Local variations of the magnetization effected by an external field in molecular rings
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It is shown that an external magnetic field generates local variations of the classical ground-state
magnetization in molecular rings of antiferromagnetic icosahedra with isotropic spin interactions.
The magnetic response is characterized by a multitude of magnetization discontinuities occurring
across the ring. In addition, a parity effect with respect to the number of icosahedra allows for
magnetization jumps that occur at different field values for different molecules and produce an even
more pronounced local variation of the magnetization. It is also found that for specific field ranges
all canting angles of the molecular magnetizations increase with the field. These findings are in
sharp contrast with the ones for rings of individual spins.

I. INTRODUCTION

In frustrated magnetic systems competing interactions
lead to a wide range of unconventional phenomena at the
classical and quantum level [1, 2]. These occur even in
the absence of magnetic anisotropy, as is the case with
the isotropic nearest-neighbor antiferromagnetic Heisen-
berg model (AHM) [3-7]. Apart from extended systems,
finite units whose connectivity is associated with frus-
trated interactions are of particular importance. These
include the icosahedral-symmetry Platonic solids [8-14],
the icosahedron and the dodecahedron, which have been
found to support nontrivial magnetic states at the clas-
sical and quantum level [15-29]. Furthermore, the intro-
duction of an external field leads to discontinuous mag-
netic response in the absence of magnetic anisotropy.

The above properties of the icosahedral Platonic solids
are the motivation to consider rings of icosahedra, with
their magnetic properties modeled by the classical AHM.
Classical spins forming rings and interacting according to
the AHM have an increasing external field turn them to-
ward and eventually align with its direction. In this way
the so-called umbrella configuration is realized, in which
all the spins form the same angle with the field [30-32].
Here the magnetic units forming a ring are taken to be
the total magnetizations of the icosahedra. The inter-
actions within an icosahedron and between neighboring
ones are taken to be antiferromagnetic. They lead to a
zero-field ground state where each molecule has no resid-
ual magnetization if their number is a multiple of three.
This number does not introduce additional frustration
over the one of a single molecule, as neighboring spins
form the same angle in the ground state as in an isolated
icosahedron. Furthermore, interacting spins belonging
to neighboring molecules are antiparallel. As the field is
switched on each molecule develops a finite magnetiza-
tion which increases with the field, in contrast to a single
isolated spin in a ring that has a fixed magnetization.

The classical total magnetization of an isolated icosa-
hedron has a discontinuity in an external field [18]. Here
it is found that in a ring of icosahedra an external field
generates multiple distinct ground states separated by
magnetization jumps. Many of them break translational

symmetry with respect to the magnitude of the magneti-
zation unit, unlike the case of a ring of spins, with differ-
ent icosahedra having different magnetization magnitude.
In addition the angles between these magnetizations and
the external field are not the same. The result is mag-
netization projections along the field axis which are also
different. Furthermore, all the polar angles increase si-
multaneously as a function of the field for specific field
ranges. This is in contrast with the variation of the po-
lar angles in the umbrella state of a ring of spins, where
all decrease with the field. Even in an isolated icosahe-
dron, where polar angles of individual spins increase for
a specific field range, this can not happen for all simul-
taneously [33].

More specifically, in rings of three and six icosahedra
magnetization discontinuities lead to ground states where
the magnetization varies locally. For a three-membered
ring all molecular magnetizations and their polar angles
can be different. For six icosahedra the molecules can
share magnetizations and polar angles in pairs, or even
in two groups of two and four molecules. In addition a
parity effect is observed with respect to the number of
molecules being an odd or even multiple of three. In the
former case the magnetization discontinuity that corre-
sponds to an isolated icosahedron is split in two, first
occurring for one molecule with the other two following
at a higher field. This results in a more pronounced lo-
cal variation of the magnetization as a function of the
external field and points to a difference in the magnetic
behavior between rings with an even and an odd number
of molecules, similarly to the case of rings of individual
spins. Such a split is absent for the six-membered ring.
On the other hand, for six icosahedra a susceptibility
discontinuity close to saturation leads to complete align-
ment of the magnetizations of the icosahedra with the
field. Further increasing the field results only in bigger
magnetizations until they are maximized at the satura-
tion field.

Due to computational requirements rings of more than
six icosahedra have not been considered. It is an open
question how the magnetic response develops going to-
ward the thermodynamic limit, how the lowest-energy
configurations evolve, and if more discontinuities emerge.



The calculations in this paper are relevant to icosahedral
quasicrystals and their approximant crystals [34-38]. Go-
ing from one to three-dimensional structures the results
of this paper may survive in one form or another.

FIG. 1: Planar projection of two interacting icosahedra. The
(black) solid lines correspond to bonds within the same icosa-
hedron with exchange interaction value cosw, while the (red)
dashed lines to neighboring-icosahedra bonds with exchange
interaction value sinw.

The plan of this paper is as follows: in Sec. II the AHM
in a magnetic field is introduced for a ring of icosahedra,
and in Sec. III its ground state is calculated for a ring of
three icosahedra. Sec. IV extends the results to a ring of
six molecules, and finally Sec. V presents the conclusions.

II. MODEL

The icosahedron is made of 12 equivalent vertices and
20 identical triangles [8]. It has the symmetry of the
icosahedral Ij, group, the biggest point-symmetry group
with 120 symmetry operations [39]. Here a ring of N
icosahedra is considered and the total number of ver-
tices is 12/N. In each icosahedron a classical spin j;,
i =1,2,...,N, j = 1,2,...,12 of unit magnitude is
mounted on each of its vertices. The interactions within
each icosahedron follow its connectivity, while nearest-
neighbor icosahedra interact via the two pairs of spins
of their closest edges (Fig. 1). Periodic boundary con-
ditions are assumed. The Hamiltonian of the isotropic
nearest-neighbor AHM in a magnetic field h describes the
interactions between the spins. They are parametrized
with w, with cosw the interactions between spins in the
same icosahedron and sinw the ones between spins be-
longing to different icosahedra. The Hamiltonian is:

N N
H = cosw g E §ij - Sk + sinw E E 5ij - Sit1k

i=1 <jk> i=1 <jk>'
N 12
z
—h E E et (1)
i=1j=1

The brackets indicate that interactions are nonzero
only between nearest neighbors. The icosahedral ring

has 30N bonds of type cosw and 2N bonds of type sinw.
The magnetic field points along the z axis. To ensure
that the zero-field ground state has nearest-neighbors in
the same icosahedron with energy —% as in an isolated
molecule [17] and in different icosahedra antiparallel, N
is taken to be a multiple of 3. In this way no extra frus-
tration is added by assembling together the icosahedra.

The lowest-energy configuration was calculated numer-
ically as a function of the magnetic field [15, 20, 40]. For
a specific field the initial spin configuration is selected by
assigning random values to the polar and azimuthal an-
gles of the spins. Then each angle is moved opposite the
direction of its gradient, until the energy is minimized.
To ensure that the global lowest-energy configuration is
found this procedure is repeated for a sufficient number
of different random initial configurations.

III. RING OF THREE ICOSAHEDRA

The zero-field ground state of Hamiltonian (1) on an
isolated icosahedron has all nearest-neighbor correlations
equal to 7% [17]. The introduction of an external
field leads to a magnetization discontinuity as the field is
ramped up [18]. Such a discontinuity is not expected in
the absence of magnetic anisotropy and originates from
the frustrated connectivity of the molecule.

The minimum number of icosahedra forming a ring
with no extra frustration from the one of an isolated
molecule is N = 3. In a ring of icosahedra the mag-
netic units are taken to be the total magnetizations of
the individual icosahedra Z\_ji, with each forming a po-
lar angle 6; with the field. The triangle of icosahedra is
contrasted with one of single spins, perhaps the simplest
frustrated unit. In the ground state of Hamiltonian (1)
on the triangle the magnetic field turns the spins toward
its direction, with each spin forming the same angle with
the field.

Figure 2 plots the total ground-state magnetization
along the field M# of Hamiltonian (1) for w = 5. The in-
troduction of intermolecular bonds results in new magne-
tization discontinuities (Table I). The single icosahedron
discontinuity is flanked by a new one on either side. A
lower-field jump also appears, bringing the total number
of discontinuities to four.

At zero field each icosahedron has zero magnetization.
When the field is switched on the icosahedra acquire a
common finite M;, emerging for each one at the finite
polar angle #; = 1.818 x 1037 as h — 0 (Fig. 3). For low
magnetic fields the M; form the same polar angle with
the z axis, resembling a triangle of spins. The common
polar angle is small and at first decreases with the field,
achieving a local minimum at —t = 0.178. However, in
contrast to what happens for a ring of spins, for hlgher
fields this angle increases. This is also in contrast with
the polar angles of an isolated icosahedron, where not all
of them can be increasing functions of h, even for a short
field range [33]. Still the projections of the molecular
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FIG. 2: Magnetization per spin ; ;, along the field as a func-
tion of the magnetic field over 1ts saturation value ﬁ in the
ground state of Hamiltonian (1) for a ring of N = 3 icosahe-
dra for w = {5. The (red) solid arrows point at the locations

of the magnetization discontinuities.

TABLE I: Ground-state magnetization discontinuities of
Hamiltonian (1) for a triangle of icosahedra (N = 3) and
w = % The columns give the magnetic ﬁeld over the satu-

magnetlzatlon talong the field just below and just above the
discontinuity over the number of sites 12N, and the corre-
sponding strength of the magnetization jumps.

R (53)- | (in)+ |93% (x107°)
0.31214447 |0.30243210|0.30412411 1.69201
0.390745820{0.39535993|0.40383713 8.47720
0.398995468|0.4142894210.43122713|  16.93771
0.40916029 |0.44123730|0.44174704 0.50974

magnetizations along the z axis M7 are getting bigger
with the field as expected and are equal to TZ, since the
M; increase with h for each icosahedron, compensating
for the bigger polar angles.

At 7 = 0.31214447 the first magnetization disconti-
nu1ty occurs (Fig. 2 and Table I). It leads to a ground
state where each icosahedron has its own M; (Fig. 4).
Fig. 5 plots the standard deviation of the M;. The an-
gles they form with the field are different (Fig. 6) and the
M7 are also different. This lowest-energy configuration is
again in contrast with the umbrella state of a triangle of
spins. Furthermore, the polar angles keep getting bigger
with the field. Fig. 7 shows the projection of the total
magnetization per spin along the field for the spins that
do not participate in intermolecular bonds, and for the
ones that do. The value for the latter decreases at the
jump.

The next magnetization discontinuity occurs at hh - =

1
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FIG. 3: Polar angles 0; of the magnetizations of the icosahedra
M; as a function of the magnetic field over its saturation value
- - in the ground state of Hamiltonian (1) for aring of N =3

icosahedra for w = 5.

0.46 T
L '..-".,
-".
0.43 o T -
..

041 T .
~ L ..i.l;" ]
Z A |
~ 037+ ||l"' .

"~ H
= I llll""' 1
8!
034+ o -
oe?
I l-nn"..' T
0311 o _
&
‘ T ! ! ! ! !
0'2%.3 0.32 0.34 0.36 0.38 0.4 0.42
h/h
sat

FIG. 4: Magnitude of the total magnetization per spi
each icosahedron ¢ = 1, 2, 3 as a function of the magnetic field
over its saturation value hi in the ground state of Hamil-
tonian (1) for a ring of N = 3 icosahedra for w = ;. The
(red) solid arrows point at the locations of the magnetization
discontinuities.

0.390745820, with the change in M?* significantly bigger
than the one of the first jump (Table I). Now two icosahe-
dra share the M; and its polar angle, with the remaining
one having bigger values for both (Figs 4 and 6). The
icosahedron with the bigger M; has undergone a jump
similar to the one of an isolated icosahedron. This is at-
tested by the strength of the jump and the discontinuity
field, both very close in value to the ones of the isolated
icosahedron [18]. The ring of icosahedra has locally two
distinct M; differing in value in a more pronounced way,
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FIG. 6: Part of Fig. 3 in greater detail.

with the individual icosahedra being on different sides of
the magnetization jump of an isolated icosahedron. The
standard deviation of the M; acquires now maximum val-
ues (Fig. 5).

At the next magnetization discontinuity, which occurs
at —— = 0.398995468, the other two M, undergo the
Jump “that corresponds to the one of the isolated icosa-
hedron. This results in a discontinuity value twice as big
as the previous one (Table I). The number of distinct
magnetizations is still two, but the standard deviation of
the M, becomes smaller (Fig. 5). The icosahedron with
the bigger magnetization forms the smallest polar angle
with the field.

Following a discontinuity weak in strength at hm
0.40916029 all the icosahedra acquire the same M;, with
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FIG. 7: Total magnetization per spin along the field of the
spins that participate in intericosahedral bonds M},,., and
the ones that do not M,,,., as a function of the magnetic field
over its saturation value hh in the ground state of Hamilto-

nian (1) for a ring of N =3 icosahedra for w = 16

each one forming the same angle with the field all the way
to saturation. The spins that participate in intermolecu-
lar bonds again decrease their total magnetization along
the field at this jump (Fig. 7). The polar angle with
the field keeps increasing up to h— = 0.417, but this is
again compensated from the rise “of the M; to result in
M7 that increase with the field.

The above results show that an external field generates
locally different M; for specific field ranges. The three-
icosahedron ring is magnetically acting as being made of
more than one parts. Each part reacts differently to the
field, hosting distinctly different magnetic configurations
that locally change by ramping up the field. Further-
more, the magnetization jump of a single icosahedron is
distributed in two clear-cut jumps in the three-molecule
ring, with the change in the total magnetization (Fig. 2)
localized to one or two individual molecules in each jump.

IV. RING OF SIX ICOSAHEDRA

The next-bigger ring of icosahedra with zero-field in-
tramolecular correlations equal to the ones of an iso-
lated icosahedron and nearest-neighbor spins belonging
to different icosahedra antiparallel is a hexagon. Figure
8 shows the total ground-state magnetization along the
field M?* of Hamiltonian (1) for w = 5. The total num-
ber of magnetization discontinuities in a field is now six,
and close to saturation the susceptibility is also discon-
tinuous (Table II).

An infinitesimal field generates a ground-state magne-
tization M; for each icosahedron at a polar angle with
the field equal to 1.818 x 10737 (Fig. 9), the same with
the one of N = 3. The common polar angle decreases
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FIG. 8: Reduced magnetization ; N ~ along the field as a func-
tion of the magnetic field over 1ts saturation value —t in the
ground state of Hamiltonian (1) for a ring of N = 6 icosahedra
for w = {5. The (red) solid arrows point at the locations of
the magnetization discontinuities. The (blue) dashed arrow
points at the location of the susceptibility discontinuity.

TABLE II: Ground-state magnetization discontinuities of
Hamiltonian (1) for a triangle of icosahedra (N = 6) and
w = 75- The columns give the magnetic field over the satu-
ration field —t for which the discontinuities occur, the total
magnetization along the field just below and just above the
discontinuity over the number of sites 12N, and the corre-

sponding strength of the magnetlzatlon jumps. A susceptibil-

ity discontinuity occurs at ;=— = 0.93948, where the value of
the magnetization is 0. 94913
v (5r)- | (BR)+ | By (x107%)
0.17405567 |0.16827873|0.16907497|  0.79624
0.2655524 | 0.2579651 | 0.2591112 1.1461
0.3146333 | 0.3070018 | 0.3108143 3.8125
0.404314 | 0.4103450 | 0.4375794 27.2344
0.4604222 | 0.4930904 | 0.4934528 0.3624
0.918823548|0.92918918(0.93102521|  1.83603

with the field. At h = 0.17405567 a magnetization
jump occurs, leading “to a lowest- energy configuration
with a hlgher common polar angle. The polar angle
then decreases with the field but reaches a minimum at
= 0.234 and then the M; turn away from the ﬁeld.

hsat

A new jump in the magnetization occurs at — =
0.2655524. Following it translational symmetry 15 Bro—
ken, with the icosahedra sharing M; (Fig. 10) and polar
angle values (Fig. 11) in pairs. Two of the pairs are adja-
cent to each other. Fig. 12 shows the standard deviation
of the M;. The polar angles mostly increase with the
field. The projections of the molecular magnetizations
along the field M follow the pattern of the M; and their
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FIG. 9: Polar angles 0; of the magnetizations of the icosahedra
M; as a function of the magnetic field over its saturation value
- - in the ground state of Hamiltonian (1) for aring of N = 6

icosahedra for w = 5.
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FIG. 10: Magnitude of the total magnetization per spin 2%

12
of each icosahedron i = 1,2,...,6 as a function of the mag-

netic field over its saturation value hit in the ground state

of Hamiltonian (1) for a ring of N = 6 icosahedra for w = J5.
The (red) solid arrows point at the locations of the magneti-

zation discontinuities.

The next magnetization jump occurs at — =

0.3146333. The lowest-energy configuration dges not,
change. The polar angles increase with the field and the
standard deviation of the M; is now smaller. This discon-
tinuity occurs at a field very close to the one of the first
discontinuity of N = 3 and has similar characteristics
with it (Sec. III).

The next discontinuity occurs at —— = 0.404314 and
the lowest-energy configuration is Stlﬁ the same. Each
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FIG. 12: Standard deviation o of the magnitude of the molec-
ular magnetization per spin % as a function of the mag-
netic field over its saturation value ﬁ in the ground state

of Hamiltonian (1) for a ring of N = 6 icosahedra for w = 5.

M7 undergoes the magnetization jump of the isolated
icosahedron, with the corresponding field value very close
to the one of an isolated molecule [18]. This is in con-
trast with what happens for N = 3, where the isolated-
icosahedron jump occurs at different fields for different
molecules. At this jump the increase in the magnetiza-
tion allows the polar angles to increase

Above a magnetization jump at "~ = 0.4604222 all
M; and polar angles become equal “The M; turn to-
ward the field but at the last discontinuity at =
0.918823548 their translational symmetry is agaln lost.
Two distinct M; occur now in the ground state, with
groups of four and two icosahedra sharing the M; value
(Fig. 13) as well as the polar angle (Fig. 14), providing
another way to break the translational symmetry. The

two icosahedra that share one of the M; values are max-
imally distanced from one another. Following a suscep-
tibility discontinuity at hh = 0.93948 all M; align with
the field, even though saturation has not been reached
yet. Further increasing the field results in higher M;’s
up to saturation.
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FIG. 13: Same as Fig. 10 but close to saturation.
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FIG. 14: Part of Fig. 9 in greater detail.

The projection of the total magnetization per spin
along the field for the spins that participate in intermolec-
ular bonds decreases across the discontinuities, with the
exception of the jump that corresponds to the one of the
isolated icosahedron (Figs 15 and 16). This was also the
case for N = 3 (Sec. III). On the other hand, for the
spins that only participate in intramolecular bonds this
is the only jump that their corresponding projection de-
creases, unlike the NV = 3 case, where there was no such
decrease.
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V. CONCLUSIONS

In this paper the classical magnetization response of
rings of icosahedra was calculated with the antiferro-
magnetic spin interactions described by the AHM, which
lacks any anisotropy. The magnetic response originates
from the properties of an isolated icosahedron and the
interactions between neighboring icosahedra. It is char-
acterized by multiple magnetization discontinuities and
lowest-energy configurations that have locally varying
magnetization. For the three-membered ring the mag-
netization jump associated with the one of an isolated
icosahedron appears at different magnetic fields for the
different molecules of the ring. This results to an even
more pronounced local variation of the magnetization
and points to a difference in the magnetic behavior be-
tween even and odd-membered rings of molecules, simi-
larly to what happens for rings of single spins.

It is of interest to consider larger rings, which will
reveal how the magnetic response develops when going
closer to the thermodynamic limit and what ground-
state configurations develop in this case. However this
is more demanding computationally. Another area of in-
terest are structures of icosahedra that are more than
one dimensional, going also in the direction of icosahe-
dral quasicrystals and their approximants [34-38].
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