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Abstract

We present a novel iterative method for generating all self-energy Feynman diagrams of
any given order for the single polaron problem. This approach offers an effective tool
for circumventing the sign problem that often arises in approximation-free numerical
summations of Feynman diagrams. Each iterative step begins by rigorously listing all
noncrossing diagrams using the graphical Dyck path representation of Stieltjes-Rogers
polynomials, which exactly encode the Feynman diagram series. In the second phase,
the Ward-Takahashi identity is used to uniquely identify the complete subset of vertex
function contributions from the self-energy diagrams obtained in the previous iterative
step. Finally, the noncrossing diagrams and vertex function contributions are combined
to construct the full set of Feynman diagrams at a given order of the diagrammatic expan-
sion, determining the number of diagrams of various types. This approach establishes a
systematic procedure for generating the total sum of diagrams in a given order, enabling
significant sign cancellation and making it broadly suitable for numerical summation
techniques involving Feynman diagrams.
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1 Introduction22

The power of Feynman’s diagram technique rests on its ability to formulate the perturbation23

series order by order rigorously and eventually sum up the series without approximations or24

extrapolate it to infinite order to obtain the exact answer [1]. Purely analytical methods can25

only reach the exact solution for a limited number of problems [1], and the contemporary trend26

is to sum up the series using numerical techniques. One of the most successful approaches is27

the Diagrammatic Monte Carlo (DMC), where the Metropolis protocol is used to perform a ran-28

dom walk between different orders and topologies of Feynman diagrams, leading to unbiased29

results for the Green or some other correlation function [2,3].30

In particular, the diagrammatic Monte Carlo (DMC) technique successfully solved some31

models of a single polaron [4–7]. However, the strategy of a random walk between different32

orders and topologies of Feynman diagrams is ineffective for the series of signs alternating dia-33

grams as, for example, happens [8] for Barišić-Labbe-Friedel-Su-Schrieffer-Heeger (BLF-SSH)34

model [9–12] and many other models where the elements of the electron-phonon or other in-35

teraction matrix depend both on the phonon and the electron momenta [13,14]. The general36

remedy for a problem with sign-alternating series was found for the first time in relation to37

the fermion sign problem, the most severe sign problem in the Feynman diagrammatic tech-38

nique. The idea, circumventing the problem of alternating signs of the same order individual39

diagrams of different topologies, is to combine all diagrams of the same order into a single40

object where massive cancellations of signs result in sign definite object [15]. The object of41

order n consists of a sum of all diagrams with n-vertices (each having an interaction line and42

the in- and out-going Green function of fermions) connected in all possible ways. The object43

can then be fully determined by imaginary times (or Matsubara frequencies) and momenta44

(or positions in direct space) of the vertices.45

The solution of the many-fermion sign problem implies a rather time-consuming proce-46

dure of recursive subtraction of nonconnected diagrams of determinant expansion [16, 17].47

However, the perturbation expansion for the single polaron problem is simpler because the48

Feynman diagrams, in this case, are restricted to those where the fermion Green function49

propagates only forward in real/imaginary time and the phonon Green function is unrenor-50

malized. Therefore, one can search for less complicated methods to create objects for the DMC51

with a cured sign problem than those used in many-fermion problems.52

In this paper, we present an algorithm for systematically generating all Feynman diagrams53

of a given order for the polaron problem. The method constructs all possible diagram topolo-54

gies by combining noncrossing and vertex function diagrams. This enables the construction of55

composite objects that include all diagrams in a given order, leading to significant cancellation56
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′
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Figure 1: Diagrammatic representation of the exact electron irreducible self-energy
in terms of the exact electron/hole propagator given by the double solid line, the
exact phonon propagator given by the double dashed line, the bare and the exact
vertex, given by the full black circle and the shaded blob, respectively.

of sign fluctuations between individual topologies. It also provides an effective tool for deter-57

mining the number and types of Feynman diagrams in each order. Although we illustrate the58

method with a few explicit expressions from the Holstein model within the zero-temperature59

formalism, the approach itself is general, reflecting the universal diagrammatic structure of60

the polaron problem.61

In Section 2 we express the exact self-energy and its value in self-consistent Born-Oppen-62

heimer (SCBO) approximation in terms of continued fractions. In Section 3 we expand the63

continued fractions in terms of Stieltjes-Rogers polynomials, demonstrate the graphical repre-64

sentation of the polynomials in terms of Dyck paths, and show that there is a bijection between65

the Dyck paths and the SCBO diagrams. In Section 4 we perform a polynomial expansion of the66

exact self-energy and show that the expansion lists all possible Feynman diagrams of the given67

order. In Section 5 we use the Ward-Takahashi identity and show how to generate all vertex68

function contributions of the given order n from the self-energy diagrams of the same order n.69

Section 6 contains an algorithm to generate all self-energy Feynman diagrams from the Dyck70

paths, together with our results for counting the number of different Feynman diagrams of71

different types. Section 7 presents our conclusions.72

2 Polaron problem73

2.1 Exact electron self-energy in the polaron limit74

The exact irreducible electron self-energy for the electron-phonon coupled system Σk(ω) is75

shown in Fig. 1. It involves the double solid line representing the exact electron/hole prop-76

agator, Gk(ω), and the exact phonon propagator, Dq(ω), represented by the double dashed77

line. The bare, gk+q,q, and the exact vertex, gk+q,qΓ k+q,k(ω + E,ω) (with Γ being the exact78

vertex function), are represented by the full black circle and the shaded blob, respectively.79

The self-energy may be expressed in the integral form [18],80

Σ
ne
k (ω) =

i
N

∑

q

|gk+q,q|2
∫

dω′

2π
Gk+q(ω+ω

′)Dq(ω
′)Γ k+q,k(ω+ω

′,ω) , (1)

where ne denotes the density of permanent electrons in the system. The propagators Gk(ω)81

and Dq(ω) in Eq. (1) involve infinite series of reducible diagrams. Furthermore, while there82

is only one skeleton diagram associated with the exact self-energy Σk(ω), the exact vertex83

involves an infinite series of such diagrams [19]. Thus, the evaluation of Eq. (1) represents a84

formidable task, and any simplification or approximation that is justified for some regimes of85

parameters is a matter of interest [20–24].86
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Figure 2: Diagrammatic content of Eq. (5) for the exact electron self-energy.
Each self-energy insertion Σk+q(ω − ωq) involves an exact electron propagator
Gk+q(ω −ωq), represented by a double line and contributed by all reducible self-
energy diagrams. Each self-energy insertion Σk+q(ω−ωq), according to Fig. 1 and
Eq. (4), includes one bare and one exact vertex.

In the diagrammatic expansion of the exact self-energyΣne
k (ω), the arguments of all phonon87

propagators are internal variables, q and ω′, over which the summation/integration should88

be performed. The polaron problem corresponds in Eq. (1) to an electron excitation intermit-89

tently added to an otherwise empty band, i.e., ne = 0. In this case, within the zero-temperature90

formalism considered explicitly throughout this paper, the propagator Gk(ω) in Eq. (1) repre-91

sents an electron in the state k propagating forward in time only, with all the poles of Gk(ω),92

Σk(ω), and Γ k+q,k(ω+ω
′,ω), appearing in the lower complex half-plane of ω. On the other93

hand, the exact phonon propagator remains unrenormalized since it corresponds to a system94

with no electrons,95

Dq(ω)→ Dq(ω) =
1

ω−ωq + iη
−

1
ω+ωq − iη

, (2)

with Dq(ω) denoting the bare phonon propagator. With no hole excitations in the system, the96

integration over internal frequency ω′ in Eq. (1) is contributed by the second term in Eq. (2),97

corresponding to the only pole that is found in the upper complex half-plane of ω′ in Eq. (1),98

Σk(ω) =
∑

q

|gk+q,q|2

N
Gk+q(ω−ωq)Γ k+q,k(ω−ωq,ω) . (3)

By substituting Gk+q(ω−ωq) in Eq. (3) using the Dyson equation,99

Gk(ω) =
1

G−1
k (ω)−Σk(ω)

, (4)

the self-energy can formally be rewritten in terms of itself. By recursively repeating this substi-100

tution procedure, i.e., each time replacing the exact electron propagator within the self-energy101

with its own Dyson expansion, the self-energy ultimately takes the form of an infinite contin-102

ued fraction,103

Σk(ω) =
1

N

∑

q

|gk+q,q|2Γ k+q,k(ω−ωq,ω)

G−1
k+q(ω−ωq)−

1
N

∑

q′
|gk+q+q′,k+q|2Γ k+q+q′,k+q(ω−ωq −ωq′ ,ω−ωq)

G−1
k+q+q′(ω−ωq −ωq′)− . . .

, (5)
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where Gk(ω) is the bare electron propagator,104

Gk(ω) =
1

ω− ϵk + iη
, (6)

with ϵk the electron dispersion. This way of expressing the exact self-energy Σk(ω) seems to105

be absent in the literature. It follows from Eq. (5) that the polaron problem is, in essence, a106

problem of finding the exact vertex function Γ k,k′(ω,ω′). Furthermore, in Eq. (5), the sum-107

mation over momenta q may be generalized to involve a summation over different phonon108

branches. That is, Eq. (5) is the general equation relating the exact self-energy and the exact109

vertex function with a single electron characterized by dispersion ϵk, being linearly coupled to110

lattice phonons [25–30] (or any bosons [31–34]) with dispersion ωq.111

The diagrammatic content of Eq. (5) is illustrated in Fig. 2. One observes that all self-112

energy diagrams may be represented in the form of noncrossing diagrams, with one of the two113

vertices in each self-energy insertion being the exact vertex and the other being the bare vertex.114

Thus, only the vertex function Γ involves processes in which the phonon lines may cross, while115

all other phonon lines remain non-crossing. The rightmost vertex in Fig. 2 corresponds to116

the exact vertex in Fig. 1. The other renormalized vertices in Fig. 2 are associated with the117

renormalization of the exact electron propagator in Eq. (3), corresponding to an infinite series118

of reducible self-energy diagrams: G = G+GΣG+GΣGΣG+ · · · . Each self-energy insertion in119

Fig. 2 again contains the exact electron propagator, meaning that the standard diagrammatic120

expansion that follows from the Wick theorem precisely follows the structure of Fig. 2.121

2.2 Local self-energy122

While the problem of coupled electron-phonon systems demands particular attention on the123

momentum dependence of vertex corrections [35], a few important properties of the dia-124

grammatic expansion are parameter-independent. In particular, the number and the topology125

of diagrams are the same for any electron-phonon model with linear coupling to the lattice,126

which permits an insight into the structure of diagrammatic expansion by considering the limit127

in which the exact self-energy is momentum-independent (local), Σk(ω)→ Σ(ω).128

In the broader context of polaron physics, there are a few important cases in which the ex-129

act self-energy is local. For the Holstein model with local electron-phonon coupling gk,k+q = g130

and nondispersive optical phonons ωq = ω0, the self-energy becomes local when the vertex131

corrections are neglected. According to Fig. 2, the remaining diagrams are the noncrossing132

diagrams, corresponding to the self-consistent Born-Oppenheimer (SCBO) approximation. In-133

deed, for the Holstein model, setting Γ = 1 in Eq. (5) gives134

ΣSCBO(ω) =
g2G0(ω−ω0)

1−
g2G0(ω−ω0)G0(ω− 2ω0)

1−
g2G0(ω− 2ω0)G0(ω− 3ω0)

1− . . .

, (7)

with G0(ω) =
1
N

∑

k Gk(ω), being the bare local propagator, characterized solely by the dis-135

persion of the noninteracting electrons. Thus, with momentum-independent coupling g, the136

SCBO self-energy has no k-dependence on any lattice geometry and dimension.137

In the limit of nondispersive electrons (local limit), ϵk→ ϵ0, the bare electron propagator138

in Eq. (6) becomes the same as the local propagator G0(ω). In this limit, the exact solution of139

the Holstein polaron problem is given by [36]140
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Σ0(ω) =
g2G0(ω−ω0)

1−
2g2G0(ω−ω0)G0(ω− 2ω0)

1−
3g2G0(ω− 2ω0)G0(ω− 3ω0)

1− . . .

. (8)

Furthermore,Σ0(ω) is the exact solution of the Holstein impurity problem as well [37], charac-141

terizing the interaction between the impurity and the electron. The exact self-energy is local in142

the limit of infinite dimension too. It may be obtained in the context of the Dynamical mean-143

field theory [36], which provides the exact solution by treating the impurity problem self-144

consistently. In this case, the local propagator in Eq. (8) physically represents the propagation145

of the electron entering and leaving the same lattice site m, G0(ω)→ Gm,m′(ω)δm,m′ . Diagram-146

matically, Gm,m(ω) involves phonon excitations at other lattice sites as well (m ̸= m′) [35],147

and should not be confused with the bare local propagator G0(ω).148

Comparing Eq. (7) and Eq. (8), it is easy to argue that the SCBO approximation offers a lim-149

ited improvement over the approximation that considers the leading self-energy contribution150

only, highlighting the breakdown of the Migdal approximation. Namely, for sufficiently high151

densities of itinerant charges, characterized by a Fermi energy much larger than the phonon152

energies, EF ≫ωq, the Migdal argument [38] of the unimportance of vertex corrections may153

be invoked into consideration. However, this argument does not apply to the polaron forma-154

tion, which is a single-electron problem, EF → 0. We next consider, order-by-order, which155

diagrams appear in different orders of the diagrammatic expansions in Eqs. (7) and (8). Ex-156

pansion of continued fractions in Eqs. (7) and (8) into an infinite series of Stieltjes-Rogers157

polynomials allows us to derive an algorithm constructing an order-by-order exact classifica-158

tion of the Feynman diagrams using the initial generation of its noncrossing subclass.159

3 Dyck’s paths and the SCBO diagrams160

In this section we perform Stieltjes-Rogers polynomials expansion of SCBO continued fraction161

in Eq. (7) which allows us to formulate the robust and well-defined approach of generating162

the SCBO diagrams subclass, using a graphical representation of Dyck path. In particular, we163

show that the Dyck path approach considerably simplifies the generation of all topologically164

inequivalent irreducible noncrossing self-energy diagrams.165

3.1 Stieltjes-Rogers polynomials166

A remarkable property of the exact local self-energy in Eq. (8) in the local limit is that it167

incorporates all vertex correction contributions as simple numerical factors. To appreciate168

this, it suffices to compare Eq. (8) with the SCBO approximation in Eq. (7), which omits169

vertex corrections. In both cases, the self-energy takes the form of a continued fraction. We170

therefore turn our attention to a set of mathematical tools that prove particularly useful for171

diagrammatic expansions. In particular, we show that Eqs. (7) and (8) can be expressed as172

infinite series involving Stieltjes–Rogers polynomials [39–43]. From a physical perspective,173

this allows for a detailed analysis of the contributions from different classes of diagrams.174

The general form of the Stieltjes continued fractions, abbreviated as S-fractions, is given175

by [39],176

6
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S (X, z) =
c0| c0z2

1−
a0| b1z2

1−
a1| b2z2

1− . . .

=
c0| c0z2

1+K+∞
r=0 (− ar | br+1z2 : 1)

. (9)

Here, K is used in a standard way to denote the continued fraction in a more compact form,177

while X stands for a given set of coefficients ai and bi . The vertical bar | means that the178

following denominator is inserted between the factors on the left and right sides during the179

expansion of the fraction. The c2
0z2 factor is to account for the leading contribution in the180

expansion (in our case c2
0z2 = g2G0 (ω−ω0)). The set of all Stieltjes-Rogers polynomials of181

all lengths will be represented by P . The S-fraction corresponds to an infinite sum [39],182

S (X, z) = c2
0z2 ·

+∞
∑

k=0

R2k (X) · z2k , (10)

where R2k are the Stieltjes-Rogers polynomials. In the context of the diagrammatic expansion,183

it is apparent that z in Eq. (10) takes the role of the perturbative (coupling) parameter, with k184

defining the order n of perturbative expansion, n = 2k + 2. The Stieltjes-Rogers polynomials185

R2k are given by R0 (X) = 1, and186

R2k>0 (X) =
k−1
∑

h=1

∑

m⃗∈Ah
k

� h−1
∏

j=0

�

m j +m j+1 − 1
m j − 1

�

�� h
∏

r=0

(ar br+1)
m j

�

, (11)

where each set Ah
k of vectors m⃗, depending on k and h, is defined by two constrains for the187

components m j of m⃗, given by [39]188

Ah
k =

�

m⃗ ∈ Nh+1
0 :

� h
∑

j=0

m j = k

�

∧
�

mh|h>1 ̸= 0

��

. (12)

3.2 Graphical representation of Dyck paths189

It is convenient to analyze the properties of the infinite series in Eq. (9), involving Stieltjes-190

Rogers polynomials, in terms of the Dyck paths [44, 45]. Namely, as established previously191

in the seminal paper by Flajolet [39], the Dyck paths represent combinatorial analogs of the192

S-fraction. In particular, each vector m⃗ in Eq. (12) corresponds to one of these paths.193

Graphically, the Dyck paths may be represented by discrete steps in the first quadrant of194

the x − y plane, defined by the so-called "up" step, denoted here as a and equal to the vector195

(1, 1), and the "down" step, denoted as b and equal to the vector (1,−1), such that they are196

below the diagonal of the first quadrant, beginning and ending at the same height h= 0. This197

implies that each path has an equal number of a and b elements, na = nb, and that the height198

of a path in any given moment cannot be larger than the half-length of the path, h ≤ l/2,199

where l = na+nb. Therefore, to draw all Dyck paths of length l, D(l), in our presentation, one200

has to draw all possible combinations of getting from point (0,0) to (l, 0) using the elements201

a and b such that 0≤ h≤ l
2 always holds. Because of the non-commutativity of elements, we202

use a height index on every element as well, indicating not only the type of the step but also203

the height from which the step is taken.204

Referring to Eq. (10), all Dyck paths may be expressed in terms of elements a, b, and c.205

In particular, each Dyck path corresponds to one element of the sets Ah
k, defined by Eq. (12).206

If we are interested in all paths up to height h, we will truncate the fraction at the h-th de-207

nominator. For example, if we look at the first contribution in Eqs. (14)-(16), one may see208

7
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how it corresponds to the expansion of the fraction
�

1− a0 b1 g2
�−1

up to the first three terms.209

Analogously, all other terms are obtained by expanding the higher-order fractions.210

The Dyck path of length zero is given by211

c2
0 ≡ 0

� �

, (13)

and is depicted as a dot with zero height. Here, the dotted line represents the factor c0. For212

later purposes, together with the Dyck paths, we show the corresponding SCBO diagrams in213

the square brackets. In particular, one may see that the factor c0 represents a constant shift of214

the Dyck path height by the value of one so that its height faithfully represents the number of215

phonons in the system at a given time, nph = h+ 1.216

Going further, the Dyck path of length two may be represented by a string a0 b1. In other217

words, we take an "up" step from height zero, and then a "down" step from height one,218

c0a0 b1c0 ≡ 0

1






 . (14)

Considering all Dyck paths of length four, we have two contributions,219

c0a0 · (b1a0 + a1 b2) · b1c0 ≡
0

1

2
















+
0

1

2
















.

(15)

Finally, considering all paths of length six, one finds five Dyck paths in Eq. (16). For length220

six, for the first time, we encounter two different Dyck paths with the same contribution, i.e.,221

the second and the third in Eq. (16). Of course, with increasing length of Dyck paths, more222

paths that have the same contribution appear.223

The SCBO diagrams, corresponding to Fig. 2 with all the vertices being bare, are diagrams224

without temporal crossing (intersecting) of phonon lines. For the polaron problem, each SCBO225

Feynman diagram counts the cardinality of phonons in the system at any given moment. Since226

the former holds, and, considering that every self-energy diagram starts and ends with the227

same number of phonons, we can reach the important conclusion that there is an equivalence228

between each SCBO Feynman diagram and each Dyck path. In other words, there is a bijection229

between the Dyck paths and the SCBO diagrams, and it is very easy to draw diagrams from230

the paths and vice versa, as exhibited explicitly in Eqs. (13-16).231
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c0a0 · (b1a0 b1a0 + b1a0a1 b2 + a1 b2 b1a0 + a1 b2a1 b2 + a1a2 b3 b2) · b1c0

≡

0

1

2

3




























+

0

1

2

3




























+

0

1

2

3




























+

0

1

2

3




























+

0

1

2

3




























.

(16)

In particular, to obtain an SCBO diagram from a Dyck path, one should do the following:232

(1) draw a fermion line with two external vertices, (2) introduce l internal vertices between233

two external vertices where l represent the length of the Dyck path, (3) going from left to right,234

for every up/down step of the Dyck path create/annihilate a phonon line at the leftmost free235

internal vertex avoiding the crossing of any two phonon lines, (4) connect the two external236

vertices with a phonon line. With this, for example, it is easy to see that the Dyck paths of237

maximal height, h= l/2, correspond to rainbow diagrams.238

4 Polynomial expansion of the exact self-energy239

Using Stieltjes-Rogers polynomials, the SCBO self-energy in Eq. (7), as well as the exact self-240

energy in Eq. (8), may be easily expressed in a polynomial form. In particular, recognizing241

Eq. (8) as the S-fraction defined by Eq. (9), with z2 = g2, c2
0z2 = g2G0 (ω−ω0), and the set242

X of coefficients given by243

9
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ar = G0 (ω− (r + 1)ω0)
244

br = (r + 1)G0 (ω− (r + 1)ω0) , (17)

Eq. (8) may be written as an infinite series,245

Σ(ω) = g2G (ω−ω0)S
�

X, g2
�

= g2G(ω−ω0)
+∞
∑

k=0

R2k (X) g2k , (18)

where the Stieltjes-Rogers polynomial of order 2k > 0, R2k, is given by Eq. (11). Thus, the246

self-energy leading order contribution is given by247

Σ(2)(ω) = g2G(ω−ω0) , (19)

while, for the higher-order n= 2k+ 2 contributions, one gets248

Σ(n)(ω) = gnG(ω−ω0)
n/2−1
∑

h=1

∑

m⃗∈Ah
n/2

� h−1
∏

j=0

�

m j +m j+1 − 1
m j − 1

�

�

×
� h
∏

r=0

(r + 2)m j Gm j (ω− (r + 1)ω0)G
m j (ω− (r + 2)ω0)

�

. (20)

The sets Ah
n/2 are defined by Eq. (12). In the SCBO case, br in Eq. (17) just needs to be249

replaced by br = G0 (ω− (r + 1)ω0).250

Each contribution Σ(n)(ω) in Eq. (20) corresponds to all the irreducible self-energy Feyn-251

man diagrams for a given order of perturbation theory. The same kind of derivation may be252

used to express the exact electron propagator G(ω) in terms of Stieltjes-Rogers polynomials253

as well. The difference is that in the latter case, the diagrammatic expansion involves all the254

self-energy diagrams, reducible and irreducible.255

4.1 Low-order vertex corrections256

Using Eq. (20), the 4-th order contributions to the exact self-energy in Eq. (8) are obtained in257

the following form,258

Σ(4)
�

ω, u ∈ P ∩X∗1
�

= δu, a0 b1
· 2g4 G2

0(ω−ω0)G0(ω− 2ω0) (21)
259

Σ(4) (ω, a0 b1)≡ + . (22)

X∗i denotes all different strings of all lengths that include all a coefficients up to ai−1 and all260

b coefficients up to bi , given by Eq. (17). The phonon and electron propagators highlighted261

in red correspond to the leading diagrammatic contribution to the exact vertex function in262

Fig. 1. In the case of the exact local self-energy in Eq. (8), the two diagrams in Eq. (22)263

contribute identically, resulting in the factor of 2 in Eq. (21). Similar combinatorial factors264

appear at higher orders, reflecting the number of distinct Feynman diagrams that yield the265

same contribution.266

Following Eq. (20), the diagrammatic contributions corresponding to the sixth order of267

perturbation theory are given by268
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Σ(6)
�

ω, u ∈ P ∩X∗2
�

= δu, a2
0 b2

1
· 4g6 G3

0(ω−ω0)G
2
0(ω− 2ω0)

+δu, a0a1 b1 b2
· 6g6 G2

0(ω−ω0)G
2
0(ω− 2ω0)G0(ω− 3ω0)

(23)

269

Σ(6)
�

ω, a2
0 b2

1

�

≡ + +

+ ;

(24)

270

Σ(6) (ω, a0a1 b1 b2)≡ + +

+ +

+ .

(25)

Again, the parts of the diagrams corresponding to the exact vertex part of the diagram in Fig. 1271

are highlighted in red, while the vertex correction that contributes to the exact Green function272

is in blue. Just as in the fourth order, the sum of the prefactors of different products of free273

propagators corresponds to the total number of irreducible self-energy diagrams.274

In the eighth order, there are too many contributions to sketch them all here, so we will275

only sketch the SCBO analogs of Dyck paths of length eight,276

Σ
(8)
SCBO

�

ω,P ∩X∗3
�

≡ + +

+ +

.

(26)

11
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All other irreducible contributions with the vertex corrections, derived from the given Dyck277

path, may be obtained by specific permutations of the phonon lines in the SCBO self-energy278

diagram. In particular, to generate graphically all irreducible contributions to the self-energy279

for the polaron problem from a given SCBO diagram, one must perform all permutations of280

temporally retarded phonon line vertices such that after permutation, the vertices that were281

temporally retarded remain temporally retarded relative to their temporally advanced coun-282

terparts. However, using Eq. (5) and Fig. 2, there is an alternative, much simpler way to283

generate all the irreducible self-energy diagrams with vertex corrections. As an intermediate284

step in deriving this alternative procedure, we investigate the properties of the exact vertex285

function first.286

5 Closed-form expressions for the exact vertex function287

Since according to Eq. (5) the polaron problem is basically the vertex function problem, we288

explore the local limit further to provide a prescription for generating all the diagrammatic289

contributions to the vertex function correctly. In general, when the self-energy is momentum-290

dependent, the Ward-Takahashi identity relates the vertex function to the self-energy in the291

long-wave limit only [1, 46, 47]. However, when the self-energy and the bare propagator are292

local, this identity applies for all momenta equally, which, for the polaron problem, permits a293

polynomial expression of the exact vertex function. In particular, the diagrammatic contribu-294

tions to the vertex function appearing in any order of diagrammatic expansion of the electron295

self-energy may be obtained from the self-energy diagrams obtained in the previous lower296

order.297

5.1 Exact self-energy and the Ward-Takahashi identity298

For nondispersive phonons, ωq = ω0, the vertex function may be treated as a function of299

a single variable, ω. Specifically, with respect to frequency dependence, it suffices to know300

Γ (ω−ω0,ω) to evaluate the continued fraction in Eq. (5). In the local limit, the exact vertex301

takes on a particularly simple form. By examining the diagram in Fig. 1, one finds that the302

exact self-energy in Eq. (8) is given by303

Σ (ω) = g2 · G (ω−ω0) Γ (ω−ω0,ω) , (27)

or,304

Γ (ω−ω0,ω) = g−2 Σ (ω) ·
�

G−1 (ω−ω0)−Σ (ω−ω0)
�

. (28)

Thus, by knowing the exact self-energy, one immediately knows the vertex function. Further-305

more, this property has to hold order-by-order in the diagrammatic expansion.306

One may further use the exact local self-energy given by the Stieltjes-Rogers polynomials307

expression in Eq. (18) to expand the vertex function in powers of g2,308

Γ (ω−ω0,ω) = 1+
+∞
∑

k=1

g2k ·
§

R2k (ω)− G0 (ω−ω0)G0 (ω− 2ω0)R2k−2 (ω−ω0)
ª

− G0 (ω−ω0)G0 (ω− 2ω0) ·
+∞
∑

k,m=1

g2k+2m · R2k (ω)R2m−2 (ω−ω0) .

(29)

Alternatively, the exact vertex in Eq. (27) may be obtained following the Ward-Takahashi iden-309

tity,310
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Γ (ω−ω0,ω) = 1+
1
ω0

�

Σ (ω−ω0)−Σ (ω)
�

. (30)

or, in the polynomial form,311

Γ (ω−ω0,ω) = 1+
g2

ω0

+∞
∑

k=0

g2k
§

G0 (ω− 2 ·ω0)R2k (ω−ω0)− G0 (ω−ω0)R2k (ω)
ª

. (31)

5.2 Diagrammatic representation of the vertex function312

Due to the Ward-Takahashi identity in Eq. (30), on any given order of perturbation theory,313

the vertex function corrections Γ (n) may be obtained from the self-energy contributions Σ(n).314

That is, diagrammatically, any vertex function correction may be generated by inserting the315

bare vertex along one of the bare electron propagators appearing in the self-energy diagram,316

drawing the phonon line to the left/right from this additional vertex. This way of obtaining the317

vertex function diagrammatically has been noted in the literature [48]. Here, this is proven318

using the mathematical identity derived in Appendix A,319

l
∏

n=1

1
(ω−ωn −ω′)

−
l
∏

n=1

1
(ω−ωn)

=

l
∑

i=1

ω′

(
∏

n<i(ω−ωn))(ω−ωi)(ω−ωi −ω′)
∏

n′>i(ω−ωn′ −ω′)
.

(32)

The left-hand side (LHS) of Eq. (32) reflects the structure of the Ward-Takahashi identity on320

the right-hand side (RHS) of Eq. (30), involving a general form of the self-energy given by a321

product of poles. Frequenciesωn characterize the bare electron propagators shifted by phonon322

excitation energies, ωn = ϵk +
∑

qωq as they appear in the self-energy diagrams. For the323

Holstein model ωq = ω0, as in Eq. (30). On the other hand, the RHS of Eq. (32) reflects the324

diagrammatic content of the vertex function. That is, by summing over i, one obtains all vertex325

function contributions corresponding to a given self-energy diagram that is represented by the326

LHS of Eq. (32). All bare electron propagators for n < i remain unchanged, while all those327

for n> i acquire a shift of ω′. Thus, the self-energy contribution is split into two parts, just as328

would happen by inserting the bare vertex with one additional phonon excitation propagating329

to the left/right from this additional vertex.330

All vertex function corrections of a given order gn are obtained by repeating this insertion331

for each electron propagator within all self-energy diagrams of order gn. To get all the self-332

energy diagrams in the next order, it is sufficient to consider Fig. 2. That is, one needs to333

identify all SCBO diagrams up to gn+2 and insert the vertex function contributions of lower334

order in such a way that the total order of the resulting self-energy diagrams equals gn+2.335

As an illustration of how the vertex function corrections may be generated, we start from336

the leading self-energy diagram. In particular, there is just one vertex function correction that337

may be obtained by inserting the bare vertex,338

Γ (2) (ω−ω0,ω)≡ . (33)

The leading vertex function correction in the local limit is thus given by339
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Γ (2) (ω−ω0,ω) = g2G0 (ω−ω0)G0 (ω− 2ω0) . (34)

By closing the external phonon leg onto the incoming fermion leg, and by cutting the remaining340

external electron leg, one obtains the expression for the second self-energy diagram in Eq. (22)341

with the vertex correction,342

g4G2
0 (ω−ω0)G0 (ω− 2ω0) = g2G0 (ω−ω0) · Γ (2) (ω−ω0,ω) . (35)

In the next order of the expansion, from the two self-energy diagrams in Eq. (22) one gets343

all the vertex function corrections in the fourth order,344

Γ (4) (ω−ω0,ω)≡ + +

+ + + .

(36)

In the local limit, this gives345

Γ (4) (ω−ω0,ω) = 2g4 · G2
0 (ω−ω0)G

2
0 (ω− 2ω0)

+ 4g4 · G0 (ω−ω0)G
2
0 (ω− 2ω0)G0 (ω− 3ω0) .

(37)

From Eq. (22), one sees that the self-energy corrections, which were used to construct the346

vertex function corrections in Eq. (36), may already contain vertex corrections of the lower347

order. This illustrates order-by-order the diagrammatic content of the Ward-Takahashi identity348

in Eq. (27) as well. In particular, checking the vertex corrections in red in Eqs. (24) and (25)349

one recognizes all the contributions in Eqs. (33) and (36).350

6 Generating Feynman diagrams from Dyck paths351

Based on the considerations developed so far, we argue that all the Feynman diagrams appear-352

ing in the diagrammatic expansion of the self-energy may be obtained from the Dyck paths.353

The prescribed procedure is a recursive approach where, starting from the leading self-energy354

diagram, we climb one order at a time, generating all the other diagrammatic contributions355

to the vertex function and the self-energy in four steps, as schematically depicted in Fig. 3.356

First step: For a given order of perturbative expansion n, n ≥ 2, derive all the Dyck357

paths of length n − 2. From these paths, draw all the corresponding Feynman SCBO358

diagrams.359

Second step: For all the SCBO diagrams obtained in previous lower orders, replace360

the bare vertices in the SCBO diagrams with diagrammatic contributions to the vertex,361

ensuring that the total order of the Feynman self-energy diagrams obtained in this way362

is n. The vertex function corrections have to be inserted according to Fig. 2, replacing363

the left or right bare vertices in self-energy insertions, but not both of them.364
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Dyck path(n-2) SCBO(n)

Γ (n) Σ(n) SCBO(m < n)

Γ (li <n)

m+
∑

i li = n

First step

Thirdstep

Fourth step

Secondstep

Figure 3: Scheme of the recursive procedure for the generation of self-energy Feyn-
man diagrams from Dyck paths in four steps.

Third step: From all the self-energy diagrams obtained in the n-th order generate365

the diagrammatic contributions to the vertex function. All these contributions are ob-366

tained by inserting one bare vertex along each electron propagator in each self-energy367

diagram.368

Fourth step: Return to the first step and repeat the procedure for the next order in the369

perturbative expansion n+ 2.370

In Table 1, we demonstrate how the prescribed procedure generates all Feynman diagrams371

up to order n = 6. Starting with n = 2, in the first step the above procedure gives the Dyck372

path of length zero and the corresponding lowest SCBO self-energy diagram. For n = 2, the373

second step does not apply and we may move to the third step, in which the leading vertex374

function correction, denoted in red, is obtained. Returning to the first step, for n= 4 the Dyck375

path of length two is obtained together with the corresponding SCBO diagram. Following now376

the prescription for the second step, the leading vertex function correction is inserted into the377

single n = 2 SCBO self-energy diagram, yielding the second irreducible self-energy diagram,378

with the inserted vertex correction similarly denoted in red and contributing to the vertex379

function in Fig. 1. Together with the single n = 4 SCBO diagram obtained in the first step,380

this reproduces the two existing 4th-order self-energy diagrams. In the third step, we generate381

all the 4th-order vertex function corrections from the 4th-order self-energy diagrams, which382

are now highlighted in blue. Continuing the procedure further for n = 6, for example, one383

may check that these blue vertex function correction diagrams, when inserted into the lowest384

n= 2 SCBO self-energy diagram, reproduce the six out of ten 6th-order self-energy diagrams,385

whose vertex correction parts to the vertex function are similarly denoted in blue. Two of386

the ten 6th-order self-energy diagrams are the SCBO diagrams corresponding to the two Dyck387

paths. As prescribed in the second step, the remaining two 6th-order self-energy diagrams are388

obtained by inserting the leading vertex function correction, denoted in red, into the single389

n = 4 SCBO diagram. One of these two vertex corrections contributes to the vertex function390
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in Fig. 1, whereas the second contributes to the exact propagator.391

The described procedure is intriguing due to its combinatorial elegance and because it392

uses Dyck paths, whose cardinality is drastically smaller than the total number of self-energy393

diagrams. It provides a straightforward algorithm for generating all irreducible self-energy394

contributions for the polaron problem, which could accelerate and simplify computer algo-395

rithms for the generation of diagrammatic contributions.396

D(n−2) Σ
(n)
SCBO Σ(n) Γ (n)

n= 2

n= 4

n= 6

... ...

... ...
...

Table 1: Order-by-order generation of the electron self-energy and vertex function
corrections (highlighted in color) from Dyck paths. The vertex corrections contribute
to both the exact electron propagator and the vertex function shown in Fig. 1.

6.1 Cardinality of diagrams397

We now turn to the problem of counting the number of distinct diagrammatic contributions398

for the polaron problem. Specifically, we derive analytical expressions for the total number399

of self-energy diagrams and diagrammatic contributions to the vertex function corrections.400

These quantities are independent of any parameters and remain applicable regardless of the401

momentum dependence of the diagrams.402

We approach the problem of counting all the self-energy diagrams, reducible and irre-403

ducible, in the n-th order of perturbation by gradually reducing it to simple problems until the404

trivial case is reached. We consider a set of n vertices in the n-th order of perturbation theory405

and find the number of different pairings of two points. The number of unordered samples406

without replacement of cardinality two of the set of n vertices is given by a 2-combination of407

the set of vertices. With every pair chosen, the cardinality of the set of vertices is subtracted by408

two, until we get down to only two vertices. Every step brings about the 2-combination factor409

equal to
�2 j−2i

2

�

, where i is the number of steps taken, so the total number of ways would be410

equal to the multiplication of said binomials,411

I(n)tot =
n/2
∏

j=1

1
j

�

2 j
2

�

. (38)

The above expression contains another factor equal to the inverse of the number of steps taken412
1
j . Using the associativity of multiplication on the real domain the factor 1

j becomes 1
(n/2)! . The413
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factor 1
(n/2)! comes from the indistinguishability of phonon lines. Thus, for the total number414

of self-energy diagrams, one gets415

I(n)tot = (n− 1)!! . (39)

To address the problem of counting irreducible self-energy diagrams in the n-th order, we416

begin by observing that the prefactor in front of the propagator product specifies the number417

of diagrams generated by the algebraic expression. Therefore, to determine the total number418

of irreducible diagrams, it suffices to sum the prefactors in Eq. (20). Specifically, setting ai = 1,419

and bi = i+1, for each i, the expression for the number of irreducible diagrams in the (n+2)-th420

order is obtained,421

I(n+2)
ir r |n≥2 =

n/2−1
∑

h=1

∑

i⃗∈Ah
n/2

� h−1
∏

j=0

�

i j + i j+1 − 1

i j − 1

�

�

·
� h
∏

l=0

(l + 2)il
�

, (40)

where the sets Ah
n/2 are those introduced in Eq. (12). The indexing n + 2 arises from the422

additional g2 in Eqs. (18) and (20), so the n/2-th term in the summation in Eq. (18) counts423

the gn+2 contribution to the self-energy. Therefore, Eq. (40) gives an analytical expression424

for the number of irreducible self-energy corrections order by order of perturbation theory.425

That is, using Eq. (40), we may reproduce the known series 1, 2, 10, 74, 706, 8162 . . . [49],426

which describes the number of irreducible corrections in each order of perturbation starting427

from n = 2, i.e., g2 contribution. Now, it is easy to obtain the number of reducible diagrams428

by subtracting the number of all self-energy contributions and the cardinality of irreducible429

diagrams, I(n)red = I(n)tot − I
(n)
ir r .430

The number of SCBO diagrams follows from the bijective mapping from the set of la-431

beled Dyck paths to SCBO-approximated irreducible Feynman diagrams, established in Sec. 6.432

Therefore, by counting Dyck paths of length n, one obtains the irreducible SCBO contribu-433

tions to the self-energy in the nth order as well. The number of Dyck paths is given by the434

famous Catalan sequence [50], so given the equivalence we write down the number of SCBO-435

approximated diagrams as,436

I(n)SCBO = Cn/2 =
1

n/2+ 1

�

n
n/2

�

. (41)

As already shown, all the diagrammatic contributions to the vertex function may be gen-437

erated by inspecting the self-energy diagrams of the same order and by inserting an additional438

phonon leg. The phonon leg has to be inserted into every free fermionic propagator. The439

self-energy contribution of the n-th order has n − 1 free fermionic propagators. Thus, one440

just needs to multiply that by the number of irreducible diagrams to which we can insert the441

phonon leg.442

I(n)ver. corr. = (n− 1) · I(n)irr . (42)

Table 2 shows the cardinality of the SCBO diagrams, the cardinality of irreducible self-443

energy diagrams, and the cardinality of diagrammatic contributions to the vertex function.444

For comparison of growth rates, a factorial dependence is included as well. From Table 2 one445

sees that the number of SCBO-approximated diagrams, or the number of Dyck paths, grows446

very slowly compared to all the other quantities. Furthermore, we observe that the cardinality447

of diagrammatic contributions to the vertex function, which are the primary contributors to448

the complexity of the polaron problem, grows faster than n/2!. This highlights the critical role449

of vertex corrections in determining the computational difficulty of electron-phonon problems.450

17



SciPost Physics Submission

Order in coupling constant g2 g4 g6 g8 g10 g12

Cardinality of SCBO diagrams 1 1 2 5 14 42
(n/2)! 1 2 6 24 120 720

Cardinality of irreducible Σ diagrams 1 2 10 74 706 8162
Cardinality of diagrammatic contributions to Γ 1 6 50 518 6354 89782
Cardinality of diagrammatic contributions to G 1 3 15 105 945 10395

Table 2: The comparison of the cardinality of Feynman diagrams in each order of
perturbative expansion: number of SCBO approximated diagrammatic contributions,
n/2! growth, number of irreducible Σ diagrams, number of diagrammatic contribu-
tions to the vertex function, number of diagrammatic contributions to the exact Green
function G.

7 Conclusions451

We have reduced the problem of polaron formation to that of determining the exact vertex452

function, deriving an expression for the electron self-energy in terms of a nested continued453

fraction involving the free electron propagator and the exact vertex function. Building on this454

insight, we developed a method to iteratively construct all self-energy diagrams by combining455

noncrossing and vertex correction diagrams obtained in previous iterative (lower-order) steps.456

Starting from the leading-order self-energy diagram, our simple four-step procedure (outlined457

in Section 6) generates higher-order diagrams systematically and straightforwardly. As a con-458

sistency check, we derived expressions to count the number of diagrammatic contributions to459

the exact vertex function, self-energy, and electron propagator at any order in the expansion.460

To derive and establish the completeness of our method, we introduced Flajolet’s combi-461

natorial formalism of Stieltjes-type continued fractions into the physical setting of Feynman462

diagrammatics. Specifically, we expressed the exact self-energy as a continued fraction and463

represented it using Stieltjes-Rogers polynomials, which correspond graphically to the Dyck464

paths. We established a bijective mapping between the Dyck paths and the SCBO (noncross-465

ing) Feynman diagrams. Using the expansion of the self-energy through Stieltjes-Rogers poly-466

nomials and invoking the Ward–Takahashi identity, we derived a corresponding expansion for467

the vertex function. This allowed us to prove a diagrammatic rule for constructing vertex468

function diagrams from self-energy diagrams of the same order, as a crucial step in generating469

all self-energy diagrams in the next order. We showed how vertex function corrections are470

systematically incorporated into SCBO self-energy diagrams to yield the full set of diagrams471

up to any desired order in the perturbative series.472

Our method provides a particularly efficient way to navigate the complexity of high-order473

diagrammatic expansions, offering theoretical insights, as well as practical utility. In particu-474

lar, it inherently accounts for all self-energy diagrams in a given order, thereby avoiding the475

alternating sign problem commonly encountered in diagrammatic techniques. Similar com-476

binatorial techniques may be applied to a broader range of many-body problems, including477

those with finite electron densities and the renormalization of boson/interaction propagators.478
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A Ward-Takahashi identity in terms of product of poles484

We prove by induction that Eq. (32) holds for a product of any number of poles. First, we485

consider the base case l = 1, which can be shown to hold using a simple algebra,486

1
ω−ω1 −ω′

−
1

ω−ω1
=

ω′

(ω−ω1)(ω−ω1 −ω′)
. (43)

Assuming that Eq. (32) holds for some l ∈ N, it is sufficient to show now the same property487

for l → l + 1. Starting with the RHS of Eq. (32), we derive the LHS of Eq. (32) for the case488

when the number of poles equals l + 1. Decomposing the summation for this case into a sum489

from 1 to l while treating the (l + 1)-th contribution separately, one gets490

l+1
∑

i=1

ω′

(
∏

n<i(ω−ωn))(ω−ωi)(ω−ωi −ω′)
∏

n′>i(ω−ωn′ −ω′)
=

1
ω−ωl+1 −ω′

·

·
l
∑

i=1

ω′

(
∏

n<i(ω−ωn))(ω−ωi)(ω−ωi −ω′)
∏

n′∈〈i, l]N
(ω−ωn′ −ω′)

+

+
ω′

(
∏l

i=1(ω−ωi))(ω−ωl+1)(ω−ωl+1 −ω′)
.

(44)

Assuming that Eq. (32) holds for l, the RHS of Eq. (44) may be rewritten in the form given by491

=
1

ω−ωl+1 −ω′
·

�

1
∏l

i=1(ω−ωi −ω′)
−

1
∏l

i=1(ω−ωi)

�

+

+
ω′

(
∏l

i=1(ω−ωi))(ω−ωl+1)(ω−ωl+1 −ω′)
,

(45)

which straightforwardly gives Eq. (32) for l + 1, completing the proof.492
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