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Abstract

Free Maxwell theory on general four-manifolds may, under certain conditions on the
background geometry, exhibit holomorphic factorization in its partition function. We
show that when this occurs, new discrete symmetries emerge at orbifold points of the
conformal manifold. These symmetries, which act only on a sublattice of flux configu-
rations, are not associated with standard dualities, yet they may carry ’t Hooft anoma-
lies, potentially causing the partition function to vanish even in the absence of apparent
pathologies. We further explore their non-invertible extensions and argue that their
anomalies can account for zeros of the partition function at smooth points in the moduli
space.
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1 Introduction26

The way symmetries are understood in Quantum Field Theory has undergone a profound shift27

after the seminal work [1]. In the new paradigm of topological operators, symmetries admit a28

much richer variety of manifestations, whose formulation goes far beyond the realm of Group29

Theory and affect different areas of Physics. This generalization has also involved the closely30

related concept of dualities, which, as opposed to symmetries, connect different theories (or, as31

is relevant here, a single theory at different parameter values) that often cannot be described32

in terms of mutually local fields.133

The quantum-mechanical behavior of the theory under symmetry and duality transforma-34

tions may be plagued by ’t Hooft anomalies [9], which are failures of the partition function to35

be a gauge-invariant function of the corresponding background fields. Such anomalies, which36

can also mix different symmetries, are notoriously invaluable characteristics of the theory,37

allowing to relate opposite regimes of it, due to their invariance across energy scales.38

All of the above ingredients will feature prominently in this paper, which addresses them39

in the special case of Maxwell theory in four dimensions. Despite the absence of local interac-40

tions, when placed on topologically non-trivial four-manifolds, this theory exhibits a wealth of41

intricate phenomena. In particular, as shown by [10–12] (and further explored in [13]), one42

of its distinctive properties, i.e. electromagnetic duality, can conflict with the classical gravita-43

tional background. Specifically, under a duality transformation, the partition function of the44

theory acquires an anomalous multiplicative factor that cannot be removed by a suitable choice45

of local counterterms. Such an occurrence has more drastic consequences when we focus on46

a self-dual theory, whereby (some of) the duality transformations become actual symmetries47

of that theory: In this case, the anomaly forces its partition function to vanish.48

Zero loci of a (quasi-)modular function, such as the Maxwell partition function in terms49

of the (complexified) gauge coupling, are arguably much easier to determine than anomalous50

phases. This naturally leads us to wonder whether the zeros of the Maxwell partition function51

always signal the presence of an anomalous duality-symmetry. One of the central aims of this52

paper is to investigate this question and prove that, in some cases, the answer is affirmative.53

We show that, whenever certain specific topological and geometrical conditions on the gravi-54

tational background are met, allowing the partition function to have a factorized holomorphic55

component, new symmetries arise at self-dual values of the coupling, which, however, are not56

inherited from dualities. We dub them “partial” symmetries because, as we will explain, they57

only act non-trivially on a sublattice of flux configurations (e.g. self-dual fluxes). Their mixed58

’t Hooft anomaly with gravity explains why the partition function can vanish even if the or-59

1Recent reviews on the subject include [2–8].
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dinary duality-symmetries are all anomaly free. We will describe the properties of these new60

symmetries and explore their action on the extended operators of the theory, such as lines and61

one-form symmetry defects.62

As mentioned earlier, within the more recent research wave on Generalized Symmetries,63

electromagnetic duality has also been generalized and, more precisely, promoted to a non-64

invertible duality. This generalization employs the gauging of a discrete non-anomalous sub-65

group of the electromagnetic one-form symmetry of the theory [14–17], and extends the group66

of duality transformations acting on the coupling to SL(2,Q) [18, 19], or even to the whole67

SL(2,R) if one allows for infinite arrays of gaugings [20, 21]. As a consequence, now any68

value of the coupling is fixed by a subgroup of the non-invertible duality and thus corresponds69

to a self-dual theory. There is, however, to the best of our knowledge, no direct method to as-70

sess whether the corresponding non-invertible duality-symmetry suffers from a mixed ’t Hooft71

anomaly with gravity because no framework is available to derive (or even to define) the72

anomalous phase of the partition function.73

It is here that the alternative strategy of looking for vanishing loci of the partition func-74

tion to detect anomalies mostly pays off. We study, in particular, certain favorable situations75

where we control the zeros of the Maxwell partition function, namely simply-connected four-76

manifolds with a specific class of lattices of integral harmonic two-forms. We construct them77

via connected sums of more elementary four-manifolds. In each of these cases, the relevant78

part of the partition function has the form of a well-known generalized Jacobi theta function,79

having a simple zero at a smooth point in the space of inequivalent couplings. Hence, the80

theory corresponding to that value of the coupling has a vanishing partition function, despite81

the fact that all of its invertible symmetries are free of anomalies. Armed with the piece of evi-82

dence that we built in the invertible case, we conjecture that the pathological behavior of such83

theories is due to a mixed anomaly between gravity and the non-invertible duality-symmetries84

(or possibly the partial version thereof) which emerge in this context.85

The structure of this paper is as follows. In Section 2, after setting up the stage for our in-86

vestigation by revisiting Witten’s work on electromagnetic duality and reviewing the necessary87

mathematical background, we introduce the novel notion of partial symmetries and discuss88

the physical meaning of the conditions that allow them to emerge. In Section 3, we turn our89

attention to the recent non-invertible generalization of electromagnetic duality, and leverage90

results from the previous section to probe anomalies of non-invertible symmetries through the91

zeros of the partition function. Finally, in Section 4, we draw our conclusions and give some92

hints for further exploration. Appendix A contains a concise mathematical toolkit that helps93

the unfamiliar reader navigate the numerous definitions and theorems recalled in the main94

text.95

2 The invertible case96

This section deals with invertible duality-symmetries of Maxwell theory on general four-manifolds.97

We start in Section 2.1 by reviewing Witten’s work on the duality properties of the Maxwell98

partition function. In Section 2.2, we discuss the anomalous phase induced by duality trans-99

formations in the presence of non-trivial gravitational backgrounds, and study its relationship100

with the vanishing of the partition function. In particular, we focus on the cases in which the101

latter splits into multiple factors, whereby new symmetries arise at special values of the cou-102

pling. Finally, in Section 2.3, we analyze the effect of these new symmetries on the extended103

operators of the theory.104
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2.1 Revisiting Witten’s work105

Consider Maxwell theory on a closed, connected, and oriented four-manifold M, free of sin-106

gularities, equipped with a smooth metric g of Euclidean signature, and whose middle coho-107

mology is absent of torsion. This theory has a complex gauge coupling108

τ=
θ

2π
+

2πi
e2

, (1)

living in the upper-half plane H, in terms of which the classical action reads2
109

S(τ, F) =

∫

M

1
2e2

F ∧ ⋆F +
iθ

8π2
F ∧ F

=
i

4π

∫

M
τ̄ F+ ∧ F+ +τ F− ∧ F− . (2)

Here F denotes the electromagnetic field strength, F± = 1
2(F ± ⋆F) its self-dual and antiself-110

dual parts, and ⋆ the (metric-dependent) Hodge-star operation. F represents a cohomology111

class in H2(M, 2πZ) and can be written locally in terms of a gauge potential as F
loc
= dA.112

One of the distinctive features of this theory is the celebrated electromagnetic (or S) duality113

in the space of couplings, that is, a correspondence between the quantum theory with coupling114

τ and the one with coupling −1/τ [10, 11].3 The precise formulation of it uses the partition115

function Z[g,τ], which we take as a definition of the quantum theory. It reads116

Z[g,τ] = (Imτ)
1
2 (B1−B0)
∫

DAe−S(τ,F) , (3)

where the τ-dependent prefactor is a local counterterm acting as a UV regulator through a117

lattice with a Bk-dimensional space of k-forms.118

S-duality, at the core, really turns out to amount to a Poisson resummation on Z[g,τ]; how-119

ever, it also comes with certain subtle determinants, which, for four-manifolds with non-trivial120

topologies, do not leave Z invariant. In what follows, we will review Witten’s computation [10]121

leading to this claim, but retaining all factors, including the τ-independent ones, which have122

been discarded in [10]. This will allow us to derive a more general duality-transformation123

law for the partition function, which correctly reproduces Witten’s result when M is a spin124

manifold.125

Unlike ordinary symmetries, S-duality exchanges mutually non-local degrees of freedom.126

This means that, to make it manifest, we have to extend the action (2) to include the dual127

field Ã, with the caveat that A and Ã cannot be treated as dynamical variables simultaneously.128

One way to implement this is to introduce two real-valued two-form fields F and F̃ , coupled129

according to the following action130

S =
i

2π

∫

M
F̃ ∧ (F − dA) + S(τ,F) , (4)

where the last piece is the action (2) written in terms of F . To quantize S, we are instructed to131

path-integrate over F̃ ,F , A. From (4) it is clear that both F̃ and A act as Lagrange multipliers.132

Integrating out the former freezes F to F loc
= dA and we get back the electric frame, i.e. the133

2If M is non-spin, there can also be a coupling of the form i
2

∫

M F ∧ w2, with w2 the second Stiefel-Whitney
class of M. Although this term would slightly modify the modular behavior of the partition function, it would not
change the main conclusions of this paper. Therefore, we will simply ignore it throughout.

3The first observations date back to [22–24].
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quantum theory corresponding to (2). If instead we integrate out A, F̃ localizes on closed two-134

forms with integral periods, and the path integral on its local potential Ã yields the magnetic-135

dual frame of the same theory.136

Let us spell out in more detail the second manipulation. If the path integral is appropriately137

normalized with the volume of the gauge group, after path-integrating over A we get the138

following expression4
139

Z[τ] = (Imτ)
1
2 (B1−B0)

∫

DF DÃ e−S̃ , (5)

where140

S̃ =
i

4π

∫

M
τ̄F+ ∧F+ +τF− ∧F− + 2 F̃+ ∧F+ + 2 F̃− ∧F−

= S(1,G) + S(− 1
τ , F̃) (6)

In the second equality above we have completed the square and defined the real-valued two-141

form G, whose self-dual and antiself-dual parts are142

G+ =
p
τ̄F+ + 1

p
τ̄

F̃+ , G− =
p
τF− + 1

p
τ

F̃− , (7)

whereas the last piece in (6) is the magnetic-dual Maxwell action, featuring the dual field143

strength and inverse gauge coupling. At this point, we can convert the path integral on F into144

a τ-independent path integral on G, storing the τ dependence in the Jacobian factor:145

∫

DF e−S(1,G(F)) = τ̄−
B+2
2 τ−

B−2
2

∫

DG e−S(1,G) = (iτ̄)−
B+2
2 (−iτ)−

B−2
2 , (8)

where, to evaluate the gaussian path integral on G, we have used an appropriately-normalized146

basis of (anti)self-dual two-forms:147

G± =
B±2
∑

k=1

2πG±k ρ
±
k , with

∫

M
ρ±k ∧ρ

±
l = ±δkl and G±k ∈ R ∀k . (9)

Now, recalling that B±2 − B1 + B0 =
1
2(χ ±σ) are finite quantities in the continuum limit, with148

χ,σ being the Euler characteristic and the signature of M respectively, Eq. (5) becomes149

Z[− 1
τ] = e

πiσ
4 τ

χ−σ
4 τ̄

χ+σ
4 Z[τ] . (10)

Since the signature of a spin manifold is a multiple of 16, the above expression correctly150

reproduces Witten’s result when M admits a spin structure; otherwise, in general, there is an151

extra non-trivial σ-dependent phase in the S-duality transformation.5152

As is well known, if the space-time M is a spin manifold, the quantum Maxwell theory153

has an exact perturbative symmetry that shifts the theta angle by multiples of 2π, which cor-154

responds to the statement Z[τ] = Z[τ + 1]. The latter, together with S-duality, makes the155

partition function into a non-holomorphic modular form of (generally half-integral) weights156

(χ−σ4 , χ+σ4 ) under the modular group SL(2,Z). In contrast, in the absence of space-time spin157

4In order not to clutter the notation, we suppress the dependence of Z on the space-time metric g.
5This phase has also been derived in [25] via Poisson resummation and in [26] by a direct computation of the

partition function.
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structures, the extra σ-dependent phase in (10) prevents the partition function from trans-158

forming as a genuine modular form, and, moreover, only theta-angle shifts under multiples of159

4π leave the theory invariant. Therefore, for non-spin M, the duality group is160

〈S, T2〉 =
�

M ∈ SL(2,Z)
�

�

� M =

�

1 0
0 1

�

mod 2 or M =

�

0 1
1 0

�

mod 2

�

,(11)

which is the index-three6 congruence subgroup of SL(2,Z) generated by the order-four ele-161

ment and the free element162

S =

�

0 −1
1 0

�

and T2 =

�

1 2
0 1

�

(12)

respectively. Under the (standard fractional linear) action of M =
�

a b
c d

�

∈ 〈S, T2〉 on τ, the163

partition function transforms as follows164

Z[M(τ) = aτ+b
cτ+d ] = e

πiσ
4 s(M) (cτ+ d)

χ−σ
4 (cτ+ d)

χ+σ
4 Z[τ]

= |cτ+ d|
χ
2 e

iσ
4 [πs(M)−2arg(cτ+d)] Z[τ] , (13)

where s(M) ∈ N is the number of occurrences of the generator S in the element M (e.g. s(−I) = 2,165

with I the identity matrix). Note that, this quantity is well defined modulo 4 in the subgroup166

〈S, T2〉 ⊂ SL(2,Z), because the latter has a single relation, S4 = I . As one can readily check,167

the transformations (13) associated with both M = ±I are trivial for any choice of M, so that168

the quantum theory is well defined and invariant under charge conjugation. Moreover, under169

s(M)→ s(M)+4, one must send arg(cτ+d)→ arg(cτ+d)+2π, so that the phase in Eq. (13)170

is well defined.171

2.2 Symmetries and anomalies172

2.2.1 The duality bundle173

The discussion of the previous section makes it clear that the Maxwell partition function174

Z[g,τ] is generally not single-valued under continuous deformations of the coupling [13].175

Indeed, electromagnetic duality implies that the space of couplings corresponding to inequiv-176

alent Maxwell theories is not H but the orbifold H/Γ , where, as we have seen, Γ is either the177

full SL(2,Z) or a congruence subgroup thereof, when the space-time M is spin or non-spin178

respectively. Monodromies of Z are detected by looping around the singularities of H/Γ and,179

at fixed basepoint τ, they form an Abelian representation of Γ :180

Z[M(τ)] = fτ(M) Z[τ] , (14)

where M ∈ Γ and fτ(M) ∈ C∗.7181

Dualities, in general, are not symmetries, because they relate different theories (or theories182

corresponding to different values of the parameters). However, in the Maxwell case, as is well183

known, the duality group Γ does not act freely on H. The fixed points8 are obviously the184

6This can be easily seen by noticing that its mod-2 reduction (i.e. its quotient by the subgroup of all matrices
congruent modulo 2 to the identity) is 〈S, T 2〉mod2≃ Z2 ⊂ Z2 ⋉Z3 ≃ SL(2,Z2).

7As explained in [13], Z should be thought of as a section of the equivariant line bundle defined on C×H by
the action (z,τ)→ ( fτ(M) · z, M(τ)), with the composition law fτ(M ◦ N) = fN(τ)(M) · fτ(N). By choosing local
counterterms appropriately, in the spin case, fτ can be turned into a τ-independent twelfth root of unity.

8While τ= i, i∞ are fixed points for both SL(2,Z) and 〈S, T 2〉, the so-called triality point τ= eπi/3 is a property
of SL(2,Z) only.
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singularities of H/Γ , and duality becomes a global symmetry of the theories associated to185

these specific values of the coupling. Consequently, non-trivial monodromies of the form (14)186

signal the presence of a mixed ’t Hooft anomaly between the duality-symmetry and gravity.9187

Moreover, since Z is single-valued on H, they force the partition function to vanish at the fixed188

points. In what follows, we would like to ask whether the converse holds true, that is, if zeros189

of Z imply the presence of non-trivial monodromies, and hence of anomalies. Since Z is a190

non-holomorphic section, its vanishing does not guarantee the non-triviality of the equivariant191

line bundle. As we will see, however, for certain favorable choices of (M, g), for which the192

conventional duality-symmetries are anomaly free, we will still be able to relate the vanishing193

of Z to the presence of a mixed anomaly, but for a much subtler symmetry.194

Fortunately, the partition function (3) of Maxwell theory can be computed very explicitly.195

Following [10], one first divides F into its exact and its harmonic piece, and consequently196

splits the path integral into a continuous part (independent of the theta angle) and a discrete197

sum over isomorphism classes of line bundles. If we normalize (3) by the volume of the gauge198

group and expand the harmonic part of F in a basis {ei}i of H2(M, 2πZ), the computation199

gives10
200

Z[g,τ] = (Imτ)
1
2 (b1−1)
∑

m∈Zb2

q
1
4 mi(Gi j−Q i j)m j

q̄
1
4 mi(Gi j+Q i j)m j

, (15)

where bi is the ith Betti number of M, q = e2πiτ, and201

Q i j =
1

4π2

∫

M
ei ∧ e j , Gi j =

1
4π2

∫

M
ei ∧ ⋆e j (16)

are the intersection form and the induced metric on H2(M,Z) respectively. The power of202

Imτ in (15) arises from the non-zero modes of A modulo gauge transformations, yielding203

a gaussian integral over B1 − b1 − B0 + 1 real variables in the lattice regularization. While204

mostly irrelevant for our purposes, this factor (in particular its divergence at zero coupling205

for b1 > 1) has an amusing physical interpretation, best apparent when our Euclidean space-206

time M has a factorized circle.11 Indeed, consider Maxwell theory on N ×R, where N is an207

oriented three-manifold with no torsional cycles, and R plays the role of “time”. The Hilbert208

space of (classical) vacua of this theory is the one of a quantum particle propagating on the209

torus Tb1(N ), which has infinite dimension for b1(N ) > 0. After compactifying the time, in210

the e2→ 0 limit, the partition function precisely computes the dimension of this Hilbert space.211

Since b1(M) = b1(N × S1) = b1(N ) + 1, this explains the zero-coupling divergence of (15).212

In the following, we are going to restrict our attention to the discrete sum in (15) and, in213

particular, to its two main characters (16). As a simplifying technical assumption, we will limit214

ourselves to considering simply-connected space-time manifolds, i.e. b1 = 0, and normalize the215

partition function by the one corresponding to M = S4, which is just (
p

Imτ)−1. Therefore,216

we will study the quantity217

Z̃[g,τ] =
p

Imτ Z[g,τ] =
∑

m∈Zb2

q
1
4 mi(Gi j−Q i j)m j

q̄
1
4 mi(Gi j+Q i j)m j

, (17)

9Since we do not discuss pure ’t Hooft anomalies of the duality-symmetry (analyzed in [27, 28]), we only
consider constant couplings and trivial Γ bundles on space-time.

10Since our main focus is on the τ dependence of the partition function, we suppress τ-independent factors:
They amount to the (metric-dependent) determinant of the laplacian over the non-zero modes of A and to a
multiplicative constant given by the volume of a b1-dimensional torus. The latter originates from path integrating
over the harmonic part of A, consisting of b1 periodic variables, which the theory is completely blind to, due to its
(electric) one-form symmetry.

11We thank Joseph Minahan for discussions on this point.
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and its zeros at finite values of the coupling.218

First of all, it is easy to see that the quadratic forms G±Q appearing above are both positive219

semi-definite, with kernels intersecting only at the origin, which guarantees the convergence of220

the sum. However, as pointed out earlier, its non-holomorphic τ dependence makes it difficult221

to infer the presence of anomalies from its vanishing. Hence, we find it natural to ask under222

which circumstances the quantity (17) splits into the product of a holomorphic (antiself-dual)223

and a antiholomorphic (self-dual) part224

Z̃[g,τ] =
∑

m−∈Z
b−2

q−
1
2 mi
−Q−i j m

j
− ·
∑

m+∈Z
b+2

q̄
1
2 mi
+Q+i j m

j
+ , (18)

where we have defined the intersection pairings Q± = 1
2(Q ± G). The two parts are physi-225

cally interpreted as the instanton and the anti-instanton sum. Such a splitting occurs if two226

conditions are simultaneously satisfied:227

1. Q is block diagonal (over the integers), i.e. it is of the form Q = Q+ ⊕Q−, where Q+ is228

positive definite and Q− is negative definite;229

2. There exists a metric g on M whose associated Hodge star is diagonal in the basis (over230

the reals) where Q is block diagonal, which means that Q+,Q− are the spaces of harmonic231

self-dual and antiself-dual two-forms respectively.232

The former condition is a purely topological one, and it amounts to requiring the existence233

of a matrix L ∈ GL(b2,Z) such that LTQL = Q+ ⊕Q−.12 For example, the intersection form234

of the product manifold S2×S2 is
�

0 1
1 0

�

, which is clearly not diagonalizable over the integers,235

whereas the intersection form of the twisted bundle S2×̃S2 is
�

0 1
1 1

�

, which can be diagonalized236

to
�

1 0
0 −1

�

by means of L =
�

0 −1
1 1

�

∈ SL(2,Z). For further details about isomorphisms of237

intersection forms, see Appendix A.238

As for the latter condition, let us spend a few words on it here, just to build some intuition,239

and postpone again a more detailed discussion to Appendix A. Since the metric G is positive240

definite, we have, in obvious notation, G(m± ⋆m,m± ⋆m)≥ 0, with equality holding iff m is241

(anti)self-dual. But from (16) we realize that G(m,⋆m) =Q(m,m). Thus we conclude that242

G(m,m) ≥ |Q(m,m)| , (19)

with equality holding precisely (and exclusively) in the space of (anti)self-dual harmonic two-243

forms. We dub “extremal” the metrics13 that saturate the bound (19). For example, on the244

product manifold S2 × S2, conformal classes of metrics are labeled by a single real number245

R, given by the ratio between the radii of the two spheres. Extremal metrics are those with246

R = 1, i.e. for which the two spheres have equal size. The existence of extremal metrics on247

generic four-manifolds is an open conjecture in the math literature, proven only recently in248

specific cases [29, 30]. The reader interested in learning more about this problem is referred249

to Appendix A and references therein.250

2.2.2 A novel duality-symmetry251

Let us then focus on pairs (M, g) that satisfy the two above conditions, and analyze the conse-252

quences on the anomaly of duality-symmetries. As we said, in these cases the partition function253

of Maxwell theory splits as254

Z̃[τ, τ̄] = Z−[τ] Z+[τ̄] , (20)
12Such changes of basis are called isomorphisms of intersection forms. Note that, in general, Q and Q+⊕Q− will

not be similar as endomorphisms.
13More precisely, one should talk about whole conformal classes of metrics, because G is invariant under Weyl

rescaling.
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where the +(−) recalls that we are summing over (anti)self-dual configurations. The two255

factors, separately, would represent the partition function of Maxwell theory on a space M256

equipped with a negative/positive-definite lattice of integral harmonic two-forms. However,257

due to Donaldson’s theorem (see Appendix A), such a space can never be smooth, unless258

it is (homeomorphic to) a connected sum of CP2
/CP2 manifolds (the bar denotes reversed259

orientation), for which the intersection form is just −/+ the identity. Maxwell theory on a260

connected sum of N copies of CP2 (or of its orientation reversal) is free of duality anomalies,261

because its partition function is the N th power of the Jacobi theta function262

Z̃CP2[τ̄] = ϑ̄3(τ̄) , (21)

which vanishes nowhere.14 Therefore, in all interesting cases, only the product (20) will have263

the physical meaning of a Maxwell partition function, and not each factor separately.264

Arguably, the easiest example featuring a partition function which does have a vanishing265

locus, but admits no non-trivial monodromies under the conventional duality-symmetries is266

as follows. Start from M = (S2 × S2)#8, that means the connected sum15 of eight copies of267

S2 × S2. This is a spin manifold, so the duality group is the entire SL(2,Z). Remarkably, its268

intersection form can be block diagonalized over the integers, with Q± = [±E8], the Cartan269

matrix of the E8 algebra, with all entries positive (see Eq. (A.3)). We call ME8
#M E8

the mani-270

fold with intersection form [+E8]⊕ [−E8], which is homeomorphic (in fact diffeomorphic) to271

(S2 × S2)#8, and thus smooth. Moreover, a metric whose Hodge star simultaneously diago-272

nalize is conjectured to exist (see Appendix A for further details). With this special choice of273

metric, the partition function of Maxwell theory on ME8
#M E8

reads274

Z̃ME8
#M E8

[τ, τ̄] = E4[τ] Ē4[τ̄] , (22)

where E4[τ] is the weight-four Eisenstein series, i.e. a modular form transforming under275

SL(2,Z) as E4[τ] → (cτ+ d)4E4[τ].16 Clearly, the particular structure of (22) kills all non-276

trivial monodromy phases, and thus the theory looks free of anomalies. Nevertheless, the277

partition function vanishes at the triality point τ = eπi/3, because E4 does. This observation278

poses the problem of how to interpret this zero of the partition function when there is no279

obvious anomaly argument for it.280

It is not difficult to realize that here the equivariant line bundle controlling the anomaly,281

which is trivial, splits into the product of a non-trivial holomorphic line bundle times its anti-282

holomorphic counterpart (which is isomorphic to its dual, or inverse). E4[τ] is a holomorphic283

section of this holomorphic line bundle. We claim that, besides the conventional duality-284

symmetries at τ= i, eπi/3, which are both non-anomalous, Maxwell theory on M= ME8
#M E8

285

possesses extra duality-symmetries at the same fixed points, which rotate the self-dual fluxes286

only, leaving the antiself-dual ones untouched (or equivalently, the other way around). These287

exotic “partial” symmetries have the same order of their ordinary counterparts; the one at τ= i288

is still non-anomalous, whereas the one at τ= eπi/3 has an anomalous phase e4πi/3 under the289

Z6 transformation M = TS =
�

1 −1
1 0

�

, associated to the holomorphic line bundle. The anomaly290

of this exotic triality-symmetry is the reason why the partition function vanishes at the triality291

point.292

To justify our claim, let us focus on the pure S transformation, for simplicity. Recall that, at293

the level of the normalized partition function Z̃ (17), electromagnetic duality can be rephrased294

14Note that, if on CP2 we include the coupling i
2

∫

M F ∧ w2, the normalized partition function becomes
Z̃CP2[τ̄] = ϑ̄4(τ̄), which also vanishes nowhere, but it does not simply pick a τ-dependent factor under S-duality.

15See Appendix A for all relevant definitions.
16Notice that this is compatible with Eq. (13), using that χ = 18 and σ = 0 for (S2 × S2)#8, and recalling that

we have normalized Z as in (17).
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in terms of a Poisson resummation. In particular, for the split partition function (18), we have295

two separate Poisson resummations:296

Z̃[τ, τ̄] =
∑

m−∈Z
b−2

e−πiτQ−(m−,m−)
∑

m+∈Z
b+2

e−πiτ̄Q+(m+,m+)

= (−iτ)−
b−2
2

∑

k−∈Z
b−2

e−πi(− 1
τ )Q
−(k−,k−)(iτ̄)−

b+2
2

∑

k+∈Z
b+2

e−πi(− 1
τ̄ )Q

+(k+,k+)

= (−iτ)−
b−2
2 (iτ̄)−

b+2
2 Z̃[− 1

τ ,− 1
τ̄] , (23)

where we have used the unimodularity of the lattice, that is, detQ+ = (−1)b
−
2 detQ− = 1.297

When we are at the self-dual point τ = i, the above equation reduces to an identity, showing298

indeed that S-duality is never anomalous. However, at τ= i, and only there, we can also just299

perform one of the two Poisson resummations and reach the same conclusion. As anticipated,300

this gives us a new symmetry of the theory at the self-dual point. The exact same argument301

can be carried over for the triality operation (when M is spin), leading in that case to possible302

anomalous phases.303

As is clear from the discussion above, if we start from a formulation of Maxwell theory304

at the self-dual point in terms of “electric” variables, while the ordinary S-symmetry yields305

the description in terms of “magnetic” variables, the partial S-symmetry gives us, instead,306

a novel formulation of the same theory, featuring a mixed magnetic/electric frame, which307

forbids the presence of a Lagrangian. This ties up nicely with the fact that, as opposed to308

the conventional duality-symmetries, these exotic ones do not originate from dualities on the309

conformal manifold; they exist solely at the fixed points! Note, also, that they are not purely310

internal symmetries of Maxwell theory (like ordinary duality-symmetries are), because they311

only emerge for very specific metrics of the space-time (see Section 2.2.3 for more on this312

aspect).313

Clearly, this discussion can be generalized to any choice of (M, g) leading to the splitting314

(20), where the (anti)holomorphic part may itself be composed of several factors, and the an-315

tiholomorphic line bundle need not necessarily be the inverse of the holomorphic one: Each316

factor of Z̃ will enjoy its own duality-symmetry. In fact, the appearance of such partial sym-317

metries goes beyond the factorization (20): It occurs whenever Q admits, over the integers, a318

positive (negative) definite subspace made of self-dual (antiself-dual) harmonic two-forms. A319

paradigmatic example is the K3 manifold, where, with a suitable choice of metric, the Maxwell320

partition function can be written as321

Z̃K3[τ, τ̄] = E4[τ]
2 Z̃(S2×S2)#3[τ, τ̄] . (24)

Here Z̃(S2×S2)#3 is the partition function of Maxwell theory on (S2 × S2)#3, which is free of322

anomalies, whereas the two E4 factors are due to the sublattice [−E8]⊕2 ⊂ Q of antiself-dual323

harmonic two-forms. The ordinary triality-symmetry in this case has an anomalous phase324

e8πi/3, which can as well be detected by operating a partial triality transformation that only325

involves the antiself-dual integral modes.326

Let us conclude by stressing the relevance of isolating an (anti)holomorphic piece from327

the normalized partition function. When this happens, we can claim that the vanishing of the328

partition function at the triality17 point implies the anomaly of a triality-symmetry, possibly of329

a partial one. This simply follows from the fact that a holomorphic modular form vanishing at330

τ= eπi/3 must be proportional to a power of E4[τ].331

17Recall that the normalized partition function never vanishes at τ= i and τ= i∞.
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2.2.3 Physics of extremal metrics332

This section is devoted to analyzing the physical properties of Maxwell theory on manifolds333

equipped with extremal metrics.334

Recall that the mapping class group of a smooth four-manifoldM is defined asπ0Diffeo(M).335

This group acts on the second cohomology group as O(Q,Z), the subgroup of GL(b2,Z) that336

fixes the intersection form Q of M.18 Under the action of the mapping class group, the metric337

G transforms as G→ LT GL. Hence, it is natural to ask what happens if L ∈ O(Q,Z) leaves G338

invariant.339

Although in general it is not guaranteed that any matrix L ∈ O(Q,Z) can be realized as340

a diffeomorphism (it is nevertheless guaranteed in a large class of four-manifolds), consider341

one that is, and suppose that it leaves G invariant. This does not guarantee yet that L can be342

realized as an isometry for any given metric associated to G. It can be shown, however, that343

the diffeomorphism preserves a Riemannian metric if and only if it is isotopic to a diffeomor-344

phism of finite order.19 Therefore, modulo all these subtleties, we can think of the intersection345

O(G,Z) ∩ O(Q,Z) as an accidental space-time symmetry of the theory. In fact, note that the346

group O(G,Z) ∩ O(Q,Z) is finite because O(G,Z) is finite (being G positive definite). This347

means, in particular, that all the elements in this intersection have finite order, which, as said,348

makes them good candidates to be realizable as isometries.349

To be more concrete, let us give a couple of examples.350

• Consider the product S2×S2. As already mentioned, the intersection form is H =
�

0 1
1 0

�

,351

and a conformal class of metrics gives G = diag(R, 1/R), where R is the ratio between352

the sizes of the two spheres. The mapping class group is generated by H itself and minus353

the identity: O(H,Z) = 〈H,−1〉 ≃ Z2×Z2. The element −1 is not very special: It always354

leaves any G invariant in any manifold with any intersection form. Indeed, the action of355

the mapping class group on G is projective. The isometry realizing this element flips the356

orientation of all the two-cycles of the four-manifold. More interesting, instead, is the357

element H, whose action consists of interchanging the two spheres, sending R → 1/R358

[11]. This does not leave G invariant, unless R = 1, which is exactly the condition that359

defines the extremal metrics. In this case, the metric g = gS2⊕gS2 is manifestly invariant360

upon interchanging the two spheres (because they have equal radius), and hence this361

element of the mapping class group corresponds to an extra isometry of the space-time.362

• Consider the connected sumCP2#CP2
. The intersection form is given by Q = diag(1,−1)363

and the most general metric on the second cohomology is given by G =
�

x ±
p

x2−1
±
p

x2−1 x

�

,364

where x ≥ 1, which can be easily derived by imposing ⋆2 = 1. The minimum value365

x = 1 corresponds to extremal metrics. The mapping class group in this case is given366

by O(Q,Z) = O(1, 1,Z) = O(1,Z) × O(1,Z) = Z2 × Z2, which is generated by −1 and367

P = diag(1,−1). The −1 transformation is analogous to the previous example. The gen-368

erator P, instead, which corresponds to flipping the orientation of CP1 ⊂ CP2
, acts on G369

by interchanging the branches of the square roots. This shows again that the extremal370

metrics are the only fixed points of the mapping class group. If this transformation is371

induced by a finite-order diffeomorphism, a theory on CP2#CP2
equipped with an ex-372

tremal metric enjoys an extended space-time symmetry.373

In general, if Q = Q+ ⊕ Q− over the integers, a generic G will not be left invariant under374

O(Q,Z). However, the G bilinears associated to extremal metrics are left invariant by the375

subgroup O(Q+,Z)×O(Q−,Z). This is clear from the fact that, by definition, extremal metrics376

18For details on this, the reader is referred to Appendix A.
19See the mathoverflow discussion “Realizing mapping classes as isometries?".
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are such that G =Q+⊕−Q−. If these transformations can be promoted to isometries, theories377

on manifolds equipped with extremal metrics experience an enhancement of the space-time378

symmetry.379

Let us now come back to Maxwell theory and draw an analogy between the mapping class380

group and the duality group.20 The partition function is obviously invariant under diffeomor-381

phisms but, as for the duality group, such transformations are not “symmetries”, because they382

relate the theory on (M, g) to the theory on (M, g ′ = φ(g)) with φ ∈ Diff(M). This clearly383

holds for discrete diffeomorphisms too, i.e. for those induced by elements of the mapping class384

group: Suppose a given L ∈ O(Q,Z) is realized by a diffeomorphism φL ∈ Diff(M), then385

Z[φL(g),τ] = Z[g,τ] . (25)

Now, pick an extremal metric g∗. This will induce a bilinear G∗ with the property that G∗ = LT G∗L.386

As noted above, this feature is likely to promote φL to an isometry of g∗, and thus to lead to a387

(non-anomalous) symmetry of the whole theory (and not just to an invariance of the discrete388

sum over line bundles). In other words, the extremal metrics g∗ play the exact same role for389

the mapping class group as the orbifold points τ∗ = i, eπi/3 do for the duality group.390

The above discussion sheds some light on the very special nature of the exotic duality-391

symmetries that we introduced in the previous section. They are neither purely internal nor392

purely external symmetries of Maxwell theory; they are somewhat a mixture of the two, be-393

cause they emerge exclusively at the fixed points both of the mapping class group (i.e. the394

extremal metrics g∗) and of the duality group (i.e. the orbifold points τ∗).395

2.3 Action on lines396

In this section, we analyze how extended operators behave under the partial symmetry we397

have defined in the previous section. We begin by reviewing the implications of the standard398

S-duality for the correlation functions of line operators [31],21 and then extend these results399

to the case of the partial version of the S-duality-symmetry.400

Let us consider the partition function of Maxwell theory at coupling τ with the insertion of401

a general number of Wilson loops. This can be written by inserting a source for the connection402

as403

Z[g,τ, j] = (Imτ)
1
2 (B1−B0)

∫

DA exp

�

−S(τ, F) +
i

2π

∫

M
A∧ j

�

, (26)

with j =
∑

k 2πqkδ
(3)(γk), where δ(3)(γk) is the three-form “delta-function" localized on the404

one-cycle γk. With this choice for the source j, the partition function with insertion is by405

definition406

Z[g,τ, j] = Z[g,τ] 〈
∏

k

W qk[γk]〉τ . (27)

Considering Wilson loops supported on homologically trivial cycles,22 we have that the source407

is exact and can be written as j = dJ . Therefore, integrating by parts we have408

Z[τ, j] = (Imτ)
1
2 (B1−B0)
∫

DA exp

�

−S(τ, F) +
i

2π

∫

M
F ∧ J

�

. (28)

20See [11], where these two concepts are elegantly unified in six dimensions by the theory of a self-dual two-
form.

21See also [32], where the duality covariance of the Wilson loop is analyzed in detail.
22Correlators of Wilson (’t Hooft) loops supported on non-contractible cycles vanish on a compact manifold, due

to the electric (magnetic) one-form symmetry [1].
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We can now perform S-duality on the partition function with sources, using the procedure409

explained in Section 2.1. We consider the action (4) with the addition of the external-source410

deformation411

S =
i

2π

∫

M
F̃ ∧ (F − dA) + S(τ,F)− i

2π

∫

M
F ∧ J . (29)

Again, integrating out F̃ freezes F to F loc
= dA, and we get back the partition function with412

sources in the electric frame. The magnetic-dual frame is obtained by integrating out A, so413

that F̃ localizes on closed two-forms with integral periods. In this way we obtain (5) with the414

insertion of the source, namely the action (6) is modified to415

S̃ =
i

4π

∫

M
τ̄F+ ∧F+ +τF− ∧F− + 2 (F̃+ − J+)∧F+ + 2 (F̃− − J−)∧F−

= S(1, Ĝ) + S(− 1
τ , F̂) (30)

where we have defined416

F̂ = F̃ − J , Ĝ+ =
p
τ̄F+ + 1

p
τ̄

F̂+ , Ĝ− =
p
τF− + 1

p
τ

F̂− . (31)

After the integration over Ĝ, taking into account the τ dependence we get417

Z[τ, j] = (iτ̄)−
B+2
2 (−iτ)−

B−2
2 (Imτ)

1
2 (B1−B0)

∫

DÂ e−S(− 1
τ ,F̂) , (32)

where the integration variable Â is a connection with Dirac-string singularities. More explicitly418

we have that419

dF̂ = dF̃ − dJ = −2π
∑

k

qkδ
(3)(γk) , (33)

where in the second equation we used that F̃ is closed due to the path integration over A.420

This is exactly the disorder-operator description of the insertion in the functional integral of ’t421

Hooft lines of charge −qk along the cycles γk. Therefore, using (28), we can rewrite (32) as422

Z[τ] 〈
∏

k

W qk[γk]〉τ = e−
πiσ

4 (τ)−
χ−σ

4 (τ̄)−
χ+σ

4 Z[− 1
τ]〈
∏

k

T−qk[γk]〉− 1
τ

. (34)

Assuming Z[τ] ̸= 0, we can divide both sides by it and, applying (10), arrive at the following423

relation:424

〈
∏

k

W qk[γk]〉τ = 〈
∏

k

T−qk[γk]〉− 1
τ

, (35)

which, at the self-dual point τ= i, implies a selection rule that connects the vevs of Wilson and425

’t Hooft lines within the same theory. Note that the relation (35) does not see the additional426

factors of τ coming from the modular properties of the partition function.427

We now generalize this procedure to the partial symmetry described in Section 2.2.2. To428

do so, we start from the expression in (28) and, as in Section 2.2.1, we expand the harmonic429

part of F in a basis of H2(M, 2πZ). In particular, the source deformation is430

13
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i
2π

∫

M
F ∧ J =

i
2π

∫

M
(da+m je j)∧ J =

i
2π

∫

M
da ∧ F + 2πimiQ i jα

j , (36)

where we defined Q i jα
j = 1

4π2

∫

M
ei∧J ∈ R/Z.23 With the same assumptions of Section 2.2.1,431

we obtain432

Z[τ, j] = (Imτ)
1
2 (B1−B0)

∫

Da e−
Imτ
4π

∫

da∧⋆da+ i
2π

∫

da∧J ·

·
∑

m∈Zb2

q
1
4 mi(Gi j−Q i j)m j

q̄
1
4 mi(Gi j+Q i j)m j

e2πimiQ i jα
j
. (37)

Let us disregard for the moment the continuous part (the first line in the above formula),433

on which the partial duality acts trivially, and focus instead on the discrete sum. Assuming434

that the conditions of Section 2.2.1 on G and Q are satisfied, we obtain the split form435

Z̃[τ, J] =





∑

m−∈Z
b−2

e−πiτ(mi
−Q−i j m

j
−)+2πimi

−Q−i jα
j
−









∑

m+∈Z
b+2

e−πiτ̄(mi
+Q+i j m

j
+)+2πimi

+Q+i jα
j
+



 . (38)

By performing a Poisson resummation, like in Eq. (23), but on just one of the factors, for436

example the first one, we get437

Z̃[τ, J] = (−iτ)−
b−2
2





∑

k−∈Z
b−2

e−πi(− 1
τ )[(k−−α−)

iQ−i j(k−−α−)
j]









∑

m+∈Z
b+2

e−πiτ̄(mi
+Q+i j m

j
+)+2πiαi

+Q+i j m
j
+



.(39)

At the self-dual point τ = i the anomalous phase is trivialized, and − 1
τ = τ. The structure of438

(38) is exactly the one of generalized Jacobi theta functions with characteristics [33,34], and439

Eq. (39) directly follows from their modular properties. We will have more to say about these440

functions in Section 3.2.441

Let us now comment on this result. In general, the insertion of a Wilson or ’t Hooft line442

can be interpreted as turning on a non-flat magnetic or electric background, respectively, for443

the associated one-form symmetry, given by a Dirac delta localizing on a disk D bounding the444

line γ. Then, αi ∈ R/Z are the components of the harmonic part of this Dirac delta in the basis445

{ei}i . In other words, for the Wilson line, we have446

∫

γ

A≡
∫

D
F =

∫

M
F ∧δ(2)(D) =
∫

M
da ∧ ⋆db+

∫

M
miei ∧α je j , (40)

where d ⋆ db = −δ(3)(γ), and the corresponding background for the magnetic one-form sym-447

metry, modulo gauge transformations, reads448

Bm = αi ei + ⋆db . (41)

It is clear that, the discrete sum in (37) is associated with a flat magnetic background. Indeed,449

when neglecting the continuous part, the effect of the Wilson line is equivalent to the insertion450

of the following magnetic one-form symmetry operator451

Um(α) = eiαi
∫

Σi
F

, (42)

23The periodicity of the coefficients α j comes from the observation that exp(2πimiQ i j n
j) = 1 when n j ∈ Z.
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where Σi = PD(ei), with ‘PD’ denoting Poincaré duality. In this case, the action of the partial452

symmetry simply consists in exchanging the antiself-dual part of the magnetic background453

with an electric one, leaving the self-dual part of it untouched.454

In order to see the action of the partial symmetry on the whole Wilson line, we have to455

reincorporate the continuous part in (37), which, however, is left untouched by the symmetry456

operation. Therefore, what we get after the partial transformation cannot be cast in terms457

of an insertion of any dyonic line. Nevertheless, we can still express the result in terms of a458

restricted mixed electric-magnetic background of the form459

B̃e = αi
−e−i ,

B̃m = αi
+e+i + ⋆db , (43)

where the restriction comes from the allowed gauge transformations: B̃e → B̃e + h− and460

B̃m → B̃m + h+ + dc, with h± harmonic (anti)self-dual integral two-forms and c a globally461

well-defined one-form. Note that {h±, c} correspond exactly to the gauge redundancy of the462

original magnetic background (41), i.e. Bm = δ(2)(D).463

3 The non-invertible case464

In Section 2 we have learned a lesson: If the partition function vanishes at the triality point,465

this is the signal of an anomalous symmetry. In particular, we have proved this statement466

when the zero originates from an (anti)holomorphic factor. This begs the question: Can the467

same conclusion be drawn if the partition function vanishes at a different point (i.e. a smooth468

one) of the conformal manifold H/Γ? The purpose of this section is to build evidence in this469

direction.470

Recall that, the zeros of a (anti)holomorphic modular form of weight k in the fundamental471

region H/SL(2,Z) are governed by [35]472

1
2
νi +

1
3
νρ + νi∞ +
∑

p ̸=i,ρ,i∞

νp =
k

12
, (44)

where νx is the order of the zero at the point x , and ρ = e
iπ
3 is the triality point. Notice, in473

particular, that generalized theta functions associated with unimodular lattices have zeros at474

neither τ= i nor τ= i∞. Moreover, since the polynomial ring of holomorphic modular forms475

is C[E4, E6], powers of E4 are the only ones that vanish at the triality point. Therefore, if we476

consider a lattice that does not have any E8 factor (like the one we will encounter in Section477

3.3), Equation (44) gives us information about the zeros of its generalized theta function at478

smooth points.479

The physical interpretation of these zeros is a bit elusive. One possibility is that they might480

be linked to anomalies of the non-invertible generalization of the duality-symmetries. Recent481

studies have indeed shown that, by combining the ordinary SL(2,Z) duality transformations482

with the gauging of discrete subgroups of the U(1)× U(1) one-form symmetry, one gets non-483

invertible duality operations that enhance the action on τ to SL(2,Q) [18,19].24 Consequently,484

besides the ordinary invertible duality-symmetries Z2 and Z3 at the orbifold points, we will485

have non-invertible duality-symmetries associated to the PSO(2,Q) (or even to the PSO(2,R))486

stabilizer group of smooth points.487

After reviewing the construction of non-invertible dualities in Section 3.1, we will discuss488

how to implement “partial” gauging operations in Section 3.2, which allow us to turn non-489

invertible the partial symmetries that we have introduced. In Section 3.3, we will present an490

24The enhancement is even to the full SL(2,R), if one allows for infinite arrays of gaugings [20,21].
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explicit example of partition function vanishing at a smooth point, and interpret it from the491

anomaly viewpoint.492

3.1 Non-invertible dualities493

In this section, we make the first step in the construction of the partial non-invertible symmetry494

of Maxwell theory by reviewing the results of [14–17] and [18,19]. In particular, we are going495

to review the action of the discrete gauging on the coupling and the construction of the non-496

invertible symmetry operator.497

First, let us discuss the discrete gauging. If we turn on backgrounds for both the electric498

and magnetic one-form symmetries, and sum over them, the partition function becomes25
499

ZG Ne
Nm

[τ] =
|H0(M,ZNe

)|
|H1(M,ZNe

)|
|H0(M,ZNm

)|
|H1(M,ZNm

)|

∑

Bm∈H2(M,ZNm )

∑

Be∈H2(M,ZNe )

(Imτ)
1
2 (B1−B0)

=

∫

DAe−
1

2e2

∫

M(F−Be)∧⋆(F−Be)−
iθ

8π2

∫

M(F−Be)∧(F−Be)+
i

2π

∫

M(F−Be)∧Bm , (45)

where we dubbed G Ne
Nm

the gauging operator, following the convention in [20]. In Eq. (45),500

Be is the background of the electric ZNe
and Bm is the background of the magnetic ZNm

one-501

form symmetries. When gcd(Ne, Nm), there is no mixed anomaly between the two one-form502

symmetries, and the sum over the background fields can be carried out safely. This process503

has the effect of changing the periodicity of the field strength and of its dual [17,20,36]. One504

can go back to a canonically normalized gauge field by simply rescaling the coupling, which505

leads to the following relation506

ZG Ne
Nm

[τ] = Nχm Z
�N2

m

N2
e
τ
�

. (46)

As discussed in the references, the gauging operator is invertible up to condensates, meaning507

that it enjoys a non-invertible fusion rule508

Gq/n Gp/m = G pq
mn

C(gcd (q,m)
gcd (p,n))

, (47)

where C(ab) is a condensate of electric and magnetic symmetry operators, supported on an509

interface M3510

C(ab) =
∑

M2∈H2(M3,Zb)
N2∈H2(M3,Za)

exp
�

i a

∮

M2

F + i b

∮

N2

F̃
�

, (48)

where F̃ = 2πi
e2 ⋆F− θ

4π2 F is the flux measuring the electric charge. The condensate (48) acts as511

a projector of line operators: It projects out all the Wilson lines whose charge is not a multiple512

of a and all the ’t Hooft lines whose charge is not a multiple of b. The gauging operation acts513

on the coupling constant via the matrix G Ne
Nm
=
� Nm

Ne
0

0 Ne
Nm

�

, effectively extending the PSL(2,Z)514

action to PSL(2,Q).515

Putting all these ingredients together, we have that, starting from any coupling of the form516

τ = i
N2

e
N2

m
, we can apply the sequence of transformations Dτ = G Nm

Ne
SG Ne

Nm
τ = τ, which is now517

a symmetry of the theory at coupling τ. The idea is to rescale the coupling via a discrete518

25For the normalization we use the same conventions of [1].
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gauging, perform the standard S duality-symmetry at the self-dual point, and then go back to519

the original coupling. The price we pay for including the discrete gauging is that the operator520

D is non-invertible, because of the fusion rule (47) of the G operators. This operation is always521

well defined since Z[i] is always non-zero.522

However, if we try to do something analogous for the triality operation, we have to be523

more careful. Indeed, at least when Z admits a holomorphic/anti-holomorphic splitting, we524

know that any zero at the triality point is linked to a (partial) triality-symmetry plagued by a525

mixed anomaly with gravity. The vanishing of the partition function represents an obstruction526

to constructing the corresponding non-invertible symmetry operator. In fact, it prevents us527

from performing the discrete gauging, since the latter would land us on an ill-defined theory.528

Let us give an example. Consider the K3 manifold. Its partition function (24) vanishes at529

the triality point, as a consequence of a mixed anomaly of the triality-symmetry with gravity.530

Starting from a generic coupling τ = q2eπi/3 with q ∈ Q, we can apply the gauging operator531

Gq, which leads to532

ZGq
[q2eπi/3]∼ Z[eπi/3] = 0 , (49)

meaning that we cannot construct the non-invertible triality operator.533

3.2 “Partial” gaugings534

In order to better understand how partial symmetries arise, as well as their possible gener-535

alization to partial non-invertible symmetries, it is useful to describe the properties of the536

field theory in a more algebraic manner. In particular, we show how the partition function of537

Maxwell theory on a manifold obtained via connected sums can be rewritten as the product of538

the partition function of Maxwell theory on the individual components, suitably normalized.539

This allows us, at least formally, to define the partition function even on non-smooth spaces.540

To see this, let us recall that a connected sum is achieved by cutting from two closed four-541

manifolds an S3 and then gluing the two manifolds along this boundary (see Appendix A). As542

we discussed in Section 2, when the intersection matrix of a manifold is block diagonal, one543

can think of the associated four-manifold as obtained via a connected sum of “irreducible” com-544

ponents. Moreover, if the Hodge-star operator is simultaneously block diagonal, the partition545

function can be written as a product546

ZM#N [τ, τ̄] = (Imτ)−
1
2 Z̃M[τ, τ̄]Z̃N [τ, τ̄] , (50)

where Z̃M[τ, τ̄] and Z̃N [τ, τ̄] are as in Eq. 17, for the two manifolds M and N , respectively,547

which we assume to be simply-connected. We can now notice that, since the partition function548

on S4 is ZS4[τ, τ̄] = (Imτ)−
1
2 , by multiplying and dividing by this quantity we end up with26

549

ZM#N [τ, τ̄] =
ZM[τ, τ̄]ZN [τ, τ̄]

ZS4[τ, τ̄]
. (51)

This decomposition is similar to the one in [37], with the crucial difference that now the550

above equation holds for a non-topological theory. The expression (51) allows us to interpret551

the partial symmetry in terms of the symmetry of the “partial” theory.552

As we anticipated, this may become a way to formally define the partition function even553

on non-smooth spaces, like for example27
554

ZME8
#M E8

[τ] =
ZME8

[τ]ZM E8
[τ]

ZS4[τ]
. (52)

26Recall that, since our focus is on the τ dependence, we are neglecting the laplacian determinants, which would
spoil the factorization.

27From now on, we do not indicate the τ̄ dependence in order not to clutter the notation.
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Despite this is a mere algebraic manipulation, as we will show shortly, it will allow us to define555

a notion of gauging of the partial theories, and therefore to construct non-invertible partial556

symmetries.557

To this end, we will follow [11],28 and define the generalized partition function558

Z
�

ψ

φ

�

= (Imτ)−
1
2

∑

m∈Zb2

q
1
4 (m+ψ)

i(Gi j−Q i j)(m+ψ) j q̄
1
4 (m+ψ)

i(Gi j+Q i j)(m+ψ) j e2πi(m+ψ)iQ i jφ
j
,(53)

where ψ and φ are vectors with rational entries, that correspond to non-trivial backgrounds559

for finite subgroups of the U(1) electric and magnetic one-form symmetries respectively.29
560

Gauging is then achieved by summing over these backgrounds.561

As an example, let us consider the gauging of a Z2 subgroup of the electric one-form562

symmetry for Maxwell theory on CP2
. The partition function with fluxes is given by563

Z
� n

2

0

�

= (Imτ)−
1
2

∑

m∈Z
eπiτ(m+ n

2 )
2
, (54)

for n= 0,1. Summing over all possible backgrounds amounts to564

∑

n=0,1

Z
� n

2

0

�

[τ] = (Imτ)−
1
2

�∑

m∈Z
eπiτm2

+
∑

m∈Z
eπiτ(m+ 1

2 )
2
�

= (Imτ)−
1
2

�∑

m∈Z
eπi τ4 (2m)2 +
∑

m∈Z
eπi τ4 (2m+1)2
�

=
1
2

Z
�

0
0

�

[τ4 ] , (55)

which is compatible with (46), using the normalization in (45).565

Repeating the same analysis for a generic manifold and an electric ZNe
gauging, we get566

ZGNe
[τ] = N1−b1

e

∑

n

Z
� n

Ne

0

�

[τ] = Z[ τN2
e
] , (56)

where now n is a b2-vector with ZNe
-valued entries, encoding the electric background for each567

two-cycle in the manifold.568

We can repeat the above considerations for the magnetic gauging. Again, as an example,569

we consider CP2
and turn on a φ-type background570

Z
�

0
n
2

�

= (Imτ)−
1
2

∑

m∈Z
eπiτm2

eπinm , (57)

with again n= 0,1. Summing over the two options, we obtain571

∑

n=0,1

Z
�

0
n
2

�

[τ] = (Imτ)−
1
2

∑

m∈Z
(1+ (−1)m)eπiτm2

= 2(Imτ)−
1
2

∑

m∈Z
eπiτ(2m)2 = 4Z
�

0
0

�

(4τ) ,

(58)

which is compatible with (46), using the normalization in (45).572

28The same expression is obtained in [34] when considering the one-loop partition function of fermions on a
genus-g Riemann surface. In that case, Ω = i 2π

e2 G − θ
2π Q is the period matrix of the surface, while ψ and φ

represent different spin structures.
29Turning on ψ,φ is equivalent to turning on background two-form gauge fields Be, Bm of the electric, magnetic

one-form symmetries. This has the consequence of changing the quantization condition of F , from integral to
fractional flux. When Be/m = w2, the second Stiefel-Whitney class of the manifold, it changes the statistics of the
line operators [25,38,39].
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For a generic manifold and a magnetic ZNm
gauging, we get573

ZG1/Nm
[τ] = N1−b1

m

∑

n

Z
�

0
n

Nm

�

[τ] = Nχm Z[N2
mτ] , (59)

where n is a b2-vector with ZNm
-valued entries, encoding the magnetic background for each574

two-cycle in the manifold.575

Note that when both ψ and φ are on, the partition function gets a factor exp(ψQφ),576

which might lead to inconsistencies when gcd(Ne, Nm) ̸= 1. When the order of the two gauged577

symmetries are co-prime, one can redefine the backgrounds as follows578

ψ→ Nmψ , φ→ Neφ . (60)

From the field-theory point of view, this amount to taking the gauge fields of the electric and579

magnetic symmetries to be of the form Be =
Nm
Ne

be and Bm =
Ne
Nm

bm respectively, for be,m integer580

classes.581

As an example, let us once again consider Maxwell theory on CP2
, where we gauge a582

Z2×Z3 subgroup of the one-form symmetry. We pick background fields Be =
3
2 be and Bm =

2
3 bm,583

and thus we get584

Z
�3

2 k
2
3 l

�

= (Imτ)−
1
2

∑

m∈Z
eπiτ(m+ 3

2 k)2 e2πi(m+ 3
2 k) 2

3 l , (61)

which is invariant under k→ k+ 2Z and l → l + 3Z.30 Hence, the gauging can be performed585

by summing over k = 0,1 and l = 0, 1,2, leading to586

∑

k,l

Z
�3

2 k
2
3 l

�

[τ] =
9
2

Z
�

0
0

�

[9
4τ] , (62)

which is compatible with (46), using the normalization in (45).587

With this analysis, it is now easy to see how one can define a gauging on the partial theory.588

For example, one can consider ME8
#M E8

and perform an electric gauging Gsd
Ne

on the self-dual589

sector only590

ZGsd
Ne
[τ] = Ne

∑

n

ZME8

� n
N

0

�

[τ]
ZM E8

[τ]

ZS4[τ]
=

ZME8
[ τN2

e
]ZM E8

[τ]

ZS4[τ]
. (63)

With this notion of “partial” gauging, we can repeat the analysis of the previous section and591

define a “partial” non-invertible symmetry by combining a partial gauging with a partial sym-592

metry. Consider, for example, a theory at coupling τ = N2i, whose partition function admits593

the splitting594

ZM#N [N
2i] =

ZM[N2i]ZN [N2i]
ZS4[N2i]

. (64)

One can now perform a (electric) GN gauging only on the partial theory defined on M, fol-595

lowed by a partial S-duality and finally by a (magnetic) G 1
N

gauging, such that the coupling596

goes back to the starting value G 1
N

SGN (N2i) = N2i. This duality-symmetry operation is now597

non-invertible and it is “partial”, in the sense that it only acts on the self-dual fluxes of the598

theory.599

30These are the large gauge transformation of the background gauge fields. They are related to the arbitrariness
in the choice of integral lifts of these fields.
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3.3 Zeros vs anomalies600

There is a fundamental difference between the invertible SL(2,Z) duality of Section 2 and601

its non-invertible SL(2,Q) (or SL(2,R)) generalization: The latter does not correspond to a602

“gauge” symmetry in the parameter space H. In other words, configurations connected by603

SL(2,Q(R)) transformations do not have to be regarded physically indistinguishable.31 This604

is because, as we have reviewed above, the non-invertible defect operators remove some lines605

from the spectrum.606

However, every point in H now (and not just the orbifold ones as before) is fixed by a non-607

trivial subgroup of PSL(2,Q(R)): The subgroup is isomorphic to PSO(2,Q(R)) and depends608

on the point. Analogously to the Z2 and Z3 subgroups of PSL(2,Z) of the invertible case, this609

stabilizer group would be associated to a now non-invertible duality-symmetry of Maxwell610

theory corresponding to almost any value of the coupling in H (or literally at any coupling if611

we consider the R version) [18]. Such symmetries may have a mixed ’t Hooft anomaly with612

gravity, and it is tempting to attribute a zero of the partition function at a smooth point τ∗ to613

this anomaly. For instance, for a Z2 subgroup of the stabilizer of τ∗, we would have614

Z[τ∗] = −Z[MSM−1(τ∗)] , (65)

where M ∈ PSL(2,Q(R)) is such that M(i) = τ∗. Since M necessarily contains a (possibly infi-615

nite) array of gaugings of one-form symmetries, one would naively ascribe the above anomaly616

to a mixed one between the one-form symmetries and gravity. However, this cannot be the617

case: A mixed anomaly between, say, a Zn × Zm one-form symmetry group and gravity, if618

present, would be independent of the value of τ and, starting from the theory at any value of619

τ such that Z[τ] ̸= 0, it would kill Z[
N2

m
N2

e
τ] by the gauging procedure for any Ne multiple of620

n and Nm multiple of m. This would imply that the partition function will vanish identically.621

A similar argument can also be used to exclude the presence of mixed anomalies between the622

one-form symmetries and the invertible zero-form symmetries arising at the orbifold points:623

If present, they would create many more zeros for Z than e.g. those allowed in the split case624

by formula (44).625

Rather than aiming to be exhaustive, in the following we limit ourselves to presenting one626

concrete example where the partition function of Maxwell theory has a single zero of order627

one at a smooth point of the conformal manifold.628

Start with the connected sum of 24 copies of the product manifold S2 × S2. As we have629

seen in Section 2.2.2, we can isomorphically map its intersection form to that of the mani-630

fold M#3#M
#3

. By choosing an extremal metric gE8
, for which E⊕3

8 is the lattice of self-dual631

fluxes, we have seen that Z̃[gE8
;τ, τ̄] = E4[τ]3 Ē4[τ̄]3, which vanishes at the triality point as632

the effect of anomalous partial triality-symmetries. Remarkably, however, there exists another633

isomorphism of intersection forms, which instead takes us to L ⊕ L̄, where L is the so-called634

Leech lattice, an even unimodular 24-dimensional lattice, thus establishing the following dif-635

feomorphism636

(S2 × S2)#24 ≃ ML#M L , (66)

with ML#M L the smooth, simply-connected manifold associated to QL⊕ L̄ . By choosing an637

extremal metric gL , for which L is the lattice of self-dual fluxes, the normalized partition638

function reads639

Z̃ML#M L
[gL;τ, τ̄] = ϑL(τ) ϑ̄L(τ̄) , (67)

31Note that, if this were the case, Z would have been a section of a generalized equivariant bundle which, if
non-trivial, would have implied that Z is identically zero. This is due to the fact that almost any point in H can be
reached from any other point by a SL(2,Q) transformation.
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where ϑL(τ) is the generalized theta function of the Leech lattice, a holomorphic modular640

form of weight 12, which can be written as32
641

ϑL(τ) =
1
12

�

7E4[τ]
3 + 5E6[τ]

2
�

. (68)

As is clear from (44), the partition function (68) will now have only one simple zero at a642

smooth point τ(L)∗ of the conformal manifold. We suspect this zero to be related to the mixed643

anomaly with gravity of a partial non-invertible symmetry of Maxwell theory at τ= τ(L)∗ , trans-644

forming solely the self-dual (or equivalently the antiself-dual) fluxes. It would be interesting645

to pin point the exact location of τ(L)∗ in the fundamental region and clarify the nature of the646

anomalous symmetry.647

4 Discussion648

In this paper, we have analyzed some of the intriguing phenomena that originate from con-649

sidering free quantum field theories supported on non-trivial geometries. The case of interest650

was Maxwell theory on compact four-manifolds, but our results could be easily extended to651

other free theories that contain Maxwell as a subsector, such as N = 4 Abelian gauge theory652

in four dimensions. The latter can be obtained from dimensional reduction on a two-torus of653

the (2,0) theory living on a single M5 brane in flat space. Hence, the electromagnetic-duality654

behavior of the four-dimensional gauge theory is inherited from the way the six-dimensional655

theory, including its fermionic sector, reacts to large diffeomorphisms of the torus.656

We showed that, under certain precise conditions on both the topology and the metric of657

the four-manifold, the (suitably normalized) partition function of Maxwell theory undergoes658

a holomorphic factorization. We associated the different factors of the factorization to “would659

be” Maxwell theories on generally non-smooth four-manifolds. This observation led to the dis-660

covery of a novel type of symmetry, with a mixed internal/space-time nature, arising at special661

values of the coupling and acting only on a subsector of flux configurations. We uncovered its662

peculiar features as well as its mixed ’t Hooft anomaly with gravity. The factorization of the663

partition function allowed us to control its vanishing even in the absence of anomalous phases664

for the ordinary duality-symmetries, and we leveraged this knowledge to argue for the exis-665

tence of mixed ’t Hooft anomalies between gravity and the recently-constructed non-invertible666

version of duality-symmetries.667

It would be interesting to see how much of this analysis survives in the case of interacting668

theories sharing analogous modular features, such as N = 4 Super-Yang-Mills theories in four669

dimensions, whose duality behavior and non-invertible symmetries have been discussed e.g. in670

[40] and [41] respectively. This analysis might lead to novel identities between topological671

invariant quantities, such as Donaldson-Witten invariants (see [42] for a recent review).672

Another very intriguing direction of further study concerns the non-Lagrangian theory of673

a self-dual two-form in six dimensions, which, upon dimensional reduction on a two-torus,674

yields Maxwell theory in four dimensions, giving a target-space origin to the electromagnetic675

duality [11]. By dimensionally reducing this theory on the compact four-manifold M, instead,676

one gets the theory of two-dimensional compact chiral bosons with target space the interme-677

diate Jacobian H2(M,R)/H2(M,Z), where the role of space-time isometries and dualities is678

exchanged with respect to Maxwell theory (see [43–45] for examples in the supersymmetric679

32The case of the Leech lattice can easily be generalized to a whole class of examples, given
by the so-called Niemeier lattices, i.e. the 24 positive-definite even unimodular lattices of rank 24,
whose generalized theta functions are parametrized by the Coxeter number h of the lattice, and read
θN (h;τ) = 1

72 ((42+ h)E4[τ]3 + (30− h)E6[τ]2). For the Leech lattice, h= 0.
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case). It would be interesting to see whether such a unifying six-dimensional perspective sheds680

more light on the partial symmetries we have introduced here, perhaps by clarifying their ef-681

fect on the spectrum of lines, and provides some additional insights on the mixed anomalies682

between gravity and the non-invertible duality-symmetries. In particular, the partial symme-683

tries might be related to discrete isometries of the metric of the six-dimensional theory, which684

would give them a geometric origin.685

One might also consider compactifying the six-dimensional theory on genus g > 1 Riemann686

surfaces and study duality anomalies and possible partial duality-symmetries of the ensuing687

U(1)g four-dimensional gauge theory. In addition, one could analyze the effect on the four-688

dimensional duality structure of compactifications on non-trivially fibered Riemann surfaces.689

Finally, it is known that the electromagnetic duality of Maxwell theory is plagued by a pure690

’t Hooft anomaly too, which can be detected by promoting the gauge coupling to a space-time691

dependent complex parameter [27, 28]. It would be important to establish whether the non-692

invertible duality-symmetries are also affected by this pure anomaly, which would represent a693

gravity-background independent obstruction to gauging them.694
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A The space of harmonic two-forms on four-manifolds707

After reviewing some basic definitions concerning the geometry of four-manifolds, this ap-708

pendix is devoted to an in-depth discussion about the existence of metrics saturating the bound709

(19). First, in Section A.1, we define the intersection form of a four-manifold, which character-710

izes its topology. Then, in Section A.2, we review the operation of connected sum, as it will be711

our main tool in constructing smooth four-manifolds starting from “easy" building blocks. In712

Section A.3, we present a powerful classification theorem of simply-connected four-manifolds,713

and, in Section A.4, review the concept of mapping class group. Finally, in Section A.5, we talk714

about the Hodge star and the existence of “extremal" metrics. This material is taken mainly715

from [46] (Chapters 3 to 5) and [47].716

A.1 The intersection form717

Let us start by discussing the intersection form, which contains much information on the topol-718

ogy of our four-manifold M. The space H2(M,Z) is endowed with the cup product, defining719
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a symmetric, non-degenerate pairing720

Q : H2(M,Z)×H2(M,Z)→ Z

(a, b)→
∫

M
a ∪ b .

(A.1)

Since we assume H2(M,Z) to be a free module, we can view an element a ∈ H2(M,Z) as721

a closed two-form with integer periods (up to shifts by exact forms). Then, the intersection722

form is simply given by723

Q(a, b) =

∫

M
a ∧ b . (A.2)

Here are some useful facts and definitions.724

• We say that Q is positive (negative) definite if Q(a, a) > 0 (< 0) for any non-zero725

a ∈ H2(M,Z). We also say that it is even if Q(a, a) is even for any a, otherwise we726

say that it is odd.727

• The signature of Q is defined as the difference between the dimensions of the maximal728

positive and maximal negative-definite subspace of Q. Concretely, we can always diago-729

nalize Q over the reals and consider the spaces of positive and negative eigenvalues. This730

induces a decomposition H2(M,R) = H2
+(M,R)⊕H2

−(M,R). Let b±2 (M) = dim H2
±(M,R).731

Then the signature is σ = b+2 − b−2 .732

• The intersection form is Z-bilinear, symmetric, and, as a consequence of Poincaré duality,733

unimodular (i.e. detQ = ±1). Moreover, if the manifold is spin, the intersection form is734

even (the converse holds if H1(M,Z) has no two-torsion, which is assumed throughout).735

• If M and N are simply-connected smooth four-manifolds with isomorphic intersection736

forms (i.e. QM to QN are connected by a change of basis over the integers), then M and737

N are homeomorphic (as we will see, this is a consequence of Freedman’s classification738

theorem).739

Let us now give some examples.740

• The manifold S2×S2 has exactly two non-trivial two-cycles given by the two S2 factors.741

These do not self-intersect, but they intersect each other at a point. Hence, the inter-742

section form is given (in this basis) by QS2×S2 = H =
�

0 1
1 0

�

, the “hyperbolic plane”. It743

is easy to see that this form is even and, since the manifold is simply-connected, this744

implies that the manifold is spin.745

• The manifold S2×S2 can be thought of as the trivial bundle S2×C, where we compactify746

each fiber with the point at infinity. We can play a similar trick with any line bundle over747

S2. These are classified by the first Chern number n ∈ Z, and for any integer, we can748

construct a compact manifold by compactifying the fibers. This way we obtain the so-749

called Hirzebruch surfaces, Fn, which are nothing but S2 bundles over S2. It is easy to750

compute, e.g. by toric methods, the intersection form of Fn: QFn
=
�

0 1
1 n

�

. Remarkably,751

it turns out that, for n even, QMc
∼= H, whereas, for n odd, QMc

∼=
�

1 0
0 −1

�

. Hence, the752

surfaces Feven are all homeomorphic (in fact diffeomorphic) to the direct product S2×S2,753

whereas all the Fodd to the twisted bundle S2×̃S2, which is non-spin.754
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A.2 Connected sums755

One very important operation on four-manifolds that we are going to use extensively is the756

connected sum. If we have two four-manifolds M and N , their connected sum M#N is757

obtained as follows. First, we remove a small four-ball from both M and N . In this way, they758

become manifolds with boundary given by S3. Then, we embed a pair of cylinders S3 × [0,1]759

to glue together the two S3 boundaries in the following manner: one of the cylinders is such760

that S3 × {1} coincides with the boundary of M and S3 × [0,1) is in the interior of M, while761

the other cylinder is such that S3 × {0} coincides with the boundary of N and S3 × (0,1] is in762

the interior of N . The connected sum is then obtained by identifying these two cylinders. The763

following are three important properties of connected sums.764

• Summing an S4 will not change the topology of the connected sum: M#S4 ∼=M.765

• If we use the Mayer-Vietoris sequence on the open manifolds engineered to build the766

connected sum, we have H i(M#N ,Z) = H i(M,Z) ⊕ H i(N ,Z) for 0 < i < 4. As a767

consequence, we have that χ(M#N ) = χ(M) +χ(N )− 2.768

• If M and N have intersection form QM and QN , their connected sum M#N has in-769

tersection form QM ⊕ QN . Conversely, if M is simply-connected and QM splits as a770

direct sum Q1 ⊕ Q2, then there exist topological four-manifolds N1 and N2 such that771

M∼=N1#N2 (as we will see, this is a corollary of Freedman’s classification theorem).772

As a first example, consider CP2#CP2
, with the bar denoting reversed orientation. Since773

H2(CP2,Z) = Z, we have that the intersection form is given by a single integer. The generator774

of the second cohomology group of CP2 is given by the Poincaré dual to CP1 ⊂ CP2. Since two775

CP1s intersect generically in a point, we conclude that QCP2 = 1. Reversing the orientation flips776

all the signs in the intersection form, leading to QCP2 = −1. Hence, QCP2#CP2 =
�

1 0
0 −1

�

, which777

implies that CP2#CP2 ∼= S2×̃S2. Another example, particularly important for the purposes778

of this paper, is the connected sum (S2 × S2)#8. Remarkably, its intersection form can be779

diagonalized over the integers into the form [+E8]⊕ [−E8], where780

[+E8] =























2 1
1 2 1

1 2 1
1 2 1

1 2 1 1
1 2 1

1 2
1 2























. (A.3)

Therefore we conclude that (S2×S2)#8 ∼= ME8
#M E8

, where ME8
is a topological space with in-781

tersection form (A.3). As we will see, by Donaldson’s theorem, ME8
does not admit any smooth782

structure. However, the connected sum ME8
#M E8

, being homeomorphic to a connected sum783

of spheres, is smooth. Notice also that the E8-form is positive-definite and even. This implies784

that (S2 × S2)#8 is a spin manifold.785

A.3 Classification theorems786

Let us now present some very powerful classification theorems.787

Theorem A.1 (Serre’s Classification) Let Q : Z×Z→ Z be a symmetric, bilinear, and unimod-788

ular form.789
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• If Q is indefinite and odd, then in a suitable basis it can be written as

Q = [+1]⊕m ⊕ [−1]⊕n .

• If Q is indefinite and even, then in a suitable basis it can be written as

Q = [±E8]
⊕m ⊕H⊕n .

Theorem A.2 (Freedman’s Classification) For any integral, symmetric, unimodular form Q,790

there is a closed, simply-connected topological four-manifold that has Q as its intersection form.791

• If Q is even, there is exactly one such manifold.792

• If Q is odd, there are exactly two such manifolds, and at least one of them does not admit793

any smooth structure.794

In particular, if M and N are closed, simply-connected, smooth four-manifolds with isomorphic795

intersection forms, then they are homeomorphic.796

Theorem A.3 (Donaldson) The only positive (negative) definite intersection forms of smooth797

manifolds are given by [−1]⊕m ([−1]⊕n).798

From all these theorems, we can extract the following important statement.799

Corollary A.4 Every smooth, simply-connected four-manifold not homeomorphic to S4 is home-800

omorphic to:801

• (CP2)#m#(CP2
)#n if Q is odd,802

• M#m
E8

#(S2 × S2)#n or M
#m
E8

#(S2 × S2)#n if Q is even.803

Notice that, in general, there are constraints on how many S2 × S2 summands are allowed804

for every ME8
(or M E8

) summand such that the whole connected sum is smooth (for instance,805

M#4
E8

#(S2 × S2)#5 does not admit a smooth structure [48], but M
#2
E8

#(S2 × S2)#3 is smooth,806

being it homeomorphic to the K3 manifold). The precise number of how many S2 × S2 you807

can have for each ME8
is still an open problem in mathematics. Indeed, we have the following808

Conjecture A.1 (11/8) Every smooth four-manifold M with even intersection form must have809

b2 ≥
11
8 |σ|.810

This means that we should have at least 3 H ’s for each pair of E8’s in QM, namely that the most811

general simply-connected, smooth, spin four-manifold (not homeomorphic to S4) is homeo-812

morphic to connected sums of K3 manifolds and S2×S2’s. An important result in this direction,813

proven by Furuta in [49], is given by814

Theorem A.5 (10/8) Every smooth four-manifold with even intersection form must have b2 ≥
10
8 |σ|+2815

(i.e. at least 2 H’s for every pair of E8’s).816
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A.4 The mapping class group817

Let us spend a few more words on Freedman’s classification theorem.818

Consider two topological, simply-connected, four-manifolds M and N . Suppose that there819

is a homeomorphism f : M → N . Then, we have an isomorphism of cohomology groups820

f ∗ : H2(N ,Z)→ H2(M,Z). Hence, by identifying H2(M,Z) and H2(N ,Z) with Zb2 , we see821

that performing a homeomorphism between two homeomorphic manifolds is equivalent to a822

change of basis of the second cohomology group, which depends only on the homotopy class823

of f . At the level of the intersection form, we have QN = LT
f QML f , with L f ∈ GL(b2,Z) being824

the matrix of change of basis induced by f (i.e. the two intersection forms are isomorphic).825

Now, given two topological, simply-connected, four-manifolds with isomorphic intersec-826

tion forms, can one always find a homeomorphism between them? The answer is in Freed-827

man’s classification theorem and it is “almost". If Q is even, then the answer is yes: Up to828

homeomorphisms there is a unique topological, simply-connected four-manifold with inter-829

section form Q. However, when Q is odd, we have exactly two. These are distinguished by830

the so-called Kirby–Siebenmann class, which is a class in H4(M,Z2), giving an obstruction831

for M to be smooth. In particular, the one with a non-trivial Kirby–Siebenmann class admits832

no smooth structure, while the one with trivial Kirby–Siebenmann class is smooth (being it833

homeomorphic to a connected sum of CP2’s and CP2
’s).834

Therefore, given Q, provided that it is isomorphic to the intersection form of a smooth835

four-manifold, it is always realized as the intersection form of a smooth four-manifold.836

So far we have focused on homeomorphisms between different topological four-manifolds837

(i.e. Homeo(M,N )). Let us now focus on Homeo(M,M). As before, we have that a home-838

omorphism f : M→M can be interpreted as a change of basis in H2(M,Z). However, this839

time, the intersection form is preserved. Hence, L f ∈ O(Q,Z) ≡ {L ∈ GL(b2,Z) | LTQL = Q}.840

In particular, a result by Quinn [50] states that we have an isomorphism841

π0Homeo(M)∼= O(Q,Z) , (A.4)

where π0Homeo(M) is by definition the topological mapping class group (the π0 is due to842

the fact that we are only interested in the homotopy class of f ).843

So far, we have been concerned with topological manifolds and homeomorphisms. But,844

in applications, we are interested in smooth four-manifolds. Hence, we now look at how the845

above picture changes if we consider π0Diff(M) (i.e. diffeomorphisms). Since every diffeo-846

morphism is a particular case of homeomorphism, clearly we have a map847

π0Diff(M)→ O(Q,Z) . (A.5)

However, contrary to the previous case, this map is in general guaranteed to be neither injective848

nor surjective. Nevertheless, there is an important result by Wall [51], which states849

Theorem A.6 Let N be a closed, oriented, simply-connected four-manifold, and suppose either850

that QN is indefinite or the rank of H2(N ,Z) is at most 8. Then, if M is diffeomorphic to the851

connected sum N#(S2 × S2), the map π0Diff(M)→ O(Q,Z) is surjective.852

Since most of the manifolds we consider are of this form, we will often assume surjectivity.853

With a slight abuse of terminology, we will refer to O(QM,Z) as the mapping class group of854

M.855

A.5 Metrics on harmonic forms856

So far we have talked extensively about the topology of smooth four-manifolds, and we have857

been able to classify the simply-connected ones in terms of the intersection form. Now we shift858

our focus onto the second main character of our discussion, the Hodge-star operator.859
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If we endow our smooth manifold M with a Riemannian metric g, we can define the860

Hodge-star operator between two differential forms of the same degree as861

α∧ ⋆β = 〈α,β〉g dvol , (A.6)

where 〈·, ·〉g is the scalar product induced by the metric on differential forms, and dvol is the862

volume form of the metric.863

On a four-manifold, the Hodge-star operator takes two-forms into two-forms. Moreover864

⋆⋆= 1 on two-forms. This means that we have eigenspaces with eigenvalues±1. The elements865

of these eigenspaces are called self-dual and antiself-dual forms. Given the rank-6 vector866

bundle of two-formsΛ(2), we can decompose it into the direct sum of two rank-3 vector bundles867

of self-dual and antiself-dual forms868

Λ(2) = Λ(2)+ ⊕Λ
(2)
− , (A.7)

where α ∈ Λ(2)± is such that ⋆α = ±α. This is obvious for any two-form α can be decomposed869

as α= α+ +α−, where α± = 1
2(1± ⋆)α.870

Since the Hodge-star operator on two-forms of four-manifolds depends only on the confor-871

mal class of the metric, we also have that the decomposition in self-dual and antiself-dual forms872

depends only on the conformal class of the metric. This point of view can be reversed. Indeed,873

we can regard any conformal structure for our manifold as being defined by the sub-bundle874

decomposition (A.7).875

Let us now discuss the action of the Hodge star on H2(M,R). By the Hodge decomposi-876

tion theorem, any element ω ∈ H2(M,R) admits a unique representative which is harmonic877

(meaning that dω= d ⋆ω= 0). The action of the Hodge-star operator sends harmonic forms878

into harmonic forms. Hence, we have a decomposition879

H2(M,R) = H2
+(M,R)⊕H2

−(M,R) . (A.8)

Clearly we have that an element α ∈ H2
+(M,R) is such that880

∫

M
α∧α=
∫

M
α∧ ⋆α=
∫

M
〈α,α〉dvol≥ 0 . (A.9)

Hence, the space H2
+(M,R) is a maximal positive-definite subspace of the intersection form881

(the same discussion holds for H2
−(M,R), which is a maximal negative-definite subspace).882

A.6 “Extremal” metrics883

In this section we will discuss the existence of a class of metrics that saturate the bound (19).33
884

Let us start by stating the problem that we want to solve. Suppose that we have chosen a885

topology for our four-manifold by fixing the intersection form Q. Over the reals we can always886

decompose the space of harmonic two-forms into a maximal positive and a maximal negative-887

definite subspace under Q, i.e. H2(M,R) = H2
+(M,R)⊕H2

−(M,R). Can we find a conformal888

class of metrics for which all the elements of H2
+(−)(M,R) are represented by (anti)self-dual889

harmonic two-forms?890

As discussed in the previous section, a conformal class of metrics is equivalent to choosing891

a rank-3 vector bundle Λ(2)+ of self-dual differential two-forms. Hence, one is led to find a892

bundle Λ(2)+ in such a way that the space of its global sections contains one representative893

for each element in H2
+(M,R). These representatives are going to be the self-dual harmonic894

two-forms (which then determine the antiself-dual harmonic forms).895

33We thank Thomas Kragh for insightful discussions on this topic.
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Here are some results on four-manifolds related to the existence of such metrics. We denote896

by Gr+(M) the space of all possible maximal positive-definite subspaces of H2(M,R), and by897

Met(M) the space of all possible metrics on M. Then, we can consider the so-called period898

map899

Π : Met(M)→ Gr+(M) . (A.10)

In [29] it is conjectured that the period map is surjective. This would imply the existence of900

the metrics we are seeking. Although this is still an open conjecture, in recent times a useful901

result in this direction has been proven in [30]:902

Theorem A.7 For a smooth, closed, connected, oriented four-manifold,Π has dense image. More-903

over, if b+2 = 1 (or equivalently, b−2 = 1), then the period map is surjective.904

To summarize, we now have the following picture:905

• If [+E8] ⊂ Q, and Q is the intersection form of a smooth four-manifold, then it is con-906

jectured that there exists a metric in which the [E8] factor is self-dual.907

• If [+E8] ⊂ Q, and Q is the intersection form of a smooth four-manifold with b−2 = 1,908

then there exists a metric in which the [E8] factor is self-dual.909

Let us give a couple of examples:910

• Q = [+E8] ⊕ [−E8] is the intersection form of a smooth four-manifold homeomorphic911

to (S2 × S2)#8. If the conjecture holds true, it admits a class of metrics where the [E8]912

subspace is self-dual.913

• Q = [+E8]⊕ [−1] is the intersection form of a smooth four-manifold homeomorphic to914

(CP2)#8#CP2
, which does admit a class of metrics where the [E8] subspace is self-dual.915
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