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Abstract

By means of Trotter’s formula, we show that transition amplitudes between a class of
generalized coherent states in the Rabi model can be understood in terms of a certain
Ising model featuring long-range interactions beyond nearest neighbors in its thermo-
dynamic limit. Specifically, we relate the transition amplitudes in the Rabi model to a
sum over binary variables of the form of a partition function of an Ising model with a
number of spin sites equal to the number of steps in Trotter’s formula applied to the
real-time evolution of the Rabi model. From this, we show that a perturbative expan-
sion in the energy splitting of the two-level subsystem in the Rabi model is equivalent
to an expansion in the number of spin domains in the Ising model. We conclude by
discussing how calculations in one model give nontrivial information about the other
model, and vice versa, as well as applications and generalizations this correspondence
may find.
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1 Introduction

When two apparently distinct physical theories can be shown to be equivalent, there is an
opportunity to understand more deeply the inner workings of both theories, especially
when the regimes in which each theory is tractable correspond to values of the param-
eters/couplings that are intractable from the point of view of the other theory. Funda-
mental dualities across different areas of physics reveal deep connections between seem-
ingly distinct frameworks. In quantum mechanics, the Fourier transform formalizes the
position-momentum duality [1,2], showing that a system’s description in position space
is mathematically equivalent to its representation in momentum space, directly tied to the
wave-particle duality [3-5], where quantum entities exhibit both wave-like and particle-
like behavior depending on observation. In statistical mechanics, the Kramers-Wannier
duality [6,7] in the Ising model relates high-temperature and low-temperature regimes,
offering insights into phase transitions. In condensed matter and quantum field theory,
bosonization [8-11] establishes an equivalence between fermionic and bosonic descrip-
tions in (1+1) dimensions, simplifying the study of interacting fermions. At the inter-
face of gravity and quantum field theory, the AdS/CFT correspondence [12-14] provides
a striking example of holographic duality, equating a higher-dimensional gravitational
theory to a conformal field theory on its lower-dimensional boundary, offering profound
insights into quantum gravity and strongly coupled systems. These dualities not only fa-
cilitate calculations but also deepen our conceptual understanding of physical phenom-
ena.

In all of these examples, it is possible to formulate physical questions in one theory
and answer them using the machinery of the other, equivalent description. Some observ-
ables that may be very difficult to calculate in one description may be simple in the other,
and vice-versa.

In this work, by means of Trotter’s formula [15] applied to real-time quantum evo-
lution, we show that there exists a correspondence between the quantum mechanical
transition amplitudes of the Rabi model [16,17] and the partition function of a specific
1D Ising model [18] with nonlocal interactions. That is to say, we show that the dynamics
of a quantum theory may be understood in terms of the partition function of a higher-
dimensional theory with a different set of degrees of freedom, and vice-versa. We also
show how to cast this correspondence in imaginary time, allowing for well-developed
methods in statistical physics to have direct applicability.

On the one hand, the Rabi model is a theory of interest as a model of the interaction
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of electromagnetic waves with an atom in a cavity. In a unit system where/i = 1, the
Hamiltonian can be expressed as

H = woo® +wa'a+ go*(a+a’), (1)

where 4, a' represent the annihilation and creation operators of a photon of frequency w,
and o with k € {x,y,z} are the Pauli matrices, modeling the atom in the cavity as a two-
level system with an energy splitting of wy. Lastly, the term proportional to g describes
interactions between the two sectors of the theory.

The Rabi model has been extensively studied across various regimes. It is often
solved using the Rotating Wave Approximation (RWA), which is valid near resonance
when counter-rotating terms oscillate much faster than rotating terms and can be ne-
glected, leading to the well-known Jaynes-Cummings model [19]. This simplification en-
ables analytical solutions and experimental confirmation revealing quantum effects such
as collapse and revival of atomic inversion [20,21], spontaneous emission, and absorp-
tion [19,22].

However, the RWA'’s validity depends on the coupling ratio g/w. While it holds in
the strong coupling regime (g/w < 0.1), it breaks down in the ultra-strong (g/w > 0.1)
and deep strong coupling (g/w > 1) regimes, even at exact resonance [23-28].

While these extreme regimes are challenging to achieve in quantum-optical cavity
quantum electrodynamics (QED), circuit QED offers tunable couplings that allow counter-
rotating terms to generate novel quantum effects beyond the predictions of the RWA
[23-25]. These effects include ultrastrong coupling state engineering and tomography
[29], sub-cycle switching of ultrastrong light-matter interactions [30], Bloch-Siegert fre-
quency shifts [31,32], and violations of selection rules leading to unconventional transi-
tions [33].

From a theoretical perspective, solutions for its energy levels and eigenfunctions have
been obtained in terms of transcendental functions related to Heun functions [34]. And
while much is understood about the theory, it is not too difficult to encounter quantities
for which more tools would be desirable. Consider preparing the photons in a “classical”
coherent state |«) ., characterized by a|a), = «|a).. A natural question to ask is how
this state evolves when interacting with the two-level system via Eq. (1), which we can
characterize by calculating

Agpsa = <s’,lB‘ce_th |s, &), = <s’,ﬁ‘c Uy ls, )., )

where U(t) represents the time evolution operator and s, s’ the eigenvalues of o*.

In this work, we will derive a formula to calculate a family of directly related am-
plitudes — which may in fact be used to reconstruct Eq. (2) — without solving a differen-
tial equation. We will do so in terms of a set of generalized coherent states, defined as
eigenstates of spin-dependent annihilation operators b = ¢*a and a parity operator 11,
introduced later in the text. For brevity, we will denote these generalized states simply
by |a) by working in a fixed parity sector, with the understanding that they differ from
the usual coherent states of a (denoted, as above, by |«)_). Explicit formulas and further
details of these states are provided in Appendix A, where the parity operator IT and the
photon-atom entanglement structure of these states are discussed at length.

The formula we will derive is nothing else than the partition function of an Ising
model.

The Ising model is one of the oldest and most well-studied systems in physics. It con-
sists of a chain of spins, each taking values of +1 or, —1 which interact with their nearest
neighbors. The system evolves to minimize its energy, often leading to an ordered (ferro-
magnetic) or disordered (paramagnetic) phase, depending on temperature and external
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tields. However, despite of its ubiquitousness, these spin chains can be as complex as the
interactions between the individual sites.
The form that we will consider in this work is

Hlsing = - ZUiZKi,]'U]'Z - ZUI‘ZBZ' s (3)
i,j i

where 07 is the Pauli matrix in the z-direction representing a spin at site i, K; ; represents
the interactions between spins, and B; a local magnetic field that favors one orientation
over the other. From a quantum mechanical point of view, there is nothing complicated
about this model: its eigenstates are simply products of the eigenstates of each Pauli
matrix o7, and the energy of each state is obtained by evaluating the sum in Eq. (3) for
a given spin configuration. However, any calculation with it will, in principle, be as
complicated as the interaction matrix K; ;. One quantity of interest in such a model is its
partition function, as it encodes the thermodynamic properties of the spin chain. Taking
the trace over the basis of eigenstates (for simplicity, in units where kgT = 1), one obtains

Z = Z exp <; ZSiKi,ij + ZSiBl) p (4)
{sit L !

for which there is no simple, closed expression unless more information is given on K and
B such that the sum may be carried out. We will show that a sum of this form determines
the value of the amplitude (8).

In what follows, two steps are necessary to make this connection: to recast the anni-
hilation and creation operators a,a" in terms of b = ¢*a and b" = 0*a*. The advantage of
doing this is that the Rabi Hamiltonian takes the form

H = —woe ™ T+ wb'b + g(bT + 1), (5)

where TT = —¢/'ag7 = —¢ib'bg2 g 4 parity operator, i.e., it has discrete eigenvalues
P = +1, and it commutes with H, meaning that we may simply replace I1 by its eigen-
value when studying the dynamics of the system. By doing this, we have reduced the
problem to one set of creation and annihilation operators, satisfying the usual commuta-
tion relations [b, b'] = 1, and whose action on a state do not mix different parity subsec-
tors: IIbIT = b. The eigenstates of a and b are nonetheless related to each other by taking

appropriate linear combinations. For example,
1
|P=—1,a) = 5 (|4 @)+ |+ —a) +|—a), — |—, —a),), (6)
1
|+, a), = 5 (|IP=—-1,a)+|P=—1,—a)+|P=+1,a) — |P =+1, —a)) . (7)

That is to say, the amplitudes expressed in the b basis can be fully re-expressed in terms
of the original a operators by superimposing states from the two parity operator I eigen-
vector subspaces. Egs. (6) and (7) are two examples of how the coherent states defined
by b = o*a can be written as linear combinations of a-coherent states with fixed spin
states and vice-versa. The rest of these relations are listed in Appendix A. These iden-
tities demonstrate explicitly that knowledge of overlaps in the b basis is equivalent to
knowledge of overlaps in the a basis.

Therefore, our object of interest in this work, which fully characterizes (albeit indi-
rectly) the amplitude in Eq. (2), is

Apo = (Ble™ |a) = (Bl U(t) |a) , )

where we have suppressed the parity label, as we do throughout the rest of the text.

4
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2 Trotter’s formula and the real-time correspondence

The other ingredient we need in order to make this connection is Trotter’s formula [15].
Let’s assume we start with an arbitrary generalized coherent state |a), characterized by
b|a) = a |a). To find the evolution of this state in time, let us define

7‘[='H1+'H2+'H3 (9)

with H; = —Pwoei”b%, Ho = wb'b and H; = g(bJr +b). Finding the action of U(t) is not
trivial since H1 and H, do not commute with H3;. However, we can use Trotter’s formula

U(t) = ngg}o(efiﬂlt/nefint/nefi’Hﬁ/n)n (10)
to make progress.
Let U,, be defined as
U, = e—i/\nb*be—iéne[”b+be'y,,(b*+b) , (11)

where A, = wt/n, 6, = —Pwot/n and 7y, = —igt/n. One can then apply U, n times over
the state |«) to calculate its time evolution. It follows that

o (bt +b) la) = oTnRe(@) la+7,), (12)

: e U
e o™ la) = cosdy |a) —isindy, |—a) , (13)
=Ml |y = ‘e*”‘”zx> ) (14)

and therefore, that

U, |a) = eMRe® [cos On

(a+ 'yn)e_i)‘”> —isindy,

(w+ 'yn)e_i/\”> ] . (15)

That is to say, each step in the Trotterized evolution of the state includes a continuous
action on the state plus a splitting mediated by the interaction proportional to wy.

We can then consider the transition amplitudes between coherent states. Using Trot-
ter’s formula in Eq. (8), these are given by

Ag = (B U1 |a) = lim (B L} [a) (16)

From the structure of the previous equation it is clear that the Trotterized amplitude
(Bl U |a) at a fixed n will contain 2" terms. Furthermore, each action of U, modifies
the components of the state by flipping the sign of the eigenvalue of b. It should there-
fore not come as a surprise that this sum of 2" terms may be written in terms of a sum
over the possible configurations of n sign variables s; € {—1,1}, withi=1,...,n. Thatis
to say, a sum like the one that appears in the partition function of the Ising model.
Indeed, using results from Appendices B and C, in Appendix D we show that

.. n/2 . .
. ) —isin(20 (24| Ll oo v o] o b it g
lim <‘B|u2’0€> = lim <2(1’l)> e 2 E e2 Z/,é:l §js¢Kj(+ Xy seBj+e™ " pra
n—oo n—00

{skhis!

sg=sp=1
1vn—1 . . n—1 — __ p—iwt g
2 Lo 88K v Ty seBy —e BT
+ e
n—1
{Sk}k=1

So=—5n=1

(17)
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where

Ki ¢ = 0pjs1 In(i cot &) +y2e =01, (18)

R T e ] (19)

Note that Jyj,1 in Eq. (18) denotes a Kronecker delta, ensuring that the logarithmic term
contributes only when ¢ = j+ 1. These expressions have exactly the structure of the
partition function of an Ising model, with the important feature that several quantities
are complex (as is necessary for this formulation to reproduce a quantum mechanical
amplitude). This is our first main result.

In practice, calculating these amplitudes directly in the Rabi model becomes increas-
ingly expensive at large values of « and B, since one must numerically represent a Hilbert
space large enough to accommodate the coherent states |«) and |B). Exact diagonaliza-
tion methods require a cutoff Npmax on the photon number basis, with Nmax typically scal-
ing as |a|? to achieve convergence, because the Poissonian weight py = e_|“|2|tx\2N /N!
extends up to N ~ |a|2. By contrast, our mapping avoids this: it relies on the partition
function of an associated Ising model and thus does not require explicit overlaps with
a truncated bosonic basis. In our approach, the cost is completely contained within the
time evolution. In particular, the Trotter discretization converges with a number of time
slices n that scales linearly with |«| (see Appendix B.2). As we discuss in the next section
in terms of an expansion in the number of “domain walls” of the partition function, and
in more generally in Appendix B.2, this can lead to more efficient calculations than the
Hilbert space truncation.

We close this section by noting that this expression may be rewritten in terms of imagi-
nary time T = it to make the closest connection with well-developed methods of statistical
physics. We discuss this further in Section 4.

3 The continuum limit of the Ising model as a perturbative ex-
pansion in wy

Given that the full amplitude (8| U(t) |«) in Eq (17) is given by a limit, it is natural to ask
if there is an explicit way to take the limit. Viewed as a spin chain, all of the terms in
Egs. (18) and (19) have a straightforward continuum limit because the 1/n factor in 7y,
converts the sums into Riemann sums that converge to integrals, except for the nearest
neighbor terms controlled by &,,.

In the continuum limit n — oo, the magnitude In|cot J, | grows without bound, mean-
ing it is energetically favorable to have as few sign flips as possible. It then becomes
natural to organize the sum over the sign variables as a function of the number of sign
flips in the sequence {s;}. Let m be that number. In the continuum limit, the position
of the individual sign flips {i;}}*, may be characterized by uniform random variables
zx € [0, 1], each one corresponding to the value of iy /N.

Following through with this rearrangement, we may take the limit n — oo at each
fixed value of m and obtain a series expression for (| U(t) |). We show details of this
derivation in Appendix D. We obtain

a2 —2p*at|f?| ig? o 1% m _M_ g x, & (1M p—iw
(BlUOl) = ey ED () D) ey, )
m=0 :
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a=-0.2+0.51, =0.1+0.31 a=-2+51, f=1+3i

0.01

0.0
0.03

(alUIB)

0.0

Figure 1: Transition amplitudes between two pairs of generic coherent states:
la) = |—-0.2+0.5{) and |B) = |0.1+ 0.3i) (first column), and |a) = |2+ 5i) and
|B) = |1+ 3i) (second column), considering parity equal to +1. The black curves
represent the numerical solution of the Schrodinger equation for the Rabi Hamil-
tonian, while the white dotted curves correspond to Eq. (20) with #m,, = 10 and
10* sampling steps for each value of m from 1 to Mmay to compute the mean
value and obtain F, using Eq. (21). For a given value of m, which represents the
number of domain walls (or spin flips) in the spin chain Hamiltonian, a sam-
pling step corresponds to the random assignment of spin flip positions along the
chain, independently distributed within the interval (0, 1). In all plots we used
wp/w = 0.3. We compare both results across three coupling regimes: strong cou-
pling (¢/w = 0.05, first row), ultra-strong coupling (¢/w = 0.5, second row), and
deep strong coupling (¢/w =5, third row).

where F,, is given by
487 ISt izt 28 g k izt
Pm — <exp ( - (_1) + e i(zg—zg)wt _ =& :B* + S (_1) o izkw
w? I;kzl w kzz% [( w)

_ <zx+ %) (_1)m+kei(1zk)th>

The average (-), is taken over the possible sign flip positions zx € (0,1) (the “domain
wall” positions in the spin chain), with {z}}", an ordered sequence. Explicitly,

m

(21)

1 Zm z
(G)m =m!/0 dzm/o dzm_l.../o " 12,G(z1, 22, - 2m) - 22)

Eq. (20) is our second main result.

It is clear from Eq. (20) that the result of taking the continuum limit in this form
yields a perturbative expansion in wy, of the same form that one would get using time-
dependent perturbation theory. While on the one hand the limit # — oo has been taken,
the convergence of the series requires more and more terms as t grows larger, and each
coefficient of the series (which are also time-dependent) requires one to evaluate aver-
ages for which we have not found a closed form, meaning that the practical applicability
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of this formula is not obviously superior to the one given earlier in Eq. (17). However, it
provides one with another, independent handle to calculate the transition amplitudes.

Figure 1 presents a comparison of the numerical solution of the Schrodinger equation
for the Rabi Hamiltonian with Eq. (20) across the three previously mentioned regimes:
strong coupling, ultra-strong coupling, and deep strong coupling. It is important to em-
phasize that Eq. (20) was derived from Eq. (17), and that the interpretation in terms of a
Ising model is still transparent: m is the number of “domain walls” (or sign flips) in the
spin chain Hamiltonian defined by Eq. (17).

It is worth emphasizing that in going from Eq. (17) to Eq. (20), m is always smaller
than 7, meaning that the information encoded in the first n terms of Eq. (17) is contained
within the first n terms of Eq. (20). Taken together with the estimate in Appendix B.2,
this suggests that to stay below an error tolerance ¢, one needs m 2 Cigw|a|t? /e, scaling
linearly with «. However, inspecting Eq. (20), we see that this might be an overly conser-
vative estimate, as the result is organized as a power series in wyt, while the sensitivity to
«, B is purely contained in the integral moments F,,. In particular, a scan over the values
of wp could be done (up to a given tolerance fixed by the value of wyt) at significantly
lower cost than with a direct diagonalization approach if one calculates the functions F,
in advance.

All the results presented so far correspond to the real-time dynamics of the Rabi
model. The derivation based on Trotter’s formula and the mapping to the effective Ising
chain, as well as the continuum-limit expansion in Eq. (20), have all been carried out
in real time, preserving the unitary time evolution of the quantum system. This dis-
tinguishes our approach from the usual imaginary-time (Euclidean) formulations, which
are typically used to study equilibrium properties. In contrast, our construction explicitly
captures the coherent dynamics and interference effects, such as the revival phenomena
observed in Fig. 1, which are intrinsic features of the real-time quantum evolution.

4 Applications in imaginary time

We now look at likely applications of this correspondence beyond the calculation of am-
plitudes just described, first starting from calculations on the Ising model side, and then
commenting on the converse direction. We focus on imaginary time applications, as real
partition functions are natural objects to calculate from the Ising side of the correspon-
dence.

4.1 What this Ising model can do for the Rabi model

We begin by considering the imaginary time version of the amplitudes (| U(f) |a). It is
not hard to see that upon substituting 7 = it, the formula for the amplitudes is given by

. n/2

<‘B| U|p¢> - lim (smh(ZPzng/n)) E_M Z e% Z?,Z:ll SjSIIKﬁ/"'Z?;ll sﬁf*ﬂ““ﬁ*a
n—oo

{sihis!

so=sp=1

1 -1 -1 E— — *
+ Z 2 Lji=t sjscKp g seBy~—e Bt

{se}iy
so=—5p=1

(23)
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where
T 202
KEK = 5€,j+1 ln( 0 ) + 878 li—C|lwt/n , (24)
Bgi = _%,TT [ﬁ*e—éuﬂ'/n + (xe—(n—ﬁ)an'/n} ' 25)

It is instructive to analyze more closely the form of the Ising couplings in Eq. (24). The
kernel KE has two contributions: (i) a nearest-neighbor term 4y ;1 In( coth(Pwyt/n)),
which plays the role of a strong coupling between consecutive time slices in the Trot-
ter decomposition, effectively enforcing that the spin configuration does not fluctuate
arbitrarily from one slice to the next and thus depends on wy, and (ii) a ferromagnetic,

exponentially decaying tail gn e~ lI=twt/n whose amplitude grows with g2 and whose

range is set by w. In the continuum limit, this second contribution becomes a non-
local interaction kernel proportional to e~“7*~? with u = j/n, v = {/n. Taking the
Fourier transform of this long-range part alone shows that its spectral weight has the
form K(k) o« [(wT)? +k2]7 1, i.e. a Yukawa-type kernel. This Fourier representation is not
used in the subsequent calculations, but it is useful to highlight the effective range and
structure of the induced interactions on the Ising side.

This structure reveals how different dynamical regimes of the Rabi model appear on
the Ising side. For weak coupling ¢ < w,wy, the long-range piece is negligible and
the dynamics is dominated by the short-range stiffness. Conversely, in the ultra-strong
and deep-strong coupling regimes ¢ ~ w or ¢ > w, the ferromagnetic tail becomes
long-ranged and sizable, strongly suppressing domain walls in imaginary time. This be-
havior encodes the crossover between perturbative dynamics and the strongly correlated
regime, providing an explicit Ising-side diagnostic of the dynamical phases of the Rabi
model.

The case where & = B = 0 is a particularly simple instance of this formula, which we
will revisit in the next section. In this case we simply have

inh(2P m2 L cna
(0u]0) = lim (Sm( 2wor/n)) Y exbierdie, (26)
Lot}

which is to say, it takes the form of an Ising model with long-range interactions in the
absence of external fields.

Even though so far the only partition function we have discussed is that of the Ising
model, starting from our expressions, it happens to be quite simple to derive a formula
for the partition function of the Rabi model itself, which we will denote by Z. Specifically,
one can use the completeness relation

=~ [ Pulaia 27)

to calculate the trace of the time evolution operator
1 2 —EnT —
m/da(zﬂl]!a):;e =z (28)

where we identify the right hand side as the partition function of the Rabi Hamiltonian
(in one of its parity subsectors) where T = 1/T is the inverse temperature of the sys-
tem. We emphasize that these imaginary-time amplitudes are not only of formal interest:
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They yield the finite-temperature partition function of the Rabi model (determined by the
next three equations), from which physical quantities can be extracted as with any other
partition function. It can also serve as a starting point for the calculation of correlation
functions in imaginary time, which provides access to linear-response properties, mak-
ing the amplitudes physically meaningful quantities beyond the mapping itself. Starting
from Eq. (23), setting B = «, carrying out the integral over a and proceeding as before to
take the limit n — oo, one finds that

B Bt 2, (TPwy)™ Zm
Z= Zn:e - mz%) ml 11— (—l)yme @)
where
_ a (=1)"e " (L[5](7) + L[s](—1))
Zm = <exp (L[s](r) + 20 = (—1)me—) >>m , (30)
and we have introduced
2 ikZ:( 1)k+€ —(zx—z)wT _ ng i(_l)k [e—zkwr _ (_1)me—(1—zk)wr
k=1 (=1 w?
2 m,—wT 2m ZT
—%(1—(—1” ) — wf +%. (31)

At large imaginary times T — oo (corresponding to small temperatures), this expres-
sion is certainly more complicated than e~£07. However, at moderate or small values of
7, when all states contribute to the sum over eigenstates ¥, e~ 57, Eq. (29) provides an
explicit expression that avoids having to diagonalize a matrix of arbitrarily large dimen-
sion.

4.2 What the Rabi model can do for this Ising model

Although the Ising model obtained here is a specific instance thereof, with couplings
determined by those of the Rabi model, we emphasize that partition functions like the
ones we just encountered do appear in other contexts. For example, they share struc-
tural features with long-range interacting spin systems that naturally arise in cavity and
waveguide QED [35]. The mapping therefore has relevance beyond a formal exercise, as
it highlights a class of interactions of direct physical interest.

In particular, given that we know the Schrodinger equation that the quantum system
satisfies, we can use it to obtain results for the partition function of the Ising model we
described above. Concretely, the solution to the imaginary time Schrodinger equation

dr ) = —H|¢), (32)

with an initial condition specified by |(t = 0)) = |a), automatically returns the thermo-
dynamic limit n — oo of the partition function on the RHS of Eq. (23) by calculating its
overlap at time T with the state (f|.

If one knows the spectrum of H with enough precision to calculate the decomposition
of a given generalized coherent state |a) in terms of its eigenstates |#), then it is natural
to write

(BIU Ja) =) e (B} (nla), (33)
meaning that the sums in Eq. (23) may be decomposed in terms of a sum of decaying

exponentials, thus providing an organizing principle to evaluate them at large values of
T.
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This last expression is most useful at values of a, B where only a small number of
states |n) contribute to their decomposition in terms of eigenstates of . This will be the
case, for example, when g/w is small and « = § = 0.

To close, we note that one relatively simple result of this correspondence is that the
Ising model partition function we mentioned at the end of the last section can be written
as

_ (sinhQPwot/n)\ "> 1yt gk )

n]gr(}o ( 5 Z o2 Ljim Sy _ Ze En-r‘<0|n>|2, (34)
{Sk]l’ n
So=

meaning that one can calculate the continuum limit of the spin system with no “magnetic
fields” we described above by calculating the overlaps between the harmonic oscillator
vacuum and the eigenstates of the Rabi Hamiltonian.

5 Conclusions and Outlook

We have calculated the transition amplitudes between generalized coherent states (eigen-
states of b = ao, and the parity operator II) in the Rabi model and found a remarkable
correspondence with the partition functions of a family of Ising models with long-range
interactions. These partition functions provide explicit expressions that converge to the
Rabi model amplitudes when the continuum limit is taken. The key step in the deriva-
tion was to use Trotter’s formula to study the dynamics of the Rabi model, by which the
parameter n that controls the number of steps in the Trotterized evolution ultimately be-
comes the number of sites in the “dual” Ising model. We have verified that our results
reproduce the full quantum dynamics of the system, and discussed selected applications
in which our expressions provide a more direct route to calculate a given observable than
diagonalizing the Rabi Hamiltonian directly. This perspective highlights the broader rel-
evance of our approach and clarifies how the effective Ising couplings reflect the different
dynamical regimes of the Rabi model.

An interesting next step would be to consider other quantum mechanical models with
transition amplitudes (or other quantities) that admit a dual description in terms of a spin
system. While it includes highly nonlocal interactions, the fact that we obtained an alter-
nate way of calculating the partition function of a quantum mechanical system by eval-
uating a partition function of a spin system in one higher dimension is very reminiscent
of dualities between quantum systems and gravitational systems (e.g., the matrix model
dual to Jackiw-Teitelboim gravity [36]), although further study would be required to de-
termine whether a notion of “bulk” and “boundary” can be established as in holographic
dualities.

In principle, the present method could also be applied to the limit w/wy — 0, where
the Rabi model undergoes a superradiant phase transition characterized by the sponta-
neous buildup of a macroscopic photon field [37] (see also [38]). Within our Ising corre-
spondence, this regime maps onto a situation where the effective long-range kernel K]’F:é
strongly suppresses domain walls, favoring globally ordered spin configurations. We
expect that in this spin representation, the onset of the superradiant phase would corre-
sponds to the development of a nonzero magnetization — analogous to having a finite
coherent amplitude in the bosonic description. Speculatively, the exponential decay of
the kernel would suppress domain walls sufficiently to stabilize ordered phases such
that it would mirror the emergence of superradiance in the Rabi model as w/wy — 0.
Although this lies beyond our present scope, our Ising formulation offers a framework

11
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353 to investigate this superradiant limit from a complementary angle.

354 Another avenue worth exploring using our results is the many-body physics of cav-
355 ity and waveguide QED. Under various conditions, the dynamics of atom-light interac-
356 tions can be described in terms of spin chains with long-range interactions [35], where
357 their respective Hamiltonians are not at all unlike the Ising model expression we de-
sss rived, as the long-range interactions in these spin chains are mediated by couplings
30 Kj; ocexp(—Ali — j|), where A may be imaginary or real and positive. The fact that this is
se0 exactly the form of the long-range interactions in the real- and imaginary-time versions
361 Of the coherent to coherent state transition amplitudes, Eq. (17) and Eq. (23), respectively,
2 may open an interesting pathway to connect the dynamics of light coupled to a single
363 atom with that of light interacting with a lattice of atoms, and therefore draw far-reaching
s64 lessons about the many-body physics of cavity and waveguide QED by studying a com-
365 paratively simpler quantum mechanical system.
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;7 A Hamiltonian Model

szs We start with the Rabi model for the interaction of a quantum two-level atom with pho-
379 tons
H = woo® +wa'a+gc* +07)(a" +a). (A1)

380 Here, the ¢ operators are the Pauli Matrices acting on the two level system with basis
331 |+) and |—), and a' and a are the creation and annihilation operators for the photon
;82 spectrum, with basis |n). The energy is tuned by the parameters wy, w and g, representing
ss3  the energies of the atom levels gap, the photon frequency, and the interaction energy
ss4  respectively. We have set /i = 1.

385 Expanding the interaction term we obtain
H = woo +wa'a+gcta+oa +ota’ +oa). (A.2)
386 A common approach would be to neglect the counter-rotating terms, c*a’ + 04, in

ss7 favor of the rotating terms, o*a + o at, by invoking the rotating wave approximation
s (RWA). Here we analyze the problem without employing this approximation.

380 We first begin by making a transformation to the Hamiltonian, mapping it into a
300 photon system with a definite parity. Let the parity operator be

+

I1=—¢™ 7, (A.3)
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If we take the basis {|s, n) }, with s = =1 representing the possible states of the atom,
we see that the parity acts over this basis as

I |s,n) = —™ %% |s,n) = —s(—1)" |s, n) . (A4)

On the other hand, taking the target basis of the transformation {|P, 1)}, with P = +1
representing the even and odd parities, we see that

I1|Pn) =P|Pn). (A5)

We see that when the atom it’s in the excited state (s = 1), the parity is odd when the
photon number is even, and vice-versa. Conversely, when the atom it’s in the ground
state (s = —1), the parity is odd when the photon number is odd, and vice-versa. In
conclusion, we can make a one-to-one correspondence between the |s,n) and the |P, n)
bases.

With this transformation, the Hamiltonian is

H = —woe™ T+ wa'a + g(o* + 0 )at +a). (A.6)

The elegancy of this transformation is that the system dynamics moves inside the
Hilbert space split in two unconnected subspaces or parity chains

|—,04) <> |+, 15) <> |—,24) < |+,34) <> ... (P =+1), (A7)
|4+,00) <> |—,1a) > |+,24) <> |—,34) <> ... (P =—1). (A.8)

Neighboring states within each parity chain may be connected via either rotating or
counter-rotating terms. For example, in the parity chain with P = +1, the counter-rotating
term o*a’ induces the transition |—,2,) — |+,3,), while the rotating term ¢*a induces
|+, 15) < |—,24).

The natural follow up question is if the basis {|P,n)} are eigenstates of the system.
Clearly, since the interaction terms change the photon number the answer is no. We can
see this explicitly

H|P,n) =[—wo(—1)"P+wn]|Pn) +gVn+1|Pn+1)+gv/n|Pn—1). (A.9)

Altough the basis {| P, n) } is not an eigenenergy basis, we do conclude that the Hamil-
tonian is parity invariant. Therefore, in the following we will assume a fixed parity of the
system and focus on only diagonalizing one of the disconnected Hilbert subspaces. With
this assumption, the Hamiltonian is

H = —woe™ P+ wa'a + g(c" +o7)a +a). (A.10)

Note that 0*,a,a" are defined on the full Hilbert space, not only on the fixed parity
subspace. Given that we will focus on a fixed parity sector, and in order to eliminate this
redundancy and simplify the calculation, we can make another canonical transformation
to simplify the description of the system to a single set of creation and annihilation oper-
ators, without any spin variables remaining. Concretely, let b = c*a and b' = c*at. With
this transformation b'b = a'a, therefore the photon number interpretation is not changed.
Furthermore, the action of b, b* does not take the state outside of the fixed parity subspace
because I1bI1 = b. The Hamiltonian follows as

H = —woe ™' P + wb'h + g(b" +b). (A.11)
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Finally, we note that the coherent states with eigenvalue « associated with b are re-
lated to the ones associated with a via

P=—La) =2 ([ @+ [+, —a) +] 8} — | —a},) (A12)
P=+La) = 2 (=) 4= ) + [+ )~ |+, —a),) , (A13)
)= 5 (P=—La)+[P=—1—a)+[P=+La) - [P=+La)), (A14)
- ), = % (IP=+1,a)+|P=+1,—a)+|P=—1,a) — |P=—1,—a)) .  (A.5)

B Trotterized time evolution of a coherent state

In the following section we will study the time evolution generated by the Hamiltonian
in Eq. (A.11). To do this, we will consider a generalized coherent state

[oe]

Z \P +1,k), (B.1)

and to save space we will adopt the notation

\2°°

Z (B.2)

Let’s assume we start with an arbitrary coherent state |). The question to answer is:

how does this state evolve in time? Therefore, we need to find the action of U(t) = e~ /"
over the state. Let the Hamiltonian be
H=H1+Hr+Hs3 (B.3)

with Hq = —woe™'"'P, H, = wb'b and Hjz = ¢(b" + b). Finding the action of U(t) is not
trivial since H; and H, do not commute with H3.

B.1 Trotter’s Formula

For U(t) = e~ {(Ma+H2+M3)t e can use Trotter’s formula

U(t) = lim (efi'Hlt/nefiHZt/nefiHﬁ/n)n ] (B.4)
n—oo
Let U,, be defined as
U, = o= iAnbtb =0, Ly, (b +D) ) (B.5)

where A, = wt/n, 6, = —Pwot/n and vy, = —igt/n. We will apply U,, n times over
the state |a) to calculate the time evolution. Then, the operator D(vy,) = e+ g o
displacement operator (since -y, is a pure imaginary) and we readily know its action over
the state

eV |a) = Dy |a) = D(yn)D(@) [0) = D(yn + )™ 52 (0) . (B6)
Since 7, is purely imaginary

e’)’n(b++b) |£K> _ efynRe(tx)D(,)/n + DC) ’0> — e’)’nRC(lX) ‘DC + ’)’n> . (B7)
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_i(sngianrb

441 Next, we want to know the action of e over a state |a)

_ inbth _‘ zﬂb b
e ibye \a| /2 Z k>

—e \ac| /ZZ 715,16””‘ >

2k+1

= ¢ lel*/2 e O |2Kk) + ———e¥ |2k + 1) ). B.8
—¢ Z <\/(2k)' ARy ) (B8)
442 Let’s note that the coherent states |a) and |—a) can be expanded as:
1
e lal2( A .
w)=e 0) + 1 3) + 4) + , B.9
) (m|>ﬁr>\ﬁ|>\ﬁ|>\f|> ), (B9
443
1 2 3 4
B _ o —la)?/2 44 o (14 14 o (44 (14 _
a)=e 0 1)+ 2 3) + 4) —--- ). B.10
) (U510 =T+ =2 = =B o) =) (B10)
444 Therefore,
_ —laf?/2
la) +|—a) = 2e Z \/T)' (B.11)
445
) o (2k+1)
la) — |—a) = 2¢ 1P/ Z o 1)' +1) . (B.12)
a46 Using this we find the action of the operator
_i5 ointbTh 1/ . .
e ) = = (7 (@) + =) + e la) — | —a))
e—i0n 4 pidn eidn — gids
= oy + T )
=cosdy, |a) —isind, \— ) - (B.13)
447 Finally we wish to know the action of e~ *'? over a state |a)
—in bt P ak (e” l)‘”oc)k i
e M”bb‘tx>=€ | /22 l/\bh’k \a\ /ZZ _‘ 1)\,,0‘> ) (B.14)
k=0
448 We now can conclude, summarizing our previous derivations that
U, |a) = eTmRe® [cos On |(a + 'yn)e’m"> — —(a+ 'yn)e’”‘”> } . (B.15)

a9 With this, we see that the action of one unitary operator U, “splits” a coherent state into
a0 two pieces. For n applications of U, we will be able to write the resulting state as a dot
a1 product between coherent states and coefficients:

by |an)
bl 1
wrley=| " |- ‘a.” ) (B.16)
b%il 1 ’a%n_l>
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We work this out explicitly in Appendix C, and we find that the dot product just
written is explicitly determined by the functions

n—1
fm,1)=Y"11/2"], (B.17)
k=0
S(n, 1) =Y kDR (B.18)
k=1
G(l) = 1+ (—1)leon, (B.19)
—indy,
H(n, 1) = H G([1/2)), (B.20)
Ju, ) = T k2D, (B21)
k=0
n—1
Z(n, ) =Y Sk, [1/2"*])), (B.22)
k=0
and reads
211 ,
uy oy = Z H(n, k)e"Re@kyquZ(nk) | pi(efin=nda) o 4 S, k)y,,) . (B.23)
k=0

This expression completely determines the time evolution of a coherent state in this
model.

Our ultimate goal would be to take the limit n — oo of (B.23). To gain insight into how
we could achieve this, we shall first examine the amplitudes implied by this expression.
Specifically, coherent-to-coherent state amplitudes.

B.2 Scaling of Trotter discretization and comparison with Hilbert-space trun-
cation

To clarify the computational scaling discussed in the main text, we analyze how the
number of Trotter slices n relates to the model parameters, and compare this with the
Hilbert—space cutoff Nmax required in direct diagonalization.

In the Rabi Hamiltonian,

H = woo* +wa'a+go¥(a+a'), (B.24)

2N ,—|a?
. . e a|Ne
the coherent states |«) and |8) have a Poissonian occupation distribution py = o™ e N
in terms of the harmonic oscillator basis (with its basis states labeled by N), which ex-
tends up to N = |a|2. Therefore, the cutoff required for numerical convergence in exact
diagonalization scales as Niax ~ |&/?.
In the Trotter decomposition, time evolution is approximated as

e M (e*iﬁHOe*i%Hinf>n , (B.25)
with a global error that scales as

—itH nj|j< =1 CltL2
H u H H[HO/ mt]H . (B26)

16



472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

SciPost Physics Submission

where C; is a numerical constant of order unity (see Refs. [39—42]). For the Rabi Hamilto-
nian, the dominant commutator behaves as [Ho, Hint] ~ gwo*(a’ — a), whose expectation
value scales as ||[Ho, Hint]||~ gw|a|. Requiring the Trotter error to remain below a toler-
ance ¢ gives

2
0 8@l

. (B.27)

Hence, while Nyax quantifies the required Hilbert-space size, n determines the temporal
resolution. Their respective dependencies, Nmax ~ |&|? and 1 o ||, illustrate the more
favorable scaling of the Trotter-Ising formulation.

In numerical applications, the tolerance ¢ is typically chosen between 10~> and 10~°
for imaginary-time simulations (see what follows) and somewhat larger (10~4-107°) for
real-time evolution, balancing stability and computational cost. Even with these strin-
gent tolerances, the linear scaling of cost with n makes the Ising mapping significantly
more efficient than Hilbert-space truncation approaches, which scale as O(N2,,, )-O(N3,..)-

A completely analogous argument applies for imaginary time evolution. In this case
the Trotter approximation is

T T n
e—TH ~ (e—ﬁ}loe_;/}‘[int) , (B.28)

with a global error that scales as

C1T2

e — s =

1Mo, Hindll , (B.29)

Just like before, requiring the Trotter error to remain below a tolerance ¢ gives

2
nzclgw‘:"T .

(B.30)

We note that even though the nature of the deviations in this case — mostly controlled by
decaying exponentials — are different than in real time, where oscillatory phases appear,
the same global bound applies.

This analysis thus confirms that the present formulation offers a scalable and accu-
rate route for both real- and imaginary-time simulations of the Rabi model and related
spin-boson systems.

To understand why the apparent exponential growth in configurations does not spoil
this efficiency, we analyze the internal structure of the Trotter-Ising representation.

For a fixed number of slices 1, the kernels K; , and sources BZ'E are oscillatory in (j, ¢),
except for the local term Jy ;1. The suppression of most spin configurations {s,} arises
not from local decay but from two mechanisms: (i) a nearest-neighbor domain-wall
penalty and (ii) destructive phase interference in the long-range and linear couplings.

The complex action is

1 n—1 n—1
S[s] = 5 ‘;1 sj5¢K; o + 421: s¢Bf, sp € {—1,1}. (B.31)
], = =

The nearest-neighbor contribution yields

P
JR = RlIn(i cot &,)] = In|cotd,|,  JE = ln<coth ‘ZOT) > 0. (B.32)

For practical Trotter choices (n large), §, < 1 and JR ~ Inn — In(Pwgt) > 0, so both real
and imaginary time favor spin alignment. If m is the number of domain walls, the real
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part of the action scales as Jt Snn[s] ~ mJ,, exponentially suppressing configurations
with many domain walls.
The long-range part of the kernel in real time,

KRR = ofeili=tinn, (B.33)
contributes
S0 = (= 1) 425 cos(dAn) C Ca(s) = Vs, B.34
Zs]sye =(n )+ ZCOS( n) Ca(s), a(s) = Z 5iSj+d- (B.34)
il d=1 j=1

Using |C,4(s)|< n and Dirichlet-kernel bounds,

sispe it <y " B.35
‘,Z@ i (/) (B:39)
yielding
15 —i[j—(|A gt
R| 12 Y sisee U=t | =0 (=, (B.36)
2 i w

which is finite and independent of n. In imaginary time, since K](-IQR’E) > 0, the bound

improves to O((gt)?/n), vanishing as 1 — co.
The linear source term,

Bf = yu[pre M £ ae 00N, (B.37)

obeys
| siBF| < (50 (al+18, (B.39)
l

independent of n, and tighter in imaginary time due to exponential decay.
Combining all contributions,

2
¢591< exp [+ Cr S5+ Catgn(lal+[BD)], (B.39)

where C; and C; are positive constants, independent of n and of order unity (O(1)). Thus,
for fixed n, configurations with many domain walls are exponentially suppressed, while
the nonlocal and linear terms remain bounded.

The oscillatory structure selects spin domains of typical size Ai ~ n/(wt), implying a
characteristic number of domain walls m, ~ wt, independent of n. Large |a/|, | 8| values
further stabilize these domains without changing this scaling.

Grouping configurations by m,

2
Slsl| < oC1 55 +Calgt)(lal+B)) N om B.40
Loy s L () (5:40)

m>M s:#DW(s)=m m>M

For [, > 0, the tail becomes negligible for M X m, ~ wt, independent of n, implying
polynomial computational scaling in 7 (and linear in M).
In the wo—expansion,

(IPwot)™
m!

(|Pewot|)™

2
Ca(gt)(Jaf+|B)+Ca Lt
s Z m!

m>M

D

m>M

Fo By (B.41)
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s26 where Z,, bounds |F,,|, C3 and C, are positive constants, independent of n and of order
s27 unity (O(1)). Factorial decay ensures convergence, and choosing M ~ wt captures the
s26 dominant contribution with tolerance independent of n.

520 In summary, even though the formal sum involves 2" configurations, only O(wt) of
s3 them contribute significantly due to domain-wall suppression and bounded long-range
531 interactions. Combined with the global Trotter—error bound, this shows that the Trot-
532 ter-Ising formulation achieves controlled accuracy and polynomial computational scal-
s33 ing for both real- and imaginary—time evolutions.

s C  Derivation of dot product formula

535 The action of one Trotterized unitary time evolution operator gave us:

U, a) = nRe@) [cos On ‘(zx + vn)e’m”> —isind,

—(a+7n)e*“n>]. (C.1)
536 Applying again, we obtain for U2

U? |a) = ewRe(a){ cos 8, e TR e )

x [ cos i [((a+ pn)e™ + e )

—dsind [ ~((@+ e+ e ™) | (C2)
— isin 8, " Re@ryme)
X [cos On |(—(a + %)efi)\n + 'yn)e*”‘n>

—isind, |—(—(a +yn)e M + ’Yn)e_i)‘”> } } )

s37  and for U3
U,Sl la) = eW"Re(”‘){ cos 8, eVnRe(B)

X [ cos 6,1 Re(2) ( cos dy,

(P2 %)efm,,,> —isind, [—(B2+ %)e*iAn> )
— lSln (Sne_ﬂémRE(ﬁZ) ( CcOs 5;»1 ‘(_‘BZ + ’)’n)e_i)\n> — lSln 5,1 _(_182 + r),n)e—i)Ln> ):|
— isin e~ 1nReBD)

X [cos 5,e~ TnRe(B2) ( cos 0,

(=B2+ ’yn)e_m”> —isind, [—(—B2+ r),n)e—i/\n> )

(B2+ e ™) —isind, | (B2 +me ™) )] },
(C.3)

— isin 6,1 Re(B2) < cos J,

sss  where in the last equation we have defined 1 = (a + Yn)e M and B2=(B1+ Yn)e A,
530 We’d like a general formula for the term UJ;. Let’s rewrite the previous expressions
sa0 for n = 0,1 and 2 in a more suggestive way

Uy o) =1 |a) (C4)
11y [ cosd,ernRe® |(a + 7y )e= ")
un “"> - (—i sin 5n67,1Re(tx) !—(zx + ,yn)e—z‘/\,,> ’ (C-5)
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z/\n

cos? §,,e7n(Re(@)+Re((a+yn)e” }(([X +yn)e M 4y )e A
W2 |a) = —i8in 6, cos 8, (Re()+Re((@+7n)e iA:) B I G 2 L e P )
n —isin &, cos 8, e (Re(@)+Re(—(a+yu)e™"") (—(a+ 'yn)e‘”‘" + 'yn)e_”‘">
_ sin2 8, ¢7n(Re(@Re(—(a+pe ) | = (= (@ + yp)e™ A 4y )e =)

(C.6)
We generalize the previous result for abirtrary n such that we have the multiplication
of two vectors of length 2":

by ap)
bl al
urlay=| ! ) , (C.7)
b%nil ‘u’zflnil>

where the coefficients are given by a branching recurrence relation given by the base case
b9 =1 and 4) = a. The recurrences are

ay = e M@y 1), (C8)
ant = —e M@y + ), (C9)
b1 = cos 8, bE_emRe@) (C.10)
b* = —isind, bE_ emmRe@iy) (C.11)

C.1 Recurrence in the a vector components

We can rewrite the recurrence in a simpler way to avoid the branching depending on the
vector component by using the floor function. Therefore,

al = eemiM (ay/%J +Yn) . (C.12)

The base case is 4 = a. By simple inspection we see that

al :ei(ﬂUJ—An)(aU/z + ) = @Ay 4 it =2 (C.13)
al = ¢itrll] An)(a 1/2] ) = @220 g 4 o=t pintll] 4 pimcll/2)y,, (C.14)
az3 — pitrll] A,,)(a 11/2] Y )_ez(n[ j+[l/2J+Ll/4j]—3/\,,)a+e—z2\n(e rll] 4 pinllf2) +einLl/4j),yn'
(C.15)
Solving this recurrence is nontrivial since it involves a recurrence in two indexes, and

it also has non-constant coefficients. Luckily, after many trials, we found a solution by
simple inspection:

ail — ei(ﬂf(nrl)_n)\n)a + S(n/ l)r)’n , (C16)
where
n—1
fm, )= Y [1/2%], (C.17)
k=0
Sn, 1) = ei(ﬂf(k,l)—kAn) , (C.18)
k=1
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ss7. C.2  Recurrence in the b vector components

sss - Applying the same logic we used for the previous recurrence, we can write the recurrence
ss0 equation for b}, in a more compact way using the floor function:

—idy
I _
b, =

, —ib,
(1 + (—1)' ey b}g’f %J pnRe@ V) _ eT G() brlllz %J pnRe@}) ) (C.19)

sso  where G(I) = 1+ (—1)'e?». The base case is b8 = 1. By simple inspection we see that

e~ in 121y e 11/2)
by = =5 G(Dbgem ) = R, (C.20)
—iby —2iby
bh = S Glypy Y emiRen ™ = £ G(UJ)G [1/2]yernRetas s (C21)
—idy
by = S Gy e R - ([1/2))G([1/4]yerRetas”™ raf a2 |
(C.22)
561 Let’s find a solution to the recurrence. Defining the following function (for which we
s62 have not found a closed form):
fm&
H(n, 1) = HG(U/Z" 1), (C.23)
se3  we have )
n— .
= H(n, I exp (’ynRe[ Y all? ”]) . (C.24)
k=0
564 Let’s calculate the term inside the exponential with more detail:
n—1 n—k n—1 . n—1
Y a2 (Y eiterteli "J)—m)) N 711( Y Sk, |1/2"* J)) . (C.25)
k=0 k=0 k=0
565 Furthermore, let’s note that:
k-1 _
flh, (127K ) = Yo [1/2" ) = vk, 1), (C.26)
j=0
se6  and
S(k, [1/2"7k])) = Ze’(” o /2 =jd) = Tk, 1) (C.27)
567 Then we have
n—1 B n—1 n—1
Y afH T = a (L D) g N T ). (C28)
k=0 k=0 k=0
568 Finally, we can define
n—1
Jin, 1) = Y kD=, (C.29)
k=0
n—1
Z(n,1)= Y T(k,1), (C.30)
k=0
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with which we have

n—1 ek
o

k=0

= oc](n, l) + ’)/nZ(fl, l) ’

(C.31)

and we therefore conclude that the solution to the recurrence equation for b/, is:

b, =

H(n, 1)erRe@(m+ynZnb)

D Coherent to coherent state amplitudes

(C.32)

One of the noteworthy features of (B.23) is that all of the dependence on the sum index k
in the functions H, |, Z, S appears through the features of its dyadic expansion. That is, k
is used as an integer number generator via quotients with 2/. Moreover, it only goes into

the result through the value of e

keZ st k<2" < {si}/4(k)

in|1/2]

, which is always £1. That means we are using
integer numbers to build binary numbers, or equivalently, sign sequences

(D.1)

Therefore, the sum can be rewritten as a sum over sign choices. Taking the floor func-
tion of integers divided by powers of 2 is one way to do this, but any way of generating

all possible sign sequences of size 1 is an equivalent description.

With the correspondence we just outlined, we can write the above functions as

where we have used that

S(n, k) =

H(n,k) =

J(n, k) =

Z(n, k)=

E(Tow) e

(=1
(—isin(5y, )cos(5 ))"/2
(—itan(d, )) L' sitk) |

n—1

Y (I:[Sn e+](k)> e ',
0

=0

—14=1 [
(=0 j=0 \i

1

BN

I
o

o n+ ' sitk)
# of positive signs = f’
n si(k)

# of negative signs = #
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582 Now we may drop the k label altogether and write

f (H s;> e, (D.8)

H, [s] = (—isin(dy) cos(5n))n/2 ’ (D.9)

(—itan(8,))2 T ¥

n—1 [{—1 )
Juls] =) <H Sn€+j> e i, (D.10)
j=0

=0
n—10-1 [j—1 -

Zulsl= 3 3 | [ Isn-esi ) €7, (D.11)
0=0 j=0 \i=0

ss3 so that a general transition amplitude can be written as

<,B|un|‘x Z Hy[s] exp ('YnRe{“]n[S +Ynlnls ]})
{sktico

x (Ble~ ! <ﬁ sk> &+ Sylslyn). (D.12)

k=0

ssa Furthermore, since (8|a) = exp(—[|a|>+|B|>—2B*«]/2), and using that S,[s] = e~/ (H] o s]> MBS
sss  we can get a more explicit expression for the transition amplitude:

(BlUyla) = Y Hulslexp (v4Zuls]+vu [B*Suls] +aJuls]])

{sehisy
2o (T ) Bac B2
X exp > . (D.13)
586 One can now rearrange the sum in terms of the accumulated sign variable
-1
se=]1si (D.14)
j=0

ss7 - with sp = 1. In this representation, the defining functions become

Suls] = isw’im”, (D.15)

/=1
P n/2

Hy[s] = <ZSH;(2M> exp <ln(“°t Gu)) § Z s]s]+1> (D.16)

Juls] = Splslsne™™", (D.17)
n—1 ¢

Zyls] = Z anfhjsnfée_ij/\nr (D.18)
(=1 j=1

sss  which are all at most quadratic in s;. This means we can interpret this Trotterized time
sso evolution as an Ising model with complex long-range interactions in presence of an in-
s00 homogeneous magnetic field. To see this explicitly, first note that we can write

Y2 Zn[s] =7 Z sjspe” =t (D.19)
Z] 1
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where the equality holds only in the limit n — oo, i.e., up to terms that contribute multi-

plicatively to the full amplitude as e'/”, and therefore can be neglected. Similarly, we also
have )
n— . .
Yn|B*Suls] + aJuls]] = ggl Sy [,B*e”M" +aspe 10N (D.20)

Put together, these lead to the sum of two expressions alike the partition function of
an Ising model with a particular source term, which is different for each spin variable s,.
Then, we have (Eq. (17) in the main text),

.. 2 .

<‘B| u" |6K> _ —isin(24;) " 6_7‘0“2;“5‘2 Z e% Zﬁ:ll siseKj Xy seBf+e ! pra
n n—sco 2 '

{Sk}zzl

Sp=s,=1

1yn—1 n—1 — —iwt
+ E o2 L1 S8 eKj i+ sy seBy —e T pa

{sihp!
sg=—5p=1
(D.21)
where
Kj ¢ = 84,1 In(i cot &) + eI (D.22)
By = | B e 00N ] (D.23)

These expressions have exactly the form of an Ising model, and their continuum limit
is well-defined for all pieces that involve v, as a factor, because the sums over j and ¢ can
be directly expressed in terms of integrals that involve a continuous version of the sign
variables in the sum s; — s(x). When there is a finite number of sign flips, the conversion
can be made directly. In more general cases, one must interpret s(x) as a local average of
the “microscopic” s, variables.

The more difficult part to handle, where the continuum limit is not trivially obtained,
is the factor that involves §,,.

One way to rearrange the sum in (D.21) is by counting the number of changes of sign
in the sequence {si}}_,. Let’s say that there are m sign flips in a given sequence s. Then,
one has

H[s] = (cos 6,)"/*(—itan 6,)", (D.24)

which in the limit n — oo, at fixed wyt, becomes simply (—iwpt/n)". The (1/n)" factor
serves the purpose of averaging over all the possible positions where the sign flip in the
sequence s was inserted. One can then take the limit 7 — co and obtain

BIUGI) =3 ¥ (ip“’ot)m<e—g2t2Z[s1—igt[af[s1+ﬁ*s<1)eiw'}*[s1]+aﬁ*s<1)efw'> . (D25)

|
m=0 m: m

where the expectation value (-),, represents an average over all possible configurations
of s(x) € {—1,1} such that there are m sign flips. Explicitly, at each fixed m, the average
is defined as

1 Zm Z
(G)m =m!/0 dzm/o dzm,1.../0 2dzlG(zl,zz,...,zm), (D.26)
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where {zi}lﬁl are the positions at which s(x) flips sign. The functionals Z[s] and J[s] are
the continuum counterparts of Z,[s] and J,[s]:

Z[s] = ;/Oldx /Oldy s(x)s(y)e W=l (D.27)
J[s] = s(1)e— ! /lldx s(x)e't* (D.28)
0

Assuming we have an ordered list of sign flip positions {z;}",, we can write expressions
for Z and | at each value of m directly in terms of the sign flip positions:

2t2Z _ 4g2 NS 1 k+L ,—i(zx—zp)wt 2g2 < 1 k | ,—izxwt 1)™ —i(1—zp)wt
2l = = 5 ) Y (1) — o DO e e
g it 2mg> ig’t
—E(l—(—n e )—7+7 (D.29)
igt][s] = St (1) Y (—)f (et — et (D.30)
k=0

With this, it is convenient to introduce the functions

Fy = <e—g2t2Z[S]—igt[a][s]+/3*s(1)e‘i‘“’]*[s]]—aﬁ* [1—5(1)e—w]> 2 (e E) (B ) [1-(pyreien] -
m

(D.31)

We extract the prefactor in the second line to isolate the dependence on the sign flips
into a single expression. That is to say, we have defined F,, such that Fp = 1, and factorized
out all terms that do not depend on the sign flip positions for m > 0. To be explicit, in
terms of F, the amplitude reads

_ a2 —2pt |2 ig?t
2

(BlU®)|a) = e ew i (.m!e‘zzéz;z—(“+5)(ﬁ*+5)[1—(—1)’”3i‘“t]pm ,  (D.32)

and F,, is given by
48 W e i 28 ¢ 8 ki
={ ex _ o (=1 o i(zg—zwt _ 2S5 *L 0 (—1)ke izgwt
w={er (-0 [+ 5)
_ 8\ [ qymrk —i(1—z)wt
(w0 &) e )

(D.33)

where the average is taken over the possible sign flip positions z; € (0,1), with {z}},
an ordered sequence.

Equation (D.32), (which corresponds to Eq.(17) in the main text), is a well-defined
power series in wy, of which one can numerically compute each term.
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