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Abstract

Isothermal information engines operate by extracting net work from a single heat bath
through measurement and feedback control. In this work, we analyze a realistic active
Szilard engine operating on a single self-propelled particle by means of steric interaction
with an externally controlled mechanical element. In particular, we provide a compre-
hensive study of how finite measurement accuracy affects the engine’s work and power
output, as well as the cost of operation. Having established the existence of non-trivial
optima for work and power output, we study the dependence of their loci on the mea-
surement error parameters and identify conditions for their positivity under one-shot
and cyclic engine operation. We also demonstrate that a suitably defined efficiency of
information-to-work conversion, which at equilibrium is bounded above by unity as a
consequence of Landauer’s principle, may here be made arbitrarily large by increasing
the active Péclet number of the particle. Equivalently, for such a nonequilibrium effi-
ciency to remain bounded above by unity, the athermal motion of the bath particles needs
to be accounted for explicitly. Notably, the information efficiency for one-shot operation
exhibits a discontinuous transition and a non-monotonic dependence on the measure-
ment precision. Finally, we show that cyclic operation improves information efficiency
by harvesting residual mutual information between successive measurements.
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1 Introduction21

The possibility of extracting steady power from thermal fluctuations has been a topic of in-22

terest since Maxwell’s seminal thought experiment, in which a “daemon” capable of sorting23

individual molecules according to their velocity would seemingly lead to a violation of the sec-24

ond law of thermodynamics [1]. The physical nature of information and its thermodynamic25

interpretation has thereafter undergone much scrutiny. Szilard’s engines stand as particularly26

compelling illustrations of this intricate interplay. In one of the designs introduced in Szilard’s27

original paper [2–4], a partition is inserted at the midplane of a box containing a single gas28

particle upon a binary measurement of the position of the particle relative to the midplane.29

To reduce the volume of the empty half of the box, a piston is slid in at no energetic cost,30

resulting, once the partition is removed, in an increase in free energy of the one-particle gas,31

which is subsequently converted into useful work via isothermal expansion. At thermody-32

namic equilibrium, this apparent breach of the second law of thermodynamics was reconciled33

by Landauer and Bennett’s insights into memory writing and erasure [5, 6]: upon expanding34

the phase space to include the daemon itself, the cyclic process of writing information, stor-35

ing it, and eventually erasing it from physical memory gives rise to an irreversible auxiliary36

dynamics which is bound to generate entropy as a by-product [7–12].37

An interesting extension of this framework has recently been explored in the form of Szi-38

lard engines coupled to active baths. Indeed, while the maximum work extracted from equi-39

librium thermal baths is limited by Landauer’s principle, i.e. it is bounded from above by the40

thermodynamic cost of measurement, this limit is no longer valid for active baths [13–18].41

Far from signalling a violation of the second law of thermodynamics, this work surplus is of42

course originated from diverting part of the underlying steady dissipation required to sustain43

the constitutive components of the nonequilibrium reservoir. Indeed, it is a characteristic fea-44

ture of active engines that, when this additional source of dissipation is accounted for as an45

operational cost, quasistatic operation is outperformed by finite-time protocols [13,19].46

While the energetic cost of measurement in information active engine can be quantified47

in much the same way as for the equilibrium case [17, 20–24] and while its impact on the48

performance of information active engine has been under recent scrutiny [16, 18], the na-49

ture of the coupling between the active substrate and the external system which extracts the50

work has so far been overlooked. In particular, the majority of existing works have focussed51

on minimal models where forces are applied by exerting full control on the time-dependent52
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form of an external potential (as generated, e.g., by an optical tweezer [16,17,25]) in which53

an active particle is confined. In contrast, work extraction in real-life microscopic active en-54

gines [26–28] is typically mediated by finite mechanical elements and relies on short-range55

steric interactions 1. This detail, which at first glance may seem minor, leads to both quanti-56

tatively as well as qualitatively changes in the overall performance of the active engine in the57

presence of positional uncertainty. Intuitively, in a (nonlinear) external potential, positional58

error translates to an uncertainty in the force experienced by the active particle, and thus the59

instantaneous work rate; on the other hand, when manipulation is mediated by short-range60

forces, positional uncertainty leads to a variability in the encounter time, i.e. the waiting time61

before a constant force can be applied to the particle. Since work extraction in the second62

case can only occur for protocols of duration comparable to the persistence time, the interplay63

between these two timescales plays a nontrivial role, which we explore in the following.64

Inspired by Szilard’s design, we present here a minimal theoretical model capable of cap-65

turing these basic and crucial features. Accordingly, we revisit and expand upon the analysis66

of the “dynamic” active engine first introduced in Ref. [14], which extracts work by exploiting67

the finite correlation time (strong persistence) of the self-propulsion force exerted by a run-68

and-tumble (RnT) particle [16,30]. At a constant rate, the demon measures the position and69

direction of motion of the particle; it then puts a piston ahead of the particle connected to70

a weight that opposes the motion of the particle. Now, if the piston is properly placed, after71

colliding with the piston, the RnT particle pushes against it and performs useful work by lifting72

the weight against the gravitational potential. However, due to errors in the measurement of73

position and velocity of the particle, the piston can be placed at a very unfavorable location74

so that the particle never meets the piston and negative work is done by the external force.75

This possibility, which was neglected for simplicity in Ref. [14], highlights the relevance of76

the measurement process in determining the performance of the active Szilard engine. In the77

following, we will demonstrate how to carefully analyze the former.78

Our model shows that the work extracted attains an optimal value when the piston is ini-79

tially located at a distance comparable to the measurement error in the position of the particle80

and for protocol durations comparable to the persistence time. Similarly, the information ef-81

ficiency is also strongly affected by the precision of the positional measurement required to82

place the piston. This precision strongly determines both the measurement cost and the per-83

formance of the engine. Finally, we discuss the performance of the active Szilard engine in84

cycling conditions, i.e. under repeated use.85

2 Model Setup86

To keep the model simple, we assume the particle’s motion to be restricted to one dimension.87

Accordingly, the active Brownian particle discussed in Ref. [14] is here replaced by a run-and-88

tumble (RnT) particle, most notably an idealized model of the motion of E. coli [31], whose89

self-propulsion velocity switches sign stochastically in the manner of a dichotomous noise [32].90

In the presence of a generic external force Fext applied to the particle, the deterministic part91

of its velocity v(t) is thus given by92

v(t) = v0w(t) + γ−1
p Fext(t) (1)

with v0 the self-propulsion speed, w ∈ {−1,+1} a symmetric dichotomous noise with (tum-93

bling) rate α and γp the friction coefficient. The persistence time and length for moving in94

1Moreover, the power dissipated by auxiliary processes to establish a time-dependent virtual potential [25]may
exceed the extractable power from the active substrate by many orders of magnitude [29].
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Figure 1: Work extraction protocol, shown schematically for a RnT particle with true
internal state w = +1 at position x at the time of measurement; (a), (b), and (c)
show possible outcomes. Upon measurement, an estimate of the particle position xm
and self-propulsion direction wm (indicated by the orientation of the “flagellum”) is
recorded, where ε is the probability to record the wrong direction. Based on the mea-
surement outcome and given a particular value of δm a piston is placed at xm+wmδm
and a force Fw antialigned to the active velocity v0w(t) is applied to it. The proba-
bility that δm is sufficiently large to correctly place the piston in front of the particle
is pfnt. The key model parameters are summarised in Appendix A.

one direction are thus τM = 1/α and dM = v0/α, respectively. Via the Stokes-Einstein re-95

lation, we have that Dp = γ−1
p kB T . We mostly work in the limit of large Péclet number,96

Pe ≡ v0dM/Dp ≫ 1, where particle translational diffusion (Dp) can be neglected on time97

scales comparable to τM
2. The trajectories are determined by the Langevin equation98

ẋ = v + ζ (2)

where v(t) is given in Eq. (1), and ζ is a zero-mean Gaussian white noise with covariance99

〈ζ(t)ζ(t ′)〉= 2Dpδ(t − t ′).100

The particle interacts with a piston which is initially placed at a distance δm from the101

measured position and then removed deterministically after a time τ, as illustrated in Fig. 1.102

This setup is radically different from the cases where the work is extracted by means of external103

virtual potentials, such as optical traps. In fact while these potentials are present everywhere,104

the current setup is local and this introduces the possibility of “misses" (Fig. 1, red boxes), as105

well as the new length scale δm. Upon placement, a force Fw is externally applied to the piston,106

which, when not in contact with the particle, will then move at constant speed vw = Fw/γw107

in the direction of the force, where γw denotes the friction coefficient of the piston. During108

periods of free motion of the piston, the external operator injects work in the system, which109

is immediately dissipated due to friction at a rate Ẇ = −F2
w/γw. On the other hand, when the110

particle and the piston are in contact with each other with the corresponding forces oriented111

in an antiparallel manner, they move together with net velocity vwp = (γpv0 − Fw)/(γp + γw).112

In the case where γpv0 > Fw, the active particle will then perform work against the external113

2For reference, the typical run speed of E.coli is v0 ≈ 15 µm·s−1 with tumbling rates of the order α ≈ 1 s−1

[33,34]. Approximating the cell structure as a sphere of radius 1 µm, whereby Dp ≈ 0.2 µm2·s−1 in water at room
temperature, one finds Pe ≈ 103. For diffusiophoretic Janus particles of similar size, ν0 ≈ 1 µm·s−1 while the
persistence time τM ≈ 10 s, whereby Pe≈ 102 − 103 [35].
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force at an average rate114

Ẇ =
Fw(γpv0 − Fw)

γp + γw
(3)

which is maximised for Fw = γpv0/2 [14,16,36]. By considering the ideal scenario where the115

internal state is known and the optimal force is applied at all times, one then finds that the116

average extractable power is bounded above as Ẇ ≤ Ẇ ∗ = γpv2
0/[4(1+ γw/γp)]. In the less117

ideal scenario where only the initial position is measured, we expect the extracted work to be118

maximized when the operating time of the piston, τ, is comparable to the decorrelation time119

of the active agent, τM . Indeed, for τ≪ τM , the piston is removed while positive work can120

still be extracted (at extremely short times the piston and the particle have not even come into121

contact); for τ ≫ τM , there is a high probability that the RnT particle flips its velocity and122

leaves the piston3.123

For simplicity, we take the post-measurement probability of the estimated particle position124

xm to be a Gaussian distribution centered at the true position x and with standard deviation125

σx ,126

P(xm|x) =N (xm; x ,σx) . (4)

We note that xm is not the position at which the piston should be inserted. Indeed, as discussed127

below, placement at xm would result in a 50% probability of the piston being on the “wrong128

side” of the particle.129

Clearly, the performance of such an engine is limited by the precision of the measure-130

ment protocol. Consider in particular, two possible occurrences where error-prone measure-131

ments can result in power loss, as illustrated schematically in Fig. 1: (a) the direction of self-132

propulsion is measured incorrectly, leading to the piston being placed “behind” the particle,133

which happens with probability ϵ; (b) the self-propulsion direction is measured correctly, but134

the measured position has a large error, leading once again to an incorrect placement. The135

likelihood of the second scenario, given by (1 − ϵ)(1 − pfnt), can be reduced by placing the136

piston a distance δm ahead of the estimated position of the particle, cf. Fig. 1(c). However,137

this will also result in a longer period where piston and particle are not in contact, during138

which the power is purely dissipated into heat (or equivalently, negative power is extracted).139

Based on this argument, we expect that power extraction will be maximised for values of δm140

commensurate to the precision error σx .141

2.1 Reduced units142

In the following we rescale times by the persistence time τM = α−1, lengths by the persistence143

length dM = v0/α, forces by the stall force of the active particle γpv0, and friction coefficients144

by γp. For ease of notation we keep the same symbols, so that we have145

t/τM → t , x/dM → x ,

Fw/γpv0→ Fw , and γw/γp→ γw .
(5)

Accordingly, the natural unit of work is γpv0dM , i.e. the work done against viscous forces by146

an active particle self-propelling over one persistence length, and the natural unit of power is147

γpv0dM/τM = γpv2
0 , whence the reduced ideal power output as defined below Eq. (3) corre-148

sponds to149

Ẇ ∗ =
1

4(1+ γw)
. (6)

3The tumbling event is particularly detrimental in the 1D model under consideration. For 2D/3D cases tumbling
does not immediately imply losing contact with the piston
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Finally, the natural unit of efficiency, which we define below in Eq. (23), is given by the active150

Péclet number Pe≡ γpv0dM/kB T introduced earlier (equivalently, the reduced thermal energy151

scale is Pe−1).152

In the following two sections we explore the work output and the information efficiency153

of the active dynamic Szilard engine.154

3 Average one-shot work output155

Optimising the engine performance for a given measurement precision – as set by σx and ϵ156

– by fine tuning the control parameters τ and δm is a nontrivial problem. We address it here157

by first computing the average work W os extracted under one-shot operation, i.e. the average158

work done on the piston after a single cycle of measurement, piston insertion and eventual159

removal. After accounting for the probability of the error scenarios described in the previous160

section and illustrated in Fig. 1, this is given by161

W os = (1− ϵ)pfntW
+ + [ϵ + (1− ϵ)(1− pfnt)]W

− . (7)

Here, W+ and W− ≡ −τF2
w/γw denote the average work extracted upon correct (green box in162

Fig. 1) and incorrect (red boxes in Fig. 1) placement of the piston, respectively. The contribu-163

tion W+ will be calculated below.164

3.1 Probabilities for determining W os165

The probability pfnt of correctly placing the piston in front of the RnT particle depends on σx166

and δm and is given, using Eq. (4), by167

pfnt ≡ P(x ≤ xm +δm) =
1
2

�

1+ erf

�

δmp
2σx

��

, (8)

where we assumed w= +1, i.e. rightward self-propulsion, without loss of generality.168

The amount of work extracted in the case of correct placement depends on the true distance169

δ ≡ xm + δm − x between the particle and the piston immediately after placement, as well170

as on the time elapsed before the particle reverses its self-propulsion direction (i.e. tumbles).171

Thus, a further quantity needed in the calculation of W+ is the probability of the true distance172

δ, conditioned on the piston having been placed on the correct side of the particle, i.e. on173

δ > 0 in this case. This is given by174

Pδ(δ|x ≤ xm +δm) =
2N (δ;δm,σx)

1+ erf
�

δmp
2σx

� (9)

and is centered around the “buffer” distance δm specified by the protocol (for σx = 0, the175

piston is placed exactly at x +δm).176

The particle and the piston close the gap δ between each other in a typical time τδ, which177

we estimate from the deterministic part of the relative velocity between particle and piston,178

Fw/γw + 1 in reduced units, to be179

τδ =
δ

Fw/γw + 1
. (10)

This time to encounter is distributed as180

Pτδ(τδ) =
�

Fw

γw
+ 1
�

Pδ

��

Fw

γw
+ 1
�

τδ

�

�

�x ≤ xm +δm

�

, (11)
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where we used a straightforward transformation of probability from variable δ to τδ. We181

expect this distribution to be modified at small Pe due to the presence of translational noise ζ182

in Eq. (2). The latter will also contribute nontrivially to the effective pressure exerted by the183

active particle on the piston [14,37,38].184

As already anticipated, increasing δm reduces the probability that the piston is placed in-185

correctly, however it also increases the time that the piston and the particle spend approaching186

each other. Note that, even upon correct piston placement, there is a finite probability that187

τδ > τ, in which case particle and piston never come into contact during the work phase. This188

happens with probability pmiss given by189

pmiss ≡
∫ ∞

τ

dτδPτδ(τδ) =
1− erf
�

2γwτ+τ−2γwδm

2
p

2γwσx

�

erf
�

δmp
2σx

�

+ 1
. (12)

We remark that the impossibility for piston and particle to instantly come into contact upon190

placement of the piston imposes an initial transient where work is lost to dissipation. This191

constitutes an inherent feature of our realistic design stemming from the finite range of steric192

interactions and the finite precision of the positional measurement.193

Finally, we need to account for the fact that the particle may tumble during the work194

interval τ. As me mentioned above, for τ ≫ τM the particle will undergo multiple tumble195

events and hence the power extracted will be very small or even negative (the piston does more196

work on the system than vice versa). Accordingly, we specialize to the case τ ≲ τM , in which197

we can approximately neglect occurrences of more than one tumbling events during a period198

τ. The probability density that a tumbling event occurs at a particular time τt (given in units199

of α−1) after the measurement of particle position and direction is given by the exponential200

law201

P(τt) = e−τt . (13)

Now, for τδ < τ, we have to consider separately the possibility that202

(i) the particle tumbles before τδ, such that the particle and piston never meet. This hap-203

pens with probability p(i) = 1− e−τδ .204

(ii) the particle tumbles at a time τt such that τδ < τt < τ, leading to a detachment from205

the piston while the protocol is still in progress. This happens with probability density206

p(ii) = P(τt) = e−τt .207

(iii) the particle doesn’t tumble during the duration of the protocol. This happens with prob-208

ability p(iii) = e−τ.209

3.2 Calculating the mean work W os210

We start with writing for a given value of τδ the mean work extracted upon correct positioning211

of the piston as a combination of three terms corresponding to the cases (i)–(iii):212

W+
τδ<τ

= −
τF2

w

γw
p(i) +

∫ τ

τδ

dτt

�

−
τδF2

w

γw

+
Fw(1− Fw)

1+ γw
(τt −τδ)−

(τ−τt)F2
w

γw

�

P(τt)

+

�

−
τδF2

w

γw
+

Fw(1− Fw)
1+ γw

(τ−τδ)
�

p(iii) .

(14)
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Figure 2: Average total work output (left) and work rate (right) of the dynamic
Szilard engine under single cycle operation, plotted as a function of protocol duration
τ and piston placement distance δm. Plots under each contour show the work/power
output as a function of τ along the line (white dotted) intersecting the respective
optimum (white cross). Results are given in the units described in Sec. 2.1, fixing
the error parameters σx/dM = 0.01 and ϵ = 0.1, as well as setting γw = 1. The
black dashed line indicates the zero-work/power level, such that inside the contour
the average work/power is positive. The black dotted line corresponds to the power
asymptote for vanishing τ, Eq. (18).

In particular, the two negative terms under the integral describe the energy dissipated by the213

moving piston before it connects to the particle or after the particle has tumbled. The middle214

term is the work performed by the particle on the piston. For τδ > τ, particle and piston never215

get into contact and we have W+
τδ>τ

= W−. After simplifying Eq. (14) and setting Fw = 1/2216

(in units of γpv0) to maximise the power extracted during particle-piston contact (cf. Eq. (3)),217

one obtains:218

W+
τδ<τ

=
1

4γw

�

(1+ 2γw)(e−τδ − e−τ)
1+ γw

−τ
�

=
τ

4γw

�

(1+ 2γw)(1−
τδ
τ )

1+ γw
− 1

�

+O(τ2,τ2
δ) , (15)

where the last expression holds for τδ < τ ≪ 1. Using Eq. (15), W+
τδ

is thus positive when219

τδ < τ and220

τδ < − ln
�

e−τ +
τ(1+ γw)
1+ 2γw

�

=
τγw

1+ 2γw
+O(τ2) . (16)

Since τδ > 0 by definition, the inequality can only be satisfied when τ is small enough such221

that the term in square brackets is smaller than unity.222

The full average work W+ appearing in the right-hand side of Eq. (7) is then obtained223

by integrating Eq. (14) with respect to τδ using the probability distribution of Eq. (11) and224

Eq. (12),225

W+ = pmissW
− +

∫ τ

0

dτ′δ W+
τ′
δ

Pτδ(τ
′
δ) . (17)

This integral can be performed to obtain an exact, albeit somewhat cumbersome, explicit ex-226

pression for W+. Thus, after summing all relevant contributions according to Eq. (7), the227

average work output W os is obtained. We report this latter expression in Appendix B.228

229
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3.3 Discussion of W os and the mean work rate230

The exact values of W os as a function of the control parameters of the protocol, τ and δm,231

while keeping error parameters σx , ϵ fixed, are shown in Fig. 2. We observe two interesting232

features: first, the existence of a global maximum of the average work output. It occurs at233

τ ≃ 0.3τM and δm ≃ 0.02dM which, given the parameters used in Fig. 2, leads to δm ≃ 2σx .234

This implies that the maximum work is obtained for protocols whose duration is somewhat235

smaller than the persistence time, τM , and for pistons placed at a distance, δm, which is larger236

than but comparable to the measurement error, σx . At the maximum, the work extracted is237

W os/τẆ ∗ ≃ 15% of the ideal power output in the absence of errors, ϵ = σx = 0, and tumbling,238

as given in Eq. (6). Accordingly, the finite precision of the measurements strongly hinders the239

overall work extracted. The non-monotonic behavior observed in Fig. 2 is consistent with the240

arguments made above that performance should peak at intermediate values of the two con-241

trol parameters. Finally, we remark that the extracted work is positive only in the close vicinity242

of the maximum whereas for τ= 0 no work is done, W os = 0, hence leading to a local “trivial"243

maximum.244

245

Another quantity of interest for information engines is the work rate, i.e. the power output,246

which is obtained by dividing W os by the protocol duration τ. Its dependence on τ and δm247

is akin to that of W os, except for the disappearance of the trivial maximum at τ = 0. Indeed,248

in the limit of vanishing τ, piston and particle never interact and we thus have the expected249

value250

lim
τ→0

W os(τ,δm)/τ= −
F2

w

γw
=W−/τ (18)

which is strictly negative. Note that the power optimum generally does not co-locate with the251

work optimum.252

Having established the existence of non-trivial optimal protocols for the work and power253

output, we proceed to study their dependence on the error parameters ϵ and σx . As shown in254

Figs. 3(a) and 3(b), the location of the work optimum depends nontrivially on the measure-255

ment precision. In particular, we observe that the optimal protocol duration, τ∗, decreases256

upon increasing ϵ and σx . This makes sense since larger measurement errors in location and257

direction reduce the possibility of persistent motion and thus the extraction of work. In con-258

trast, the optimal choice of δm decreases slightly upon increasing ϵ and increases noticeably259

with increasing σx , again compensating for the larger measurement errors. The average work260

output for the optimum protocol, Fig. 3(c), decreases upon increasing either of the errors,261

as expected, eventually crossing zero at finite values of ϵ and σx . From this point onward,262

the nontrivial local maximum stops being the work optimum, as it becomes negative, and it263

is outperformed by the trivial protocol τ = 0, where no work is extracted, W os = 0, and for264

which δ∗m is ill-defined.265

As for the power optimum, Figs. 3(d)-(f) illustrate the nontrivial feature that the protocol266

parameters τ∗/τM and δm/dM are in this case independent of the directional error ϵ, while267

they both increase with σx . To understand this difference between work and power optima,268

we return to the definition of the one-shot power output W os/τ, which draws on Eq. (7). The269

optimum (τ∗,δ∗m) is defined by the extremisation condition270

∂τ[W os/τ]|τ∗,δ∗m = ∂δm
[W os/τ]|τ∗,δ∗m = 0 . (19)

Noticing that W−/τ = −F2
w/γw is independent of both τ and δm, one can pull the common271

factor 1− ϵ in Eq. (7) out of the extremisation condition, confirming that the power optimum272

does not depend on ϵ. Comparison of panels (a) and (d) also illustrates a striking difference273

between the dependence of τ∗ on σx for work vs power optima, which we ascribe to the274

9
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Figure 3: Dependence of the nontrivial maxima of work and power output on the
error parameters, shown for γw = 1. (a,b) Dependence of the work optimal protocol
control parameters τ∗ and δ∗m on ϵ and σx . (c) Work output at the global maximum,
shown as a function of the two error parameters. Since there exists always a line
of protocols τ = 0 for which W = 0, we have a sudden transition to the trivial
protocol being optimal at finite error (dashed line). (d,e) Dependence of the power
optimal protocol control parameters τ∗ and δ∗m on ϵ and σx . (f) Power output at the
global maximum, shown as a function of the two error parameters. Recall that, in
our rescaled units, the ideal scenario corresponds to Ẇ ∗ = 0.125, which is obtained
from Eq. (6) with γw = 1: as expected, this is the value the optimal power output
converges to in the limit of vanishing error.

additional τ−1 prefactor in the definition of the power comparatively penalising long cycles.275

Finally, the power at the optimum also decreases with both σx and ϵ, as expected, and even-276

tually it crosses the zero line in the high error regime, Fig. 3(f). Unlike the work, the power277

output at the optimum does not vanish beyond this point and instead becomes negative. This278

difference stems from the fact that the work output vanishes in the limit of zero protocol du-279

ration, limτ→0 W os = 0, while the power tends to a finite (negative) values in the same limit,280

limτ→0 W os/τ < 0, which is moreover a lower bound to W os/τ at finite τ, cf. Eq. (18) and281

Fig. 2. As a result, in the high error regime, the engine operator may no longer “cut their282

losses” by setting τ = 0 and are instead forced to inject more power via the piston than they283

can extract from the active particle, even at the optimum.284

To summarize, the loci of both the work and power optima are consistent with the expec-285

tation that σx/dM < δ
∗
m/dM ≪ 1 and τ∗/τM ≲ 1, ensuring that on average piston and particle286

come and stay in contact for a substantial fraction of the persistence time, while maintaining287

the probability of incorrect piston placement sufficiency small. The relatively weak depen-288

dence of the loci of the optima on the error parameters observed in Fig. 3(a,b,d,e) indicates289

that optimal protocols are fairly robust to changes in the latter, i.e. no fine-tuning is needed.290

4 Information efficiency291

So far we dealt with the extracted work and associated power. However, a crucial observable292

for information engines is their “information efficiency", i.e. the ratio between the extracted293

work and the cost of measurement [16]. The thermodynamic cost of measurement arises be-294
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cause the act of gaining information reduces uncertainty about the system’s state, as quantified295

by the change in mutual information ∆S between the system’s true state and the measured296

state. This reduction in entropy directly corresponds to an energy scale via Landauer’s princi-297

ple, which states that the erasure or acquisition of information requires a minimum dissipation298

of kB Tm∆S as heat [17,20–23], with Tm the working temperature of the measurement device.299

Naturally, higher measurement precision (smaller errors) will improve performance but also300

result in a larger increase in mutual information, hence a higher operational cost for the infor-301

mation engine. In the following, we discuss the maximisation of the informational efficiency302

in light of this tradeoff, and more specifically the dependence of the efficiency on the measure-303

ment parameters ϵ and σx , for two scenarios: one-shot and cyclic operation.304

4.1 One-shot operation305

We first consider the thermodynamic cost associated with a single cycle of measurement and306

piston insertion/removal. Assuming steady-state pre-measurement conditions, with uniform307

distribution of the active particle in an experimental domain of length L and on both self-308

propulsion directions, P(x , w) = 1/2L, the simultaneous measurement of position and self-309

propulsion direction with error parameters σx and ϵ establishes a nonequilibrium state. The310

non-trivial correlations between the true state (x , w) and the measured state (xm, wm) is char-311

acterised by the conditional probability312

p(x , w|xm, wm) = [(1− ϵ)δw,wm
+ ϵδw,−wm

]N (xm; x ,σ2
x) (20)

with δa,b the Kroeneker delta. The associated reduction in the differential Shannon entropy313

of x , w given xm, wm, equivalently the mutual information between the true and measured314

states, is315

∆Sos(ϵ,σx) = S[P(x , w)]− S[p(x , w|xm, wm)]

= − ln

�

σx
p

2πe
L

�

+ ln 2− sϵ . (21)

Here, we used S[P(x , w)] = ln2+ ln L, defined316

sϵ ≡ −ϵ lnϵ − (1− ϵ) ln(1− ϵ), 0≤ sϵ ≤ ln2 (22)

and assumed σx ≪ L to approximate the entropy of the Gaussian distribution N (xm; x ,σ2
x)317

by its form in unbounded space, i.e. S[N (xm; x ,σ2
x)]≃ − ln(

p
2πeσx).318

In rescaled units, the thermodynamic cost of measurement is then quantified formally as319

Pe−1∆Sos, where we assume that the measured device is coupled to the same heat bath as the320

active particle. It diverges logarithmically as σx/L → 0, e.g. when the precision error on the321

particle position goes to zero at fixed size of the experimental domain. The term ln 2− sϵ in322

Eq. (21), on the other hand, is associated with measurement of the binary internal state and323

approaches the finite value ln 2, familiar from the literature on the equilibrium Szilard engine,324

as ϵ→ 0.325

We define the information efficiency326

ηos(τ,δm,ϵ,σx) =
W os

Pe−1∆Sos
(23)

as the ratio of the work extracted, in units of the thermal energy scale, over the information327

acquired by measuring the state of the particle. First of all, note that, since∆Sos is independent328

of τ and δm, the one-shot efficiency optimum at fixed measurement precision co-locates with329
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Figure 4: Cost of measurement and optimum efficiency under one-shot operation. (a)
The efficiency shows a non-monotonic dependence of σx , while it is a monotonically
decreasing function of ϵ. Inset: At fixed error parameters, exemplified by the white
triangle in the main plot, the efficiency exceeds the Landauer bound for equilibrium
information engines ηos = 1 (dashed line) for sufficiently large values of the Peclet
number. (b) Plotting the same data for all ε,σx as a scatter plot of efficiency versus
∆Sos (the increase in mutual information upon measurement) shows a maximum
efficiency at fixed ∆Sos, which is achieved for ϵ = 0. A global maximum exists at
finite ∆Sos, indicating that beyond this point the additional cost of acquiring more
detailed information exceeds the improvement in extracted work.

the work optimum, η∗os(ϵ,σx)∼W ∗
os. Second, unlike W ∗

os, the optimal efficiencyη∗os has a non-330

monotonic dependence on σx , see Fig. 4a, stemming from the abovementioned divergence of331

∆Sos in the limit σx → 0, while the extractable work is bounded above by Eq. (6).332

The dependence of the information efficiency on the measurement precision can be better333

understood by plotting η∗os against the measurement information gain ∆Sos, see Fig. 4b. For334

∆Sos below a critical value (here around 5 nats, or 7 bits), η∗os is strictly zero. The efficiency335

then undergoes a continuous transition and grows upon further increasing∆Sos since the work336

grows upon reducing the errors. Since η∗os∝W ∗
os, this transition has precisely the same origin337

as the one observed in Fig. 3(c) for the optimal work output. However, once sufficient infor-338

mation has been acquired – here, once the regime σx/dM ≪ 1 is achieved – further increasing339

the measurement precision is counterproductive as it increases the measurement cost without340

bounds with only marginal performance improvement, thus reducing the maximum accessible341

efficiency at high measurement information gain. The upper bound on η∗os as a function of342

∆Sos corresponds to the directional-error-free limit ε = 0 (crosses in Fig. 4b). Thus, while343

the existence of a continuous transition is inherent to our engine design, the non-monotonic344

dependence of η∗os on ∆Sos in the small error regime is a generic feature of active information345

engines relying on the measurement of a continuous variable, e.g. position.346

We recall here that the Landauer bound for equilibrium information engines – which is347

nothing but a particular formulation of the second law of thermodynamics in that regime348

– may be written as ηos ≤ 1 and is saturated by a Szilard engine operated quasistatically349

(see Appendix C for a Szilard-like setup with a Gaussian measurement posterior, as opposed350

to the single bit measurement of the “textbook” version). In the active regime, where highly351

persistent self-generated force fluctuations violate the standard fluctuation-dissipation relation352

[39], this bound no longer applies [14–18] and indeed we find that the information efficiency353

can be made arbitrarily large by increasing the Péclet number of the active particle (Fig. 4a,354

inset, where the line η∗os = 1 is crossed at Pe ≃ 103). In particular, we find η∗os ∼ Pe, as355

suggested by Eq. (23). We stress that this should not be interpreted as a violation of the second356

law of thermodynamics, which will of course apply to the total rate of entropy production,357
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including the contribution originating from viscous friction between the active particle and358

the surrounding medium.359

Finally, we remark that Eq. (23) is only one possible definition of efficiency in the active360

regime: since energy is continuously injected into and dissipated by the active particle at an361

average rate σ̇RnT (σ̇RnT = v2
0/Dp for the free-particle case), one has the choice whether to362

consider this contribution to the total dissipation as an operational cost, in which case an al-363

ternative definition of the engine efficiency would be η̃os ≡ W os/(kB T∆Sos + τσ̇RnT). Here364

we limit our discussion to ηos as defined in Eq. (23) on the basis that (i) we want to draw a365

direct parallel with equilibrium information engines, where no such ambiguity arises and (ii)366

a rigorous treatment of the protocol-dependence of σ̇RnT requires a thermodynamically con-367

sistent description of the self-propulsion mechanism [40–42], which goes beyond the simple368

RnT model considered in this work.369

4.2 Cyclic operation370

Typically, the information engine is operated cyclically at finite τ. To address this more realistic371

operation scheme, we need to consider that the mutual information between the true state372

(x , w) and the measured state (xm, wm) need not have decayed to zero by the end of each373

cycle, its value itself being dependent on the cycle duration [17, 22, 24, 43]. Accordingly,374

the increase in mutual information upon refreshing of the measured state (xm, wm), which375

we denote ∆Sτ, will be smaller than the one-shot value ∆Sos computed in Eq. (21), where376

∆Sos = limτ→∞∆Sτ.377

Denoting the measured state pre-refreshing as (xm,0, wm,0), the increase in mutual infor-378

mation upon refreshing is given by379

∆Sτ = S[P(xτ, wτ|xm,0, wm,0)]− S[P(xτ, wτ|xm, wm)] . (24)

The second term depends only on the assumed post-measurement distribution and is easily380

computed. Indeed, it is identical to the quantity appearing in the one-shot case, Eq. (21). The381

first terms requires more attention, since it is affected by the non-trivial dynamics of the RnT382

particle as it interacts with the piston. To estimate it, we make the following approximations:383

(i) we ignore interactions with the domain boundaries, i.e. we assume L/dM ≫ 1 or, alter-384

natively, a ring domain with periodic boundary conditions;385

(ii) we assume that the typical time to encounter introduced in Sec. 3.1 is small relative386

to the protocol duration, τδ/τ≪ 1, and that the probability of piston misplacement is387

negligible, pfnt ≲ 1. Both conditions are satisfied near the optima identified in Figs. 3 and388

4, where we found δm ≃ 2σx and τ ≃ 0.3τM , implying pfnt ≃ 0.97, and τδ/τ ≃ 0.05.389

As a result, for the purpose of characterising the probability density P(xτ, wτ|xm,0, wm,0),390

we may neglect the pre-encounter transient and subsume the interaction with the piston391

under a constant particle drift −Fw/(γp + γw), which, conveniently, does not alter the392

Shannon entropy. The free particle friction coefficient is also effectively renormalised as393

γp→ γp + γw;394

(iii) we neglect instances of more than one tumbling event during the period τ, as we have395

done for the computation of the average work. This can be justified based on the expec-396

tation that relevant protocol durations are comparable to the persistence time τM , as we397

indeed find below.398

All together, these approximations allow us to neglect the protocol dependence of ∆Sτ, ren-399

dering the optimisation problem numerically tractable.400
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From the first approximation and choosing xm,0 = 0, wm,0 = +1 without loss of generality,401

we have, in the reference frame where the piston-induced drift vanishes,402

P(xτ, wτ|xm,0 = 0, wm,0 = +1)

=N (xτ; 0,σx) ∗ [(1− ϵ)Gτ→(xτ, wτ) + ϵG
τ
←(xτ, wτ)] (25)

where Gτ→ and Gτ← denote the Green’s function for a RnT particle initialised at x = 0 with403

internal state w = +1 and w = −1, respectively. Throughout this section, the asterisk (∗)404

denotes a convolution, here involving the Gaussian distribution accounting for the imprecision405

in the positional measurement. Based on the assumed symmetry of the RnT dynamics, the two406

Green’s functions are related by407

Gτ→(xτ, wτ) = Gτ←(−xτ,−wτ) .

Since we specialize to the case of t ≪ τM , the Green’s function for a RnT particle initialised408

in the right-moving state reads, in our rescaled units,409

Gτ→(xτ, wτ) =
eτ

1+τ

�

e−τG t/(1+γw)
B (xτ −τ/(1+ γw))δwτ,+1

+ e−τ
τ
∫

0

dτ′
L
∫

0

d x ′Gτ
′/(1+γw)

B (x ′ −τ′/(1+ γw))G
(τ−τ′)/(1+γw)
B (xτ − x ′ + (τ−τ′)/(1+ γw))δwτ,−1

�

=
N (xτ; 0, Dpτ/(1+ γw))

1+τ
∗
�

δ(xτ −τ/(1+ γw))δwτ,+1 +
θ (τ/(1+ γw)− |xτ|)

2
δwτ,−1

�

(26)

where the prefactor (1 + τ)−1 normalises properly for having neglected instances of more410

than one tumbling event. Here, GτB denotes the Green’s function of simple Brownian mo-411

tion of duration τ with diffusivity Dp/(1 + γw) for a particle initialised at x = 0, namely412

GτB(x) =N (x; 0, Dpτ/(1+γw)). The appearance of the factor (1+γw)−1 reflects the renormali-413

sation of the particle mobility as discussed in point (ii) above. Combining these, we eventually414

get415

P(xτ, wτ|xm,0 = 0, wm,0 = +1) =
N (xτ; 0, Dpτ/(1+ γw) +σ2

x)

1+τ

∗
�

(1− ϵ)
�

δ(xτ −τ/(1+ γw))δwτ,+1 +
θ (τ/(1+ γw)− |xτ|)

2
δwτ,−1

�

+ϵ
�

δ(xτ +τ/(1+ γw))δwτ,−1 +
θ (τ/(1+ γw)− |xτ|)

2
δwτ,+1

��

(27)

which is correctly normalised with respect to double integration over xτ and wτ. For short416

protocols, τ/τM < 1, the terms involving Heaviside theta functions in (27) can be neglected417

and, upon substituting into Eq. (24), we obtain (see Appendix D for a detailed derivation)418

∆Sτ =
Dpτ/(1+ γw)

2σ2
x

+τ(1− 2ϵ) ln
1− ϵ
ϵ
+O(τ2) . (28)

The information gain thus shows a linear asymptote ∆Sτ ∼ τ at small τ, indicating that,419

while the cost per measurement vanishes in this limit, the cost “rate” becomes constant. Note420

that, similarly to the one shot case, the information gain per measurement diverges as σx → 0421

when all other parameters are kept constant.422

The accuracy of the small τ approximation in Eq. (28) is illustrated in Fig. 5a by comparing423

with a numerical evaluation of Eq. (24) using the full expression for the conditional proba-424

bility from Eq. (27). Note that, in general, ∆Sτ will depend on the particle’s level of activity,425
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(a)                                                               (b)                                                                       (c)      

Figure 5: Efficiency at optimum for cyclic operation. (a) Comparison of exact (nu-
merical) and approximate (analytical) results for the information gain. Solid line
indicates linear asymptotic scaling. We set ϵ = 0.1, σx = 10−2, γw = γp = 1
and kB T = 10−3. (b) Information efficiency at the optimum, calculated using ap-
proximate analytical expression, cf. Fig. 4a. Dashed curves indicate the Landauer-
efficiency (η = 1) and zero-efficiency contours. (c) Protocol duration at efficiency
optimum. The fact that τ∗ < 1 provides a self-consistency check for using the ap-
proximate expression in the evaluation of the cost.

however this dependence drops out at leading order in τ since the short time scale dynamics426

are dominated by diffusion 4.427

Since the measurement cost Pe−1∆Sτ now depends explicitly on the protocol duration, the428

relation between efficiency and power/work optima is not trivial for cyclic operation. Indeed,429

in this case we cannot first optimise the work/power with respect to τ and δm but instead430

need to optimise the information efficiency for a given measurement precision,431

ηcyclic(τ,δm;ϵ,σx)≡
W os

Pe−1∆Sτ
, (29)

as a whole. Using the approximate expression for the measurement cost in the small τ regime,432

Eq. (28), we thus compute the optimal efficiency η∗c ycl ic(ϵ,σx) numerically. As shown in433

Fig. 5b, the dependency of the efficiency at the optimum on the error parameters σx and ϵ is434

qualitatively similar to that observed for the one-shot operation, see Fig. 4, even though the435

values tend to be higher in the case of cyclic operation, here by a factor 4-5. This is expected,436

as the cost of measurement is generally reduced compared to the one-shot case. We remark437

that, unlike the one-shot case (cf. Fig. 4), the efficiency at the optimum under cyclic operation438

becomes negative in the large error regime: this finding is analogous to the difference between439

the high error regimes of the work vs power output illustrated in Fig. 3(c,f) and stems from440

the denominator ∆Sτ ∼ τ in Eq. (29) vanishing linearly in the trivial protocol limit τ→ 0. In441

fact, in this regime, the efficiency optimum at fixed measurement precision co-locates with the442

power optimum. The self-consistency of the low τ approximation is verified by looking at the443

protocol duration τ∗ at the efficiency optimum, Fig. (5)c, which is indeed found to be about444

one order of magnitude smaller than τM .445

While maintaining cyclic operation, one could in principle introduce a “refractory” timescale446

τpause between the removal of the piston at the refreshing of the measurement. Indeed, for re-447

alistic applications in specific parameter regimes, the inter-measurement time τ∗ determined448

by the optimisation procedure above may prove unrealistically small. While we don’t treat this449

4This is not in contradiction with the approximation made in Sec. 2, where quantities like the time τδ needed
for the particle to close the gap between itself and the piston were estimated based on the noise-averaged velocity.
Indeed, for Pe sufficiently large, the dynamics may be effectively ballistic on timescales comparable to τM , while
being dominated by diffusion at very short timescales, as demonstrated by the scaling crossover in the mean-
squared displacement observed in virtually all active particle models [44,45].
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case explicitly here, we can nevertheless conclude that the magnitude of the efficiency ηcyclic450

can only decrease with τpause since the numerator of Eq. (29) is independent of τpause and the451

information gain is a monotonically increasing function of τpause,∆Sτ+τpause
≥∆Sτ (cf. Fig. 5).452

5 Discussion and conclusion453

Building on previous work on active dynamic Szilard engines able to extract work from ac-454

tive baths [14, 16], we considered a minimal design operating on a single active particle and455

explored the effects of finite measurement precision on its performance and efficiency. This456

design differs from other proposals, in that external control is applied via a finite mechani-457

cal element, rather than a time-dependent virtual potential [15, 16, 18, 25]. This element of458

realism means that work cannot only be measured but also extracted. Since the mechanical459

coupling is a local mechanism (in contrast to an effective field defined everywhere), it intro-460

duces the additional length δ, namely the distance at which the piston is placed in front of the461

particle. Our analysis shows that both δ and the parameters characterizing the active parti-462

cle cooperate in determining the overall work extracted by the Szilard engine. In particular,463

our analysis shows the existence of nontrivial optima for both the work and power output.464

This underscores the ability of the engine to perform efficiently under non-equilibrium condi-465

tions (Fig. 2). However, these optima diminish significantly – eventually crossing zero – with466

increasing measurement errors (Fig. 3).467

In order to assess the work extracted per unit information, we relied on the information468

efficiency, which provides a natural metric to quantify the conversion of measurement-derived469

information into useful work. While the performance of an equilibrium Szilard engine is lim-470

ited by the Landauer bound (ηos ≤ 1), we show that the information efficiency of our active471

dynamic engine can be made arbitrarily large by increasing the active Péclet number [14–18],472

see Fig. 4a. Interestingly, we find that a minimum information gain from the measurement is473

required to achieve a non-trivial optimum with finite efficiency (Fig. 4b).474

Engines are typically used in a cyclic manner. Interestingly, our results show distinct dif-475

ferences between one-shot and cyclic engine operations. In the cyclic regime, residual mutual476

information between successive measurements led to a reduction in the effective cost of mea-477

surement, enabling comparatively higher efficiencies, see Fig. 5.478

The observed robustness of the optima against moderate errors suggests that similar de-479

signs could be feasible in experimental systems employing real-time feedback control, such480

as those using video microscopy [46]. In that case, we might reasonably expect a finite delay481

τplace between positional measurement and piston placement, which we haven’t considered ex-482

plicitly here. Nevertheless, for delays smaller than the diffusive-to-ballistic crossover timescale483

Dp/v
2
0 (approximately 10−3 s and 10−1 s for E.coli and Janus colloids, respectively [33, 35]),484

such a delay effectively amounts to an increase in the error parameter σ2
x → σ

2
x +Dp tplace and485

its impact on the engine performance may thus be characterised within the framework pre-486

sented here (note that the cost of measurement will still be controlled by the unrenormalised487

error parameter). Finally, incorporating a more detailed description of the self-propulsion488

mechanism may provide deeper insights into the efficiency limits of active engines.489
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A Model parameters492

Symbol Description

Active
particle

v0 self-propulsion speed
α tumbling rate
γp particle friction coefficient

τM = α−1 persistence time
dM = v0τM persistence length

Dp = γ−1
p kB T particle translational diffusivity

Wall
Fw external force on wall
γw wall friction coefficient

Protocol

σx positional error
ϵ orientatational error
δm buffer distance for wall placement
τ protocol duration

Ẇ ∗ =
γp v2

0
4(1+γw/γp)

maximum extractable work

δ true particle-wall distance at placement
τδ waiting time for particle-wall encounter

493

B Explicit evaluation of Eq. (17)494

For the sake of completeness, we report below the explicit evaluation of the integral appearing495

in Eq. (17). This is given, in rescaled units, by496

W os =pmissW
− −
τ (1+ ϵ + (ϵ − 1)E1)

8γw

−
(ϵ − 1)
�

C1(E2 + E3) + C2(E1 + E4 − 2)
�

8γw(1+ γw)
(30)

where497

C1 = (1+ 2γ2)exp

�

−2γw(δm + 2γwδm − γwσ
2
x)

(1+ 2γ2)2

�

C2 = (1+ 2γw +τeτ(1+ γw))e
−τ

E1 = erf

�

δmp
2σx

�

E2 = erf

�

2γwδm − 2γwσ
2
x +δmp

2(2γwσx +σx)

�

E3 = erf

�

2γw

�

2γw

�

−δm +σ2
x +τ
�

−δm + 2τ
�

+τ

2
p

2γw(2γw + 1)σx

�

E4 = erf

�

−2γwδm + 2γwτ+τ

2
p

2γwσx

�

(31)

To recover a more interpretable solution we can replace W+ in Eq. (17) with its approxi-498

mate form for τδ < τ≪ 1, as given by the second equality in Eq. (15), whence we eventually499
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Figure 6: Contours for work and power as a function of the error rates obtained from
the approximate expression Eq. (32) valid in the limit of small protocol duration
(relative to the persistence time). We set τ/τM = 0.3 and δm/σx = 3, based on the
heuristics established in Sec.3 and the numerical findings shown in Fig. 3.

obtain500

W os,lin ≃
2σxτ
h

(1− ϵ)erf
�

δmp
2σx

�

− (1+ ϵ)
i

16γwσx

−

σx(1− ϵ)

�

e
− δ

2
m

2σ2
x − e−Ω

2

�

p
8π(γw + 1)

+
(1− ϵ)(2δm −τ)

�

erf(Ω) + erf
�

δmp
2σx

��

8(γw + 1)

−
1− erf
�

2Ω− τ

2
p

2γwσx

�

4γw

h

erf
�

δmp
2σx

�

+ 1
i + pmissW

− (32)

where we defined the shorthand Ω ≡ [γw(τ − δm) + τ]/(
p

2γwσx). The work and power501

output predicted by Eq. (32) are plotted in Fig. 6 as a function of the measurement error502

parameters for constant τ/τM and δm/σx . Comparing these results with the results of the503

protocol optimisation shown in Fig. 3 shows that the linearised theory provides an accurate504

picture of the error dependence in this system.505

C Landauer efficiency with a Gaussian posterior506

We briefly illustrate how a Szilard-like equilibrium information engine operating quasistat-507

ically can achieve Landauer efficiency, ηos = 1 under one-shot operation, when the post-508

measurement distribution of the particle position is Gaussian, as we assume throughout this509

work. In particular, we consider the case where we are manipulating a Brownian particle with510

diffusivity Dp confined in a 1d box of finite size L. Initially the position is unknown (uni-511

form prior P(x) = 1/L), then a measurement is performed such that the post-measurement512

conditional is P(x |xm) = N (x; xm,σ2
x) with σx the precision error. (Here, we have assumed513

σm ≪ L so finite size corrections can be neglected.) Immediately after the measurement we514

apply the external harmonic potential U(x; xm) = κ(x − xm)2/2− kB T/2 with κ = 2Dp/σ
2
x ,515

chosen such that the posterior distribution corresponds to the Boltzmann measure associated516
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with U , with average energy 〈U〉= 0. This is done with zero average work, since the average517

energy of the system does not change compared to the initial potential U(x) = 0. Now we518

quasi-statically send U(x) → 0, releasing the particle from the confinement and relaxing its519

distribution to the uniform prior. The associated work done against the potential is the dif-520

ference in free energy ∆F between initial and final distribution. However, both states have521

the same average energy, so W =∆F =∆Sos reduces to the difference between the entropies522

of the initial distribution, P0 = P(x |xm), and the final one (the uniform prior), as previously523

given in Eq. (21). The information efficiency is thus ηos = 1 as in the usual Szilard engine,524

saturating the Landauer bound.525

D Expansion of information gain526

We start by rearranging the expression of the conditional probability, Eq. (27), as527

P(xτ, wτ|0,+1) =
N (xτ; 0, Dpτ/(1+ γw) +σ2

x)

1+τ

∗
�

(1− ϵ)
�

δ(xτ −τ/(1+ γw))δwτ,+1 +
θ (τ/(1+ γw)− |xτ|)

2
δwτ,−1

�

+ ϵ
�

δ(xτ +τ/(1+ γw))δwτ,−1 +
θ (τ/(1+ γw)− |xτ|)

2
δwτ,+1

�

�

= γ+P+1(xτ)δwτ,+1 + γ−P−1(xτ)δwτ,−1 (33)

where we grouped terms such that P+1(xτ) and P−1(xτ) can be read, respectively, as the nor-528

malised conditional probabilities of xτ given wτ = +1 or wτ = −1. Accordingly, the normali-529

sation factors γ+ ≡ P(wτ = +1) and γ− ≡ P(wτ = −1) are given by530

γ+ =
1− ϵ
1+τ

�

1+
ϵ

1− ϵ
τ
�

= (1− ϵ)
�

1+
2ϵ − 1
1− ϵ

τ+O(τ2)
�

γ− =
ϵ

1+τ

�

1+
1− ϵ
ϵ
τ

�

= ϵ
�

1−
2ϵ − 1
ϵ
τ+O(τ2)
�

. (34)

They satisfy γ+ + γ− = 1. Now recall the definition of the Shannon entropy531

S[P(xτ, wτ|xm,0 = 0, wm,0 = +1)] =

−
∑

ωτ=±1

∫

d x P(xτ, wτ|0,+1) ln P(xτ, wτ|0,+1) (35)

and the fact that for any γ ∈ R532

S[γP(x)] = −γ lnγ+ γS[P(x)] . (36)

Thus533

S[P(xτ, wτ|0,+1)]

= −γ+ lnγ+ − γ− lnγ− + γ+S[P+(xτ)] + γ−S[P−(xτ)] , (37)
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where, to linear order in small τ,534

γ+ lnγ+ = (1− ϵ) log(1− ϵ)−τ(1− 2ϵ)[log(1− ϵ) + 1]

γ− lnγ− = ϵ logϵ +τ(1− 2ϵ)[logϵ + 1] . (38)

Thus, using the notation introduced in Eq. (22),535

γ+ lnγ+ + γ− lnγ− ≃ −sϵ −τ(1− 2ϵ) ln
1− ε
ε

(39)

Let us now shift our attention back to Eq. (37). For moderate ϵ and smallτ such that [ϵ/(1−ϵ)]τ≪ 1536

and [(1− ϵ)/ϵ]τ≪ 1, we have that P+ ≃ δ(xτ − τ/(1+ γw)) and P− ≃ δ(xτ + τ/(1+ γw)),537

whence538

γ+S[P+(xτ)] + γ−S[P−(xτ)]≃ S[NDpτ/(1+γw)+σ2
x
] (40)

is approximately the differential entropy of the convolved Gaussian distribution. Similarly, for539

ϵ→ 0 at fixed ατ≪ 1, we have γ+→ 1 and γ−→ 0, whence we again obtain540

γ+S[P+(xτ)] + γ−S[P−(xτ)]≃ S[P+]≃ S[NDpτ/(1+γw)+σ2
x
]

= ln[2πe(Dpτ/(1+ γw) +σ
2
x)]/2 . (41)

Overall, we obtain541

S[P(xτ, wτ|0,+1)]≃sϵ + 2τ(1− 2ϵ) ln
1− ε
ε

+
1
2

ln(2πeσ2
x) +

1
2

ln

�

1+
Dpτ/(1+ γw)

σ2
x

�

. (42)

Recalling that542

S[P(xτ, wτ|xm, wm)] =
1
2

ln(2πeσ2
x) + sϵ (43)

and substituting Eqs. (42) and (43) into Eq. (24), we finally arrive at the expression for the543

increase in mutual information upon refreshing given in Eq. (28).544
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