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Haifeng Tang 17, Shreya Vardhan!*, and Jinzhao Wang!*

1 Stanford Institute for Theoretical Physics, Stanford University, Stanford, CA 94305, USA

T hftang@stanford.edu , * shreyavar08@gmail.com, T jinzhao@stanford.edu

Abstract

We characterize new universal features of the dynamics of chaotic quantum many-body
systems, by considering a hypothetical task of “time estimation." Most macroscopic ob-
servables in a chaotic system equilibrate to nearly constant late-time values. Intuitively,
it should become increasingly difficult to estimate the precise value of time by mak-
ing measurements on the state. We use a quantity called the Fisher information from
quantum metrology to quantify the minimum uncertainty in estimating time. Due to
unitarity, the uncertainty in the time estimate does not grow with time if we have access
to optimal measurements on the full system. Restricting the measurements to act on
a small subsystem or to have low computational complexity leads to results expected
from equilibration, where the time uncertainty becomes large at late times. With opti-
mal measurements on a subsystem larger than half of the system, we regain the ability
to estimate the time very precisely, even at late times.

Hawking’s calculation for the reduced density matrix of the black hole radiation in semi-
classical gravity contradicts our general predictions for unitary quantum chaotic systems.
Hawking’s state always has a large uncertainty for attempts to estimate the time using
the radiation, whereas our general results imply that the uncertainty should become
small after the Page time. This gives a new version of the black hole information loss
paradox in terms of the time estimation task. By restricting to simple measurements on
the radiation, the time uncertainty becomes large. This indicates from a new perspec-
tive that the observations of computationally bounded agents are consistent with the
semiclassical effective description of gravity.
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1 Introduction

At late times in chaotic quantum many-body systems, most simple macroscopic observables
relax to steady-state values, which are constant with time up to small fluctuations. Intuitively,
from the perspective of such observables, the evolution of the state [)(t)) = et |y),) by
the chaotic Hamiltonian H from any initial state |¢,) slows down with time. This intuition is
captured by the fact that the late-time state |¢(t)) macroscopically resembles an equilibrium
density matrix p©®, which commutes with the Hamiltonian and does not evolve at all. In this
paper, we will explore the extent to which the state [¢)(t)) evolves with t using a hypothetical
task of “time estimation.” We imagine that we are given an O(1) number of copies of [(t)),
but do not know the precise value of t and want to estimate it using measurements on the
state. How effectively can we perform this task?

The setup of this thought experiment is inspired by the general task of parameter estima-
tion in quantum metrology [1,2]. We use a quantity called the Fisher information [3-5] to
quantify the minimum uncertainty in the time estimate. Studying the behaviour of the Fisher
information for time estimation will allow us to identify certain universal features of thermal-
ization beyond those captured by standard observables including correlation functions and
entanglement entropy. This approach contributes a new perspective to recent discussions on
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Figure 1: We consider the evolution of the subsystem Fisher information associated
with time estimation in a chaotic quantum many-body system. We divide the system
into two parts A and A, and n,, d, respectively denote the number of degrees of free-
dom and Hilbert space dimension of A. For n, < nyz (left), the subsystem quantum
Fisher information F,(t) decays monotonically from an extensive value to an expo-
nentially small value at late times, consistent with the expectation from thermaliza-
tion. For n, > nj (right, blue curve), F4(t) shows a surprising non-monotonic evolu-
tion and saturates to an extensive value. On restricting to simple measurements, the
associated classical Fisher information fAcomp(t) decays monotonically and becomes
small even for n, > n/2 (right, green dashed curve).

characterizing various fine-grained aspects of the structure of thermalizing quantum states,
such as complexity growth [6], deep thermalization [7], subsystem entropy fluctuations [8],
and pseudoentanglement [9, 10]. Further, by treating black holes as examples of chaotic sys-
tems, this quantity will allow us to identify a new version of Hawking’s information loss para-
dox, and to make new predictions based on unitarity for the black hole evaporation process.

The Fisher information we will study can be seen as an intrinsic velocity associated with
changes in the state with time. The mininum uncertainty (5t)? of an attempted time estimate
is inversely proportional to the Fisher information. Intuition from thermalization suggests
that the Fisher information should decay and go to zero at late times, corresponding to a large
uncertainty of time estimation. However, there is a competing intuition from unitarity that
|y (t)) cannot stop evolving with time at a fundamental microscopic level. We will see that
the latter intuition is captured by the fact that an optimal version of the Fisher information,
known as the quantum Fisher information (QFI), is a constant with time if we have access to
the full system. This constant value is proportional to the energy variance of the state. Hence,
the full microscopic state |(t)) evolves just as fast at any later time as it does initially.

With optimal measurements on the full system, we therefore always retain the ability to
estimate time accurately if we could do so at early times. We consider two natural kinds of
sub-optimal measurements. The uncertainty in time on considering optimal measurements on
a subsystem is quantified by the subsystem quantum Fisher information F,(t). On the other
hand, by restricting the computational complexity of measurements, either on the full system
or on a subsystem, we naturally arrive at another coarse-grained Fisher information called the
classical Fisher information in the computational basis, f Acomp(t). F,(t) for a subsystem smaller
than half of the system, and f;’omp(t) even for more than half of the system, will both turn out
to reproduce expectations from thermalization. We will define these quantities and introduce
the task of time estimation more explicitly in Sec. 2.

We summarize our main results in the schematic plots in Fig. 1. These results apply to
pure initial states with extensive energy variance, which also have extensive initial values of
F4 and fAcomp. Based on results in spin chains, random pure states, and other toy models,
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we expect that these behaviours should be universal for unitary chaotic quantum many-body
systems with local interactions.

Let ny, n; denote the number of degrees of freedom in a subsystem A and its complement
A. The full system size is n. We find two striking differences between the subsystem quantum
Fisher information F4(t) between the cases ny < nj and ny > nj; as shown in Fig. 1, which are
consequences of the interplay between thermalization and unitarity:

1. The saturation value of F,(t) is exponentially suppressed in n for n, < nj4, and propor-
tional to n for n, > nj4. This transition can be understood from Haar-random pure states.
Like previous transitions at ny = n/2 found by Page [11] and Hayden and Preskill [12],
this transition indicates a qualitative difference between Trz[ |y (¢))(y(¢)|] and the equi-
librium density matrix Trz[ D] when we consider a subsystem larger than half of the
system. The new transition indicates a difference in the speed of evolution of the two
states, rather than in their information content which is captured by entanglement en-

tropy.

2. For ny < nj, F4(t) shows a monotonic decay with time, consistent with the physical
expectation that the time-evolution is increasingly slowing down. For n, > nj, F(t)
shows a non-monotonic time-evolution. ! We will understand the increasing behaviour
at intermediate times, which is counterintuitive from the perspective of thermalization,
as follows. p,(t) is not full-rank for n, > ny, and its support rotates within the full
Hilbert space of A. As the state gains access to more and more of the Hilbert space, its
speed of rotation increases, until it saturates to a universal late-time value which gives
the dominant contribution to F,(t). See Fig. 2.

Note that more conventional probes of thermalization such as entanglement entropy
are insensitive to any properties of the eigenstates of the reduced density matrices and
cannot capture this physical phenomenon.

We also study the behaviour of F,(t) in a free-fermion integrable system and find a remark-
ably different behaviour, indicating that this quantity is a sharp probe of the transition from
integrability to chaos.

In a chaotic system, even for ny > nj, we find that the Fisher information Acomp associated
with simple measurements shows a monotonic decay and saturates to an exponentially small
value in n. This is true as long as ny < n—O(logn), after which point even f,° " is no longer
small.

Let us now turn to the implications of these results for black holes, by treating them as
examples of highly chaotic quantum many-body systems. The process of formation of a black
hole from a star corresponds to the approach to equilibrium in general chaotic systems. Hawk-
ing [13, 14] found that black holes subsequently emit thermal radiation and evaporate. How-
ever, Hawking’s calculation of the state of the black hole radiation in semiclassical gravity leads
to a contradiction with the above general predictions for unitary evolutions. This can be seen
as a new version of the black hole information paradox, now relating to the time-evolution
properties of the state rather than its entropy.

According to Hawking, the density matrix of the radiation in the evaporation process is
given by a thermal density matrix. While the black hole mass M gradually decreases during
the evaporation process, on shorter time scales [6t| < Steyyp = GyM the density matrix
of the radiation in Hawking’s state is a stationary equilibrium state p%9 corresponding to
temperature Ty = 1/(8ntGyM). If we treat the times scale Otey,p, = GyM as infinite, then

IThe decay is monotonic up to small fluctuations which go away on averaging over initial states or small time
intervals.
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Figure 2: For a pure state |¢(t)) in a chaotic system, for a subsystem A larger than
half of the system, the QFI of the reduced density matrix p,(t) has a large universal
late-time value. In this case, p,(t) is not full-rank. The late-time value of the QFI
captures the speed of rotation of the support of p,(t) within the full Hilbert space of
A.

€D does not evolve, and the value of the subsystem QFI of the radiation according to the
naive calculation in semiclassical gravity is therefore zero.

Based on similar reasoning to earlier works of Page [11,15] and Hayden and Preskill [12],
we expect that the universal behaviours that we find for the quantum Fisher information in
chaotic quantum many-body systems should also apply to black holes in their fundamental
description. This implies that in the fundamental description, Hawking’s result of zero subsys-
tem QFI of the radiation cannot be true after the Page time, when the effective Hilbert space
dimension of the radiation becomes larger than that of the black hole. Instead, we predict that
the subsystem QFI of the radiation should become O(1/Gy) after the Page time in the funda-
mental description of the black hole. This implies that the time can be estimated to a precision
|6t| ~ 4/Gy using optimal measurements on the radiation after the Page time. In particular,
this uncertainty is much smaller than the uncertainty ~ &tey,p = Gy M with which one could
naively estimate time by measuring changes in the energy or temperature of the radiation,
as long as the black hole mass is larger than the Planck mass (M > 1/4/Gy). It would be
interesting to see whether and how our predictions for the subsystem QFI can be checked by
including corrections to semiclassical gravity, such as those that were recently used to obtain
the Page curve in [16-19].

The optimal measurements on the radiation that lead to a small uncertainty of the time es-
timate after the Page time are likely to be highly complex. There is a growing body of evidence
in the literature that observations made by computationally bounded observers with access to
the radiation are consistent with Hawking’s semiclassical calculation for the reduced density
matrix of the radiation [20-25]. Our results for the computational basis classical Fisher infor-
mation fAcomp provide yet another perspective that confirms these ideas. We predict that the
value of this quantity is O(e~'/%) at all but very late times in the evaporation process. Hence,
it is effectively indistinguishable from the result of zero Fisher information from Hawking’s
state.

The plan of the paper is as follows. In Sec. 2, we explain the setup of the time estimation
task, introduce the relevant quantities, and discuss general constraints on them from unitary
Hamiltonian evolution. In Sec. 3, we discuss results for the quantum Fisher information asso-
ciated with subsystems using a variety of models for chaotic systems, as well as an example
of an integrable system. In Sec. 4, we discuss the classical Fisher information for simple mea-
surements in the computational basis. In Sec. 5, we carry out an explicit numerical simulation
where we estimate the value of time by making measurements on the state, using a method
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called the maximum likelihood estimate. In addition to being a fun experiment, this clarifies
a conceptual question about whether it is possible to come up with a global (as opposed to
merely local) estimate of time when the Fisher information is large. In Sec. 6, we phrase our
question about time estimation in the language of quantum error-correction in order to make
an explicit comparison between the task we consider here and the Hayden-Preskill protocol.
Most technical details are presented in the Appendices.

We expect the results to be of equal interest from the perspective of quantum many-body
physics and quantum gravity. The sections most relevant in the context of black hole physics
are Sec. 3.3 on results in random pure states, Sec. 3.4 about the implications of these results
for black holes, and the discussions in Sec. 4 and Sec. 5 on the complexity of distinguishing
the time-evolved state from the thermal state (or equivalently, distinguishing the fundamental
description of the black hole from Hawking’s description).

Relation to previous work: The QFI has previously been applied to quantum many-body
systems in the context of dynamical susceptibilities and multipartite entanglement [26-28].
In these setups, the parameter to be estimated is associated with deformations of the state by
operators other than the Hamiltonian. The physical interpretation of the QFI in such cases is
different from the one in this paper. The QFI associated with time estimation was previously
considered in [29], with a different goal of characterizing time-energy uncertainty relations.
In the context of classical stochastic dynamics, the Fisher information associated with time
estimation was studied in [30]. The models in [30] can be seen as coarse-grained, classical
descriptions of thermalization, which we will contrast with microscopic quantum-mechanical
descriptions. In [31], a particular case of our time estimation task, using simple measurements
on the full system, was studied using a different but related quantity and the authors arrived
at similar conclusions.

2 Setup and constraints from unitarity

In the setup of our thought experiment, we will consider two kinds of one-parameter fam-
ilies of states, labelled by the parameter t: either the time-evolved state on the full system,
o(t) = e o et for some initial state oy, or its reduced density matrix on some subsystem,
o4(t) = Trzle o yeft], where A is the complement of A. Let us denote these two cases by
the common notation p(t). Suppose we are experimentalists who are given N copies of p(ty),
at a particular value t, of t. We know the initial state oy and H, but do not know ¢, and want
to estimate its value by making measurements on our N copies.

Consider some choice of complete projective measurement, with measurement outcomes
labelled by |&). From N independent measurements on p(t,), we obtain measurement out-
comes &1, ...,&y. Suppose we come up with an estimate Te, (&1, ..., &) for ty based on these
measurement outcomes. Our key question is the following: how well can the best possible
function T, do at estimating t,? If no estimator is able to do a good job, this indicates that
p(t) is not changing much with t, at least with respect to the measurement basis {|£)}.

We can quantify the accuracy of the estimator T, using the following measure:

(5Test)2 = (Test(gb R <EN) - t0)2

= > pe,(t0)pe, (£0) (Test(Er, s EN) — £0)?
E1omnln

pe(0) = (Elp(D)1E) , 1)

where the sum of each &; is over all possible values of £;. Based on the general theory of statis-
tical inference of a parameter in a probability distribution using samples from the distribution,
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105 (8Te.g)? has a known lower bound over all possible choices of T,. This lower bound can be
106 expressed in terms of intrinsic properties of the family of probability distributions p(t):

2
) , (2)
to

107 where f (t() is known as the Fisher information for the probability distribution p.(t) at t = t,,.
108 The above inequality is known as the Cramer-Rao bound, and can be saturated by a known
100 form of T for large N, known as the maximum likelihood estimate (MLE) [32,33]. We will
200 discuss further details of the MLE and its explicit implementation in Sec. 5.

201 For a quantum state p(t), it is natural to consider the maximum value of the Fisher in-
202 formation over all possible choices of the measurement basis {|£)}. This maximum value is
203 known as the quantum Fisher information (QFI) [4], and has the following explicit formula:

) 1 _ 1 [ 9pe(t)
(6Tes > G2 f(to)—;p—g(to)( e

et a_p -1 a_p

F(t)_Tr[atRp (at)]’ 3)

RAOZ 3 oo ) (IO @
pita 0

204 Here p; and |1);) are respectively the eigenvalues and eigenstates of p(t). 2 As discussed
205 in [4], the QFI equivalent to a certain distance measure known as the Bures distance between
206 the states at t and t +dt:

2
F(t) =4 lim dBures(p(t))p(t + dt))
dt—0
1

dt2 ’
dyures(0,0) = V2(1-Te[ v/ VPO VP )" - (5)

207 It is therefore natural to view the QFI for time estimation as an intrinsic velocity associated
208 with changes in the state.
200 Note that since the optimal projective measurement basis is the eigenbasis of R;l (Gp/atle),

210 it depends on t itself. Hence, the quantum Fisher information is the uncertainty (& T.g)? as-
211 sociated with attempts to locally estimate values of time t, = to+ At close to t,, and assuming
212 knowledge of t,.

213 So far, our discussion was completely general, and would apply to any one-parameter
214 family p(X) labelled by some continuous variable X. Let us now consider turn to the value of
215 QFI on taking p(t) = e toye'ft, i.e., the time-evolved state on the full system. In this case,
216 we find that the QFI is constant with respect to t. For an initial pure state |1), the QFI at all
217 times is proportional to the energy variance:

F(0) = F(0) = 4 ((H2)y, — (H)2, ) ®)

218 where (---),, indicates expectation values in [v). In particular, this implies that the QFI is
210 zero at all times for an energy eigenstate, consistent with the fact that an eigenstate does
220 not show any non-trivial time-evolution. On the other hand, a product state in a local lattice
221 system has energy variance of O(n), where n is the number of sites, ® indicating that the

2The superoperator R;l(-) is the inverse of R,,(-) = {p,-}. R;l(ﬁtp) is known as the symmetric logarithmic
derivative of p.

*Let the Hamiltonian be a sum of local terms H = >.h;. The energy variance is
Var(H) = Zij(hihj>w0 — (hi)yy M)y, and for a product state (hihj)w0 factorizes when h;,h; have no com-
mon support. Hence, the sum is restricted to i & j and consists of O(n) terms each of O(1) magnitude.
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optimal uncertainty (6 Tog)? is very small in the thermodynamic limit. This result is true for
any Hamiltonian. It can be seen as a purely kinematical result of unitarity which is insensitive
to thermalization, similar to the fact that the von Neumann entropy of the state on the full
system is invariant under unitary evolution.

One can check that for a pure state, the optimal measurement basis [4], given by the
eigenbasis of R;l([H L [P ()X (t)]]), consists of the states

H—(H
H=H ey, @)
H2)y— ()2

=S
V2

(p(0)) £1[E(D))) , E(D)) =

and any set of 2" —2 states that form an orthonormal basis together with these two states. The
optimal measurements on the full system, for which the time uncertainty is determined by the
constant QFI (6), are therefore as complex as the state |y(t)) itself and become increasingly
complex at late times.

As discussed in the introduction, from the intuition about thermalization that a state
evolved by a chaotic Hamiltonian relaxes to a steady state, we may expect the Fisher informa-
tion to decay monotonically and go to zero at late times. Indeed, [30] previously studied the
evolution of the classical Fisher information associated with time-evolution for a probability
distribution evolved by the Fokker-Planck equation, which describes relaxation dynamics, and
found results consistent with this intuition. We have seen above that the QFI on the full sys-
tem shows a very different behaviour due to unitarity. In order to see results that match our
expectations from thermalization, it is therefore necessary to put certain restrictions on the
measurements we can perform to try to estimate the time.

One natural restriction is that the measurements can only act on some subsystem A of the
full system, which corresponds to taking p(t) = o4(t) = Trz[e " Htoqeft] in (3), and yields

the quantity
Fa(t) = Z
ijst. L1 F]
pitp;#0

| (i|Tea[H, e Hoge™ ] |j) 2 (8)

where p;,|i) are eigenvalues and eigenstates of o,(t) (we do not show the time-dependence
of these eigenvalues and eigenstates explicitly for conciseness). We will refer to (8) as the
subsystem QFI. When the initial state is pure, recall that we can write a Schmidt decomposition
of the time-evolved state as follows:

min(dy,dz)
(Y= D, V/pilidali)a )
i=1

where p;, |i) 4, |1)z are time-dependent but we do not show the time-dependence explicitly. We
give an expression for F,(t) in Appendix A that depends on H,p;,|i)4,|i)z. This expression
will be useful for later calculations. It is also conceptually interesting to note that F,(t) thus
depends not only on the eigenvalues of p,(t) but also on the global structure of the state,
including the eigenstates of p, as well as p; and their relation to the Hamiltonian H. This is
in contrast to most information-theoretic quantities that are often studied for the time-evolved
state such as the von Neumann and Renyi entropies, which depend only on the eigenvalues
p;- * In Section 3, we will discuss the behaviour of the subsystem QFI in quantum many-body
systems.

Another natural restriction we can put on the measurements that we used to estimate
the time is to require them to be simple in the sense of computational complexity. We can

“Another set of recently introduced quantities that probe the global structure of the state |1(t)) in a different
way are “state k-design” frame potentials introduced in the context of deep thermalization [7,31,34-37].

8
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quantify the uncertainty of the time estimate using a general measurement basis {|&)} with
the classical Fisher information (CFI) for that basis f(t), defined in (2). The simplest choice
is to take {|&)} to be the computational basis, which we will call f “°™P(t). We will discuss this
case in Section 4.

3 Quantum fisher information for subsystems

In this section, we will study the behavior of the subsystem QFI F,(t) defined in (8). We will
be interested mostly in chaotic systems with local interactions. We will consider initial states
for which the constraints from energy conservation are not very important at late times, such
that |y(t)) = e ! |2),) macroscopically resembles the infinite temperature thermal density
matrix 1/d in terms of correlation functions and entanglement entropies of small subsystems.
We expect that more general initial states with extensive energy variance should show similar
behaviours, and will propose generalizations of some of our results to these cases.

In Fig. 1, we highlighted various qualitative features of the evolution of F4(t). Recall that
we refer to the number of degrees of freedom and Hilbert space dimension of subsystem A
as ny,d, respectively. Let us further summarize some additional features, which we expect
should be robust in local chaotic systems:

1. Fu(t) for ny < nz has an exponentially decaying regime at intermediate to late times
before saturation:
Fp(t) ~e %t (10)

where a, has an inverse power law dependence on n,, a,, ~ 1/n” for some n > 1.
ny A ny A

2. For ny > ng, the time scale t* corresponding to the minimum of F,(t) in Fig. 1 obeys
t* ~nj;.

3. The saturation value of F4(t) is
nady/d; ny < ng
FAoc{ ada/di ny <ng 11)
ny ny > TlA_

where the proportionality constant has units of energy density squared.

We make use of the following models to identify these features and provide evidence for
their universality:

1. The mixed-field Ising model at generic values of the coupling exhibits each of the features
summarized in the figure and the above points 1-3. This spin chain model is often used
in the literature to probe universal characteristics of local chaotic dynamics. We present
the numerical results from this model in Sec. 3.1. We also consider an integrable version
of the spin chain, where we find a strikingly different behaviour of F,(t) for n, < n;.

2. The exponential regime (10) for n, < nj is relatively short-lived in the spin chain model
before it saturates for the system sizes we can access numerically. To better understand
this decay, we model the smaller subsystem A as an open quantum system with boundary
dissipation. This serves as a good qualitative model for the time-dependence, which
allows us to better understand the form and physical origin of the n,-dependent decay
rate in (10). By construction, this model cannot give the saturation values (11) observed
in unitary systems.
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Figure 3: We plot the dynamics of F,(t) in the chaotic spin chain model (14) with
various n and n,. We evolve the system from random product initial states and av-
erage F,(t) over 200 samples of initial states for n < 11 and 84 samples for n = 12.
Left: We focus on cases with n, < n/2. The solid black lines show the fitting to
exponential decay. The rate of exponential decay decreases with n, and is indepen-
dent of ns. (The decay rates a,, ,asa function of n, are shown in Fig. 7(right).) The
saturation value decays exponentially with ny; for fixed n,. Middle: We focus on
the region with ny, > n/2, and contrast the non-monotonic time dependence with
the monotonic behaviour for n, < n/2 shown in left panel. The saturation value
depends very weakly on nj for fixed n,, and we expect this weak dependence to go
away in the thermodynamic limit. Middle, inset: We plot t* (the time at which F,(t)
is minimized, with n, > n/2) for various n4,n as a function of nz. Red/blue lines
correspond to ny = 7,8. We find that t* ~ nz, and does not depend on n,. Right:
We plot the dynamics of F,(t) with fixed n = 12 and various subsystem sizes.

3. To better understand the saturation value of F,(t) in unitary systems, we model the
late-time state |y(t)) as a random pure state in the full Hilbert space drawn from the
uniform (Haar) ensemble in Sec. 3.3. This calculation confirms the the universality of
the scaling in (11).

Based on the expectation that the above results are universal, one particularly interesting
example of a quantum chaotic system to which they should apply is a black hole. We discuss
the implications of these results in the context of evaporating black holes in Sec. 3.4.

Before turning to specific models, let us discuss the general physical reasonableness of
the results summarized above. Both the time-evolution and the saturation value of F,(t) for
n, < ny is intuitive from the perspective of thermalization. In particular, the scaling d,/d; of
the saturation value of F,(t) matches the expected scaling of the distance of the late-time state

2
from the maximally mixed state, i.e., (dBures (pA(t), %)) ~ d,/dj; [8,38-40]. Note that the

physical interpretation of the two quantities is somewhat different, and they did not necessarily

dBures(pA(t),pA(Hdt)))z
dt

have to show the same scaling based on kinematical reasoning: F,(t) = (

measures the speed of fluctuations, while dp e (pA(t), %) measures the absolute magnitude
of fluctuations.

Perhaps the most striking feature of Fig. 1 is that for n, > ngz, we have an increasing
behaviour of F4(t) at intermediate times, and an extensive late time-value. These behaviours
cannot be understood purely from intuitions about thermalization, and require an understand-
ing of new features of the dynamics of a unitary chaotic system.

We derive the result of non-monotonic time-evolution from numerical simulations in the
chaotic spin chain in Sec. 3.1. To better understand its physical origin, recall that the reduced
density matrix of p,(t) is not full-rank for n, > n;. We can write the Hilbert space of A as a
direct sum H, = Hep ® Hpu, Where Hep, is the subspace spanned by the eigenstates of p, with
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non-zero eigenvalues, and H; is the complementary subspace. Then we can divide F4(t) in
(8) into two non-negative terms,

FA(t) = FA,ent(t) +FA,r0t(t) (12)

where Fy o (t) includes the terms in (8) where [i), |j) € Hepe, While Fy (t) includes the terms
where either |i) or [j) is in #,,,;. Moreover, F4 ,.(t) can be shown to be equal to

dP,, \?
FA,rot(t):Tr[pA(d_im) ] (13)

where P, is the projector onto the subspace #.,.. Note that no analog of this term is present
in the the expression for F4(t) when ny < n/2, as F4(t) quickly becomes full-rank in this case.
On the other hand, if we take A to be the full system and consider a pure state, then Fy ,,(t)
is the only contribution to F,(t).

By considering the behaviour of Fj . (t) and Fjn(t) separately, we find that Fy e (t)
monotonically decays with time, while F, ,..(t) monotonically increases with time (see Fig. 5).
The competition between these two terms leads to the non-monotonic evolution of F,(t).

F4 ene(t) is quantitatively close to F(t) in general, and the two can be shown to be equal in
the case where the spectrum of p, is flat (see around eq. (A.13) in Appendix A). Fy () is the
dominant contribution to F,(t) at late times. Heuristically, its increasing behaviour captures
the fact that the support of p,(t) gains access to more and more of full Hilbert space #, to
rotate within as time evolves. Eventually, it has access to the full Hilbert space of H, and
rotates at a large universal speed, leading to the extensive saturation value (see Fig. 2).

In Appendix C, we define a simple analytical toy model for the time-evolved state |y (t))
using the Brownian GUE Hamiltonian [41,42], in which the eigenvectors of p, for the larger
subsystem A increasingly explore the full Hilbert space. We calculate F,(t) in this model, and
find that the result qualitatively matches the increasing behavior in the spin chain model. The
model is too simple to reproduce features coming from locality, such as the fact that t* o< ny,
which should be better understood in future work.

3.1 Chaotic and integrable spin chains

Let us first study the behaviour of the subsystem QFI in the mixed-field Ising model:
H=Y7Zi1+8 Y Xi+h).Z (14)
i i i

with periodic boundary conditions. For generic values of g and h, this model is chaotic by a
variety of measures, including energy eigenvalue statistics [43], entanglement growth [22,44],
and operator growth [45]. We take g = —1.05 and h = 0.5 as a standard representative of the
chaotic case. The particular case where h = 0 is the integrable transverse field Ising model,
which is integrable and can be written as a free fermion Hamiltonian.

We will consider the evolution of F,(t) for subsystem of contiguous spins of size n, on a
chain of length n. We take the initial states to be random product states between the different
sites, for which the initial value of F4(t) is extensive in n,. Such states are known to macro-
scopically equilibrate to infinite temperature [46]. We will average over samples drawn from
the uniform measure on such states. The numerical results for F,(t) for the chaotic spin case
are shown in Fig. 3, 4, and 5. Let us summarize the key features of these numerical results
below.

For n, < n/2, F4(t) shows a monotonic decay with t, which is of the form F,(t) ~ e~
at intermediate times. The decay rate a,,, decreases with increasing ny, and is independent of

At
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Figure 4: We plot the late time saturation value of F,(t) (averaged over 800 samples
of initial states and 10 instances of time in the interval t € [15,20]) as a function
of subsystem fraction x = n,/n, for various n. The solid grey line is the theoretical
prediction from the random pure state model introduced in 3.3, in the thermody-
namic limit n — oo. Even for finite size numerical results, we see a hint of a phase
transition at x = 1/2. We expect based on the random pure state model that the
result is likely to be extensive in n, in the thermodynamic limit, which may be ob-
scured by finite size effects here. Inset: Using the same data, we plot the log of the
QFI saturation value for x < 1/2. We see a clear collapse as a function of 2n, —n
showing a scaling of ~ d,/d;, as predicted in (20).

n=12 n4s=9

80 . . .

60
=40
Ky _G_FA,rot

— F'
20| A -
O N
0 2 4 6 8

Figure 5: We plot the dynamics of F4(t), F4(t) for n = 12,n, = 9 (averaged over 84
samples of initial random product states), along with the two terms F ¢, and Fp ;o
defined in (12). We observe that the non-monotonic behavior of F4(t) comes from
the competition between Fy ¢ (t) and Fp ().

ss0 14 See Fig. 3 (left). The saturation value of F,(t) is proportional to d,/dz = 22", as shown
360 more explicitly in Fig. 4.
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1
D

0 ) 10 15
t

Figure 6: We plot the dynamics of F4(t) from the integrable spin chain model for
n, = 1 and various full system sizes, averaged over 400 samples of initial random
product states. For comparison, we also plot the F,(t) from the chaotic spin chain
using the same but lighter colors. We observe that the time evolution coincides ini-
tially, but differs at later times. While the saturation value in the chaotic case decays
exponentially with n for fixed n,, the average value at late times in the integrable
case is constant with respect to n.

For n, > n/2, F4(t) shows an initial decay up to a time t*. t* depends only on nz, and
is roughly proportional to ngz. The fact that the behavior is qualitatively similar to the case
n, < n/2 up to this t* physically makes sense, as it is only on this time scale that informa-
tion from the larger system can travel across the smaller subsystem in the presence of local
interactions. For t > t*, F,(t) increases with time and later saturates. The saturation value is
independent of nz and grows with n,, as shown in Fig. 4. °

In Fig. 5, we separately plot the two terms Fj ;. and Fj o, defined below (12). We find
that F, o,,(t) is both qualitatively and quantitatively close to F4(t), and shows monotonic decay.
F4 ro¢(t) monotonically grows, and fully accounts for the value of F4(t) at late enough times.

In the free-fermion integrable case of the spin chain model (14), where we set h = 0, we
find strikingly different behavior of both the time-evolution and the saturation value of F,(t)
for ny < n/2 compared to the chaotiic case. See Fig. 6. These behaviours indicate that the
state is far from equilibrating for the integrable model, even for a small subsystem. As shown
in Fig. 6, the evolution with time is non-monotonic even for n, much smaller than n/2. For
both small and large n,, the average late-time value saturation value is independent of ng,
and grows with n,. The time-evolution and saturation value of the QFI thus provides a sharp
qualitative probe of the difference between chaotic and integrable systems.

3.2 Open quantum system with boundary dissipation

In this section, we consider an open system Lindbladian dynamics with boundary dissipation.
For comparison with the results of the previous section, we call the number of sites in the full
system n,. The state p(t) on the full system is evolved under a time-independent Lindbladian

SWe find evidence for these statements up to finite-size corrections which make the data somewhat noisy. We
will provide further evidence for various features using the models in Sec. 3.2 and Sec. 3.3, which are less affected
by finite-size corrections.
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Figure 7: Left: The dynamics of the von Neumann entropy S(t) = —Tr[p(t)log p(t)]
in the Lindbladian model, which shows a size-independent linear growth rate and
saturation to log d, at late times. These features resemble the behavior of a subsystem
in the unitary model of Sec. 3.1. Middle: We plot the QFI dynamics in Lindbladian
model, again starting from random initial states. The black solid lines show the fitting
to the exponential decay rate. While we use the notation F4, note that we are now
considering different full system sizes n, of the open quantum system. Right: We
record the exponential decay rates a,, in both the unitary chaotic spin chain model
of Sec. 3.1 and the non-unitary Lindbladian model. The decay rates a,,, are obtained
from fitting, as shown in the black solid lines in left panel of Fig. 7 and left panel of
Fig. 3.

equation, which evolves the initial pure state to a mixed state:
L o(6)= L(p(0)
acP TP

= —ilH,p(O)+ 1 2 (Lap(OL] = (L]0 (1)) as)

where {L,} is a set of jump operators and y € R, controls the dissipation strength. We take
H to be the same chaotic Ising Hamiltonian as (14), except now living on n, sites and with
open boundary conditions instead of periodic boundary conditions. We take the Lindblad
operators {L,} to act on the two boundaries of the system, and make the arbitrary choice that
the dissipation channel is the depolarization channel, with order one strength (y = 1). Then
the set of jump operators {La}gz1 is specified as:

(Lo, ={X1, Y1, 20, X, Voo Zy, } (16)

As a first check to get some intuition about this model, we show the dynamics of the von
Neumann entropy of the state p(t) on the full system in the right panel of Fig. 7. This matches
the qualitative behavior of the entanglement entropy of a subsystem of a unitary chaotic spin
chains very well [46]. It is thus natural to view this open system model as a way of extracting
properties of the unitary system of Sec. 3.1 in the thermodynamic limit with ny < n.

Under evolution by (15), p(t) approaches the maximally mixed state in the following way:

1 _
p(O)~ —+pre™t, (17)

where —A; is the eigenvalue of £(-) with the least negative real part, and A; is known as the
Lindbladian gap. p; is some traceless operator. As the spectrum of p(t) approaches that of
a maximally mixed state, we can approximate F(t) ~ d Tr(0(t)?) (here we apply the general
formula (3)). Using (17), we find the exponential decay

F(t) ~ e Mt (18)

14
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309 In Ref. [47], the authors study the Lindbladian gap of a variety of one-dimensional chaotic
400 spin chain models with boundary dissipation, and find that it scalesas A; ~ 1/ nz, wheren >1
201 is some (1) number. This universal behaviour of the Lindbladian gap thus naturally explains
a02 our observation in Sec. 3.1 that the decay rate a,, decreases as we increase the system size

403 MNg.

404 For concreteness, in the left panel of Fig. 7, we show the QFI of p(t) under such a Lindbla-
s0s dian, and indeed find qualitatively the same behaviour of the QFI as in the previous subsection
a06 on varying the system size n,. In the right panel of Fig. 7, we plot the decay rate a,,, as a func-
a7 tion of n4, and observe that it indeed scales in a power law fashion, with power larger than
a0s one. The time evolution data is generated by Runge-Kutta method, and the decay rate from
a00 fitting the data matches twice Lindbladian gap.

a0 3.3 Random pure states

a1 Auseful model for the late-time state |3 (t)) in a unitary chaotic evolution on a finite-dimensional
412 Hilbert space is a random pure state drawn from the uniform (Haar) ensemble. We will use
a13  this state |Yp,,,) to understand the saturation value of F,(t) at late times, ignoring the fact
a14 that the state up to this point was evolved by the Hamiltonian H. We expect this approxima-
415 tion to be reasonable for states whose dynamics are not significantly constrained by the effects
a16  of energy conservation.

a17 More explicitly, we replace e o et in (8) with [ 1aar W haarl, and the eigenvalues p;
a1s  and eigenvectors i) of o,(t) with those of Ttz | Y taar (W aar|, @and then average over [Vipaar)
a10 in the full expression.

420 For this calculation, the general expressions for F,(t) of a pure state in terms of the Schmidt
421 decomposition in Appendix A will prove useful. To use these, we need to describe the ensemble
422 of Haar-random states in terms of their Schmidt decomposition, which is given as follows (here
a3 we use S to refer to the smaller subsystem out of A and A, and S to refer to its complement):

ds
Wraar) = Y, /D (V1i))s (U [1))s - (19)
i=1

424 The dg real numbers p;, the dg X dg unitary V, and the the dg x d; unitary U are random and
425 uncorrelated with each other. U and V are both Haar-random unitaries in their respective
a26 Hilbert spaces. {|i)} and {|i)} are arbitrary fixed sets of dg orthonormal states in S and S

427 respectively. p; have the statistics of the eigenvalues of normalized Wishart matrices YY)
a2 where Y is a dg x dz matrix of independent complex Gaussian random variables drawn from
s the distribution p(Y) = N 1e~TYY'] Using the expressions of Appendix A and (19), we
430 can write the expression for F, in terms of averages of just second moments U® U*® U ® U*
431 of Haar-random unitaries U (similarly for V), so we get identical results for the more general
432 class of states where V and U are unitary 2-designs.
433 Let us decompose a general local Hamiltonian H as H = Hy + H; + H;;,;, where H, consists
a3a  of all terms entirely within A, H; of all terms entirely within A, and H,, of all terms across the
435 boundary. Up to small corrections which can be ignored in the thermodynamic limit, we show
436 in Appendix B that (19) gives the following prediction for the late-time value of the subsystem
437 QFI:

_ {ZdA_lTrA[Hi] =cnydy/d; ny<n/2 20)

ATra[H21/dy=2cny n,>nj/2

438 where c is a constant of units energy density squared which depends on (1) microscopic cou-
430 plings. This expression approximately reproduces the numerically observed late-time scaling
as0 in the chaotic case of the spin chain model, as shown in Fig. 4. We do not find a quantitative
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match between the two models, likely both due to finite size effects and due to the oversim-
plification in completely ignoring the effects of energy conservation by using (19).

The above result does not directly apply to initial states |1),) which macroscopically re-
semble a finite temperature thermal density matrix pg = e PH/z s at late times. We expect
that a natural generalization to such states, at least for sufficiently small 8, should be given by

2((H2), — (H,)2) 548548 S, o < Sz
_{ (( A>[3’ ( A)/j) A3 A,B 21D

T 40HD) , — (HA)R) Sap>Sip

where S, 5 and S; g are the thermodynamic entropies at inverse temperature § in A and A,
and (---)g indicates expectation values in pg.

3.4 Evaporating black holes

If we assume that the formation of a black hole and its subsequent evaporation are governed
by a unitary and chaotic evolution, the combined state of the black hole and its radiation can
be seen as an example of |(t)) at late times in a chaotic quantum many-body system. The
simplest model for this combined state is a Haar-random pure state (19). Results from random
pure states and their natural finite-temperature generalizations have previously been used to
predict the Page curve for the entropy of the black hole and radiation in [11,15], as well as
the sudden recoverability of quantum information from the black hole radiation after the Page
time in [12]. Here, we will apply this model in order to predict the behaviour of the subsystem
QFI of the radiation for the time estimation task.

In the evaporating black hole setup, it is natural to consider the subsystem QFI of time
estimation using the radiation. The time differences that we want to estimate are much smaller
than the slow time scale on which the mass M of the black hole decreases due to emission of
further radiation and correspondingly its Hawking temperature Ty; = 1/(8tGyM) increases.
That is, we are interested in time differences 6t < 8 teyap ~ Gy M. Hence, we can discuss the
task of time estimation at a fixed M and Ty, where the number of degrees of freedom of the
black hole and radiation are fixed. The Hamiltonian of the system has the form H = Hg + Hy
for some fixed Hg,Hg, and the state |1(t)) macroscopically resembles the thermal density
matrix e PH5 @ ePHr [ 7,(B)Zz(B) for fixed f = 1/Ty.

In this setup, we can apply our general formula (21). For this, we need to know the form
of the energy variance ((Hz) g (HR)%) of the state e PHr/Z,. Let us model the radiation as
a 1+1 dimensional photon gas, motivated by the fact that the emission into the low angular
momentum modes is favored. For a (1+1)-D photon gas of one-dimensional volume L and
temperature T, the expectation value of the energy is

(Hg) g/ ~ LT?. (22)

where ~ indicates ignoring dimensionless constants, as we will continue to do in the remaining
equations. The energy variance is then given by

d (Hg)pg—
( R)ﬁ_l/T ~ LT3 ~ L 23)

2
(Hy) oT (GyM)3

2 2
B (HR> B T
where in the last expression we have put in T = Ty. Now let us treat the total evaporation
time ey, UP to the current time as a proxy for the volume L of the photon gas. tey,, can be
expressed in terms of the remaining black hole mass M (see for instance [15] or [48]), so that
we have

L~ teyap(M) ~ G (M3 —M?) (24)

16
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478 where M, is the initial mass of the black hole. We therefore find that the energy variance is
479 given by

M3
(Hz) g — (Hg)p, ~ i(—o—l). (25)

. M3 . .
480 The quantity (M—% — 1) keeps track of the stage in the evaporation process and grows as more

4s1  radiation is emitted.

482 Now using this expression in (21), we see that before the Page time, when Sp g — Sg g is
483 large, we have a very small value of the subsystem QFI of the radiation, Fg ~ 1/Gy O(e /6w,
4sa  which gives a time uncertainty of (’)(el/ Gv) (recall Eq. (2) for the relation between the Fisher
45 information and the time uncertainty). Indeed, taking into account the slow evolution of the
ss6 temperature of the radiation and assuming it can be simply measured gives us a better way of
ag7  estimating the time in this case, with uncertainty ~ &teya, = GyM. On the other hand, after

488 the Page time,
3

Fp~1/Gy (M—%—1), Srp > Spp- (26)

as0 The corresponding uncertainty |5t| in time using the optimal quantum measurement on pg(t)
a0 is O(4/Gy), which is much smaller than the naive uncertainty best-case uncertainty of & teyap
401 based on Hawking’s calculation. This is true as long as the black hole mass is much larger
s02 than the Planck mass (M > 1/4/Gy), at which point the black hole evolves very rapidly in
493  Hawking’s calculation and the semiclassical analysis is even naively expected to break down.
494 It would be interesting to see what new prescriptions may be needed to resolve this version of
495 the information paradox and reproduce the behavior (26). See the discussion section Sec. 7
496 for more comments.

w7 4 Classical fisher information for simple measurements

408 The analysis so far revealed that with optimal measurements on any subsystem larger than half,
a00 the uncertainty of the time estimation task in |y(t)) is suppressed as 1/n, where n is the full
s00 System size. In particular, this is very different from the infinite uncertainty in an equilibrium
so1 state p(®D. It is reasonable to expect, however, that the measurements needed to accurately
s02 estimate the time using more than half the system have a high computational complexity.
so3 This expectation would be particularly important in the context of the evaporating black hole
s04 setup of Sec. 3.4, as it would imply that computationally bounded observers would see results
sos consistent with Hawking’s state. Complexity-theoretic criteria for the validity of semiclassical
so6 gravity have previously been proposed in the context of other information-theoretic tasks, see
sor for instance [20-25].

508 To address the question about the complexity of time estimation, recall from Sec. 2 that
soo the optimal measurement basis (in which the uncertainty is given by the quantum Fisher in-
s10 formation) is the eigenbasis of R;l(ap /dt). For the full system, recall that there is a simple
s11  general expression given by (7). The resulting measurement basis is at least as complex as the
512 state |¢(t)) itself.

513 For a subsystem, we do not have a simple expression for the optimal measurement basis,
s14 but can find it numerically in examples like the chaotic spin chain by diagonalizing R;:([a pa/dt]).
s15 While directly evaluating the computational complexity is beyond the scope of current tech-
s16 niques, we find that the entanglement entropy of typical states in the optimal measurement
s17  basis at late times is volume-law and close to the Page value. An example is shown in Fig 8.
s1s  This tells us that the complexity of the measurement basis is at least proportional to the sub-
510 system volume [49].
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Figure 8: We evolve a single initial random product state in the chaotic spin
chain (14) for L = 12 to t = 10, by which time we expect the QFI reaches its large
saturation value (see Fig. 4). We pick n, = 8, find the eigenstates of the operator
R;: (@pa/dt), and show their entanglement entropies in arbitrarily chosen intervals
of size x as a function of x. The entropies of individual eigenstates are shown with
dashed lines, and their average is shown with a thick red curve. The blue curve is
the Page value [11] for the corresponding system sizes.

A natural alternative setup is to restrict to simple measurements on a subsystem, and con-
sider the classical Fisher information (CFI) associated with them (2). On making this restric-
tion, do we get a small saturation value of the CFI even on considering a subsystem bigger than
half of the system? The simplest measurements we can consider are in the computational basis
(say, the eigenbasis of the Z operators at each site). Both from the chaotic spin chain and from
the random pure state model (19), we find that the late-time saturation value of this CFI has
the following behavior:

f;omp(t)late times — K % . (27)
A

where « is a constant of units energy density squared which depends on microscopic couplings
in the Hamiltonian. See Fig. 9 for the numerical spin chain result, and Appendix D for the
random pure state calculation. Hence, as long as n, < n— O(logn), even for n, > n/2, the
late-time value of the f ;omp is exponentially suppressed in n. The late-time value is therefore
effectively indistinguishable from the zero result we would obtain from the equilibrium density
matrix p©?, or equivalently from Hawking’s state in the black hole context. Moreover, the
numerical result of Fig. 9 (top) shows that the decay with time is monotonic in this regime,
which is again intuitive from the perspective of thermalization.

What about the regime where the subsystem is so large that n; < O(logn)? In the evapo-
rating black hole setup, this corresponds to very late times in the evaporation process where
the black hole entropy is O(log Gy ). In this regime, the CFI is no longer exponentially sup-
pressed, and in particular, if we take A to be the full system, the CFI is extensive in n (see
Fig. 9 (bottom)). This tells us that it is possible to estimate time with high accuracy (O(1/n)
variance) using measurements of O(1) complexity if we have access to the full system. The
number of measurement outcomes needed is also likely to be O(1) or at worst polynomial in
n. See the next section for some evidence for this using explicit experiments. In fact, as we
will discuss in the next section, we can further use this simple procedure to distinguish the full
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Figure 9: Top: Subsystem computational basis CFI fACOmp for ny, = 7 and different
full system sizes, starting from intial random product states and averaged over 400
samples. We see that there is an exponential decay of the saturation value with nj
for fixed n,. This should be contrasted with the late-time result in Fig. 3 (middle)
for F,(t), the Fisher information corresponding to optimal measurements, which is
almost independent of n;. Top, inset: We plot the late-time saturation value of
f;omp(t) as a function of nz, and the scaling matches (27). Bottom: Full system
computational basis CFI f “°™P for different full system sizes. Both the initial and the

final value are proportional to n.

state [1(t)) of the system from a thermal density matrix such as p¢®. ©

Note that we have assumed here that evaluating an estimator function T,y (&1, ...,Ex) On
the measurement outcomes which saturates the Cramer-Rao bound (2) is a simple process.
In particular, suppose we use the maximum likelihood estimate (MLE) discussed in the next
section. Then we can evaluate T efficiently if the form of p:(t) = (EleHEg et|E) as a
function of time for each & = 1,...,2" in the computational basis is given to us as input. We
leave discussions of whether this additional resource is reasonable, and how complex it is
to actually evaluate pg(t), to future work. For now, we note that even with this additional
resource, if we are in the regime where nz; > O(logn), operations of O(1) circuit and sample
complexity that we have considered here cannot be used to estimate t or distinguish |y (t))
from p©® at late times.

®There are other known ways of distinguishing Tr;[ |4 ()}x(t)|] from Tr;0©® with O(poly(n)) sample and
circuit complexity when nz < O(log(n)), such as the SWAP test [9,25,50] which makes use of the large difference
in second Renyi entropy between these states. See another example of a test that works in this regime in Section
5 of [22].
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555 Regardless of the above somewhat intricate complexity-theoretic considerations, the large
ss6  value of the computational basis CFI in the regime n; < O(logn) indicates that the state
ss7 - Trz[ |y (t))(yp(t)|] is not thermalizing to a steady state in this regime, even from the perspective
sss  of simple measurements. It seems difficult to reconcile this statement with the fact that we ex-
sso  pect (for instance based on the model of a Haar-random state) that the probability of any given
se0 Mmeasurement outcome for a simple measurement is exponentially close in n between [(t))
s61  and p(eq), even on the full system (see for instance [21,22]). To better understand how these
s62 Statements can be consistent, we note that there is an (O(1) total variation distance (trace dis-
s63 tance) between the classical probability distribution in the computational basis associated with
ses the late-time |1(t)) (modelled as a Haar-random state) and the uniform distribution [51]. 7
s6s More explicitly, for the full system, we find that while the individual probability differences
s66 appearing in the trace distance are suppressed as O(e™"), the sum over exponentially many
se7 terms makes the trace distance O(1). Indeed, this result was previously used in [31] to deduce
s6s that the ability to estimate time using simple measurements on the full system is surprisingly
se0  good, using a different measure involving the classical mutual information. For a subsystem A,
s7o  we find in Appendix E.2 that the total variation distance decays exponentially with nz. This
s71 - confirms from a different perspective that the state Trs[|y(t))y(t)|] equilibrates from the
572 perspective of simple measurements in the regime n, < n— O(logn), but not necessarily for
s73  larger ny.

s+ 5 An experiment on estimating time

575 The quantum and classical Fisher informations that we have calculated in various models in
s76 the previous sections indicate certain setups where we should in principle be able to accurately
577 estimate t, using the time-evolved state p(t,). How would we carry out this process of time
s7¢ estimation in practice, using some set of measurement outcomes from the state? In this section,
s79 - we will discuss an explicit estimator function called the maximum likelihood estimator (MLE),
sso which is widely used in statistical inference. We will explicitly demonstrate its application
ss1  for the task of time estimation in a quantum many-body system, by performing a numerical
ss2  “experiment” in the spin chain model of Sec. 3.1.

583 The maximum likelihood estimate for the time estimation task is defined as follows. Recall
ss4 thatin our setup, the family of states p(t) is given by either e 1t |40 ()| eHt or Trz[e ™ HE (o Napo| €],
sss and hence the measurement outcomes correspond to certain basis states |£) on either the full
ss6 System or subsystem A. Given outcomes &1, ..., §y from independent measurements on N
ss7 copies of the state p(ty), the maximum likelihood estimate Ty (&5, ..., 5 ) can be found by
sss evaluating the global maximum of the following log-likelihood function over t:

N
(5, Exlt) =D logpe (1), pe(t) = (Elp(D)IE) . (28)

i=1

sso If the form of p;(t) as a function of t for any outcome |&) is given to us as input, or can be
so0 computed numerically as we do in our “experiment” below, Ty; (&1, ..., Ey) can be evaluated
so1 in a straightforward way. On general grounds [32], for large N, the mean of Ty (&1, ...,EN)
so2  should approach the true underlying value t, of time, and its uncertainty (& Ty ) defined in
s03 (1) should saturate the Cramer-Rao bound (2).

504 In a quantum many-body system of volume n, a complete measurement of any extensive
so5 subsystem has O(e™) possible outcomes. A potential concern may be that the sample size N
so6 needed for the Cramer-Rao bound to be saturated might itself grow rapidly with n. We will

"We present a self-contained derivation of this result using a resolvent technique in Appendix E.1.
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Figure 10: We time-evolve a single instance of an initial random product state by the
chaotic spin chain Hamiltonian up to time ty = 10. The full system size is taken to
be n =11, and we consider different values of n, = 11,9, 7,5. In each case, we draw
N =50 samples in the computational basis and plot the log-likelihood function (28)
based on these (and repeat the process 5 times). We see that the estimate Ty,
indicated with the vertical lines corresponding to the global maxima, is much more
reliable in cases with a larger value of the classical Fisher information f;omp . By
considering similar data for other full system sizes n = 8,9,10, the N needed for
the estimate to become reliable does not appear to grow significantly with n: in
particular, N = 50 used here is a small fraction of the 2048 states in the full Hilbert
space in this case.

provide evidence using the spin chain experiment below that this is not the case, and individual
realizations of Ty for O(1) N are very close to t, in cases where the Fisher information is
large.

Let us carry out some explicit (numerical) experiments to estimate time. We take the initial
state |1,) to be some arbitrary single choice of a random product state on system size n = 11.
We numerically sample from the probability distribution of either the full time-evolved state
e~Hto 1)), or its reduced density matrix on a subsystem A, in the computational basis using
python. We use the Hamiltonian of the chaotic spin chain (14). We obtain N samples from this
distribution, and plug these into (28) to obtain the log-likelihood function of t. In practice,
we find this function by computing p (t) for any given &; as a function of ¢t by numerically
computing it for some finite set of times and interpolating. In Fig. 10, we show results from
drawing N = 50 samples from the state at t, = 10 for various subsystem sizes, and repeating
the experiment 5 times.

Recall from (27) that the late-time computational basis CFI f, " *

", is large for the full sys-
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s11 tem, and rapidly decreases for subsystems. Consistent with this, in the case of the full system
612 (top left of Fig. 10), we find a very sharp maximum in the log-likelihood function close to
613 t = ty for each repetition of the experiment. As we decrease the subsystem size, the local
614 maximum close to t, becomes less sharp and the variance of its location increases. Note that
615 in all cases, the log-likelihood function has a large number of other local maxima besides the
616 global maximum in the range of times we consider. An interesting feature which we could not
617 have predicted a priori is that in cases with large CFI, the global maximum always seems to be
618 very close to the actual value of t,. In cases where f;omp is small, picking the global maximum
610 yields unreliable results.

620 We can now see how such an experiment can be used to distinguish the time-evolved state
621 from the equilibrium density matrix. Suppose we are given an (1) number of copies of a state
622 whichis either p,(t) = Trz[e 7t |3 )2 o| eF¢] for some known |1),) and H, or the equilibrium
623 density matrix pf(‘eq) = Tri[p¥]. We do not know which of the two states we have, but are
624 told from the Born rule what the functions p;(t) for each £ would be as a function of ¢, if the
625 state were p,(t). Suppose the computational basis CFI of p,(t) is large. Then one procedure
626 that allows us to decide which state we have is to measure in the computational basis, and
627 apply the MLE according to the state p,(t). We can repeat this experiment some O(1) number
e2s of times, as we do above in Fig. 10. If the variance in our resulting estimates of t is small and
620 decreasing as 1/N with the sample size N, this indicates that the state we are measuring is
630 indeed p,(t). If not, the state is pffq). This provides an efficient way of distinguishing p,(t)

631 from pgeq). In cases where the CFI of p(t) is exponentially small in n, the difference between

632 pIE‘eq) and p4(t) would likely become impossible to detect due to constraints of any reasonable

633 experimental apparatus.

@ o B R
B R B R ,£“L| L]
T T LTI
0y~ | U 1y~ | U |0) - | |l|]| | 1) - ;] (roughly)
TTTT T TTTT T
— = o TTTTT
o) 1% o) 1 o) T

Figure 11: We compare the structure of the isometric encodings in the quantum
error correcting code in the Hayden-Preskill protocol (a) and the one that appears
naturally in the time estimation task (b). In both cases, U is time-evolution operator
up to some late-time t in a chaotic system, which can for instance be modelled as a
Haar-random unitary. (a) is a much more effective quantum error-correcting code
than (b) as it makes use of the full scrambling power of the time-evolution operator
to non-locally encode the information of the logical qubit.

s« 6 Quantum error-correction perspective and comparison to Hayden-
635 Preskill protocol

636 In this section, we discuss a further physical interpretation of the transition in the saturation
637 value of F4(t) between less than half and more than half of the system, from the perspective
63 of quantum error-correction. The sudden improvement in our ability to estimate time using
630 more than half of the system is reminiscent of the sudden improvement in the ability to recover
620 information in the Hayden-Preskill protocol [12]. To compare the two tasks more directly, in
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this section we will analyse the question about inferring the value of time in the language of
quantum error-correction.

The quantum error-correction task we consider was introduced in [29]. ® Let us motivate
it as follows. The information of interest, which we want to encode and recover, is whether
the time is t or t + dt. Say that the logical |0) state corresponds to time t, and the logical
|1) state to t + dt. Intuitively, this logical information is encoded in the quantum many-body
system via the following map:

0) = [(0)), (1) = |¢(t +dp)) . (29)

This map is not quite suitable for setting up a quantum error-correcting code, as it is not an
isometry due to the non-orthogonality of |¢(t)) and [y(t + dt)). Note that the normalized
state along the component of |¢(t + dt)) that is orthogonal to |y (t)) is |E(t)) defined in (7).
Hence, a natural choice of an isometry to replace the map (29) is:

0) = [p(6)), (1) = [E(D)) . (30)

This is an encoding of one logical qubit into the n physical qubits of our quantum many-body
system. Now suppose we want to correct for erasure errors on some subsystem B (which
represents the black hole in the black hole evaporation setup). Can we recover the logical
information from the remaining subsystem R?

Faist et al [29] found a relation between the QFI and a weaker variant of the Knill-Laflamme
conditions for the above error-correcting code as follows. In our notation, they showed that
if the QFI of the subsystem R, Fp(t), is equal to the QFI of the full system, then their Knill-
Laflamme condition is exactly satisfied. Hence, if there is no sensitivity loss in metrology on
tracing out subsystems, the code is perfectly error-correctable (in the weaker sense of [29]). In
the present physical setup, we find that the subsystem QFI Fx(t) is always smaller than the full
system QFI F(t). This motivates us to ask about the approximate error-correcting properties
of the code (30). Specifically, we would like to see if the error-correction works better in the
regime where the subsystem QFI is extensive (even though it is not as large as the full system
QFI), and poorly in the regime where the subsystem QFI is exponentially small.

A good test for error correctability of a logical qubit is to examine the distinguishability of
two orthogonal codewords under noise. In particular, let us consider the late-time regime, in
which |¢(t)) can be modelled by |V, in (19), and |&) is still defined according to (7)
for the particular choice our many-body Hamiltonian H. We would like to see how well
pr = Trp[|Y)p|] and og = Trg[|£)(&]] can be distinguished.

We use Holevo’s just-as-good fidelity Fy(p, o) = Tr[ ,/p v/ ] as the distinguishability mea-
sure.” We find that the noisy codewords are indistinguishable for less than half of the system,
and the fidelity improves linearly for more than half of the system (see Appendix F for details):

1 dy<dp
F ,OR) & . 31
H(PR, OR) {%B dp> d, (31)
This result qualitatively matches the behavior (20) that we found for the QFI.

In the Hayden-Preskill protocol, the isometric encoding of the quantum error-correcting
code is as shown in Fig. 11(a). In this case, the output states corresponding to any two or-
thogonal input states become perfectly distinguishable on any subsystem larger than half of
the system, i.e., the information becomes perfectly recoverable just after the Page time. In
(31), the states pg and o do not become perfectly distinguishable just after the Page time,

8Also see [52] for a related quantum error-correction task and its holographic description.
°This measure is easier to evaluate than the fidelity, and it is “just as good” because it also satisfies the Fuchs—van
de Graaf inequalities, 1 — Fy(p,0) < %Ilp —oll; £V 1—Fy(p,0)2.
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but there is a sudden improvement in their distinguishability after the Page time: the fidelity
drops from 1 to 1/2. Comparing the structure of the isometric encodings in the two codes in
Fig. 11, we see that the two codes make use of the scrambling time-evolution operator in a
different way, and in particular, the code in the Hayden-Preskill case uses the full power of the
scrambling evolution to non-locally encode the logical information, while the code (30) does
not.

7 Conclusions and Discussion

In this paper, we used an operational question about time-estimation to probe new features
of the dynamics of quantum many-body systems and black holes. We found an interesting
interplay between thermalization and unitarity in the quantum Fisher information which de-
termines the uncertainty of the optimal time estimate. For a small subsystem, we found a
sharp distinction between integrable and chaotic systems in terms of this quantity. Further, we
understood its non-monotonic evolution for a subsystem larger than half of the system in terms
of the rapid rotation of the support of the reduced density matrix in the full Hilbert space. We
found a version of the black hole information loss paradox in terms of the failure of Hawking’s
naive calculation in semiclassical gravity to agree with general predictions for this quantity
based on unitarity. We further studied how the behaviour of the classical Fisher informa-
tion associated with simple measurements is consistent with expectations from coarse-grained
properties of thermalization in chaotic many-body systems. Moreover, the Fisher information
with this restriction on complexity also matches expectations based on semiclassical gravity in
the black hole context.

There are a number of interesting directions for future work related to general quantum
many-body systems, black holes, and complexity theory, which we summarize in the three
sections below.

7.1 Questions about quantum many-body systems

An interesting feature of the QFI for time estimation compared to other information-theoretic
quantities that have been studied previously is that it involves the relation between the time-
evolved state and the Hamiltonian in a crucial way. While we have focused on the class of
effectively “infinite-temperature” initial pure states and emphasized what the QFI is telling us
about their entanglement properties such as their Schmidt vectors, it is important to note that
the QFI is not simply a measure of entanglement. For example, F4(t) is zero in any subsystem
for any energy eigenstate of the system, although typical eigenstates are highly entangled. An
important question for future work is to understand the behaviour of this quantity for initial
states whose dynamics are more strongly constrained by energy conservation, such as initial
states in a microcanonical window, and to understand the interplay between information and
energy dynamics in this setting. The equilibrium approximation of [ 53] should provide a useful
tool for addressing this question.

It would be interesting to see if some version of the QFI can be calculated in random models
of local unitary chaotic systems such as random unitary circuits [54, 55], which are analyti-
cally tractable for computing certain quantities such as the Renyi entropies. It would also be
interesting to see if the QFI can be related to other quantities that capture universal aspects
of chaos, such as OTOCs. A particularly natural set of quantities that may be related to the
QFI would be the time-evolved circuit complexity [6] and Krylov complexity of the state [56],
which naturally involve distance metrics between nearby states. It would be important to
come up with a definition of mixed-state complexity that is appropriate for comparison to the
subsystem QFI [57-59].
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We found that the subsystem QFI is a useful way of detecting the difference between chaotic
and free-fermion integrable systems. It would be interesting to also consider the behavior
of this quantity in interacting integrable systems like the Heisenberg model or many-body
localized systems [60]. Other interesting cases would be ones that are intermediate between
integrable and chaotic, such as systems with Hilbert space fragmentation and quantum many-
body scars [61].

7.2 Questions about black holes

One main question we pose about black holes is how the prediction (26) that the subsytem
QFI of the radiation is O(1) after the Page time can be reproduced with a gravity calculation.
Recent results on obtaining the Page curve from gravity calculations [16-19] made use of the
AdS/CFT correspondence, and in particular of prescriptions for calculating the entanglement
entropy of the boundary theory using bulk quantities [62-65].

Finding a bulk dual of the quantum Fisher information in order to set up a similar calcu-
lation would require some further work. From (5), the QFI is related to the Bures distance,
or equivalently the fidelity between the states at t and t + dt. The fidelity is the exponent
of the Renyi-% relative entropy, which may not have a simple semiclassical gravity dual. von
Neumann entropic quantities such as the relative entropy are better understood as having
semiclassical gravity duals [66,67]. Hence, for the purpose of understanding QFI in the bulk,
it may be more appropriate to study a variant of the QFI, known as the Boguliubov-Kubo-Mori
QFI [68, 69], that is based on the gradient of the relative entropy. This quantity may provide
a better starting point for exploring the physical phenomena we have identified through the
QFI in gravity. From preliminary numerical studies, we have found that this quantity behaves
in a qualitatively similar way to the QFI in quantum many-body systems.

Prior works [ 70-73] have explored the relevance of the Fisher information metric in grav-
ity, but the dynamics of QFI associated with time estimation have not yet been analyzed. As-
suming that one could find a bulk dual of the QFI or some other related quantity, another
interesting setup to apply it to in gravity would be a quantum quench in the boundary CFT,
which corresponds to black hole formation in the bulk [74-76]. In particular, it would be very
interesting to see if such a calculation could reproduce the increasing behaviour of the larger
subsystem QFI at intermediate times, see Fig. 1.

7.3 Questions about complexity

In the regime where n/2 < n, < n— O(log(n)), it is often believed that it is exponentially
hard to distinguish Trz[ [ (t))vy(¢)|] from TrA[p(eq)]. This exponential hardness has been
particularly important in the evaporating black hole example, as it implies that observers with
bounded computational complexity will not be able to detect that the fundamental description
of quantum gravity is distinct from semiclassical effective field theory [20-25]. Our results
imply that observers who have the ability to measure the QFI of py after the Page time, and
hence see that it has an extensive value instead of the zero value for p }geq)’ can tell the difference
between semiclassical gravity and the fundamental description.

Is measuring the subsystem QFI in the regime n/2 < n, < n— O(log(n)) provably an
exponentially hard task? If so, is it hard because making the measurement in the optimal basis
is itself exponentially complex, or because implementing the maximum likelihood estimate on
the measurement outcomes is exponentially complex? Our results on entanglement entropy
of the measurement basis (Fig. 8) lower-bound its computational complexity as C > O(n), but
determining whether or not the complexity is exponential in n would be an important question
for future work.
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We stress that the statement we want to make here is about the difficulty of distinguishing
D from a known one-parameter family of states p,(t). This is likely a stronger statement
than the one commonly studied in the complexity theory literature, where the state p, to
be distinguished from p©? is randomly sampled from an ensemble [9, 50, 77]. While some
hardness results are proved and argued in the case where p, is drawn from an ensemble [9,78],
there is no known rigorous hardness result for our setting. Together with the evidence and
arguments from [22,24,25,77], our results motivate a further investigation of this complexity-
theoretic question that is vital to the validity of semiclassical physics.

In this paper, we have worked out the QFI for the optimal measurement basis and the CFI
for the simple computational basis, and found that they show sharply different behaviors. It
would also be interesting to calculate the CFI for other computationally efficient measurement
bases, and see how much the CFI can improve by using a circuit of polynomial depth before
measuring.

It would also be interesting to perform the experiment of Sec. 5 to estimate the time in an
actual lab setting, making use of recent progress in simulating quantum many-body dynamics
with a large number of degrees of freedom (see for instance [79]). This would allow us to check
if the sample complexity for the time estimation task is indeed O(1) in a quantum many-body
system. It is likely the hardest step in these cases may be to evaluate the classical probabilities
pe(t) of Sec. 5 as a function of t in order to perform the MLE. An important ingredient of this
effort would then be to find an efficient way to evaluate these probabilities, or to see if it is
provably difficult to do so.
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A Subsystem QFI in terms of Schmidt decomposition
In this appendix, we will further analyze the general formula for the subsystem quantum Fisher

information F,(t) from (8) for the case where the global state |4(t)) is pure. Let us rewrite
(8) here for the pure state case for clarity:

ijst. P E]
Pitp;#0

BO= Y (T H, OO P (A1)

where p;,|i) are eigenvalues and eigenstates of Trz[|y(t))(3p(t)|]. Recall that we have sup-
pressed the t-dependence of p;, |i) in the notation. We will further drop the ¢ label in |(t))
for most of the remaining discussion to simplify notation. It is useful to divide (A.1) into the
following terms:

Fp=2F, —Fy_—(F,_)" (A.2)
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g0 where
Fyp = - UITealH ) Ik} kI Teallp )l 21D (A.3)
1<j,k<min(d,dp) P7 T Pk
Pj+pk#0
2 . .
Fp= 2, — GITlH Y Ik) KT YN . (ad)
1<j,k<min(d,,dp) Pi T Pk
pj+pi#0
811 To avoid repeatedly using min(d,, dz), let us refer to S as the smaller subsystem and B as its

g12 complement in the remaining discussion. The Schmidt decomposition of |1} can be expressed
813 as:

ds
= Z VPalVa)s|da)p - (A.5)
a=1

sia  We can take the Schmidt vectors |¢,), a = 1,...,ds to be the first dg basis vectors of an
s1s orthonormal basis for subsystem B, and the remaining basis vectors can be labelled |¢,),
si6 a = dg + 1,...,dg. These remaining |¢,)’s are the zero eigenvectors of pg, which should
s17  also be included in the sums (A.3) and (A.4) when we take A= B. We can also extend the set
sis of p; to include i from i = dg + 1 to i = dg, setting all p; in this range to zero. We will not
g0 put explicit S and B subscripts on the Schmidt vectors in the rest of the discussion: the |¢),)’s
s20 always live in S and |¢,)’s in B.

821 Now consider the expression for Fg ., taking A= S in (A.3). Using the Schmidt decompo-
s22 sition (A.5), we can write
(I Teg[H [P )Xap ) = v/Prc (W1 (r H [9) (A.6)

s23 Putting this into the expression for Fg ., and assuming that all p; for i from 1 to dg are non-zero,
s24 we find

ds ds
Fgo= > 2P (|G H ) (IH ;) ) A7)
o k=1 Pi T Pk
=ZZ 2Pk | (bl H ) (1 H 1) b A8)
o1 k= Pi TPk

825 where we have used that p; from k = dg + 1 to k = dp are zero. We can similarly express Fp
s26 in terms of the Schmidt coefficients and vectors:

ds dgp

Foe =22 —

j=1lk= 1p]

1!’ (il H ) (W H ;) [Pr) - (A.9)

s27  Putting (A.8) and (A.9) together, we therefore have

ds dg
Fso+Fpp=2> > (IH ;) o) (W] (dr HIp) =2 (|H[p) . (A.10)
j=1k=1

s2s  Note that for |) = |(t)) = e |4)), (A.10) is independent of t. Hence,

Fs () + Fg (£) =2 (ypolH?Ipo) (A.11)
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Next, consider F, _. Again by using the Schmidt decomposition of |1}, one can check that

Fs_(t)=Fy_(¢) =ZZ WIH 1)) [de) (WIH i) |9)) - (A.12)

j=1k=1

We further notice that Fg = Fp ., when S and B are maximally entangled in [(t)). (Fp en
is defined below (12).) To show this, we first note that:

Pron()= D (i [H, WM (1)
i,js.t. J
Pi?éjopj#o
ds dg

DM~

j=1k= 1p1

i

(A.13)

1/); (il H ) (PIH ;) [py) —Fp - —Fp _

The first term of above equation only sums over non-zero eigenvalues, so it is different from
Fp ., but similar to Fs , (see (A.7) for comparison). In particular, when the spectrum is flat
(px = pj), the first term equals Fg . Then using the fact that F_ = Fs_, (A.13) becomes
equal to Fs.

(A.7), (A.11), and (A.12) will be useful for our later calculations. The structure of (A.11)
and (A.12) is interesting. While the term F, _ is equal for subsystems A= S and A = B (similar
to quantities like entanglement entropy) at all times, Fy , suggests that there is some tradeoff
between S and B in the time-evolution.

Consistent with the idea of such a tradeoff, we note as an interesting aside that (A.11) and
(A.12) together are equivalent to a certain “time-energy uncertainty relation” found in [29].
This is an uncertainty relation that quantifies a trade-off between the fluctuations in time mea-
surements and the fluctuations in energy measurements. We briefly review it in the remaining
part of this section.

Any uncertainty relation involves a pair of conjugate variables. In [29], the authors iden-
tified a variable n conjugate to t that is generated by the optimal local time measurement
operator T. As explained in [29], the theory of quantum fisher information gives us a formula
for the optimal operator T that measures the time close to t and minimizes the variance of the
time estimation on the full system,

1 2

T=t+——
F(t)4='pi+p

(| LH, [y ) 115) 1] - (A.14)

J
Consider now a conjugate variable 7) that is defined via an evolution generated by T,

S b M)epl =il T, 1Y) a1 . (A.15)

We consider infinitesimal flows in the 7) direction, so the state | )(3| appearing on the RHS of
(A.15) is the same as the one that appears in (A.14). It is shown that the optimal operator to
measure 7, analogous to the operator (A.14) for measuring t, simply equals the Hamiltonian.
Hence, the parameter 1) can be seen as the total energy of the system.

Now we consider the problem of estimating the total energy of the system by performing
the measurement on a subsystem. Let p,s(t,n) be the pure state on AA (we return to the
notation AA to indicate that A can be either the smaller or the larger subsystem). We are
interested in the variances of estimations of t and 7 on subsystems A and A respectively. We
denote corresponding the QFTI of the full system by F(t) and F(n) respectively. [29] first show
that on the full system, the QFI F(n) of the state under the flow by (A.15) is determined by
the QFI F(t) under the flow of t as follows:

F(n)=4/F(t)=1/((H?)y, — (H)] ) - (A.16)
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Next, just as we can consider the flow by t for the reduced density matrices of a subsystem,
we can do the same for the flow by ) and consider the subsystem QFI Fz(n). [29] then find
the following time-energy uncertainty relation for subsystems:

FA(6) | Fa(n) _
F(t)  F(n)

where using (A.15), F4(n) is given by the following formula:

1
Fi(n)= (| Tre {H— (H),, , N
a(n) 4(<H2>¢0_<H)12po) i’;&t pi+pj|<l| ts {H — (H)y,, 1)1} ) |

pi+p;#0 (A.18)

(2F () +Fa_(6)+Fz_(8)") .

(A.17)

4
~F(t)2

where the second line follows from the same decomposition of (A.2) after changing the com-
mutator to the anticommutator.

Note that the above equation involves an anticommutator inside the trace. The result (A.17)
says that the better one can estimate the evolution time t of the full system from a subsystem,
the worse one can estimate the energy 7 of the full system from the complementary subsystem,
and vice versa.

Let us now show the uncertainty relation (A.17) is equivalent to our (A.11) and (A.12).
For simplicity, we assume w.l.o.g. that (H),, = 0. Then (A.11) is equivalent to

2F, (t) +2F; . (t) = F(t), (A.19)

and (A.18) is equivalent to

B = g 2 g T UL KD )

0o ijst. Fl J

pitp;#0 (A.20)

4 (2F1 () + F4_() +Fi_(6)") .

i0;
Adding and subtracting F, _(t) gives
2Fp () —Fp_(t)—Fp_(t)" +2F; (t)+Fo_(t)+Fy_(t)" =F(t). (A.21)
Using (A.12),
2Fp ((t)—Fp_(t)—Fp_(t)" +2F; () +F;_(t)+Fz_(t)" =F(t) . (A.22)
Dividing both sides by F(t), we have

Fu(t) 2F; () +Fz (1) +Fz (6)°  Fo(t) 2F;, () +F; () +F;_(t)"  Fa(t) Faln) _

F(t) F(t) — F(1) F(t)2F(n)/4 - F(t) F(n)

(A.23)
where the first equality uses F(t)F(n) = 4 and the second equality uses (A.20). This is the
uncertainty relation (A.17).
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B Subsystem QFI for random pure states

In this Appendix, we will give a derivation for (20). We will always use S to denote the subsys-
tem smaller than half of the full system, and B to denote its complement. Recall the Schmidt
decomposition of a random pure state from (19), which we repeat here for convenience:

ds
) = > /B (V1i))s (U D) - (B.1)
i=1

We take the dg real numbers p;, the dg x dg unitary V, and the the dz x dg unitary U to be
random and uncorrelated with each other. U and V are both Haar-random unitaries in their
respective Hilbert spaces. {|i)} and {|i)} are arbitrary fixed sets of dg orthonormal states in

S and B respectively. p; have the statistics of the eigenvalues of normalized Wishart matrices
vyt
T[YYT]’

from the distribution p(Y) = N ~1e=dsTIYY'] I this appendix, we will use overlines to indicate
all averages.
Let us first evaluate Fs , using (A.7). For any given realization of (B.1), we have

where Y is a dg x dg matrix of independent complex Gaussian random variables drawn

ds

Foo= > =2 o oy (i bul H o) Lda) (40| (b 140 )

jkap=1Pi T Px

ds o s & 4
= Z esPalb Z Z {an] (B1] H [az) |B2) {as] (B3| H [a4) 1Ba) X Ve, Voo, Voa, Via,

j.k.a,b=1 pj+pk a1,q2, 1,0,
a3,a4=1 iy f,=1

X Uk/31 U:ﬁzUbﬁBU:ﬁ4 . (BZ)

We have the following rules for the Haar averages:

‘/jalva*azvbas jtu
1 1
= d2—1 (5aj5jb5a1a25a3a4 + 5jj5ab5a1a45a3a2 _d_s(éaj5jb5a1a45a2a3 + 5jj5ab5a1a25a3a4))’
S
(B.3)
Ukp,Uqp, Usps Uxg,
1 1
=71 (5ka5kb5ﬁ1ﬁz5ﬂ3ﬁ4 T 0kkBan0p, Oy — 5 (OkaOkbOp,p, Oy T 5kk5ab5/51/525/53/54))'
B
(B.4)
For Fg _, we have
& 2Pey/D;
J
Fg_= > ——— = /Day/Do (Wal (bl HIWi) 19} (Wul ($6IH 1) 1)
jkap=1 PitPk
ds. 2./PkPiPaby &, &
jParb
= > T > > (ol (BalHla) IBr) (el (Bl Hlag) |Ba)
ikab=1 PiTPk  diam gp,
(13,&4:]./53’[54:1
X Vaazvfalvbas‘/jz4 X UﬂﬁzU;ﬂ] UbﬁgU:ﬁ4 . (BS)
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sos Using the averages over U and V, we find

_ Tr[H2 I
fa = (dz—rl[)(dz]—l) [ 4" =g Hdg_lxl_d;d;)]
S B
Tr[H]? PP £]
(dZ-1(dz-1) s+ g 56
TrB[(TrSH)Z] -(_1+d_1d_1)£] .
(d2—1)(dz—-1)L 5 P74
Trg[(TrgH)?] [ I
- aagg + @ - - )]
S B -
sos and (1]
_ Tr[H _ N 14—
&—Z(dl_naﬂ—1)k%1+d3”2+&§_1x_%1%14
S B
Tr[H]? P I 1
(d2_1Xd2_1)(d51+dBUZ+{d§—1x—dS%glﬂ
S B -
_ (B.7)
Trg[(TrgH)? I
A R R S
S B -
Trg[(TrgH)?] T I
G R R S
S B -
so7 Where
= i 2(pj —pi)? .8
A Pitpk '
sos Altogether, using Fg = ZE— ZK, we obtain:
_ 1 1
Fs = m(Tr[H2]+ T Tr[H]Z—d—TrB[(TrSH)Z]—d—TrS[(TrBH)Z]) (B.9)
B sdp S B
I 1 1
+ @-D@-1 (—aTr[Hz] - iTr[H]z + duds Trg[(TrgH)?] + Trs[(TrBH)Z])
(B.10)
= F;]at_i_Fgon—ﬂat (B.11)

goo Where Fgat and F gon‘ﬂat are defined in (B.9) and (B.10) respectively. The motivation for these
oo definitions is that if we assume that the Schmidt spectrum is flat (p; = dg ! for each j), we
oo1 have FIoMa = 0 and Fg = F*" as a consequence of I = 0.

902 Now, we want to estimate the magnitude of Fg in the limit dg > dg > 1. We further
003 assume that H is a sum of traceless local terms, and write it as

H =Hg +Hy + Hyy, (B.12)

904 where Hg and Hp include all terms contained within S and B respectively.
905 We first estimate the magnitude of Fgat. We notice that if H;;; = 0, we have precisely
906 F gat = 0. The leading term in F gat is quadratic in Hyp,:

d2
R = — T TH ]~ S x 0(25)) (.13)

2
dZ—1
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where |28] is the number of degrees of freedom involved in H;,, and is proportional to the
area of the boundary of S for a local Hamiltonian. Next, we estimate the magnitude of F ;‘On'ﬂat,
by first evaluating integral I. Define u(x) as the normalized density distribution of the Schmidt
spectrum:

ds
1

ux)= > 5(x—p) (B.14)

ds i=1

Then I can be expressed as follows:
2(x —y)?
1=d2 J dxdy (u(ou(y) 2220 (8.15)
x+y

Here we can decompose the correlators (u(x)u(y)) into disconnected and connected parts.
The disconnected part is built from (u(x)), which is the Marchenko-Pastur distribution and
is approximately &(x — 1/dg) up to a small width of O(1/vd). Since we are in the limit
dg > dg > 1, we can safely ignore the level repulsion of the eigenvalues (which gives the
connected part of the correlator), and approximate (u(x)u(y)) ~ (u(x)){u(y)). The average
density of the MP distribution is given by:

d
(u(x)) = ﬁx‘l \/(x —x_)(xp—x), x_ <x<xy (B.16)
with the edge of the spectrum given by:
2
xe=dgt (12474, "%) ~dyt 24712 (B.17)

In the limit dg > dg > 1, the MP distribution is a semi-circle centered at x, = dS_1 with width

20x—y)? . 2(x—y)*
xy(Ge+y) ~ 2x3 We

A = 2d71/2, Since the width is small, we can make the approximation
then obtain:

)\ 1 .
dez(—B) dxdy 2(x — y)*1/(A2 — x2)(A2 — y2
$lan) zmp © |y e PVad e =)
— () st < (5.18)
S\2n/ 2(d51)3 4

Now we are ready to estimate F{°™%, First notice that in contrast to FI*, F1°™fat does not
equal zero when H;,, = 0. So to calculate the leading order contribution of anon'ﬂat, we can
safely take H;,, = 0. In this case, we obtain:

_ Trg[H2] ~ dz
F;lon flat = —dz _i I~ 2dB1Trs[H§] ~ Fs X O(“S) (B’19)
S

Comparing (B.13) and (B.19), we find that they have the same ~ d?g leading scaling, but
with coefficients of the exponential part that are proportional to the area and volume of S
respectively. Since we have a local Hamiltonian H, we should have |0S| < ng. So the leading
contribution to Fg comes from F gon'ﬂat:

d2
Fg~ Fgon'ﬂat A 2dE1TrS[H§] ~ FS x O(ng) (B.20)
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Next, let us evaluate ﬁ for the larger subsystem B. We use the relations (A.10) and (A.12)
to get

_ — 2
Fyp = 20pIH?) —Fs = STlH*]=Fs, , Fy_=Fs_ (B.21)

So, we obtain:
Fp = 4(|H2[4p) — 2F5 | — 2Fg_ = F{* + Fpon ™ (B.22)

where like in (B.11), Fgon_ﬂat is the part of Fz proportional to I and Fgat is the remaining
contribution.

First, we estimate the magnitude of F Sﬂat. Given that the Hamiltonian is a sum of traceless
local terms, we have the following scaling of the different traces:

Tr[H*] ~nd, Trs[(TrgH)?] ~ ngdads, Trp[(TrgH)*] ~ ngd3dy . (B.23)

From this scaling, up to exponentially small contributions,

2
Flat=2 (—Tr[HZ] —

y Trs[(TrBH)z]) ~ng. (B.24)

2
d2dg
Next, we estimate the magnitude of Fjon-flat, pronflat ig given by:

I 1 1
pron-flat _ (_—Tr H?]— —Tr[H]? + Trp[(TrsH)?] +
P = i (T O Tl

Trs[(TrBH)zl)

(B.25)
In the limit dg > dg > 1 and for a local Hamiltonian, we can drop the H;,, term, and obtain:

Trg[H2]  d2
Fpovfiat 5 —— Bipn 2 % O(n B.26

Comparing with (B.24), we find that F gon'ﬂat is much more subleading. As a result, we obtain
the magnitude of Fy as:
Fp~ Fgat ~ ng (B.27)

(B.20) and (B.27) together give our result in (20). We note that up to the volume-law vs.
area law behaviour of the coefficient of the exponentially small value of Fg, the same result
could have been obtained using the following models with a flat entanglement spectrum (as
long as Hj,, # 0):

ds
e = Y, ds 2VIi)s @ Uli)p - (B.28)
i=1
or more simply,
ds
Whar) = 225 2li)s © UIDg - (B.29)
i=1

where {|i)s} is an arbitrary basis for S, {|i)} is an arbitrary set of dg orthonormal states in
B, and U,V are Haar-random unitaries. We will sometimes use these models to simplify later
calculations.
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C A Brownian GUE toy model for the late-time state

This Appendix is motivated by our observation in Fig. 5 that the key reason for the growth
of the QFI Fy(t) at late times is the rotation of the support of pz(t) in Hp. (Like in previous
appendices, we will use S to denote the smaller subsystem and B to denote the larger subsys-
tem.) Why does the speed of rotation, Fg ,,, from (13), grow with time? Intuitively, this result
seems to be telling us that as the eigenbasis of pz becomes more and more complicated and
approaches a random subspace of Hp, it is also able to change faster as a function of time on
being slightly perturbed by the Hamiltonian. To check this intuition, we consider a model for
the time-evolved state where by construction, the eigenbasis of pp is becoming increasingly
complicated with time:

ds
() =D ds ?V]i)s ® U (D15 - (C.1)

i=1

where V is a Haar-random unitary, and U, (t) is the time-evolution operator associated with
a time-dependent Hamiltonian with Brownian type disorder:

Uaux(t) = Pexp |:lf
0

Haux,ij(t)Haux,kl(t/) = dB_15i16jk5(t - t/)a i:ja k)l = 1: (L3) dB . (CS)

t

dt’Haux(t’)] , (C.2)

Here, H,(t) is a dg x dg matrix. This model, called Brownian Gaussian Unitary Ensemble
(BGUE), was developed and extensively studied in [41,42]. Since the dynamics of the eigen-
values of pg 5 do not play an important role in the phenomenon we are interested in, we set
them all equal to 1/dg, corresponding to the maximally mixed state on S.

Our goal is to understand explicitly whether, as the eigenbasis of pg becomes more and
more complicated in this model, it also evolves more rapidly on perturbation by a fixed local
chaotic Hamiltonian H like that of the spin chain (14). We therefore evaluate the subsystem
QFI of this time-evolved state (C.1) on further infinitesimal evolution by the original Hamil-
tonian H. Hence, in the formula (8), we replace e o et in (8) with [1(t)) ((t)|, and
replace p;, |i) with the eigenvalues and eigenvalues of Trg[|1(t)) (3 (t)|], but use the Hamil-
tonian H from (14).

The advantage of using the model (C.1) is that it is analytically tractable. The averaged
F4(t) of (C.1) only involves the first and second moment of the U, (t) ensemble:

Uaux(1) @ Uz (£),  Upyx(t) ® Upx(t) ® Uz () @ Uk (1) (C4

aux aux aux

which is exactly solvable with analytical results [42]. Note that the ensemble of BGUE saturates
to the Haar random ensemble at t — +o00 [42], giving us the results from [vg,,) defined in
(B.28) in the t — oo limit. This model is too simple to incorporate any effects of locality, but
will allow us to see that even without locality, it takes some O(1) amount of time for the speed
of rotation of pg(t) to reach its saturation value.

Having understood the motivations for the BGUE toy model, let us specify what to cal-
culate. We eventually want to obtain Fg(t), Fg(t), Fg en(t), Fp ror(t). Using conclusions from
Appendix A, we have:

Fg(t) = 2Fs ((t)—2Fs _(t), Fg(t)=2Fp (t)—2Fg_(t), (C.5)

with: 2Fg (t)+2Fp ,(t) = 4{yp(t)|H2]yp(t)), Fs_(t)=Fp_(t) (C.6)
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n=12, ng =3
/_/SH " ¥ 80 -
/—/%
LU L 1] . —F5= T
— —Fp
\540 | FBA,rot
20+
0
0 1 2 3 4 5

Figure 12: Left: An illustration of the time-dependent toy model defined in (C.1)
and (C.14). Right: Dynamics of QFI in BGUE toy model.

o8« Where we used the fact that Fg _(t), Fg _(t) are real numbers. Specifying the Schmit spectrum
o5 to be maximally mixed, we further obtain additional constraints:

2FB,+(t) =FB,rot(t)+2FS,+(t) . (C.7)

o8 Therefore, we only need to calculate three independent variables Fs , (t), Fs _(t), (¢ (t)|H2[2)(t)),
os7 and then we can obtain everything else: Fp o, (t) = Fs(t) = 2Fs . (t)—2Fs _(t), Fg ;o = 4{y(t)|H2|2p(t))—4Fs . (t
088 The derivation of Fs .. (t), Fs _(t), (3 (t)|[H2[1y(t)) essentially uses the technique developed

oso in [42], with analytical result of first and second moment of BGUE ensemble as a function of
900 time. Since the technical details are a bit involved, we only report the results.

991 We first define some intermediate variables for notational simplicity. First, denote:
ds
Pg = Pepeo = Z(|¢i>(¢i|)3 (C.8)
i=1

992 Where IQﬁi) g are defined in (C.1). Therefore, Py is the projector of subspace in Hjy that is
903 entangled with S at t = 0. Next, we define a set of intermediate variables {g, }lzz 1

81 = Tr[Hz], &2 = TI‘[HZPB]’ 83 = TrS[(TrB[PBH])Z:L 84 = Tr[(PBH)Z]:
gs = Trg[Trg[PgH]Trg[H]], g6 = Tl’s[(TrB[H])z]: 87 = TTB[(TI‘S[H])ZL &8s = TrB[PB(TrS[H])Z];
8o = (Tr[PgH1)?, g10 = Trg[(PpTrs[H])?], g11 = Tr[PgHITI[H], g1 = (TrH)? ,  (C.9)

904 Where H is the original chaotic Ising model Hamiltonian.

995 We further define another set of intermediate variables { fb(t)}iz1 [42]:
ST R R S R
CICIN RS = I T
£y(t) dg(d2—4) 4(dp—2) 2dg 4(dp+2) 1
1 1
f3(0) o9 . A et
t d2— 4(dg—2) 4(dg+2) —(9—94-1
?8 =| 1 Y i 0 3 x [ e@72400 1 (C.10)
5 21 4 Ay DD 2(ds+1)(ds+2) e 2t
fo(t) 0 0 2 — 3 o—(2+2d5")t
Kf7(t) = > d _ld 0 d 3 d
o)) dBadB Bl WGDGT) T AT
dg(d2—4) 4(dz—2) 2dp 4(dg+2) }
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We finally obtain:

Fs (t)= (ds_zg4)f1(f) + (st_lgz + 2d5_2g5)f2(f) + (2ds—2g3)f5(t) + (4d5,_282 + 4ds_185)f4(f)

+ (g1 +dg ' 86)fs(t) + (dg2g4)fe(0) + (d5 ' g1 + 86)f7(t) + (2d5 " g5 + 2d5 > g5) fy(£)
(C.11)
For Fg _(t), we further define a = dg d2 1,/3 ds dg_d , then we find:

Fy (1) = (ags + B84+ Bgo + agio)fi(1) +(2d5*gs +2d5 gs)f(¢)
+ (2883 + 2084 +2ago +2Bg10)f3(t) + (4dg2 gy + 4dg 2 g11) falt)
+(d5 g+ d5 g fs(t) + (ags + Bgs + Bgo + agro)fs(t)
+(d5 g +d5 1) fr () + (2d5 % gs + 2dg 2 gg) fs(t) -

(C.12)

For (v (t)|H2|y(t)), we obtain:
(Y(OIH2|y (1)) = dg*Tr[H*Pgle™" +d 'dg ' Ti[H* (1 —e ") . (C.13)

Lastly, we need to specify Pz in (C.8). To start with a simple choice of initial state which
becomes increasingly complicated at later times, we assume at t = 0, S is only entangled with
the subsystem B; € B which is adjacent to S (see Fig. 12 for illustration), with ng = ng.
Therefore, we take:

Py =15 ®(I$o)XPol)s, (C.14)

where |¢po)p , is a random product state on B,. An illustration of whole setting of toy model is
given in Fig.12.

Now, plugging in everything, we plot the dynamics of QFI of this toy model in Fig. 12. This
should be compared with Fig. 5 (the t = 0 point in the former should be identified with t ~ 2 in
the latter). We observe that our BGUE toy model successfully reproduces the following features
of the spin chain result in Fig. 5: (i) Fs(t) ~ Fpep(t), and both quantities are saturated to
a very small number (in this case, the two are precisely equal to the flat spectrum); and (ii)
Fp(t) ~ Fp,o(t) at late times, and they are growing monotonically before saturation.

D Computational basis classical Fisher information

D.1 Full system

In this appendix, we derive the late-time saturation value of the classical Fisher information
for measurements in computational basis on the full system {|a)}‘i:1. d is the total Hilbert
space dimension. Using (2), note that we have

fcomp(t —

|1,b(t) 2 | {al[H, [ (6)) (s (t)[]]e) [

d

3 e

d
= 2 (YolH?|1po) —2Re (Z {alH|y(0)) (alH|p (1)) (Y (D)]a) / (w(t)la)) . (D

a=1

where the overline indicates complex conjugation. Like in previous calculations, we approx-
imate the late-time state as a typical Haar random state |yyy,,,). For the present calculation,

36
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1018 we do not need to use the entanglement structure of this state, and can simply use the fact
1010 that the coefficients z, = (v|Y)yaq,) can be treated as independent complex Gaussian random
1020 variables with zero mean and variance 1/d, so that we have (In this appendix, we will use the
1021 notation (...) for the Gaussian averages.)

(2u2y) = 6s/d,  (242,) =0, (8,/2,) =0 (D.2)

1022 where the last equality follows from that Z, /2, is a pure phase, and a complex Gaussian random
1023 variable has a uniformly distributed phase.

1024 Using (D.1), we have the following average of f°™P over such states:
5 d
feomp — ETr[HZ] —2Re Z HopHoy2p%,2q/2q | - (D.3)
o,fB,y=1

1025 We organize the sum in the second term above as follows:

d d d d d

> HugHoyzpzZe/2e= D, HepHuaZpZat O, HuaHay% Bt . HupHeyZp% Zal2a— Y H2 |2l
a,fB,y=1 a,f=1 a,y=1 B,y#a a=1
(D.4)
1026 where we sum over y = a, 3 = a, and 8 # a Ay # a respectively, and in the last term we
1027 subtract the double-counted y = 8 = a case.
1028 Taking the average, we have
(2p2a) =0pald, (2p%,24/%4) = (262,) (Ba/24) =0 (D.5)
1020 where the factorization in the second equality follows from independence of the different z,,.
1030 We hence obtain
feomp — Z H>, . (D.6)
1031 For a local Hamiltonian, both terms are O(n), explalmng the extensive late-time value of f “°™P
1032 observed for the spin chain model in Fig. 9.
1033 D.2  Subsystem
1032  Now consider the computational basis CFI for a subsystem, fAcomp. We have
comp Z | a|TrA H W’)(W] |a>|
(al Tezly )Xol la)
da d;
Z {a| Tealyp)oplla)™ Z 2[ (ail H [y )| ai)(aj [Y Xy |H |aj)—Re ({ail H [P Xy | ai) (aj| H [ (| aj))}
a=1 i,j=1
(D.7)

1035 where we use a and i respectively (and more generally Greek and English small letters respec-
1036 tively) to denote the computational bases in A and A, and |aj) = |a)4 1)) -
1037 In terms of the matrix elements of H in the computational basis, we have

£ 55" el Tog g ) (Z S Has by (119} (1 (1) (6lp)

a=1 y,w=11,j,l,p=1

C3T ST Re(tn ajet<vn|¢><w|az><et|¢><w|a1>)). 0.8)

v,0=11,j,n,t=1
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1038 In this appendix, we will assume in all remaining equations that A is always the subsystem
1030 larger than half of the full system. Then recall the following approximation for the late-time
1040 state with a flat spectrum,

[) = daldDi (D.9)

1041 Where {|E9)} 4 ', and {|¢“ )}aA , are independent Haar random pure states of dimension d, and

142 dj respectively. It follows that
di

1
\4 dA a=1
1043 where {2z}, , and {x{'},; are independent complex Gaussians with zero mean and variance
142 1/d, and 1/d; respectively. Using (D.9), we have that the denominator (a|Trz [ )(¢||a) is
1045 equal to

{aily) =

20x¢ (D.10)

d; di
(al Teg )l o = > e | €9 (€ o) = — > a8 =5, (D.1D)
A a=1 A g=1
1046 and s, has mean 1/d,.
1047
1048 In this appendix, we will again use overlines to indicate complex conjugation, and (...) to

1040 indicate Gaussian averages. The computational-basis CFI reads,

b d
£ = d2 Z Z Z Hai ytHoop o 20X 20 255220 [, (=2 1)

A Q,y,w= ll,Jl,p la,b,c,d=1

_% Z Z Z Re( ai,vn a]9t z

A a,v,0=11i,j,n,t=1a,b,c,d=1

Q@‘

xbagxidndfs,) (=11,). (D.12)

1050 Now we work on the first term I;. Taking the average of the Gaussians,
dz dz
a,.azb=b_c . czd =d _ 1 58 16 5.5
(zyxl 2, X2 X8 X [sq) = - (zyzazazw/s )6:16p + 7. 0701p0i; - (D.13)
a,b,c,d=1 A a,c=1 A

1051 We have

di
1 . 1
Hal,)/l wp,aj (d Z (Zyzazazw/s )5il5jp + a5yw5lp5ij)
1

_2
A a,y,w=11ij,lp=

A a,c=1
da di 2
= Z ZHmﬂHMaJ (205055 /s, )+%TrH2. (D.14)
Aa}/,(u 1i,j=1 a,c=1 AVA

1052 Let’s break the first term above into two cases, y,w # a and w = y = a, (other cases yield
1053 Z€ero.)

dy dj dy  da
4 Z Z Hg; yle] aj Z Z 2z /s 42 ZHOH azHaJ aj Z Zazgzizé/s )
Ay,w;éal,] 1 a,c=1 Aa 1i,j=1 a,c=1
dy  dz dy  di 9 9 da
2 2
20 D gt 3 i = sttt 7 o ) Sk,
AV y#ai,j=1 A a=1i,j=1 AV AYA ) a=1

(D.15)
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104  We hence have

2 2

I TrH? + Tr H2 + Hy)? . (D.16)

1= dad? dad A (dAdZ dAd3>Z( Waa

1055 Now we proceed to I,. Taking the average of the Gaussians,
d; 1 & ] G

Z (zﬁxﬁiﬁfcfzéxféi;’cf/sa) - Z (20202024/54)00i0jc + — 7 Z (232 ZS Zo/Sa)Oni0ir

a,b,c,d=1 A a,c=1 A a,b=1
(Db.17)

1056 For I, defined in (D.12), we have (we anticipate that the result will be real and drop the “Re”):

dA dA
2SS (z< 56yt S (! gggxsamait)

Aav9 1i,j,n,t=1 a,c=1 a,b=1
A A A dA
Z Z Hal wHa] 0j Z ( VZ azgzc /S Z Z Hal VJH(X] 0i Z (zﬁigzgi(i/sa) .
Aav@ 1i,j=1 a,c=1 Aave 1i,j=1 a,b=1
(D.18)
1057 We now break the sums into two cases, v, 0 # a and v = 6 = a, (other cases yield zero)
dA dA dA
Z Z Hal tha] 0j Z ( " azgzc 4 Z Z Hal alHa] aj Z ( a aZ&Z&/SoJ
AvQ;éaljl a,c=1 Aaljl a,c=1
A dy  dg
d4 Z Z Hal V]H(Z] 0i Z ( a/s 4 Z Z Hal a]Ha] ai Z < o2 22223/5a>
A v,0£a=11,j=1 a,b=1 Aa 1i,j=1 a,b=1
dy dj 2 da
= d dz Z Z (Hal alHa] a] Hai,ajHaj,ai) = _m Z [(HA)ZOL +TI‘A(<(Z|H |a>)§] .
AYA a=11i,j=1 AYA a=1
(D.19)
10s8 In conclusion,
2 2
£ = S TeH? + o Tr,HI— —— Z( H)2y— = ZTrA( alHla))2
dAd dAdA dAd dA e
~O(n/ dA) +O0(na/dz) + O(na/dz) + O(ny/dz) . (D.20)
1059 Similarly, we can also calculate the CFI for A:
pome - 2 g2y 2 qope Z( Hp)2, ZTrA( ol H |a))?
A dZdA dzd2 A djdj — dsz

~ O(n/dy) + O(ng/dy) + O(nA/dA) +0O(ng/dy) . (D.21)

wo E Trace distance between classical probability distributions

1061 Consider the task of distinguishing |1)) (a Haar state on n-qubit Hilbert space #) and the maxi-
1062 mally mixed state p,,., on . Let A be a subsystem with n, qubits and A be its complement with
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n; qubits. We denote the Hilbert space dimensions as d4 = 2™,d; = 2"4,d = d,dj;. Suppose
that the experimentalists who need to perform the task can only perform measurements in the
computational basis of A. Then, the total variation distance or trace distance (TD) between
the classical probability distributions on d, bit-strings,

ds—1 d,—1
D (d, d) = Z|plA plA|—Z|<zA|TrA(|¢><w|)|zA> o (E.1)

would be a good information-theoretic measure of the distinguishability of |v) and p,, un-
der this restriction. We will average this quantity over Haar-random states |¢), and find
TD(d, dz) = TDy,(d, d;) as a function of d, d;.

We first state the results, leaving the details to the following two subsections. We first
consider the case where we have access to measurements on the full system, namely d, = d
and dz = 1. We find (see Appendix E.1 for the derivation):

TD(d) =TD(d,1) =2(1 —d )¢, f(+00) =2¢"! ~ 0.735759 (E.2)

Next, for d4 < d, we find (see Appendix E.2 for derivation):

d;—1 d—d; d;—1
A% (d — dy)d-4r(d) d%
TD(d, dy) = 2-2 TD(+00,d;) = 22— ~% = 2(21) 2424+ 0(d>/?
( ) /@) (ld I,(Cté)lq(ci _ Cig) ) ( (><)J /i) I1((t4) e ( Tt) A ( A )

(E.3)
This is tells us that: (1) When the experimentalists have access to the full system, then the
trace distance is O(1) in thermodynamic limit, indicating that a typical Haar random pure
state and a maximally mixed state can be distinguished well. This is similar to the conclusion
we arrived at by evaluating the CFI of the computational basis for the full system, f“™P, in
Sec. D. (2) When the experimentalists even slightly lose control of the full system, they cannot
distinguish a typical Haar random pure state and the maximally mixed state well, in the sense
that the trace distance in thermodynamic limit is of order @(27"4/2), which is exponentially
suppressed in the volume of the complementary subsystem to which the experimentalists have
no access. This exponential decaying behaviour is again similar to that of the computational

comp

basis CFI of a subsystem, f,

E.1 Full system

Let |¢) be a Haar-random state in the d-dimensional Hilbert space H, and {|i),i =0, ...,d —1}
be a fixed orthonormal basis. In this section we want to calculate:

d—1
TD(d) = > (i [y )l 1) —d=1 = d - [{0 [y} 0) —d~T] (E.4)
i=0

Defining a random variable x = (0 [1)){+)| 0), we first calculate its moments x". We use the
following formula which calculates the moments of the density matrix:

Znesn T Znesn n
Zﬂ:eSn Tr(n) Znesn df(ﬂ)

where 7 is the permutation operator acting on the n-copy Hilbert space H®", and {() is the

number of minimal cycles in 7. More precisely, we can define Cayley distance d¢qyiey (7, 0)

on the permutation group, then £(7) = n—dgqy.y (7, e) where e is the identity permutation.
Using the formula

[P ) |®" = (E.5)

K(TE) (d—1+n)'
Z d R F—T (E.6)

nES,

40



1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

1107

1108

1109

1110

1111

1112

1113

1114

1115

1116

SciPost Physics Submission

we obtain:
— Dnes, (0%M]7[0%™) ! d+n—1\"
I — ® _ €S, _ n: _ +n
X = (0 g ITlon) = = = = () (£.7)
@D @D

where we notice that (0®"|7|]0®") = 1,Vn € S,,. Next, we want to calculate the probability
density distribution p(x) of x. (Note that x itself is a Born-rule probability, which has now
become are random variable over different choices of the random pure states |¢), and we are
calculating the probability distribution of x resulting from that of [¢).) We use the resolvent
method, defining

RA)=A—x)1, p(A)=—n"Im[R(A+i01)] (E.8)

The resolvent can be calculated using the moments to be

(ee] 2] -1

_ —1
R =271 E :A_”x" =71 § x—"(d +: ) =A"1,F(1,1,d,47h) (E.9)
n=0 n=0

where ,F;(a, b, c,z) is the Hypergeometric function. We find that the resulting probability
density is
p(M)=(d-1(1-"2, 1e[0,1] (E.10)

This can be checked for d = 2,3 using the explicit form of the hypergeometric function:
A LF(1,1,2,A7Y) = —log(1— A1) and A71,F(1,1,3,A7Y) = 2+ 2(A — 1)log(1 — A71).
More generally, by comparing the functional form (E.10) to the numerical evaluation of the
RHS of (E.8) in Mathematica, we found exact agreement. In the large d limit, this becomes
the Porter-Thomas distribution:

p(A) ~de M. (E.11)

Using this form of p(A), we obtain:

TD(d) = dJ
0
=2(1—dH

1 1

. I L Y (A _a\d—219 _ 41
dA-p(M)A—d 7 dJO dA-(d—1)(1 -2 A —d7 £12)

Taking d — oo, we find:
TD(00) = 2¢™! & 0.735759 . (E.13)

For consistency, in the remaining part of this subsection, we report an independent calcu-
lation of (E.10) for d = 2, 3 using the Bloch vector method.

Calculation using Bloch vector at d = 2. As an independent check, let us consider d = 2.
The result (E.10) predicts that p(A) = 1,A € [0, 1], which is a constant. This seems unusual,
but can be confirmed using Bloch vector. A qubit state is given by:

) = cos(0/2)|0) + e'? sin(6/2)|1) (E.14)

so in this case, we have x = (0|vy)(1|0) = cos?(8/2). The uniform distribution on the Bloch
sphere is p(0,¢) = 4% sin 0. Integrating out ¢, we obtain p(9) = %sin 6. Changing variables
to x, we have:

% sin 6 1
2cos(6/2)sin(0/2)%

p(x)=p(9)/ ‘j—g - (E15)
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Calculation using Bloch vector at d = 3. For SU(3), the Bloch vector is more complicated,
but the calculation is still viable. The Haar measure of SU(3) is given by:

dV o< sin(2)sin(260)sin? 6 sin(2b) dadp dy dadbdcdo d¢ , (E.16)
where the eight Euler angles are within the range:
a,y,a,ce€[0,m], B,b,0 €[0,7n/2], ¢ €[0,27]. (E.17)
The SU(3) unitary parametrized by the Euler angles is given by:
U = oi?a®piaB piday pils0 5idaa oidsb piksc oidgh (E.18)
where A,.g are eight (3 x 3) Gell-Mann matrices for generator of SU(3) in fundamental repre-

sentation (same convention as in Wikipedia). Acting with U on an arbitrary state, say, (1,0, 0),
we obtain a Bloch vector:

1 elateta—r+¢/V3)(,i2a+21) cog b cos B cos 6 — sin b sin §)
) =U| 0 | = | ellate—a—r+¢/V3)(_ei(20+21) cos hsin B cos§ —sinbeos ) | . (E.19)
0 —eilatc+$/v3) cos hsin O

For convenience, we study the third component, namely define x = cos? bsin? 8. The marginal
distribution on (b, 0) is given by p(b, 8) = 2sin(2b)sin(20)sin? f. Then the distribution of x
is given by:

/2 pm/2
p(x)=J J dbdBp(b,0)5(x —cos® bsin?0) =2(1—x). (E.20)
0 0

E.2 Subsystem
We now consider a subsystem of dimension d,, and use {|i),iy = O,...,dy — 1} to denote an
orthonormal basis. We now want to calculate:

dy—1

TD(d,dz) = Z |(ial Tz () 1) lia) = d | = da - [(0alTra (1)) [04) —d Y| . (E.21)

lAZO

Similar to the previous subsection, we define a random variable x = (04|Trz (|3 )(y])|0,4). We
first calculate its moments:

14
Znesn <O§n|nA|0§n>Tr(nA) _ Znesn dA(ﬂ:)

X = (08"Trs, s (l)(wl®")l0g") =

Dires, TH(maTtA) - s, 41 (E.22)
B (dg-l-n—l) (d +n—1)_1
N n n
Next, we find the resolvent:
- o0
RA)=A—x)T=A"1 D A% = A7 ,F (1,d5,d, A7) (E.23)
=0

Using p(A) = —n'Im[R(A +i0")], we obtain the pdf of x, again by using Mathematica:

r'(d)

— (11— A)441 b A eo,1 E.24
F(d—dA)F(dA)( ) [0,1] (E.24)

p(A) =
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As a sanity check, one can show that the averaged probability distribution is uniform:

1
f dAp(MA =d;* (E.25)
0
Now, we can calculate the trace distance:
(a7 f p | =i @@
TD(d,dz) =d dApM)A—d, | = (E.26)
) M dT(dpr(d — dy)

Now, in order to study the scaling of f(d,dj), we first take d = 00, and expand around
large but finite dj:

d;—1
TD(00, d;) = 22— ¢~% = 2(2m) /24?4 0(d >/ E.27
(00,d) =2 ¥ = 202m) 2472+ 00 (£.27)
In the last equality, we used the Stirling formula. We therefore see that the trace distance
TD( o0, d;) ~ _1/ 2~ 27l exponentially decays with the volume of the A subsystem.

F State distinguishability in time estimation code

In this appendix, we will derive the result for Fy(pgr,or) = Tr,/pr+/Or discussed in (31).
Recall that pg = Trg [Y) (| and g = Trg |EX&|. Instead of tuning the relative sizes of R and
B, we label the bipartition as AA such that A < A. By calculating the Fy;(p,, 04) and Fy(pz, 0 5)
and identifying R as A or A respectively depending on whether we are before or after the Page
time, we can obtain (31) for any size of R and B.

To simplify calculations, we again use the following simple flat-spectrum random pure
state,

Zlqb Usp Ib) (ED)

All

The flat entanglement spectrum gives us that

VParR Vdapa, VPiv A daps - (E2)

It is tricky to evaluate the operator-square-root for o, and o 5. We shall go further by approxi-
mating that the entanglement spectrum of £ is also approximately flat. This is because a local
Hamiltonian cannot drastically change the maximal non-local entanglement across the cut.

04~ O4, o~ O7. .
d,o4 dso; (E3)
We then have
A - -
Fiulpa 0~ daTippoa = —2 > Z UspUje (bila(alaH 194 1b)a (51, (claH )ala)z
1] k=1a,b,c=1
(E4)
Using the Weingarten calculus,
- 1
EvUipUje = ;51751” (E5)
A
yields
1 _
Fy(pa,04) ~ TrH?>~1. (E6)
uPa,04 d,d;0
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where

TtH? = Te(H? + (H)2 1—-2H(H),;) ~# dn—(TrH)*/d =dn, o =TrH?*/d—(TtH/d)*~n.

Y
(E7)
We see that for the smaller subsystem A, the noisy codewords are indistinguishable.

Let us now evaluate Fy(pj, 02),

da di

d - - - .
Fulpi O S daTepzos= 20 D0 > UnnUjcUkaUia (lla ala 19004 1D)2 (651, (elaF 1Dald)z -
A

i,j,k,l=1a,b,c,d=1

Using the Weingarten calculus,

_ _ 1
EyUipUjeUkaUka = 257 (81j0bc0kk0da + OikBpadi;jdac) (E9)
A
yields

duTrH? + TtH2  dydn+ddzn, — nu
Fylps,05) ~ ~ N — E10
f{(f}A;crfi) CL4C{§CTZ (1CL471 n ( )

where n
TrA2 = Tr(H3 + d2(H)y 15— 2d;Hi(H) ) ~ ddzn, ~ f . (E11)

Hence, for the larger subsystem A, the fidelity scales linearly with the system size being traced
out.
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