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Abstract

We report the first protocol specifically designed to generate anticoherent spin- j states
at various orders. The protocol consists of cycles involving a rotation pulse about one
axis, followed by a squeezing pulse along a perpendicular direction. To protect these
states from decoherence, we develop dynamical decoupling techniques based on group-
theoretic sequence design and the dynamically corrected gate formalism. We analyze
key sources of dephasing, disorder, and dipole-dipole interactions, and evaluate the ef-
fectiveness of our methods in preserving coherence. Potential applications of the gen-
erated anticoherent spin states include quantum sensing and studies of quantum entan-
glement.
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1 Introduction34

Anticoherent (AC) spin states represent an extreme form of quantum behavior, contrasting35

sharply with coherent spin states, which closely resemble classical angular momentum states36

(see [1] for the origin of the concept and Section ?? for a detailed introduction). While co-37

herent spin states exhibit minimal quantum fluctuations, pure AC states maximize quantum38

uncertainty, making them fundamentally distinct. This exacerbated quantum nature makes AC39

states highly sensitive to external perturbations, a feature that, while advantageous for certain40

applications [2], also makes them particularly fragile in the presence of decoherence [3].41

The interest in AC states stems from their unique property of achieving equal sensitivity42

to rotations around any axis [4–8]. This rotational invariance not only makes them ideal for43

tasks such as the alignment of Cartesian reference frames [9], but also positions them as pow-44

erful tools in the wider field of quantum metrology. In particular, non-classical states of atomic45

ensembles, such as squeezed spin states and highly entangled states, are known to beat the46

standard quantum limit in terms of sensitivity [10]. However, while squeezed states gener-47

ally improve accuracy along one axis at the expense of others, AC states, of which the spin-248

tetrahedron state is an example, uniquely enable the simultaneous estimation of multiple pa-49

rameters [11]. This capability stems from their high degree of symmetry, often associated with50

Platonic solids, which makes them particularly advantageous when the direction of the applied51

transformation is unknown [5–7]. Ultimately, by allowing simultaneous estimation of several52

transformation parameters with precision at the Heisenberg limit, AC states offer a significant53

advantage in quantum-enhanced measurement strategies.54

Schrödinger cat states and their multipartite equivalent, the Greenberger-Horne-Zeilinger55

(GHZ) states, are well-known examples of anticoherent states, though they exhibit only first-56

order anticoherence. They have been successfully created on various physical platforms, such57

as photons, neutral atoms, and spins, and for different numbers of constituents or spin values;58

see, for example, [12–17] and references therein. However, higher-order AC states have so far59

been generated exclusively in multiphotonic systems [11, 18], underscoring the urgent need60

for protocols that enable their realization in other physical platforms, such as atomic or solid-61
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state systems. In this work, we fill this gap by introducing simple protocols that allow the62

generation of AC states of various orders using only spin rotation and squeezing.63

This manuscript is organized as follows. In Section 2, we review the concept of AC spin64

states and discuss their general properties and interest. Section 3 details our protocol for gen-65

erating AC states of different orders. Section 4 examines decoherence and mitigation strate-66

gies, covering typical sources of decoherence and dynamical decoupling techniques. Section67

5 discusses robust AC state generation, including the design of dynamically corrected gates,68

error-resistant protocols using finite-duration pulses, and the impact of control errors. Finally,69

Section 6 summarizes our conclusions and outlines possible directions for future work. Addi-70

tional technical details are provided in the appendices.71

2 Anticoherent spin states72

In a general study of individual spin- j systems, anticoherence is best defined based on the73

density operator, as it offers a complete description of the system’s state, including both pure74

and mixed cases. The density operator ρ can be expanded on the basis of multipolar tensor75

operators TLM , where L = 0, 1, . . . , 2 j and M = −L, . . . , L [19]. These operators transform76

according to the (2L + 1)-dimensional irreducible representations of the spin rotation group77

SU(2) and form a complete orthonormal set under the Hilbert-Schmidt inner product. The78

expansion then takes the form79

ρ =
2 j
∑

L=0

L
∑

M=−L

ρLM TLM , (1)

where the coefficients ρLM are known as multipole moments or statistical tensors [19–22].80

These multipoles are measurable physical quantities that encode information about the sys-81

tem’s polarization and coherence and can be determined from intensity moments [23]. The82

tensor operators basis thus serves as a powerful tool for both theoretical and experimental83

investigations of spin- j systems. The quantum number L of the tensor operator corresponds84

to the multipole order, with L = 0 representing the monopole (population), L = 1 the dipole85

(orientation), L = 2 the quadrupole (alignment), etc., for higher orders. The monopole com-86

ponent corresponds to a scalar quantity that remains invariant under rotations. Because it87

has no angular dependence, it is the simplest and most isotropic term. The dipole component88

is a vector-type quantity that transforms under rotations like a vector in a three-dimensional89

space. A nonzero dipole moment indicates a preferred axis along which the spin expectation90

value is aligned. The quadrupole component is a rank-2 tensor that characterizes the shape of91

the angular distribution rather than its net direction. A nonzero quadrupole moment means92

that the state exhibits alignment rather than mere orientation, i.e., the spin projections favor93

particular axes without necessarily having a net spin vector. Based on this formalism, we can94

now define anticoherent spin states.95

Definition A state ρ is said to be anticoherent to order t , or t -AC, if ρLM = 0 ∀M for96

1 ≤ L ≤ t , which means that all multipole moments of order L up to t vanish.97

98

By definition, an AC state lacks net orientation (for t = 1), alignment (for t = 2), and99

all multipole moments up to a given order t , except for the monopole term, which is always100

present due to normalization. This leads to a more isotropic statistical distribution of the an-101

gular momentum components and their products and makes AC states particularly suitable for102

applications that require rotational invariance. A remarkable feature of pure spin states is their103

ability to exhibit anticoherence up to an order limited by the spin quantum number j . Such AC104
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states, referred to as "kings of quantumness" in Ref. [24], contain no lower-order multipolar105

contributions in the expansion (1). To illustrate this, consider two examples using the common106

eigenbasis of J2 and Jz , formed by the | j , m〉 states, which satisfy J2| j , m〉 = j( j + 1)| j , m〉107

and Jz| j , m〉 = m| j , m〉 (we fix ħh = 1). First, the spin cat state108

|ψcat〉 =
1
p

2
(| j , j〉+ | j ,− j〉) (2)

is anticoherent to order 1, but not beyond, for any j > 1/2. In contrast, the spin-2 tetrahedron109

state110

|ψtetra〉 =
1

2
(|2, 2〉+ i
p

2|2, 0〉+ |2,−2〉) (3)

achieves anticoherence to order 2. These examples illustrate how carefully constructed su-111

perpositions can cancel specific angular momentum moments while preserving higher-order112

coherence, highlighting the nonclassical nature of these states.113

Beyond their fundamental interest, AC states have been studied in a variety of contexts.114

In Majorana’s representation, a pure spin- j state corresponds to a symmetric state of N = 2 j115

qubits [25,26]. From the entanglement perspective, a spin- j AC state can then be interpreted116

as a maximally entangled state of N = 2 j spin-1/2 particles within the symmetric subspace,117

shedding light on the relationship between anticoherence and multipartite entanglement [27].118

As a result, the states generated by the protocols presented in this work correspond to the most119

entangled symmetric multiqubit states. Their metrological usefulness has also been explored,120

particularly in optimizing precision for rotation estimation with both pure and mixed states. It121

was shown that AC states are optimal quantum rotosensors and that the higher their AC order122

t , the more advantageous their metrological advantage [6,8]. These properties highlight the123

significance of AC states both in quantum entanglement theory and in quantum metrology.124

3 Protocol for generating AC states125

In this section, we present our protocol for generating a sequence of control operations that126

produce a pure AC state of a given order t in a spin- j system. Our analysis focuses exclu-127

sively on the unitary dynamics driven by a time-dependent Hamiltonian, while the impact of128

decoherence will be addressed in the next section.129

3.1 Controls and figure of merit130

As in quantum optimal control (QOC), a crucial first step is to define an objective function that131

depends on the controls and serves as a figure of merit, quantifying the quality of the final state132

produced by them. Our goal is to prepare an anticoherent state of a given order t , regardless133

of its specific form, rather than to aim for a predetermined target state. We therefore consider134

measures that quantify the degree of anticoherence of spin states to a given order t , which we135

refer to as t -AC measures. Various such measures have been proposed; see, e.g., [28–30] and136

references therein, but among these, one family stands out due to its exceptional sensitivity to137

deviations from anticoherence: t -AC measures based on the Bures distance between density138

operators, referred to as ABures
t [29]. Using these measures (for different orders t ) will ensure139

that the pure states generated by our protocol have properties very close to those of a genuine140

t -AC state. The t -AC measure based on the Bures distance is defined as141

ABures
t (ρ) = 1−

√

√

√

p
t + 1−
∑t+1

i=1

p

λi
p

t + 1− 1
(4)
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where λi are the eigenvalues of the spin-t/2 ’reduced’ state (see [29] for more details)142

ρt =
t
∑

L=0

L
∑

M=−L

t !
N!

È

(N−L)!(N+L+1)!
(t−L)!(t+L+1)! ρLM TLM . (5)

The coefficients ρLM that appear in (5) are the same as those in the expansion of ρ given in143

(1). In the following, we write At (ρ) for ABures
t (ρ) to keep expressions concise. The t -AC144

measure (4) can take a value between 0 and 1, these two extreme values being realized only145

for coherent spin states (λ1 = 1, λi>1 = 0) and anticoherent spin states (λi = 1/(t + 1) ∀ i).146

To explore the controlled generation of pure AC spin states, we consider a Hamiltonian147

capable of producing any SU(2 j + 1) spin unitary transformation, and therefore of accessing148

the full state space [31,32], which is of the form149

H(t ) = Ω(t )
�

cos
�

φ(t )
�

Jx + sin
�

φ(t )
�

Jy
�

+ χ(t )J2
z (6)

where Ω(t ) is the rotation rate about an axis in the x–y plane oriented at an angle φ(t ) to150

the x axis and χ(t ) is the one-axis twisting rate which controls squeezing along the z direc-151

tion. Squeezing is essential, as it is the only term in the Hamiltonian (6) responsible for the152

creation of nonclassical states from spin-coherent states [33]. An Hamiltonian of this form has153

been successfully implemented in a variety of experimental settings, including the hyperfine154

manifolds of cesium atoms [34] and dysprosium atoms [35, 36] as well as in condensates of155

spin-1/2 particles [37–39], and in atomic ensembles in optical cavities where light-mediated156

interactions induce similar effective spin dynamics [40]. For strontium atoms, this Hamilto-157

nian has been investigated numerically for the universal generation of quantum states and158

gates [41], and has also been realized experimentally [42]. In addition, the one-axis twisting159

term χJ2
z has already been realized on several experimental platforms [43–45].160

We will show that the number of control parameters can be reduced while still allowing161

the generation of AC states. To do this, we fix φ(t ) = π/2. The Hamiltonian (6) then re-162

duces to the well-studied one-axis twisting and rotation Hamiltonian H(t ) = Ω(t )Jy+χ(t )J2
z ,163

which can be used to produce extreme spin squeezed states achieving the Heisenberg limit,164

see e.g. [46]. Our protocol exploits this Hamiltonian to maximize the objective function165

At (|ψ〉〈ψ|) starting from a pure coherent spin state |ψ0〉. In QOC, the most efficient al-166

gorithms rely on the calculation of the gradient of the objective function with respect to the167

controls. However, in our case, gradient-based methods, such as LBFGS or gradient descent168

with the use of automatic differentiation, frequently only found local minima, resulting in a169

suboptimal set of parameters and anticoherence measure. Initially, to find controls that gen-170

erate AC states, we used the well-known gradient-free CRAB algorithm [47] with the Hamil-171

tonian (6), which gave satisfactory results for small orders of anticoherence. For example,172

we were able to find controls that generate spin states close to anticoherent states to order 5,173

with 1 −A5 < 10−3 for j = 9. However, we developed a pulse-based protocol that uses the174

same control parameters, specifically designed for the generation of AC states, which greatly175

outperformed CRAB in terms of speed, convergence and scalability. Despite the limitations176

of the gradient-free Nelder-Mead method, our approach has enabled us to find controls that177

can successfully produce higher-order AC states (up to t = 9 for j = 24) and that can handle178

large spins (up to j = 5000 for t = 2). Furthermore, because our protocol applies the pulses179

sequentially, it is not limited by the bandwidth of the control frequency, unlike in QOC.180

3.2 Pulse-based protocol181

The key idea behind our pulse-based protocol lies in the distinct multipole coupling behaviors182

of the squeezing and rotation operations. Squeezing generated by J2
z couples a multipole183

ρLM only to its neighbors ρL±1,M , while the rotation generated by Jy affects only multipoles184
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Figure 1: Diagram illustrating the coupling between state multipoles (for j = 2).
Each square represents a multipole ρLM of the spin state from the expansion (1)
(these are shown explicitly for L = 0, 1). Blue and green arrows indicate the effects
of rotation (Jy generator) and squeezing (J2

z generator), respectively. Red crosses
denote either the absence of coupling between two multipoles or the absence of an
adjacent multipole.

with the same L (see Fig. 1 and Appendix A for details). Through squeezing, population can185

therefore be transferred from a multipole at level L to one at level L + 1, which is desirable186

when seeking to generate anticoherent states, in which all multipole moments of order less187

than or equal to t are suppressed. While squeezing enables this upward transfer, it can also188

cause reverse coupling from L + 1 to L, which can reintroduce lower-order moments and189

prevent anticoherence from being achieved. However, this can be avoided by placing the190

L+ 1 multipoles in specific M states, namely M = 0 and M = ±L, which are decoupled from191

the lower levels. By steering the population into these decoupled states, we can isolate the192

populated multipoles in the upper level while allowing those at L to transition upward to L+1193

without unwanted backflow. Figure 5 clearly demonstrates this behavior, see Section 3.3.2.194

Based on this idea, our protocol consists of a sequence of nC cycles, where each cycle195

(except the first) applies a rotation about the y-axis followed by a squeezing operation along196

z. Thus, in the one-axis twisting and rotation Hamiltonian, we alternate between applying197

squeezing (χ(t ) ̸= 0, Ω(t ) = 0) and rotation (Ω(t ) ̸= 0, χ(t ) = 0) by activating only one198

term at a time. The corresponding operations are described by the operators199

Ry(θ ) = e−i Jyθ , Sz(η) = e−i J2
z η

where θ and η are the amplitudes of the rotation and the squeezing. Note that this sequence200

of pulses is similar to the protocol presented in [46]. The final state of the system after nC201

cycles is then given by202

|ψnC
〉 =

� nC
∏

i=1

Sz(ηi)Ry(θi)

�

|ψ0〉 (7)

where θ1 is always taken as zero since it is necessary to first perform a squeezing. The initial203

state |ψ0〉 is the coherent state that points in the direction of the y-axis. For each sequence,204

we optimize the parameters {θi , i = 2, 3, . . . ,nC} and {ηi , i = 1, 2, . . . , nC} to generate an205

AC state of a given order, that is, a state that maximizes the AC measure (4) for a given t . As206

we shall see, while this approach is fully realizable with the Hamiltonian (6), it is specifically207

6
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Figure 2: Protocol for generating anticoherent states of order 3 for spin j = 3 using
nC = 3 cycles. The optimization is performed over all parameters (η1,η2,η3,θ2
and θ3). Each colored rectangle represents the modulus squared of the corre-
sponding multipole of the expansion (1). The final anticoherence measure reaches
1−A3 < 10−7.

tailored for AC state generation rather than producing arbitrary spin states. This protocol is208

experimentally accessible with current technology, both in terms of the necessary gates [46]209

and the attainable experimental parameters θ and η [48, 49]. For example, the coherence210

times of the coherent and spin cat states in a Sb donor nucleus ( j = 7/2) implanted in silicon-211

based chip are respectively of T ≈ 100 ms and T ≈ 14 ms. Based on conservative value212

of the squeezing strength χ , a typical squeezing parameter η = χ t = π/2 is achievable in213

4.375 ms [48,49], well within the coherence time of the system.214

3.3 Results215

3.3.1 Numerical optimization216

We first optimize the parameters ηi and θi numerically using the gradient-free Nelder–Mead217

algorithm. Figure 2 shows the pulse sequence obtained for j = 3, which prepares an AC state of218

order 3 with a deviation 1−A3 < 10−7 in nC = 3 cycles. The first squeezing operation, Sz(η1),219

transfers the population from the lower-order multipoles ρ2±2 to the higher-order multipoles220

ρ6±2. The subsequent rotation, Ry(θ2), shifts the dominant population within L = 6 from221

M = ±2 to M = 0. As discussed previously, the M = 0 components are decoupled from lower-222

order multipoles under squeezing, allowing the next squeezing step to preserve these higher-223

order contributions without transferring them back. Finally, the rotation Ry(θ3) removes any224

residual population inρ20 by transferring it toρ2±1 andρ2±2, which are completely eliminated225

by the final squeezing operation.226

In Figure 3, we present the maximum AC measures of order t = 2, 3 and 4 obtained by227

optimizing this protocol, as a function of the spin quantum number j for different numbers228

of rotation-squeezing cycles nC . The top panel reveals a clear qualitative difference between229

nC = 2 and nC = 3, the latter ensuring that all generated states satisfy 1−A2 < 10−7. This230

suggests that nC = 3 acts as a threshold in the pulse-based protocol to achieve AC to order231

7
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Figure 3: Highest anticoherence measure achieved using the pulse-based protocol for
orders t = 2, 3 and 4 (from top to bottom), shown as a function of the spin quantum
number j for different numbers of cycles nC .

t = 2. A similar threshold behavior is observed for t = 1 (data not shown), t = 3, and t = 4,232

occurring at nC = 1, nC = 4, and nC = 7, respectively, as illustrated in the second and third233

panels. This seems to indicate that the pulse-based protocol is indeed specifically optimized234

to generate AC states. Finally, with nC = 14, we are able to successfully generate a state with235

A9 > 0.99 for j = 24, corresponding to the highest AC order achievable with such precision236

before the number of cycles becomes too large for the Nelder-Mead optimization to remain237

effective.238

In Table 1, we present the accumulated values of rotation and squeezing obtained for the239

generation of AC states of order t = 2, 3, . . . , 7, up to numerical errors (1−At < 10−15). These240

control parameters were obtained to minimize the total squeezing time, which is anticipated241

to be the limiting factor on the experimental duration of the protocol. The chosen spin number242

j is systematically the smallest one for which a given order of anticoherence t is theoretically243

possible. The values found for each parameter (for j = 2, 3, 6 and 12) are provided in a244

GitHub repository [50], alongside Julia code used to optimise our protocol.245

3.3.2 Analytical results for t = 2246

Our numerical results show that the cat state, which is AC of order 1, can always be generated247

in a single cycle usingη1 = π/2 for any j , a finding previously reported and proved in [51–53].248

Similarly, we have just seen in Fig. 3 that AC states of order 2 can be generated from 3 cycles249

for all j . Based on this observation and on the intuition provided by Fig. 1, we were able, for250

integer spin j , to derive analytical values for the required control parameters. By examining251

the effect of the control parameters on the multipoles TLM for L ≤ 2, we identified that 2-AC252

8



SciPost Physics Submission

j t nC Total rotation
∑nC

i=1
|θi | Total squeezing

∑nC

i=1
|ηi |

2 2 2 0.560 1.323
3 3 3 3.824 1.325
6 4 6 9.818 0.959
6 5 6 6.496 1.043
12 6, 7 12 17.812 1.953

Table 1: Minimum number of cycles nC required to generate a pure AC state of order
t (with 1−At < 10−15) in a spin- j system. The values chosen for j are the smallest
that still allow the generation of an AC state to order t . For those values, we observe
that nC always coincides with j . The last two columns of the table indicate the
accumulated values of rotation and squeezing required to generate the state.

spin- j states could be generated using the following set of squeezing and rotation values253

η1 =
π

2
, θ2 = −

π

4 j
, θ3 =

π

2
. (8)

These were subsequently adopted as an ansatz for the next steps of our protocol. Using a254

symbolic computation program and the results from Appendix A, we further obtained the255

following squeezing parameters for j = 2256

η2 = −
arccot

p
2

2
, η3 =

arccot
p

2

4
. (9)

With the control parameters (8) and (9), the generated state is the tetrahedron state (as257

shown in Fig. 4)258

|ψ〉 = c1|2,−2〉+ c2|2, 0〉+ c1|2, 2〉 (10)

where259

c1 =
−1/
p

2+ i
p

6
, c2 =

p
2+ i
p

6
. (11)

For j = 3, we found the parameter values260

η2 = −
arccot

p
2

2
, η3 =

1

8

�

π− arctan
�

2
p

2
��

(12)

Figure 4: Majorana representation of the states (10) (left) and (13) (right) produced
by 3 rotation-squeezing cycles.
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Figure 5: Protocol for generating spin-3 AC states of order 3 based on nC = 3 cycles.
The control parameters used are those given in Eqs. (8) and (12).

leading to the octahedron state (also represented in Fig. 4)261

|ψ〉 = c1|3,−3〉+ c2|3,−1〉 − c2|3, 1〉 − c1|3, 3〉 (13)

where262

c1 = −
1

4
i
�

1

3

�

−241+ 22
p

2i
�

�

1
8

, c2 = −
i
p

5

4

�

1+ 11
p

2i
�1/4

35/8
. (14)

The latter state is not only AC of order 2 but also of order 3. This is a special result, as it263

is the only AC state of order 3 that we could obtain with only nC = 3 cycles. The other AC264

states of order 3 we found needed nC = 4 cycles, as can be seen in Fig. 3. We show in Fig. 5265

the evolution of the state multipoles during the generation of the octahedron state (13). It266

can be compared to the protocol represented in Fig. 2 which also gives an AC state of order 3267

for j = 3. These analytical results are particularly remarkable because, although the applied268

controls do not allow the generation of arbitrary spin states, they can still produce exact AC269

states, as confirmed by our numerical results shown in Fig. 3.270

For j > 3, the parameters η2 and η3 are determined by numerical optimization to ensure271

that 1−A2 < 10−6. For any j , the evolution of the multipoles to obtain an AC state of order 2272

from the parameters (8) is similar to the evolution illustrated for j = 3 in Fig. 5. The process273

begins by generating the cat state with η1 = π/2. Next, the rotation θ2 = −π/(4 j) isolates274

the highly populated multipoles ρ2 j±1 from the lower levels by transferring them to ρ2 j0. This275

is followed by the squeezing η2, which shifts the ρ2±2 multipoles to higher L. The subsequent276

rotation θ3 =
π

2 fully transfers ρ20 to ρ2±2. Finally, the squeezing η3 further moves these277

multipoles to higher L, completing the protocol.278

This approach of first generating the 1-AC state and then the 2-AC state is not the most279

time-efficient in terms of squeezing and rotation durations. However, the initial cat state pro-280

duced by the first squeezing η1 = π/2 could be generated more rapidly using alternative281

dynamical methods [54–56] or based on post-selection [57], thus reducing the total time re-282

quired for the spin squeezing. As this first large squeezing η1 = π/2 represents a substantial283

portion of the total squeezing time, the exploration of alternative methods to generate the cat284

state could prove to be highly advantageous.285

10
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j
10 25 50 100 200 300

𝜂

10−2.5

10−2.0

10−1.5

10−1.0

10−0.5

𝜂2 𝜂3

3

4�2j
5
4j

Figure 6: Squeezing parameters η2 (blue dots) and η3 (orange triangles) required
for generating a 2-AC spin- j state with our pulse-based protocol. The other control
parameters are set to η1 =

π

2 , θ1 = −
π

4 j and θ2 =
π

2 . The red and green lines
represent the analytical approximations given in Eq. (15).

Additionally, these analytical values minimize the number of parameters that need op-286

timization, enabling the generation of AC states of order 2 for larger spin numbers. Fig-287

ure 6 shows the squeezing parameters η2 and η3, obtained via numerical optimization up288

to j = 350, as functions of j in log-log scale, providing strong evidence that they follow289

power laws well approximated by290

η2( j) =
3

4
p

2 j
, η3( j) =

5

4 j
. (15)

The validity of these expressions seems to extend well beyond the fitting region, since by using291

(15) for η2 and η3 for j = 5000, the generated state has a 2-AC measure close to 1 with a292

deviation 1−A2 < 10−3.1293

4 Decoherence and mitigation strategies294

In the previous section, we presented general protocols for generating AC states in quantum295

systems of total angular momentum j , which can be large. These systems may arise from296

a variety of physical platforms and can represent either individual quantum systems or mul-297

tipartite systems composed of many particles. Although higher angular momentum enables298

the generation of higher-order AC states, it also increases their vulnerability to decoherence,299

as shown in Ref. [3]. Indeed, achieving higher degrees of anticoherence not only accelerates300

decoherence, but also requires access to larger systems, which are naturally more prone to ad-301

ditional sources of dissipation. Consequently, developing strategies to suppress decoherence302

and correct for finite-duration pulse errors during the state preparation process is crucial to303

the preservation and practical realization of AC states.304

1For large spin j , low-order AC measures of random states sampled according to the Haar measure can be
significantly high (see related Ref. [58]). Therefore, we might suspect that the state we can generate for j = 5000
is simply a random state with a high 2-AC measure. However, this is not the case. For a sample of 5000 random
states, we find an average value of 1−A2 > 10−2 (with a standard deviation σ < 3.3 ·10−3), which is an order of
magnitude larger than that of our generated state.
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4.1 Typical sources of decoherence305

A practical platform for experimentally realizing the protocols presented in Sec. 3.2 is an en-306

semble of N spin-1/2 particles, where collective spin-N/2 states can be generated within the307

symmetric subspace of the total Hilbert space. In this system, SU(2) operations correspond to308

global rotations of the ensemble, while squeezing is achievable, e.g., by coupling the ensemble309

to a resonant circuit [59]. However, the system is susceptible to coherence loss resulting from310

undesirable dynamics, such as local disorder and dipolar interactions between neighboring311

spin-1/2. These effects are captured by the error Hamiltonian312

Herr = Hdis +Hdd (16)

with313

Hdis =
∑

i

δi e⃗i · j⃗i ,

Hdd =
∑

i, j

∆i j
�

3
�

e⃗i j · j⃗i
��

e⃗i j · j⃗ j
�

− j⃗i · j⃗ j
� (17)

where Hdis describes the set of spins { j⃗i} rotating around different axes {e⃗i} with different314

frequencies {δi} and Hdd describes dipole-dipole interactions of frequencies
�

∆i j
	

between315

pairs of spins with different orientations. When the Rotating Wave Approximation (RWA)316

holds, all spins align in the same direction (z), leaving only the terms317

Hdis =
∑

i

δi ji,z, Hdd =
∑

i, j

∆i j[3 ji,z j j ,z − j⃗i · j⃗ j]. (18)

Unwanted dynamics that occur during the application of each pulse of the preparation pro-318

tocol (control pulse), whether rotation or squeezing, can introduce slight deviations from the319

intended unitary operations (i.e. finite-duration errors), causing the state preparation protocol320

to miss the target state. To quantify these finite-duration errors, it is common to move to the321

so-called toggling frame, which is defined as the interaction picture with respect to the control322

Hamiltonian. For an ideal propagator U(t ), which implements a target pulse U(τ) = U over323

a time duration τ, the faulty pulse is given by Ufaulty = Ue−iτHeff , where the effective Hamil-324

tonian Heff generates the finite-duration errors. If decoherence is small enough (τ∥Herr∥ ≪ 1325

where ∥·∥ denotes the operator norm), the effective Hamiltonian can be approximated as326

Heff ≈
1

τ

∫ τ

0

U†(t )HerrU(t )dt . (19)

Another promising platform for the generation of AC spin states is based on the spin- j327

hyperfine manifold of alkali atoms, where rotations can be implemented using a rotating mag-328

netic field and squeezing is achieved via an off-resonant laser beam [41, 60, 61]. In these329

systems, decoherence may arise from interactions with a fluctuating magnetic field or from330

quadrupole interactions with an electric field [62, 63]. The system dynamics is typically de-331

scribed using the framework of open quantum systems, where decoherence is modeled through332

a master equation involving jump operators. The dephasing caused by interactions with a mag-333

netic field is represented by a jump operator proportional to the collective spin operator Jz ,334

while electric quadrupole interactions are incorporated through the addition of a Hamiltonian335

term proportional to J2
z , leading to energy level shifts in the spin system. Although the follow-336

ing sections focus only on an interacting spin ensemble, our results apply equally well to the337

alkali atom platform. This is because the dephasing and quadratic terms Jz and J2
z transform338

under the dynamical decoupling sequences considered in this work in the same way as the339

disorder and dipolar terms in Eq. (18).340
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4.2 Mitigating decoherence with dynamical decoupling341

In order to mitigate the impact of noise and decoherence in the system, a periodic sequence342

of pulses, known as a dynamical decoupling (DD) sequence [64, 65], can be applied to the343

system. This DD sequence sequentially and globally rotates the spins of the ensemble in such344

a way that the system is periodically refocused, preventing errors from accumulating. Many345

DD sequences have been designed to suppress noise induced by a Hamiltonian of the form (16),346

with each sequence showing variable levels of efficiency depending on the specific parameter347

regime [66–70]. The choice of the most appropriate sequence depends mainly on the details348

of the experimental setup, such as the strength of the different noise sources and the minimum349

pulse duration that can be achieved.350

Mitigating finite-duration errors during a control protocol is a more tedious task and re-351

quires more advanced techniques, such as the use of dynamically corrected gates (DCG) [71–352

73]. In this scheme, a DD sequence is modified to remove the unwanted Hamiltonian while353

implementing the intended unitary operation. DCGs were originally constructed to implement354

simple single- and two-qubit operations in a qubit register, but their design for more complex355

operations in other quantum systems is not trivial because not all DD sequences are suitable to356

serve as building blocks for the construction of a DCG. In particular, they must be associated357

to a decoupling group and designed on the Cayley graph of that group [72], a requirement that358

is not satisfied by any of the current state-of-the-art sequences for the noise Hamiltonian un-359

der consideration (18). However, decoupling sequences that satisfy these requirements have360

recently been introduced and their potential application in the construction of a DCG has been361

pointed out [74, 75]. In the next section, we use these sequences to construct a DCG that362

protects the pulse-based protocols described in the previous section from the effect of disorder363

and dipolar interactions in a spin ensemble.364

5 Robust generation of AC states365

In this section, we introduce DCGs designed to perform rotation and squeezing operations366

protected from finite-duration errors caused by disorder and dipolar interactions in an en-367

semble of N spin-1/2. We then explain how they can be used in the context of protecting368

the pulse-based protocol described in Sec. 3.2 and demonstrate their effectiveness in the low-369

decoherence regime of parameters. Finally, we study the effect of control errors on the per-370

formance of our DCGs in order to identify the relevant regime of parameters where applying371

a DCG may improve the fidelity of the control protocol.372

5.1 Dynamically corrected gate design373

The building blocks of our two DCGs are the TEDD and TEDDY sequences introduced, re-374

spectively, in Ref. [74] and Ref. [75] and shown in Fig. 7. They consist of 24 and 8 pulses,375

each corresponding to one of the two rotations a and b specified in the axis-angle notation for376

each sequence. TEDD cancels the general Hamiltonian (17) regardless of whether the RWA377

holds, while TEDDY cancels arbitrary disorder but dipolar interaction only under the RWA.378

To construct the DCGs, we insert 11 (resp. 3) identity pulses at the appropriate locations in379

the TEDD sequence (resp. TEDDY), following the procedure described in Refs. [71, 72] and380

we insert the unitary pulse we want to implement at the end of the sequence (see Fig. 7).381

The resulting sequences, which we call TDCG and TYDCG, are guaranteed to implement the cor-382

responding unitary operation while refocusing the system, provided that two conditions are383

met:384

1. Firstly, the identity pulse and the target unitary pulse must have the same finite-duration385
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Figure 7: Schematic representation of the DD sequences used in this work (left) and
their corresponding dynamically corrected gates (right). In the DCGs, the stretched
pulse represents either a rotation unitary, a squeezing unitary or a rotation followed
by a squeezing. The DD pulses are labeled using axis-angle notation, as indicated in
the boxes.

errors. If this is the case, this pair of pulses is called a balanced pair.386

2. Secondly, these finite-duration errors must be suppressed by the DD sequence used in the387

construction. If the finite-duration error is no longer suppressed by the DD sequence, we388

say that it has leaked out of the correctable subspace, which contains all the Hamiltonians389

suppressed by the sequence.390

We begin by addressing the first condition with a simple construction of balanced pairs.391

For a simple control Hamiltonian of the form H(t ) = f (t )h, where h is a time-independent392

operator and f (t ) is the control profile that generates a target unitary gate U(τ) = U over a393

duration τ, a simple prescription for the balanced pair construction is presented in Ref. [71].394

In this procedure, the unitary pulse at the end of the sequence is obtained by stretching the con-395

trol profile of the desired gate, such that the new control profile is given by fstr(t ) =
1
2 f (t/2),396

which implements the same unitary gate U in a duration 2τ. The identity pulse is then ob-397

tained by applying the intended gate with the original control profile f (t ), followed by the398

reverse time-antisymmetric pulse, which corresponds to a control profile − f (τ− t ). Overall,399
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the balanced pair is defined by the two control profiles400

Stretched pulse profile : fstr(t ) =
1

2
f (t/2), t ∈ [0, 2τ]

Identity pulse profile : fid(t ) =

¨

f (t ) t ∈ [0,τ]
− f (2τ− t ) t ∈ [τ, 2τ]

(20)

A similar design can be used to construct a balanced pair in a composite pulse sequence. For401

example, for a composite pulse composed of two successive pulses U1(t ) = e−ih1
∫ t

0 f1(t ′)dt ′ and402

U2(t ) = e−ih2
∫ t

0 f2(t ′)dt ′ , the stretched pulse is obtained by individually stretching the profiles403

f1(t ) and f2(t ). The identity pulse is then obtained by applying the composite pulse, followed404

by the same pulse sequence executed in reverse, where the reverse time-antisymmetric control405

profile is used for each pulse. This design therefore requires us to be able to reverse the sign406

of the control Hamiltonian.407

We now turn to the second condition, which requires that the finite-duration error (19)408

be effectively suppressed by the DD sequence. Whether this condition is met depends on the409

specific pulse that is being implemented. For example, when applying a squeezing pulse along410

the z-axis, which commutes with the noise Hamiltonian (17), the finite-duration errors are411

indeed suppressed by both DD sequences, and the condition is satisfied. In contrast, for a412

rotation pulse, the most general form of the finite-duration error takes the form413

Heff =
∑

i

δi m⃗ · j⃗i +
∑

i j

∆i j
�

3 j⃗i · (M j⃗ j)− j⃗i · j⃗ j
�

(21)

where m⃗ is an unnormalized vector and M a symmetric matrix, both of which depend on414

the specific rotation being implemented. Their explicit form are given in Appendix B. In this415

case, we find that the error remains suppressed by the TEDD sequence but leaks out of the416

correctable subspace of TEDDY.417

In the case where a composite pulse is to be implemented, finite-duration errors are slightly418

more complex, and it can be observed that the finite-duration error of a composite pulse con-419

sisting of a rotation followed by a squeezing is suppressed, while that of a composite pulse420

consisting of a squeezing followed by a rotation leaks out of the correctable subspace (see421

Appendix B).422

This leaves us with two options for protecting the pulse-based protocols of Sec 3.2, which423

consist of several cycles each consisting of a rotation followed by a squeezing. The first strategy424

is to protect each cycle as a block using the dynamically corrected gate TDCG, and the second425

is to protect each rotation individually using TDCG and each squeezing using TYDCG.426

5.2 Pulse-based protocols robust to finite-duration errors427

To evaluate the performance of a dynamical decoupling protocol, we use the distance met-428

ric [74,76,77]429

D(U, V) =

√

√

1−
1

ds
|Tr[UV†]| (22)

which quantifies how close a noisy evolution U is to the ideal target unitary V for a system430

of dimension ds . To identify parameter regimes where incorporating dynamically corrected431

gates (DCGs) enhances performance, we compute D(U, V) for a pulse-based protocol both432

with and without DCGs, across a broad range of parameters (δ/χ ,∆/χ). Here, δ = ∥Hdis∥433

and ∆ = ∥Hdd∥ denote the strengths of the disorder and dipolar interaction Hamiltonians,434

respectively, and χ is the amplitude of the control Hamiltonian. The results are averaged over435
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Figure 8: Left: average distance (22) in the (δ/χ ,∆/χ) parameter space between
the ideal and noisy control protocols for the generation of an AC state of order 2 (top)
and 3 (bottom). Right: infidelity of the state preparation protocol for an AC state
of order 2 (top) and 3 (bottom). Results are shown for protocols without dynamical
decoupling (gray), with DCGs applied to each pulse (red), and with DCGs applied to
each cycle (green).

20 randomly generated instances of Hdis and Hdd of the form of Eq. (18), using rectangular-436

shaped control pulses.437

We calculate the distance (22) between the noisy and ideal state preparation protocol prop-438

agators of an AC state to order 2 in a system of N = 4 spin-1/2 particles, and of an AC state to439

order 3 in a system of N = 6 spin-1/2 particles, using the optimized rotation and squeezing440

parameters presented in the GitHub repository [50] for t = 2 and t = 3 respectively. The441

results are shown in Fig. 8. We consider two strategies: one where each pulse is individually442

protected by a DCG (red surface), and another where each cycle is protected as a block (green443

surface). Both protocols yield smaller distances compared to the unprotected noisy protocol444

(the ’NoDD’ scenario), provided the ratio between the pulse amplitude and the noise ampli-445

tude is sufficiently small, as expected [72]. When this ratio exceeds a critical threshold, the446

decoupling protocol becomes less effective and introduces more errors than it corrects, due to447

the significantly longer implementation time of the DCG (see Appendix D for more details).448

In the absence of pulse imperfections, both DCG strategies perform similarly, as indicated449

by the near-complete overlap of the red and green surfaces in Fig. 8. However, for the 2-450

AC state preparation protocol, protecting each pulse individually (resp. each cycle) results in451

a slightly smaller distance in the disorder-dominated (resp. interaction-dominated) regime,452

where we estimate that this strategy outperforms the unprotected protocol (NoDD) when453

δ/χ ≲ 10−1.6 (resp. ∆/χ ≲ 10−1.6). In contrast, for the 3-AC state preparation protocol, pro-454

tecting each pulse individually leads to a slightly smaller distance in both parameters regimes,455

offering an advantage over NoDD when ∆/χ ≲ 10−1.3 and ∆/χ ≲ 10−1.6.456

We may also calculate the infidelity of the prepared quantum state,457

I = 1−
�

�〈ψ0|V†U |ψ0〉
�

�

2
, (23)
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where |ψ0〉 is the initial state. We see that the regime where the DCG strategies perform better458

than NoDD occurs when the infidelity is already quite low, with I ≲ 10−2.5 (resp. I ≲ 10−2)459

for the 2-AC (resp. 3-AC) state preparation protocol. The DCG protocols should therefore460

be used in systems where the state-preparation protocol achieves a fidelity already quite high461

(F ≳ 99−99.9%) and where the leading source of error is decoherence and is not induced by462

the control pulses. In such systems, dynamically corrected gates can help decrease infidelity463

by further orders of magnitude ; for instance, for the 2-AC state preparation protocol, if the464

initial infidelity is as low as I ∼ 10−3.5, the protection offered by the DCG further reduces465

the infidelity down to I ∼ 10−5. In order to further increase the efficiency of the protection466

protocol and its usefulness in experimental setups, it is possible to optimize the DCG scheme so467

that the crossover between the NoDD and DCG surfaces in Fig. 8 occurs at greater infidelities,468

so that DCG offers better protection over a wider range of parameters. We also note that the469

smallest infidelity is always achieved by the individual pulse protection (resp. cycle protection)470

in the disorder-dominated (resp. interaction-dominated) regime.471

5.3 Effect of control errors472

Dynamically corrected gates are constructed to provide some protection against finite-duration473

errors, at the cost of a significant control overhead. In particular, the DCGs presented in this474

work replace a single pulse with a sequence of 36 pulses for TDCG and 12 pulses for TYDCG.475

This overhead can be detrimental to the system if the errors associated with the pulses, which476

are not all corrected by the DCG, are non-negligible, in which case the pulse sequence can477

induce more errors than it corrects. In Appendix C, we study the effect of control errors on478

the performance of the DCG strategies presented above, using simple error models consisting479

of flip-angle errors [78], where each rotation or squeezing is subject to a slight over-rotation480

or over-squeezing. These deviations arise from imperfections in the pulse amplitude, captured481

by an error parameter ε, leading to an effective pulse amplitude of χfaulty = χ(1+ ε) rather482

than the intended χ .483

Two distinct types of pulse error must be considered in a DCG: those affecting the DD484

pulses and those affecting the balanced pair. Errors of the first type (those associated with485

DD pulses) are automatically corrected to first order by the DCG, provided they are system-486

atic and lie within the correctable subspace of the sequence. This robustness arises from the487

Eulerian design of the DCG [65, 79]. In the sequences investigated in this work, correctable488

errors include systematic over- or under-rotations and axis misspecification, where a rotation489

is performed around a slightly incorrect axis [74]. As these errors are self-corrected at first490

order by the DD sequence, they are less detrimental to the overall performance of the DCG,491

and we find that a DCG outperforms the unprotected protocol when the control error mag-492

nitude satisfies ε ≲ λ
p

∥Herr∥/χ , where ∥Herr∥ denotes the supremum operator norm of the493

noise Hamiltonian (18), and λ is a constant that depends on the ratio between the duration of494

the DCG and of the unprotected protocol, as well as the norm of the second-order term of the495

Magnus expansion (see Appendix C). The parameter λ can be estimated using analytical upper496

bounds of the DCG’s distance, and we find that λ ∼
p

2/γα2 where γ = χτ and α = τDCG/τ497

and where τ (resp. τDCG) is the duration of the NoDD (resp. DCG) protocol. For the GHZ498

state preparation protocol considered in Appendix C, we find λ ∼ 10−1. We also note that499

the performance of the DCG is limited by the control errors in the regime ε ≳ ∥Herr∥/χ , in500

that increasing the amplitude χ to shorten the DCG duration no longer decreases the distance501

between the noisy gate and the desired gate, since ε is the leading error parameter.502

On the other hand, the errors associated with the balanced pair are typically not corrected503

and may more easily accumulate to significantly reduce the performance of the DCG, or even504

prevent any benefit. Flip-angle errors in the balanced pair are modeled by their effect on the505

control profile of the stretched and identity pulses, and we replace the profiles given in (20)506
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Errors in DD pulses
Errors in Balanced Pair

Type I Type II

DCG better than NoDD ε ≲ λ

r

∥Herr∥
χ ε ≲ λ

r

∥Herr∥
χ ε ≲

∥Herr∥
χ

DCG performance bound ∥Herr∥
χ ≲ ε

∥Herr∥
χ ≲

1
λ

p
ε

∥Herr∥
χ ≲

1
βλ

p
ε

Table 2: Performance regimes of a DCG when control errors are introduced in the
pulse sequence. We consider errors in the DD pulses and in the balanced pair, distin-
guishing between type I errors (where identity pulses introduce no additional errors
but fail to correct over-rotation) and type II errors (where identity pulses imperfectly
implement the identity, introducing new errors). We find the parameter regimes
where DCG outperforms the NoDD protocol and where its performance is limited by
control errors.

by507

NoDD profile : fNoDD(t ) = (1+ ε) f (t ), t ∈ [0,τ]

Stretched pulse profile : fstr(t ) =
1

2
(1+ εstr) f (t/2), t ∈ [0, 2τ]

Identity pulse profile : fid(t ) =

¨

(1+ ε) f (t ) t ∈ [0,τ]
−(1+ εid) f (2τ− t ) t ∈ [τ, 2τ]

(24)

The error parameters ε, εstr and εid can in general differ, as the control error can vary if the508

control profile is stretched or the sign of the Hamiltonian is reversed. We find that two different509

types of balanced pair errors have very different impacts on the DCG performance, which can510

be modeled by choosing different sets of parameters (ε,εstr,εid). For ε = εstr = εid, each511

identity pulse implements the identity operation perfectly and introduces no additional errors512

into the system, so that the DCG implements the error-prone pulse without introducing any513

additional errors, but without correcting the over-rotation. We refer to these errors as type I514

errors. In this case, we find that the DCG still outperforms the NoDD protocol in the regime515

ε ≲ λ
p

∥Herr∥/χ , but that DCG’s performance is now limited by the control errors in the516

regime where ∥Herr∥/χ ≲ λ
p
ε.517

Finally, it should be noted that other types of control error can result in additional errors518

introduced by each identity pulse, which is the case when ε = εstr = −εid. In this particular519

case, each identity pulse in the DCG implements an operation that differs slightly from the520

identity due to ε, and the DCG not only fails to correct the control error but also introduces new521

ones ; we refer to these errors as type II errors. This extends the regime in which DCG provides522

no improvement over NoDD to ε ≳ ∥Herr∥/χ , and the performance of the DCG remains limited523

by control errors in the regime where ∥Herr∥/χ ≲ γ
p
ε, with γ ∼
p

βλ and β = τBP/τ being524

the ratio between the time spent on the balanced pair and the duration of the NoDD protocol.525

Moreover, in the presence of such errors and in the regime ε ≲ ∥Herr∥/χ ≲ γ
p
ε, the DCG526

strategy where each pulse is protected individually performs much better than the strategy527

where each cycle is protected as a block, because the TYDCG sequence requires fewer identity528

pulses and thus introduces fewer errors into the system. This strategy should therefore be529

considered when errors during the squeezing pulses are non-negligible and reducing the total530

squeezing time is crucial to the outcome of the control protocol.531

18



SciPost Physics Submission

6 Conclusion532

In this work, we have presented a simple and efficient protocol for the deterministic genera-533

tion and protection of anticoherent (AC) spin states using a combination of spin rotation and534

squeezing operations. Our pulse-based protocol, which involves cycles of rotations followed by535

squeezing, has demonstrated remarkable efficiency in producing AC states of different orders,536

achieving a high degree of anticoherence even for large spin quantum numbers. Through nu-537

merical optimization and analytical derivations, we have identified the optimum parameters538

for the rotation and squeezing operations, enabling the generation of AC states up to order 9539

for spin-24 systems and order 2 for collective spin ensembles.540

To address the inherent fragility of AC states to decoherence, we developed dynamically541

corrected gates (DCGs) capable of implementing the pulse-based state preparation protocol542

while suppressing the relevant noise mechanisms. We have shown that our methods effec-543

tively mitigate dephasing arising from dipole-dipole interactions and on-site disorder in inter-544

acting spin ensembles, preserving coherence during state preparation by our protocol. Our545

analysis demonstrates that single-pulse protection using DCGs outperforms full-cycle protec-546

tion in disorder-dominated regimes, while the latter is more suitable in interaction-dominated547

scenarios. Furthermore, we have shown that DCGs remain advantageous when control errors548

are sufficiently small, supporting the feasibility of experimentally producing t -AC states for549

various orders t . These states hold great promise for applications in quantum sensing, metrol-550

ogy, and fundamental quantum studies, where their rotational invariance and sensitivity to551

perturbations can be exploited.552

Our protocols can be applied to any physical platform where rotation and squeezing op-553

erations are possible, such as magnetic atoms, spin ensembles, or even Bose-Einstein conden-554

sates. Future research could then explore the use of more sophisticated Hamiltonian dynam-555

ics, such as two-axis anisotropic countertwisting [80] or effective three-body collective-spin556

interactions [81], to further speed up the generation of AC states. Beyond deterministic co-557

herent control schemes, AC states could also be generated probabilistically via post-selection558

or through dissipative state preparation methods. An interesting direction to explore could559

be the use of quantum non-demolition measurement schemes based on multicolor probing,560

as demonstrated in [82], which may offer another approach to generate AC states in atomic561

ensembles with increased robustness against technical noise and inhomogeneous broadening.562

Investigating these alternatives may offer new avenues for producing practically useful AC563

states under less stringent coherence requirements, expanding their applicability to realistic564

experimental platforms.565
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A Evolution of multipoles under rotation and squeezing577

In this Appendix, we show that the rotation generator Jy couples a multipole of order M only578

to those of order M ± 1, without changing the value of L, while the squeezing generator J2
z579

couples a multipole of order L only to those of order L± 1, without altering the value of M .580

Throughout this section, we set ħh = 1.581

A.1 Rotation582

Under the unitary evolution generated by the Hamiltonian ΩJy , the density matrix in the583

multipolar basis evolves according to584

i
∑

LM

ρ̇LM TLM = Ω
∑

LM

ρLM
�

Jy , TLM
�

. (A.1)

The operator Jy can be expressed in terms of the ladder operators as585

Jy =
J+ − J−

2i
(A.2)

and its commutator with any multipole operator is given by586

[J±, TLM] =
Æ

L(L+ 1)C LM±1
LM ,1±1TLM±1. (A.3)

Therefore, the commutator in Eq. (A.1) can be rewritten in the form587

�

Jy , TLM
�

=

p

L(L+ 1)

2i

�

C LM+1
LM ,11TLM+1 − C LM−1

LM ,1−1TLM−1

�

. (A.4)

Using the relations588

C LM−1
LM ,1−1 =

p

(L−M + 1)(L+M)
p

2L(L+ 1)
C LM+1

LM ,11 = −

p

(L+M + 1)(L−M)
p

2L(L+ 1)
(A.5)

and the orthogonality relation589

Tr
�

TLM T †
L′M ′

�

= δLL′δMM ′ (A.6)

we find that the evolution of any multipole component ρLM is governed by590

∑

LM

ρ̇LM =
Ω

2
p

2

�

(L−M + 1)(L+M)ρLM−1 + (L+M + 1)(L−M)ρLM+1
�

(A.7)

which depends only on the neighboring multipoles ρLM±1.591

A.2 Squeezing592

Under the unitary evolution generated by the Hamiltonian χJ2
z , the density matrix in the593

multipolar basis evolves according to594

i
∑

LM

ρ̇LM TLM = χ
∑

LM

ρLM
�

J2
z , TLM
�

. (A.8)
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In the multipolar basis, the squeezing operator is given by595

J2
z =

j( j + 1)
p

2 j + 1

3
T00 +

1

6
p

5

√

√

√(2 j + 3)!

(2 j − 2)!
T20. (A.9)

Since T00 is proportional to the identity matrix, it does not contribute to the evolution of the596

density matrix, meaning only the term involving T20 need to be considered. We can now use597

the general commutator between two multipolar operators, given by [20]598

�

TL1M1
, TL2M2

�

=
Æ

(2L1 + 1)(2L2 + 1)
∑

L

(−1)2 j+L �1− (−1)L1+L2+L�

×
�

L1 L2 L
j j j

�

C LM1+M2

L1M1,L2M2
TLM1+M2

, (A.10)

where we used the 6 j -symbol and Clebsch-Gordan coefficients. These coefficients are non-599

zero only when |L1 − L2| ≤ L ≤ L1 + L2. In our case, since L1 = 2, the maximum multipolar600

order reachable from L2 is L = L2 ± 2. However, for L = L2 ± 2 or L = L2, the factor601

1− (−1)L1+L2+L (A.11)

vanishes, leading to the final expression602

�

J2
z , TLM
�

=
M

p
2L+ 1

�√

√(L−M + 1)(L+M + 1)(2 j − L)(2 j + L+ 2)

2L+ 3
TL+1M

+

√

√(L−M)(L+M)(2 j − L+ 1)(2 j + L+ 1)

2L− 1
TL−1M

�

. (A.12)

Finally, using the orthogonality property (A.6), Eq. (A.8) simplifies to603

ρ̇LM =
χ

i

M
p

2L+ 1

�√

√(L−M)(L+M)(2 j − L+ 1)(2 j + L+ 1)

2L− 1
ρL−1M

+

√

√(L−M + 1)(L+M + 1)(2 j − L)(2 j + L+ 2)

2L+ 3
ρL+1M

�

, (A.13)

which clearly shows that a multipole of order L is coupled only to its adjacent multipoles of604

order L± 1.605

B Finite-duration errors and leakage out of the correctable sub-606

space607

Consider a unitary evolution operator U(t ), implementing a target unitary U(τ) = U in a time608

τ, and the noise Hamiltonian609

Herr =
∑

i

δi ji,z +
∑

i j

∆i j
�

3 ji,z j j ,z − j⃗i · j⃗ j
�

(B.1)

which induces finite-duration errors. The error can be quantified by moving to the toggling610

frame with respect to U(t ), where the noise Hamiltonian reads, in the case whereτ∥Herr∥ ≪ 1,611

Heff ≈
1

τ

∫ τ

0

dt U†(t )HerrU(t ). (B.2)
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We aim to determine whether the effective Hamiltonian Heff leaks out of the correctable sub-612

space of the TEDD and TEDDY sequences for several relevant propagators, including elemen-613

tary squeezing and rotation pulses, as well as composite pulses consisting of squeezing and614

rotation.615

B.1 Elementary pulses616

Squeezing In the case of a squeezing pulse, U(t ) = e−iχ(t )J2
z (with Jz =
∑

i ji,z the collective617

spin) and we have [U(t ), Herr] = 0∀t , so that Heff = Herr and no leakage occurs.618

Rotation In the case of a rotation R[n⃗(t ),θ (t )] ≡ R(t ) ∈ SO(3), U(t ) = e−iθ (t )n̂(t )·J⃗ and619

we have620

Heff =
∑

i

δi m⃗ · j⃗i +
∑

i j

∆i j
�

3 j⃗i · (M j⃗ j)− j⃗i · j⃗ j
�

(B.3)

where m⃗ =
1
τ

∫ τ

0 dtR(t )z⃗ is an unnormalized vector, M is a 3 × 3 symmetric matrix whose621

entries are given by Mi j =
1
τ

∫ τ

0 dt Rzi(t )Rz j(t ). While the disorder term is still in the cor-622

rectable subspace as for squeezing, the dipolar term leaks out of the correctable subspace of623

TEDDY which corrects only two-body interactions proportional to 3 ji,z j j ,z − j⃗i · j⃗ j . On the624

other hand, TEDD corrects all two-body interactions written as Hi j =
∑

α,β hi j
αβ

jα,i jβ ,i that625

satisfy Tr
�

hi j
�

= 0. Indeed, in this case, it is easy to verify that626

Tr[3M − 13×3] = 3
1

τ

∫ τ

0

dt
�

R2
zx (t ) + R2

zy(t ) + R2
zz(t )
�

− 3 = 3
1

τ

∫ τ

0

dt − 3 = 0 (B.4)

using the property that R(t ) is an SO(3) rotation matrix with unit-norm rows and columns at627

all times. Consequently, TEDD suppresses the Hamiltonian (B.3).628

B.2 Composite pulses629

Consider a composite pulse composed of two pulses U1(t ) and U2(t ), implementing the uni-630

taries U1(τ1) = U1 and U2(τ2) = U2 in a time duration τ1 and τ2 respectively. The finite-631

duration error of the composite pulse can be written as Heff = H (1)
eff
+H (2)

eff
with632

H (1)
eff
=

1

τ1 + τ2

∫ τ1

0

dtU†
1(t )HerrU1(t ),

H (2)
eff
=

1

τ1 + τ2
U†

1

�∫ τ2

0

dtU†
2(t )HerrU2(t )

�

U1

(B.5)

where H (1)
eff

and H (2)
eff

represent the finite-duration errors of the first and second pulses, respec-633

tively, with H (2)
eff

evaluated assuming that U1 has already been applied.634

In the case where U1(t ) is a rotation and U2(t ) is a squeezing along the z axis, the total635

finite-duration error can be suppressed by TEDD, as both H (1)
eff

and H (2)
eff

can be written in636

the form of (B.3). However, when U1(t ) is a squeezing and U2(t ) is a rotation, squeezing637

U1 does not commute with U†
2(t )HerrU2(t ) at all times. As a result, the finite-duration error638

H (2)
eff

cannot be decomposed into simple disorder and dipolar terms. Instead, it includes more639

complex K -body interactions that are not corrected by our sequence.640
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C Effect of control errors on the DCG641

We study the effect of control errors on the performance of our pulse-based protocol protected642

from finite-duration errors by DCGs. For that purpose, we consider the simplest protocol pre-643

sented in this work, which prepares a GHZ state starting from a coherent state pointing in644

the direction of the z-axis by applying a π/2 rotation about the x -axis followed by a squeez-645

ing of strength π/2 along the z-axis. For an ensemble of N = 4 spin-1/2, we calculate the646

distance (22) between the noisy and ideal state-preparation propagators for a wide range of647

parameters (δ/χ ,∆/χ), where δ = ∥Hdis∥ and ∆ = ∥Hdd∥, in the NoDD case, when the ro-648

tation and squeezing pulses are individually protected by a DCG and when the whole cycle is649

protected by a single DCG (results shown in Fig. 9). In the absence of control errors, we find650

that protecting a cycle performs better than protecting each pulse in the interaction-dominated651

regime (∆ ≳ δ). In general, the best DCG strategy only provides an improvement over NoDD652

in the δ/χ ≲ 10−1.6 and ∆/χ ≲ 10−1.3 regimes of parameters.

Figure 9: Average distance between the ideal and noisy control protocol propagators
for the preparation of a GHZ state in an ensemble of 4 spin-1/2 under the different
DCG strategies.

653

We then introduce control errors in the protocols and study how they impact the DCG’s654

performance by calculating the distance measure in the (ε,∥Herr∥/χ) parameter space, where655

∥Herr∥ = ∥Hdis +Hdd∥, considering both the interaction- and disorder-dominated regime by656

fixing ∥Hdis∥/∥Hdd∥ = 10−1 and ∥Hdd∥/∥Hdis∥ = 10−1 respectively. We consider three types657

of error, namely (i) errors in the DD pulses, (ii) errors in the balanced pair for which the658

identity pulses do not introduce additional errors and (iii) errors in the balanced pair where659

each identity pulse introduces errors to the system. As a simple model for control errors, we660

consider flip-angle errors [78] (over- or under- rotations) where the amplitude of a faulty pulse661

is given by χfaulty = χ(1 + ε) where |ε| ≪ 1. For convenience, we concentrate on the case662

where ε > 0, which generates over-rotations.663

C.1 Errors in the DD pulses664

Let us consider that the amplitude of each DD pulse slightly deviates from the intended ampli-665

tude by a small error parameter ε≪ 1, which systematically over-rotate each spin, and that666

the balanced pairs and the NoDD protocol are error-free. To study the effect of these errors667

on our protocols, we construct an AC state of order 1 in an ensemble of 4 spin-1/2, using the668

NoDD and the DCGs strategies and calculate the distance (22) in the (∥Herr∥/χ ,ε) parameter669
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space, where ∥Herr∥ = ∥Hdis +Hdd∥ is the norm of the Hamiltonian (18). We consider the670

disorder-dominated and interaction-dominated regimes by fixing ∥Hdd∥/∥Hdis∥ = 10−1 and671

∥Hdis∥/∥Hdd∥ = 10−1 respectively.672

Figure 10: (a) (resp. (b)): Average distance in the disorder-dominated (resp.
interaction-dominated) regime in the (∥Herr∥/χ ,ε) parameter space, where
∥Herr∥ = ∥Hdis +Hdd∥ and ∥Hdd∥/∥Hdis∥ = 10−1 (resp. ∥Hdis∥/∥Hdd∥ = 10−1),
in the case of flip-angle errors in the DD pulses.

The results are presented in Fig. 10a and Fig. 10b for the disorder-dominated and interaction-673

dominated regimes, respectively, and show that the DCGs still offer some protection whenever674

ε ≲ 10−0.8
p

∥Herr∥/χ . When flip-angle errors are greater than this critical value, the DCGs675

introduce more errors than they correct. Note that similar results can be obtained for any676

systematic pulse error which belongs to the correctable subspace of TEDD and TEDDY, such677

as axis-misspecification errors, where each rotation is implemented around an axis which de-678

viates from the intended one [74,78].679

C.2 Errors in the balanced pair680

Let us now consider the same control protocol where flip-angle errors also appear in the bal-681

anced pair and the NoDD protocol, such that the faulty control profiles of the NoDD pulse,682

stretched pulse and identity pulse are given by683

NoDD profile : fNoDD(t ) = (1+ ε) f (t ), t ∈ [0,τ]

Stretched pulse profile : fstr(t ) =
1

2
(1+ εstr) f (t/2), t ∈ [0, 2τ]

Identity pulse profile : fid(t ) =

¨

(1+ ε) f (t ) t ∈ [0,τ]
−(1+ εid) f (2τ− t ) t ∈ [τ, 2τ]

(C.1)

where the error parameters may differ when the pulse is stretched or when the sign of the684

Hamiltonian is switched. One can show that, in the case where ε = εstr = εid, the balanced685

pair implements the over-rotation with no additional errors compared to the NoDD case, but686

do not correct it, such that the DCG’s performance is upper-bounded by the flip-angle error but687

it should still provide some protection whenever the errors of the DD pulses are not significant688

(ε ≲ 10−1
p

∥Herr∥/χ).689

Adding such flip-angle errors to the balanced pair and the NoDD protocol for the same690

quantum system and control protocol as in Sec. C.2, we find that the flip-angle errors limit691

the DCG’s performance whenever ε ≳ 100.7(∥Herr∥/χ)2, reducing greatly the benefit of the692

DCG strategies (see Fig. 11). In this regime of parameters, protecting the squeezing and ro-693

tation pulses separately offers slightly better results even in the interaction-dominated regime694

(Fig. 11b).695
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Figure 11: (a) (resp. (b)) : Average distance in the disorder-dominated
(resp. interaction-dominated) regime in the (∥Herr∥/χ ,ε) parameter space, where
∥Herr∥ = ∥Hdis +Hdd∥ and ∥Hdd∥/∥Hdis∥ = 10−1 (resp. ∥Hdis∥/∥Hdd∥ = 10−1),
in the case of flip-angle errors in the DD pulses and the balanced pair, using
ε = εstr = εid.

When ε ̸= εstr ̸= εid, the identity pulses in the balanced pair may introduce additional696

errors, which are intrinsic to the DCGs and not corrected to first order. This is the case, for in-697

stance, when ε = εstr = −εid (see Fig. 12), where each identity pulse introduces an additional698

error into the system. In this case, uncorrected errors appear in the DCG which do not occur699

in the NoDD protocol, which changes the regimes where NoDD performs better than any DCG700

strategies to ε ≳ 10−0.6∥Herr∥/χ . In this regime, the DCG strategy which protects rotation701

and squeezing individually significantly outperforms the other strategy, as this reduces the to-702

tal time spent applying the error-prone identity pulses which account for the dominant source703

of pulse errors.

Figure 12: (a) Average distance in the disorder-dominated regime within
the (∥Herr∥/χ ,ε) parameter space, where ∥Herr∥ = ∥Hdis +Hdd∥ and
∥Hdd∥/∥Hdis∥ = 10−1. (b) Same as (a), but for the interaction-dominated
regime with ∥Hdis∥/∥Hdd∥ = 10−1. In both cases, flip-angle errors are introduced in
the dynamical decoupling pulses and the balanced pair, with ε = εstr = −εid.

704

D Distance metric and error analysis705

In the most general case of a system interacting with its environment, a relevant environment-706

invariant metric which measures the distance between the system+bath evolution and the707

system-only target evolution is given by [77]708

D(U, V) =
1
p

2dSdB

min
Φ
∥U − V ⊗Φ∥Fr =

√

√

1−
1

dSdB
∥Γ∥Tr, (D.1)
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where709
(

∥Γ∥Tr = Tr
�p
Γ †Γ
�

Γ = TrS
�

U(V† ⊗ 1B)
�

. (D.2)

This metric can be used to evaluate the performance of DD protocols [74, 76]. In the case of710

a closed system as considered in the main text, the distance metric reduces to711

D(U, V) =
1
p

2dS

∥U − V∥Fr =

√

√

1−
1

dS
|Tr [UV†]|. (D.3)

Due to finite-duration errors, the propagator V(t ) of the pulse V(τ) = V is replaced by the712

propagator713

U = Ve−iΦV with ΦV =
∞
∑

n=1

Φ[n]V (D.4)

where the finite-duration error operator ΦV is expressed as a series by performing a Magnus714

expansion in the toggling frame with respect to control Hamiltonian which generates V(t ).715

When decoherence is small enough, that is when τ∥Herr∥ ≪ 1 where ∥Herr∥ is the supremum716

operator norm of the noise Hamiltonian, finite-duration errors can be approximated by the717

first term of the series,718

ΦV ≈ Φ
[1]
V =

∫ τ

0

dt V†(t )HerrV(t ) (D.5)

which corresponds (up to a factor 1/τ) to the finite-duration error Hamiltonian given in the719

main text, see Eq. (19). The norm of the higher-order terms of the Magnus expansion can be720

upper-bounded as [83]721







Φ
[n]
V








 ≤ π
�

τ∥Herr∥
ξ

�n

(D.6)

where ξ ≈ 1.0868 is a convergence radius. For the second-order term, a tighter upper-bound722

is given by723







Φ
[2]
V








 ≤
1

2
(τ∥Herr∥)2. (D.7)

In this case, one can derive an upper-bound on the distance using a Taylor expansion,724

D(U, V) ≲
1
p

2dS








V
�

1S − iΦ[1]V + . . .
�

− V









Fr

≤
1
p

2













∫ τ

0

dt V†(t )HerrV(t )













≤
1
p

2
τ∥Herr∥

(D.8)

where we used the norm inequality
1p
dS
∥·∥Fr ≤ ∥·∥, the triangle inequality ∥A+ B∥ ≤ ∥A∥+∥B∥,725

submultiplicativity ∥AB∥ ≤ ∥A∥∥B∥ and unitary invariance of the supremum operator norm. In726

the low-decoherence regime, the distance thus scales linearly with the norm of the unwanted727

noise Hamiltonian.728

D.1 DCG error analysis729

In the case of a DCG, the propagator of the total sequence can still be written as730

U = Ve−iΦDCG with ΦDCG =
∞
∑

n=1

Φ[n]DCG (D.9)

26



SciPost Physics Submission

where ΦDCG is again obtained by performing a Magnus expansion in the toggling frame with731

respect to the dynamical decoupling sequence [71, 72]. When decoherence is small enough,732

the series converges and can be approximated by its first term, which reads733

Φ[1]DCG =
∑

λ=a,b

ΠG(Φλ) +ΠG(ΦV) (D.10)

where Φλ=a,b are the finite-duration errors of the pulses a and b of the DD sequence, ΦV is734

the finite-duration error of the balanced pair and ΠG is the DD symmetrization735

ΠG(S) =
1

|G|

∑

g∈G
g †Sg (D.11)

which projects the operator S on a G-invariant subspace of the space of operators, suppressing736

S entirely in the case where S belongs to the correctable subspace of the group G. In the737

case where the DD symmetrization suppresses the finite-duration error of the pulses and the738

balanced pair, Φ[1]DCG = 0 and if decoherence is small enough, that is τDCG∥Herr∥ ≪ 1 where739

τDCG is the duration of the DCG, the finite-duration error is approximated by the second-order740

term in the expansion. We can then find an upper-bound as741

D(U, V) ≲
1
p

2








Φ
[2]
DCG








 ≤
1
p

2

1

2
(τDCG∥Herr∥)2. (D.12)

In order to estimate the regime of parameter where the DCG provides an improvement over742

the NoDD case, one can compare the upper-bounds (D.12) and (D.8) and find when the upper-743

bounds of the DCG is smaller than that of the unprotected pulse, i.e., when744

τ∥Herr∥ ≳
1

2
τ2

DCG∥Herr∥2. (D.13)

By defining a parameter α > 1 such that τDCG = ατ, this condition is satisfied when745

2

α2
> τ∥Herr∥. (D.14)

As the duration τ is lower-bounded by the pulse amplitude χ , one can also define some pa-746

rameter γ as τ = γ/χ , such that747

2

γα2
>
∥Herr∥
χ

. (D.15)

The regime of parameters where a DCG outperforms NoDD thus depends on the parameter α,748

which quantifies the time-overhead of the DCG. Note that this estimation is not very tight ; for749

instance, for the TEDD sequence used to protect a γ = π/2 rotation, the total duration of the750

DCG is given by751

τDCG = 24
2π

3χ
+ 12

π

χ
(D.16)

where
2π
3χ is the time it takes to perform a 2π/3 rotation with a pulse amplitude χ and π/χ752

is the time it takes to perform a π/2 rotation when the pulse is stretched by a factor of two.753

Dividing τDCG by τ = π/2χ , we find that α = 76 and ∥Herr∥/χ ≲ 10−4, while the DCG754

is observed to provide an improvement over NoDD in the regime ∥Herr∥/χ ≲ 10−1.6 in our755

numerical simulations. A slightly tighter estimate can be found by considering also the second-756

order term of the Magnus expansion in the NoDD case, but the analytical estimate still differs757

with the numerical results as the upper-bound on the second-order term Φ[2]DCG is itself not very758

tight and the norm of high-order terms tend to be over-estimated.759
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D.2 DCG error analysis with pulse errors760

In the case of control errors in the DD pulses, the Eulerian design of the sequence auto-corrects761

the errors, such that their introduction only impacts the second order term which now reads762

Φ[2]DCG ≤
1

2
τ2

DCG(∥Herr∥+ χε)2 (D.17)

where ε≪ 1 is the error parameter defined in the main text and χ is the pulse amplitude. The763

parameter regime where the DCG provides an advantage over NoDD is then found by solving764

the inequality765

τ∥Herr∥ ≳
1

2
τ2

DCG(∥Herr∥+ χε)2. (D.18)

In the case where ∥Herr∥/χ is small enough (D.15), we find that the parameter regime where766

the DCG still outperforms NoDD is estimated by767

ε ≲ −
∥Herr∥
χ

+

√

√ 2

γα2

√

√

√∥Herr∥
χ
≈
√

√ 2

γα2

√

√

√∥Herr∥
χ

(D.19)

and we recover the power law observed in the numerical calculation (see Appendix C) and768

reported in the main text, although the estimate is again not very tight. We can also find the769

leading error of the DCG by determining the leading term in (D.17), and we find that the770

leading error of the DCG is caused by the error in the DD pules when ∥Herr∥/χ ≤ ε.771

In the case of errors in the balanced pair, the leading error will now appear in the first-772

order term of the Magnus expansion in both the NoDD and DCG cases. Considering an error773

of amplitude χε, the NoDD distance upper-bound estimate will be given by774

D(U, V) ≲
1
p

2
τ(∥Herr∥+ χε). (D.20)

For the DCG, we should take into account that the uncorrected error only occurs during the775

balanced pair and not throughout the entire sequence, such that we have776

D(U, V) ≲
1
p

2

�

τBPχε+
1

2
τ2

DCG(∥Herr∥+ χε)2
�

(D.21)

whereτBP is the total duration of all identity pulses and the stretched pulse. DefiningτBP = βτ777

with β > 1, one finds that the DCG outperforms NoDD when778

ε ≲
∥Herr∥
χ
−
β − 1

γα2



−1+

√

√

√

1+
2γα2β

(β − 1)2
∥Herr∥
χ



. (D.22)

In the case where decoherence is small enough (D.15), the term in parentheses cancels out an779

we find that the DCG now outperforms NoDD if780

ε ≲
∥Herr∥
χ

. (D.23)

Note that in the case where the identity pulses add not error to the DCG, we can simply use781

TBP = τ so that β = 1 and we retrieve the regime782

ε ≲
∥Herr∥
χ
−
√

√ 2

γα2

√

√

√∥Herr∥
χ
≈
√

√ 2

γα2

√

√

√∥Herr∥
χ

. (D.24)

We also find that the leading error in the DCG is caused by the control errors whenever783

ε ≳
γα2

2β

�

∥Herr∥
χ

�

. (D.25)
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