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Abstract

We characterize new universal features of the dynamics of chaotic quantum many-body
systems, by considering a hypothetical task of “time estimation." Most macroscopic ob-
servables in a chaotic system equilibrate to nearly constant late-time values. Intuitively,
it should become increasingly difficult to estimate the precise value of time by mak-
ing measurements on the state. We use a quantity called the Fisher information from
quantum metrology to quantify the minimum uncertainty in estimating time. Due to
unitarity, the uncertainty in the time estimate does not grow with time if we have access
to optimal measurements on the full system. Restricting the measurements to act on
a small subsystem or to have low computational complexity leads to results expected
from equilibration, where the time uncertainty becomes large at late times. With opti-
mal measurements on a subsystem larger than half of the system, we regain the ability
to estimate the time very precisely, even at late times.
Hawking’s calculation for the reduced density matrix of the black hole radiation in semi-
classical gravity contradicts our general predictions for unitary quantum chaotic systems.
Hawking’s state always has a large uncertainty for attempts to estimate the time using
the radiation, whereas our general results imply that the uncertainty should become
small after the Page time. This gives a new version of the black hole information loss
paradox in terms of the time estimation task. By restricting to simple measurements on
the radiation, the time uncertainty becomes large. This indicates from a new perspec-
tive that the observations of computationally bounded agents are consistent with the
semiclassical effective description of gravity.
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1 Introduction31

At late times in chaotic quantum many-body systems, most simple macroscopic observables32

relax to steady-state values, which are constant with time up to small fluctuations. Intuitively,33

from the perspective of such observables, the evolution of the state |ψ(t)〉 = e−iH t |ψ0〉 by34

the chaotic Hamiltonian H from any initial state |ψ0〉 slows down with time. This intuition is35

captured by the fact that the late-time state |ψ(t)〉 macroscopically resembles an equilibrium36

density matrix ρ(eq), which commutes with the Hamiltonian and does not evolve at all. In this37

paper, we will explore the extent to which the state |ψ(t)〉 evolves with t using a hypothetical38

task of “time estimation.” We imagine that we are given an O(1) number of copies of |ψ(t)〉,39

but do not know the precise value of t and want to estimate it using measurements on the40

state. How effectively can we perform this task?41

The setup of this thought experiment is inspired by the general task of parameter estima-42

tion in quantum metrology [1, 2]. We use a quantity called the Fisher information [3–5] to43

quantify the minimum uncertainty in the time estimate. Studying the behaviour of the Fisher44

information for time estimation will allow us to identify certain universal features of thermal-45

ization beyond those captured by standard observables including correlation functions and46

entanglement entropy. This approach contributes a new perspective to recent discussions on47
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Figure 1: We consider the evolution of the subsystem Fisher information associated
with time estimation in a chaotic quantum many-body system. We divide the system
into two parts A and Ā, and nA, dA respectively denote the number of degrees of free-
dom and Hilbert space dimension of A. For nA < nĀ (left), the subsystem quantum
Fisher information FA(t) decays monotonically from an extensive value to an expo-
nentially small value at late times, consistent with the expectation from thermaliza-
tion. For nA > nĀ (right, blue curve), FA(t) shows a surprising non-monotonic evolu-
tion and saturates to an extensive value. On restricting to simple measurements, the
associated classical Fisher information f comp

A (t) decays monotonically and becomes
small even for nA > n/2 (right, green dashed curve).

characterizing various fine-grained aspects of the structure of thermalizing quantum states,48

such as complexity growth [6], deep thermalization [7], subsystem entropy fluctuations [8],49

and pseudoentanglement [9, 10]. Further, by treating black holes as examples of chaotic sys-50

tems, this quantity will allow us to identify a new version of Hawking’s information loss para-51

dox, and to make new predictions based on unitarity for the black hole evaporation process.52

The Fisher information we will study can be seen as an intrinsic velocity associated with53

changes in the state with time. The mininum uncertainty (δt)2 of an attempted time estimate54

is inversely proportional to the Fisher information. Intuition from thermalization suggests55

that the Fisher information should decay and go to zero at late times, corresponding to a large56

uncertainty of time estimation. However, there is a competing intuition from unitarity that57

|ψ(t)〉 cannot stop evolving with time at a fundamental microscopic level. We will see that58

the latter intuition is captured by the fact that an optimal version of the Fisher information,59

known as the quantum Fisher information (QFI), is a constant with time if we have access to60

the full system. This constant value is proportional to the energy variance of the state. Hence,61

the full microscopic state |ψ(t)〉 evolves just as fast at any later time as it does initially.62

With optimal measurements on the full system, we therefore always retain the ability to63

estimate time accurately if we could do so at early times. We consider two natural kinds of64

sub-optimal measurements. The uncertainty in time on considering optimal measurements on65

a subsystem is quantified by the subsystem quantum Fisher information FA(t). On the other66

hand, by restricting the computational complexity of measurements, either on the full system67

or on a subsystem, we naturally arrive at another coarse-grained Fisher information called the68

classical Fisher information in the computational basis, f comp
A (t). FA(t) for a subsystem smaller69

than half of the system, and f comp
A (t) even for more than half of the system, will both turn out70

to reproduce expectations from thermalization. We will define these quantities and introduce71

the task of time estimation more explicitly in Sec. 2.72

We summarize our main results in the schematic plots in Fig. 1. These results apply to73

pure initial states with extensive energy variance, which also have extensive initial values of74

FA and f comp
A . Based on results in spin chains, random pure states, and other toy models,75
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we expect that these behaviours should be universal for unitary chaotic quantum many-body76

systems with local interactions.77

Let nA, nĀ denote the number of degrees of freedom in a subsystem A and its complement78

Ā. The full system size is n. We find two striking differences between the subsystem quantum79

Fisher information FA(t) between the cases nA < nĀ and nA > nĀ as shown in Fig. 1, which are80

consequences of the interplay between thermalization and unitarity:81

1. The saturation value of FA(t) is exponentially suppressed in n for nA < nĀ, and propor-82

tional to n for nA > nĀ. This transition can be understood from Haar-random pure states.83

Like previous transitions at nA = n/2 found by Page [11] and Hayden and Preskill [12],84

this transition indicates a qualitative difference between TrĀ[|ψ(t)〉〈ψ(t)|] and the equi-85

librium density matrix TrĀ[ρ
(eq)] when we consider a subsystem larger than half of the86

system. The new transition indicates a difference in the speed of evolution of the two87

states, rather than in their information content which is captured by entanglement en-88

tropy.89

2. For nA < nĀ, FA(t) shows a monotonic decay with time, consistent with the physical90

expectation that the time-evolution is increasingly slowing down. For nA > nĀ, FA(t)91

shows a non-monotonic time-evolution. 1 We will understand the increasing behaviour92

at intermediate times, which is counterintuitive from the perspective of thermalization,93

as follows. ρA(t) is not full-rank for nA > nĀ, and its support rotates within the full94

Hilbert space of A. As the state gains access to more and more of the Hilbert space, its95

speed of rotation increases, until it saturates to a universal late-time value which gives96

the dominant contribution to FA(t). See Fig. 2.97

Note that more conventional probes of thermalization such as entanglement entropy98

are insensitive to any properties of the eigenstates of the reduced density matrices and99

cannot capture this physical phenomenon.100

We also study the behaviour of FA(t) in a free-fermion integrable system and find a remark-101

ably different behaviour, indicating that this quantity is a sharp probe of the transition from102

integrability to chaos.103

In a chaotic system, even for nA > nĀ, we find that the Fisher information f comp
A associated104

with simple measurements shows a monotonic decay and saturates to an exponentially small105

value in n. This is true as long as nA < n−O(log n), after which point even f comp
A is no longer106

small.107

Let us now turn to the implications of these results for black holes, by treating them as108

examples of highly chaotic quantum many-body systems. The process of formation of a black109

hole from a star corresponds to the approach to equilibrium in general chaotic systems. Hawk-110

ing [13,14] found that black holes subsequently emit thermal radiation and evaporate. How-111

ever, Hawking’s calculation of the state of the black hole radiation in semiclassical gravity leads112

to a contradiction with the above general predictions for unitary evolutions. This can be seen113

as a new version of the black hole information paradox, now relating to the time-evolution114

properties of the state rather than its entropy.115

According to Hawking, the density matrix of the radiation in the evaporation process is116

given by a thermal density matrix. While the black hole mass M gradually decreases during117

the evaporation process, on shorter time scales |δt| ≪ δtevap ≡ GN M the density matrix118

of the radiation in Hawking’s state is a stationary equilibrium state ρ(eq) corresponding to119

temperature TH = 1/(8πGN M). If we treat the times scale δtevap = GN M as infinite, then120

1The decay is monotonic up to small fluctuations which go away on averaging over initial states or small time
intervals.
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Figure 2: For a pure state |ψ(t)〉 in a chaotic system, for a subsystem A larger than
half of the system, the QFI of the reduced density matrix ρA(t) has a large universal
late-time value. In this case, ρA(t) is not full-rank. The late-time value of the QFI
captures the speed of rotation of the support of ρA(t) within the full Hilbert space of
A.

ρ(eq) does not evolve, and the value of the subsystem QFI of the radiation according to the121

naive calculation in semiclassical gravity is therefore zero.122

Based on similar reasoning to earlier works of Page [11,15] and Hayden and Preskill [12],123

we expect that the universal behaviours that we find for the quantum Fisher information in124

chaotic quantum many-body systems should also apply to black holes in their fundamental125

description. This implies that in the fundamental description, Hawking’s result of zero subsys-126

tem QFI of the radiation cannot be true after the Page time, when the effective Hilbert space127

dimension of the radiation becomes larger than that of the black hole. Instead, we predict that128

the subsystem QFI of the radiation should become O(1/GN ) after the Page time in the funda-129

mental description of the black hole. This implies that the time can be estimated to a precision130

|δt| ∼
p

GN using optimal measurements on the radiation after the Page time. In particular,131

this uncertainty is much smaller than the uncertainty ∼ δtevap = GN M with which one could132

naively estimate time by measuring changes in the energy or temperature of the radiation,133

as long as the black hole mass is larger than the Planck mass (M ≫ 1/
p

GN ). It would be134

interesting to see whether and how our predictions for the subsystem QFI can be checked by135

including corrections to semiclassical gravity, such as those that were recently used to obtain136

the Page curve in [16–19].137

The optimal measurements on the radiation that lead to a small uncertainty of the time es-138

timate after the Page time are likely to be highly complex. There is a growing body of evidence139

in the literature that observations made by computationally bounded observers with access to140

the radiation are consistent with Hawking’s semiclassical calculation for the reduced density141

matrix of the radiation [20–25]. Our results for the computational basis classical Fisher infor-142

mation f comp
A provide yet another perspective that confirms these ideas. We predict that the143

value of this quantity is O(e−1/GN ) at all but very late times in the evaporation process. Hence,144

it is effectively indistinguishable from the result of zero Fisher information from Hawking’s145

state.146

The plan of the paper is as follows. In Sec. 2, we explain the setup of the time estimation147

task, introduce the relevant quantities, and discuss general constraints on them from unitary148

Hamiltonian evolution. In Sec. 3, we discuss results for the quantum Fisher information asso-149

ciated with subsystems using a variety of models for chaotic systems, as well as an example150

of an integrable system. In Sec. 4, we discuss the classical Fisher information for simple mea-151

surements in the computational basis. In Sec. 5, we carry out an explicit numerical simulation152

where we estimate the value of time by making measurements on the state, using a method153
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called the maximum likelihood estimate. In addition to being a fun experiment, this clarifies154

a conceptual question about whether it is possible to come up with a global (as opposed to155

merely local) estimate of time when the Fisher information is large. In Sec. 6, we phrase our156

question about time estimation in the language of quantum error-correction in order to make157

an explicit comparison between the task we consider here and the Hayden-Preskill protocol.158

Most technical details are presented in the Appendices.159

We expect the results to be of equal interest from the perspective of quantum many-body160

physics and quantum gravity. The sections most relevant in the context of black hole physics161

are Sec. 3.3 on results in random pure states, Sec. 3.4 about the implications of these results162

for black holes, and the discussions in Sec. 4 and Sec. 5 on the complexity of distinguishing163

the time-evolved state from the thermal state (or equivalently, distinguishing the fundamental164

description of the black hole from Hawking’s description).165

Relation to previous work: The QFI has previously been applied to quantum many-body166

systems in the context of dynamical susceptibilities and multipartite entanglement [26–28].167

In these setups, the parameter to be estimated is associated with deformations of the state by168

operators other than the Hamiltonian. The physical interpretation of the QFI in such cases is169

different from the one in this paper. The QFI associated with time estimation was previously170

considered in [29], with a different goal of characterizing time-energy uncertainty relations.171

In the context of classical stochastic dynamics, the Fisher information associated with time172

estimation was studied in [30]. The models in [30] can be seen as coarse-grained, classical173

descriptions of thermalization, which we will contrast with microscopic quantum-mechanical174

descriptions. In [31], a particular case of our time estimation task, using simple measurements175

on the full system, was studied using a different but related quantity and the authors arrived176

at similar conclusions.177

2 Setup and constraints from unitarity178

In the setup of our thought experiment, we will consider two kinds of one-parameter fam-179

ilies of states, labelled by the parameter t: either the time-evolved state on the full system,180

σ(t) = e−iH tσ0eiH t for some initial state σ0, or its reduced density matrix on some subsystem,181

σA(t) = TrĀ[e
−iH tσ0eiH t], where Ā is the complement of A. Let us denote these two cases by182

the common notation ρ(t). Suppose we are experimentalists who are given N copies of ρ(t0),183

at a particular value t0 of t. We know the initial state σ0 and H, but do not know t0, and want184

to estimate its value by making measurements on our N copies.185

Consider some choice of complete projective measurement, with measurement outcomes186

labelled by |ξ〉. From N independent measurements on ρ(t0), we obtain measurement out-187

comes ξ1, ...,ξN . Suppose we come up with an estimate Test(ξ1, ...,ξN ) for t0 based on these188

measurement outcomes. Our key question is the following: how well can the best possible189

function Test do at estimating t0? If no estimator is able to do a good job, this indicates that190

ρ(t) is not changing much with t, at least with respect to the measurement basis {|ξ〉}.191

We can quantify the accuracy of the estimator Test using the following measure:192

(δTest)
2 ≡ (Test(ξ1, ...,ξN )− t0)

2

=
∑

ξ1,...,ξN

pξ1
(t0)...pξN

(t0) (Test(ξ1, ...,ξN )− t0)
2 ,

pξ(t)≡ 〈ξ|ρ(t) |ξ〉 , (1)

where the sum of each ξi is over all possible values of ξi . Based on the general theory of statis-193

tical inference of a parameter in a probability distribution using samples from the distribution,194
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(δTest)2 has a known lower bound over all possible choices of Test. This lower bound can be195

expressed in terms of intrinsic properties of the family of probability distributions pξ(t):196

(δTest)
2 ≥

1
N F(t0)

, f (t0)≡
∑

ξ

1
pξ(t0)

�

∂ pξ(t)

∂ t

�

�

�

�

t0

�2

, (2)

where f (t0) is known as the Fisher information for the probability distribution pξ(t) at t = t0.197

The above inequality is known as the Cramer-Rao bound, and can be saturated by a known198

form of Test for large N , known as the maximum likelihood estimate (MLE) [32,33]. We will199

discuss further details of the MLE and its explicit implementation in Sec. 5.200

For a quantum state ρ(t), it is natural to consider the maximum value of the Fisher in-201

formation over all possible choices of the measurement basis {|ξ〉}. This maximum value is202

known as the quantum Fisher information (QFI) [4], and has the following explicit formula:203

F(t)≡ Tr
�

∂ ρ

∂ t
R−1
ρ

�

∂ ρ

∂ t

��

, (3)

R−1
ρ (·)≡

∑

i, j s.t.
pi+p j ̸=0

2
pi + p j

|ψi〉 〈ψi| (·) |ψ j〉 〈ψ j| . (4)

Here pi and |ψi〉 are respectively the eigenvalues and eigenstates of ρ(t). 2 As discussed204

in [4], the QFI equivalent to a certain distance measure known as the Bures distance between205

the states at t and t + dt:206

F(t) = 4 lim
dt→0

dBures(ρ(t),ρ(t + dt))2

dt2
,

dBures(ρ,σ)≡
p

2
�

1− Tr
�Æp

ρσ
p
ρ
��

1
2 . (5)

It is therefore natural to view the QFI for time estimation as an intrinsic velocity associated207

with changes in the state.208

Note that since the optimal projective measurement basis is the eigenbasis ofR−1
ρ (∂ ρ/∂ t|t0

),209

it depends on t0 itself. Hence, the quantum Fisher information is the uncertainty (δTest)2 as-210

sociated with attempts to locally estimate values of time t ′0 = t0+∆t close to t0, and assuming211

knowledge of t0.212

So far, our discussion was completely general, and would apply to any one-parameter213

family ρ(X ) labelled by some continuous variable X . Let us now consider turn to the value of214

QFI on taking ρ(t) = e−iH tσ0eiH t , i.e., the time-evolved state on the full system. In this case,215

we find that the QFI is constant with respect to t. For an initial pure state |ψ0〉, the QFI at all216

times is proportional to the energy variance:217

F(t) = F(0) = 4
�

〈H2〉ψ0
− 〈H〉2ψ0

�

(6)

where 〈· · ·〉ψ indicates expectation values in |ψ〉. In particular, this implies that the QFI is218

zero at all times for an energy eigenstate, consistent with the fact that an eigenstate does219

not show any non-trivial time-evolution. On the other hand, a product state in a local lattice220

system has energy variance of O(n), where n is the number of sites, 3 indicating that the221

2The superoperator R−1
ρ
(·) is the inverse of Rρ(·) ≡ {ρ, ·}. R−1

ρ
(∂tρ) is known as the symmetric logarithmic

derivative of ρ.
3Let the Hamiltonian be a sum of local terms H =

∑

i hi . The energy variance is
Var(H) =

∑

i j〈hih j〉ψ0
− 〈hi〉ψ0

〈h j〉ψ0
, and for a product state 〈hih j〉ψ0

factorizes when hi , h j have no com-
mon support. Hence, the sum is restricted to i ≈ j and consists of O(n) terms each of O(1) magnitude.
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optimal uncertainty (δTest)2 is very small in the thermodynamic limit. This result is true for222

any Hamiltonian. It can be seen as a purely kinematical result of unitarity which is insensitive223

to thermalization, similar to the fact that the von Neumann entropy of the state on the full224

system is invariant under unitary evolution.225

One can check that for a pure state, the optimal measurement basis [4], given by the226

eigenbasis of R−1
ρ ([H, |ψ(t)〉〈ψ(t)|]), consists of the states227

1
p

2
(|ψ(t)〉 ± i |ξ(t)〉) , |ξ(t)〉 ≡

(H − 〈H〉ψ)
Ç

〈H2〉ψ − 〈H〉2ψ
|ψ(t)〉 , (7)

and any set of 2n−2 states that form an orthonormal basis together with these two states. The228

optimal measurements on the full system, for which the time uncertainty is determined by the229

constant QFI (6), are therefore as complex as the state |ψ(t)〉 itself and become increasingly230

complex at late times.231

As discussed in the introduction, from the intuition about thermalization that a state232

evolved by a chaotic Hamiltonian relaxes to a steady state, we may expect the Fisher informa-233

tion to decay monotonically and go to zero at late times. Indeed, [30] previously studied the234

evolution of the classical Fisher information associated with time-evolution for a probability235

distribution evolved by the Fokker-Planck equation, which describes relaxation dynamics, and236

found results consistent with this intuition. We have seen above that the QFI on the full sys-237

tem shows a very different behaviour due to unitarity. In order to see results that match our238

expectations from thermalization, it is therefore necessary to put certain restrictions on the239

measurements we can perform to try to estimate the time.240

One natural restriction is that the measurements can only act on some subsystem A of the241

full system, which corresponds to taking ρ(t) = σA(t) = TrĀ[e
−iH tσ0eiH t] in (3), and yields242

the quantity243

FA(t) =
∑

i, j s.t.
pi+p j ̸=0

2
pi + p j

| 〈i|TrĀ

�

H, e−iH tσ0eiH t
�

| j〉 |2 (8)

where pi , |i〉 are eigenvalues and eigenstates of σA(t) (we do not show the time-dependence244

of these eigenvalues and eigenstates explicitly for conciseness). We will refer to (8) as the245

subsystem QFI. When the initial state is pure, recall that we can write a Schmidt decomposition246

of the time-evolved state as follows:247

|ψ(t)〉=
min(dA,dĀ)
∑

i=1

p

pi |i〉A |ĩ〉Ā (9)

where pi , |i〉A, |ĩ〉Ā are time-dependent but we do not show the time-dependence explicitly. We248

give an expression for FA(t) in Appendix A that depends on H, pi , |i〉A , |ĩ〉Ā. This expression249

will be useful for later calculations. It is also conceptually interesting to note that FA(t) thus250

depends not only on the eigenvalues of ρA(t) but also on the global structure of the state,251

including the eigenstates of ρA as well as ρĀ and their relation to the Hamiltonian H. This is252

in contrast to most information-theoretic quantities that are often studied for the time-evolved253

state such as the von Neumann and Renyi entropies, which depend only on the eigenvalues254

pi .
4 In Section 3, we will discuss the behaviour of the subsystem QFI in quantum many-body255

systems.256

Another natural restriction we can put on the measurements that we used to estimate257

the time is to require them to be simple in the sense of computational complexity. We can258

4Another set of recently introduced quantities that probe the global structure of the state |ψ(t)〉 in a different
way are “state k-design” frame potentials introduced in the context of deep thermalization [7,31,34–37].
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quantify the uncertainty of the time estimate using a general measurement basis {|ξ〉} with259

the classical Fisher information (CFI) for that basis f (t), defined in (2). The simplest choice260

is to take {|ξ〉} to be the computational basis, which we will call f comp(t). We will discuss this261

case in Section 4.262

3 Quantum fisher information for subsystems263

In this section, we will study the behavior of the subsystem QFI FA(t) defined in (8). We will264

be interested mostly in chaotic systems with local interactions. We will consider initial states265

for which the constraints from energy conservation are not very important at late times, such266

that |ψ(t)〉 = e−iH t |ψ0〉 macroscopically resembles the infinite temperature thermal density267

matrix 1/d in terms of correlation functions and entanglement entropies of small subsystems.268

We expect that more general initial states with extensive energy variance should show similar269

behaviours, and will propose generalizations of some of our results to these cases.270

In Fig. 1, we highlighted various qualitative features of the evolution of FA(t). Recall that271

we refer to the number of degrees of freedom and Hilbert space dimension of subsystem A272

as nA, dA respectively. Let us further summarize some additional features, which we expect273

should be robust in local chaotic systems:274

1. FA(t) for nA < nĀ has an exponentially decaying regime at intermediate to late times275

before saturation:276

FA(t)∼ e−αnA t , (10)

where αnA
has an inverse power law dependence on nA, αnA

∼ 1/nηA for some η≥ 1.277

2. For nA > nĀ, the time scale t∗ corresponding to the minimum of FA(t) in Fig. 1 obeys278

t∗ ∼ nĀ.279

3. The saturation value of FA(t) is280

FA∝

¨

nAdA/dĀ nA < nĀ

nA nA > nĀ
(11)

where the proportionality constant has units of energy density squared.281

We make use of the following models to identify these features and provide evidence for282

their universality:283

1. The mixed-field Ising model at generic values of the coupling exhibits each of the features284

summarized in the figure and the above points 1-3. This spin chain model is often used285

in the literature to probe universal characteristics of local chaotic dynamics. We present286

the numerical results from this model in Sec. 3.1. We also consider an integrable version287

of the spin chain, where we find a strikingly different behaviour of FA(t) for nA < nĀ.288

2. The exponential regime (10) for nA < nĀ is relatively short-lived in the spin chain model289

before it saturates for the system sizes we can access numerically. To better understand290

this decay, we model the smaller subsystem A as an open quantum system with boundary291

dissipation. This serves as a good qualitative model for the time-dependence, which292

allows us to better understand the form and physical origin of the nA-dependent decay293

rate in (10). By construction, this model cannot give the saturation values (11) observed294

in unitary systems.295
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Figure 3: We plot the dynamics of FA(t) in the chaotic spin chain model (14) with
various n and nA. We evolve the system from random product initial states and av-
erage FA(t) over 200 samples of initial states for n ≤ 11 and 84 samples for n = 12.
Left: We focus on cases with nA ≤ n/2. The solid black lines show the fitting to
exponential decay. The rate of exponential decay decreases with nA and is indepen-
dent of nĀ. (The decay rates αnA

as a function of nA are shown in Fig. 7(right).) The
saturation value decays exponentially with nĀ for fixed nA. Middle: We focus on
the region with nA > n/2, and contrast the non-monotonic time dependence with
the monotonic behaviour for nA < n/2 shown in left panel. The saturation value
depends very weakly on nĀ for fixed nA, and we expect this weak dependence to go
away in the thermodynamic limit. Middle, inset: We plot t∗ (the time at which FA(t)
is minimized, with nA > n/2) for various nA, n as a function of nĀ. Red/blue lines
correspond to nA = 7, 8. We find that t∗ ∼ nĀ, and does not depend on nA. Right:
We plot the dynamics of FA(t) with fixed n= 12 and various subsystem sizes.

3. To better understand the saturation value of FA(t) in unitary systems, we model the296

late-time state |ψ(t)〉 as a random pure state in the full Hilbert space drawn from the297

uniform (Haar) ensemble in Sec. 3.3. This calculation confirms the the universality of298

the scaling in (11).299

Based on the expectation that the above results are universal, one particularly interesting300

example of a quantum chaotic system to which they should apply is a black hole. We discuss301

the implications of these results in the context of evaporating black holes in Sec. 3.4.302

Before turning to specific models, let us discuss the general physical reasonableness of303

the results summarized above. Both the time-evolution and the saturation value of FA(t) for304

nA < nĀ is intuitive from the perspective of thermalization. In particular, the scaling dA/dĀ of305

the saturation value of FA(t)matches the expected scaling of the distance of the late-time state306

from the maximally mixed state, i.e.,
�

dBures

�

ρA(t),
1
dA

��2
∼ dA/dĀ [8, 38–40]. Note that the307

physical interpretation of the two quantities is somewhat different, and they did not necessarily308

have to show the same scaling based on kinematical reasoning: FA(t) =
�

dBures(ρA(t),ρA(t+d t))
d t

�2
309

measures the speed of fluctuations, while dBures

�

ρA(t),
1
dA

�

measures the absolute magnitude310

of fluctuations.311

Perhaps the most striking feature of Fig. 1 is that for nA > nĀ, we have an increasing312

behaviour of FA(t) at intermediate times, and an extensive late time-value. These behaviours313

cannot be understood purely from intuitions about thermalization, and require an understand-314

ing of new features of the dynamics of a unitary chaotic system.315

We derive the result of non-monotonic time-evolution from numerical simulations in the316

chaotic spin chain in Sec. 3.1. To better understand its physical origin, recall that the reduced317

density matrix of ρA(t) is not full-rank for nA > nĀ. We can write the Hilbert space of A as a318

direct sum HA =Hent⊕Hnull, where Hent is the subspace spanned by the eigenstates of ρA with319
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non-zero eigenvalues, and Hnull is the complementary subspace. Then we can divide FA(t) in320

(8) into two non-negative terms,321

FA(t) = FA,ent(t) + FA,rot(t) (12)

where FA,ent(t) includes the terms in (8) where |i〉 , | j〉 ∈Hent, while FA,rot(t) includes the terms322

where either |i〉 or | j〉 is in Hnull. Moreover, FA,rot(t) can be shown to be equal to323

FA,rot(t) = Tr

�

ρA

�

dPent

dt

�2�

(13)

where Pent is the projector onto the subspace Hent. Note that no analog of this term is present324

in the the expression for FA(t) when nA ≤ n/2, as FA(t) quickly becomes full-rank in this case.325

On the other hand, if we take A to be the full system and consider a pure state, then FA,rot(t)326

is the only contribution to FA(t).327

By considering the behaviour of FA,rot(t) and FA,ent(t) separately, we find that FA,ent(t)328

monotonically decays with time, while FA,rot(t)monotonically increases with time (see Fig. 5).329

The competition between these two terms leads to the non-monotonic evolution of FA(t).330

FA,ent(t) is quantitatively close to FĀ(t) in general, and the two can be shown to be equal in331

the case where the spectrum of ρA is flat (see around eq. (A.13) in Appendix A). FA,rot(t) is the332

dominant contribution to FA(t) at late times. Heuristically, its increasing behaviour captures333

the fact that the support of ρA(t) gains access to more and more of full Hilbert space HA to334

rotate within as time evolves. Eventually, it has access to the full Hilbert space of HA and335

rotates at a large universal speed, leading to the extensive saturation value (see Fig. 2).336

In Appendix C, we define a simple analytical toy model for the time-evolved state |ψ(t)〉337

using the Brownian GUE Hamiltonian [41,42], in which the eigenvectors of ρA for the larger338

subsystem A increasingly explore the full Hilbert space. We calculate FA(t) in this model, and339

find that the result qualitatively matches the increasing behavior in the spin chain model. The340

model is too simple to reproduce features coming from locality, such as the fact that t∗∝ nĀ,341

which should be better understood in future work.342

3.1 Chaotic and integrable spin chains343

Let us first study the behaviour of the subsystem QFI in the mixed-field Ising model:344

H =
∑

i

Zi Zi+1 + g
∑

i

X i + h
∑

i

Zi (14)

with periodic boundary conditions. For generic values of g and h, this model is chaotic by a345

variety of measures, including energy eigenvalue statistics [43], entanglement growth [22,44],346

and operator growth [45]. We take g = −1.05 and h= 0.5 as a standard representative of the347

chaotic case. The particular case where h = 0 is the integrable transverse field Ising model,348

which is integrable and can be written as a free fermion Hamiltonian.349

We will consider the evolution of FA(t) for subsystem of contiguous spins of size nA on a350

chain of length n. We take the initial states to be random product states between the different351

sites, for which the initial value of FA(t) is extensive in nA. Such states are known to macro-352

scopically equilibrate to infinite temperature [46]. We will average over samples drawn from353

the uniform measure on such states. The numerical results for FA(t) for the chaotic spin case354

are shown in Fig. 3, 4, and 5. Let us summarize the key features of these numerical results355

below.356

For nA < n/2, FA(t) shows a monotonic decay with t, which is of the form FA(t) ∼ e−αnA t
357

at intermediate times. The decay rate αnA
decreases with increasing nA, and is independent of358
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Figure 4: We plot the late time saturation value of FA(t) (averaged over 800 samples
of initial states and 10 instances of time in the interval t ∈ [15, 20]) as a function
of subsystem fraction x ≡ nA/n, for various n. The solid grey line is the theoretical
prediction from the random pure state model introduced in 3.3, in the thermody-
namic limit n→∞. Even for finite size numerical results, we see a hint of a phase
transition at x = 1/2. We expect based on the random pure state model that the
result is likely to be extensive in nA in the thermodynamic limit, which may be ob-
scured by finite size effects here. Inset: Using the same data, we plot the log of the
QFI saturation value for x < 1/2. We see a clear collapse as a function of 2nA − n
showing a scaling of ∼ dA/dĀ, as predicted in (20).

Figure 5: We plot the dynamics of FA(t), FĀ(t) for n = 12, nA = 9 (averaged over 84
samples of initial random product states), along with the two terms FA,ent and FA,rot
defined in (12). We observe that the non-monotonic behavior of FA(t) comes from
the competition between FA,ent(t) and FA,rot(t).

nĀ. See Fig. 3 (left). The saturation value of FA(t) is proportional to dA/dĀ = 22nA−n, as shown359

more explicitly in Fig. 4.360
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Figure 6: We plot the dynamics of FA(t) from the integrable spin chain model for
nA = 1 and various full system sizes, averaged over 400 samples of initial random
product states. For comparison, we also plot the FA(t) from the chaotic spin chain
using the same but lighter colors. We observe that the time evolution coincides ini-
tially, but differs at later times. While the saturation value in the chaotic case decays
exponentially with n for fixed nA, the average value at late times in the integrable
case is constant with respect to n.

For nA > n/2, FA(t) shows an initial decay up to a time t∗. t∗ depends only on nĀ, and361

is roughly proportional to nĀ. The fact that the behavior is qualitatively similar to the case362

nA < n/2 up to this t∗ physically makes sense, as it is only on this time scale that informa-363

tion from the larger system can travel across the smaller subsystem in the presence of local364

interactions. For t > t∗, FA(t) increases with time and later saturates. The saturation value is365

independent of nĀ and grows with nA, as shown in Fig. 4. 5
366

In Fig. 5, we separately plot the two terms FA,rot and FA,ent defined below (12). We find367

that FA,ent(t) is both qualitatively and quantitatively close to FĀ(t), and shows monotonic decay.368

FA,rot(t) monotonically grows, and fully accounts for the value of FA(t) at late enough times.369

In the free-fermion integrable case of the spin chain model (14), where we set h = 0, we370

find strikingly different behavior of both the time-evolution and the saturation value of FA(t)371

for nA < n/2 compared to the chaotiic case. See Fig. 6. These behaviours indicate that the372

state is far from equilibrating for the integrable model, even for a small subsystem. As shown373

in Fig. 6, the evolution with time is non-monotonic even for nA much smaller than n/2. For374

both small and large nA, the average late-time value saturation value is independent of nĀ,375

and grows with nA. The time-evolution and saturation value of the QFI thus provides a sharp376

qualitative probe of the difference between chaotic and integrable systems.377

3.2 Open quantum system with boundary dissipation378

In this section, we consider an open system Lindbladian dynamics with boundary dissipation.379

For comparison with the results of the previous section, we call the number of sites in the full380

system nA. The state ρ(t) on the full system is evolved under a time-independent Lindbladian381

5We find evidence for these statements up to finite-size corrections which make the data somewhat noisy. We
will provide further evidence for various features using the models in Sec. 3.2 and Sec. 3.3, which are less affected
by finite-size corrections.
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Figure 7: Left: The dynamics of the von Neumann entropy S(t) = −Tr[ρ(t) logρ(t)]
in the Lindbladian model, which shows a size-independent linear growth rate and
saturation to log dA at late times. These features resemble the behavior of a subsystem
in the unitary model of Sec. 3.1. Middle: We plot the QFI dynamics in Lindbladian
model, again starting from random initial states. The black solid lines show the fitting
to the exponential decay rate. While we use the notation FA, note that we are now
considering different full system sizes nA of the open quantum system. Right: We
record the exponential decay rates αnA

in both the unitary chaotic spin chain model
of Sec. 3.1 and the non-unitary Lindbladian model. The decay rates αnA

are obtained
from fitting, as shown in the black solid lines in left panel of Fig. 7 and left panel of
Fig. 3.

equation, which evolves the initial pure state to a mixed state:382

d
dt
ρ(t) = L(ρ(t))

= −i[H,ρ(t)] + γ
∑

a

�

Laρ(t)L
†
a −

1
2
{L†

a La,ρ(t)}
�

(15)

where {La} is a set of jump operators and γ ∈ R+ controls the dissipation strength. We take383

H to be the same chaotic Ising Hamiltonian as (14), except now living on nA sites and with384

open boundary conditions instead of periodic boundary conditions. We take the Lindblad385

operators {La} to act on the two boundaries of the system, and make the arbitrary choice that386

the dissipation channel is the depolarization channel, with order one strength (γ = 1). Then387

the set of jump operators {La}6a=1 is specified as:388

{La}6a=1 = {X1, Y1, Z1, XnA
, YnA

, ZnA
} (16)

As a first check to get some intuition about this model, we show the dynamics of the von389

Neumann entropy of the state ρ(t) on the full system in the right panel of Fig. 7. This matches390

the qualitative behavior of the entanglement entropy of a subsystem of a unitary chaotic spin391

chains very well [46]. It is thus natural to view this open system model as a way of extracting392

properties of the unitary system of Sec. 3.1 in the thermodynamic limit with nA≪ n.393

Under evolution by (15), ρ(t) approaches the maximally mixed state in the following way:394

ρ(t)≈
1
d
+ρ1e−λ1 t , (17)

where −λ1 is the eigenvalue of L(·) with the least negative real part, and λ1 is known as the395

Lindbladian gap. ρ1 is some traceless operator. As the spectrum of ρ(t) approaches that of396

a maximally mixed state, we can approximate F(t) ≈ d Tr(ρ̇(t)2) (here we apply the general397

formula (3)). Using (17), we find the exponential decay398

F(t)∼ e−2λ1 t . (18)
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In Ref. [47], the authors study the Lindbladian gap of a variety of one-dimensional chaotic399

spin chain models with boundary dissipation, and find that it scales as λ1 ∼ 1/nηA , where η≥ 1400

is some O(1) number. This universal behaviour of the Lindbladian gap thus naturally explains401

our observation in Sec. 3.1 that the decay rate αnA
decreases as we increase the system size402

nA.403

For concreteness, in the left panel of Fig. 7, we show the QFI of ρ(t) under such a Lindbla-404

dian, and indeed find qualitatively the same behaviour of the QFI as in the previous subsection405

on varying the system size nA. In the right panel of Fig. 7, we plot the decay rate αnA
as a func-406

tion of nA, and observe that it indeed scales in a power law fashion, with power larger than407

one. The time evolution data is generated by Runge-Kutta method, and the decay rate from408

fitting the data matches twice Lindbladian gap.409

3.3 Random pure states410

A useful model for the late-time state |ψ(t)〉 in a unitary chaotic evolution on a finite-dimensional411

Hilbert space is a random pure state drawn from the uniform (Haar) ensemble. We will use412

this state |ψHaar〉 to understand the saturation value of FA(t) at late times, ignoring the fact413

that the state up to this point was evolved by the Hamiltonian H. We expect this approxima-414

tion to be reasonable for states whose dynamics are not significantly constrained by the effects415

of energy conservation.416

More explicitly, we replace e−iH tσ0eiH t in (8) with |ψHaar〉〈ψHaar|, and the eigenvalues pi417

and eigenvectors |i〉 of σA(t) with those of TrĀ |ψHaar〉〈ψHaar|, and then average over |ψHaar〉418

in the full expression.419

For this calculation, the general expressions for FA(t) of a pure state in terms of the Schmidt420

decomposition in Appendix A will prove useful. To use these, we need to describe the ensemble421

of Haar-random states in terms of their Schmidt decomposition, which is given as follows (here422

we use S to refer to the smaller subsystem out of A and Ā, and S̄ to refer to its complement):423

|ψHaar〉=
dS
∑

i=1

p

pi (V |i〉)S (U |ĩ〉)S̄ . (19)

The dS real numbers pi , the dS × dS unitary V , and the the dS̄ × dS̄ unitary U are random and424

uncorrelated with each other. U and V are both Haar-random unitaries in their respective425

Hilbert spaces. {|i〉} and {|ĩ〉} are arbitrary fixed sets of dS orthonormal states in S and S̄426

respectively. pi have the statistics of the eigenvalues of normalized Wishart matrices Y Y †

Tr[Y Y †] ,427

where Y is a dS × dS̄ matrix of independent complex Gaussian random variables drawn from428

the distribution p(Y ) = N−1e−dS̄Tr[Y Y †]. Using the expressions of Appendix A and (19), we429

can write the expression for FA in terms of averages of just second moments U ⊗ U∗ ⊗ U ⊗ U∗430

of Haar-random unitaries U (similarly for V ), so we get identical results for the more general431

class of states where V and U are unitary 2-designs.432

Let us decompose a general local Hamiltonian H as H = HA+HĀ+Hint, where HA consists433

of all terms entirely within A, HĀ of all terms entirely within Ā, and Hint of all terms across the434

boundary. Up to small corrections which can be ignored in the thermodynamic limit, we show435

in Appendix B that (19) gives the following prediction for the late-time value of the subsystem436

QFI:437

FA =

¨

2d−1
Ā

TrA[H2
A] = c nA dA/dĀ nA < n/2

4TrA[H2
A]/dA = 2 c nA nA > n/2

(20)

where c is a constant of units energy density squared which depends on O(1)microscopic cou-438

plings. This expression approximately reproduces the numerically observed late-time scaling439

in the chaotic case of the spin chain model, as shown in Fig. 4. We do not find a quantitative440
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match between the two models, likely both due to finite size effects and due to the oversim-441

plification in completely ignoring the effects of energy conservation by using (19).442

The above result does not directly apply to initial states |ψ0〉 which macroscopically re-443

semble a finite temperature thermal density matrix ρβ = e−βH/Zβ at late times. We expect444

that a natural generalization to such states, at least for sufficiently small β , should be given by445

FA =

¨

2 (〈H2
A〉β − 〈HA〉

2
β) e

SA,β−SĀ,β SA,β < SĀ,β

4(〈H2
A〉β − 〈HA〉

2
β) SA,β > SĀ,β

. (21)

where SA,β and SĀ,β are the thermodynamic entropies at inverse temperature β in A and Ā,446

and 〈· · ·〉β indicates expectation values in ρβ .447

3.4 Evaporating black holes448

If we assume that the formation of a black hole and its subsequent evaporation are governed449

by a unitary and chaotic evolution, the combined state of the black hole and its radiation can450

be seen as an example of |ψ(t)〉 at late times in a chaotic quantum many-body system. The451

simplest model for this combined state is a Haar-random pure state (19). Results from random452

pure states and their natural finite-temperature generalizations have previously been used to453

predict the Page curve for the entropy of the black hole and radiation in [11, 15], as well as454

the sudden recoverability of quantum information from the black hole radiation after the Page455

time in [12]. Here, we will apply this model in order to predict the behaviour of the subsystem456

QFI of the radiation for the time estimation task.457

In the evaporating black hole setup, it is natural to consider the subsystem QFI of time458

estimation using the radiation. The time differences that we want to estimate are much smaller459

than the slow time scale on which the mass M of the black hole decreases due to emission of460

further radiation and correspondingly its Hawking temperature TH = 1/(8πGN M) increases.461

That is, we are interested in time differences δt ≪ δtevap ∼ GN M . Hence, we can discuss the462

task of time estimation at a fixed M and TH , where the number of degrees of freedom of the463

black hole and radiation are fixed. The Hamiltonian of the system has the form H = HB + HR464

for some fixed HB, HR, and the state |ψ(t)〉 macroscopically resembles the thermal density465

matrix e−βHB ⊗ e−βHR/ZB(β)ZR(β) for fixed β = 1/TH .466

In this setup, we can apply our general formula (21). For this, we need to know the form467

of the energy variance (〈H2
R〉β − 〈HR〉

2
β) of the state e−βHR/ZR. Let us model the radiation as468

a 1+1 dimensional photon gas, motivated by the fact that the emission into the low angular469

momentum modes is favored. For a (1+1)-D photon gas of one-dimensional volume L and470

temperature T , the expectation value of the energy is471

〈HR〉β=1/T ∼ LT2 . (22)

where∼ indicates ignoring dimensionless constants, as we will continue to do in the remaining472

equations. The energy variance is then given by473

〈H2
R〉β − 〈HR〉

2
β = T2

∂ 〈HR〉β=1/T

∂ T
∼ LT3 ∼

L
(GN M)3

(23)

where in the last expression we have put in T = TH . Now let us treat the total evaporation474

time tevap up to the current time as a proxy for the volume L of the photon gas. tevap can be475

expressed in terms of the remaining black hole mass M (see for instance [15] or [48]), so that476

we have477

L ∼ tevap(M)∼ G2
N (M

3
0 −M3) (24)
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where M0 is the initial mass of the black hole. We therefore find that the energy variance is478

given by479

〈H2
R〉β − 〈HR〉

2
β ∼

1
GN

�

M3
0

M3
− 1

�

. (25)

The quantity
�

M3
0

M3 − 1
�

keeps track of the stage in the evaporation process and grows as more480

radiation is emitted.481

Now using this expression in (21), we see that before the Page time, when SB,β − SR,β is482

large, we have a very small value of the subsystem QFI of the radiation, FR ∼ 1/GNO(e−1/GN ),483

which gives a time uncertainty of O(e1/GN ) (recall Eq. (2) for the relation between the Fisher484

information and the time uncertainty). Indeed, taking into account the slow evolution of the485

temperature of the radiation and assuming it can be simply measured gives us a better way of486

estimating the time in this case, with uncertainty ∼ δtevap = GN M . On the other hand, after487

the Page time,488

FR ∼ 1/GN

�

M3
0

M3
− 1

�

, SR,β > SB,β . (26)

The corresponding uncertainty |δt| in time using the optimal quantum measurement on ρR(t)489

is O(
p

GN ), which is much smaller than the naive uncertainty best-case uncertainty of δtevap490

based on Hawking’s calculation. This is true as long as the black hole mass is much larger491

than the Planck mass (M ≫ 1/
p

GN ), at which point the black hole evolves very rapidly in492

Hawking’s calculation and the semiclassical analysis is even naively expected to break down.493

It would be interesting to see what new prescriptions may be needed to resolve this version of494

the information paradox and reproduce the behavior (26). See the discussion section Sec. 7495

for more comments.496

4 Classical fisher information for simple measurements497

The analysis so far revealed that with optimal measurements on any subsystem larger than half,498

the uncertainty of the time estimation task in |ψ(t)〉 is suppressed as 1/n, where n is the full499

system size. In particular, this is very different from the infinite uncertainty in an equilibrium500

state ρ(eq). It is reasonable to expect, however, that the measurements needed to accurately501

estimate the time using more than half the system have a high computational complexity.502

This expectation would be particularly important in the context of the evaporating black hole503

setup of Sec. 3.4, as it would imply that computationally bounded observers would see results504

consistent with Hawking’s state. Complexity-theoretic criteria for the validity of semiclassical505

gravity have previously been proposed in the context of other information-theoretic tasks, see506

for instance [20–25].507

To address the question about the complexity of time estimation, recall from Sec. 2 that508

the optimal measurement basis (in which the uncertainty is given by the quantum Fisher in-509

formation) is the eigenbasis of R−1
ρ (∂ ρ/∂ t). For the full system, recall that there is a simple510

general expression given by (7). The resulting measurement basis is at least as complex as the511

state |ψ(t)〉 itself.512

For a subsystem, we do not have a simple expression for the optimal measurement basis,513

but can find it numerically in examples like the chaotic spin chain by diagonalizingR−1
ρA
([∂ ρA/∂ t]).514

While directly evaluating the computational complexity is beyond the scope of current tech-515

niques, we find that the entanglement entropy of typical states in the optimal measurement516

basis at late times is volume-law and close to the Page value. An example is shown in Fig 8.517

This tells us that the complexity of the measurement basis is at least proportional to the sub-518

system volume [49].519
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Figure 8: We evolve a single initial random product state in the chaotic spin
chain (14) for L = 12 to t = 10, by which time we expect the QFI reaches its large
saturation value (see Fig. 4). We pick nA = 8, find the eigenstates of the operator
R−1
ρA
(∂ ρA/∂ t), and show their entanglement entropies in arbitrarily chosen intervals

of size x as a function of x . The entropies of individual eigenstates are shown with
dashed lines, and their average is shown with a thick red curve. The blue curve is
the Page value [11] for the corresponding system sizes.

A natural alternative setup is to restrict to simple measurements on a subsystem, and con-520

sider the classical Fisher information (CFI) associated with them (2). On making this restric-521

tion, do we get a small saturation value of the CFI even on considering a subsystem bigger than522

half of the system? The simplest measurements we can consider are in the computational basis523

(say, the eigenbasis of the Z operators at each site). Both from the chaotic spin chain and from524

the random pure state model (19), we find that the late-time saturation value of this CFI has525

the following behavior:526

f comp
A (t)late times = κ

n
dĀ

. (27)

where κ is a constant of units energy density squared which depends on microscopic couplings527

in the Hamiltonian. See Fig. 9 for the numerical spin chain result, and Appendix D for the528

random pure state calculation. Hence, as long as nA < n−O(log n), even for nA > n/2, the529

late-time value of the f comp
A is exponentially suppressed in n. The late-time value is therefore530

effectively indistinguishable from the zero result we would obtain from the equilibrium density531

matrix ρ(eq), or equivalently from Hawking’s state in the black hole context. Moreover, the532

numerical result of Fig. 9 (top) shows that the decay with time is monotonic in this regime,533

which is again intuitive from the perspective of thermalization.534

What about the regime where the subsystem is so large that nĀ ≤O(log n)? In the evapo-535

rating black hole setup, this corresponds to very late times in the evaporation process where536

the black hole entropy is O(log GN ). In this regime, the CFI is no longer exponentially sup-537

pressed, and in particular, if we take A to be the full system, the CFI is extensive in n (see538

Fig. 9 (bottom)). This tells us that it is possible to estimate time with high accuracy (O(1/n)539

variance) using measurements of O(1) complexity if we have access to the full system. The540

number of measurement outcomes needed is also likely to be O(1) or at worst polynomial in541

n. See the next section for some evidence for this using explicit experiments. In fact, as we542

will discuss in the next section, we can further use this simple procedure to distinguish the full543
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Figure 9: Top: Subsystem computational basis CFI f comp
A for nA = 7 and different

full system sizes, starting from intial random product states and averaged over 400
samples. We see that there is an exponential decay of the saturation value with nĀ
for fixed nA. This should be contrasted with the late-time result in Fig. 3 (middle)
for FA(t), the Fisher information corresponding to optimal measurements, which is
almost independent of nĀ. Top, inset: We plot the late-time saturation value of
f comp
A (t) as a function of nĀ, and the scaling matches (27). Bottom: Full system

computational basis CFI f comp for different full system sizes. Both the initial and the
final value are proportional to n.

state |ψ(t)〉 of the system from a thermal density matrix such as ρ(eq). 6
544

Note that we have assumed here that evaluating an estimator function Test(ξ1, ...,ξN ) on545

the measurement outcomes which saturates the Cramer-Rao bound (2) is a simple process.546

In particular, suppose we use the maximum likelihood estimate (MLE) discussed in the next547

section. Then we can evaluate Test efficiently if the form of pξ(t) = 〈ξ|e−iH tσ0eiH t |ξ〉 as a548

function of time for each ξ = 1, ..., 2n in the computational basis is given to us as input. We549

leave discussions of whether this additional resource is reasonable, and how complex it is550

to actually evaluate pξ(t), to future work. For now, we note that even with this additional551

resource, if we are in the regime where nĀ ≥O(log n), operations of O(1) circuit and sample552

complexity that we have considered here cannot be used to estimate t or distinguish |ψ(t)〉553

from ρ(eq) at late times.554

6There are other known ways of distinguishing TrĀ[|ψ(t)〉〈ψ(t)|] from TrĀρ
(eq) with O(poly(n)) sample and

circuit complexity when nĀ ≤O(log(n)), such as the SWAP test [9,25,50] which makes use of the large difference
in second Renyi entropy between these states. See another example of a test that works in this regime in Section
5 of [22].
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Regardless of the above somewhat intricate complexity-theoretic considerations, the large555

value of the computational basis CFI in the regime nĀ ≤ O(log n) indicates that the state556

TrĀ[|ψ(t)〉〈ψ(t)|] is not thermalizing to a steady state in this regime, even from the perspective557

of simple measurements. It seems difficult to reconcile this statement with the fact that we ex-558

pect (for instance based on the model of a Haar-random state) that the probability of any given559

measurement outcome for a simple measurement is exponentially close in n between |ψ(t)〉560

and ρ(eq), even on the full system (see for instance [21,22]). To better understand how these561

statements can be consistent, we note that there is an O(1) total variation distance (trace dis-562

tance) between the classical probability distribution in the computational basis associated with563

the late-time |ψ(t)〉 (modelled as a Haar-random state) and the uniform distribution [51]. 7
564

More explicitly, for the full system, we find that while the individual probability differences565

appearing in the trace distance are suppressed as O(e−n), the sum over exponentially many566

terms makes the trace distance O(1). Indeed, this result was previously used in [31] to deduce567

that the ability to estimate time using simple measurements on the full system is surprisingly568

good, using a different measure involving the classical mutual information. For a subsystem A,569

we find in Appendix E.2 that the total variation distance decays exponentially with nĀ. This570

confirms from a different perspective that the state TrĀ[|ψ(t)〉〈ψ(t)|] equilibrates from the571

perspective of simple measurements in the regime nA ≤ n−O(log n), but not necessarily for572

larger nA.573

5 An experiment on estimating time574

The quantum and classical Fisher informations that we have calculated in various models in575

the previous sections indicate certain setups where we should in principle be able to accurately576

estimate t0 using the time-evolved state ρ(t0). How would we carry out this process of time577

estimation in practice, using some set of measurement outcomes from the state? In this section,578

we will discuss an explicit estimator function called the maximum likelihood estimator (MLE),579

which is widely used in statistical inference. We will explicitly demonstrate its application580

for the task of time estimation in a quantum many-body system, by performing a numerical581

“experiment” in the spin chain model of Sec. 3.1.582

The maximum likelihood estimate for the time estimation task is defined as follows. Recall583

that in our setup, the family of statesρ(t) is given by either e−iH t |ψ0〉〈ψ0| eiH t or TrĀ[e
−iH t |ψ0〉〈ψ0| eiH t],584

and hence the measurement outcomes correspond to certain basis states |ξ〉 on either the full585

system or subsystem A. Given outcomes ξ1, ..., ξN from independent measurements on N586

copies of the state ρ(t0), the maximum likelihood estimate TML(ξ1, ...,ξN ) can be found by587

evaluating the global maximum of the following log-likelihood function over t:588

ℓ(ξ1, ...,ξN |t) =
N
∑

i=1

log pξi
(t), pξ(t)≡ 〈ξ|ρ(t)|ξ〉 . (28)

If the form of pξ(t) as a function of t for any outcome |ξ〉 is given to us as input, or can be589

computed numerically as we do in our “experiment” below, TML(ξ1, ...,ξN ) can be evaluated590

in a straightforward way. On general grounds [32], for large N , the mean of TML(ξ1, ...,ξN )591

should approach the true underlying value t0 of time, and its uncertainty (δTML)2 defined in592

(1) should saturate the Cramer-Rao bound (2).593

In a quantum many-body system of volume n, a complete measurement of any extensive594

subsystem has O(en) possible outcomes. A potential concern may be that the sample size N595

needed for the Cramer-Rao bound to be saturated might itself grow rapidly with n. We will596

7We present a self-contained derivation of this result using a resolvent technique in Appendix E.1.
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Figure 10: We time-evolve a single instance of an initial random product state by the
chaotic spin chain Hamiltonian up to time t0 = 10. The full system size is taken to
be n= 11, and we consider different values of nA = 11,9, 7,5. In each case, we draw
N = 50 samples in the computational basis and plot the log-likelihood function (28)
based on these (and repeat the process 5 times). We see that the estimate TML,
indicated with the vertical lines corresponding to the global maxima, is much more
reliable in cases with a larger value of the classical Fisher information f comp

A . By
considering similar data for other full system sizes n = 8, 9,10, the N needed for
the estimate to become reliable does not appear to grow significantly with n: in
particular, N = 50 used here is a small fraction of the 2048 states in the full Hilbert
space in this case.

provide evidence using the spin chain experiment below that this is not the case, and individual597

realizations of TML for O(1) N are very close to t0 in cases where the Fisher information is598

large.599

Let us carry out some explicit (numerical) experiments to estimate time. We take the initial600

state |ψ0〉 to be some arbitrary single choice of a random product state on system size n= 11.601

We numerically sample from the probability distribution of either the full time-evolved state602

e−iH t0 |ψ0〉, or its reduced density matrix on a subsystem A, in the computational basis using603

python. We use the Hamiltonian of the chaotic spin chain (14). We obtain N samples from this604

distribution, and plug these into (28) to obtain the log-likelihood function of t. In practice,605

we find this function by computing pξi
(t) for any given ξi as a function of t by numerically606

computing it for some finite set of times and interpolating. In Fig. 10, we show results from607

drawing N = 50 samples from the state at t0 = 10 for various subsystem sizes, and repeating608

the experiment 5 times.609

Recall from (27) that the late-time computational basis CFI f comp
A is large for the full sys-610
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tem, and rapidly decreases for subsystems. Consistent with this, in the case of the full system611

(top left of Fig. 10), we find a very sharp maximum in the log-likelihood function close to612

t = t0 for each repetition of the experiment. As we decrease the subsystem size, the local613

maximum close to t0 becomes less sharp and the variance of its location increases. Note that614

in all cases, the log-likelihood function has a large number of other local maxima besides the615

global maximum in the range of times we consider. An interesting feature which we could not616

have predicted a priori is that in cases with large CFI, the global maximum always seems to be617

very close to the actual value of t0. In cases where f comp
A is small, picking the global maximum618

yields unreliable results.619

We can now see how such an experiment can be used to distinguish the time-evolved state620

from the equilibrium density matrix. Suppose we are given an O(1) number of copies of a state621

which is eitherρA(t) = TrĀ[e
−iH t |ψ0〉〈ψ0| eiH t] for some known |ψ0〉 and H, or the equilibrium622

density matrix ρ(eq)
A = TrĀ[ρ

(eq)]. We do not know which of the two states we have, but are623

told from the Born rule what the functions pξ(t) for each ξ would be as a function of t, if the624

state were ρA(t). Suppose the computational basis CFI of ρA(t) is large. Then one procedure625

that allows us to decide which state we have is to measure in the computational basis, and626

apply the MLE according to the state ρA(t). We can repeat this experiment some O(1) number627

of times, as we do above in Fig. 10. If the variance in our resulting estimates of t is small and628

decreasing as 1/N with the sample size N , this indicates that the state we are measuring is629

indeed ρA(t). If not, the state is ρ(eq)
A . This provides an efficient way of distinguishing ρA(t)630

from ρ
(eq)
A . In cases where the CFI of ρ(t) is exponentially small in n, the difference between631

ρ
(eq)
A and ρA(t) would likely become impossible to detect due to constraints of any reasonable632

experimental apparatus.633
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Figure 11: We compare the structure of the isometric encodings in the quantum
error correcting code in the Hayden-Preskill protocol (a) and the one that appears
naturally in the time estimation task (b). In both cases, U is time-evolution operator
up to some late-time t in a chaotic system, which can for instance be modelled as a
Haar-random unitary. (a) is a much more effective quantum error-correcting code
than (b) as it makes use of the full scrambling power of the time-evolution operator
to non-locally encode the information of the logical qubit.

6 Quantum error-correction perspective and comparison to Hayden-634

Preskill protocol635

In this section, we discuss a further physical interpretation of the transition in the saturation636

value of FA(t) between less than half and more than half of the system, from the perspective637

of quantum error-correction. The sudden improvement in our ability to estimate time using638

more than half of the system is reminiscent of the sudden improvement in the ability to recover639

information in the Hayden-Preskill protocol [12]. To compare the two tasks more directly, in640
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this section we will analyse the question about inferring the value of time in the language of641

quantum error-correction.642

The quantum error-correction task we consider was introduced in [29]. 8 Let us motivate643

it as follows. The information of interest, which we want to encode and recover, is whether644

the time is t or t + d t. Say that the logical |0〉 state corresponds to time t, and the logical645

|1〉 state to t + d t. Intuitively, this logical information is encoded in the quantum many-body646

system via the following map:647

|0〉 → |ψ(t)〉 , |1〉 → |ψ(t + d t)〉 . (29)

This map is not quite suitable for setting up a quantum error-correcting code, as it is not an648

isometry due to the non-orthogonality of |ψ(t)〉 and |ψ(t + d t)〉. Note that the normalized649

state along the component of |ψ(t + d t)〉 that is orthogonal to |ψ(t)〉 is |ξ(t)〉 defined in (7).650

Hence, a natural choice of an isometry to replace the map (29) is:651

|0〉 7→ |ψ(t)〉 , |1〉 7→ |ξ(t)〉 . (30)

This is an encoding of one logical qubit into the n physical qubits of our quantum many-body652

system. Now suppose we want to correct for erasure errors on some subsystem B (which653

represents the black hole in the black hole evaporation setup). Can we recover the logical654

information from the remaining subsystem R?655

Faist et al [29] found a relation between the QFI and a weaker variant of the Knill-Laflamme656

conditions for the above error-correcting code as follows. In our notation, they showed that657

if the QFI of the subsystem R, FR(t), is equal to the QFI of the full system, then their Knill-658

Laflamme condition is exactly satisfied. Hence, if there is no sensitivity loss in metrology on659

tracing out subsystems, the code is perfectly error-correctable (in the weaker sense of [29]). In660

the present physical setup, we find that the subsystem QFI FR(t) is always smaller than the full661

system QFI F(t). This motivates us to ask about the approximate error-correcting properties662

of the code (30). Specifically, we would like to see if the error-correction works better in the663

regime where the subsystem QFI is extensive (even though it is not as large as the full system664

QFI), and poorly in the regime where the subsystem QFI is exponentially small.665

A good test for error correctability of a logical qubit is to examine the distinguishability of666

two orthogonal codewords under noise. In particular, let us consider the late-time regime, in667

which |ψ(t)〉 can be modelled by |ψHaar〉 in (19), and |ξ〉 is still defined according to (7)668

for the particular choice our many-body Hamiltonian H. We would like to see how well669

ρR ≡ TrB[|ψ〉〈ψ|] and σR ≡ TrB[|ξ〉〈ξ|] can be distinguished.670

We use Holevo’s just-as-good fidelity FH(ρ,σ)≡ Tr[pρ
p
σ] as the distinguishability mea-671

sure.9 We find that the noisy codewords are indistinguishable for less than half of the system,672

and the fidelity improves linearly for more than half of the system (see Appendix F for details):673

FH(ρR,σR)≈

¨

1 dR < dB
nB
n dR > dB

. (31)

This result qualitatively matches the behavior (20) that we found for the QFI.674

In the Hayden-Preskill protocol, the isometric encoding of the quantum error-correcting675

code is as shown in Fig. 11(a). In this case, the output states corresponding to any two or-676

thogonal input states become perfectly distinguishable on any subsystem larger than half of677

the system, i.e., the information becomes perfectly recoverable just after the Page time. In678

(31), the states ρR and σR do not become perfectly distinguishable just after the Page time,679

8Also see [52] for a related quantum error-correction task and its holographic description.
9This measure is easier to evaluate than the fidelity, and it is “just as good” because it also satisfies the Fuchs–van

de Graaf inequalities, 1− FH(ρ,σ)≤ 1
2 ||ρ −σ||1 ≤

p

1− FH(ρ,σ)2.
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but there is a sudden improvement in their distinguishability after the Page time: the fidelity680

drops from 1 to 1/2. Comparing the structure of the isometric encodings in the two codes in681

Fig. 11, we see that the two codes make use of the scrambling time-evolution operator in a682

different way, and in particular, the code in the Hayden-Preskill case uses the full power of the683

scrambling evolution to non-locally encode the logical information, while the code (30) does684

not.685

7 Conclusions and Discussion686

In this paper, we used an operational question about time-estimation to probe new features687

of the dynamics of quantum many-body systems and black holes. We found an interesting688

interplay between thermalization and unitarity in the quantum Fisher information which de-689

termines the uncertainty of the optimal time estimate. For a small subsystem, we found a690

sharp distinction between integrable and chaotic systems in terms of this quantity. Further, we691

understood its non-monotonic evolution for a subsystem larger than half of the system in terms692

of the rapid rotation of the support of the reduced density matrix in the full Hilbert space. We693

found a version of the black hole information loss paradox in terms of the failure of Hawking’s694

naive calculation in semiclassical gravity to agree with general predictions for this quantity695

based on unitarity. We further studied how the behaviour of the classical Fisher informa-696

tion associated with simple measurements is consistent with expectations from coarse-grained697

properties of thermalization in chaotic many-body systems. Moreover, the Fisher information698

with this restriction on complexity also matches expectations based on semiclassical gravity in699

the black hole context.700

There are a number of interesting directions for future work related to general quantum701

many-body systems, black holes, and complexity theory, which we summarize in the three702

sections below.703

7.1 Questions about quantum many-body systems704

An interesting feature of the QFI for time estimation compared to other information-theoretic705

quantities that have been studied previously is that it involves the relation between the time-706

evolved state and the Hamiltonian in a crucial way. While we have focused on the class of707

effectively “infinite-temperature” initial pure states and emphasized what the QFI is telling us708

about their entanglement properties such as their Schmidt vectors, it is important to note that709

the QFI is not simply a measure of entanglement. For example, FA(t) is zero in any subsystem710

for any energy eigenstate of the system, although typical eigenstates are highly entangled. An711

important question for future work is to understand the behaviour of this quantity for initial712

states whose dynamics are more strongly constrained by energy conservation, such as initial713

states in a microcanonical window, and to understand the interplay between information and714

energy dynamics in this setting. The equilibrium approximation of [53] should provide a useful715

tool for addressing this question.716

It would be interesting to see if some version of the QFI can be calculated in random models717

of local unitary chaotic systems such as random unitary circuits [54, 55], which are analyti-718

cally tractable for computing certain quantities such as the Renyi entropies. It would also be719

interesting to see if the QFI can be related to other quantities that capture universal aspects720

of chaos, such as OTOCs. A particularly natural set of quantities that may be related to the721

QFI would be the time-evolved circuit complexity [6] and Krylov complexity of the state [56],722

which naturally involve distance metrics between nearby states. It would be important to723

come up with a definition of mixed-state complexity that is appropriate for comparison to the724

subsystem QFI [57–59].725
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We found that the subsystem QFI is a useful way of detecting the difference between chaotic726

and free-fermion integrable systems. It would be interesting to also consider the behavior727

of this quantity in interacting integrable systems like the Heisenberg model or many-body728

localized systems [60]. Other interesting cases would be ones that are intermediate between729

integrable and chaotic, such as systems with Hilbert space fragmentation and quantum many-730

body scars [61].731

7.2 Questions about black holes732

One main question we pose about black holes is how the prediction (26) that the subsytem733

QFI of the radiation is O(1) after the Page time can be reproduced with a gravity calculation.734

Recent results on obtaining the Page curve from gravity calculations [16–19] made use of the735

AdS/CFT correspondence, and in particular of prescriptions for calculating the entanglement736

entropy of the boundary theory using bulk quantities [62–65].737

Finding a bulk dual of the quantum Fisher information in order to set up a similar calcu-738

lation would require some further work. From (5), the QFI is related to the Bures distance,739

or equivalently the fidelity between the states at t and t + d t. The fidelity is the exponent740

of the Renyi-1
2 relative entropy, which may not have a simple semiclassical gravity dual. von741

Neumann entropic quantities such as the relative entropy are better understood as having742

semiclassical gravity duals [66,67]. Hence, for the purpose of understanding QFI in the bulk,743

it may be more appropriate to study a variant of the QFI, known as the Boguliubov-Kubo-Mori744

QFI [68, 69], that is based on the gradient of the relative entropy. This quantity may provide745

a better starting point for exploring the physical phenomena we have identified through the746

QFI in gravity. From preliminary numerical studies, we have found that this quantity behaves747

in a qualitatively similar way to the QFI in quantum many-body systems.748

Prior works [70–73] have explored the relevance of the Fisher information metric in grav-749

ity, but the dynamics of QFI associated with time estimation have not yet been analyzed. As-750

suming that one could find a bulk dual of the QFI or some other related quantity, another751

interesting setup to apply it to in gravity would be a quantum quench in the boundary CFT,752

which corresponds to black hole formation in the bulk [74–76]. In particular, it would be very753

interesting to see if such a calculation could reproduce the increasing behaviour of the larger754

subsystem QFI at intermediate times, see Fig. 1.755

7.3 Questions about complexity756

In the regime where n/2 < nA < n −O(log(n)), it is often believed that it is exponentially757

hard to distinguish TrĀ[|ψ(t)〉〈ψ(t)|] from TrĀ[ρ
(eq)]. This exponential hardness has been758

particularly important in the evaporating black hole example, as it implies that observers with759

bounded computational complexity will not be able to detect that the fundamental description760

of quantum gravity is distinct from semiclassical effective field theory [20–25]. Our results761

imply that observers who have the ability to measure the QFI of ρR after the Page time, and762

hence see that it has an extensive value instead of the zero value forρ(eq)
R , can tell the difference763

between semiclassical gravity and the fundamental description.764

Is measuring the subsystem QFI in the regime n/2 < nA < n − O(log(n)) provably an765

exponentially hard task? If so, is it hard because making the measurement in the optimal basis766

is itself exponentially complex, or because implementing the maximum likelihood estimate on767

the measurement outcomes is exponentially complex? Our results on entanglement entropy768

of the measurement basis (Fig. 8) lower-bound its computational complexity as C ≥O(n), but769

determining whether or not the complexity is exponential in n would be an important question770

for future work.771
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We stress that the statement we want to make here is about the difficulty of distinguishing772

ρ(eq) from a known one-parameter family of states ρA(t). This is likely a stronger statement773

than the one commonly studied in the complexity theory literature, where the state ρA to774

be distinguished from ρ(eq) is randomly sampled from an ensemble [9, 50, 77]. While some775

hardness results are proved and argued in the case whereρA is drawn from an ensemble [9,78],776

there is no known rigorous hardness result for our setting. Together with the evidence and777

arguments from [22,24,25,77], our results motivate a further investigation of this complexity-778

theoretic question that is vital to the validity of semiclassical physics.779

In this paper, we have worked out the QFI for the optimal measurement basis and the CFI780

for the simple computational basis, and found that they show sharply different behaviors. It781

would also be interesting to calculate the CFI for other computationally efficient measurement782

bases, and see how much the CFI can improve by using a circuit of polynomial depth before783

measuring.784

It would also be interesting to perform the experiment of Sec. 5 to estimate the time in an785

actual lab setting, making use of recent progress in simulating quantum many-body dynamics786

with a large number of degrees of freedom (see for instance [79]). This would allow us to check787

if the sample complexity for the time estimation task is indeed O(1) in a quantum many-body788

system. It is likely the hardest step in these cases may be to evaluate the classical probabilities789

pξ(t) of Sec. 5 as a function of t in order to perform the MLE. An important ingredient of this790

effort would then be to find an efficient way to evaluate these probabilities, or to see if it is791

provably difficult to do so.792
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A Subsystem QFI in terms of Schmidt decomposition802

In this appendix, we will further analyze the general formula for the subsystem quantum Fisher803

information FA(t) from (8) for the case where the global state |ψ(t)〉 is pure. Let us rewrite804

(8) here for the pure state case for clarity:805

FA(t) =
∑

i, j s.t.
pi+p j ̸=0

2
pi + p j

| 〈i|TrĀ [H, |ψ(t)〉〈ψ(t)|] | j〉 |2 (A.1)

where pi , |i〉 are eigenvalues and eigenstates of TrĀ[|ψ(t)〉〈ψ(t)|]. Recall that we have sup-806

pressed the t-dependence of pi , |i〉 in the notation. We will further drop the t label in |ψ(t)〉807

for most of the remaining discussion to simplify notation. It is useful to divide (A.1) into the808

following terms:809

FA = 2FA,+ − FA,− − (FA,−)
∗ (A.2)
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where810

FA,+ =
∑

1≤ j,k≤min(dA,dĀ)
p j+pk ̸=0

2
p j + pk

〈 j|TrĀ[H |ψ〉〈ψ|]|k〉 〈k|TrĀ[|ψ〉〈ψ|H]| j〉 , (A.3)

FA,− =
∑

1≤ j,k≤min(dA,dĀ)
p j+pk ̸=0

2
p j + pk

〈 j|TrĀ[H |ψ〉〈ψ|]|k〉 〈k|TrĀ[H |ψ〉〈ψ|]| j〉 . (A.4)

To avoid repeatedly using min(dA, dĀ), let us refer to S as the smaller subsystem and B as its811

complement in the remaining discussion. The Schmidt decomposition of |ψ〉 can be expressed812

as:813

|ψ〉=
dS
∑

a=1

p

pa |ψa〉S |φa〉B . (A.5)

We can take the Schmidt vectors |φa〉, a = 1, ..., dS to be the first dS basis vectors of an814

orthonormal basis for subsystem B, and the remaining basis vectors can be labelled |φa〉,815

a = dS + 1, ..., dB. These remaining |φa〉’s are the zero eigenvectors of ρB, which should816

also be included in the sums (A.3) and (A.4) when we take A= B. We can also extend the set817

of pi to include i from i = dS + 1 to i = dB, setting all pi in this range to zero. We will not818

put explicit S and B subscripts on the Schmidt vectors in the rest of the discussion: the |ψa〉’s819

always live in S and |φa〉’s in B.820

Now consider the expression for FS,+, taking A= S in (A.3). Using the Schmidt decompo-821

sition (A.5), we can write822

〈ψ j|TrB[H |ψ〉〈ψ|]|ψk〉=
p

pk 〈ψ j| 〈φk|H |ψ〉 . (A.6)

Putting this into the expression for FS,+, and assuming that all pi for i from 1 to dS are non-zero,823

we find824

FS,+ =
dS
∑

j=1

dS
∑

k=1

2pk

p j + pk
〈ψ j| 〈φk|H |ψ〉 〈ψ|H |ψ j〉 |φk〉 , (A.7)

=
dS
∑

j=1

dB
∑

k=1

2pk

p j + pk
〈ψ j| 〈φk|H |ψ〉 〈ψ|H |ψ j〉 |φk〉 (A.8)

where we have used that pk from k = dS +1 to k = dB are zero. We can similarly express FB,+825

in terms of the Schmidt coefficients and vectors:826

FB,+ =
dS
∑

j=1

dB
∑

k=1

2p j

p j + pk
〈ψ j| 〈φk|H |ψ〉 〈ψ|H |ψ j〉 |φk〉 . (A.9)

Putting (A.8) and (A.9) together, we therefore have827

FS,+ + FB,+ = 2
dS
∑

j=1

dB
∑

k=1

〈ψ|H |ψ j〉 |φk〉 〈ψ j| 〈φk|H |ψ〉= 2 〈ψ|H2|ψ〉 . (A.10)

Note that for |ψ〉= |ψ(t)〉= e−iH t |ψ〉, (A.10) is independent of t. Hence,828

FS,+(t) + FB,+(t) = 2 〈ψ0|H2|ψ0〉 . (A.11)
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Next, consider FA,−. Again by using the Schmidt decomposition of |ψ〉, one can check that829

FS,−(t) = FB,−(t) =
dS
∑

j=1

dS
∑

k=1

2
p

p j
p

pk

p j + pk
〈ψ|H |ψ j〉 |φk〉 〈ψ|H |ψk〉 |φ j〉 . (A.12)

We further notice that FS = FB,ent when S and B are maximally entangled in |ψ(t)〉. (FB,ent830

is defined below (12).) To show this, we first note that:831

FB,ent(t) =
∑

i, j s.t.
pi ̸=0,p j ̸=0

2
pi + p j

| 〈i|TrS [H, |ψ(t)〉〈ψ(t)|] | j〉 |2

=
dS
∑

j=1

dS
∑

k=1

2p j

p j + pk
〈ψ j| 〈φk|H |ψ〉 〈ψ|H |ψ j〉 |φk〉 − FB,− − F∗B,−

(A.13)

The first term of above equation only sums over non-zero eigenvalues, so it is different from832

FB,+, but similar to FS,+ (see (A.7) for comparison). In particular, when the spectrum is flat833

(pk = p j), the first term equals FS,+. Then using the fact that FB,− = FS,−, (A.13) becomes834

equal to FS .835

(A.7), (A.11), and (A.12) will be useful for our later calculations. The structure of (A.11)836

and (A.12) is interesting. While the term FA,− is equal for subsystems A= S and A= B (similar837

to quantities like entanglement entropy) at all times, FA,+ suggests that there is some tradeoff838

between S and B in the time-evolution.839

Consistent with the idea of such a tradeoff, we note as an interesting aside that (A.11) and840

(A.12) together are equivalent to a certain “time-energy uncertainty relation” found in [29].841

This is an uncertainty relation that quantifies a trade-off between the fluctuations in time mea-842

surements and the fluctuations in energy measurements. We briefly review it in the remaining843

part of this section.844

Any uncertainty relation involves a pair of conjugate variables. In [29], the authors iden-845

tified a variable η conjugate to t that is generated by the optimal local time measurement846

operator T . As explained in [29], the theory of quantum fisher information gives us a formula847

for the optimal operator T that measures the time close to t and minimizes the variance of the848

time estimation on the full system,849

T = t +
1

F(t)

∑

i, j

2
pi + p j

〈i| [H, |ψ〉〈ψ|] | j〉 |i〉〈 j| . (A.14)

Consider now a conjugate variable η that is defined via an evolution generated by T ,850

∂η |ψ(η)〉〈ψ|= i[T, |ψ〉〈ψ|] . (A.15)

We consider infinitesimal flows in the η direction, so the state |ψ〉〈ψ| appearing on the RHS of851

(A.15) is the same as the one that appears in (A.14). It is shown that the optimal operator to852

measure η, analogous to the operator (A.14) for measuring t, simply equals the Hamiltonian.853

Hence, the parameter η can be seen as the total energy of the system.854

Now we consider the problem of estimating the total energy of the system by performing855

the measurement on a subsystem. Let ρAĀ(t,η) be the pure state on AĀ (we return to the856

notation AĀ to indicate that A can be either the smaller or the larger subsystem). We are857

interested in the variances of estimations of t and η on subsystems A and Ā respectively. We858

denote corresponding the QFI of the full system by F(t) and F(η) respectively. [29] first show859

that on the full system, the QFI F(η) of the state under the flow by (A.15) is determined by860

the QFI F(t) under the flow of t as follows:861

F(η) = 4/F(t) = 1/(〈H2〉ψ0
− 〈H〉2ψ0

) . (A.16)
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Next, just as we can consider the flow by t for the reduced density matrices of a subsystem,862

we can do the same for the flow by η and consider the subsystem QFI FĀ(η). [29] then find863

the following time-energy uncertainty relation for subsystems:864

FA(t)
F(t)

+
FĀ(η)
F(η)

= 1 . (A.17)

where using (A.15), FĀ(η) is given by the following formula:865

FĀ(η) =
1

4(〈H2〉ψ0
− 〈H〉2ψ0

)

∑

i, j s.t.
pi+p j ̸=0

2
pi + p j

| 〈i|TrS

�

H − 〈H〉ψ0
, |ψ〉〈ψ|

	

| j〉 |2 ,

=
4

F(t)2
�

2FĀ,+(t) + FĀ,−(t) + FĀ,−(t)
∗� .

(A.18)

where the second line follows from the same decomposition of (A.2) after changing the com-866

mutator to the anticommutator.867

Note that the above equation involves an anticommutator inside the trace. The result (A.17)868

says that the better one can estimate the evolution time t of the full system from a subsystem,869

the worse one can estimate the energy η of the full system from the complementary subsystem,870

and vice versa.871

Let us now show the uncertainty relation (A.17) is equivalent to our (A.11) and (A.12).872

For simplicity, we assume w.l.o.g. that 〈H〉ψ0
= 0. Then (A.11) is equivalent to873

2FA,+(t) + 2FĀ,+(t) = F(t) , (A.19)

and (A.18) is equivalent to874

FĀ(η) =
1

4 〈H2〉ψ0

∑

i, j s.t.
pi+p j ̸=0

2
pi + p j

| 〈i|TrS {H, |ψ〉〈ψ|} | j〉 |2 ,

=
4

F(t)2
�

2FĀ,+(t) + FĀ,−(t) + FĀ,−(t)
∗� .

(A.20)

Adding and subtracting FA,−(t) gives875

2FA,+(t)− FA,−(t)− FA,−(t)
∗ + 2FĀ,+(t) + FA,−(t) + FA,−(t)

∗ = F(t) . (A.21)

Using (A.12),876

2FA,+(t)− FA,−(t)− FA,−(t)
∗ + 2FĀ,+(t) + FĀ,−(t) + FĀ,−(t)

∗ = F(t) . (A.22)

Dividing both sides by F(t), we have877

FA(t)
F(t)

+
2FĀ,+(t) + FĀ,−(t) + FĀ,−(t)

∗

F(t)
=

FA(t)
F(t)

+
2FĀ,+(t) + FĀ,−(t) + FĀ,−(t)

∗

F(t)2F(η)/4
=

FA(t)
F(t)

+
FĀ(η)
F(η)

= 1 ,

(A.23)
where the first equality uses F(t)F(η) = 4 and the second equality uses (A.20). This is the878

uncertainty relation (A.17).879

29



SciPost Physics Submission

B Subsystem QFI for random pure states880

In this Appendix, we will give a derivation for (20). We will always use S to denote the subsys-881

tem smaller than half of the full system, and B to denote its complement. Recall the Schmidt882

decomposition of a random pure state from (19), which we repeat here for convenience:883

|ψ〉=
dS
∑

i=1

p

pi (V |i〉)S (U |ĩ〉)B . (B.1)

We take the dS real numbers pi , the dS × dS unitary V , and the the dB × dB unitary U to be884

random and uncorrelated with each other. U and V are both Haar-random unitaries in their885

respective Hilbert spaces. {|i〉} and {|ĩ〉} are arbitrary fixed sets of dS orthonormal states in886

S and B respectively. pi have the statistics of the eigenvalues of normalized Wishart matrices887

Y Y †

Tr[Y Y †] , where Y is a dS×dB matrix of independent complex Gaussian random variables drawn888

from the distribution p(Y ) =N−1e−dBTr[Y Y †]. In this appendix, we will use overlines to indicate889

all averages.890

Let us first evaluate FS,+ using (A.7). For any given realization of (B.1), we have891

FS,+ =
dS
∑

j,k,a,b=1

2pk

p j + pk

p

pa
p

pb 〈ψ j| 〈φk|H |ψa〉 |φa〉 〈ψb| 〈φb|H |ψ j〉 |φk〉

=
dS
∑

j,k,a,b=1

2pk
p

papb

p j + pk

dS
∑

α1,α2,
α3,α4=1

dB
∑

β1,β2,
β3,β4=1

〈α1| 〈β1|H |α2〉 |β2〉 〈α3| 〈β3|H |α4〉 |β4〉 × Vjα1
V ∗aα2

Vbα3
V ∗jα4

× Ukβ1
U∗aβ2

Ubβ3
U∗kβ4

. (B.2)

We have the following rules for the Haar averages:892

Vjα1
V ∗aα2

Vbα3
V ∗jα4

=
1

d2
S − 1

�

δa jδ j bδα1α2
δα3α4

+δ j jδabδα1α4
δα3α2

−
1
dS
(δa jδ j bδα1α4

δα2α3
+δ j jδabδα1α2

δα3α4
)
�

,

(B.3)
893

Ukβ1
U∗aβ2

Ubβ3
U∗kβ4

=
1

d2
B − 1

�

δkaδkbδβ1β2
δβ3β4

+δkkδabδβ1β4
δβ3β2
−

1
dB
(δkaδkbδβ1β4

δβ3β2
+δkkδabδβ1β2

δβ3β4
)
�

.

(B.4)

For FS,−, we have894

FS,− =
dS
∑

j,k,a,b=1

2
p

pk
p

p j

p j + pk

p

pa
p

pb 〈ψa| 〈φa|H |ψk〉 |φ j〉 〈ψb| 〈φb|H |ψ j〉 |φk〉

=
dS
∑

j,k,a,b=1

2
p

pkp j papb

p j + pk

dS
∑

α1,α2,
α3,α4=1

dB
∑

β1,β2,
β3,β4=1

〈α2| 〈β2|H |α1〉 |β1〉 〈α3| 〈β3|H |α4〉 |β4〉

× Vaα2
V ∗kα1

Vbα3
V ∗jα4
× Uaβ2

U∗jβ1
Ubβ3

U∗kβ4
. (B.5)
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Using the averages over U and V , we find895

FS,+ =
Tr[H2]

(d2
S − 1)(d2

B − 1)

�

(d−1
S − d−1

B )
I
4
+ (d2

S − 1)(1− d−1
S d−1

B )
�

+
Tr[H]2

(d2
S − 1)(d2

B − 1)

�

(−d−1
S + d−1

B )
I
4

�

+
TrB[(TrSH)2]
(d2

S − 1)(d2
B − 1)

�

(−1+ d−1
S d−1

B )
I
4

�

+
TrS[(TrBH)2]
(d2

S − 1)(d2
B − 1)

�

(1− d−1
S d−1

B )
I
4
+ (d2

S − 1)(d−1
S − d−1

B )
�

(B.6)

and896

FS,− =
Tr[H2]

(d2
S − 1)(d2

B − 1)

�

(d−1
S + d−1

B )
I
4
+ (d2

S − 1)(−d−1
S d−1

B )
�

+
Tr[H]2

(d2
S − 1)(d2

B − 1)

�

(d−1
S + d−1

B )
I
4
+ (d2

S − 1)(−d−1
S d−1

B )
�

+
TrB[(TrSH)2]
(d2

S − 1)(d2
B − 1)

�

(−1− d−1
S d−1

B )
I
4
+ (d2

S − 1)(d−1
S )
�

+
TrS[(TrBH)2]
(d2

S − 1)(d2
B − 1)

�

(−1− d−1
S d−1

B )
I
4
+ (d2

S − 1)(d−1
S )
�

(B.7)

where897

I =
dS
∑

j,k=1

2(p j − pk)2

p j + pk
(B.8)

Altogether, using FS = 2FS,+ − 2FS,−, we obtain:898

FS =
2

(d2
B − 1)

�

Tr[H2] +
1

dSdB
Tr[H]2 −

1
dS

TrB[(TrSH)2]−
1
dB

TrS[(TrBH)2]
�

(B.9)

+
I

(d2
S − 1)(d2

B − 1)

�

−
1
dB

Tr[H2]−
1
dS

Tr[H]2 +
1

dSdB
TrB[(TrSH)2] + TrS[(TrBH)2]

�

(B.10)

≡ Fflat
S + Fnon-flat

S (B.11)

where Fflat
S and Fnon-flat

S are defined in (B.9) and (B.10) respectively. The motivation for these899

definitions is that if we assume that the Schmidt spectrum is flat (p j = d−1
S for each j), we900

have Fnon-flat
S = 0 and FS = Fflat

S as a consequence of I = 0.901

Now, we want to estimate the magnitude of FS in the limit dB ≫ dS ≫ 1. We further902

assume that H is a sum of traceless local terms, and write it as903

H = HS +HB +Hint (B.12)

where HS and HB include all terms contained within S and B respectively.904

We first estimate the magnitude of Fflat
S . We notice that if Hint = 0, we have precisely905

Fflat
S = 0. The leading term in F flat

S is quadratic in Hint:906

Fflat
S =

1

d2
B − 1

Tr[H2
int]∼

d2
S

d
×O(|∂ S|) (B.13)
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where |∂ S| is the number of degrees of freedom involved in Hint, and is proportional to the907

area of the boundary of S for a local Hamiltonian. Next, we estimate the magnitude of Fnon-flat
S ,908

by first evaluating integral I . Define µ(x) as the normalized density distribution of the Schmidt909

spectrum:910

µ(x) =
1
dS

dS
∑

i=1

δ(x − pi) (B.14)

Then I can be expressed as follows:911

I = d2
S

∫

dxdy〈µ(x)µ(y)〉
2(x − y)2

x + y
(B.15)

Here we can decompose the correlators 〈µ(x)µ(y)〉 into disconnected and connected parts.912

The disconnected part is built from 〈µ(x)〉, which is the Marchenko-Pastur distribution and913

is approximately δ(x − 1/dS) up to a small width of O(1/
p

d). Since we are in the limit914

dB ≫ dS ≫ 1, we can safely ignore the level repulsion of the eigenvalues (which gives the915

connected part of the correlator), and approximate 〈µ(x)µ(y)〉 ≈ 〈µ(x)〉〈µ(y)〉. The average916

density of the MP distribution is given by:917

〈µ(x)〉=
dB

2π
x−1

Æ

(x − x−)(x+ − x), x− < x < x+ (B.16)

with the edge of the spectrum given by:918

x± = d−1
S

�

1± d1/2
S d−1/2

B

�2
≈ d−1

S ± 2d−1/2 . (B.17)

In the limit dB ≫ dS ≫ 1, the MP distribution is a semi-circle centered at xc ≡ d−1
S with width919

∆ ≡ 2d−1/2. Since the width is small, we can make the approximation 2(x−y)2

x y(x+y) ≈
2(x−y)2

2x3
c

. We920

then obtain:921

I ≈ d2
S

�

dB

2π

�2 1

2(d−1
S )3
×
∫ ∆

−∆
dxdy 2(x − y)2

Æ

(∆2 − x2)(∆2 − y2)

= d2
S

�

dB

2π

�2 1

2(d−1
S )3
×
π2

4
∆6

= 2d2
S/dB

(B.18)

Now we are ready to estimate Fnon-flat
S . First notice that in contrast to Fflat

S , Fnon-flat
S does not922

equal zero when Hint = 0. So to calculate the leading order contribution of Fnon-flat
S , we can923

safely take Hint = 0. In this case, we obtain:924

Fnon-flat
S =

TrS[H2
S]

d2
S − 1

I ≈ 2d−1
B TrS[H

2
S]∼

d2
S

d
×O(nS) (B.19)

Comparing (B.13) and (B.19), we find that they have the same ∼ d2
S

d leading scaling, but925

with coefficients of the exponential part that are proportional to the area and volume of S926

respectively. Since we have a local Hamiltonian H, we should have |∂ S| ≪ nS . So the leading927

contribution to FS comes from Fnon-flat
S :928

FS ≈ Fnon-flat
S ≈ 2d−1

B TrS[H
2
S]∼

d2
S

d
×O(nS) (B.20)
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Next, let us evaluate FB for the larger subsystem B. We use the relations (A.10) and (A.12)929

to get930

FB,+ = 2〈ψ|H2|ψ〉 − FS,+ =
2
d

Tr[H2]− FS,+ , FB,− = FS,− (B.21)

So, we obtain:931

FB = 4〈ψ|H2|ψ〉 − 2FS,+ − 2FS,− ≡ Fflat
B + Fnon-flat

B (B.22)

where like in (B.11), Fnon−flat
B is the part of FB proportional to I and F flat

B is the remaining932

contribution.933

First, we estimate the magnitude of Fflat
S . Given that the Hamiltonian is a sum of traceless934

local terms, we have the following scaling of the different traces:935

Tr[H2]∼ n d, TrS[(TrBH)2]∼ nSd2
BdS , TrB[(TrSH)2]∼ nSd2

S dB . (B.23)

From this scaling, up to exponentially small contributions,936

Fflat
B = 2

�

2
d

Tr[H2]−
2

d2
BdS

TrS[(TrBH)2]

�

∼ nB . (B.24)

Next, we estimate the magnitude of Fnon-flat
B . Fnon-flat

B is given by:937

Fnon-flat
B =

I
(d2

S − 1)(d2
B − 1)

�

−
1
dS

Tr[H2]−
1
dB

Tr[H]2 + TrB[(TrSH)2] +
1

dSdB
TrS[(TrBH)2]

�

(B.25)
In the limit dB ≫ dS ≫ 1 and for a local Hamiltonian, we can drop the Hint term, and obtain:938

Fnon-flat
B ≈

TrB[H2
B]

d2
B − 1

I ∼
d2

S

d2
B

×O(nB) (B.26)

Comparing with (B.24), we find that Fnon-flat
B is much more subleading. As a result, we obtain939

the magnitude of FB as:940

FB ≈ Fflat
B ∼ nB (B.27)

(B.20) and (B.27) together give our result in (20). We note that up to the volume-law vs.941

area law behaviour of the coefficient of the exponentially small value of FS , the same result942

could have been obtained using the following models with a flat entanglement spectrum (as943

long as Hint ̸= 0):944

|ψflat〉=
dS
∑

i=1

d−1/2
S V |i〉S ⊗ U |ĩ〉B . (B.28)

or more simply,945

|ψ′flat〉=
dS
∑

i=1

d−1/2
S |i〉S ⊗ U |ĩ〉B . (B.29)

where {|i〉S} is an arbitrary basis for S, {|ĩ〉B} is an arbitrary set of dS orthonormal states in946

B, and U , V are Haar-random unitaries. We will sometimes use these models to simplify later947

calculations.948
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C A Brownian GUE toy model for the late-time state949

This Appendix is motivated by our observation in Fig. 5 that the key reason for the growth950

of the QFI FB(t) at late times is the rotation of the support of ρB(t) in HB. (Like in previous951

appendices, we will use S to denote the smaller subsystem and B to denote the larger subsys-952

tem.) Why does the speed of rotation, FB,rot from (13), grow with time? Intuitively, this result953

seems to be telling us that as the eigenbasis of ρB becomes more and more complicated and954

approaches a random subspace of HB, it is also able to change faster as a function of time on955

being slightly perturbed by the Hamiltonian. To check this intuition, we consider a model for956

the time-evolved state where by construction, the eigenbasis of ρB is becoming increasingly957

complicated with time:958

|ψ(t)〉=
dS
∑

i=1

d−1/2
S V |i〉S ⊗ Uaux(t)|ψ̃i〉B . (C.1)

where V is a Haar-random unitary, and Uaux(t) is the time-evolution operator associated with959

a time-dependent Hamiltonian with Brownian type disorder:960

Uaux(t) = P exp

�

i

∫ t

0

dt ′Haux(t
′)

�

, (C.2)

961

Haux,i j(t)Haux,kl(t ′) = d−1
B δilδ jkδ(t − t ′), i, j, k, l = 1, ..., dB . (C.3)

Here, Haux(t) is a dB × dB matrix. This model, called Brownian Gaussian Unitary Ensemble962

(BGUE), was developed and extensively studied in [41,42]. Since the dynamics of the eigen-963

values of ρS,B do not play an important role in the phenomenon we are interested in, we set964

them all equal to 1/dS , corresponding to the maximally mixed state on S.965

Our goal is to understand explicitly whether, as the eigenbasis of ρB becomes more and966

more complicated in this model, it also evolves more rapidly on perturbation by a fixed local967

chaotic Hamiltonian H like that of the spin chain (14). We therefore evaluate the subsystem968

QFI of this time-evolved state (C.1) on further infinitesimal evolution by the original Hamil-969

tonian H. Hence, in the formula (8), we replace e−iH tσ0eiH t in (8) with |ψ(t)〉 〈ψ(t)|, and970

replace pi , |i〉 with the eigenvalues and eigenvalues of TrS[|ψ(t)〉 〈ψ(t)|], but use the Hamil-971

tonian H from (14).972

The advantage of using the model (C.1) is that it is analytically tractable. The averaged973

FA(t) of (C.1) only involves the first and second moment of the Uaux(t) ensemble:974

Uaux(t)⊗ U∗aux(t), Uaux(t)⊗ Uaux(t)⊗ U∗aux(t)⊗ U∗aux(t) (C.4)

which is exactly solvable with analytical results [42]. Note that the ensemble of BGUE saturates975

to the Haar random ensemble at t → +∞ [42], giving us the results from |ψflat〉 defined in976

(B.28) in the t →∞ limit. This model is too simple to incorporate any effects of locality, but977

will allow us to see that even without locality, it takes some O(1) amount of time for the speed978

of rotation of ρB(t) to reach its saturation value.979

Having understood the motivations for the BGUE toy model, let us specify what to cal-980

culate. We eventually want to obtain FS(t), FB(t), FB,ent(t), FB,rot(t). Using conclusions from981

Appendix A, we have:982

FS(t) = 2FS,+(t)− 2FS,−(t), FB(t) = 2FB,+(t)− 2FB,−(t), (C.5)
983

with: 2FS,+(t) + 2FB,+(t) = 4〈ψ(t)|H2|ψ(t)〉, FS,−(t) = FB,−(t) (C.6)
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Figure 12: Left: An illustration of the time-dependent toy model defined in (C.1)
and (C.14). Right: Dynamics of QFI in BGUE toy model.

where we used the fact that FS,−(t), FB,−(t) are real numbers. Specifying the Schmit spectrum984

to be maximally mixed, we further obtain additional constraints:985

2FB,+(t) = FB,rot(t) + 2FS,+(t) . (C.7)

Therefore, we only need to calculate three independent variables FS,+(t), FS,−(t), 〈ψ(t)|H2|ψ(t)〉,986

and then we can obtain everything else: FB,ent(t) = FS(t) = 2FS,+(t)−2FS,−(t), FB,rot = 4〈ψ(t)|H2|ψ(t)〉−4FS,+(t).987

The derivation of FS,+(t), FS,−(t), 〈ψ(t)|H2|ψ(t)〉 essentially uses the technique developed988

in [42], with analytical result of first and second moment of BGUE ensemble as a function of989

time. Since the technical details are a bit involved, we only report the results.990

We first define some intermediate variables for notational simplicity. First, denote:991

PB ≡ Pent,0 =
dS
∑

i=1

(|ψ̃i〉〈ψ̃i|)B (C.8)

where |ψ̃i〉B are defined in (C.1). Therefore, PB is the projector of subspace in HB that is992

entangled with S at t = 0. Next, we define a set of intermediate variables {ga}12
a=1:993

g1 = Tr[H2], g2 = Tr[H2PB], g3 = TrS[(TrB[PBH])2], g4 = Tr[(PBH)2],

g5 = TrS[TrB[PBH]TrB[H]], g6 = TrS[(TrB[H])
2], g7 = TrB[(TrS[H])

2], g8 = TrB[PB(TrS[H])
2],

g9 = (Tr[PBH])2, g10 = TrB[(PBTrS[H])
2], g11 = Tr[PBH]Tr[H], g12 = (TrH)2 , (C.9)

where H is the original chaotic Ising model Hamiltonian.994

We further define another set of intermediate variables { fb(t)}8b=1 [42]:995























f1(t)
f2(t)
f3(t)
f4(t)
f5(t)
f6(t)
f7(t)
f8(t)























=































0 0 1
4

1
2

1
4

0
d2

B−2
dB(d2

B−4)
−1

4(dB−2)
−1
2dB

−1
4(dB+2)

0 0 −1
4 0 1

4
0 −1

d2
B−4

1
4(dB−2) 0 −1

4(dB+2)
1

d2
B−1

−2
d2

B−4
1

2(dB−1)(dB−2) 0 1
2(dB+1)(dB+2)

0 0 1
4 −1

2
1
4

−1
d3

B−dB

4
dB(d2

B−4)
−1

2(dB−1)(dB−2) 0 1
2(dB+1)(dB+2)

0 2
dB(d2

B−4)
−1

4(dB−2)
1

2dB

−1
4(dB+2)































×













1
e−t

e−(2−2d−1
B )t

e−2t

e−(2+2d−1
B )t













(C.10)
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We finally obtain:996

FS,+(t) = (d
−2
S g4) f1(t) + (2d−1

S g2 + 2d−2
S g5) f2(t) + (2dS−2g3) f3(t) + (4d−2

S g2 + 4d−1
S g5) f4(t)

+ (g1 + d−1
S g6) f5(t) + (d

−2
S g4) f6(t) + (d

−1
S g1 + g6) f7(t) + (2d−1

S g2 + 2d−2
S g5) f8(t)

(C.11)
For FS,−(t), we further define α= d−1

S
1

d2
S−1

,β = d−1
S
−1

d3
S−dS

, then we find:997

FS,−(t) = (αg3 + β g4 + β g9 +αg10) f1(t) + (2d−2
S g5 + 2d−2

S g8) f2(t)

+ (2β g3 + 2αg4 + 2αg9 + 2β g10) f3(t) + (4d−2
S g2 + 4d−2

S g11) f4(t)

+ (d−1
S g6 + d−1

S g7) f5(t) + (αg3 + β g4 + β g9 +αg10) f6(t)

+ (d−1
S g1 + d−1

S g12) f7(t) + (2d−2
S g5 + 2d−2

S g8) f8(t) .

(C.12)

For 〈ψ(t)|H2|ψ(t)〉, we obtain:998

〈ψ(t)|H2|ψ(t)〉= d−2
S Tr[H2PB]e

−t + d−1
S d−1

B Tr[H2](1− e−t) . (C.13)

Lastly, we need to specify PB in (C.8). To start with a simple choice of initial state which999

becomes increasingly complicated at later times, we assume at t = 0, S is only entangled with1000

the subsystem B1 ∈ B which is adjacent to S (see Fig. 12 for illustration), with nB1
= nS .1001

Therefore, we take:1002

PB = 1B1
⊗ (|φ0〉〈φ0|)B2

(C.14)

where |φ0〉B2
is a random product state on B2. An illustration of whole setting of toy model is1003

given in Fig.12.1004

Now, plugging in everything, we plot the dynamics of QFI of this toy model in Fig. 12. This1005

should be compared with Fig. 5 (the t = 0 point in the former should be identified with t ∼ 2 in1006

the latter). We observe that our BGUE toy model successfully reproduces the following features1007

of the spin chain result in Fig. 5: (i) FS(t) ≈ FB,ent(t), and both quantities are saturated to1008

a very small number (in this case, the two are precisely equal to the flat spectrum); and (ii)1009

FB(t)≈ FB,rot(t) at late times, and they are growing monotonically before saturation.1010

D Computational basis classical Fisher information1011

D.1 Full system1012

In this appendix, we derive the late-time saturation value of the classical Fisher information1013

for measurements in computational basis on the full system {|α〉}dα=1. d is the total Hilbert1014

space dimension. Using (2), note that we have1015

f comp(t) =
d
∑

α=1

1
| 〈α|ψ(t)〉 |2

| 〈α|[H, |ψ(t)〉 〈ψ(t)|]|α〉 |2

= 2
d
∑

α=1

〈α|H|ψ(t)〉 〈ψ(t)|H|α〉 − 2Re

� d
∑

α=1

〈α|H|ψ(t)〉 〈α|H|ψ(t)〉 〈ψ(t)|α〉/ 〈ψ(t)|α〉

�

= 2 〈ψ0|H2|ψ0〉 − 2 Re

� d
∑

α=1

〈α|H|ψ(t)〉 〈α|H|ψ(t)〉 〈ψ(t)|α〉/ 〈ψ(t)|α〉

�

. (D.1)

where the overline indicates complex conjugation. Like in previous calculations, we approx-1016

imate the late-time state as a typical Haar random state |ψHaar〉. For the present calculation,1017
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we do not need to use the entanglement structure of this state, and can simply use the fact1018

that the coefficients zν ≡ 〈ν|ψHaar〉 can be treated as independent complex Gaussian random1019

variables with zero mean and variance 1/d, so that we have (In this appendix, we will use the1020

notation 〈...〉 for the Gaussian averages.)1021

〈zµz̄ν〉= δµν/d, 〈zµzν〉= 0, 〈z̄ν/zν〉= 0 (D.2)

where the last equality follows from that z̄ν/zν is a pure phase, and a complex Gaussian random1022

variable has a uniformly distributed phase.1023

Using (D.1), we have the following average of f comp over such states:1024

f comp =
2
d

Tr[H2]− 2Re

 

d
∑

α,β ,γ=1

HαβHαγzβzγz̄α/zα

!

. (D.3)

We organize the sum in the second term above as follows:1025

d
∑

α,β ,γ=1

HαβHαγzβzγz̄α/zα =
d
∑

α,β=1

HαβHααzβ z̄α+
d
∑

α,γ=1

HααHαγzγz̄α+
d
∑

β ,γ ̸=α

HαβHαγzβzγz̄α/zα−
d
∑

α=1

H2
αα|zα|

2

(D.4)

where we sum over γ = α, β = α, and β ̸= α ∧ γ ̸= α respectively, and in the last term we1026

subtract the double-counted γ= β = α case.1027

Taking the average, we have1028

〈zβ z̄α〉= δβα/d,



zβzγz̄α/zα
�

= 〈zβzγ〉 〈z̄α/zα〉= 0 (D.5)

where the factorization in the second equality follows from independence of the different zα.1029

We hence obtain1030

f comp =
2
d

Tr[H2]−
2
d

d
∑

α=1

H2
αα . (D.6)

For a local Hamiltonian, both terms are O(n), explaining the extensive late-time value of f comp
1031

observed for the spin chain model in Fig. 9.1032

D.2 Subsystem1033

Now consider the computational basis CFI for a subsystem, f comp
A . We have1034

f comp
A =

dA
∑

α=1

| 〈α|TrĀ[H, |ψ〉〈ψ|] |α〉 |2

〈α|TrĀ |ψ〉〈ψ| |α〉

=
dA
∑

α=1

〈α|TrĀ |ψ〉〈ψ| |α〉
−1

dĀ
∑

i, j=1

2
�

〈αi|H |ψ〉〈ψ|αi〉〈α j |ψ〉〈ψ|H |α j〉−Re (〈αi|H |ψ〉〈ψ|αi〉 〈α j|H |ψ〉〈ψ|α j〉)
�

(D.7)

where we use α and i respectively (and more generally Greek and English small letters respec-1035

tively) to denote the computational bases in A and Ā, and |α j〉 ≡ |α〉A | j〉Ā.1036

In terms of the matrix elements of H in the computational basis, we have1037

f comp
A = 2

dA
∑

α=1

〈α|TrĀ |ψ〉〈ψ| |α〉
−1

� dA
∑

γ,ω=1

dĀ
∑

i, j,l,p=1

Hαi,γl Hωp,α j 〈γl|ψ〉 〈ψ|αi〉 〈α j|ψ〉 〈ψ|ωp〉

−
dA
∑

ν,θ=1

dĀ
∑

i, j,n,t=1

Re
�

Hαi,νnHα j,θ t 〈νn|ψ〉 〈ψ|αi〉 〈θ t|ψ〉 〈ψ|α j〉
�

�

. (D.8)
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In this appendix, we will assume in all remaining equations that A is always the subsystem1038

larger than half of the full system. Then recall the following approximation for the late-time1039

state with a flat spectrum,1040

|ψ〉=
1

p

dĀ

dĀ
∑

a=1

|ξa〉A |φa〉Ā , (D.9)

where {|ξa〉}dĀ
a=1 and {|φa〉}dĀ

a=1 are independent Haar random pure states of dimension dA and1041

dĀ respectively. It follows that1042

〈αi|ψ〉=
1

p

dĀ

dĀ
∑

a=1

za
αxa

i (D.10)

where {za
α}α,a and {xa

i }a,i are independent complex Gaussians with zero mean and variance1043

1/dA and 1/dĀ respectively. Using (D.9), we have that the denominator 〈α|TrĀ |ψ〉〈ψ| |α〉 is1044

equal to1045

〈α|TrĀ |ψ〉〈ψ| |α〉=
1
dĀ

dĀ
∑

a=1

〈α | ξa〉 〈ξa | α〉=
1
dĀ

dĀ
∑

a=1

za
αz̄a
α =: sα , (D.11)

and sα has mean 1/dA.1046

1047

In this appendix, we will again use overlines to indicate complex conjugation, and 〈...〉 to1048

indicate Gaussian averages. The computational-basis CFI reads,1049

f comp
A =

2

d2
Ā

dA
∑

α,γ,ω=1

dĀ
∑

i, j,l,p=1

dĀ
∑

a,b,c,d=1

Hαi,γl Hωp,α j za
γ xa

l z̄b
α x̄ b

i zc
αx c

j z̄
d
ω x̄d

p/sα (=: I1)

−
2

d2
Ā

dA
∑

α,ν,θ=1

dĀ
∑

i, j,n,t=1

dĀ
∑

a,b,c,d=1

Re
�

Hαi,νnHα j,θ t za
ν xa

n z̄b
α x̄ b

i zc
θ x c

t z̄
d
α x̄d

j /sα
�

(=: I2) . (D.12)

Now we work on the first term I1. Taking the average of the Gaussians,1050

dĀ
∑

a,b,c,d=1

〈za
γ xa

l z̄b
α x̄ b

i zc
αx c

j z̄
d
ω x̄d

p/sα〉=
1

d2
Ā

dĀ
∑

a,c=1

〈za
γ z̄a
αzc
αz̄c
ω/sα〉δilδ jp +

1
dA
δγωδl pδi j . (D.13)

We have1051

I1 =
2

d2
Ā

dA
∑

α,γ,ω=1

dĀ
∑

i, j,l,p=1

Hαi,γl Hωp,α j

 

1

d2
Ā

dĀ
∑

a,c=1

〈za
γ z̄a
αzc
αz̄c
ω/sα〉δilδ jp +

1
dA
δγωδl pδi j

!

=
2

d4
Ā

dA
∑

α,γ,ω=1

dĀ
∑

i, j=1

Hαi,γiHω j,α j

dĀ
∑

a,c=1

〈za
γ z̄a
αzc
αz̄c
ω/sα〉+

2

d2
Ā
dA

TrH2 . (D.14)

Let’s break the first term above into two cases, γ,ω ̸= α and ω = γ = α, (other cases yield1052

zero.)1053

2

d4
Ā

dA
∑

γ,ω ̸=α

dĀ
∑

i, j=1

Hαi,γiHω j,α j

dĀ
∑

a,c=1

〈z̄a
αzc
α/sα〉〈z

a
γ z̄c
ω〉+

2

d4
Ā

dA
∑

α=1

dĀ
∑

i, j=1

Hαi,αiHα j,α j

dĀ
∑

a,c=1

〈za
αz̄a
αzc
αz̄c
α/sα〉

=
2

dAd3
Ā

dA
∑

γ̸=α

dĀ
∑

i, j=1

Hαi,γiHγ j,α j+
2

dAd2
Ā

dA
∑

α=1

dĀ
∑

i, j=1

Hαi,αiHα j,α j =
2

dAd3
Ā

TrAH2
A+

�

2

dAd2
Ā

−
2

dAd3
Ā

� dA
∑

α=1

(HA)
2
αα .

(D.15)
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We hence have1054

I1 =
2

dAd2
Ā

TrH2 +
2

dAd3
Ā

TrAH2
A +

�

2

dAd2
Ā

−
2

dAd3
Ā

� dA
∑

α=1

(HA)
2
αα . (D.16)

Now we proceed to I2. Taking the average of the Gaussians,1055

dĀ
∑

a,b,c,d=1

〈za
ν xa

n z̄b
α x̄ b

i zc
θ x c

t z̄
d
α x̄d

j /sα〉=
1

d2
Ā

dĀ
∑

a,c=1

〈za
ν z̄a
αzc
θ z̄c
α/sα〉δniδ j t +

1

d2
Ā

dĀ
∑

a,b=1

〈za
ν z̄b
αzb
θ z̄a
α/sα〉δn jδi t

(D.17)
For I2 defined in (D.12), we have (we anticipate that the result will be real and drop the “Re”):1056

I2 = −
2

d4
Ā

dA
∑

α,ν,θ=1

dĀ
∑

i, j,n,t=1

Hαi,νnHα j,θ t

 

dĀ
∑

a,c=1

〈za
ν z̄a
αzc
θ z̄c
α/sα〉δniδ j t +

dĀ
∑

a,b=1

〈za
ν z̄b
αzb
θ z̄a
α/sα〉δn jδi t

!

= −
2

d4
Ā

dA
∑

α,ν,θ=1

dĀ
∑

i, j=1

Hαi,νiHα j,θ j

dĀ
∑

a,c=1

〈za
ν z̄a
αzc
θ z̄c
α/sα〉−

2

d4
Ā

dA
∑

α,ν,θ=1

dĀ
∑

i, j=1

Hαi,ν jHα j,θ i

dĀ
∑

a,b=1

〈za
ν z̄b
αzb
θ z̄a
α/sα〉 .

(D.18)

We now break the sums into two cases, ν,θ ̸= α and ν= θ = α, (other cases yield zero)1057

I2 = −
2

d4
Ā

dA
∑

ν,θ ̸=α

dĀ
∑

i, j=1

Hαi,νiHα j,θ j

dĀ
∑

a,c=1

〈za
ν z̄a
αzc
θ z̄c
α/sα〉−

2

d4
Ā

dA
∑

α

dĀ
∑

i, j=1

Hαi,αiHα j,α j

dĀ
∑

a,c=1

〈za
αz̄a
αzc
αz̄c
α/sα〉

−
2

d4
Ā

dA
∑

ν,θ ̸=α=1

dĀ
∑

i, j=1

Hαi,ν jHα j,θ i

dĀ
∑

a,b=1

〈za
ν z̄b
αzb
θ z̄a
α/sα〉 −

2

d4
Ā

dA
∑

α=1

dĀ
∑

i, j=1

Hαi,α jHα j,αi

dĀ
∑

a,b=1

〈za
αz̄b
αzb
αz̄a
α/sα〉

= −
2

dAd2
Ā

dA
∑

α=1

dĀ
∑

i, j=1

�

Hαi,αiHα j,α j +Hαi,α jHα j,αi

�

= −
2

dAd2
Ā

dA
∑

α=1

�

(HA)
2
αα + TrĀ(〈α|H |α〉)2Ā

�

.

(D.19)

In conclusion,1058

f comp
A =

2

dAd2
Ā

TrH2 +
2

dAd3
Ā

TrAH2
A −

2

dAd3
Ā

dA
∑

α=1

(HA)
2
αα −

2

dAd2
Ā

dA
∑

α=1

TrĀ(〈α|H |α〉)2Ā

≈O(n/dĀ) +O(nA/dĀ) +O(nA/dĀ) +O(nA/dĀ) . (D.20)

Similarly, we can also calculate the CFI for Ā:1059

f comp
Ā

=
2

d2
AdĀ

TrH2 +
2

d2
Ad2

Ā

TrĀH2
Ā
−

2

d2
Ad2

Ā

dĀ
∑

α=1

(HĀ)
2
αα −

2

d2
AdĀ

dĀ
∑

α=1

TrA(〈α|H |α〉)2A

≈O(n/dA) +O(nĀ/dA) +O(nĀ/dA) +O(nĀ/dA) . (D.21)

E Trace distance between classical probability distributions1060

Consider the task of distinguishing |ψ〉 (a Haar state on n-qubit Hilbert space H) and the maxi-1061

mally mixed state ρmm on H. Let A be a subsystem with nA qubits and Ā be its complement with1062
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nĀ qubits. We denote the Hilbert space dimensions as dA ≡ 2nA, dĀ ≡ 2nĀ, d ≡ dAdĀ. Suppose1063

that the experimentalists who need to perform the task can only perform measurements in the1064

computational basis of A. Then, the total variation distance or trace distance (TD) between1065

the classical probability distributions on dA bit-strings,1066

TDψ(d, dĀ)≡
dA−1
∑

iA=0

|piA − p′iA|=
dA−1
∑

iA=0

�

�〈iA|TrĀ (|ψ〉〈ψ|) |iA〉 − d−1
A

�

� (E.1)

would be a good information-theoretic measure of the distinguishability of |ψ〉 and ρmm un-1067

der this restriction. We will average this quantity over Haar-random states |ψ〉, and find1068

TD(d, dĀ)≡ TDψ(d, dĀ) as a function of d, dĀ.1069

We first state the results, leaving the details to the following two subsections. We first1070

consider the case where we have access to measurements on the full system, namely dA = d1071

and dĀ = 1. We find (see Appendix E.1 for the derivation):1072

TD(d)≡ TD(d, 1) = 2(1− d−1)d , f (+∞) = 2e−1 ≈ 0.735759 (E.2)

Next, for dA < d, we find (see Appendix E.2 for derivation):1073

TD(d, dĀ) = 2
ddĀ−1

Ā
(d − dĀ)

d−dĀΓ (d)

ddΓ (dĀ)Γ (d − dĀ)
, TD(+∞, dĀ) = 2

ddĀ−1
Ā

Γ (dĀ)
e−dĀ = 2(2π)−1/2d−1/2

Ā
+O(d−3/2

Ā
)

(E.3)
This is tells us that: (1) When the experimentalists have access to the full system, then the1074

trace distance is O(1) in thermodynamic limit, indicating that a typical Haar random pure1075

state and a maximally mixed state can be distinguished well. This is similar to the conclusion1076

we arrived at by evaluating the CFI of the computational basis for the full system, f comp, in1077

Sec. D. (2) When the experimentalists even slightly lose control of the full system, they cannot1078

distinguish a typical Haar random pure state and the maximally mixed state well, in the sense1079

that the trace distance in thermodynamic limit is of order O(2−nĀ/2), which is exponentially1080

suppressed in the volume of the complementary subsystem to which the experimentalists have1081

no access. This exponential decaying behaviour is again similar to that of the computational1082

basis CFI of a subsystem, f comp
A .1083

E.1 Full system1084

Let |ψ〉 be a Haar-random state in the d-dimensional Hilbert space H, and {|i〉, i = 0, ..., d−1}1085

be a fixed orthonormal basis. In this section we want to calculate:1086

TD(d) =
d−1
∑

i=0

|〈i |ψ〉〈ψ| i〉 − d−1|= d · |〈0 |ψ〉〈ψ|0〉 − d−1| (E.4)

Defining a random variable x = 〈0 |ψ〉〈ψ|0〉, we first calculate its moments xn. We use the1087

following formula which calculates the moments of the density matrix:1088

|ψ〉〈ψ|⊗n =

∑

π∈Sn
π

∑

π∈Sn
Tr(π)

=

∑

π∈Sn
π

∑

π∈Sn
dℓ(π)

(E.5)

where π is the permutation operator acting on the n-copy Hilbert space H⊗n, and ℓ(π) is the1089

number of minimal cycles in π. More precisely, we can define Cayley distance dCa yle y(π,σ)1090

on the permutation group, then ℓ(π) = n− dCa yle y(π, e) where e is the identity permutation.1091

Using the formula1092
∑

π∈Sn

dℓ(π) =
(d − 1+ n)!
(d − 1)!

(E.6)
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we obtain:1093

xn = 〈0⊗n||ψ〉〈ψ|⊗n|0⊗n〉=

∑

π∈Sn
〈0⊗n|π|0⊗n〉
(d−1+n)!
(d−1)!

=
n!

(d−1+n)!
(d−1)!

=
�

d + n− 1
n

�−1

(E.7)

where we notice that 〈0⊗n|π|0⊗n〉 = 1,∀π ∈ Sn. Next, we want to calculate the probability1094

density distribution ρ(x) of x . (Note that x itself is a Born-rule probability, which has now1095

become are random variable over different choices of the random pure states |ψ〉, and we are1096

calculating the probability distribution of x resulting from that of |ψ〉.) We use the resolvent1097

method, defining1098

R(λ) = (λ− x)−1, ρ(λ) = −π−1Im[R(λ+ i0+)] (E.8)

The resolvent can be calculated using the moments to be1099

R(λ) = λ−1
∞
∑

n=0

λ−n xn = λ−1
∞
∑

n=0

λ−n
�

d + n− 1
n

�−1

= λ−1
2F1(1,1, d,λ−1) (E.9)

where 2F1(a, b, c, z) is the Hypergeometric function. We find that the resulting probability1100

density is1101

ρ(λ) = (d − 1)(1−λ)d−2, λ ∈ [0, 1] (E.10)

This can be checked for d = 2, 3 using the explicit form of the hypergeometric function:1102

λ−1
2F1(1, 1,2,λ−1) = − log(1 − λ−1) and λ−1

2F1(1,1, 3,λ−1) = 2 + 2(λ − 1) log(1 − λ−1).1103

More generally, by comparing the functional form (E.10) to the numerical evaluation of the1104

RHS of (E.8) in Mathematica, we found exact agreement. In the large d limit, this becomes1105

the Porter-Thomas distribution:1106

p(λ)≈ de−λd . (E.11)

Using this form of ρ(λ), we obtain:1107

TD(d) = d

∫ 1

0

dλ ·ρ(λ)|λ− d−1|= d

∫ 1

0

dλ · (d − 1)(1−λ)d−2|λ− d−1|

= 2(1− d−1)d
(E.12)

Taking d →∞, we find:1108

TD(∞) = 2e−1 ≈ 0.735759 . (E.13)

For consistency, in the remaining part of this subsection, we report an independent calcu-1109

lation of (E.10) for d = 2,3 using the Bloch vector method.1110

Calculation using Bloch vector at d = 2. As an independent check, let us consider d = 2.1111

The result (E.10) predicts that ρ(λ) = 1,λ ∈ [0,1], which is a constant. This seems unusual,1112

but can be confirmed using Bloch vector. A qubit state is given by:1113

|ψ〉= cos(θ/2)|0〉+ eiφ sin(θ/2)|1〉 (E.14)

so in this case, we have x = 〈0 |ψ〉〈ψ|0〉 = cos2(θ/2). The uniform distribution on the Bloch1114

sphere is ρ(θ ,φ) = 1
4π sinθ . Integrating out φ, we obtain ρ(θ ) = 1

2 sinθ . Changing variables1115

to x , we have:1116

ρ(x) = ρ(θ )
Á

�

�

�

�

dx
dθ

�

�

�

�

=
1
2 sinθ

2 cos(θ/2) sin(θ/2)1
2

= 1 (E.15)
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Calculation using Bloch vector at d = 3. For SU(3), the Bloch vector is more complicated,1117

but the calculation is still viable. The Haar measure of SU(3) is given by:1118

dV ∝ sin(2β) sin(2θ ) sin2 θ sin(2b) dαdβ dγda db dc dθ dφ , (E.16)

where the eight Euler angles are within the range:1119

α,γ, a, c ∈ [0,π], β , b,θ ∈ [0,π/2], φ ∈ [0,2π] . (E.17)

The SU(3) unitary parametrized by the Euler angles is given by:1120

U = eiλ3αeiλ2β eiλ3γeiλ5θ eiλ3aeiλ2 beiλ3ceiλ8φ (E.18)

where λ1∼8 are eight (3×3) Gell-Mann matrices for generator of SU(3) in fundamental repre-1121

sentation (same convention as in Wikipedia). Acting with U on an arbitrary state, say, (1,0, 0),1122

we obtain a Bloch vector:1123

|ψ〉= U





1
0
0



=





ei(−a+c+α−γ+φ/
p

3)(ei(2a+2γ) cos b cosβ cosθ − sin b sinβ)
ei(−a+c−α−γ+φ/

p
3)(−ei(2a+2γ) cos b sinβ cosθ − sin b cosβ)
−ei(a+c+φ/

p
3) cos b sinθ



 . (E.19)

For convenience, we study the third component, namely define x = cos2 b sin2 θ . The marginal1124

distribution on (b,θ ) is given by ρ(b,θ ) = 2sin(2b) sin(2θ ) sin2 θ . Then the distribution of x1125

is given by:1126

ρ(x) =

∫ π/2

0

∫ π/2

0

db dθρ(b,θ )δ(x − cos2 b sin2 θ ) = 2(1− x) . (E.20)

E.2 Subsystem1127

We now consider a subsystem of dimension dA, and use {|i〉, iA = 0, ..., dA − 1} to denote an1128

orthonormal basis. We now want to calculate:1129

TD(d, dĀ) =
dA−1
∑

iA=0

�

�〈iA|TrĀ (|ψ〉〈ψ|) |iA〉 − d−1
A

�

�= dA ·
�

�〈0A|TrĀ (|ψ〉〈ψ|) |0A〉 − d−1
A

�

� . (E.21)

Similar to the previous subsection, we define a random variable x ≡ 〈0A|TrĀ (|ψ〉〈ψ|) |0A〉. We1130

first calculate its moments:1131

xn = 〈0⊗n
A |TrĀ1,...,Ān

�

|ψ〉〈ψ|⊗n
�

|0⊗n
A 〉=

∑

π∈Sn
〈0⊗n

A |πA|0⊗n
A 〉Tr(πĀ)

∑

π∈Sn
Tr(πAπĀ)

=

∑

π∈Sn
dℓ(π)

Ā
∑

π∈Sn
dℓ(π)

=
�

dĀ+ n− 1
n

�

·
�

d + n− 1
n

�−1
. (E.22)

Next, we find the resolvent:1132

R(λ) = (λ− x)−1 = λ−1
∞
∑

λ=0

λ−n xn = λ−1
2F1(1, dĀ, d,λ−1) (E.23)

Using ρ(λ) = −π−1Im[R(λ+ i0+)], we obtain the pdf of x , again by using Mathematica:1133

ρ(λ) =
Γ (d)

Γ (d − dĀ)Γ (dĀ)
(1−λ)d−dĀ−1λdĀ−1,λ ∈ [0,1] (E.24)
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As a sanity check, one can show that the averaged probability distribution is uniform:1134

∫ 1

0

dλρ(λ)λ= d−1
A (E.25)

Now, we can calculate the trace distance:1135

TD(d, dĀ) = dA

∫ 1

0

dλρ(λ)|λ− d−1
A |= 2

ddĀ−1
Ā
(d − dĀ)

d−dĀΓ (d)

ddΓ (dĀ)Γ (d − dĀ)
(E.26)

Now, in order to study the scaling of f (d, dĀ), we first take d =∞, and expand around1136

large but finite dĀ:1137

TD(∞, dĀ) = 2
ddĀ−1

Ā

Γ (dĀ)
e−dĀ = 2(2π)−1/2d−1/2

Ā
+O(d−3/2

Ā
) (E.27)

In the last equality, we used the Stirling formula. We therefore see that the trace distance1138

TD(∞, dĀ)∼ d−1/2
Ā
∼ 2−nĀ/2 exponentially decays with the volume of the Ā subsystem.1139

F State distinguishability in time estimation code1140

In this appendix, we will derive the result for FH(ρR,σR) = Tr
p
ρR
p
σR discussed in (31).1141

Recall that ρR = TrB |ψ〉〈ψ| and σR = TrB |ξ〉〈ξ|. Instead of tuning the relative sizes of R and1142

B, we label the bipartition as AĀ such that A≤ Ā. By calculating the FH(ρA,σA) and FH(ρĀ,σĀ)1143

and identifying R as A or Ā respectively depending on whether we are before or after the Page1144

time, we can obtain (31) for any size of R and B.1145

To simplify calculations, we again use the following simple flat-spectrum random pure1146

state,1147

|ψ〉=
1

p

dA

dA
∑

i=1

|φi〉A Ui b |b〉Ā . (F.1)

The flat entanglement spectrum gives us that1148

p
ρA ≈

Æ

dAρA ,
p

ρĀ ≈
Æ

dAρĀ . (F.2)

It is tricky to evaluate the operator-square-root for σA and σĀ. We shall go further by approxi-1149

mating that the entanglement spectrum of ξ is also approximately flat. This is because a local1150

Hamiltonian cannot drastically change the maximal non-local entanglement across the cut.1151

p
σA ≈

Æ

dAσA ,
p

σĀ ≈
Æ

dAσĀ . (F.3)

We then have1152

FH(ρA,σA)≈ dATrρAσA =
dA

d2
Aσ

2

dA
∑

i, j,k=1

dĀ
∑

a,b,c=1

Ui bŪ jc 〈φk|A 〈a|Ā H̄ |φi〉A |b〉Ā 〈φ j|A 〈c|Ā H̄ |φk〉A |a〉Ā .

(F.4)
Using the Weingarten calculus,1153

EU Ui bŪ jc =
1
dĀ
δi jδbc (F.5)

yields1154

FH(ρA,σA)≈
1

dAdĀσ
2

TrH̄2 ≈ 1 . (F.6)

43



SciPost Physics Submission

where1155

TrH̄2 = Tr(H2 + 〈H〉2ψ1− 2H〈H〉ψ)≈ dn− (TrH)2/d = dn, σ2 = TrH2/d − (TrH/d)2 ≈ n .
(F.7)

We see that for the smaller subsystem A, the noisy codewords are indistinguishable.1156

1157

Let us now evaluate FH(ρĀ,σĀ),1158

FH(ρĀ,σĀ)≈ dATrρĀσĀ =
dA

d2
Aσ

2

dA
∑

i, j,k,l=1

dĀ
∑

a,b,c,d=1

Ui bŪ jcUkd Ūka 〈l|A 〈a|Ā H̄ |φi〉A |b〉Ā 〈φ j|A 〈c|Ā H̄ |l〉A |d〉Ā .

(F.8)

Using the Weingarten calculus,1159

EU Ui bŪ jcUkd Ūka =
1

d2
Ā
− 1
(δi jδbcδkkδda +δikδbaδk jδdc) (F.9)

yields1160

FH(ρĀ,σĀ)≈
dATrH̄2 + TrH̄2

A

dAd2
Ā
σ2

≈
dAdn+ ddĀnA

ddĀn
≈

nA

n
(F.10)

where1161

TrH̄2
Ā
= Tr(H2

Ā
+ d2

Ā
〈H〉ψ1Ā− 2dĀHĀ〈H〉ψ)≈ ddĀnA ≈

nA

n
. (F.11)

Hence, for the larger subsystem Ā, the fidelity scales linearly with the system size being traced1162

out.1163
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