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Abstract

Electromagnetism plays an important role in a variety of applications in gravity that we
wish to investigate. To that end, in this work, we present an implementation of the
Maxwell equations within the adaptive-mesh pseudospectral numerical relativity code
BAMPS. We perform a thorough analysis of the evolution equations as a first order sym-
metric hyperbolic system of PDEs. This includes both the construction of the characteris-
tic variables for use in our penalty boundary communication scheme, as well as radiation
controlling, constraint preserving outer boundary conditions which, in the language of
Kreiss-Agranovich-Métivier, are shown to be boundary-stable. After choosing a formula-
tion of the Maxwell constraints that we may solve for initial data, we move on to show a
suite of numerical tests. Our simulations, both within the Cowling approximation, and
in full non-linear evolution, demonstrate rapid convergence of error with resolution, as
well as consistency with known quasinormal decay rates on the Kerr background. Finally
we evolve the electrovacuum equations of motion with strong data, a good representa-
tion of typical critical collapse runs.
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1 Introduction

In this paper we initiate a series of numerical studies of the dynamics of the Einstein-Maxwell
system. The Einstein-Maxwell system represents the interaction of electromagnetic waves and
gravity. It is a realistic and consistent model that could have relevant, unexplored astrophysi-
cal applications in the strong-field regime. Moreover, we expect the model to allow us to learn
about the interaction of matter and gravity in a simplified setting. Questions of interest include
those concerning the effect of strong electromagnetic fields in the dynamics and relaxation of
black holes, the interplay between electromagnetic and gravitational waves, including possi-
ble black hole formation from large-amplitude electromagnetic waves and, more immediately,
the study of critical collapse. Particularly in the context of this last topic, where the numerical
evolutions become highly challenging, a clear and robust set of code verification and valida-
tion tests is crucial. When tuned very close to the threshold of collapse, different methods
have occasionally been seen to result in different physical results (see [1-3] for a detailed dis-
cussion). The purpose of the present paper is therefore to present a suite of verification and
validation tests of our implementation so that we can confidently claim validity of our results
while anticipating potential future difficulties.

Several implementations of the Maxwell equations have been employed in the context of
numerical relativity. Continuum formulations of the equations have been built, for example,
upon the work of [4] or [5]. Numerical simulations have been performed to understand the
effect of the late-stages of inspiral and merger on the electromagnetic field with uncharged
compact objects [6]. A series of works have been carried out on the effect of the electromag-
netism on the inspiral, merger and stability of charged black holes [7-9]. Charged black holes
have also been treated in extreme configurations [10-13] with a view to examining the effect
of the Maxwell field on zoom-whirl behavior and extremality.

Here we present an implementation of the Einstein-Maxwell system inside the BAMPS
code [14,15]. The code uses the PseudoSpectral Collocation (PSC) method which has been
shown empirically to result in highly accurate simulations when dealing with smooth space-
times [16,17]. This is expected on the basis of exponential convergence rates of the PSC, as
compared with power-law convergence provided by finite difference (FD) approaches. To the
best of our knowledge, this is the first PSC implementation of the Einstein-Maxwell system (al-
though see [18] for a Cowling implementation of force-free electrodynamics). Besides the PSC
method, we employ constraint damping along with radiation controlling, constraint preserving
boundary conditions, both of which suppress unphysical behavior in our time evolutions.

The paper is organized as follows. In section 2 we give a continuum analysis of the evolu-
tion equations, including a discussion of adjustments to the system to aid numerical evolution.
We present the constraint damping scheme, the characteristic variables of the system, the for-
mulation as an initial boundary value problem including our boundary conditions, and our
method for specifying constraint satisfying initial data. In section 3 we describe the imple-
mentation in detail. A brief description of the PSC method is given, and the penalty and
Bjgrhus methods for the boundary conditions are outlined, as well as our symmetry reduction
(cartoon) method. In section 4 we present various tests that ensure correctness of distinct
parts of the implementation. We show both verification through convergence tests and also
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validation by checking agreement with well established physics, such as quasinormal modes
around a Kerr black hole. Furthermore, we include a simulation representative of the type of
runs we will perform in the study of the threshold of black hole formation. Our conclusions
are contained in section 5. Geometric units are used throughout.

2 Continuum analysis

In this section we give a continuum formulation of the Maxwell equations, compute the associ-
ated characteristic variables, demonstrate boundary stability of the system with our boundary
conditions, and examine the Maxwell constraints in a form amenable to numerical solution.

2.1 Einstein-Maxwell system and constraint damping

The equations we want to evolve are the Einstein-Maxwell system, generally expressed as

Ry 3Ry = 87T, ®
VMF’” =—4mj”, (2)
V,(F)* =0, 3)
Ty = i(F AF”—lg F FP"). 4
4\ H 4oH" Po
F,, is the Faraday tensor, (F*)*" = —%e‘“’”"FpU is its Hodge dual and j* is the charge

four-current density. The gravity-electromagnetism interaction comes both from the energy-
momentum tensor for Einstein equations, which is quadratic on the Faraday tensor, as well
as from the covariant derivatives on the Maxwell equations. For numerical relativity we want
an initial value formulation, which leads us to define the (foliation-dependent) electric and
magnetic fields

B =—mFM, Bt =—n,(F)™*, 5)

with n* the vector normal to constant time slices. In terms of these, the evolution equations
are [5]

O.E' = LpE' + e 5;(aBy) + aKE' — 4na®j', ©

where we introduced the spatial metric,

Yuv = 8uv T Multy, (8)
the lapse, a = —n,, the shift, B/ = —an’, the trace of the extrinsic curvature,
K= —%yijﬁnyij , )
the spatial charge-current density,
@i = Yiuj“ , (10)

and the timelike projection of the Levi-Civita tensor

(3)6uvl = ngea,uv)t . (11)
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Observe that, in vacuum, we have the following symmetry

E' > B!, B'—>—E, (12)

which simplifies finding the magnetic equation once the electric one is given. In any case,
here we will always present both for completeness. The Maxwell equations also provide two
constraint equations that have to be satisfied in all slices of the foliation. Those are

gE = Dl'Ei _47TpE - 0, gB = DiBi = V. (13)

The term p is defined as pp = —n,j" and D; is the Levi-Civita covariant derivative of the
spatial metric.
If the evolution equations are exactly satisfied, these constraints evolve as

0,9 — LGr = aKGp, (14)
ath_EﬁgB I(XKQB. (15)

Therefore, if the constraints are satisfied in the initial data, the constraint violation remains
zero in the continuum limit. Of course, in numerical calculations a combination of truncation
error and round-off introduces constraint violations. We therefore modify the equations in
such a way that:

1. The equations are the same when the constraints are zero.
2. Constraint violations are suppressed in the evolution.

Following this idea various different formulations of the Maxwell equations have appeared in
the literature as models for GR, see for instance [19,20]. The specific modification we employ is
analogous to the usual method for the generalized harmonic gauge (GHG) or Z4 formulations
of GR [21-24], divergence cleaning for MHD [25] and very similar to the approach of [3]. We
add two new terms to the Maxwell equations, so that Eq. (2) becomes

V F* + VY Zg —2kn"Zp = —4mj”. (16)

This modification results in a new evolved variable Z but has the advantage of better con-
straint suppressing properties. k is a free parameter that controls the amount of constraint
damping, and in section 4.1 we compare evolutions with different values of k. We proceed
analogously with Eq. (3), adding two new terms with the equivalent variable Z; for the mag-
netic field. With these modifications the equations for the constraints become slightly more
complicated, but in Minkowski space their evolution equations reduce to the simple form

DgE + ZKath = 0, DgB + 2K'ath == 0J (17)

which is the standard equation for a damped wave. We study the constraint subsystem in
generality in section 2.2.
To summarize, our final formulation of the Maxwell evolution equations is

0,E' = LyE'—aD'Zy + Pe*3,(aBy) + aKE — 4ma®j, (18)
8,B' = LB —aD'Zy — Pk 3, (aF,) + ak B, (19)
0,2y = LpZy —a(D;E' —4np) —2kaZg, (20)
8,2y = LgZy — aD;B' —2kaZy. (21)
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2.2 Characteristic analysis of the Maxwell system

In this and the next subsection, we establish basic PDE properties of our formulation of the
Maxwell equations. We give only a very brief overview of the underlying theory threaded with
these calculations, but a detailed exposition can be found in the textbooks [26,27] or in the
excellent review article [28].

We can only hope for solutions of a numerical approximation scheme to converge to so-
lutions of the underlying PDEs if the continuum problem is well-posed. Well-posedness is the
requirement that, at least locally, the PDE problem has unique solutions that depend continu-
ously, in a suitable sense, on the given data. The system

Jeu = AP(x,u)d,u + S(x,u), (22)

is said to be symmetric hyperbolic if there exists a symmetric, positive definite matrix H(x, u),
called a symmetrizer, such that HA? is symmetric for each p. Symmetric hyperbolic systems
are naturally associated with an energy density £ = u” Hu, whose existence is a necessary and
sufficient condition for the system to be symmetric hyperbolic. Subject to smoothness require-
ments on initial data and given coefficients, systems of PDEs that are symmetric hyperbolic
have a well-posed initial value problem. We are interested in the combined Einstein-Maxwell
system. Since, however, the two sets of equations are coupled only through non-principal
(lower derivative) terms, and in the hyperbolic context basic PDE properties are determined
by the principal part we may restrict our attention to the Maxwell equations alone, assuming
that the background spacetime is sufficiently smooth. An equivalent analysis of the GHG equa-
tions of motion as implemented in BAMPS can be found in [14] (see [29] for analysis of the
GHG boundary conditions). Due to this, we need to consider presently only linear systems.

We now show that our formulation of the Maxwell system is symmetric hyperbolic. We do
this by finding the characteristic variables, and constructing an energy norm. Finally, we also
present a characteristic analysis of the constraint sub-system.

Symmetric hyperbolic PDEs are automatically strongly hyperbolic, which implies that they
have a complete set of characteristic variables for each unit spatial s;. To compute the charac-
teristic variables, we seek the left-eigenvectors of the principal symbol P* = APs,,. The princi-
pal symbol can thus be arrived at by considering the evolution equations (22), and discarding
derivatives transverse to s, (from this point on denoted as transverse) and all non-principal
terms. Given such an eigenvector [, with associated eigenvalue A, the associated characteris-
tic variable is given by the simple dot product [, - u. Characteristic variables have a physical
interpretation as the combination of evolved variables whose solutions are, in a certain ap-
proximation, simple traveling waves of speed A.

To compute the characteristic variables when working with tensorial fields whose principal
part involves primarily the spacetime metric, it is convenient to make a 2 + 1 decomposition
against the vector s' by defining the projection operator

qij = Yij —SiSj- (23)

Under this decomposition, we naturally adapt the representation of the variables to the s,-
direction, so that the spatial tensor components associated with directions transverse to s,
coincide with the components perpendicular to s, which we denote by capital Latin indices.
An index s denotes contraction with s', for example E° = E's;. With that decomposition, the
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principal symbol of the equations can be represented by

O,E° ~ B°O,E° — ad,Zy, (24)
3,B° ~ B°3,B° — ad,Zy, (25)
0,2y ~ B°0,Zy — ad,E®, (26)
3,2y ~ 0, Zy — adB’, 27)
0,E* ~ B0, EA —aPe?;0,BE (28)
8B ~ B*0.B* + aP ey 9,EP . (29)

The symbol ~ here denotes “equality up to non-principal terms and transverse derivatives”.
The 2d Levi-Civita tensor is defined as

(Z)EW = 51(3)6/1‘” = n"s’leawv. (30)

We have four scalar characteristic variables (the longitudinal ones) and two two-vectors (the
transversal ones) that are given by

long,E 1 s
u — (xE°+Z (31)

long,B 1 s
u =—(*B*+Zp), (32)

V2 ?
1
ul = — (B + @eA BY), (33)
=7 cb)

with speeds Ay = —f° + a, all agreeing with the speed of light in the +s,-directions. Of

these, the transversal variables agree with those presented in [5], but because we work with a
different formulation, the longitudinal variables and speeds differ. The inverse transformation
is given by

% [of (% — /%) 4 giyd —u)] (34)
% [(uom89 — foms) et (1 414)] (35)
% (o0 4 ylonee) (36)

7, % (o0 4 ylonsn) (37)

The characteristic variables form a complete basis and have real characteristic speeds, which
shows that the system is strongly hyperbolic, we can build an energy norm independent of s,
showing that the system is also symmetric hyperbolic.

L long,E 2 long,E 2 long,B 2 long,B 2 A A
&= (u_ ) +(u+ +(u_ +(uy +ulua+tulu_y

= EFE, + B*B, + (Zp)? + (Z3)?. (38)

Observe that this differs from the physical (ADM) energy density by constraint addition,
but that it is this quantity that allows us to construct a norm in solution space as

lJull =f Eu)e. (39)
Q
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The integral is calculated over a spatial slice of constant t with the appropriate induced volume
form.

Besides their direct physical interpretation, the characteristic variables play an important
role in the analysis of the initial boundary value problem (IBVP) of symmetric hyperbolic sys-
tems. At the boundary, each characteristic variable may be classified as either in- or outgoing,
depending on the sign of the associated speed. In particular, to obtain boundary conditions
that do not introduce constraint violation in the domain, we also study the characteristics of
the constraint sub-system.

It turns out (see [30], or [31] for a version of the result for constrained Hamiltonian sys-
tems) that a necessary condition for strong-hyperbolicity of the full system is that the constraint
subsystem itself be strongly-hyperbolic. From the results above, we know that we can find a
complete set of characteristic variables for the constraint subsystem. In our case, with the
constraint propagating and damping adjustments, the full constraint subsystem is

0iZg— LgZp =—aGg —2kaZy, (40)
8,Gr — LpGr =—aD*Zy — (D' Zy)(D;a) + aK Gp, (41)
0;Zp— LpZp =—aGp —2KkaZg, (42)
0,Gy — LGy =—aD*Zz — (D' Z)(D;a) + aK Gy . (43)

In order to find the characteristic variables, we introduce the (formal) first order reduction
with the following definitions

Ci = 3iZE , Ci = aiZB , (44)

which leads to two decoupled principal parts of the constraint subsystem, given by

0, Zp~0, (45)
3,4 ~0, (46)
0:Gg ~ 3°0,Gg — ad,C°, (47)
0,C° ~ B°0,C° — ad,Gg, (48)
and
atZB ~ O’ (49)
3,0t ~0, (50)
8:Gp ~ °8,G5 —ad,C’, (51)
0,C° ~ B*0,C° — ad,Gg. (52)

The variables Z, Zz, C* and C* are clearly seen to be characteristic variables with zero speed.
The rest are

1
E
= — (G +0.Zz), (53)
+ /—2 E S“E
1
B
;= (£Gg +0,Z5) , (54)
+ /—2 B s4“B
with speeds A, = —f° &£ a. The ones with negative speed represent incoming constraint

violation at the boundary. We examine constraint preserving boundary conditions in more
detail in the next section.
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2.3 Outer boundary conditions

Our numerical method uses a finite domain with a time-like boundary, meaning we do not
solve the Einstein-Maxwell system as an initial value problem, but rather as an initial boundary
value problem. In order to obtain a well-posed IBVE we have to choose appropriate boundary
conditions. Our guiding principle for the choice of boundary conditions is to emulate as much
as possible the behavior of the initial value problem.

Given that the system is symmetric hyperbolic, an obvious choice for boundary conditions
that renders the IBVP well-posed would be maximally dissipative boundary conditions [20].
The multidomain numerical approach we employ (see [32, 33] for details) uses maximally
dissipative boundary conditions to carve up the computational domain into many small patches
in which the incoming data of each patch corresponds to the outgoing data from its neighbors
(see section 3). Unfortunately, at the outer boundary, we cannot simply employ maximally
dissipative boundary conditions. The reason for this is that generic boundary conditions will
not be compatible with the constraints of the theory. We thus need to consider boundary
conditions in that relate properly to constraint violations.

The fact that the boundary is time-like is equivalent to the algebraic condition at the bound-
ary

1Bl <a, (55)

where, here and throughout this section, s is the spatial normal to the boundary. The incoming
variables upon which boundary conditions can be freely imposed are

long,E long,B
u, w2, uh, (56)

and we impose two types of boundary conditions: those that specify incoming physical data
and those that ensure constraint preservation.

For the first type, we construct the Newman-Penrose scalar associated with incoming elec-
tromagnetic radiation

¢0 = Fm,l“mv = uﬂmA . (57)

Up to non-principal terms, these characteristics do not affect the incoming constraint violation,
so we are free to choose maximally dissipative boundary conditions. In particular we will fix
the incoming constraint radiation to zero, which, in terms of the physical E! and B! fields, is
expressed as

Po=0=>ur 20> —EA+ @A BC 20, (58)

where the symbol “=” means equality at the boundary. This choice results in a difference with
the initial value problem, since back-scattering from waves outside the domain is neglected.
The difference, however, decreases as the outer boundary is placed farther in the asymptoti-
cally flat zone. Alternatively, we could have chosen Sommerfeld-type boundary conditions

(6 + )¢9 =0, (59)

which also results in a well-posed problem, or perhaps even higher order derivative gener-
alizations [34-36] thereof. This would help to reduce reflections at the boundary. We have
chosen to go with condition (58) since the interpretation in terms of incoming given data is
more direct.

On the other hand, we have to impose boundary conditions such that there is no incoming
constraint violation through the boundary. Having studied the constraint subsystem, we know
that the incoming constraint violation through a timelike boundary is given by the variables c£
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and c2, and we want to set them to zero on the boundary. This is equivalent to the following
Robin condition on the fields

DE'—3,Z; 20, D,B'—038,7Z5=0. (60)

Up to non-principal terms, this is equivalent to Sommerfeld boundary conditions on Z; and Z.
These are constraint preserving, since starting with initial data that satisfies the constraints, at
the continuum level the solution of the IBVP will satisfy the constraints too. Furthermore, they
are constraint absorbing, since (with at most this many derivatives in the conditions) they help
minimize reflections of the constraints at the boundary ( see [35] for further discussion).

Given those boundary conditions, in this section we show that the system is boundary
stable. Since it is also symmetric hyperbolic, this in turn implies that the IBVP is well-posed in
a generalized sense [37-39].

In a simulation, we will generally have a certain amount of numerical error, which is char-
acterized both by being small in comparison with the solution (at least when it first appears)
and very high frequency, since the error at neighboring grid points is largely independent. If
we want to make sure our implementation is valid, we have to make sure that the IBVP is
robust, in the sense that small high-frequency perturbations do not cause undesired effects,
especially blow-up of the solution. This is where the concept of boundary stability comes in.

In order to study the behavior of the system under small perturbations on the boundary,
we allow in our analysis for small arbitrary given data in the boundary

Po=g1, =gy, PEgs. (61)

Roughly, a system is boundary stable if the incoming Fourier-Laplace modes are bounded by the
given data at the boundary [26]. The precise definition is given in (83), once the necessary
terms have been defined. The Fourier-Laplace transformation is used to transform the PDE
system into an ODE system with initial data at the boundary. In the following we study how
this applies to the Einstein-Maxwell case.

We want to study small, high-frequency perturbations, which allows to make a couple of
simplifying approximations. Since the perturbations are small, we can study the linear system
around any given solution. The Maxwell part of the equations is already linear by itself, so
this is the same as fixing the background metric. On the other hand, since they are very high-
frequency, we can consider the background terms constant, and neglect the forcing terms, i.e.
the ones that do not contain derivatives. This is the case since for any high-frequency mode

kM x
ouu~kyu= 1/6#¥(3,u)(0,u) >u. (62)

un~ e
Under those simplifications, the system of evolution equations (18)-(21) is given by

0,E' = B*OE'—aD'Z; + a®e'*o;B,, (63)
0,B' = p*o,B' — aD'zy — a®e 3 Ey (64)
8,7y = B*8,.Z; — aD,E", (65)
8,75 = B*8,.Zy — aD,B" . (66)

For a given point in the boundary, we can choose coordinates such that the frozen metric has
the form [40]

Gupdxtdx” =—dt* + (dx + pdt)* + dy* + dz*, (67)
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and x = 0 corresponds to the boundary, with &, being incoming into the domain there. Fur-
thermore, under the assumption that the boundary is timelike, we have the condition

IBl<1. (68)
Generally, the form of our system is
du=AP0,u, BPJu+Cu=Lg, (69)

the first equation representing the evolution, and the second one the boundary conditions.
Since boundary conditions are only imposed on the incoming characteristics, which in our case
represent half of the degrees of freedom, B? and C are 4 x 8 matrices, and g has 4 components.
Observe that we allow a general linear operator L on the given data. In boundary conditions
that contain up to one derivative of the solution, we allow up to one derivative, within the
boundary, of the given data within this operator. This affects the specific form of the norms
that are obtained within the well-posedness result (see [40] for a detailed explanation.)

By performing a Laplace-transform in time and a Fourier-transform in the space tangential
to the boundary

flx,s, Wy, w,) = J f(t,x,y,z)e @Y=t drdydz, (70)

we can transform (69) into an ODE system with initial data at the boundary.
The transformation of system (69) is

d.i=M, N ii+Nyit=1Lg. (71)

For the Einstein-Maxwell system, with an appropriate ordering of the variables in the solution
vector, given by

r A

(72)

<>
I
(oo}
O
|
1
§> m<>
| I

with V5 and V5 vectors with four components, we can split the whole system into two identical
copies. In these variables, equations (71) are of the form

L2 18
N, 0 Vg N, 0 % || L O &
[ 0 Nl]ax[ﬁ3]+[ 0 Nz]["B]_[O i][éB] 74

This allows us to study just one half of the system. Showing boundary stability of one of
the two copies will automatically demonstrate boundary stability of the whole system. The
matrices given above are

—spB —ifow —iw —s

-1 —ifw —sp s iw

M= 1—p2 iw s —sp —ifow (75)
—s —iw —iffw —sp

10
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and
Nl:[—ol 8 8 —01]’ (76)
[0 0]
i:[é g]. (78)

The boundary conditions can be transformed into a purely algebraic equation by substituting
the equation for the x derivatives

NiMVg + Nybp = Lég
= i_l(NlM +N2)‘,>E :X\’)E = gA'E . (79)

which for the Einstein-Maxwell case results in

- 0 -1 1 0
X:[L _iw _iof L} (80)
1= s(1-p) s(1-p) 1-P

As we can see, this matrix is not square, and in particular it is not injective, so we cannot find
the full solution at the boundary solely given by the boundary data. This is not an accident of
the Einstein-Maxwell case. Indeed, it will happen in general, since the boundary conditions
only give data for incoming characteristics variables. Physically, only half of the degrees of
freedom are incoming and are specified by the given data at this boundary.

We can restrict our analysis to the variables that do depend on the given data by looking
at the eigenvectors of M with negative real part eigenvalues. In general, the solutions of

are of the form
p =ROo_(x,s,w)+RMPo . (x,s, w), (81)

where R™) is the matrix of eigenvectors whose eigenvalues have positive real part, R consists
of those whose eigenvalues have negative real part and o, are some vectors. Generally we
could have eigenvectors with zero real part, in which case we would say that the boundary is
characteristic with respect to some of the variables, but in our case the assumption of time-like
boundary ensures that will not be the case. By restricting to the subspace of negative real part
eigenvalues, the matrix X becomes injective. We can find the relation of the solution to the
given data at the boundary by

A (= I\ L4 A
g =R (XRO) ™ gy =:Fgy. (82)
The condition of boundary stability is that there exists a bound
|9E(0355 (J))l < 5|§E(52 CL))l, (83)

for some 6 > 0. In this case, showing boundary stability is equivalent to showing that the
matrix F relating the physical and given data is bounded.
In the Einstein-Maxwell case, the matrix M has two distinct eigenvalues, given by

T =—1*GBFA), (84)
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where we have defined

yi=(1—-p>712, A= V2 +Hy2w?, (85)
These eigenvalues appear also in the general relativity case, and it has been shown [41] that
Re(t_) <0<Re(t,), given Re(s)>0, |B] <1, (86)

therefore the incoming variables are the ones associated with 7_. The incoming part of the
solution is

Bw?+sA  —iw(sp—2A)

o | iwp—=2) —(Bw®+5A) o1 |, o x
VE T 0 52+ w? oy | 87)
s2 4+ w? 0
RC)

We want to show a bound of v, and for that we show that the absolute value of all matrix
elements are bounded. To do so it is useful to introduce the following variables

k=1/l|s]?2 + w?, (88)

s'=s/k, (89)
o' =wl/k, (90)
A=Ak, 91)
v'=—1_Jk, (92)

in such a way that all the primed variables have bounded absolute value. With those variables
we can rewrite the matrix relating given data to physical fields at the boundary as

ico’()n’+s’) s'(l'+s') T

(B+D)y? (B+1)y?
1 (A’+s’)(ﬂl’+s') is’ &’
- (B—1)(B+1)%y? (B+1)2r% (93)
(s’ +A)2 (W) (s is' e’ .

(B-1)(B+1)2y2  (B+1)%y*
0 s’ (V")

B B+1)y2 |

It is well known [27,29,40] that the combination s’ + A’ is bounded below by a positive value,
but for the sake of completeness, we show it here.

If w =0, then
Is"+ A= % = |e!8S 41| = cos(?) >+v/2, for Re(s)>0. (94)
On the other hand, if w # 0 we introduce { =s/w
s+ = Crvety? . (95)

VIgPRP+1

Assuming there is no such bound, there must exist a sequence {,, — {, in the half complex
plane Re({) = 0 such that

St VEHT2
VIGE+1

—>0:>C*+\/§§+y—2=0:>§§=§’f+y_2:>}/_2=0, (96)
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and since Y2 # 0 when the boundary is timelike (|| < 1), we reach a contradiction, thus a
positive lower bound must exist.

Since the matrix entries are expressed in terms of primed variables, which are bounded,
and |s’+ 1’| is bounded below by a positive value, the matrix is bounded element-wise. There-
fore, the solution at the boundary is bounded by the given data, which in this half of the system
is

|\9E(0,S, (J))l < 5|§E(52 CL))l, (97)

for some 6 > 0. Since the two halves of the system are the same, this bound applies to
the whole system, and we have boundary stability. As mentioned before, since the system
is symmetric hyperbolic, the theorems of [37-39] ensure with sufficient smoothness that the
system is well-posed in the generalized sense.

2.4 Initial Data

In order to run free-evolution simulations we need constraint satisfying initial data, meaning
that we have to solve the constraint equations (13) in a curved background at the same as
solving the gravity constraints. The full system of constraints is

H=®R+K?—K;;K—16np =0, (98)
M =D; (K7 —yK)—8ns' =0, (99)
Gp = DiE'—4mp5 =0, (100)
Gy =D;B' =0, (101)
where
p=—-(E2+B?) (102)
8n ’
1 .

Si — _(B)GijkE]Bk . (103)

4m

are the contractions of the energy momentum tensor that appear in a 3 + 1 decomposition.

The constraints constitute an underdetermined system of equations, so we have to make
choices for some of the variables and then solve the constraint equations for the rest. We
choose to do so with the decomposition of the electromagnetic fields given by

E =97 (Ei—dipx) , (104)
Bi=y~? (Bi — 31'(;93) , (105)
where 1) is the conformal factor, £ and B’ are freely specifiable variables, and ¢, pp are the

variables to solve for. That decomposition reduces the constraints to Poisson-type equations
on the conformal geometry

D2y = Dy EX — 4myp®pp, (106)
D2y = D BX. (107)
A conformal decomposition was already used in [1-3, 5]. This constraint formulation for the
electromagnetic fields has a couple of advantages when paired with a conformal decompo-
sition of the gravity variables, particularly in the electrovacuum case. Since in electrovac-

uum the constraints (106) and (107) depend only on the conformal geometry, they can be
solved independently, and in many cases (in particular under the assumption of conformal
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[ Inner region
[N Transition region
- Outer shell

Excision domain

Regular center

Figure 1: In BAMPS, the domain is divided into three subdomains of different ge-
ometry. Each one of them is divided in patches. Inside each patch, the solution
is represented as a linear combination of Chebyshev polynomials. The number of
patches in the inner region is given to match the angular resolution outside.

flatness) analytical solutions already exist. Presently we use analytical solutions of the confor-
mal constraints. These solutions have the added advantage of an easy physical interpretation
as non-linear extensions of the corresponding linear solutions. This extension from linear to
non-linear setting is non-unique, but we nevertheless refer to electromagnetic data that is con-
formally a linear quadrupole as a non-linear quadrupole, for example. On the gravity side, we
use the CTS approach [42].

3 Implementation

The Maxwell equations are implemented within the existing numeric relativity code BAMPS,
and they share the code structure and tools with the existing implementations. Here we give
an overview of the necessary details that relate directly to the Maxwell implementation. In
order to see a full description of the code, see [14,15].

The discretization method is a multi-patch PseudoSpectral Collocation (PSC) method. A
schematic of a typical domain is presented in Fig. 1. Here we give a very abridged presentation
of the PSC method (for more detail see [43,44].) Within each patch the approximate solution
is represented as a linear combination of basis polynomials. Given a general function, there
are many ways to approximate it by polynomials, and the method we choose is to have the
function and its approximation agree in a discrete set of points, in some way “sampling” the
approximated function. Those points are called the collocation points. In each patch, the
solution is represented as

N
flx)~ Zfi T;(x), T;(x) is a polynomial of degree i, (108)
i=0
therefore, the derivative is approximated by
q & N
fix) = > fiTix) = X D/ fTi(x), (109)
i=0 i.j

where D,/ represents the components of a dense N + 1 x N + 1 matrix. From this we can infer
two important properties of the PSC method:
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1. For a given number of basis polynomials, the derivative looks formally like an N-th order
finite difference. Heuristically, every time we increase N we not only make the grid
spacing smaller, but increase the order of convergence, and therefore we may expect
exponential convergence in spatial derivatives.

2. The derivative at a single point on the domain depends on the value on all other points
in the patch. As a result, changing the boundary points by hand may have unintended
effects everywhere else in the patch within one time-step. This leads us to consider an
alternative way of implementing boundary conditions, which we discuss next.

Regarding the question of boundary conditions, we impose Dirichlet conditions on the in-
coming physical degrees of freedom (a special case of maximally dissipative conditions) and
constraint preserving Robin-like conditions at the outer boundary. Besides this, since we split
the domain into spectral elements, we impose Dirichlet conditions on all incoming variables
at these patch boundaries to match the solutions there. The patching conditions are imposed
through the penalty method [32], whereas the Robin (and Von Neumann if we had any) are
imposed through the Bjgrhus method [45]. Both work in a similar way: instead of modifying
field values at the boundaries, the evolution equations for the incoming characteristic variables
are modified. This is a weaker imposition of boundary conditions, but it is informed by study-
ing the evolution of energy estimates. In simplified and tractable cases, it has been proven
that it leads to a discrete analog of well-posedness of the initial boundary value problem.

The penalty method consists of modifying the right-hand side of the evolution of a given
characteristic variable u in the boundary as follows

oiu = (Gu)g + pA(u—upc)O(—A). (110)

) is the domain, € its the interior and an index  denotes the use of the same expression used
in the interior. Here A is the speed of the characteristic, and the factor of ©(—A) (the Heavi-
side step function) ensures we only add modifications to the incoming characteristic variables.
Finally p is a free parameter fixed by energy conservation arguments on the numerical ap-
proximation, and up is the value that we want to set the characteristic to at the boundary.
In patch boundaries, ug- corresponds to the value in the neighboring patch. As discussed in
section 2.3, in the outer boundary we want to set the incoming Newman-Penrose scalar for
the electromagnetic field to be zero. Equivalently, in terms of the characteristic variables we
want to set

ut =0, (111)
which we achieve by the following implementation of the penalty method
duul = (Bul)g —p(B° + a)ul. (112)

We turn our attention now to constraint preserving boundary conditions. Following [46],

we can set the desired Robin-type boundary conditions on the characteristic variables u_ ¢,

long,B .
u_ since

long,E long,B
cEzasu_"“g’ , chasuf“g’ . (113)

The Bjgrhus method consists of modifying the evolution equation of a characteristic variable
in the following way

diu = (Gu)g + A (Fu— Sugc)O(—A). (114)
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Notice the differences with equation (110). Here we use the longitudinal derivatives and there
is no p factor.
In our case, the Bjgrhus method for the constraints reduces to

Qu" " £ (0" — (B° + @)t (115)
0,1 = (9,u"%%) — (B* + a)c® (116)
In many cases, we want to simulate axisymmetric systems. In those cases, we can use the
cartoon method [47] as implemented in [48], which allows us to reduce the simulation domain

to a single ¢ = constant slice. The idea is that, in axisymmetry, all tensors in the problem have
the following symmetry

L5, T=0. (117)

Expressing that condition on a coordinate basis, we obtain formulae for the derivatives perpen-
dicular to the domain in terms of the derivatives inside the domain. As an example, when T
is a vector, and considering that we take the slice y = 0 in Cartesian coordinates, the formula
above results in the following condition for the x component

1
xayvx_yaxvx+vy :Ojayvx :——Vy. (118)
X

The last point to discuss about the implementation is the initial data solver. We use the
hyperbolic relaxation method of [49], which is analogous to traditional parabolic relaxation
solvers, but it is more readily implemented in an evolution code like BAMPS.

4 Numerical Results

In the experiments presented here, we aim to showcase both the correctness of the numerical
implementation by demonstrating convergence, as well as the code’s ability to reproduce the
correct physics by comparing its results with well understood systems. For that purpose we
perform the following tests:

» Test convergence to an analytical solution of electrodynamics on a flat background.
* Verify that Reissner-Nordstrom black hole initial data lead to a static simulation.

* Compute quasinormal mode frequencies of an electromagnetically excited black hole
that relaxes to Kerr.

* Run a simulation representative of a critical collapse bisection study.
Some relevant parameters for each simulation are given in table 1. The computational domain
is represented in Fig. 1.
4.1 Flat background electrodynamics

This test has the advantages that it only involves the newly implemented code, and we can
compare the simulation results to analytical solutions. We choose dipole initial data with a
Gaussian profile,

E'd. =—8Asin6 e_(r/")z(—yé’x +x09,), (119)
Bi=0, (120)
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Flat dipole K comparison Dynamical dipole
Angular resolution 6 8 8
Transition region resolution 6 6 12
Outer shell resolution 6 4 10
Number of collocation points 11-21 15 15
AMR off off on
Inner region sizexo 2 2x2 2x2 10 x 10
Transition region radiusxo ! 10 10 10
Outer shell radiusxo ™ 20 20 20
Constraint transport off on on
Damping parameter (Ox) 0 0-2.5 1
Reissner-Nordstrom static Black hole relaxation
Angular resolution 6 8
Outer shell resolution 100 500
Number of collocation points 11-21 15
AMR off off
Outer shell radiusxM ! 1.7 to 201.7 1.9 to 201.9
Constraint transport on on
Damping parameter (M k) 1 1

Table 1: Numerical parameters of the simulations in the test. There is no data
on the inner and transition regions of the static Reissner-Nordstrém and black hole
relaxation tests since we use excision, which does not have those regions (see Fig. 1)

3.4
: S eewen <o 2.1

- 0.9

t=20 t=25 t=5 -0.4

Figure 2: Snapshots of 0E? in the xz plane at different times. We can see the
expected behavior of propagation of a dipole wave. This is only a subset of the
simulation domain; the true boundary is placed at double the radius of the plot.
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Figure 3: Convergence of various error norms as function of time ¢ with the number
of collocation points n for a simulation of an electromagnetic dipole wave on a flat
background. Left: Norm of the difference to the analytic solution. Middle: Maxwell
constraint norm. Right: Norm of the difference between subsequent resolutions. The
norms of the differences are calculated in the x axis, as in equation (122), whereas
the constraint monitor is calculated with a norm over the whole domain as defined
in Eq. (123).

where A is the amplitude of the Gaussian profile and o is its width. We choose o to be the
characteristic length scale of the system, and all values presented are in units of o.
We represent the solution by the scalar

E? :=E"(8,),, (121)

where J; is the angular Killing vector. Defining it this way allows us to compare with the
more general case presented in section 4.4. Fig. 2 shows snapshots of E? in this simulation.
To test convergence, we fix the number and layout of the patches, but vary the number of
collocation points. For this test, we do not use constraint damping. The relevant parameters
are presented in table 1. Figure 3 shows the convergence to the analytical solution E ¢ the

ana»
convergence of the constraint norm Cf,laxwen (see Eq. (123)), and the self convergence of the

numerical approximate solution Efum with respect to the number of collocation points. The
norms of differences of two functions are calculated in post-processing along the x-axis as

“f_g”x = f . [f(X,O,O)—g(X,O,O)]Z dX, (122)

whereas the norms of the constraints are calculated during the simulation over the entire
domain.

The results are consistent with exponential convergence up to the resolution floor. At high
enough resolution, we might expect the error to be dominated by the polynomial convergence
of the RK4 time integrator, however our results indicate that behavior does not manifest be-
fore the resolution floor is reached. It is worth noting that, once the pulse reaches the outer
boundary, the simulation stops converging to the analytical solution. This is to be expected,
since our boundary condition of no incoming radiation only approximates the solution of the
initial value problem. In the self-convergence test, we find that the solution still converges
after that time is reached.

Furthermore, we observe that the quantities reach a resolution floor. This can be seen in
the n = 21 line of the convergence of the Maxwell constraint monitor defined in Eq. (123),
or in the An =19 — 17 line of the self-convergence plot. The exponential convergence of the
PSC method, along with its higher arithmetic error associated with the dense matrix multi-
plications, means that reaching the floor of resolution is common. Nevertheless, one of the
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Figure 4: Comparison of the constraint monitor for different number of patches,
scaled by N2 in all sub-domains. The result is consistent with high-order polynomial
convergence, and the most accurate run shows less error than the ones in Fig. 3.

strengths of the approach is that the error could be reduced even further by increasing the
number of spectral elements. In Fig. 4, we show a complementary test in which the number of
patches is scaled up instead of the number of collocation points. The result is compatible with
high order polynomial convergence (we are using 15 collocation points, so we expect the error
to decrease with a factor of resolution to the fifteenth power, up until the time integrator error
starts to dominate). Notably, in this figure we can see that the most precise run has smaller
error than the one presented in Fig. 3, showing that we can decrease the error by appropriately
choosing both the number of collocation points and the layout and number of patches.

We can also change the constraint damping parameter and see how the error is effected.
In this case the error is monitored as the sum of the L2-norms of all the constraints over the
whole domain

Catawen = A (11221 +1Z51%) + A (IGe 1 + 1G511%)

= f Ax yy(A1ZE+ AT Z2+ MG +AG2). (123)

Where A is the characteristic length scale of the system (o in this case and M in the black hole
simulations). The powers are chosen so that the constraint monitor is dimensionless.

Figure 5 shows the evolution of the constraint norm for different values of the constraint
damping parameter. We can see that when the constraints are exponentially damped, the
decay rate increases with k.

These results give us good confidence that the flat electrodynamics part of the code is well
implemented. The terms related to curved spacetime are evaluated in the following section.

4.2 Static Reissner-Nordstrom simulation

In order to test the interaction of gravity and electromagnetism in the simplest case, we set up
initial data corresponding to a Reissner-Nordstrom black hole and check that we have both a
convergent and static evolution.

We set up initial data in Kerr-Schild coordinates [50] because these are smoothly horizon
penetrating, and we set an excision surface at r = 1.7M. The initial data for the electromag-
netic fields are

i_ 1 Q i i_
E mrz(ar), B =0. (124)
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Figure 5: Constraint norm as a function of time t in a simulation of an electromag-
netic dipole wave on a flat background for different choices of the constraint damping

parameter K.
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Figure 6: Convergence of various error norms as function of time ¢ with the number
of collocation points n for a simulation of a Reissner-Nordstrom black hole. Some
relevant parameters of the simulation are given in table 1. Left: Norm of the differ-
ence to the analytic solution taken over the x axis only. Middle: Maxwell constraint
norm. Right: Norm of the GHG constraint monitor.
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Figure 7: Comparison of the simulation data with the corresponding first quasinormal
mode in a Kerr black hole. We can see good agreement.

where

_2m @

H
r r2

> (125)

is the free function that appears in Kerr-Schild coordinates. The initial data for the gravitational
field are given by

ds?’= —(1—H)dt?>+ (1 +H)dr?+H(drdt +dtdr)+ r2dQ?, (126)
1 H+2
K;; = ————38.H(dr?);;. 12
0=y yar oy (127)

As stated above, we employ a first order reduction of the GHG formulation of GR. In this ex-
periment, we chose gauge source functions that correspond to the lapse and shift of a Reissner-
Nordstrom spacetime in Kerr-Schild coordinates, which have zero time derivative in the initial
data.

For the convergence test we again keep the number of patches fixed and vary the num-
ber of collocation points. Figure 6 shows the convergence to the analytical solution Efna, the
convergence of the Maxwell system constraint norm Cla wwer» and the convergence of the GHG
constraint monitor with respect to the number of collocation points. The GHG constraint mon-
itor was introduced in [14] and quantifies both the Hamiltonian and Momentum constraints
as well as the violation of the order reduction and harmonic constraints. The figure shows that

the error is approximately static, and that the solution converges exponentially with resolution.

4.3 Relaxation of an electromagnetically excited black hole

In this test, we set up initial data that is conformally Kerr, with an electromagnetic excitation,
and measure the frequency of the fundamental mode of relaxation. It is a fully non-linear
simulation in which the geometry is evolved at the same time as the electromagnetic field. For
the initial data, we use the CTS solver with freely specifiable variables set to those of a Kerr
black hole. For the electromagnetic variables, we choose

£, = Ae U707 (—y 0, +x3,), B =0. (128)

These are analytic solutions to the electromagnetic constraints in the conformal Kerr geometry,
since the electric field only points in the azimuthal direction and the spacetime is axisymmetric
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Figure 8: Top panel: Snapshots of cE? at different times, in the xz plane for a
electromagnetic amplitude of 0.4 =0.7.

Bottom panel: Snapshots of the logarithm of the Kretschmann scalar, as given by
Eq. (130), at different times, in the xz plane.
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Figure 9: L2-norm of the constraint monitors throughout a fully nonlinear evolution,
for different amplitudes of the initial data.
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and hence

o . 1.
D;E' = 9,E¥ + §E¢a¢ logy =0. (129)

We expect the end-state of evolution to be a Kerr black hole. In particular, one might wonder
if the electromagnetic excitation would lead to Kerr-Newman instead, however there is no
charge in our initial data, and that must remain so during evolution. After the initial data are
set up, the evolution is performed until t = 250M, with the boundaries at r = 500M, since
we find that this simulation is very sensitive to boundary effects. The results are presented in
Fig. 7, where we compare them with the analytical expectation of the first quasi-normal mode
around a Kerr black hole. The frequency to compare is taken from [51-53]. We find good
agreement of the simulation and the theoretical expectation.

4.4 Electromagnetic multipoles in a dynamical spacetime

As a last test, we evolve a strong gravity case with electromagnetic multipole initial data.
In this evolution, the electromagnetic field interacts with itself through gravity and ends up
dispersing. This is a good representation of the type of simulations that are required to study
critical collapse, and is a good test for the full numerical setup, with the interaction with AMR
being of particular interest.

For the initial data, we set the conformal electromagnetic fields to be the same as in
Egs. (119) and (120), with an amplitude to width relation of 0.4 = 0.7, and solve the gravity
constraints with the choices for the freely specifiable variables corresponding to flat spacetime.
This amplitude is not enough to collapse, and is not well tuned to the threshold of collapse,
but nevertheless allows us to see comparable strong-field dynamics before dispersing.

The top panel of Fig. 8 shows snapshots of E? in this simulation. Notice the difference to
the evolution on a flat background that is shown in Fig. 2. For instance, the electromagnetic
field takes longer to disperse, which we can interpret as the effect of self-gravitation that
keeps the wave packet together for longer. Based on the knowledge gathered in other matter
models [54], we expect this time to increase as we approach the threshold of collapse. The
bottom panel of Fig. 8 shows snapshots of the Kretschmann scalar for the same evolution. In
particular, we look at its logarithm in units of o

log(o4R R‘“’po). (130)

uvpo

Even with this poor degree of tuning to the threshold of collapse, we see complicated dynamics
in the curvature, which reaches large values before dispersing.

Finally, in Fig. 9 we show the evolution of the constraint monitors. These integrals are sev-
eral orders of magnitude below the Kretschmann scalar. Consequently, they are small enough
and we can trust the simulation results. These measures of error will be more challenging to
keep under control with more tuning, but past experience [55-57] indicates that the combina-
tion of constraint damping with the BAMPS AMR scheme will go a long way to do so efficiently.

5 Conclusions

Motivated by future investigation into various aspects of the electovacuum dynamics, we have
presented a formulation of the Einstein-Maxwell system as an IBVP We showed that it has
several desirable properties for simulations, including symmetric hyperbolicity and boundary
stability. Our main goal in choosing both a mathematical formulation and a discretization
scheme was to maximize the accuracy to cost ratio.

23



543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

SciPost Physics Submission

To the best of our knowledge, we have developed the first PSC implementation of the
Einstein-Maxwell system, and this will allow us to obtain accurate results in extreme scenarios.
We have presented a suite of tests, demonstrating the correctness of the different parts of the
code. An evolution of a dipole electromagnetic wave on a fixed flat background verified the
flat terms on the new evolution code. A static Reissner-Nordstrom simulation verified the
interaction with gravity in a simple setting. A measurement of electromagnetic quasinormal
modes around a Kerr black hole agreed with the existing literature, thereby validating the
physical results of our code. Finally, a strong gravity but subcritical electromagnetic dipole
run verified the interaction of the new code with the extensive numerical infrastructure, e. g.
adaptive mesh-refinement in a highly dynamical setting. Our conclusion is that the code is
working as expected, and is able to evolve the systems of interest.

In terms of the future of the code, an interesting avenue would be to include interaction
with a scalar field in order to expand the systems that we can study as well as to provide an
interface with recent mathematical work (for instance that of [58]).

The code and the tests here presented provide a good basis to study topics such as crit-
ical collapse, but also the dynamics of the Einstein-Maxwell system in more generality, with
particular examples being the mode-mixing of electromagnetic waves and gravitational waves
in a strong background magnetic field (the Gertsenshtein effect [59]), or the electromagnetic
contributions to quasinormal mode ringing.
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