity-free fusion categories, meaning N c
ab = 0,1, and assume trivial108

Frobenius-Schur indicators for all objects. Except for Section 5, we consider categories where109

all objects are self-dual, i.e. 0 ∈ a⊗ a, where 0 is the identity object. Self-duality implies that110

the lines in the fusion diagrams do not carry arrows. The fusion categories are also assumed to111

be unitary. The fusion diagrams then can be rotated at will, since any unitary fusion category112

admits a pivotal structure [3].113

States in the anyon chain Hilbert space correspond to fusion trees of the form114

|{Γi}〉=

Γ1 Γ2 Γ3 Γ4 . . .

ρ ρ ρ ρ

Each vertical leg of the fusion tree is labeled by the same object ρ ∈ C. The horizontal edges115

Γi ∈ C are the dynamical degrees of freedom. The local Hamiltonian Hi−1,i,i+1 acts on the116

fusion tree state as117

Hi−1,i,i+1 :

Γi−1 Γi Γi+1

ρ ρ

→
∑

h

Ah

Γi−1 Γi Γi+1

h
ρ
ρ

ρ
ρ

, (1)

with h ∈ C and constants Ah ∈ R. Each term on the right-hand side of (1) can be evaluated118

using the F-moves of the fusion category,119

d

ca b

x =
∑

y

[F abc
d ]x y

d

ca b

y , (2)

together with the following identities to fuse lines to the fusion tree and remove bubbles:120

a
b =

∑

c

√

√ dc

dadb c
a
b

a
b ,

c a
b

b′
= δac

√

√dbdb′

da
a a .

(3)
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Here da denotes the quantum dimension of the object a. Explicitly, it follows that121

Γi−1 Γi Γi+1

h
ρ
ρ

ρ
ρ

=
∑

Γ ′i

√

√

√

dΓ ′i
dΓi dh

Γi−1 Γ ′i Γi+1

hρ
ρ

ρ
ρ

=
∑

Γ ′i

Æ

dh[F
Γ ′i hρ
Γi−1
]Γiρ[F

ρhΓi
Γi+1
]ρΓ ′i

Γi−1 Γ ′i Γi+1

ρ ρ

.

By construction, the local Hamiltonian (1) commutes with topological lines labeled by objects122

a ∈ C acting on the fusion tree from above:123









Γi−1 Γi Γi+1

h
ρ
ρ

ρ
ρ

,
Γi−1 Γi Γi+1

ρ ρ

a








= 0 (4)

The action of the line a on the fusion tree can be evaluated similarly as the action of the124

Hamiltonian,125

Γi−1 Γi Γi+1

ρ ρ

a

= Γ ′i−1 Γ ′i Γ ′i+1

ρ ρ

a

= . . . [F
Γ ′i−1aΓi
ρ ]Γi−1Γ

′
i
[F
Γ ′i aΓi+1
ρ ]ΓiΓ ′i+1

. . .

These topological lines therefore implement symmetries when they map the Hilbert space to126

itself, or dualities when they map to a different Hilbert space. Many examples are given in127

e.g. [18–20]. These symmetry generators obey the same fusion algebra as the corresponding128

object in the input category, and are non-invertible when da > 1. The local commutation129

relation (4) implies that any Hamiltonian H =
∑

i CiHi−1,i,i+1 with Ci ∈ R will commute with130

the topological line a ∈ C. In particular, translation invariance is not required.131

Twisted boundary conditions are implemented by gluing an additional vertical leg b ∈ C132

to the fusion tree:133

Γ1 Γ2 Γ3 Γ4 Γ5

ρ ρ ρ

b

With twisted boundary conditions, it is possible to define a modified translation operator as134

a combination of the original translation operator and a unitary transformation. The unitary135

transformation is given by an F-move that moves the defect back to its original location [18].136

3 Fusion surface models from braided fusion 1-categories137

Inamura and Ohmori [1] introduced fusion surface models, which naturally generalize anyon138

chains to 2+1 dimensions. Their construction uses fusion 2-categories as input. In this paper,139

we restrict to a simpler subclass of fusion 2-categories, namely braided fusion 1-categories. The140

resulting fusion surface models automatically preserve 1-form symmetries. While braiding is141

not a requirement for the 1+1d anyon chains, it is essential in the 2+1d case. We study a142

Hamiltonian that mirrors the structure of Kitaev’s honeycomb model [3], a relation that will143

be reviewed in Section 4.144
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3.1 Construction and symmetries145

As input fusion 2-category, we take the condensation completion Mod(B) of B-module cate-146

gories over a braided fusion 1-category B. Practically speaking, this means the lattice construc-147

tion relies only on the properties of B [1]. Throughout the paper, we assume B is multiplicity-148

free, as well as self-dual (except for Section 5). To evaluate the resulting diagrams, the R-149

symbols are needed, namely150

a

cb

= Rbc
a

a

cb

,

a

cb

= (Rbc
a )
−1

a

cb

All fusion categories considered in this paper are unitary, so (Rbc
a )
−1 = (Rbc

a )
∗. In consequence,151

lines can be slid freely above and below fusion vertices.152

States in the Hilbert space are fusion trees on the honeycomb lattice,153

�

�{Γi , Γi jk}
�

=

ρ λ

Γi jk

Γk
Γ j

Γi

The black edges are labeled by objects Γi ∈ B and the four-valent vertices by morphisms154

Γi jk ∈ Hom(Γi⊗Γ j , Γk⊗ρ). Following [1], the four-valent vertices are resolved into two trivalent155

vertices, at the expense of creating a new edge labeled by Γi jk ∈ B:156

�

�{Γi , Γi jk}
�

=

ρ λ

Γi jk

Γk
Γ j

Γi (5)

All planar edges Γi and Γi jk on the surface of the fusion tree are dynamical degrees of freedom.157

As in the anyon chains, the vertical legs are fixed and labeled by the objects ρ,λ ∈ B. In158

principle, ρ and λ can be different due to the bipartiteness of the honeycomb lattice, but in all159

examples discussed here, we choose λ= ρ. From now on, we use the graphical representation160

(5), where all edges are labeled by objects Γi , Γi jk,ρ ∈ B. Unless stated otherwise, all vertical161

lines will be implicitly labeled by ρ.162

We consider Hamiltonians of the form depicted below, reminiscent of Kitaev’s honeycomb163

model [3]:164

Hp : −→ −
∑

h

Ah

�

Jx
h

+ Jy h + Jz
h

�

(6)
We group the three types of operators around each plaquette p into a single term Hp, so that165

H =
∑

p Hp. All coupling constants Jx , Jy , Jz and weights Ah are assumed to be real numbers.166

The Hamiltonian thus yields the simplest 2d analog of the anyon chain. The z-link term with167

coefficient Jz is precisely the local anyon-chain Hamiltonian H2i−1,2i,2i+1 from (1) and can be168

evaluated in the same way. However, because of the geometry of the honeycomb lattice, the Jx169

and Jy fusion diagrams in Fig. 6 are no longer planar diagrams, as the line labeled by h passes170

underneath the other lines. The braiding therefore is necessary to define the fusion surface171

models.172
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The x-link term with coefficient Jx in Fig. 6 can be evaluated as follows:173

h

Γi Γi jk
Γ j

Γk

Γl

Γklm Γm
=

∑

Γ ′klm,Γ ′l ,Γ ′k ,Γ ′i jk

Γ ′klm

Γ ′l

Γ ′k

Γ ′i jk

=
∑

Γ ′klm,Γ ′l ,Γ ′k ,Γ ′i jk

[FρhΓklm
Γm

]ρΓ ′klm
[F
Γ ′klmhΓl
Γk

]ΓklmΓ
′
l
[F ΓlhΓk
Γ ′klm
]Γ ′l Γ ′k

[F
Γ ′khΓi jk

Γ j
]ΓkΓ ′i jk

[F
Γ ′i jkhρ

Γi
]Γi jkρ

�

RΓlh
Γ ′l

�−1Æ
dh Γ ′klm

Γ ′k

Γ ′i jk

The y-link term with coefficient Jy can be evaluated analogously to the x-link term. In fact, it174

is related to the x-link term by combined spatial mirror reflection symmetry P and complex175

conjugation K:176

h
= PK





h



K†P†. (7)

Complex conjugation is necessary to conjugate the braiding phase. The z-link term is invariant177

under both P and K. Because the x-link and y-link terms are not real, the fusion surface178

Hamiltonian breaks time-reversal symmetry unless there exists a unitary matrix U such that179

UHpU† = (Hp)∗.180

Another new aspect of the 2+1d models is the existence of conserved plaquette operators181

B(b)p , b ∈ B [1]:182

B(b)p : →
b

=
b

. (8)

In the diagram above, the blue b-lines fused to the lattice can be removed as usual, using183

the F-symbols and R-symbols of the braided fusion category B. We will no longer write out184

the evaluation explicitly. These plaquette operators commute with the Hamiltonian (6) and185

among themselves. They can be combined into projectors Bp satisfying B2
p = Bp, where186

Bp =
∑

b∈B

db

D
B(b)p , with D =

√

√

∑

b

d2
b . (9)

Furthermore, the fusion surface models are invariant under 1-form symmetries a ∈ B fused187

to the honeycomb lattice from above,188

a

In order to commute with all terms in the Hamiltonian, the symmetry line a must form a closed189

loop of any length, contractible or incontractible. Strictly speaking, 1-form symmetries must190

act trivially on contractible loops; otherwise, the symmetry is more appropriately called a 1-191

symmetry [1, 25, 26]. Nonetheless we use the more common nomenclature of 1-form, even192

though a contractible loop occurs only with Bp = 1. The 1-form symmetry commutes with193

each individual term Hp, so any Hamiltonian H =
∑

p CpHp with Cp ∈ R preserves it. An194

open string labeled by a ∈ B creates anyons at its endpoints when the ground state is gapped.195

Condensation defects [27–30] are networks of 1-form symmetry lines, yielding topological196

surface operators that commute with the Hamiltonian [1].197
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3.2 Levin-Wen string-net limit198

The phases of the fusion surface models from Fig. 6 are constrained by their inherent 1-form199

symmetries [1]: A 1-form symmetry exhibits a ’t Hooft anomaly when the associated anyons200

have nontrivial braiding [27,31]. In the fusion surface model construction, the braiding of the201

1-form symmetry generated by the object a ∈ B is characterized by the braiding phase Raā
1 of202

the input category B, where ā is the object dual to a. When this braiding phase is nontrivial,203

the 1-form symmetry line a is anomalous, requiring anomaly-matching. For invertible symme-204

tries, the anomaly can be matched either by spontaneous symmetry breaking or by the phase205

being gapless. For non-invertible symmetries, generalized anomaly-matching conditions are206

explored in [31–33].207

Spontaneous breaking of the 1-form symmetry a results in topologically ordered ground208

states with anyonic excitations corresponding to a [34]. Mathematically, the modular tensor209

category describing the ensuing topological order takes the form B or B ⊠ C, where B is the210

input category and C denotes another category describing emergent anyons [1,35].211

Two analytically tractable limits exist within the phase diagram, and are sketched in Fig. 1.212

Here we discuss one such limit, and in section 3.3 the other. In the limit Jz →∞, the Hamil-

Ax Ay

Az

B

Jx = Jy = 0

Jx = Jz = 0Jy = Jz = 0

Figure 1: Schematic phase diagram of the fusion surface model (1) with
Jx + Jy + Jz = 1. The phases Ax , Ay , Az are characterized by non-chiral Z(B) topo-
logical order. At the red points, the model reduces to decoupled anyon chains, while
in phase B, the chains are weakly coupled.

213

tonian in Fig. 6 simplifies to a sum of commuting z-link terms that can be diagonalized in-214

dependently. Each such term is that of the anyon-chain Hamiltonian H2i−1,2i,2i+1 from (1),215

which acts non-diagonally only on even sites. The ground states of the anyon chain in this216

completely staggered limit were computed in Section 8.1 of [18] for cases where B is either217

the ZN Tambara-Yamagami category or the Ak+1 category, and where Ah = [F
ρρρ
ρ ]0h in (1)218

(all our examples satisfy these conditions up to a constant and an overall scaling). There exists219

one ground state for each object r ∈ B, namely220

|r r̃ r〉=
r r̃ r

ρ ρ

with |r̃〉=
1

Æ

dr dρ

∑

x

N x
rρ

Æ

dx |x〉 .

Consequently, the ground state subspace is effectively a honeycomb string-net,221

a ã a

c c̃ c
bb̃ d d̃ → a

c
b d (10)

8



SciPost Physics Submission

In the quantum-chain limit, spontaneously broken non-invertible symmetries can preserve222

degenerate ground states and excitations away such from trivially solvable limits, up to ex-223

ponentially small finite-size corrections [18, 20]. In our 2d case such degeneracies survive224

as well. We compute the effective Hamiltonian resulting from including the x-link and y-link225

terms, and show that it is precisely the Levin-Wen Hamiltonian for topological order [23].226

Namely, we find that the lowest-order perturbation theory Hamiltonian in this subspace is the227

product of x-link and y-link terms around a plaquette:228

Heff ∼
J2

x J2
y

J3
z

∑

h

Ah

h
a ã a

c c̃ c
bb̃ d d̃ →

J2
x J2

y

J3
z

∑

h

Ãh

a

c
b d

h (11)

In the first line of (11), we must sum over the two resolutions of the four-valent blue vertices,229

= + (12)

This large-Jz result is straightforward to derive. At first order in perturbation theory, a230

single Jx or Jy link term changes two z-link states from their ground state |r r̃ r〉 to an excited231

state,232

h

b̃ b
c
d

e
a ã =

∑

a′,b′,ã′,b̃′,...

Ca′,b′,ã′,b̃′,...

b̃′ b′
c
d ′

e
a′ ã′

Note that the x-link term changes ã → ã′ as ã is not necessarily a simple object. The coeffi-233

cients Ca′,b′,... depend on the F-symbols and R-symbols. The overlap between this state and the234

original one can only be nonzero when a′ = a, b′ = b and d ′ = d. In that case, the overlap235

reduces to236




ã′
�

�ã
� 


b̃′
�

�b̃
�

∝
�

∑

x

dx[F
rhρ
x ]rρ

�2

.

This follows from the expansion |ã〉 ∝
∑

x∈B N x
rρ

p

dx |x〉 and the action [F rhρ
x ]rρ of the Hamil-237

tonian on each simple object x in ã. Hence, the overlap immediately vanishes if Nh
rr = 0, as238

it is the case for the Ising and ZN Tambara-Yamagami examples discussed in Sections 4and 5.239

Even when Nh
rr ̸= 0, the overlap vanishes from the symmetry properties of the F-symbols we240

require (see e.g. [18], and discussion below):241

∑

x

dx[F
rhρ
x ]rρ =

∑

x

dx

q

dr dρ

�

r h r
ρ x ρ

�

=
∑

x

dx

q

dr dρ

�

r r x
ρ ρ h

�

= (dr dρ)
∑

x

dx

�

r r h
ρ ρ x

��

r r 0
ρ ρ x

�

= (dr dρ)δ0hN0
r r N0

ρρ = 0 if h ̸= 0.

(13)
In the first equality, we write the F-symbol in terms of the tetrahedral symbol, which can be242

defined graphically as243

�

a b c
d e f

�

=
1

Æ

dadbdcdd ded f

a
bc

d

e f

=
1

Æ

dcd f

[F abd
e ]c f

These symbols possess the symmetries of a tetrahedron, and we exploit these in our derivation244

of (13). In the second equality in (13), we employ the column-permutation symmetry of the245

9
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tetrahedral symbol; see e.g. equation (2.42) in [18]. In the third equality, we use their (2.40)246

to insert a second tetrahedral symbol at the expense of a numerical factor, and in the fourth,247

we employ the orthogonality of the tetrahedral symbols in their (2.44). The overlap therefore248

vanishes for any Hamiltonian (as any term with h= 0 is simply a constant, we can simply249

set A0= 0 without loss of generality). This vanishing can be easily checked explicity for the250

Fibonacci fusion category with h= r =τ studied below.251

At second order, the product of two adjacent Jx and Jy terms contains a part which acts252

diagonally on the z-link state that they share (due to h being self-dual), even though they253

change the other two z-link states to orthogonal states. In a picture,254

h0
∈

h

Hence, the lowest-order effective Hamiltonian that preserves the ground-state subspace arises255

at fourth order, and is the product of two Jx and two Jy terms around one plaquette, as depicted256

in the first line of (11). It contains a contribution that acts diagonally on the z-link states
�

�bb̃b
�

257

and
�

�dd̃d
�

on the left and right of the plaquette, and a contribution that flips the z-link states258

|aãa〉 and |cc̃c〉 on the top and bottom to different states
�

�a′ã′a′
�

and
�

�c′ c̃′c′
�

with the same259

energy. To show the last statement, we compute the overlap between the z-link acted upon by260

the Jx and Jy terms and the original z-link state. The new state is given by261

h

r r̃ r
=

∑

r ′,r ′′,x

Æ

dx N x
rρdh[F

r ′′hρ
x ]rρ[F

ρhr ′
x ]∗ρr

r ′ x r ′′

The overlap between the new state and another ground state
�

�r ′ r̃ ′r ′
�

is proportional to262

∑

x

dx N x
rρ[F

r ′hρ
x ]rρ[F

ρhr ′
x ]∗ρr =

∑

x

dx N x
rρ

�

�

�[Fρhr ′
x ]ρr

�

�

�

2
> 0.

The equality follows from the tetrahedral symmetry of the F-symbol. Hence, the ground states263

mix at fourth order in perturbation theory. In the ground state subspace, this fourth-order264

effective Hamiltonian thus acts as a Levin-Wen plaquette operator [23], as sketched in the265

second line of (11). The coefficient Ãh may be different from the coefficient Ah in the first266

line because one of the two resolutions in (12) has an additional braiding phase depending267

on h. By construction, the Levin-Wen model realizes non-chiral topological order described by268

the Drinfeld centre Z(B) [23, 36]. Therefore the fusion surface model (6) also realizes such269

order in the Jz ≫ Jx , Jy limit (denoted as the Az phase in Fig. 1). We expect the same kind of270

topological order when either Jx or Jy dominate. In Appendix F, we discuss a more general271

commuting-projector Hamiltonian and its relation to the string-net models [23,36–41].272

3.3 Weakly coupled chains273

When one coupling, e.g. Jx , is set to zero, the fusion surface model (6) reduces to a stack of274

Jy–Jz chains with local Hamiltonian275

−
∑

h

Ah






Jy

h Γ j

Γl
Γk

Γi Γi jk

Γklm Γm
+ Jz

h

Γklm Γm Γmno






(14)
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This Hamiltonian is diagonal in the Γ j and Γl degrees of freedom. If they are all set to the276

identity object, the Jy–Jz chain is precisely the anyon chain with the usual z-link Hamiltonian,277

cf. (1), and staggered couplings. If not, the Γl edges can be moved using F-symbols,278

h Γ j

Γl
ΓkΓi Γi jk

Γklm Γm
=
∑

Γ ′klm

[F ΓkΓlΓmρ ]ΓklmΓ
′
klm

Γ ′klm

Γ j

Γl

(15)

Since the F-symbols are unitary in the lower two indices, moving the Γl edge in this manner279

implements a unitary transformation of the Γklm edge. Similarly, the Γ j edges can be shifted280

using a combination of F-symbols and R-symbols,281

h Γ j

Γl
ΓkΓi Γi jk

Γklm Γm
=
∑

Γ ′i jk

[F
ΓiΓ jΓk
ρ ]−1

Γi jkΓ
′
i jk

R
Γ jΓi jk

Γk

�

R
Γ jΓi

Γ ′i jk

�−1 Γ ′i jk

Γ j

Γl

(16)

This transformation is also unitary because the R-symbols are unitary as well. By repeating282

these processes, all Γ j and Γl edges can be moved to the same location, as illustrated below for283

a Jy–Jz chain of size L = 4:284

↓ unitary transformation (17)

Except for the right-most term, the unitarily transformed Hamiltonian is exactly the anyon-285

chain Hamiltonian.286

Having been moved together, the Γ j and Γl edges then can be fused together, leading to a287

sum over objects at this location. For an open chain, taking the location to be the end amounts288

to a sum over boundary conditions on the anyon chain. The multiplicities in the sum lead289

to additional degeneracies in the spectrum for each boundary condition. For periodic bound-290

ary conditions, only one term in the Hamiltonian differs from the anyon chain. This unitarily291

transformed Hamiltonian is effectively an anyon chain with a sum over twisted boundary con-292

ditions, again with multiplicities. We work out the unitary transformation (17) explicitly for293

the chain constructed from the Ising category in Appendix G. As seen there, the degeneracies294

grow exponentially with the size of the system. These large degeneracies can also be under-295

stood as arising from the remnants of plaquette operators B̄(b)p or of 1-form symmetries W (b)
γ ,296

acting as297

B̄(b)p : b , W (b)
γ : b

Once the eigenvalues of the largest commuting set of these operators are fixed, the Jz = 0,298

Jy = Jz model reduces to the anyon chain in the corresponding background fields. In many299

interesting cases including the examples we study, the continuum limit yields a conformal field300

theory.301

Along the Jy = Jz , Jx = 0 line, the fusion surface model (6) is expected to be gapless and302

characterized by L y distinct 1d theories, which in the examples we study are CFTs. Upon intro-303

ducing a small coupling Jx ≪ Jy = Jz between neighbouring critical chains, the fusion surface304

model realizes a coupled-wire system [42,43]. When time-reversal symmetry is broken, chiral305

topological order is possible. We devote the remainder of the paper to discussing multiple306

example of such.307
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4 Kitaev’s honeycomb model308

The simplest non-trivial example of a fusion surface model of the form (6) is built from the309

Ising category, and its Hamiltonian is unitarily equivalent to the well-known Kitaev honeycomb310

model [1]. We review and expand upon this result to set the stage for its generalizations in311

Sections 5 and 6. Under a magnetic-field perturbation, Kitaev’s honeycomb model is known312

to exhibit chiral Ising topological order [3]. By representing a related perturbation graphi-313

cally we demonstrate explicitly that fusion surface models realize chiral topological order, as314

anticipated but not proven in [1].315

4.1 Constructing Kitaev’s honeycomb model from the Ising category316

Kitaev [3] proposed an exactly solvable model of qubits on the vertices of a honeycomb lattice,317

with interactions between adjacent qubits depending on the direction of the connecting link,318

see Fig. 2. The Hamiltonian is319

HKitaev =− Jx

∑

a,b∈x-link

XaX b − Jy

∑

a,c∈y-link

YaYc − Jz

∑

b,d∈z-link

ZbZd , (18)

where X , Y and Z denote the Pauli matrices. Conserved plaquette operators commute with320

the Hamiltonian (18) and among themselves,321

Bp = Y1Z2X3Y4Z5X6. (19)

The physics of Kitaev’s honeycomb model is well understood, as it can be mapped to free322

fermions when all plaquette operators are fixed to Bp = ±1 [3]. Its phase diagram is depicted323

on the right of Fig. 2. In the anisotropic coupling limits, the effective Hamiltonian in pertur-324

bation theory reduces to the toric-code Hamiltonian and thus realizes doubled Z2 topological325

order in the phases Ax , Ay and Az . The phase B near the isotropic point is gapless.326

z

x y

p

1

2

3 4

5

6

Ax Ay

Az

B

Jx = Jy = 0

Jx = Jz = 0Jy = Jz = 0

Figure 2: Left: Kitaev’s honeycomb model with qubits on the vertices and interactions
depending on the direction of the link, right: phase diagram for Jx + Jy + Jz = 1,
exhibiting gapped phases Ax , Ay , Az and a gapless phase B [3]

Remarkably, Kitaev’s honeycomb model is unitarily equivalent to the fusion surface model327

built from the Ising category [1]. The Ising category consists of three objects {0, 1,σ} with328

the identity object denoted as 0. The non-abelian object σ has dσ =
p

2 and obeys the fusion329

rules σ⊗σ = 0⊕ 1 and σ⊗ 1 = σ. In the fusion surface model construction, we pick ρ = σ330

so that all vertical legs of the fusion tree are labeled by σ. Half of the planar edges Γi are also331

labeled by σ, with the remaining planar edges representing the dynamical degrees of freedom332

Γi jk ∈ {0,1} of the quantum state:333

�

�{Γi jk}
�

=
0,1

σ σ (20)
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In this and all subsequent fusion diagrams, the thin black lines are labeled by σ, and the red334

dotted lines are labeled by {0,1}. Consequently, the Hilbert space is spanned by states of qubits335

on a honeycomb lattice. The action of the local Hamiltonian on the states (20) is given by336

Hp : −
�

Jx

1

Γklm

Γi jk
+ Jy 1

Γi jk

Γ jno

+ Jz

1

Γmpq

�

(21)
Because of the fusion rule σ⊗1= σ, the Hamiltonian does not change the σ labels on half of337

the planar edges, consistent with these labels being fixed initially.338

The x-link, y-link and z-link terms in the local Hamiltonian (21) can be evaluated as dis-339

cussed in Section 3.1, with detailed calculations provided in Appendix A. The z-link term eval-340

uates to ZklmZmpq just as half of the terms in the Ising chain, and the x-link and y-link terms341

yield−YklmX i jk and Yi jkX jno respectively. Thus, the full fusion surface Hamiltonian H =
∑

p Hp342

with Hp as defined in (21) is equal to343

H =− Jx

∑

b,a∈x-link

(−YbXa)− Jy

∑

a,c∈y-link

YaX c − Jz

∑

b,d∈z-link

ZbZd . (22)

After a unitary rotation eiπZ/4 of all qubits on one sublattice of the bipartite honeycomb lattice,344

the Hamiltonian (22) becomes Kitaev’s honeycomb model (18).345

By construction, the fusion surface model (22) has conserved plaquette operators B(1)p as346

defined in (8),347

Γklm Γmpq

Γi jk

Γ jno Γors
Γpr t

1 = . (23)

In operator form, (23) yields348

B(1)p = −XklmZi jkYjnoYorsZpr t Xmpq.

Equivalently, B(1)p is the product of all terms in the Hamiltonian around the plaquette. After349

the unitary rotation described above, this is precisely the conserved plaquette operator (19)350

of Kitaev’s honeycomb model.351

The fusion surface model (22) is also invariant under a Z2 1-form symmetry,352

1 .

In operator form, this is the product of the terms in the Hamiltonian along the path, here353

leading to alternating X and Y matrices,354

. . . YklmXmpqYpr t . . .

It follows immediately that the 1-form symmetry is fermionic as it inherits the braiding phase355

R11
0 = −1 of the input category. Open strings of this 1-form symmetry create fermionic Z2356

anyons at their endpoints when the ground state is gapped.357

For general fusion surface models, we showed in Section 3.2 that they reduce to a Levin-358

Wen string-net in the large Jz limit. The Ising fusion surface model discussed here reduces359

in fact to the Z2 toric code because its Hamiltonian (22) does not feature the σ-line. More360
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explicitly, as Jz →∞, there are two ground states Za = Zb = ±1 on each z-link. The lowest361

order Hamiltonian acting in this ground-state subspace is the following,362

Heff ∼
J2

x J2
y

J3
z 1

a a

c c
b d + . . . →

J2
x J2

y

J3
z a

c
b d

1

This effective Hamiltonian does not change the location of the qubits on the string-net, as it363

does not contain the σ-loop, and is therefore equivalent to the toric code rather than the Ising364

string-net.365

4.2 Chiral Ising topological order in Kitaev’s honeycomb model perturbed by a366

magnetic field367

The phase B in the center of the phase diagram in Fig. 2 is gapless but becomes chiral Ising368

topological order once time-reversal symmetry is broken [3, 44]. On a torus or infinite cylin-369

der, the system is gapped with three ground states corresponding to the objects in the Ising370

category. Gapless edge modes occur for open boundaries, and on an infinitely long strip,371

the system becomes gapless and chiral Ising CFTs propagate on the top and bottom edges.372

Time-reversal symmetry can be broken explicitly by adding a magnetic field perturbation V to373

Kitaev’s honeycomb Hamiltonian (18), given by374

V = −
∑

j

(hx X j + hy Yj + hz Z j).

This perturbation V does not commute with the conserved plaquette operators (19). In per-375

turbation theory, the lowest-order effective perturbation that commutes with the plaquette376

operators is [3]377

V (3)eff ∼
hxhyhz

J2

∑

j,k,l

X jYkZl . (24)

The effective perturbation V (3)eff consists of products of adjacent link terms in the Hamiltonian,378

which necessarily can be represented in the fusion surface model framework.379

V (3)eff ∼
hxhyhz

J2

�

1
+ +

�

Kitaev [3] computed the spectrum of the Hamiltonian with the time-reversal symmetry break-380

ing V (3) perturbation explicitly using free-fermion methods and showed that it exhibits chiral381

Ising topological order. Thus, the Ising fusion surface model (21) with the perburbation (24)382

serves as an example of a fusion surface model with chiral topological order. We thus confirm383

that fusion surface models can exhibit chiral topological order, as anticipated in [1].384

4.3 Twist defects385

Another interesting point is the interpretation of the topologicalσ-line fused to the honeycomb386

lattice from above. The σ-line does not act as a 1-form symmetry because it changes the387

location of the qubits on the honeycomb fusion tree. Nonetheless, a closed σ-loop of any388

length commutes with the Hamiltonian and can thus be interpreted as a 1-form duality. For389
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example, fusing a σ-loop to one plaquette maps Kitaev’s honeycomb model to a model with390

the following modified plaquette term:391

σ = (25)

The lattice of qubits is different in the right picture, and also the terms in the Hamiltonian392

change. For instance, the z-link term changes from a ZklmZmpq interaction in to an Xm in-393

teraction, reminiscent of the Kramers-Wannier duality in the Ising chain. This 1-form duality394

Dσ is non-invertible as it obeys the same fusion algebra D2
σ = I+ D1 as the σ-object, with D1395

denoting the Z2 1-form symmetry. The fusion relation above implies that the 1-form duality396

does not implement a simple one-to-one mapping of the energy spectrum, as it annihilates397

states in the D1 = −1 sector, as with Kramers-Wannier duality in 1+1 dimensions [18–20].398

Open σ-strings create twist defects instead of anyons. Twist defects, introduced in the399

context of the toric code by [45], are located at the endpoints of lattice dislocations. Petrova,400

Mellado and Tchernyshyov [46,47] explored lattice dislocations and twist defects in the gapped401

phase of Kitaev’s honeycomb model. Here, we review these results and compare them with402

the action of the open σ-string in the fusion surface model.403

In the Jz≫ Jx , Jy phase of Kitaev’s honeycomb model, the ground state is in the B(1)p = +1404

sector, with low-energy excitations corresponding to flipped plaquettes B(1)p = −1. These Z2405

vortex excitations come in two flavors, e and m, which live on alternating rows of the honey-406

comb lattice:407

m m m

e

e

e

e

e

e

e

e

Here the strong z-bonds are represented by the thick orange lines and the weak x- and y-408

bonds by the thin black lines. At low energies, only vortices in the same row can be created or409

annihilated pairwise. They can move within their row or hop to the next-nearest row of the410

same vortex type. The creation of f = e ⊗m anyons is effectively forbidden at low energies.411

When the number of rows is odd, e and m plaquettes cannot be consistently defined, reducing412

the ground state degeneracy on a torus from four to two.413

8-2 lattice dislocations are created by removing certain link terms in the Hamiltonian,414

leading to defect sites involved in only two link terms instead of three:415

The two twist defect sites, which lack one weak bond each, are indicated by violet circles.416

The dashed line represents the branch cut, which disrupts the vortex flavor pattern. Each pair417

of dislocations encodes one nonlocal qubit, which increases the ground state degeneracy by418

a factor of two. For n ≥ 1 dislocation pairs on a torus with an even number of rows, the419

ground state degeneracy increases to 2n+1 (the first dislocation pair does not affect the ground420

state degeneracy because the branch cut renders the e and m flavors indistinguishable). This421

demonstrates that the quantum dimension of the dislocation defect is
p

2, consistent with422

the σ object in the Ising category. The twist defects are distinct from intrinsic anyons, which423

are excited states of the Hamiltonian [48]. However, twist defects can also be leveraged for424

topological quantum computation, employing measurement-based braiding approaches [49].425
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In the Ising fusion surface model (21), fusing an open σ-string to the lattice relocates the426

qubits along its path and creates twist defects at the endpoints:427

σ

= (26)

The twist defects are the thick black lines added to the fusion tree, and by definition they obey428

the same fusion and braiding rules as the Ising anyon. The σ-string is topological away from429

its endpoints, similar as the branch cut line. The difference to the lattice dislocations studied430

in [46,47] is that fusing the σ-string to the lattice not only alters the positions of the terms in431

the Hamiltonian but also modifies their operator form, as discussed above in (25).432

5 ZN generalization of Kitaev’s honeycomb model433

Starting from the ZN Tambara-Yamagami category for odd N > 2, we build a ZN -symmetric434

fusion surface model generalizing Kitaev’s honeycomb model. This fusion surface model turns435

out to be closely related to the ZN generalization proposed by Barkeshli et al. [2]. A coupled-436

wire analysis suggests chiral parafermion topological order occurs in the Z3 model with ad-437

ditional and appropriately tuned interactions [2]. Our numerical studies of the entanglement438

spectrum provide evidence that this chiral parafermion topological order persists even when439

the interactions are not fine-tuned.440

5.1 Constructing the Hamiltonian from the G-crossed braided T Y (ZN ) category441

with odd N442

The ZN Tambara-Yamagami fusion categories [50] are generalizations of the Ising category443

(N = 2) to categories with N abelian objects. We assume odd N here to use the F-symbols444

and R-symbols found in Section XI.G.2 in [51]. The abelian objects are labeled by integers h445

modulo N , and their fusion rules are the group multiplication rules of ZN ,446

h⊗ g = [h+ g]N ∀h, g ∈ {0,1, . . . , N − 1},

with addition modulo N on the right hand side. This category also contains a non-abelian447

object σ with quantum dimension dσ =
p

N and fusion rules448

σ⊗ h= h⊗σ = σ, σ⊗σ =
N−1
⊕

h=0

h.

While σ is always self-dual, the abelian objects are no longer self-dual for N > 2, and so their449

lines in the fusion diagrams carry arrows. Charge conjugation acts on the abelian objects as450

h→ h−1 = N − h, i.e. reverses their direction.451

The ZN Tambara-Yamagami category is a G-graded fusion category CG = C0 ⊕ C1, with G452

being the Z2 charge conjugation symmetry. The grading structure is respected by the fusion453

rules, i.e. ag ⊗ bh = ⊕cgh
N c

abcgh for g, h ∈ G. The graded component C0 = Z
(r)
N contains the454

abelian objects.455

A crucial difference between the ZN Tambara-Yamagami and Ising categories is that with456

N > 2 the former admits only G-crossed braiding [52, 53]. Their braiding depends on an457

integer parameter r = 1, . . . , N − 1,458

a

cb
= Rbc

a

a

cb
, Rab

[a+b]N
= ei 2π

N rab for a, b ∈ ZN .
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The topological twist factors of the abelian objects are459

θa ≡ (Raa−1

1 )−1 = ei 2π
N ra2

for a ∈ ZN . (27)

The other graded component C1 of the Tambara-Yamagami category contains the non-abelian460

object σ. In the graphical calculus, G-crossed braiding between the σ object and the abelian461

objects can be depicted as [51]462

Rσh =

σ

σ

h

h−1

, Rhσ =

σ

σ h

h

The σ-line thus applies the charge-conjugation-group action to the abelian object h when it463

crosses over their wordline. Conversely, when the σ-line undercrosses the h-line, nothing464

happens to the h-line. The R-symbols involving σ are given by [51]465

Rσa
σ = Raσ

σ = (−1)rae
−iπr

N a2
.

For oriented lines, the F-symbols are defined as466

d

a b c

x =
∑

y

�

F abc
d

�

x y

d

a b c

y

The non-trivial F-symbols of the Tambara-Yamagami category involve σ and are given by467

�

F aσb
σ

�

σσ
=
�

Fσaσ
b

�

σσ
= e

2πir
N ab,

�

Fσσσσ

�

ab =
1
p

N
e
−2πir

N ab.

We define the local ZN fusion surface Hamiltonian Hp to act as468

−Jx
1

Γklm

Γi jk
− Jy

1

Γi jk

Γ jno

− Jz

1

Γmpq + h.c. (28)

The dynamical degrees of freedom are now N -state qudits Γi jk ∈ {0, 1, . . . , N − 1}, denoted by469

red directed lines. When the blue line labeled by the 1-object undercrosses the σ-edge in the470

x-link and y-link term in (28), it changes its direction due to the G-crossed braiding. Apart471

from this important difference, the evaluation of the fusion diagrams (28) closely follows the472

calculation in Section 4 and is detailed in Appendix B. The z-link term evaluates to Z r†
klmZ r

mpq,473

and the x-link and y-link terms to X i jkZ r
klmX †

klm and Z r
i jkX i jkX †

jno respectively, each multiplied474

by additional complex phases. Here Z and X are the ZN clock and shift operators satisfying475

X Z =ωZX , with ω= e
2πi
N . Explicitly,476

Z =









1 0 . . . 0
0 ω . . . 0
...

...
. . .

...
0 0 . . . ωN−1









, X =









0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

1 0 0 . . . 0









.

The resulting ZN fusion surface Hamiltonian is thus:477

H =− Jx

∑

b,a∈x-link

(−1)rN e−
iπr
N XaZ r

b X †
b − Jy

∑

a,c∈y-link

(−1)rN e
iπr
N Z r

a XaX †
c − Jz

∑

b,d∈z-link

Z r†
b Z r

d + h.c.

(29)
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The complex phases in the x-link and y-link terms (29) are such that the Hamiltonian is in-478

variant under unitary charge conjugation C , acting as479

CX C† = X †, C ZC† = Z†, C(X Z)C† = X †Z†, with C =





1 0 0
0 0 1
0 1 0



 . (30)

Graphically, the charge conjugated terms are obtained by reversing the direction of the inter-480

action (blue) lines in (28), and are precisely the hermitian conjugate terms. After a unitary481

transformation discussed in Appendix B, (29) becomes482

H =− Jx

∑

b,a∈x-link

XaX b − Jy

∑

a,c∈y-link

ωr Z r
a XaZ r

c X c − Jz

∑

b,d∈z-link

Z r
b Z r

d + h.c. (31)

The r = 1 and r =N −1 Hamiltonians have the same spectrum, as they are related by complex483

conjugation.484

The r = N − 1 case of (31) is closely related to the Hamiltonian485

HZN =− Jx

∑

b,a∈x-link

XaX b − Jy

∑

a,c∈y-link

(XaZ†
a)(X c Z†

c )− Jz

∑

b,d∈z-link

ZbZd + h.c. (32)

proposed in [2] as a ZN generalization of Kitaev’s honeycomb model. The only distinction486

is the complex phase ωr in the y-link term guaranteeing charge conjugation invariance. The487

resulting finite-size spectra for N = 3 are slightly different. However, with DMRG on an infinite488

cylinder, their energy and entanglement spectra (cf. Fig. 3) agree. Therefore we expect the489

N=3 models (32) and (31) to exhibit the same topologically ordered phases.490

The r = 1, N − 1 fusion surface models (31) and the model (32) break time-reversal sym-491

metry explicitly [2], as there is no unitary matrix U such that UHU† = H∗. For such a unitary492

U to exist for arbitrary coupling constants, it would need to map Z → Z† without changing X .493

However, such a mapping would change the commutation relations between X and Z , making494

it impossible to implement by any unitary matrix.495

5.2 Anomalous ZN 1-form symmetry496

Plaquette operators B(1)p that commute with the fusion surface model Hamiltonian (29) and497

among themselves are generated by fusing a 1-loop to the inside of a plaquette,498

1
=

Γklm

Γi jk

Γ jno Γors
Γpr t

Γmpq

. (33)

Note that the loop (blue) 1-line does not change its direction as it overcrosses the σ-edges.499

When the Tambara-Yamagami braiding parameter is set to r = 1, the plaquette operator is500

B(1)p =ωXklmZi jk(ZX †) jno(X
†Z†)orsZ

†
pr t Xmpq,

which is the product of the terms in the Hamiltonian (28) around the plaquette (with the501

correct chiralities).502

Similarly, the ZN 1-form symmetry follows from fusing loops labeled by abelian objects to503

the honeycomb lattice from above. This symmetry is anomalous, meaning that endpoints of504

open strings have nontrivial exchange statistics. The exchange statistics for the model (32)505

were computed explicitly in [11,54,55], using the method described in [56]. The results are506
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different, with θ1 = ω2 in [11] and θ1 = ω in [54, 55], as the models are slightly different,507

with the y-link term containing X Z in the former but X Z† in the latter. The fusion-surface-508

model construction directly yields the exchange statistics factor of the 1-form symmetry line a509

to be the topological twist factor θa =ωra2
(27) of the input category. This nontrivial statistics510

factor signals a ’t Hooft anomaly, and anomaly matching requires the Z(r)N 1-form symmetry511

to be spontaneously broken or the phase to be gapless (as discussed in Section 3.2). When512

the 1-form symmetry is broken, the ground state is topologically ordered and its excitations513

include Z(r)N anyons.514

Similar to the Z2 honeycomb model (cf. Section 4.3), the σ-line fused to the honeycomb515

lattice from above does not give rise to a 1-form symmetry. Instead, it generates a topological516

twist defect line (when it is open) or a non-invertible 1-form duality (when it is closed). For517

example, when a σ-loop is fused to one plaquette as depicted in (25), the z-link and y-link518

terms on this plaquette are modified to ZklmZ†
mpq → Xm and ZmpqXmpqX †

pr t → Z†
mXpZr X †

pr t519

respectively (for r = 1).520

5.3 Weakly coupled chains limit of the Z3 honeycomb model521

The phase diagram of (32) for N = 3 was studied in [2] and more recently numerically in [11].522

Its general structure is believed to be similar to the phase diagram of the Z2 model in Fig. 2.523

In the anisotropic limits, the effective Hamiltonian in perturbation theory is the Z3 toric code,524

and the model is characterized by doubled Z3 topological order [2]. The nature of the phase525

near the isotropic point Jx = Jy = Jz is not yet fully established. Since the Z3 honeycomb526

Hamiltonian (32) breaks time-reversal symmetry, chiral topological order is possible. Indeed,527

numerics strongly indicate that the phase is gapped in the bulk but has chiral gapless edge528

modes [11], and that the ground state breaks time-reversal symmetry [57].529

To gain a better understanding of this phase, we rephrase the coupled-wire analysis of [2]530

in the fusion surface model picture. When Jx is set to zero, the Z3 honeycomb Hamiltonian531

reduces to decoupled Jy -Jz chains, which are unitarily related to the anyon chain with twisted532

boundary conditions, as discussed in Section 3.2. The anyon chain built from the Z3 Tambara-533

Yamagami category is the Z3 Potts chain:534

HPotts = −
∑

j

�

h
Γ j Γ j+1

+ J
Γ j

�

+ h.c.

= −h
∑

j

Z†
j Z j+1 − J

∑

j

X j + h.c.

When Jy = Jz , the Jz-Jy chain is critical and described by the Potts CFT [2]. The Jx term which535

couples neighbouring chains can be rewritten in terms of left and right lattice parafermion536

operators α̂L,i and α̂R,i . In the Potts chain, the lattice parafermions can be visualized as537

α̂R,2 j−1 =
Γ j

=

 

j−1
∏

k=1

Xk

!

ωZ j

α̂R,2 j =
Γ j

=

 

j−1
∏

k=1

Xk

!

X j Z j

α̂†
L,2 j−1 =

Γ j
=

 

j−1
∏

k=1

Xk

!

ω2Z†
j

α̂†
L,2 j =

Γ j
=

 

j−1
∏

k=1

Xk

!

X j Z
†
j .

(34)

19



SciPost Physics Submission

Apart from an overall complex phase, these definitions agree with those in [2]. The lattice538

parafermions commute with the Hamiltonian away from their endpoints and are discretely539

holomorphic current operators [22,58–60]. Because the Jz-Jy chains can be mapped to Potts540

chains, they also contain lattice parafermions with a similar visualization. The Jx coupling, in541

terms of the lattice parafermions of the Jz-Jy chains, is given by542

H x
i j :

Γ j

Γi

Γk
Γl

+ h.c.

= H x
kl

�

B(1)p1
B(1)†p2

. . .
�

α̂†
R,2iα̂L,2 j−1 + h.c..

(35)

Here H x
kl is another x-link term that can be chosen to be outside of the region in which the543

Hamiltonian acts, so that it can be set to a constant. The product goes over all plaquette544

operators located between H x
kl and H x

i j and can be set to one in the ground state sector where545

B(1)p = 1 on all plaquettes. In this sector, the honeycomb Hamiltonian is quadratic in the lattice546

parafermions [2]:547

H =
L y
∑

n=1

H(n)1d − Jx

∑

j,n

�

α̂
(n+1)†
R,2 j α̂

(n)
L,2 j−1 + h.c.

�

,

H(n)1d =
∑

j

�

− Jyωα̂
(n)†
R,2 jα̂

(n)
R,2 j−1 − Jzω

2α̂
(n)†
R,2 jα̂

(n)
L,2 j+1 + h.c.

�

.

(36)

In the above equation, H(n)1d is the Hamiltonian of the Jz-Jy chain that can be mapped to the548

Potts chain, and the Jx interchain coupling is written in terms of the lattice parafermions as549

derived graphically in (35).550

When the Potts chain is critical, the lattice parafermions contain the (anti-) holomorphic551

parafermion fields ψ, ψ̄ of the Potts CFT, but also a non-holomorphic operator [61],552

α̂R, j ∼ c1ψ̄+ c2(−1) jΦεσ̄,

α̂L, j ∼ d1ψ+ d2(−1) jΦσε̄.

Here the parafermion fieldψwith scaling dimensions (h, h̄) = (2/3, 0)mixes with the operator553

Φσε̄ with (h, h̄) = (1/15, 2/5) because they have the same conformal spin h−h̄ modulo integers.554

Therefore, the Jx inter-chain coupling in (36) can be expanded as555

H inter ∼
�

c1ψ̄
† + c2Φεσ̄†

�(n+1)
(d1ψ− d2Φσε̄)

(n)

∼ c1d1ψ̄
†ψ− c2d2Φεσ̄†Φσε̄

(37)

The mixed terms ψ̄†Φσε̄ and Φεσ̄†ψ in (37) are odd under PT [43] and therefore forbid-556

den. If the interchain coupling only contained the ψ̄†ψ fields, the model would realize chiral557

parafermion topological order Z3 ⊠ Fib with gapless Potts CFT edge modes [43]. As noted558

in [2], the other CFT fields present in (37) can be tuned away by adding additional interac-559

tions to the honeycomb model so that560

H̃ inter = −Jx

∑

j

��

α̂
(n+1)†
R,2 j + α̂(n+1)†

R,2 j−1

��

α̂
(n)
L,2 j−1 + α̂

(n)
L,2 j−2

�

+ h.c.
�

. (38)
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In the fusion surface model construction, the modified fine-tuned interaction term (38) can be561

depicted as562

H̃ inter = +

+ + + h.c.

(39)

Hence, the Z3 fusion surface model with the modified coupling (38) instead of the Jx term real-563

izes chiral Fibonacci topological order. The fine-tuned interchain coupling (38) also is realized564

in a triangular-lattice Hamiltonian believed to exhibit chiral Fibonacci topological order [62].565

In the Appendix C, we show that this model can be cast into the fusion category framework as566

well, but as a fusion surface model rather an anyon chain with long-range couplings.567

For the original Hamiltonian with interchain coupling (36) and the CFT expansion (37), the568

coupled-wire analysis could not conclusively establish the nature of this phase, and numerics569

are required. We will see in the following that the entanglement spectrum shows signatures of570

chiral Fibonacci topological order even when the interactions are not fine-tuned as in (38). [11]571

measure a central charge close to c = 1 and a topological entanglement entropy close to
p

12572

for the model (32) at its isotropic point. Based on their results, they conclude that chiral U(1)12573

topological order is likely. However, the central charge c = 0.8 and topological entanglement574

entropy
p

3(1+φ2)≈
p

10.85 of chiral parafermion topological order Z3⊠Fib are not too far575

away from the measured values.576

The entanglement spectrum proves a useful tool for distinguishing different types of topo-577

logical order. Namely, the low-lying entanglement energies of a ground state with chiral topo-578

logical order are characterized by the CFT of its gapless edge modes [63, 64]. It was used579

by [62] to distinguish between a chiral parafermion and a chiral U(1)6 phase in their Z3580

model. They found signatures of chiral U(1)6 topological order in the entanglement spectrum581

of their model in the square lattice limit. Their Hamiltonian in this limit has almost the same582

parafermion description (35) as the honeycomb model (32) in fixed Bp = 1 sectors (the only583

difference being that their inter-chain coupling is invariant under translations by one and not584

by two sites).585

To gain more insight into the isotropic phase of our Z3 model, we measure the entangle-586

ment spectrum of the ground state on an infinite cylinder, using the DMRG package Tenpy [65].587

More details on the numerical simulations are collected in Appendix D. The partition function588

of the Potts CFT with free boundary conditions is given by589

ZPotts
f,f (q) = q−c/24

�

1+ 2q2/3 + 2q5/3 + q2 + 4q8/3 + 2q3 + . . .
�

. (40)

The degeneracies of the lowest entanglement energies in a chiral parafermion phase are ex-590

pected to match the coefficients (1,2, 2,1, (2,2) . . . ) in the partition function. The (2,2) no-591

tation indicates that the four-fold degeneracy can be split into two two-fold degeneracies by592

finite size effects, as the corresponding term 4q8/3 in the partition function is the sum of con-593

tributions 2q22·2/3 from the χ2/3 character and 2q5/3+1 from the χ5/3 character. This pattern is594

indeed what we observe in Fig. 3 for the ratios of degeneracies on cylinders of circumferences595

L y = 2,3, 4. The absolute degeneracies in the L y = 3, 4 plots are higher due to the conserved596

plaquette operators crossing an entanglement cut, as observed in [66] for the original Kitaev597

honeycomb model. The L y = 2,4 entanglement spectra are computed across a different bond598

of the matrix product state than the L y = 3 spectrum, due to an even-odd effect on the cylin-599

der, see Appendix D for details. We also checked that these degeneracies remain the same for600

various Jz < 1. For a chiral U(1)12 phase, we would expect a different degeneracy pattern601

(1, 2,1, 2,2, . . . ).602
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Considering the clear signatures of chiral topological order observed in [11] as well as603

the parafermion CFT degeneracies in the entanglement spectra presented in Fig. 3, it seems604

likely that the phase realizes chiral parafermion topological order. One does not need to add605

a magnetic field or an analog of V (3) from (24) to obtain chiral topological order; the time-606

reversal symmetry breaking arising from the braiding in the fusion surface models appears607

sufficient.608
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Figure 3: Entanglement energies εi of the Z3 honeycomb model (32) with
Jx = Jy = Jz = 1 on an infinite cylinder for different circumferences L y and bond
dimensions D; the degeneracies are written in gray. For chiral Fibonacci topological
order, a degeneracy pattern of (1,2, 2,1, (2,2), 1, . . . ) is expected [62].

6 The Fibonacci fusion surface model609

The Tambara-Yamagami categories give rise to very special fusion surface models with dynam-610

ical degrees of freedom located only on half of the planar edges, as discussed in Sections 4 and611

5. To explore more generic fusion surface models, where degrees of freedom live on all planar612

edges of the honeycomb fusion tree, we here investigate the model built from the Fibonacci613

fusion category. This novel 2+1d Fibonacci model preserves a non-invertible 1-form symmetry614

and explicitly breaks time-reversal symmetry. Through a coupled-wire analysis, we show that615

with appropriately fine-tuned interactions, the model likely exhibits chiral topological order616

with tricritical Ising edge modes.617

6.1 Constrained Hilbert space, broken time-reversal and non-invertible 1-form618

symmetry619

The Fibonacci category contains two self-dual objects {1,τ} with fusion rule τ⊗τ= 1⊕τ. In620

our Fibonacci fusion surface model, all vertical legs of the fusion tree are labeled by the object621

τ. The Hilbert space is spanned by the states
�

�{Γi , Γi jk}
�

with degrees of freedom Γi , Γi jk ∈ {1,τ}622

on all planar edges of the honeycomb fusion tree.623

�

�{Γi , Γi jk}
�

= Γi
Γ j

Γk

Γi jk

τ

At each trivalent vertex, the Fibonacci fusion rule must be obeyed, resulting in a constrained624

Hilbert space. The Fibonacci fusion surface Hamiltonian H =
∑

p Hp has the same structure625

(6) as Kitaev’s honeycomb model, with Hp acting as626

−Jx τ − Jy τ − Jz
τ

(41)
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The x-link and y-link terms now couple seven degrees of freedom. Because τ has a trivial627

Frobenius-Schur indicator, the Hamiltonian is automatically hermitian [1]. In Appendix E, the628

fusion diagrams in (41) are evaluated explicitly to compute the Hamiltonian in operator form.629

The Fibonacci Hamiltonian breaks time-reversal symmetry explicitly. Although the z-link630

term is real, the x-link term includes complex operators such as631

Rτττ σ
+
i jk + (R

ττ
τ )
∗σ−i jk =

�

0 (Rτττ )
∗

Rτττ 0

�

i jk
,

where Rτττ = e3πi/5. If a unitary U existed such that UHpU† = H∗p, it would need to map632

σ±i jk → σ
∓
i jk in the x-link term, while also commuting with the ni jk = diag(0,1)i jk matrix in633

the real z-link term. Such a transformation would change the commutation relations between634

n and σ±, and so cannot be implemented by a unitary operator. An anti-unitary time-reversal635

symmetry UK is therefore ruled out.636

By construction, the Fibonacci fusion surface model (41) has a 1-form symmetry generated637

by fusing a τ-line to the lattice from above, as well as conserved plaquette operators B(τ)p .638

These symmetries are non-invertible because they obey the same fusion algebra as the object639

τ in the input category, for instance
�

B(τ)p

�2
= I+ B(τ)p .640

6.2 Doubled Fibonacci topological order and weakly coupled tricritical Ising641

chains642

To understand the Fibonacci model (41) in the anisotropic limit Jz ≫ Jx , Jy , we apply the643

results derived in Section 3.2. When Jz → ∞, it is known from the completely staggered644

antiferromagnetic Fibonacci chain (favoring the singlet fusion channel) that there are two645

ground states, |1τ1〉 and |ττ̃τ〉, on each z-link [18], where |τ̃〉 = φ−1 |1〉+φ−1/2 |τ〉 and φ646

denotes the golden ratio. Each z-link can thus be replaced by a single horizontal edge labeled647

by 1 or τ, cf. (10):648

= 1 τ 1 or τ τ̃ τ

→
1,τ

(42)

This substitution results in a highly degenerate ground state subspace that forms a Fibonacci649

string-net on the honeycomb lattice.650

For sufficiently large systems, the lowest order Hamiltonian generated by perturbation651

theory in Jx , Jy ≪ Jz is the Levin-Wen plaquette operator,652

Heff ∼
J2

x J2
y

J3
z

τ (43)

This Fibonacci Levin-Wen Hamiltonian, along with a magnetic field perturbation, has been653

studied in [67–69]. It realizes doubled Fibonacci topological order. The same holds for the654

limit Jx → ∞, since the energy spectrum is invariant under exchanging Jz and Jz (for a655

symmetric geometry Lx = L y and suitable toroidal boundary conditions, as we checked nu-656

merically).657

In the decoupled limit Jx = Jy and Jz = 0, the model (41) reduces to L y Jx -Jy chains with658

Hamiltonian659

H1d : −Jx τ − Jy
τ

(44)
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As explained in Sec. 3.3, the Jx -Jy chain (44) is unitarily related to the Fibonacci anyon chain660

with a sum over boundary conditions. Large degeneracies arise because of the plaquette 1-661

form symmetries, as illustrated in App. G for the Ising fusion surface model. With uniform662

couplings this chain is the Hamiltonian limit [70] of a critical point of the integrable model663

of hard squares with diagonal interactions [71, 72], which is the A4 case of the Andrews-664

Baxter-Forrester RSOS models [21]. It was reformulated in terms of fusion-category data and665

(re)named the “golden chain” [16].666

Writing this Fibonacci chain in terms of a fusion category yields a remarkable insight:667

the chain is invariant under a “topological symmetry”, generated by fusing a τ-line to the668

fusion tree from above [16]. This symmetry provides a non-trivial generalisation of Kramers-669

Wannier duality, and now is recognized as a canonical example of a non-invertible, categorical670

or generalized symmetry [18, 19, 73–75], meaning that it cannot be represented by a unitary671

matrix. Instead, non-invertible symmetries and dualities are often conveniently implemented672

by matrix product operators. (Somewhat ironically, this symmetry generator does have an673

inverse, but we continue to use the current parlance.)674

With uniform antiferromagnetic couplings, the Fibonacci anyon chain is critical and de-675

scribed by the tricritical Ising conformal field theory [70–72, 76]. The same must hold for676

the Jx -Jy chain (44) with Jx = Jy > 0, as boundary conditions do not change the gap of677

the system. The tricritical Ising CFT contains a topological defect line corresponding to the678

non-invertible symmetry on the lattice, which obeys the same fusion algebra. Of the six chi-679

ral primary fields, only σ′ with scaling dimension h = 7/16 and ε′′ with scaling dimension680

h= 3/2 are commuting with the topological defect line [16].681

The Jz term, which couples adjacent chains, commutes with the non-invertible 1-form682

symmetry of the fusion surface model. In the continuum limit, it can be expanded in terms683

of CFT fields of the critical chains it couples. Due to the non-invertible 1-form symmetry, this684

expression can only include σ′ and ε′′. The most relevant fields in the expansion have zero685

conformal spin and are given by:686

Hz ∼ a1Φ
(n,n+1)
σ′σ̄′

+ a2Φ
(n,n+1)
σ̄′σ′

+ a3Φ
(n)
σ′σ̄′
Φ
(n+1)
σ′σ̄′

(45)

The notation Φ(n,n+1)
σ′σ̄′

(instead of σ′(n)L σ
′(n+1)
R ) reflects that the chiral fields σ′ cannot be re-687

alized separately as local or semi-local lattice operators [61]. The fields with coefficients a1688

and a2 in (45) combine the left and right σ′ fields from two adjacent chains, whereas the a3689

term is a product of the non-chiral Φσ′σ̄′ fields from both chains. Since time-reversal symmetry690

is explicitly broken in the lattice Hamiltonian, we must have a1 ̸= a2 in the expansion. Due691

to the presence of multiple CFT fields in (45), the nature of the resulting phase remains un-692

clear. It could be gapless or (chiral) topological order Fib⊠ C, constrained by the anomalous693

non-invertible 1-form symmetry.694

If only the first term Φ(n,n+1)
σ′σ̄′

appeared in (45), the model would exhibit chiral topological695

order with tricritical Ising edge modes, following an idea going back to [77] and studied in696

more detail in [43, 78, 79]: The tricritical Ising CFT perturbed by Φσ′σ̄′ is gapped with two697

degenerate (but not symmetry-related) ground states [80], implying that the bulk of the cou-698

pled chain system is gapped. Since the coupling Φ(n,n+1)
σ′σ̄′

does not contain the right-moving699

CFT fields of the bottom chain and the left-moving CFT fields of the top chain, gapless tricrit-700

ical Ising edge modes remain. It is plausible that the a2 and a3 terms in (45) could be tuned701

away by adding different lattice couplings between adjacent chains, such as those depicted702

in (39) in the context of the Z3 model. The coupled-wire system with the Φ(n,n+1)
σ′σ̄′

coupling,703

which cannot be easily decomposed into a product of two lattice operators from individual704

chains, appears to be unexplored. [81] studied a system of coupled Grover-Sheng-Vishwanath705

chains [82] with tricritical Ising edge modes, but their coupling does not seem to respect the706

non-invertible Fibonacci symmetry, yielding a different coupled-wire field theory.707
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To support our phase diagram analysis, we compute the lowest energy levels in small Fi-708

bonacci models with L y = 2, Lx = 2,3. This was done with the exact diagonalization package709

Quspin [83]. We choose periodic boundary conditions in both directions, as depicted in (47).710

The energy gaps for Jx = Jy = 1 and Jz ∈ [0,3] are shown in Fig. 4(i). The plot indicates two711

distinct regimes separated by a phase transition, consistent with our qualitative understanding712

of an anisotropic phase and a weakly coupled chains phase. The ground state is always two-713

fold degenerate, suggesting that the 1-form symmetry around one of two incontractible cycles714

around the torus is spontaneously broken. A closer examination of the ground state energies715

in the large Jz limit, shown in Fig. 4(ii), reveals that the leading contributions are716

EGS = −Jz Lx L y E(z-link)
GS −

C
Jz
+O

�

1
J2

z

�

(46)

The 1/Jz contribution arises from incontractible loops around the torus, generated at second717

order in perturbation theory when L y = 2 or Lx = 2. Schematically,718

H(eff) ∼
Jx Jy

Jz
, (47)

with the dotted edges wrapping around the torus. Due to these 1/Jz terms, which dominate719

over the 1/J3
z Levin-Wen projector terms, we are unable to observe four degenerate ground720

states characteristic of doubled Fibonacci topological order.721
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Figure 4: (i) Energy gap of the L y = 2 Fibonacci models on a torus for Jx = Jy = 1,
(ii) Ground state energies of the Fibonacci model on a L y = 2 torus for Jx = Jy = 1,

with the zeroth-order contribution −Jz Lx L y E(z-link)
GS subtracted and the second-order

contribution fitted, cf. (46), (iii) Ground state energies of the interpolated Hamilto-
nian (48) on a L y = 2 torus with Jx = Jy = λ, Jz = 0.6

If the weakly coupled chains phase is described by chiral topological order, its ground state722

must break time-reversal symmetry. To test this hypothesis, we define a time-reversal invariant723

interpolation of the Fibonacci model,724

Hp = Hz +λ(H x +H y) + (1−λ)(H x +H y)∗ (48)

A similar interpolation was discussed in [57] for the Z3 generalization of Kitaev’s honeycomb725

model. The ground state energies of the interpolated Fibonacci Hamiltonian (48) are shown726

in Fig. 4(iii). It is conceivable that a phase transition occurs at λ= 0.5, though the plot is not727

conclusive and larger system sizes would be necessary to confirm the existence of a transition.728

A phase transition at λ= 0.5 would be evidence for chiral topological order, as it implies that729

the ground states of the λ= 0 and λ= 1 Hamiltonians cannot be adiabatically connected.730
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7 Conclusions731

We have shown how interesting and important 2d quantum lattice models for chiral topological732

order can be treated in a common framework. The models are defined using data from braided733

fusion categories, giving a natural generalization of the construction of 2d classical and their734

quantum anyon-chain limits. Defining the models in this fashion builds in a useful symmetry735

structure, including conserved local operators, as well as non-invertible 1-form symmetries.736

It also allows us to introduce new models that have all the ingredients for chiral topological737

order.738

In particular, we used the fusion surface model construction of [1] to systematically build739

generalizations of Kitaev’s honeycomb model from braided fusion categories. By construction740

they have mutually commuting conserved plaquette operators and 1-form symmetries gener-741

alizing those of Kitaev’s [3]. When the braiding phases of the input category are nontrivial, the742

1-form symmetries are anomalous, requiring them to be spontaneously broken or the phase to743

be gapless. In addition, their phase diagrams share common features with Kitaev’s honeycomb744

model. In the anisotropic limit, the fusion surface models reduce to Levin-Wen string-nets. In745

the isotropic limit, they are described by weakly coupled anyon chains and potentially exhibit746

chiral topological order.747

A certain time-reversal breaking perturbation of Kitaev’s honeycomb model results in chi-748

ral Ising topological order. We showed that this perturbation can be incorporated into the749

categorical framework, and so provide a positive answer to the question raised by [1] about750

the realization of chiral topological order in fusion surface models. Moreover, we explained751

how closed σ-loops fused to the lattice from above implement non-invertible 1-form dualities,752

as they introduce lattice dislocations. At the endpoints of open σ-strings, non-abelian twist753

defects arise.754

We then showed how the ZN -invariant fusion surface model built from the ZN Tambara-755

Yamagami category is closely related to the ZN -generalization of Kitaev’s honeycomb model in-756

troduced in [2]. We provide numerical evidence indicating the presence of chiral parafermion757

topological order near the isotropic point. The coupled-wire analysis also points to chiral758

parafermion topological order, but only when one of the two relevant CFT fields is tuned away759

by adding additional interactions. Hence, the numerical results suggest that the coupled-wire760

system may be less sensitive to the presence of additional relevant CFT fields than previously761

thought, warranting further investigation.762

The Fibonacci category gives rise to a novel honeycomb model with a non-invertible 1-form763

symmetry and explicitly broken time-reversal symmetry. In the anisotropic limit, this model764

supports double Fibonacci topological order. The isotropic phase, qualitatively described by765

weakly coupled critical Fibonacci chains, remains to be conclusively understood. Our nu-766

merical work at minimum shows that chiral topological order is possible. Likely, large-scale767

numerical simulations such as infinite DMRG or PEPS on the constrained Hilbert space are768

required to establish it convincingly.769

When the eigenvalues of the plaquette operators are fixed, Kitaev’s honeycomb model is770

exactly solvable via a mapping to free fermions. While the Z3 and Fibonacci generalizations771

explored do by construction possess a great deal of symmetry, they do not appear to be inte-772

grable. Despite this, it remains an intriguing open question whether there exist similar fusion773

surface models that exhibit some form of higher-dimensional integrability, whether that be774

through free fermions or some other mechanism.775
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A Derivation of the Ising fusion surface model780

In the Ising category, the quantum dimensions of the objects are d1 = d0 = 1 and dσ =
p

2781

and the non-trivial F-symbols and R-symbols are782

[Fσ1σ
1 ]σσ = [F

1σ1
σ ]σσ = −1, Fσσσσ =

1
p

2

�

1 1
1 −1

�

, R11
0 = −1, R1σ

σ = Rσ1
σ = −i, Rσσ0 = e

−iπ
8 , Rσσ1 = e

3πi
8 .

The z-link term in the Hamiltonian (21) can be evaluated by fusing the 1-line to the horizontal783

edge, using F-moves, and removing bubbles:784

1

Γklm Γmpq
=
Γklm Γmpq

= [Fσ1σ
Γklm
]σσ[F

σ1σ
Γmpq
]σσ
Γklm Γmpq

In operator form, this is785

Hz
klm,mpq = ZklmZmpq.

The x-link term can be evaluated similarly,786

Γi jk

Γklm1 =

[Γi jk + 1]2

[Γklm + 1]2 = (Rσ1
σ )
−1
�

Fσ1σ
[Γklm+1]2

�

σσ

[Γi jk + 1]2

[Γklm + 1]2

Here [·]2 denotes addition modulo 2, and only the non-trivial F-symbols are written down. As787

an operator,788

H x
i jk,klm = iZklmXklmX i jk = −YklmX i jk.

Analogous to the x-link term, the y-link term yields789

Γi jk

Γ jno

1

=

[Γ jno + 1]2

[Γi jk + 1]2 = R1σ
σ

h

Fσησ[Γi jk+1]2

i

σσ

[Γ jno + 1]2

[Γi jk + 1]2

In operator form,790

H y
i jk, jno = (−i)Zi jkX i jkX jno = Yi jkX jno.

The entire Hamiltonian is then791

H =− Jx

∑

b,a∈x-link

(−YbXa)− Jy

∑

a,c∈y-link

YaX c − Jz

∑

b,d∈z-link

ZbZd ,

with the vertices of the honeycomb lattice now labeled by single letters a, b, . . . for brevity.792
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B Derivation of the ZN Tambara-Yamagami fusion surface model793

The F-symbols and R-symbols of the Tambara-Yamagami category CG = C0⊕C1 with C0 = Z
(r)
N ,794

C1 = {σ}, N odd and 0< r ≤ N −1 are discussed in Section 5.1. The action of the z-link term795

on the qudits Γklm ∈ {0, 1, . . . , N − 1} is depicted below,796

Γklm Γmpq

1 =
Γklm Γmpq

= [Fσ(N−1)σ
Γklm

]σσ
�

Fσ(N−1)σ
N−Γmpq

�

σσ

Γklm Γmpq

In operator form,797

Hz
klm,mpq = Z r†

klmZ r
mpq.

The Hamiltonian acts on the x-links as:798

1

Γi jk

Γklm =

[Γi jk + 1]N

[Γklm − 1]N = (Rσ(N−1)
σ )∗

�

Fσ(N−1)σ
(N−[Γklm−1]N )

�

σσ

[Γi jk + 1]N

[Γklm − 1]N

As an operator, the x-link term is equal to799

H x
i jk,klm = (−1)rN e−

iπr
N X i jkZ r

klmX †
klm

The action of the Hamiltonian on the y-links is given by:800

1

Γi jk

Γ jno

=

[Γ jno − 1]N

[Γi jk + 1]N = R(N−1)σ
σ

h

Fσ1σ
[Γi jk+1]N

i

σσ

[Γ jno − 1]N

[Γi jk + 1]N

As an operator,801

H y
i jk, jno = (−1)rN e

iπp
N Z r

i jkX i jkX †
jno.

The entire ZN fusion surface model Hamiltonian is then802

H =− Jx

∑

b,a∈x-link

(−1)rN e−
iπr
N XaZ r

b X †
b − Jy

∑

a,c∈y-link

(−1)rN e
iπr
N Z r

a XaX †
c − Jz

∑

b,d∈z-link

Z r†
b Z r

d + h.c.

(B.1)
Next we discuss the connection of the fusion surface model (B.1) to the ZN generaliza-803

tion of Kitaev’s honeycomb model proposed in [2]. After a unitary transformation that sends804

X †
b→ (−1)rN e

iπr
N Z r†

b X †
b for all qudits on one sublattice, (B.1) becomes805

H =− Jx

∑

b,a∈x-link

XaX †
b − Jy

∑

a,c∈y-link

ωr Z r
a XaZ r†

c X †
c − Jz

∑

b,d∈z-link

Z r†
b Z r

d + h.c.

Then applying unitary charge conjugation (30) to the same sublattice yields806

H =− Jx

∑

b,a∈x-link

XaX b − Jy

∑

a,c∈y-link

ωr Z r
a XaZ r

c X c − Jz

∑

b,d∈z-link

Z r
b Z r

d + h.c.

For r = 1 and r = N − 1, this is the Hamiltonian studied in [2], except for the additional807

complex phase in the y-link term.808
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C Square lattice Z3 model in the fusion category framework809

The Z3 symmetric lattice model studied in [62] is believed to realize chiral parafermion topo-810

logical order Z3 ⊠ Fib in its triangular lattice limit. In terms of lattice parafermions, it can be811

expressed as812

H =
L y
∑

n=1

H(n)1d +
∑

n

H(n,n+1)
inter , with H(n)1d = −t3

∑

j

�

ωα̂
(n)†
R, j+1α̂

(n)
R, j + h.c.

�

and

H(n,n+1)
inter = −

∑

j

�

t1ωα̂
(n)†
L, j α̂

(n+1)
R, j + t2ωα̂

(n)†
L, j α̂

(n+1)
R, j−1 + h.c.

�

.

(C.1)
The 1d Hamiltonians are decoupled Potts models, and their lattice parafermions are known in813

the fusion category framework, cf. (34). The complex phases in (C.1) are necessary to have814

charge conjugation symmetry. The triangular lattice limit corresponds to choosing t1 = t2815

in (C.1), so that the field theory expansion of the inter-chain coupling only contains the816

parafermion operator ψ̄†ψ, cf. (37). Writing down the Hamiltonian (C.1) in operator form817

requires choosing a parafermion path. We take the same path that was used for the numeri-818

cal simulations in [62], depicted in Fig. 20 in [62], and also fix L y = 4 and open boundary819

conditions in the y-direction. With the parafermion definitions in [62], one unit cell of the820

Hamiltonian (C.1) can then be written as821

H = t1

�

τ1 +σ2σ
†
1 +τ2

�

+ t2

�

σ1τ2σ
†
3 +σ2τ2τ

†
3σ

†
3 +σ2τ

†
3σ

†
4

�

+t3

�

ωσ1τ1τ2σ
†
3 +ω

2σ1τ2τ
†
3σ

†
3 +ωσ2τ2τ

†
3σ

†
4 +ω

2σ2τ
†
3τ

†
4σ

†
4

�

+ h.c.
(C.2)

Using the graphical expressions (34) for the parafermions, the unit cell Hamiltonian (C.1) can822

be depicted as follows:823

− t3ω



 + + +





− t2ω



 + +



− t1ω



 + +



+ h.c.

So the Hamiltonian (C.1) can be regarded as an anyon chain with long range interactions.824

Unlike the fusion surface models, such anyon chain models do not have conserved plaquette825

operators. An anyon chain model very similar to (C.1) but with coupling826

− t4ω
∑

j

�

α̂
(n)
L,2 j−1α̂

(n+1)†
R,2 j + h.c.

�

= −t4ω
∑

j

�

+

�

2 j

+ h.c.

corresponding to the parafermion coupling (36) has the same energies as the Z3 fusion surface827

model (28) (but smaller degeneracies).828

D Details on the DMRG simulations of the Z3 models829

We use Tenpy [65] for infinite DMRG simulations on the cylinder. Before computing the en-830

tanglement spectra of the Z3 honeycomb model (32), we reproduce the entanglement spectra831

29



SciPost Physics Submission

bond 1
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Figure 5: The geometry of the MPS used in our Tenpy infinite DMRG simulations for
Lx = 3 and L y = 2. The entanglement spectra are computed across bond 0 (dashed
green line) and across bond 1 (dotted violet line) for even and odd L y respectively.

of the Z3 square lattice model (C.2) studied in [62] to ensure that our numerical methods are832

reliable. For the square lattice model (C.2), the DMRG unit cell is Lx = 2 and Z3 symmetry833

is conserved in the simulation (note that the conservation of energies can influence which834

entanglement energies appear in the spectrum [84]). The results are shown in Fig. 6 for (i)835

t3 = 1 and (ii) t3 = −1, both with different t1 = t2. While the values of the entanglement836

energies vary with t1 = t2, their degeneracies remain the same. When t3 = 1, the degeneracy837

pattern (1, 2,2, 1, . . . ) is consistent with chiral parafermion order, see (40). When t3 = −1,838

the pattern (1,2, 1,4, . . . ) is consistent with chiral U(1)6 topological order. The presence of839

chiral U(1)6 topological order is not surprising because the square lattice model with negative840

t3 reduces to decoupled antiferromagnetic Potts models described by the U(1)6 CFT when841

t1 = t2 = 0. In the chiral U(1)6 phase, there are two ground states with different entangle-842

ment energies [62], so randomizing the initial state is essential to find the ground state that843

gives rise to the (1,2, 1,4, . . . ) pattern.844

(i) t3 = 1

0 5 10

0

2

4

i

ϵ i
−

ϵ 0

t1 = 0.2

t1 = 0.5

t1 = 1.

(i) t3 = −1

0 5 10

0

2

4

i

ϵ i
−

ϵ 0

t1 = −0.05

t1 = −0.2

t1 = −0.6

Figure 6: Entanglement energies εi of the Z3 square lattice model (C.2) with (i)
t3 = 1 (chiral parafermion phase) and (ii) t3 = −1 (chiral U(1)6 phase) and different
t1 = t2 on an infinite cylinder with bond dimension D = 400.

Next we simulate the the Z3 honeycomb model and choose a unit cell of Lx = 3 following845

[11]. First we checked that the fusion surface models (31) with N = 3, p = 1 and p = 2 have846

the same energies and entanglement spectrum as the model (32) on an infinite cylinder (albeit847

having slightly different finite-size energies). Therefore we focus on the Hamiltonian (32) in848

subsequent simulations. Its entanglement spectrum at the isotropic point is shown in Fig. 3,849

and it shows the (1, 2,2,1, . . . ) degeneracies characteristic of chiral parafermion topological850

order. On the L y = 2 and L y = 4 cylinder, the entanglement cut is across bond 0, which is the851

canonical choice, but on the L y = 3 cylinder, the cut goes across bond 1 in order to recover the852

same degeneracies, see Fig. 5. This is probably due to an even vs. odd effect of the honeycomb853

model on an infinite cylinder. The entanglement spectra for L y = 3, Jy = Jz = 1 and different854
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Jx are shown in Fig. 7(i). Also, we show the entanglement spectra for L y = 4 and Jy = Jz = −1855

in Fig. 7(ii) and observe that the degeneracies follow the (1,2, 1,4, . . . ) pattern expected for856

U(1)6 (though U(1)12 has very similar degeneracies (1, 2,1, 2,2, . . . ) and cannot be ruled out).857

(i) Jy = Jz = 1

0 10 20

0

2

4

6

i

ϵ i
−

ϵ 0

Jx = 0.2

Jx = 0.7

Jx = 1.

(i) Jy = Jz = −1

0 10 20 30

0

2

4

i

ϵ i
−

ϵ 0

Jx = 0.4

Jx = −0.4

Figure 7: Entanglement energies εi of the Z3 honeycomb model (32) with (i)
Jy = Jz = 1 (likely chiral parafermion phase), D = 800, L y = 3 and the entan-
glement cut across bond 1, (ii) Jy = Jz = −1 (likely chiral U(1)6), D = 1000, L y = 4,
entanglement cut across bond 0.

E Derivation of the Fibonacci fusion surface model858

To derive the Hamiltonian explicitly, we use the F-symbols and R-symbols of the Fibonacci859

category,860

Fττττ =

�

φ−1 φ−1/2

φ−1/2 −φ−1

�

=
�

Fττττ

�−1
, Rττ1 = e−4πi/5, Rτττ = e3πi/5, dτ = φ,

whereφ = (1+
p

5)/2 is the golden ratio. In addition, we define the following matrix operators861

in the {1,τ} basis,862

σx =

�

0 1
1 0

�

, n=

�

0 0
0 1

�

, ñ=

�

1 0
0 0

�

, σ− =

�

0 1
0 0

�

, σ+ =

�

0 0
1 0

�

.

The z-link term of the Fibonacci fusion surface model (41) can be depicted as863

τ

a b c
τ =

∑

b′

√

√ db′

dbdτ

b′
=
∑

b′
[F b′ττ

a ]bτ[F
ττb
c ]τb′

Æ

dτ (E.1)

Here we denote the degrees of freedom by single arabic letters a, b, . . . instead of Γi , Γi jk864

as previously to avoid cluttering notation. Evaluating the above fusion diagram using the865

F-symbls and R-symbols of the Fibonacci category shows that the z-link term acting on the866

constrained Hilbert space is equal to867

Hz =φ1/2ñanb ñc −φ−1/2(ñanbnc + nanb ñc) + nanc(σ
x
b +φ

−3/2nb). (E.2)

Up to an additive and a multiplicative constant, the z-link Hamiltonian (E.2) is the same as868
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the golden chain Hamiltonian [16]. The x-link Hamiltonian can be depicted as869

g f

b a

c

e

dτ =
∑

b′,c′,d ′, f ′

√

√

√

db′dc′dd ′d f ′

d4
x dbdcdd d f

b′

f ′

d ′

c′

=
∑

b′,c′,d ′, f ′
(Rcτ

c′ )
∗[Fτx b

a ]τb′[F
b′xc
d ]bc′[F

cxd
b′ ]c′d ′[F

d ′x f
e ]d f ′[F

f ′xτ
g ] f τ

Æ

dτ

g f ′

b′ a

c

e

d ′

(E.3)
Here the factors from bubble removal essentially cancel the factors from fusing the τ-line to870

the lattice. The Hamiltonian is diagonal in a, c, e and g, and so decomposes into separate871

blocks for fixed a, c, e, g. We will use the identities872

Rττ1 + Rτττ φ
−1 = −1, Rτττ + Rττ1 φ

−1 = R∗1, (R1 − Rτ)φ
−1 = R∗τ.

When we fix c = e = 1 in (E.3), it is enforced that b = d = f and so we recover the z-link873

Hamiltonian (E.2).874

ñc ñeH x =nang

�

σx
b +φ

−3/2nb

�

+φ1/2ña ñg nb −φ−1/2
�

ñang + na ñg

�

nb.

When c = 1 and e = τ in (E.3), it is enforced that b = d, and we get the Hamiltonian875

ñcneH x =−φ−1/2ña ñg nbn f + ñang nb

�

σx
f +φ

−3/2n f

�

+ na ñg n f

�

σx
b +φ

−3/2nb

�

+ nang

�

φ−1/2
�

σ+bσ
−
f +σ

−
bσ
+
f

�

−φ−1
�

σx
b n f + nbσ

x
f

�

−φ−5/2nbn f

�

For c = τ and e = 1, it is enforced that d = f , and the Hamiltonian is876

nc ñeH x =−φ−1/2ña ñg nbnd + ñang

�

Rτnbσ
+
d + R∗τnbσ

−
d +φ

−3/2nbnd

�

+ na ñg

�

Rτσ
−
b nd + R∗τσ

+
b nd +φ

−3/2nbnd

�

+ nang

�

R1φ
−1/2σ−bσ

+
d + R∗1φ

−1/2σ+bσ
−
d

− R∗τφ
−1(σ+b nd + nbσ

−
b )− Rτφ

−1(σ−b nd + nbσ
+
d )−φ

−5/2nbnd

�

.

Lastly, the Hamiltonian for c = e = τ is877

ncneH =ña ñg

�

Rτσ
+
d + R∗τσ

−
d +φ

−3/2nd

�

nbn f + ñang

�

Rτφ
−1/2nbσ

+
dσ
−
f + R∗τφ

−1/2nbσ
−
dσ
+
f

−φ−1nbndσ
x
f −φ

−5/2nbnd n f − Rτφ
−1σ+d nbn f − R∗τφ

−1σ−d nbn f

�

+ na ñg

�

R1φ
−1/2σ−bσ

+
d n f + R∗1φ

−1/2σ+bσ
−
d n f −φ−5/2nbnd n f

− Rτφ
−1(σ−b nd + nbσ

+
d )n f − R∗τφ

−1(σ+b nd + nbσ
−
d )n f

�

+ nang

�

R∗1φ
−1σ+bσ

−
dσ
+
f

+ R1φ
−1σ−bσ

+
dσ
−
f +φ

−2nbndσ
x
f +φ

−7/2nbnd n f + R∗τφ
−1/2(σ+bσ

+
f +σ

+
bσ
−
f )nd

+ Rτφ
−1/2(σ−bσ

−
f +σ

−
bσ
+
f )nd + R∗τφ

−2(σ+b nd + nbσ
−
d )n f

+ Rτφ
−2(σ−b nd + nbσ

+
d )n f − R∗1φ

−3/2σ+bσ
−
d − R1φ

−3/2σ−bσ
+
d

− R∗τφ
−3/2σ−dσ

+
f − Rτφ

−3/2σ+dσ
−
f

�

.

32



SciPost Physics Submission

It can be checked numerically that the x-link Hamiltonian has the same eigenvalues as the878

z-link Hamiltonian, but larger degeneracies. Finally, the y-link Hamiltonian is879

b

f

da

c

e g

τ

=
∑

b′,c′,d ′, f ′

√

√

√

db′dc′dd ′d f ′

d4
x dbdcdd d f

f ′

b′ d
′

c′

=
∑

b′,c′,d ′, f ′
(Rch

c′ )
∗[F b′ττ

a ]bτ[F
cτb
d ′ ]c′b′[F

d ′τc
b ]dc′[F

f ′τd
e ] f d ′[F

ττ f
g ]τ f ′

Æ

dτ b′

f ′

d ′a

c

e g

(E.4)
As discussed in Section 6, y-link and x-link are related by combined parity symmetry and time-880

reversal acting as complex conjugation. This implies that the matrix elements of the y-link881

Hamiltonian are equal to the complex conjugated matrix elements of the x-link Hamiltonian,882

H y
abcde f g = (H

x
abcde f g)

∗.

F Commuting projector fusion surface models and their relation883

to (enriched) string-nets884

Here we discuss the connection between fusion surface models with a commuting projector885

Hamiltonian and the string-net models previously studied in the literature [23, 36–41]. A886

summary of this comparison is provided in Table 1.887

model input topological order TRS chiral cc

Levin-Wen string-net [23] UMTC C Z(C) = C̄ ⊠ C yes c− = 0
FSM, H = −

∑

p Bp UMTC B, ρ = 0
generalized string-net [36] UFC C Z(C) no c− = 0
FSM, H = −

∑

p Bp (G-crossed) braided
UFC B, ρ = 0

symmetry-enriched G-extension D of UFC C Z(C), symmetry G no c− = 0
string-net [37–39]
FSM, H = −

∑

p Bp G-graded multifusion 1-cat,
ρ = 0= ⊕n

i=10i
enriched string-net [40,41] A-enriched UFC (X , F) ZA(X ) no c− ̸= 0

with F : A→ Z(X )
FSM, H = −

∑

p Bp (G-crossed) UBFC B, ρ ̸= 0 Z C̄(C) = C no c− ̸= 0

Table 1: Comparison between different string-net models with commuting projector
Hamiltonians. The equivalent fusion surface model (FSM) is written below in the
blue highlighted rows.

In this section, the fusion surface Hamiltonian is defined as H = −
∑

p Bp, where Bp is the888

commuting projector specified in (9),889

Bp =
∑

b∈B

db

D
B(b)p with B(b)p : → b (F.1)
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When all vertical legs are labeled by the identity object ρ = 0 and the input category is890

a UMTC B, the fusion surface model with the projector Hamiltonian (F.1) reduces to a Levin-891

Wen string-net [23] with quantum double topological order Z(B) = B ⊠ B̄, as discussed in892

Section 5.3 in [1]. When ρ = 0 and the input unitary (G-crossed) braided fusion category is893

not modular, this fusion surface model reduces to a generalized string-net [36]. The original894

string-net construction [23] assumed isotropy on the plane and the sphere, meaning that the895

string-net fusion diagrams must be invariant under bendings, as well as under 2-fold rotations896

and reflections of the tetrahedron depicted below:897

Φ

� �

= Φ
� �

= Φ
� �

(F.2)

Here Φ(·) denotes the evaluation of the diagram, as explained in Section 2. Some fusion898

categories, e.g. the Z3 Tambara-Yamagami category, violate the conditions (F.2), leading to899

“generalized string-nets” [36]. Such models realize topological order characterized by the900

Drinfeld centreZ(C) of the input fusion category C. Notably, they can realize topological orders901

which are not simply quantum doubles C⊠C̄. Although generalized string-net models can break902

time-reversal symmetry, they still maintain a gapped boundary and zero chiral central charge.903

The ground state of a generalized string-net satisfies Bp |ΦGS〉 = 1 on all plaquettes. It904

is unique on a disk geometry. Anyonic excitations are created by terminating “string opera-905

tors”. When acting on the ground states, string operators are path-independent. This ensures906

independence under elementary deformations such as:907

D

α

�

�

�ΦGS

E

=
D

α

�

�

�ΦGS

E

They thus are labeled by objects in the Drinfeld center of the input fusion category. We draw908

them below the string-net, following the convention in [36]. A two-anyon state is then created909

by e.g.910

α ∈ Z(C)

Because of the commuting projector Hamiltonian, each anyon has a finite gap ∆≥ 1 over the911

ground state.912

String-net models enriched with a symmetry G have been studied in [37–39]. These can913

be represented by fusion surface models constructed from G-graded multifusion 1-categories,914

as discussed in Section 5.3 in [1]. In a multifusion 1-category, the tensor unit is no longer a915

simple object, but decomposes into a sum of simple objects 0= ⊕n
i=10i . This induces a grading916

of the multifusion category as explained in [37].917

Enriched string-nets [40,41] are yet another generalization (different from the symmetry-918

enriched string-nets mentioned above). A special type of them, called self-enriched string-nets919

in [40], seems closely related to commuting projector fusion surface models constructed from920

a (G-crossed) braided UFC with a nontrivial object ρ ̸= 0 on the vertical legs. The enriched921

string-nets live on the boundary of a 3+1d Walker-Wang model [85] built from the UMTC A.922

The invertible Walker-Wang bulk theory A represents an anomaly of the 2+1d boundary the-923

ory. The resulting commuting projector model on the boundary can realize chiral topological924

orders which are not accessible to anomaly-free commuting projector string-nets. Such chiral925

topological orders cannot be written as the Drinfeld center of any unitary fusion category. The926

local Hamiltonian of the 2+1d enriched string-net has the graphical representation927

Hp :
a ∈Ab ∈ X /A

→
∑

x∈X /A

dx

D
x (F.3)
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The vertical green dotted lines are labeled by objects in A and connect the string-net drawn in928

black to the Walker-Wang bulk. The construction requires the existence of a braided unitary929

tensor functor F : A → Z(X ) that maps objects in A to objects in the Drinfeld center of X ,930

so that the composite A → Z(X ) → X is faithful. As a result, the unitary fusion category931

X decomposes into a disjoint union {a, b, . . . }
⊔

{x , y, . . . } of simple objects a, b, · · · ∈ A and932

x , y, · · · ∈ X /A. The black planar edges in (F.3) are labeled by objects x , y, · · · ∈ X /A. [40]933

argue from a physical perspective, and [41] prove, that the enriched string-net model realizes934

topological order characterized by the enriched center ZA(X ). The Drinfeld center of X can935

be decomposed as Z(X ) = ZA(X )⊠A. The enriched center ZA(X ) contains those anyons in936

Z(X ) that braid trivially with A. The physical argument is that the anyonic string operators937

have to braid trivially with the green dotted legs labeled by objects in A to preserve path-938

independence,939

*

α ∈ Z(X )

a ∈Ab ∈ X /A
�

�

�

�

�

�

�

ΦGS

+

=

* �

�

�

�

�

ΦGS

+

⇒ α ∈ ZA(X )

Apart from the slightly different geometry, the commuting projector fusion surface model (F.1)940

appears to be a special case of the enriched string-net model (F.3) with X = C and A = C̄,941

resulting in chiral topological order Z C̄(C) = C.942

G Unitary mapping of the Jx–Jz chain to the Ising anyon chain with943

twisted boundary conditions944

Here we work out the unitary transformation described in (17), (15), (16) for the Ising input945

category. The terms in the Jx–Jz chain have the form946

−Jy
1

Γi jk

Γklm
− Jz

1

Γklm Γmno

so the Hamiltonian for a L = 4 chain is947

H = −Jy Y1X2 − Jz Z2Z3 − Jy Y3X4 − Jz Z4Z1. (G.1)

The Hamiltonian (G.1) shares the same bond algebra as the periodic L = 2 Ising chain,948

H Ising = X1 + Z1Z2 + X2 + Z2Z1,

and so has the same spectrum. Note, however that it acts on four qubits, and so each level949

must have degeneracies. Indeed, the Ising chain has no symmetries beyond the usual spin-flip950

symmetry generated by X1X2. The one-form symmetries of (G.1) yield three Z2 conserved951

charges, namely Z1Z2, Z3Z4 and Y1X2Y3X4.952

We apply the unitary transformation (15) to move one of the additionalσ-legs to the right:953

Γ1

Γ2

Γ3

Γ4

UΓ2Γ2′=[F
σσσ
σ ]

Γ2Γ
′
2−−−−−−−−−−→ Γ ′2

The Hamiltonian (G.1) therefore transforms to954

U2HU†
2 = Jy Y1Z2 + JzX2Z3 + Jy Y3X4 + Jz Z4Z1 with U2 =

1
p

2

�

1 1
1 −1

�

(G.2)
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where here and below the matrices are written in the Z-diagonal basis on the corresponding955

site(s). The same σ-leg is moved to the right once more,956

Γ1

Γ2

Γ3

Γ4

UΓ2Γ3=[F
Γ2σΓ3
σ ]σσ

−−−−−−−−−−→

This transforms the Hamiltonian (G.2) to957

U23U2HU†
2 U†

23 = Jy Y1Z2 + JzX2 + Jy Z2Y3X4 + Jz Z4Z1 with U23 =







1
1

1
−1






. (G.3)

Next, the other σ-leg is moved to the right,958

Γ1

Γ2

Γ3

Γ4

UΓ1Γ2=[F
Γ1σΓ2
σ ]σσR

σΓ2
σ (RσσΓ3 )

−1

−−−−−−−−−−−−−−−−−−→

transforming the Hamiltonian (G.3) to959

U12U23U2HU†
2 U†

23U†
12 = Jy X1+Jz Z1Y2+Jy Z2Y3X4+Jz Z4Z1 with U12 = eiπ/8







1
i

i
1






.

(G.4)
This σ-leg is moved to the right once more,960

Γ1

Γ2

Γ3

Γ4

UΓ2Γ ′2
=[Fσσσσ ]Γ2Γ ′2

R
σΓ2
σ (Rσσ

Γ ′2
)−1

−−−−−−−−−−−−−−−−−−→

The transforms the Hamiltonian (16) to961

U2U12U23U2HU†
2 U†

23U†
12U†

2 = Jy X1 + Jz Z1Z2 + Jy Y2Y3X4 + Z4Z1 with U2 = eiπ/8

�

1 i
i 1

�

.

(G.5)
The spectrum of course remains the same as that of the L= 2 Ising chain, and the three Z2962

symmetries are generated by Y3, Z2Z4, and X1X2Y4. As demonstrated in the main text, the963

extras are the remnants of the plaquette 1-form symmetries.964
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