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ABSTRACT: We investigate general observables of the complex Liouville string with
worldsheet boundaries. We develop a universal formalism that reduces such observ-
ables to ordinary closed string amplitudes without boundaries, applicable to any
worldsheet string theory, but particularly simple in the context of 2d or minimal
string theories. We apply this formalism to the duality of the complex Liouville
string with the matrix integral proposed in [I, 2] and showcase the formalism by
finding appropriate boundary conditions for various matrix model quantities of in-
terest, such as the resolvent or the partition function. We also apply this formalism
towards the computation of non-perturbative effects on the worldsheet mediated by
ZZ-instantons. These are known to be plagued by extra subtleties which need input
from string field theory to resolve. These computations probe and uncover the duality
between the complex Liouville string and the matrix model at the non-perturbative
level.
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1 Introduction

In our previous papers [1, 2] we introduced the complex Liouville string, which is the
critical string theory defined by the following worldsheet conformal field theory

Liouville CFT (Liouville CFT)* be-ghosts

. 1.1
ct =134\ @ ¢ =13 -4 c=—26 (1.1)

Here A € R, is a real-valued parameter. In this definition the ¢™-Liouville CFT
denotes the two-dimensional Liouville conformal field theory whose CFT data is
defined by analytic continuation of that of ¢ > 25 Liouville CFT to complex central
charge.



Perturbative closed string amplitudes. The most familiar observables in this
critical worldsheet theory are the closed string amplitudes, defined as integrated
worldsheet CEF'T correlation functions over the moduli space of Riemann surfaces >, ,,
with genus g and n punctures. In [1], the non-perturbative solution of Liouville theory
as well as symmetry properties of the combined worldsheet CET (1.1) were leveraged
to directly calculate specific instances of perturbative closed string amplitudes at
low genus. This analysis led to the uncovering of a rich structure in terms of a
dual two-matrix model in [2], which in particular facilitated a recursive and explicit
representation of the amplitudes Agle (p1,...,pn) for arbitrary genera and punctures,
hence solving the theory at the level of closed-string perturbation theory. However
this correspondence has so far only been established perturbatively. In this work we
will investigate non-perturbative aspects of this duality. This paper is an expanded

version of the corresponding section of [3].

Other observables. As anticipated in [1, 2] and further developed in [4, 5], the in-
terpretation of the critical worldsheet string (1.1) as a theory of 2d quantum gravity,
together with the duality with the two-matrix model of [2], motivates the consid-
eration of additional types of observables. In this context, for instance, in related
theories such as JT gravity [6, 7], the minimal string [8—12], and the Virasoro minimal
string [13], a natural observable often discussed is the partition function associated
with a spacetime with n asymptotic boundaries and genus ¢ in the bulk. In the recent
literature these have been given a holographic interpretation in terms of the pertur-
bative contributions to products of thermal partition functions of a dual quantum
system, with inverse temperatures set by the renormalized length of the asymptotic
boundaries. We will see that these partition functions are straightforwardly related
to the closed string amplitudes Agle through a specific integral transform.

In order to describe this and other kinds of observables in the complex Liouville
string, we will need to consider the inclusion of conformal boundary conditions in
the worldsheet CFT (1.1). Indeed, in the examples mentioned previously, the FZZT
boundary condition in Liouville CFT was found to play a significant role in the
discussion of partition functions [11, 13, 14]. In this paper, however, we will consider
the addition of conformal boundaries in a much more general sense — applicable
in principle to any worldsheet string theory, but especially simple in this class of
“minimal” low-dimensional string theories such as the complex Liouville string (1.1).

In this paper, we will consider a more general class of observables that we will
denote by ZS?L(\IH, ..., U,) and refer to as a partition function on a Riemann surface
with g handles and n boundaries, each associated to (possibly distinct) conformal
boundary conditions of type W;. See figure 1 for a schematic picture for the case
g =2and n = 3. A specific type of “trivial boundary condition”, explained further in
section 2.1, reduces the partition function Zéb%(\ll) back to the usual string amplitude
Agf% (p). By allowing the boundary conditions ¥, to be different and non-trivial for



Figure 1: General multi-boundary observables are computed by gluing trum-
(0)

pet partition functions Zg ;e

(¥}, pj) associated with the worldsheet conformal
boundary conditions onto the corresponding closed string amplitudes Agle (p). The
conformal boundary conditions denoted by the boundary states |¥;) may corre-
spond for example to resolvents or partition functions of the matrix model, or
Z7Z-instantons.

each boundary, we obtain what at first glance appears to be a much wider class of
observables of the theory. In fact, we will see that the partition functions Zébzl(\If)
with ¥ = (Vy,...,¥,) can be constructed from the string amplitudes by gluing

suitable “trumpet” partition functions' in the following form,

b
Zgl,)n(\ljla SRR lpn) = / (H(_Qp] dp]) Z‘Er&mpetopjvpj)) Agj21<p17 s 7pn) . (12)
j=1

Here, the trumpet partition function Zgl)lmpet(\llj, p;) is the disk one-point amplitude

of a vertex operator characterized by the Liouville momentum p; in the presence of
the specific conformal boundary condition ¥;. The integral runs from 0 to oo along
a contour that will be discussed in more detail in section 2. The simplicity of this
formula is enabled by the fact that there is no nontrivial mapping class group that
mixes the moduli space of the core region with that of the trumpet. Hence all the
nontrivial gravitational content of the observable Zg’,’% is equivalently captured by the
closed-string amplitude A_S,lle, which are completely solved by topological recursion of
the dual matrix integral. In section 2.2 we will explore several examples of trumpet

partition functions of different physical significance, including those associated to

'Here we borrow the terminology used in the literature on JT gravity, where a “trumpet” with
one end of fixed length characterized by p; and with another asymptotic boundary of type ¥;
(typically characterized by the renormalized length 3; of the asymptotic boundary) on the other
end is glued to a Riemann surface ¥ .



resolvents and thermal partition functions of the dual matrix model, and to ZZ-
instantons.

Nonetheless, the partition function Z!(]bzl(\ll) constructed as in (1.2) is a simple
integral transform of the string amplitude A_S,ljzz(p). We may hence interpret the ob-
servables Zg’% as string amplitudes involving particular linear combinations of the
usual closed-string vertex operators. In this sense they do not contain any new infor-
mation about the theory beyond the elementary closed string amplitudes, although
they reveal different aspects of the physics of the theory.

ZZ-instantons. A special class of conformal boundary conditions correspond to
ZZ-instantons. These are constructed from the ZZ conformal boundary condition
[15] in each of the constituent Liouville CETs of the complex Liouville string (1.1).
This class of conformal boundaries has a finite action and a very different physi-
cal interpretation, as that of additional saddles of the open-plus-closed string field
theory on the ZZ-instanton. They lead to non-perturbative contributions to string
amplitudes, which have previously been extensively studied in the context of the
¢ = 1 string [16-19], the minimal string [20-22], and the Virasoro minimal string
[13]. In particular, the calculation of their effects, or of observables such as the par-
tition function with identical ZZ-instanton conformal boundaries in the language of
(1.2), suffers from subtle divergences in the zero-mode sector of the ZZ-instanton
open string spectrum. In this paper, we employ the recently developed string field
theoretic analysis of D-instantons to systematically compute the leading-order non-
perturbative effects of ZZ-instantons in the complex Liouville string. Additionally,
we investigate the non-perturbative completion of the dual matrix model, matching
the calculations of ZZ-instantons and uncovering non-perturbative properties of the
double-scaled matrix model.

Furthermore, as we will see in section 3, a special feature of ZZ-instantons in
the complex Liouville string is that their action is purely imaginary. As a result,
Z7Z-instantons mediate non-perturbative corrections to closed string amplitudes that
are not exponentially suppressed, but rather oscillatory. This motivates us to also
consider non-perturbative corrections mediated by ZZ-ghost-instantons, which have
the same action but with the opposite sign [23, 24]. In other string theories, an oppo-
sitely signed action leads to ghost-instantons mediating non-perturbatively enhanced
corrections to amplitudes, but in the complex Liouville string, these corrections re-
main oscillatory. In fact, we will see that swap symmetry — an important symmetry
input in the bootstrap of perturbative amplitudes in [1] — implies the existence of
Z7Z-ghost-instantons in the non-perturbative sector.

Non-perturbative completion of the dual matrix integral. The contribu-
tions of ZZ-instantons on the worldsheet provide a window into the non-perturbative
completion of the matrix integral dual of the complex Liouville string. We use matrix



model techniques to deduce the leading non-perturbative corrections to the string
amplitudes, and show that they are precisely accounted for by the ZZ-instanton
contributions on the worldsheet. From these leading non-perturbative corrections
together with resurgence techniques we then extract the large-genus asymptotics of
the string amplitudes, which display the (2¢)! growth expected on general grounds
in string theory [25]. From these asymptotics we infer the effective string coupling,
which we demonstrate to be imaginary. This indicates that the genus expansion
of the string amplitudes exhibits sign oscillations. This can be traced back to the
fact that the tension of the ZZ-instantons is purely imaginary, and relatedly, the
corresponding non-perturbative effects give wildly oscillatory (rather than doubly-
exponentially small) contributions to the string amplitudes.

These non-perturbative effects also have consequences for the eigenvalue spec-
trum and ultimately the convergence of the matrix integral. One notable feature of
the eigenvalue density p(E) of either of the two matrices of the two-matrix integral
dual to the complex Liouville string [2] is its non-positivity in certain regions of the
real energy axis. Initially, near the edge of the distribution, the density is positive,
reaching a maximum before decreasing and eventually becoming negative. We will
show that the point where the density of states vanishes corresponds precisely to the
location of ZZ-instantons.

More specifically, the saddle points of the effective potential felt by a pair of
eigenvalues (one from each matrix) in the presence of the others correspond to the
nodal singularities of the spectral curve of the two-matrix integral. These, in turn,
map directly to ZZ-instantons on the string worldsheet. Consequently, at the point
where the density of states becomes negative, a new saddle begins to dominate the
matrix integral (or, equivalently, the string field path integral on the string theory
side), and requires a deformation of the integration contour for the eigenvalues into
the complex plane.

Furthermore, in section 4 we will calculate the effects of these nodal singularities
in the spectral curve and find precise agreement with the non-perturbative corrections
to closed string amplitudes mediated by ZZ-instantons and ghost-ZZ-instantons.

Outline of the paper. The rest of the paper is organized as follows. In section
2.1 we give a general treatment of conformal boundary conditions for the worldsheet
theory of the complex Liouville string and show how they may be used to compute
more general observables, such as resolvents and partition functions, from the closed
string amplitudes. This culminates in the gluing formula (2.32), which computes the
perturbative contributions to such general observables by gluing suitable “trumpets”
(corresponding to punctured disks) onto the closed string amplitudes. The gluing
integral runs over the on-shell spectrum of the worldsheet theory. We discuss how the
boundary conditions associated with matrix model quantities of interest arise from
the more familiar Liouville BCFTs. In section 3 we put the formalism to work and



compute the leading non-perturbative contributions of ZZ-instantons to the string
amplitudes, in both the single- and multi-instanton sectors. We highlight the role
of ghost instantons [23, 24|, which are needed for the swap symmetry of the non-
perturbative string amplitudes. Finally in section 4 we discuss the consequences of
these effects for the non-perturbative completion of the dual matrix model. We con-
clude with some discussion of open questions. We collect some background material
and computations in the appendices.

2 Worldsheet boundaries

The natural observables of the complex Liouville string are the string amplitudes
Ag% (p), defined by integrating worldsheet conformal field theory correlation functions
of closed string vertex operators over the moduli space of Riemann surfaces. These
are however not directly the most natural observables from the point of view of the
dual matrix integral [2] — those would be for example the resolvents or the partition
functions of the matrix model. In order to discuss other observables, as well as ZZ-
instantons corresponding to non-perturbative effects in the matrix model, we need
to equip the worldsheet conformal field theory with conformal boundary conditions.
We will consider worldsheets with any number of boundaries labelled by possibly
distinct boundary states {¥} of the worldsheet theory. We denote the corresponding
perturbative string amplitudes by

70 (B | (2.1)

where we denote by ¥ = (Vy,...,¥,) a collection of boundary conditions and by
g the genus of the core of the worldsheet away from the conformal boundaries. As
we shall see below, there is a special boundary condition for which the worldsheet
boundary reduces back to a closed string vertex operator and thus these quantities
in particular also contain the perturbative string amplitudes Agle (p) as special cases.
In that case we will slightly abuse notation and replace ¥; by the corresponding
Liouville momentum p;. We use the letter Z since we think of these quantities as
partition functions.

There are some special cases of this general definition that will appear more
frequently and deserve extra mention. For example, the disk partition function with
boundary condition ¥ will often be denoted by

Z0) (0) =20 () (2.2)

while the so-called “trumpet” partition function is the disk partition function with
an additional closed string vertex operator insertion and is denoted by

b b
Z0) et (¥, 0) = Z)(W, p) . (2.3)



Here p labels the Liouville momentum associated with the closed string vertex oper-
ator. The terminology is borrowed from models of two-dimensional dilaton gravity
[6]. The relation to that language will be clarified in [4].

Since the standard conformal boundary conditions of Liouville CFT furnish a
sufficiently complete basis for worldsheet BCFT observables, and conformal bound-
ary conditions in non-unitary, non-compact worldsheet CF'T are relatively weakly
constrained anyhow, we will begin with a completely general discussion of confor-
mal boundary conditions without committing to any particular family of worldsheet
BCFT. This general treatment will lead us to a formulation of observables with
worldsheet boundaries that may be interpreted as a smearing of closed string ampli-
tudes. In this sense the closed string amplitudes contain all the information of these
a priori more general boundary observables, and conformal boundary states that de-
fine certain observables may be interpreted in terms of superpositions of closed string
vertex operators. We will then see how the standard observables such as resolvents
and partition functions of the matrix model may be recast in this light.

2.1 General worldsheet boundaries

We start by considering a general conformal boundary state |¥) for the product of
the two Liouville CF'Ts on the worldsheet.

Conventions. We usually decorate quantities for the first Liouville factor by a +
superscript or no superscript if no confusion is possible and quantities for the second
Liouville factor by a — superscript. We use the following standard parametrizations
of the central charge and the conformal weights

2

c=14+6Q% Q=>b+b", hp:ﬁpzf—p? (2.4)

When ¢ € 13 4+ iR, to guarantee cancellation of the Weyl anomaly of the worldsheet
CFT the central charge of the second Liouvillle CFT is given by

¢ =146(Q7), Q =@®)'+b, b =—ib, bceTR, (2.5)

The physical closed-string vertex operators of the ¢* Liouville CFTs furthermore need
to obey the mass-shell condition leading to the following constraint when h, € %—H’R

hy+h,-=1 & p =ip, pee’%i]RJr. (2.6)

It is also convenient to define vertex operators with an additional leg-pole factor
so that the full vertex operator reads V, = Ny(p) ccV,"V, > with V* the standard
vertex operators of Liouville CFT. We denote the OPE measure in our conventions
by pu(p) = 4v/2sin(27bp) sin(2wb~'p). We refer to [1] for a complete description of
our conventions.



CFT boundary conditions. Recall that conformal boundary conditions are char-
acterized by a state in the Hilbert space of the CFT on the circle obtained by mapping
the upper half-plane to the disk. Such a boundary state may be decomposed in terms
of the Ishibashi states ]Vpﬁ ) associated with the primaries of the Liouville CFTs

0= [t [ e e I @)

Here W(p™,p~) is a suitable function of the Liouville momenta that captures the one-
point function of the primary V;; V- of the combined worldsheet CF'T on the disk.
The contour of integration corresponds to the spectrum of Liouville CFT analytically
continued to complex central charge. We will later discuss rotating the contour so
that the internal spectrum is the one that is most natural in the complex Liouville
string, namely p € e_%]RJr, but for now we will retain the original spectrum of
Liouville CFT. In principle the boundary state (2.7) need not factorize into each
of its Liouville CFT constituents, though it will in the examples that we consider
below. The Ishibashi states are normalized such that?

(yile™ LH*“|»:ﬂ“ﬂﬁa?”“&wm (250
(Vi lemm b0+ =) [y ) = e _p; _)il:;()p 1+ p2) X (it) (2.8b)

Here s
Wit) = s (2.9

is the non-degenerate Virasoro character. Here as usual we express the characters in
terms of the Liouville momentum, related to the conformal weight as in (2.4). Hence
the partition function of the combined Liouville CFTs on a cylinder of length 7t and
unit radius with ¥ and ® conformal boundary conditions on either end is given by

290, &5t) = — / dp* pu(p™) / dp~p_a(p )W (p*, p )", p XS (i)x-" (it)

’ ’ (2.10)
Familiar examples for the boundary state |¥) in the worldsheet CFT are combina-
tions of the FZZT and the ZZ boundary conditions for the individual Liouville CFTs,
which are reviewed in appendix A and will be employed later in section 2.3. In these
cases, the cylinder modular bootstrap is a highly stringent constraint that demands
an interpretation as a trace over a Hilbert space on the strip, decomposing the cylin-
der partition function into a sum of Virasoro characters with positive coefficients in

2The perhaps unfamiliar factor of i in (2.8a) and (2.8b), as well as the overall minus sign in
the boundary state (2.7), is an artifact of the change in conventions parameterizing the Liouville
momenta in terms of p = —iP.



the dual channel. In the present more general discussion, it is not clear what role if
any is played by unitarity of the boundary state (2.7), so for now we will be agnostic
about positivity of the cylinder partition function in the dual channel. Indeed in
string theory we only require positivity of the BRST cohomology of the combined
worldsheet theory, and need not insist on unitarity of the constituent worldsheet
CFTs in the usual CFT sense. In what follows we will however insist on a notion of
normalizability of the boundary state that we will come to shortly.

W)

Figure 2: The one-point amplitude yAS) (U, p) of the on-shell state labeled

trumpet
by the Liouville momentum p on the disk with ¥ conformal boundary conditions.

Disk and trumpet amplitudes. The function ¥(p™, p~) that defines the bound-
ary state encodes the disk one-point amplitude of the worldsheet BCFT defined by
the boundary condition ¥ (see figure 2). Indeed, the disk one-point amplitude is
given by

)

Z et (V. 9) = SN () ¥ (p, ip) - (2.11)

Following conventions in JT gravity we will refer to the punctured disk amplitude

as the “trumpet” partition function. Here we have used that on-shell p~ = ip. The
prefactors correspond to the leg-pole factor that provides the normalization of the
bulk vertex operator [1]

(0> = b=2)pu(p)

No(p) = — , 2.12
) 8v/2mp sin(mb?) sin(7h=2) (2:12)
and the normalization of the string theory path integral on the disk
. 2 . )
Cg;) _Cu sin(mwb?) sin(7wb~*) (2.13)

b2 _ b—2

The latter normalization factor is proportional to the square-root of the normalization
of the path integral on the sphere C’é? given in [1], up to the b-independent constant
Cp2 to be fixed below. The factor of % in (2.11) is due to the division of the residual
conformal Killing group of a once-punctured disk, which is generated by rotations of
the disk about the origin and whose volume is 27. Putting everything together we

have

Cpz  py(p) .
ngzlmpet<\pvp) - _16—\/'%71'2 D ‘Ij(p, Zp) . (2].4)




Finally, the disk amplitude is computed as usual by applying the dilaton equation
[2, eq. (4.25)] to the trumpet partition function:

ZO (W) = b7 20 (o0 = 30+ 7) + Z (W0 = 3071 = 1)) | - (215)

w | )

Figure 3: The cylinder amplitude Z(()Zz(‘ll, ®) between ¥ and ® conformal bound-
ary conditions on each boundary of the cylinder.

Cylinder amplitude. We now consider the amplitude of the complex Liouville
string on the cylinder with conformal boundary conditions ¥ and ® on each end
of the cylinder (see figure 3). It is computed by combining the cylinder partition
function (2.10) with that of the bc-ghost system and integrating over the moduli
space of the cylinder. This computation gives

700, @) = / At n(it)? 280, ;1) | (2.16)

assuming that ® # ¥ and we are treating the two boundaries as distinguishable. In
order to proceed we would like to swap the integral over the cylinder modulus ¢ with
those over the Liouville momenta of the complete set of states propagating in the
closed-string channel. Since (p*)?, (p7)* € R_ the t integral is convergent and we
have

) LT () o) Yt p )R (0T p7)
zO,Q(xp,cp)_%/O dp/0 dp DolEsr=t (@17)

Next, we deform the contour of integration over the Liouville momenta p~ in order

to pick up the residue located at p~ = ip™. We recognize this pole as the location
at which the intermediate bulk vertex operator precisely becomes on-shell. Under
the assumption that the disk one-point functions ¥ and ® do not lead to additional
singularities and are sufficiently well-behaved at infinity, we may perform this contour
deformation and we obtain®

1 e —1 p)V ) p)d ) ‘
20w, @) = _/ dp 2 P)P—(P) ¥ (p, ip) ®(p, ip) (2.18)
’ 4 Jo P
3To get the full residue at p~ = ip* we extended contour of integration over p~ to the full line

iR and multiplied the result by % This assumes that the that disk one-point functions ¥ and & are
even in p~, which is the case for the examples of boundary conditions we consider in this paper.

— 10 —
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B (CD > / (_2pdp) Zglgl)lmpet<‘y7p) Zt(ii“)l)lmpet(©7p) . (219)
? 0

We refer to conformal boundary conditions obeying these properties as “normaliz-
able” boundary conditions. Let us already mention that importantly this assumption
turns out to be too optimistic for ZZ-instantons. Here we find it convenient to fix
the overall normalization

Cp> = 872 . (2.20)

A strong consistency check of this value will come from the precise matching of non-
perturbative effects mediated by ZZ-instantons in section 3 as well as a factorization
condition described later in this section and checked in appendix B. The end result is
that the cylinder partition function is computed by integrating the trumpet partition
functions (2.14) against the sphere two-point string amplitude A[(fj;

Z00,0) = [ 2p) [ ) L (VD) Z @A)
0 0
(2.21)
Recall that the sphere two-point amplitude on the half-line p,p’ € iR_ is given by

[1]
(2.22)

Figure 4: Gluing of a conformal boundary of type ¥, represented by the disk
with boundary condition |¥) on the lower left, to a string amplitude Ag% (p), rep-
resented by the closed Riemann surface of genus g and n on-shell vertex operator
insertions with momenta p1,...,p,. The gluing is performed by summing over

—2mt
)

all off-shell states th Vp_, with a propagator q*(ij)Q*(p_)2 where ¢ = e rep-

resented by the wavy line, and integrating over the gluing modulus t.

General gluing of conformal boundaries. The previous example of the cylinder
diagram can be further generalized to the gluing of conformal boundaries to a closed
worldsheet diagram with genus g and n external on-shell string states. For instance,
consider the addition of a single conformal boundary of the type (2.7) to a closed
Riemann surface 3, ,, as pictured in figure 4. We use the plumbing fixture to perform

— 11 -



the gluing of a half-infinite cylinder (which is conformally equivalent to a once-
punctured disk) through a cylinder with gluing parameter ¢ = e~ The full moduli
space to integrate over is the moduli space of surfaces with one boundary and n closed
string vertex operators. Via the plumbing fixture, it is isomorphic to Mg, 1 x R,
where t parametrizes the R, direction and the half-infinite cylinder gets attached to
the (n 4+ 1) vertex operator. Here it is important that there is no mapping class
group mixing the two factors of M, 1 x R .*
The resulting string amplitude may hence be written as®

Zg 1 (¥, P) = Cg’g),l/ / dp* py(p™) / dp~p_an(p™)U(p*,p ) P
Mgnr1 xRy

x (B, ByBose VLV, ;El Bkékjl:[lvpj>z , (2.23)

g,n+1

where ¢ = e=2

is a gluing parameter associated with the gluing of a cylinder with
length 7 and circumference 27t. Here, B; is the b-ghost contour associated with the
modulus ¢, By and B, are the ghost contours circling the vertex operator V;LVP,_, and
the By are those associated to the remaining moduli of the surface ¥ ,,. The V,, =
./\/'b(pj)cﬂ/;,jvi;j are fixed on-shell vertex operators in the complex Liouville string,
including the leg-pole factor (2.12). Cg)g)m denotes the normalization constant of the
string theory path integral on a Riemann surface with ¢ handles and m boundaries;
-1 D2°
worldsheet CFT including ghosts. Recall also that the anticommuting objects B;, B

for instance, Cg?:o = oW By () we mean the correlation function in the full

and By, serve as the differentials in the integral over moduli space. In our conventions,

4In contrast, recall that when factorizing a closed string amplitude into lower-point amplitudes
using the plumbing fixture, we glue a closed string sub-diagram ¥,, ,,, to another sub-diagram X, ,,,
by attaching a cylinder with a moduli space parametrized by C = {7 € C|0 < ReT < 2m,Im 1 > 0}.
Here, g1 4+ go = g and n; + ny = n + 2, where g and n are the genus and number of on-shell closed
string insertions of the original diagram. However, the associated moduli space of the plumbing
fixture Mg, n, X Mg, n, X C is not isomorphic to Mg ,, as there is a non-trivial mapping class group
mixing the different factors.

Put differently, when performing an OPE expansion near the degeneration limit of a closed string
diagram, we cannot single out one OPE channel because when the gluing parameter ¢ becomes too
large, we must expand in a dual channel. Thus, the moduli space of the gluing cylinder is not C,
but a quotient thereof. In the case of gluing a half-infinite cylinder with boundary condition ¥,
however, there is no dual channel. This allows for the gluing of half-infinite cylinders similarly to
gauge theory, where one only integrates over the monodromy of the gauge field around the stump
of the amputated surface.

°In the state frame, (2.23) is obtained by evaluating the overlap between the boundary state
(2.7) and the resolution of the identity 1 = — [dp™py(p™) [dp~p—iv(p™) |VZ;$> Vo) (Vpﬂ V-1,
where the minus sign is once again an artifact of our parametrization of the Liouville momenta in
terms of p = —iP. Notice that this sign cancels with that of the boundary state. Evaluating this
overlap leads to the operator expression (2.23).

- 12 —



we can identify B; = 7 dt.5

In principle, (2.23) contains subleading corrections in the gluing parameter ¢
coming from the subleading terms in the conformal block expansion. In the presence
of ghosts, we can reduce the sum over descendants to the BRST cohomology of the
worldsheet, since terms that are not in the BRST cohomology will cancel with their
BRST partner after integrating over the remaining moduli of the correlator. However,
in the complex Liouville string (and in similar 2d string theories), the cohomology
is entirely localized on the primary states and thus all subleading corrections in
the g-expansion are total derivatives on M, ., which decouple. This argument is
essentially identical to the observation that the discontinuities in the perturbative
string amplitudes do not receive corrections from subleading terms in the OPE, which
was discussed in [1].

The integrated worldsheet CFT correlator in (2.23) is not strictly speaking a
string amplitude since the insertion cEV;_i Vpﬁ is not on-shell. However, as we did in
the previous case of the cylinder diagram we can switch the order of integrations in
(2.23) to obtain a string amplitude. Indeed, performing the integral over the modulus

t, and deforming the p~ contour to pick up the residue at p~ = ip™, we obtain
201 (0.p) = 2 2 [ v o) [ poap )V ) g
gn+1 7p E 12 p pb p pfsz p 7p (p+)2+(p_)2
39—3+n

X/Mg,n+1<BOBOCCV V- H BkBkHVp]> Sgnt1

2
) T p(p) \" 2T @)
=y < [ (~2pd Z0) e (0
CEQJ8 /( p p) (p/\fb(p)) C]()bg) trumpet( p)

39—3+n

></ <BUB’OM( )ee V.V, H BkBkHV > ., (2.25)
Mgnt1

Ygmnt1

where we used (2.11) to write the disk one-point function ¥(p,ip) in terms of
ngumpet(‘l!,p). We dropped the superscript + on the p' integral. Since the ver-

tex operator V7V, " is now on-shell, we can write [1]

3g—3+n

cy /M <Boz§0/\/b( VIV, H BkBkHV > =AY (p,p) . (2:26)
g,n+1

+1

50ur conventions for the b-ghost contour B; are as follows. Parameterizing the cylinder by
0 < Rew < m and w ~ w + 27t [26], B; can be taken to be (excluding the differential dt)

B, = /L (b(w)dw + b(w)dw) , (2.24)

where L is a horizontal segment from Rew = 0 to Rew = 7. Expanding b(w) into modes we obtain
that B; — ng with ba‘ = bg + bp.
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Therefore, using (2.26) we can write (2.25) as

(b) Cg))l i Po(p) ? (b) (b)
Zg,n+1(\117p) - _/(_2pdp) ( N ) Ztrumpet(\Pap>Ag,n+1(p7p) .

S oel 4 pNi(p)
(2.27)
Notice that the combination in the parenthesis squared in (2.27) is actually p-
independent,
ou(p) sin(mb?) sin(mb~2)
= —8V2 , 2.28
pNu(p) TR (2:28)
where we used (2.12). Thus, we obtain that
b
Zé,zz+l(\1}7p)
32%40(;;1 (sin(ﬂbQ) sin(ﬂb_Q))2 /( pdp) 2 (@, p)AY  (p.p)
= _ —<pdap rumpe P n b,D) -
Cébg)c,g;) b2 — p—2 trumpet g,n+1
(2.29)
The prefactor in the square brackets is expected to be precisely unity,
327r40§’g)1 sin(mb?) sin(wb=2)\* |
OP0! 2 =1. (2.30)
Cy, Cp2 B

g

In fact, the argument presented in this paragraph is the same as the analysis of
factorization of perturbative string amplitudes in worldsheet string theory [26]. In
particular, this analysis is one way in which the normalization constants Cy_, may
be fixed indirectly. Appendix B provides a check of the condition (2.30) for the case
of gluing one boundary to the sphere n-point function.

Assuming the condition (2.30), we finally obtain the general result that we may
add conformal boundaries with boundary condition ¥ to any string amplitude Agle
by gluing a trumpet partition function with a gluing measure (—2pdp):

b —iee b b
Z" (U, p) = / (—2pdp) Z et (¥, )AL () - (2.31)

For example, if we glue n conformal boundaries to a worldsheet string diagram
without any additional external on-shell vertex operator insertions, we obtain an
observable that we may think of as analogous to partition functions with n asymptotic
boundaries in models of 2d dilaton gravity

Zél??)m(q’l? SRR \I[n) = /0 H (_2]9] dp] Z‘Ef&mpet<\llj7pj>> Agz,)n(ph s 7pn) : (232)

J=1
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This observable is characterized by the n boundary conditions {¥;} that we glue to
the closed string insertions. This presentation makes it clear that we may interpret
worldsheet boundaries in terms of smeared closed-string vertex operators. Indeed,
observables with worldsheet boundaries are simply computed by inserting a complete
set of on-shell states and integrating the closed string amplitude against the trumpet
partition functions corresponding to the conformal boundaries with the measure
endowed by the two-point function in target space, see figure 1. That the smearing
of the bulk vertex operators commutes with the integral over moduli space is ensured
by the normalizability of the boundary condition.

In the case of the “trivial boundary condition,” which we denote by a Liouville
momentum (say, ¢) corresponding to an ordinary closed-string puncture, the “trum-
pet partition function” is simply given by the sphere two-point amplitude itself’

Z{ et (0:0) = A3 (P, @) = —MPQ—]JQ) : (2.33)
Seiberg-Shih equivalence. We see that we only need to specify the trumpet par-
tition function Z\

trumpet
condition W. The trumpet partition function (2.14) in turn only requires the wave

(¥, p) to compute arbitrary observables with the boundary

function for on-shell vertex operators, W(p,ip). In particular there can be different
boundary conditions ¥ and ¢ which satisfy ¥(p,ip) = ®(p,ip) and thus are equiv-
alent for the purpose of (on-shell) string theory. This means that a given boundary
condition can be realized in multiple ways in the worldsheet theory. One can think
of this phenomenon as the worldsheet BRST cohomology reducing the number of
possible boundary conditions. This was first explained in the context of the minimal
string by Seiberg and Shih in [11] and we call it the Seiberg-Shih equivalence.

2.2 Conformal boundary conditions for physical observables

We now explore a few families of conformal boundary conditions that will be natural
in various physical contexts. They may all be straightforwardly related to each other
by suitable integral transforms.

2.2.1 Resolvent

The natural observables of the two-matrix integral dual of the complex Liouville
string [2] are resolvents of one of the two matrices. Recall that this matrix integral
is characterized by the spectral curve

x(w) = —2cos(mb'w), y(w) = 2cos(rbw). (2.34)

"In what follows we will denote the trumpet partition functions by a parameter (such as ¢ below)
that characterizes the conformal boundary state, whose meaning should be clear from the context.
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Here w is a convenient coordinate on the spectral curve. Before double-scaling, the
resolvent associated with the first matrix M; is defined by the trace

1

R(x) :trx_Ml.

(2.35)

In the large-N limit, the connected part of products of resolvents admits a genus

< f[lR(ij)>c = 2 Ryp(1, ..y NP2 (2.36)

Upon double-scaling, a natural family of observables is furnished by the resolvent

expansion

differentials

b)

w;n(wl, ce W) = Ry p(x(wy), .. x(wy,)) dx(wy) - - - dx(wy,) - (2.37)

The resolvent differentials are entirely determined by the spectral curve (2.34) by
topological recursion, see e.g. [2, 27]. In (2.34) we have picked a specific parameteri-
zation of the spectral curve. The resolvents associated with other parameterizations
are of course just related by Jacobian factors.
We claim that the perturbative contributions to the resolvents wgf% are captured
by the following trumpet partition function
Z(b)

trumpet

(w,p) = =27 sin(2mwp) dw . (2.38)

Notice that we have included the differential dw in the definition of the trumpet
partition function. The boundary conditions for the resolvents then form a complete
basis for general conformal boundary conditions, since the trumpet partition func-
tion of any normalizable boundary condition may be decomposed into those of the
resolvents by standard Fourier analysis.®

In particular, the general resolvents are then given by the following integral
transform of the closed string amplitudes, similarly to how one glues trumpets to the
Weil-Petersson volumes to introduce asymptotic boundaries in JT gravity [6]’

Z‘S]l:n(wb SR ,U)n) = / <H(_2pj dp]) Zélr?lmpet(wjupj)> Ag,?z(pla S 7p7l)
vy

j=1

= wé{’%(wl, W) (2.39)

8The general trumpet partition function must be an odd function of the Liouville momentum p
due to the non-standard leg-pole factor (2.12) that defines the normalization of closed string vertex
operators.

9Here we are avoiding committing to a specific contour; in practice the integral is computed
by expanding the products of trigonometric functions that appear into complex exponentials and
deforming the contour (originally a vertical half-line in the p; plane) in an appropriate direction
such that the integral converges. This is what the abstract contour « is meant to represent.
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Indeed, with the trumpet partition function given by (2.38), this is precisely the
relation between the string amplitudes and the resolvent differentials explained in
our previous paper [2].

So we conclude that the matrix model resolvents may be thought of as closed
string amplitudes computed with suitably smeared vertex operators, or alternatively
in terms of worldsheets equipped with appropriate conformal boundary conditions
whose punctured disk amplitudes are given by (2.38).!° In particular the cylinder
amplitude correctly reproduces the leading contribution to the two-point resolvent
in this parameterization of the spectral curve [2]

Zolg(wl,wg) = dw; dw, (27)? /(—2p dp) sin(2mwp) sin(2rwsp) (2.40)
v

—dwldwz( S ) (2.41)

(w —wy)?  (wy + wy)?

= w[()lg(wl, wy) . (2.42)

As explained in footnote 9, to obtain the second line, we expanded the trigonometric
functions into exponentials and declared that f7 dppe®™ = a2 for arbitrary complex
a, by choosing the contour to run in an appropriate directions so that the integral
converges.

2.2.2 Thermal partition function

Another observable that one might wish to consider from the matrix integral descrip-
tion of the complex Liouville string are thermal partition functions. In single-matrix
integrals where one may interpret the matrix as the Hamiltonian of a quantum system
the thermal partition functions are very natural observables. But in a two-matrix
integral like the dual of the complex Liouville string the definition is less canonical
and one has to make a specific choice. For example, one could define a thermal
partition function by the following trace involving the first matrix M;

Z(B) = tre M (2.43)

In the double-scaling limit the connected expectation value of products of these
partition functions admit a genus expansion similarly to the resolvents.

We claim that the trumpet amplitudes corresponding to the thermal partition
functions in the complex Liouville string are given by the following expression

2b .
Z s (B:0) = — sin(2mbp) Ky (26) (2.44)

0Qperationally, in section 2.3 we will see that the resolvent boundary conditions are simply
related to conformal boundary conditions of the type FZZT(u)xZZ 1), where each factor corre-
sponds to each Liouville component of the matter worldsheet CFT. The standard Liouville BCFT's
are reviewed in appendix A.
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where K, is the modified Bessel function of the second kind. This may be obtained
from the resolvent trumpet partition function (2.38) by inverse Laplace transform
with respect to & = —2cos(mb~'w), which follows from the relation between (2.35)
and (2.43) and the parameterization of the spectral curve (2.34). We will discuss
this in more detail in section 2.3, where we will see that these boundary conditions
may moreover be obtained in terms of the more familiar conformal boundaries for
Liouville CF'T by combining FZZT boundary conditions for one worldsheet Liouville
CFT with ZZ boundary conditions for the other.

Indeed, the disk amplitude that one computes from (2.44) via the dilaton equa-
tion precisely reproduces the corresponding thermal partition function in the matrix

integral
Z(B) = b7 | Z e (B0 = 507 0)) + Zhpee (B0 = 3671 = 1)) | (245)
o
= 5 sinh(—7ib*) K2 (20) . (2.46)
™

The disk partition function may equivalently be recast as the following integral over
the spectrum of the first matrix

. h . 2 ef%oo _1
_w/ du 220520 gin (27bu) sin(2mb~tu)  (2.47)
0

= /OO dEeffBEp()(E), (248)

2

z0(8) =

where po(F) is the leading density of eigenvalues of the first matrix extracted from
the spectral curve (2.34) [2]

po(E) = %sinh(—m’lﬁ) sin (—z’b%rceosh(%)) . (2.49)
One might worry that in (2.48) we are integrating the leading density of eigenvalues
(2.49) over a region where it becomes non-sign definite. We will address this when
we discuss the non-perturbative completion of the matrix integral in section 4.

The perturbative expansion of products of thermal partition functions are then
computed by gluing trumpets (2.44) onto the corresponding closed string amplitudes
as in (2.32).

Duality symmetry and a second partition function. The worldsheet theory
of the complex Liouville string exhibits “duality symmetry”, which may be stated as
the following invariance of the string amplitudes

AV D (p) = (—1)"AL)(p). (2.50)

This property is manifest from the definition of the worldsheet theory as the b — b1
symmetry of Liouville CFT, but is highly nontrivial from the point of view of the
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dual matrix integral. It follows from what is known as z-y symmetry of the matrix
model, which amounts to the statement that the free energies may equivalently be
computed from the topological recursion with the roles of x and y in the spectral
curve (2.34) exchanged [28, 29]. The boundary state corresponding to the thermal
partition functions as defined by (2.43) clearly breaks this symmetry (see for instance
the trumpet amplitude (2.44)), which is due to the fact that the definition of the
partition function treats the two matrices asymmetrically. This fact can be taken as
an indication that the dual matrix model has to be in fact a two-matrix model to
describe the boundary conditions completely, see [30, 31] for similar comments.

There is correspondingly another natural partition function that one may wish
to consider, which involves a trace over the second matrix rather than the first

Z(B) = tre Mz | (2.51)

In this case, the trumpet amplitude is simply the image of the original trumpet
amplitudes (2.44) under the action of the duality symmetry b — b~!

5 -1 2 . .
Znper(B8:9) = Zitumper (B.0) = —5 sin(2nb'p) Kop1,(26). (252)

With this in hand we conclude that the general perturbative contribution to the
product of partition functions associated with the second matrix (2.51) is given
in terms of the image of that associated with the first matrix under the duality
symmetry up to a sign

Zs%(ﬁl, c. ,Bn) - / (H(_2p] dpj)fz‘ﬁ:&mpet(ﬂﬁpj)) Ag,)zl(plv s 7pn) (253)
Y

j=1
= (=1)"Z%(B1,... . Ba) - (2.54)
2.2.3 ZZ-instantons

Another very physically-relevant family of conformal boundaries are the ZZ-instanton
boundary conditions, which we will make extensive use of in section 3. At the level of
the worldsheet BCF'T, they are defined by combining (r, s) ZZ boundary conditions
for one Liouville CFT with (1,1) ZZ boundary conditions for the other Liouville
CFT. We review the BCFT associated with these conformal boundary conditions
in appendix A. We will hence label the combined boundary conditions by the pair
of positive integers (r,s). The ZZ boundary state defines Dirichlet-like boundary
conditions for Liouville CFT so for each (r,s) this defines a species of localized
instantons in the combined worldsheet theory. The trumpet partition function is
computed by combining the ZZ disk one-point functions (A.4) together with the
leg-pole factor and normalization of the path integral on the once-punctured disk

c) _ib) 2 sin(27rbp) sin(2wsb~'p)
Zipmper (.5).9) = SN ()60, (P 1) (i) = g ,
(2.55)
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where we used (2.13) and (2.20). Here in a slight abuse of notation we write ¥ =
(r,s) to refer to the corresponding ZZ-instanton boundary condition. This family
of conformal boundary conditions is not strictly normalizable in the sense described
in the previous subsection; b~!p is purely imaginary so the partition function grows
exponentially at large p. However we will see in what follows that we may nevertheless
treat them similarly to how we have treated normalizable boundary conditions thus
far, at least for some simple quantities. As we will mention in the discussion section 5,
this breaks down for more complicated quantities. This is because the string theoretic
moduli space integrals for the ZZ-instantons don’t converge and one has to change
the contour to properly define them. In some cases, this is correctly accounted for
by using the general formula (2.32).

We may proceed to compute the cylinder partition function by analytic continu-
ation. In practice, we expand the product of sines from (2.55) that appear in (2.32)
and for each term deform the contour of integration in a direction such that the
integral converges. In this way we find

ZOI,)%((Ta 5)7 (’I“/, S,)) = /(_2]7 dp) ngl)lmpet((ra s)ap)zgfl)lmpet((r/a Sl)ap)

_ log |:((7” — 7‘,)21)2 _ (S _ 5’)21)_2)((7’ + 7”/)21)2 _ (8 + 8,)2()_2)
((r—r")20% — (s + s)272)((r +17)%b% — (s — §')2b72)

(2.56)

We will see in section 3 that this agrees with the more direct worldsheet computation.
The case with (r, s) = (17, s') naively gives a divergent answer. In that case the above
computation does not apply and one requires string field theory to treat it properly.

2.3 Worldsheet boundaries from Liouville BCFT

Here we will explore worldsheet boundaries in the language of the more familiar
conformal boundary conditions for Liouville CFT. We will see that the boundary
conditions discussed in the previous subsection may be constructed by combining the
basic conformal boundary states of FZZT (u) and ZZ, ;) type, that were reviewed in
appendix A, from each Liouville component of the full worldsheet CFT. The main
nontrivial example is the one that results from combing an FZZT(u) boundary state
in the first Liouville component together with a ZZ; ;) boundary state in the second
Liouville component. This type of conformal boundary in the complex Liouville
string is the one that most closely resembles the kind of boundary conditions that
appropriately introduce boundaries of finite length in the (p,¢) minimal string [11,
14, 32, 33].

FZZT(u)XZZ conformal boundary conditions. We will mainly discuss the
worldsheet boundary conformal field theory that results from equipping one world-
sheet Liouville CFT with FZZT boundary conditions and the other with (1,1) ZZ
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boundary conditions. In particular, we will consider the worldsheet boundary state
FZZTO) (u)) ® |22, ) - (2.57)

This boundary state provides a complete basis to describe the normalizable boundary
conditions of the previous subsection. u can in principle be any complex number.
The trumpet partition function associated with this conformal boundary condition

is given by
c?) ; cos(4mup)
b 2 —ib) [ p
Zipumpen (1 2) = 2Ny (p) ) (1 p)os( 3 (i) = == (2.58)

We will see in what follows how the normalizable conformal boundary conditions
discussed in the previous subsection may be obtained from simple manipulations of
this basic boundary condition.

Seiberg-Shih equivalence. In (2.57) we chose the basis (1,1) ZZ boundary state
for the second Liouville theory. By the Seiberg-Shih equivalence discussed above, we
can always choose one of the boundary conditions to be the (1, 1) ZZ boundary state.
We could alternatively also construct such a complete basis by considering (r, s) ZZ
boundary states.

Relation to resolvent boundary conditions. The conformal boundary condi-
tions that define the resolvents of the matrix integral dual of the complex Liouville
string that were discussed in section 2.2.1 are very simply related to the FZZT xZZ
worldsheet boundary conformal field theory. Comparing the trumpet partition func-
tions (2.38) and (2.58) we see that

w(w)) = 8, (|FZZT<b><u =) ® |zz§1jjb)>>) duw. (2.59)
So we conclude that the resolvent boundary conditions are related to the more famil-
iar FZZT x77 boundary conditions by a simple derivative with respect to the FZZT
parameter u.

Relation to thermal partition function boundary conditions. Here we will
see that the FZZT xZZ boundary conditions are also simply related to the thermal
partition function boundary conditions discussed in section 2.2.2; although the rela-
tion is more involved than for the resolvents. This relation elucidates the boundary
conditions used to describe thermal partition functions via Liouville BCFT in the
previous literature on the (p,q) minimal string and Liouville gravity [11, 14, 33].
We know from (2.35) and (2.43) that the partition functions are obtained from the
resolvents by an inverse Laplace transform with respect to the x parameter of the
spectral curve (2.34). Combining this with the relation between the boundary states
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that defines the resolvents and the FZZT xZZ conformal boundaries (2.59), we con-

clude that the boundary state that defines the thermal partition functions is given
byll

1
1Z(8)) = %/F e lw(w = %arccos(%—”)))
1 _1
=5 dx e’%9, <|FZZT(b) (u = % arccos(%))) ® |ZZE1,Z113)>> ‘ (2.60)

Here I' is a contour that runs vertically to the right of the singularities of the integrand
in the x plane. In previous literature on Liouville gravity and the minimal string, x
was roughly identified with the boundary cosmological constant characterizing the
FZZT boundary conditions and the derivative with respect to x was interpreted as
the insertion of a “marking operator” that ungauges translations along the boundary
circle [14, 34]. The inverse Laplace transform was then interpreted as a change of
ensemble from fixed boundary cosmological constant to fixed boundary length. Here
we have essentially derived this procedure starting from the relationship between
the resolvent and the thermal partition function in the matrix model. We could
equivalently have integrated by parts to write
1Z(8)) = 2i - [ de e’ [FZZT® (u = L arccos(%))) ® |22, 1)) | (2.61)

where the factor of § is interpreted as a result of the “marking” of the boundary
circle.

For example, we can straightforwardly evaluate the trumpet partition function
this way. Recalling the expression (2.58) for the trumpet partition function associated
with the FZZT xZZ boundary conditions and plugging into (2.60), we have'?

b sin(2bp arccos(%))
70 / d o 2 2.62
trumpet (0, P) = 27 r ve sin(arccos(%)) ( )
_ 2b sin(2.7rbp) /OO AE o—PE COS.(pr arccoz(%)) ‘ (2.63)
27i 9 sin(arccos(3))

In the second line we wrapped the contour around the branch cut running from
r = —2tox = —oo (see figure 5) and evaluated the discontinuity across the cut
using

arccos(z £ ie) = Farccos(|z|) + 7, 2z < -—1. (2.64)

""More concretely, here we are using that Z(8) = — 5= [ dze’” R(—x) together with the spectral
curve relation w = £ arccos(—%) from (2.34).

2In order for the integral to be convergent, we strictly speaking have to assume that |bp| < %
in this computation. The result for larger values of bp can for example be obtained by analytic
continuation, by interpreting the integral distributionally, or by slightly bending the contour I" to
the left.
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We can simplify this further by recognizing the integral representation of the modified
Bessel function of the second kind to arrive at

2b .
Zhmpet (8. 9) = — sin(2mbp) Ky (26) (2.65)

which is the expression we anticipated in section 2.2.2. It in particular leads to a
disk amplitude (2.46) that is consistent with the leading density of eigenvalues of the
first matrix (2.49) extracted from the spectral curve (2.34).

g r Ed
N F
—9 @_ 9

Figure 5: The partition function of the matrix model is related to the resolvent
by an inverse Laplace transform. In computing the trumpet amplitude for the
thermal partition functions we evaluate the inverse Laplace transform by wrapping
the contour I' around the branch cut running from z = —2 to x = —oc.

3 ZZ-instantons

We now move on to study boundary conditions corresponding to instanton corrections
in the genus expansion of the amplitudes A%b)(So; p). These cannot quite be treated
in the way that we explained so far, as there are certain divergences that need to
be treated with the help of string field theory. Given their importance for the non-
perturbative structure of the theory, we discuss their evaluation in detail.

3.1 Generalities

The existence of non-perturbative contributions of order e#9% " to closed string scat-
tering amplitudes has long been anticipated and understood to originate from D-
instanton effects [25, 35, 36]. Recently, this class of non-perturbative effects has been
studied and calculated more systematically, at leading and sub-leading orders in g
about a given instanton sector, in low-dimensional string theories [13, 16-22, 37—44]
and in higher-dimensional superstrings [45-48]. In many cases, these calculations of
D-instanton corrections to closed string scattering have led to a precise agreement
with, when available, independent determination of such non-perturbative correc-
tions from holographic and/or stringy dualities. In particular, it has been recently
recognized [18, 22, 37, 38, 48] that string field theory is crucial both to understand
the origin of divergences and ambiguities present in a naive on-shell worldsheet D-
instanton calculus as well as to resolve them in a systematic fashion.
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Additionally, a priori one might worry that this class of non-perturbative cor-
rections are ambiguous without a proper understanding of the resummation of the
closed string perturbative genus expansion of scattering amplitudes. Indeed, recent
calculations of D-instanton corrections have been performed in theories for which
the perturbative genus expansion resummation is explicitly known from a dual de-
scription [13, 1618, 20-22, 42—44], or when the non-perturbative correction is due
to a D-instanton configuration of minimal charge or that is otherwise unambiguous
[36, 45, 46, 48-51]. Low-dimensional string theory examples have the virtue that
the resurgence properties can be studied in detail from the dual matrix integral per-
spective. From the matrix side, a choice is made for the contour of integration over
the eigenvalues of the matrix integral. On the string theory side this translates to
a choice of contour of integration in the path integral over open string fields living
on the D-instanton [20, 21]. In fact, in these cases there is very strong evidence that
the full open-string perturbative expansion around a given D-instanton sector can
indeed be matched between the matrix integral and the string theory descriptions.
That is, specific Lefschetz thimbles (as opposed to simply a contour of integration
passing through a particular linear combination of saddle points) can be matched
between the two dual descriptions.

3.2 Omne-instanton sector

Boundary conditions. D-instantons or ZZ-instantons in the complex Liouville
string are defined on the worldsheet through a product of (r, s) ZZ boundary condi-
tions for each Liouville CF'T component. However, as in the case of the (p,q) or the
Virasoro minimal string, a complete basis for the ZZ-instanton boundary conditions,
at the level of the full string theory, is given by the product of (r,s) ZZ bound-
ary condition and the (1,1) ZZ boundary condition in each Liouville component,
respectively [11],

4%

—ib
() © 1224 3)) (3.1)
We think of these as an irreducible basis for the more general boundary conditions
that involve pairing (k, ¢) ZZ boundary conditions for one Liouville factor with (m, n)

77 boundary conditions for the other. For example, we have

k+m—1 l+n—1
Zitmper (R, 0), (myn)p) = D0 D Zifmpeal((9), (L1))p) . (32)

r%|k7m\+1 s—\27n|+1

In what follows we will leave implicit the (1,1) label and refer to (3.1) as (r,s)
ZZ-instanton boundary conditions.

In this section, we will be interested in the leading-order correction to the string
amplitudes A;b)(SO; p) mediated by a single (r, s) ZZ-instanton. We denote this cor-

(r,8)1

rection as A%b)(SO; p)y", where the superscript (7, s); indicates the type (r,s) ZZ-
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instanton, with its multiplicity given in the subscript. In this section, the multiplic-
ity is set to one for a single instanton, though more general multiplicities ¢, ; € Z>;
will be considered later. The subscript £+ corresponds to the instanton and ghost-
instanton contributions, respectively, which we will explain further below.

Leading diagram. In the on-shell formalism, this contribution is captured by the
following worldsheet diagram,

An(So;p)Sf’S)1 = exp (eSOO + @) @ : @ + o (3.3)

where we inserted appropriate factors of go = e~%°. Here we impose the same bound-
ary condition (3.1) on all worldsheet boundaries.

In fact, ZZ-instanton corrections admits an open-string genus expansion as a
series in all integer powers of g, = e 0. The + - -- in (3.3) include higher topologies
that are suppressed by factors of e=*°. In this paper, we will focus on the leading-
order contribution given in (3.3) and, hopefully without room for confusion, will omit
the + --- in An(So;p)S:’s)l in the rest of this section.

Disk. The disk one-point diagram for the case of ZZ-instanton boundary conditions
was already introduced in (2.55), repeated here for convenience,

c?) > 2sin(27rbp) sin(2wsb~p)
@ = Zihmper (r:9),0) = S2Na(p) U0 () U1y (0) = .

(3.4)

The empty disk diagram is related to the action, or tension, of the (r, s) ZZ-instanton.
The exponentiated empty disk diagram gives rise to the characteristic non-perturbative
dependence e?9% ", This may be readily obtained by applying the dilaton equation
(2.15) to the disk one-point diagram

b — b - b —-1_
O =Z0u(r.5) = b7 [Z00pea ((7:8),p = 52) + Z0penl(r,5).p = 570)]
sin(mrb?) sin(rsb™?)
b72 _ bZ

The tension of the ZZ-instanton is minus the disk partition function with the appro-

= —8(—1)+ (3.5)

priate gs-dependence,

T = —e% () = e (1) Sin(ﬂrbbz Sing ) (3.6)

This value for the tension 7, r(l;) of the (r,s) ZZ-instanton is in precise agreement
with the matrix model computation (4.4) presented in the following section.'® Tm-
portantly, the tension (3.6) is purely imaginary for purely imaginary b2. Thus, the

13Note that this matching provides a strong consistency check of the value of Cp: determined in
(2.20).
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non-perturbative corrections in this model are actually rapidly oscillating functions
of order 1, instead of exponentially decaying. We will have more to say about this
in section 4.

Cylinder. The cylinder diagram with the same (r, s) ZZ-instanton boundary con-
dition (3.1) on both ends of the cylinder gives rise to a normalization constant. We
will evaluate it from scratch, since as we already remarked, we need extra string field
theory input to make sense of it. These extra subtleties manifested themselves in the
divergence of the general cylinder diagram (2.56). This worldsheet cylinder diagram
can be evaluated as an integral over the modulus of a cylinder with circumference 7
and length 27t of the full open string spectrum,

2r—12s—1

dt
_ b
©) = 200 9). (r.5)) = / LRI D DR
0 ’71 5’71
2r—12s—1
_ Z Z / . —27rt>(1 o e—27rrst) e%t(('r’—1)b+(s/+1)b_1)((r’+1)b+(s/—1)b_1) '
ESEES]

(3.7)

In the first line, the n(:it)? is the contribution from the be ghosts, XE;&I;) (it) is the
spectrum between identical (1,1) ZZ boundary states described in (A.2), and the
rest is the spectrum between identical (r, s) ZZ boundary states described in (A.5).
The factor of % accounts for the Z, symmetry that exchanges the two boundaries
of the cylinder.'* This moduli integral over the cylinder length ¢ is convergent in
the closed-string channel ¢ — 0, but suffers from an open-string divergence in the
t — oo limit coming from the (r’,s’) = (1,1) term in the sum over characters. Let

us separate this (r’,s’) = (1,1) term in the cylinder diagram,

Z9)((r,s), (r,s))

2r—12s—1

Z Z / 727Tt)(1 N ednrs/t/) e%t((r’f1)b+(s/+1)b_1)((r’+1)b+(s/71)b_1)

21 521
() A(LD)

o dt
- /0 5 (e_%t + 2™ — 2) . (3.8)

More generally, the on-shell worldsheet D-instanton calculus, via diagrams of the
form in (3.3), appears to be incomplete due to finite ambiguities in the D-instanton
corrected amplitudes coming from divergences that appear near degeneration limits
of moduli space. These divergences arise from several sources.

M Note that the cylinder diagram (3.7) is the same as the cylinder diagram in VMS with ZZ-
instanton boundary conditions after taking b — b, apart from the finite sum over degenerate
characters in the dual channel labeled by (r, s) in the present case.
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The first kind of divergences arise from the collective coordinates of the D-
instanton, which correspond to zero modes (or, open string fields with a vanishing
propagator) and that give rise to logarithmic divergences in the integral over moduli
space of Riemann surfaces. These divergences are expected to cancel after summing
over all relevant worldsheet diagrams with distinct topologies [16, 35, 36], but a finite
additive constant ambiguity in the amplitude remains and that is only known to be
unambiguously determined in the framework of string field theory [18, 37]. In the
complex Liouville string, however, ZZ-instantons defined by (3.1) do not carry any
collective coordinate, and thus this type of divergence will not be relevant.

A second source of divergences are the presence of tachyonic open strings on the
D-instanton. In the context of D-instantons, these tachyonic modes do not signal the
breakdown of the quantum theory, but instead are interpreted as a saddle point of
the (open plus closed string field) action that give a sensible contribution to the full
path integral and hence to scattering amplitudes. The contributions from tachyonic
modes may be evaluated by analytic continuation.!” For instance, the contribution
from the (r/,s")™ term in the first line of (3.8) to the cylinder amplitude of a single
Z7-instanton can be evaluated as

/'OO ﬁ (1 - e—27rt)(1 _ e—27r7"s’t) e%t((7“’—1)b+(s'+1)b’1)((T’+1)b+(s’—1)b*1)
2t

O (" = Db+ (s — DY) (' + Db % (s' + 1)b1)

(7= Db E (5 + Db ) (7 £ Db £ (5 — )b 1)

= % log[ (3.9)
Here we take the product over both choices of signs on the RHS. (3.9) holds assuming
that the integral converges, Re[((r' —1)b+ (s'+ 1)b" ) (" +1)b+ (s'—1)b™1)] < 0. In
fact, for the branch of interest of the Liouville parameter b = e%]RJr, this is never the
case. However, we can take (3.9) to be valid even when the exponent is such that the
integral is divergent, i.e. corresponding to a tachyonic mode.'® A second example of
a divergence coming from a tachyonic open string mode on the ZZ-instanton is the

term e2"

" inside the parenthesis in the second line of (3.8).

The third source of divergences, similar to the first mentioned above, are open
string zero modes that however are not associated to the collective coordinates of
the D-instanton. In the present case, these zero modes appear as the —2 term of the
second contribution to the cylinder diagram in (3.8). This type of zero modes are
much more subtle but have been recently understood using insights from string field
theory, resulting in fully unambiguous D-instanton amplitudes in different theories
[18, 20, 22, 38, 48]. These modes have a formally infinite propagator, that is a

vanishing kinetic term in the string field action, but cannot be resolved by treating

15In the string field theory framework, tachyonic modes do not give rise to divergences since the
worldsheet representation of its propagator fooo dse™™"s is simply #, even for m? < 0.
6Note that here for b = e R, the argument of the logarithm on the RHS of (3.9) is always

real and positive, unlike in the VMS where it takes both positive or negative values.
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them as collective coordinates to be removed and integrated over at the end of the
calculation. These modes, often referred to as ghost zero modes, instead signal the
breakdown of the familiar Siegel gauge-fixing condition. As proposed by Sen [18, 38],
one can instead employ a different gauge-fixing condition in the zero mode sector.
This leads to additional out-of-Siegel-gauge zero modes that need to be included in
the computation of the cylinder diagram.

Furthermore, the deformation of the contour of integration for the tachyonic
modes in complexified field space introduces an ambiguity in selecting the full contour
of integration, which determines a specific linear combination of Lefschetz thimbles.
This ambiguity is expected to have a counterpart in the dual matrix model, where a
similar ambiguity arises in the choice of contour for the eigenvalues of the two-matrix
model. Since the theory does not a priori dictate the correct choice of contour, we

remain agnostic and introduce a Stokes constant, denoted S(m

, to parameterize
the multiplicity of the saddle in string field space. The subscrlpt 1 refers to the
single-instanton case, which will be generalized later.

This precise string field theory analysis can be found in [18, 20, 38, 48]. Here,
we will simply apply the result of this procedure in the conventions of [20] in which

the choice SS:’S)I = 1 was made, which leads to the interpretation

> dt —2mt 2rt :| S(
exp — (e 4 — 2 —>—1, 3.10
Uo 2t< ) (2m)3 (TY)z (3.10)

where Tﬁ? is the (r,s) ZZ-instanton action, given by (3.6) in the complex Liouville

+

string. The Stokes constant 53:’8)1 constitutes non-perturbative information that
goes beyond the cylinder diagram. Therefore, we will not include it directly in
the cylinder diagram (3.7) but instead add it as an overall constant in the full ZZ-
instanton contribution (3.3) (cf. (3.12) below).

Finally, combining (3.9) and (3.10) we obtain that the exponentiated cylinder
diagram is given by

exp(Z§y((r, s>, (r,5)))

B 2r—1 21 + (s = b7 + )b+ (8 + Db 1)
- <27r>% o1l H Db T DbE (7 Db )
s

B em)} ZT’”)%(ZT_QZ:I%_Z) ‘ (3.11)

Summary. By plugging these ingredients into (3.3), we obtain that the leading or-
der single (7, s) ZZ-instanton correction to the n-point amplitude in complex Liouville
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string theory is given by

Y

AD(Sy: p) T = i8Th e~ T (%22 i) H 2sin(27rbp;) sin(2wsb!p;)
(2mi(n®)2 \b? =) ] Pj

(3.12)

where the tension T,&Z) of the ZZ-instanton is given by (3.6) and we have included

the Stokes constant SST’S)l. Let us note that we have been somewhat liberal in the

choice of square root. In the final expression (3.12), we choose by convention the

principal branch. Taking another branch could be absorbed in the definition of the

Stokes constant ng’sh )

3.3 Ghost instantons

Let us explain one important issue. Looking back at the definition of the BCF'T disk
one-point functions @/JE?S)( ), we could have equally taken — rs)( p) as the disk one-
point functions as mentioned below (A.4). Indeed, the cylinder bootstrap constraint
that determines them is quadratic and unchanged under the inclusion of an overall
minus sign. Thus there is a second boundary state which differs from (A.1) by an
overall minus sign,

—122))) ® 1225 Y) (3.13)

Repeating the same computation as above with this boundary condition is easy as
we just have to decorate a diagram with n boundaries by (—1)". For the cylinder
diagram, some care is needed as the string field theory computation also makes use
of the tension of the instanton which does get modified for the ghost instanton. We
thus get the second non-perturbative correction,

1
A%b)(Sg;p)(f’s)l _ i g TT(S)( ) (b : - 2) 2 ﬁ 2sin(27rbp;) sin(27sb™p;) |
(27‘{')%( T(b)) 3 \b2-b e Dj
(3.14)
In particular, the tension is opposite. For a real tension, this would mean that this
contribution is exponentially enhanced and would dominate over the perturbative
contributions. Thus such ghost instantons usually only appear once we analytically
continue the coupling Sy of the theory [23, 52]. In this model the tensions are
however purely imaginary and hence the two non-perturbative corrections are of the

same magnitude.

Swap symmetry. There is in fact an easy way to see that we need both these
contributions. For this we recall that all perturbative contributions are invariant
under swapping the two factors in the definition of the worldsheet theory. This
amounts to the following swap symmetry [1]

AP (ip) = (—i)"AL)(p) - (3.15)
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This symmetry should continue to hold also in the non-perturbative sector. The
swap symmetry maps the instanton correction to the ghost instanton correction,

b) . L

iSELT’S)l oThd (b;—; - 2—2) 2 ﬁ 2sin(27rbp;) sin(2wsb™p;)

A (Sozip) T =

(27r)%( _ TA@))% h—2 — b2 . P;
; SS:’S)I b (r,s)
= 0" AL (So; ) (3.16)

Thus insisting on the non-perturbative extension of the swap symmetry means that
we need both contributions with equal Stokes constants,

S(T,S)l = SE:’S)I — S(T’s)l . (317)

3.4 Multi instantons

We can also consider leading-order non-perturbative contributions to Agf%(p) from
a configuration of multi-instantons or of multi-ghost-instantons.'” For example, the
worldsheet diagram that computes the leading-order two-instanton contribution to
the n-point string amplitude Agle(p) is given by

exp(eS°C1>++eS°<2>+ +)
(@0 (©-® om

The boundaries labeled by 1 correspond to the first ZZ-instanton, say of type (r,s),
while those labeled by 2 correspond to the second ZZ-instanton, say of type (17, s") #
(r,s). In the second line of (3.18), the crosses in the first set of parenthesis corre-
spond to an on-shell vertex operator with Liouville momentum p;, the crosses in the
second set of parenthesis are on-shell operators with momentum ps, etc. The com-
binatorics of such contributions and of the cylinder diagrams involved can be taken
into account by considering the Chan-Paton factors associated to the open string
degrees of freedom on the ZZ-instantons.

Identical instantons. The new ingredients in a multi-instanton configuration in
the complex Liouville string are the following. Consider first a configuration of
¢ € Zo identical ZZ-instantons of type (r,s). The associated action/tension of a
multi-intanton configuration of ¢ ZZ-instantons is simply ¢ x T,g,l;). Therefore, such a
multi-instanton configuration provides a correction that is suppressed (or enhanced,
.

in the ghost instanton case) by a factor of e 7%+ as noted earlier, in the complex

ITWe restrict our attention to a system of either all regular instantons or all ghost instantons. We
leave the study of multi-instanton effects from a system with both instanton and ghost instantons
to future work.
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Liouville string the tension (3.6) is purely imaginary and instanton corrections are
oscillatory instead of suppressed. Second, for a system of ¢ identical ZZ-instantons,
the open string spectrum is repeated ¢? times, and therefore we may simply raise
the single-instanton empty cylinder diagram to the power 2. The third and most
non-trivial new ingredient is the division of the U(¢) gauge group on the ZZ-instanton
worldvolume theory. This volume was computed and recently applied to the string-
theoretic computation of multi-instanton corrections in type IIB string theory [40]
and in the (p,¢) minimal string [21]. The net result for the non-perturbative cor-
rection to the partition function (i.e. the string amplitude without external on-shell
states), for example, due to a configuration of identical ¢ ZZ-instantons (or ghost-
instantons) can be written as [21, eq. 2.23]

2 Gyl +1)

(QW)%Z(K—H) ’ (3'19)

AP (5) 0 = 8 T Tomexp (Z0)((r,9), (r,9))) |
where Go(z) is the Barnes-G double gamma function. The last factor in (3.19) is the
reciprocal of Vol(U(¢)). It appears because there is a U({) gauge symmetry on the
instanton worldvolume which needs to be divided by. This also leads to the extra 27
in the cylinder diagram which arises from the volume of U(1) and which was already
included in (3.10). The upper signs correspond to a multi-instanton contribution and
the lower signs to the analogous multi-ghost-instanton contribution. Here, we have

‘ associated with the (7, s),-instanton (or

included the overall Stokes constant ng’s)
-ghost-instanton) sector.'® Finally, including insertions of external on-shell strings,

we can write the leading order non-perturbative correction to the n-point amplitude
Agh(p) as

) a .\ _ ers)e Fer? ®) e Gy(l+1)
An (507p):|: - S:I: € |:27T6Xp (ZO,2<<T7 8)7 (T‘,S)))] (27r)%£(€+1)
< o TT (#2800 ).97)) (3.20)

j=1
Several distinct instantons. We may further generalize to a system comprising
several distinct ZZ-instantons (or ghost-instantons), indexed by a set Z = {(r, s), , }.
Here, the subscript £,.s € Zs; denotes the multiplicity of each type (r,s) of ZZ-
instanton included in the system. In this case, the leading order non-perturbative
correction to the string amplitude Aﬁf’)(so; p) due to the multi-instanton system of
Z7Z-instantons Z is given by

A;b) (50; p)i

8Here we consider the generic situation in which each multi-instanton sector with ¢ ZZ-instantons
carries its own Stokes constant. See [53-55], however, for recent examples in the context of topo-
logical strings which provide strong evidence that in those theories the Stokes constants are in fact
independent of the multiplicity £ of a system of identical instantons. In this paper we will not
attempt to explicitly compute these Stokes constants.

— 31 —



(£r,s)?
:81{ [T ™ [orexp (200, rs))] " et 1 }
(

(27-‘—) §Zr,s(zr,s+1)

lrsls o
X { (expZiy((r,s), (1",))) }
(r,s), (r',s")eT
(r,s)<(r’,s")
b
X { 11 s (£ Z9)((r, 8)@))} , (3.21)
Jj=1(r,s)eT

where Z((f%((r, s),(r',s")) is the exponentiated cylinder diagram with distinct ZZ-

instanton boundary conditions (r,s) and (r’,s’) on each end. Again, the power
l.s Xl o to which this cylinder diagram is raised simply accounts for the Chan-
Paton factors of the open strings stretched between the two ZZ-instantons. We have
also included the Stokes constant 8Z associated to the multi-instanton configuration
specified by the set Z. Notice that (3.18) is a special case of (3.21) with £, = 1
{1+ =1 and all other ¢’s vanishing.

Y

Therefore, the only new ingredient in the worldsheet diagrammatics is the cylin-
der diagram Zgg((r, s), (r',s")) with distinct ZZ-boundary conditions for each end.
In the complex Liouville string, it can be computed as'’

dt r+r'—1 s+s'—1
b ib b .
RN S Rt LMD SN DRt o

r”%|r—r’|+1 s”%\s—s’H—l
r4r'—1 545" — /
. 2 2 —27rt)<1 —Qﬂrs”t”)
= — €
r’'= |7" r|+1 8= |s s'|+1
% 3 ((r"=1b+(s"+ )b~ ) ((r"+1)b+(s"—=1)b1) (3.22)

In contrast to (3.7), in this case we do not encounter divergences arising from open
string zero modes (assuming (7, s) # (', s’)) and the cylinder diagram can be evalu-
ated as was done in (3.9), with the result

B T (Db (7= D) (" + Db £ (7 + 1Y)
k’g{ O | O e sy (S Py }

2’| 41 s”—|s §/|+1
((r = )% — (s = 82672 ((r + )0 — (s + 8/)°b™%)
(r= )7 — (s + )P0 ) (r + 7% — (5 — S'WJ '
As noted in section 2.2, this cylinder diagram is just a specific example of gluing
two “trumpet” partition functions with ZZ-instanton boundary conditions, given by

= log { (3.23)

19Tn this case the measure of integration over the modulus ¢ of the cylinder is %, instead of 2;,
because the two ends of the cylinder are distinct.
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(3.4), with the measure —2pdp. Indeed, we see that (3.23) is exactly the same as
(2.56).

As we will see in the next section, this class of ZZ-instanton corrections is in
precise agreement with the dual matrix model, providing a highly nontrivial and
non-perturbative test of the duality.

Stokes constants and swap symmetry. We can easily generalize the argument
leading to (3.17) to the multi-instanton case. Z(()l’);((T, s), (1", ¢")) given in (3.23) is
invariant under swap symmetry, while the cylinder amplitude with identical bound-
aries Z((f:%((r, s), (r,s)) transforms correctly into its ghost counterpart. The origin of
the factor (—i)™ comes entirely from the disk one-point diagrams entering (3.21).

Thus imposing swap symmetry on the multi-instanton corrections gives

§t =8 =8~ . (3.24)

4 Non-perturbative completion of the matrix model

We now discuss the non-perturbative definition of the matrix integral. This is a
subtle issue since it is double scaled. Thus to define a non-perturbative completion,
we have to first go away from the double scaling limit, derive a formula for a non-
perturbative contribution and then take the double scaling limit. We will be content
with discussing the leading non-perturbative corrections. From the point of view of
the gravitational path integral, these correspond to ‘doubly non-perturbative effects’
[6]. They are particularly interesting since they probe the discreteness of the ma-
trix model spectrum, but are difficult to access directly from the gravitational path
integral.?’

4.1 Leading non-perturbative effects

Nodal singularities on the spectral curve. The discussion of individual non-
perturbative effects is largely analogous to the minimal string [11, 12]. They are
associated to nodal singularities in the spectral curve, which takes the form

x(2) = —2cos(mb*/2) , y(2) = 2cos(mby/z) . (4.1)

Thus, we expect one species of ZZ-instanton for every nodal singularity of the spectral
curve. They are labelled by r, s € Z-;, which indeed maps to the ZZ-instanton label
(r,s) in the bulk. As explained in [2], nodal singularities are located at

z(i y = (rb+ sb™1)? (4.2)

r,S

where the surface intersects itself, since Z(J; 9 and Z(y,5) MAPS to the same point under

(x(2),y(2))-

208ee also [56-59] for recent non-perturbative studies of matrix integrals dual to JT gravity,

minimal strings, and Virasoro minimal strings.
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Partition function. Let us first discuss the partition function A(()b)(So). The lead-
ing non-perturbative correction due to a single nodal singularity of the spectral curve
labelled by the pair of integers (7, s) can be written as [21, 60-62]

1

B, STNFTE L 43
oy rsO% ¢ + (4.3)

A (So) " =

. . . (b)

This has the typical form expected from resurgence. The exponential term S

means that this is a non-perturbative contribution in e=%. Corrections to this for-

mula are indicated by the ellipses and are suppressed by e™°. They are computable
by the non-perturbative topological recursion developed in [63].

The tension 7,2 is computed as [11]

+
#(r,5) 8e%0(—1)""¢ sin(7rb?) sin(wsb~2)
T = e /  won = 2 : (4.4)
Frs)
where wp1(2z) = —y(z)dx(z). This integral can be thought of as an integral over the

corresponding B-cycle in the spectral curve. The overall sign of the tension (4.4) is
ambiguous because we could have reversed the orientation of the integral. Thus we
have in fact two possible non-perturbative corrections with opposite tensions. We
indicated this by the subscript + and — in (4.3). These two contributions correspond
to the instanton and the ghost-instanton contributions in the bulk. We chose conven-
tions such that the sign matches the choice on the worldsheet, see (3.6). Notice also
that since b2 € iR, the tension is purely imaginary. Thus the exponentiated tension
is a rapidly oscillating function order 1 in Sy, and hence depends very sensitively on
the parameters.

ng’"’)l is a Stokes constant indicating the choice of Lefschetz thimble of the non-
perturbative correction. As a reminder of the notation, the superscript (r, s); denotes
the type of nodal singularity, with its multiplicity indicated in the subscript, which
map to the type and multiplicity of the ZZ-instanton on the string theory side. There
is a physically relevant choice that we will discuss below, but from the point of view

' are free constants.

(r,5)
of resurgence, 81
The prefactor %Bm is a one-loop correction mapping to the cylinder diagram

on the string theory side. It takes the following form in the matrix model [21],

2mes % dx dy dx dy T2
B,s = (209 72 (2 — (207 (30
’ Z(_T s) Z(—: s) (dZ (Z(T’S)) dz <Z(T’S)) dz <Z(T’S)) dz <Z(T’S))>
L2 PN
=i (2r ) (m) - (45)

We chose a convenient branch of the square root. The ambiguity of choosing the
branch can be absorbed into the Stokes constant. With this convention, we see that
(4.3) matches precisely with the worldsheet result (3.12) and (3.14) with n = 0.
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Correlators. We can also obtain non-perturbative corrections to correlators as
follows. For no operator insertions, Ag?()) = wélj()].
be obtained by applying the loop insertion operator .%,, which acts as a derivation,
since it can be written as a formal differential on the matrix model side with respect

to the Taylor coefficients of the potential [64]. We have by definition

Resolvents with more insertions can

Lowgn(z1,y .oy 2n) = Wgni1(21, -+, 20, 2) (4.6)

Crucially, this continues to hold in the non-perturbative sector. Thus the leading
non-perturbative correction to w§b)(50; z) due to a single nodal singularity of type
(r,s) is

r,8 1 T,8 ()
A (i 2) 07 = B ST T

+
1 (b) e
=¥ B 80T 2 [ L
2m o
(r,s)
Z(re)

1 T8 ®) b
_ 4[%37:355[ )1e:FTT,5 /Z wé’%(.’ z) 4.

(9)

1 s 1 1
_ JE%BT,SS! )1e:FTr(,bs) ( _ - ) dz +--- . (4'7)

+
z — Z(T’,S) z — Z(T’,S)

For a much more complete discussion on the non-perturbative corrections to the
resolvents, see [63]. A useful mnemonic for the action of n loop insertion operators
acting on a more general multi-instanton sector of the free energy of the matrix model
is shown in figure 6. In (4.7), the + - - - denote terms that are further suppresse(d 1)3y

7,8)1

powers of e, We now transform (4.7) back to the string amplitudes A(lb)(SO; Py
The transformation is an inverse Laplace transformation in the coordinate w = /z,

e27mp'w

W (So; w?) TN

AP (s = [
~ Amip

2mipw

= Res WP (Sg;w?) 1

— —1
T wsErbEsh 2p

_ iBT,SS(iT”S)leJFTﬂ‘) sin(27rbp) sin(2msb™!p) ‘ (48)
Tp
In particular the ratio is
Agb)(So;p)g_(,sh _ j:2sin(27rrbp) sin(2mwsb~1p) ’ (4.9)

A S0 g

which is identified with the disk one-point diagram in the bulk theory, see (3.4).
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n-point amplitude. We may generalize this computation to the n-point ampli-
tude by considering the action of n loop insertion operators on the matrix model
partition function (see figure 6, with the index « running over a single ZZ-instanton
of type (r,s)). The leading order contribution comes from the term in which each
loop insertion operator acts on the integrated matrix model differential wy ;, repre-
sented by the empty disk diagram in the mnemonic of figure 6, exactly as in (4.7).
Therefore, the action of n loop insertion operators precisely reproduces the leading
order worldsheet expressions (3.12) and (3.14).

(6—50.,%2") .. (e_So.,?zl) - exp ( F e Zaé + ZaZ’y 4. >

Figure 6: Mnemonic for the action of n loop insertion operators acting on the
(>°,)-instanton (or -ghost-instanton for the lower sign) sector of the partition
function of the matrix model. Here, the index « runs over all the instantons (either
of the same or distinct type) in the given instanton sector in consideration. The
loop insertion operator acts as a derivation on a given matrix model observable,
for instance on the differentials w, ;. Note that this calculation is entirely from the
matrix model side of the duality, but we use worldsheet diagrams as a mnemonic
of how the loop insertion operators act on a multi-instanton configuration. A
more precise formula may be found in [63]. The leading order contribution, of

S0, comes from the term in which

order 1 in the genus expansion parameter e~
each loop insertion operator acts on the sum over empty disk diagrams. Other
contributions give rise to sub-leading contributions in e~ in the same instanton

sector.

Multi-instantons. The non-perturbative contribution from a multi-instanton con-
figuration to the matrix model partition function was also analyzed in [21]. Again,
let Z = {(r,5)s,} denote a set of pairs of integers indexing the type of nodal
singularity /ZZ-instanton present in our multi-instanton configuration, with their
multiplicities indicated by the subscript ¢, € Zs,. Specializing to the complex
Liouville string, it was shown that integrating a number /, ¢ of eigenvalues along the
Lefschetz thimble of the saddle point (x(z7),y(z5,)), for each (r,s) € Z, results in
[21]

) s Goll, s +1
A(()b)(so):zt - Si ( H e:FZT,S TT’S (3T75)(ZT,S) 2( 7 ) )

1
(T’,S)EI (QW)QZT,S(Zr,erl)

X ( H (er,s;r’,s/)ererl’S,) ) (410)

(r,8), (r',s")eT
(r,s)<(r',s")
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where B, is the same quantity defined in (4.5) that maps to the exponentiated
cylinder diagram with identical boundary conditions. The lower signs correspond
to the analogous configuration of multi-ghost-instantons. The matrix model quan-
tity G, s, which maps to the exponentiated cylinder diagram with distinct ZZ-
instanton boundary conditions on the string theory side of the duality, is given by
[21]

(%
( -

(

%) ~ 20)) (i) = Fr)

%) ™ 20)) (Fir) ~ Fora)

(r—r")%* — (s — §)%072) ((r + r')%* — (s + §')*b7?)
N ((r—=r)20% — (s + 8)2672) ((r +17)20% — (s — §/)2b72)

Therefore, we see that (4.10), together with (4.5) and (4.11), precisely matches the

string theory result (3.21) with (3.23) for the case of no external on-shell vertex

b
7,8) r!,s’ r,s

er,s;r’,s’ = (
(
(

(4.11)

operator insertions.

In order to include on-shell vertex operator insertions into the multi-instanton
contribution, we can again make use of loop insertion operators. The leading-order
non-perturbative contribution from the configuration of ZZ-instantons indexed by
the set Z to the differential /resolvent wﬁb) comes from each loop insertion operator
acting on the sum of exponentiated disk diagrams (see figure 6). Denoting this
contribution by wl (SO, z)%, analogously to that of the string amplitude AL (SO; D),
we thus obtain that

b > G ETS 1
w;b><so;z>i=81( [T et (m, oo Calles £ 1) )

(271—) %er,s(er,s‘i‘l)

(r,s)ET
(2N
X < H (er,s;r’,s’) ’ )
(r,s), (r',s")eT

(r,s)< (’ s')
(M)
(M= = o [aties)) v w
TS)EI (rs)

Performing the inverse Laplace transformation to recover the actual string amplitude
correction Ang)(SO; p)L in exactly the same way as in (4.8), we finally obtain that

O sy =81 (] e, o e £
(rs)eT (2m) 2t (lrat)

(O TL ()™ )

(r,s), (r',s"eT
(r,s)<(r’,s")

) (f[ > [, E2sin(mrty) sin(27rsb‘1p>> e, (413)
Jj=1 (r,s)eT

p

which precisely matches the string theory result (3.21) with (3.4).
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4.2 Large genus asymptotics

From the leading non-perturbative corrections to the string amplitudes, we can ex-
tract the large genus asymptotics via resurgence. The computation is very similar
to what has been explained in [6, 13] and we will be somewhat brief in describing it.
Consider first the Borel transform

AY) (z Z ™ Alf,)l . (4.14)

g=0

It is related to the resummed amplitude via Laplace transformation

AP (Sy; p) = o~ (=50 / dze ™ Al (z;p) . (4.15)
0

The Borel transform has a number of singularities on the Borel plane at x* = +17; r(l;)
with TT(,Z) = eSOTT(,? whose local behaviour determines the leading large g behaviour
of Ag’%(p). Since the tensions are imaginary, the Borel singularities are all on the
imaginary axis. We claim that the local contribution from the instanton and ghost
instanton (r, s) takes the form

. . 50
o (2 {8)yn—3 (2% — (TT(,I?)Q)2 2sin(27rbp;) sin(27sb™ ' p;)
1 Pj |

.

(4.16)
Here we already assumed that 81 = 85:’8)1 = 8" This is necessary to obtain
an even function, which is obviously required in view of the definition (4.14). We
hence get a second argument for the equality of the Stokes constant of the instanton
and the ghost instanton.

To confirm (4.16), we deform the contour in (4.15) to go through the Borel plane
singularity and evaluate the integral via saddle point approximation. Performing the
saddle point evaluation precisely gives back the leading instanton correction.

It is now straightforward to extract the Taylor expansion coefficients from (4.16)
and expand for large genus to get

~NON 5 b2 1\ 2
A(b) ( ) N 'S(T,Sh (Tr,s ) 2 F(29 +n— 5) 2 1252 T(b))Q_Qg_n
g,n p s ~(b) 1 15 b2 1 ( T8
(_Tr,s)2 2272 =

n . ) . —1 )
" H 2sin(27wrbp;) sin(2wsb™ ' p;) @I
i=1

Di

The ratio of the square root of the tensions evaluates of course to ¢ or —¢ and the
ambiguity of the branch can be absorbed into the definition of the Stokes constant.
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Effective string coupling. This large genus asymptotics shows the (2g)! growth
that is characteristic for string amplitudes [25]. Moreover, we see that the effective
string coupling is

1 1

eff —So

gt = e = — . (4.18)
70 70

Rather strikingly, this effective string coupling is imaginary, so that the terms in the
genus expansion are alternating in sign. The origin of this alternating sign is actually
simple to track down — we explicitly put it there in the worldsheet description.
Indeed, recall from [1] that

5 — 3071 (Sin(ﬂbQ) Sin(ﬂb_2)>2

_ T oy A
bQ . b_2 - ?( 1,1) . ( ]‘9)
Thus we essentially multiplied the string coupling by hand by (Tl(bl))_1 This might
seem artificial, but is natural in light of the effective string couplings in the other
instanton sectors (4.18). Moreover, we know that we cannot change the phase of the
string coupling in the matrix model as this wouldn’t lead to a real density of states
in the matrix model.

The leading large order behaviour. Consider now (4.17) for r = s = 1. Since
|T L1 | < ]Tr(l;| for (r,s) # (1,1), this gives the leading large order behaviour of the
string amplitude. (4.17) simplifies to

AD)(p) ~ =811 1

g7n

T(2g+n— 3 " 1
(29+n ) T(b 9 2g- nH 2sin(27bp;) sin(2wb ™ p;) (4.20)

227?2 1 Di

1=

Of course, this still leaves the choice of $(:11 arbitrary. However, we implicitly fixed

it above by using that only one side of the saddle point gives a contribution and thus

8§D = 1 The sign is easy to fix since we know from the worldsheet that the

moduli space integrand is positive and the sign only comes from the leg factors and
1

the string coupling ¢¢¥. This leads to 811 = —3. We will also verify this again

below.

Comparison with perturbative amplitudes. We can check (4.20) directly by
checking with the explicitly computed A%. In general, this is quite complicated.
However, the perturbative amplitudes Agle simplify greatly in a large ¢ limit for
large (imaginary) values of b, where the sums over m; is dominated by the m; = 1
term. Recall that they were expressed as a sum over stable graphs,

A (p) = mAﬁ,r(p) : (4.21)

Every contribution A%r(?) is composed as a product over vertices (g,,n,), which
contain the Virasoro minimal string quantum volumes [13], which behave like I'(2g,+
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Figure 7: The large g asymptotics of the quantum volumes with imaginary b?.
The asymptotics breaks down near b? = 4, but this is not a problem since we are
interested in large b%.

Ny — g) in a large g limit. By counting the number of stable graphs, it is straight-
forward to see that the sum (4.21) is dominated by the trivial graph with a single
vertex. We called this limit the semiclassical limit in [2] and already observed the
reduction to the m = 1 contribution there. We can then use the explicit equation of
[2] for the large g asymptotics of the quantum volumes. That equation was valid for
0 < b < 1, while we are interested in large and imaginary choices of b2. We exploit
the b — b~! invariance of the quantum volumes and replace b by b~! in the formula
given in [13] for the large ¢ limit of the quantum volumes. Using the Mathematica
code provided in [13], we checked also explicitly that the formula remains valid for
imaginary b%, see figure 7. Inserting this asymptotics into the trivial graph with

m = 1 gives then

sin(mwb?)
- I'(29 +n— g) ( A(b))2—2g—n
2ir3(l—b4)z .

J

29—2+n n
AL ~ (- ) T Vesineen) Ve p)
) \/§ e )

2sin(27bp;) sin(2wb~'p;)
N bj '

(4.22)

n

This matches with what we found above, except for the factor (1 — b‘4)’%, which

is immaterial for large b%. In particular, we confirm the choice of the Stokes constant
8(171)1 .
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4.3 Negativities in the density of states

Let us recall from [2] that the density of states in the eigenvalues of the first matrix
is given by

9 E
p((]l)(E) = = sinh(—mib?) sin (—z’bZarccosh (5)> . (4.23)
m

We also remember that —ib? € Ry in our parametrization. The lower edge of the

energy spectrum is located at F = 2 with characteristic square root behaviour near
the threshold,

2
ASNE) =~ =2 W sin(nb?) VE — 2 . (4.24)
m

More interestingly, while p{"(E) is initially positive close to the edge, it reaches a

maximum at Fy ., = 2 cos( 2wb~2). For higher energies, it decreases again and has a
simple zero at Ey = 2 cos(wb~?), after which the density of states becomes negative.
See figure 8 for a representative plot.

There is similarly a density of states for the second matrix, which is derived
analogously and takes the form

(2)/ m(2)y _ 2 . N 2 E®
po (BEY¥) = %smh(mb ) sin (zb arccosh <_T)) ) (4.25)
supported on energies E? < —2. It similarly is only initially positive in the region
E® = —2cos(mb?) < E® < -2,

This is clearly unphysical. However, we should notice that this negative region
in the density of states only affects non-perturbative quantities since it is far away
from the branch point that controls the topological recursion.

The physical interpretation of the theory can be salvaged in the same way as
the non-perturbative instabilities in JT-gravity [6]. In JT-gravity, the integral over
the eigenvalues of the hermitian matrix is deformed away from the real axis in the
classically forbidden regime of the eigenvalues. We will discuss below the analogue
for the two-matrix model, but let us first review some generalities about the effective
potential and its saddle points.

Effective potential. Consider the effective potential that is felt by a single pair
of eigenvalues (A, 1) as a consequence of the presence of the other eigenvalues, see
[2] for a general discussion about this

Verr( A, i) = Vi(Ni) +Valps) — Aipti — Z log(A; )‘ 7 Z log(u J . (4.26)
JsJ 71 ]];éz

The first derivative at large N can be computed in terms of the functions

p(l) (:C') dz’

Y(z) = V{(z) — P/ 036 : (4.27)

—
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Figure 8: Eigenvalue density for b = %e%. Close to ' ~ 2 we find the char-
acteristic square root behaviour while the first zero occurs at Ey = 2cos(mb™2).
At this stage we need to deal with non-perturbative effects, which in particular
necessitate the deformation of the integration contour from the real F-axis into
the complex E plane.

(2) .1 /
X() = Vity) P [ (128)
It reads
O Verr(z,y) =Y () — vy, OyVer(z,y) = X(y) —x . (4.29)

We can integrate these equations to compute the effective potential in the large N
limit. It is useful to parametrize it through the uniformizing coordinate z on the
spectral curve and set x = x(2), y = y(2), this gives

Ver(x(2),y(2')) = / dx(2) y(2) + / dy(2")x(2) — x(2)y(2') (4.30)
= 4cos(mb'V/7) COS(Wb\/?) _ % (COS(WQ\/E) I COS(WQ\/E)>

Q Q
Lo cos(w?\/?) B cos(mQV/z') ‘ (4.31)
Q
Saddle points. The saddle point equation for the effective potential reads
Y(*) =y, X(y)=z". (4.32)

Let us explain that such saddle points correspond to nodal singularities of the spectral
curve which in turn are associated to ZZ-instantons. Recall from the definition of
the spectral curve (which we reviewed in [2]) that

Po(z,Y (x)) = Po(X(y),y) =0 (4.33)
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for a polynomial Py (before double scaling). Thus (z*,y*) is a point on the spectral
curve. One may think that the first equation in (4.32) implies the second one.
Assuming only the first one, we have (z*,Y(2*)) = (2*,y*) on the spectral curve.
Thus we can parametrize z* = x(z}) and y* = y(z]). But also (X(y*),y*) =
(X (y(z51)),y(z)) lies on the spectral curve by definition and so

(X(y(=0),y(2) = (x(20),y(2)) - (4.34)
Thus we have y(z]) = y(z, ), but this does not imply z; = z_ since y is multi-valued.
Indeed, they generically lie on different sheets. We get an instanton saddle if two
sheets collide as then 2 and z, correspond to the same point on the spectral curve.
In the case at hand, saddle points come in a two-parameter family z(fjs) = (rb+
sb™1)2 with r, s € Z= as appeared already in (4.2). We note that the change of sign
in the density of states precisely coincides with the location of the first ZZ-instanton
z(jil) on the spectral curve. Indeed,

x(z(iu)) = 2cos(mh?) = Eél) , y(z(il,1 ) = —2cos(mb?) = E(()2) , (4.35)

)
Similarly, higher zeros of the density of states correspond to the general (7, s) instan-
tons.

We now discuss the expansion of the effective potential around the saddle-point.
The effective potential evaluated on the saddle points gives the instanton and ghost-
instanton tension (3.6)

Ver(X(2,0), Y (25 0) = T Vea(x(2( ), ¥(2.) = =10 (4.36)

Thus the former possibility corresponds to the instanton saddle, while the latter is
identified with the ghost instanton.

We next want to compute the Hessian of the effective potential which arises
from expanding around the saddle. It cannot be directly evaluated from the effective
potential because one also has to keep corrections from shifting N when pulling out
the instantons and from the connected correlators of the Vandemonde determinants.
These ingredients together give the general answer for B quoted in eq. (4.5). We
refer to [21] for details. Nonetheless, computing the Hessian is still useful because
these corrections only constitute overall prefactors to the matrix.

The Hessian matrix around the ZZ-instanton location in the z-coordinate be-

comes
7-(2 R 1 o 1
Hess Ver(x(2,,), y(2,)) = g(bd L R L R I
(rb+sb—1)(rb—sb—1) (rb+sb—1)2
(4.37)
The eigenvectors of this matrix are unaffected by the aforementioned scalar correc-
tions and read
b2r2 40725241 /2(brd4b—4st)
v= | b2r2—b—252 . (438)
1
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Note that the first entry of the eigenvector is real. In particular, in the special case
of b=e% and r = s = 1, the eigenvectors are simply v = (1 1)T. This means that
the steepest descent contour near the saddles is entangled between the two matrices.

Convergence of the matrix integral. We now discuss the convergence of the
matrix integral and how this is connected to the negativities in the density of states.
For this, we integrate out one eigenvalue pair at a time. We are hence interested in
the integral

/ A\ dp e N VeaOu) | (4.39)
r

where (A, 1) = (Ay, ). In the large N limit, we can replace the effective potential
with its continuum version (4.31) with the caveats mentioned above. We could
also consider additional operator insertions in (4.39), but these do not modify the
discussion and we will omit them. We started by considering a hermitian matrix
model and thus would naively expect that the integration contour is I' = R? for
each eigenvalue pair. However, just like in ordinary JT-gravity [6], this leads to a
divergent integral. Thus, we will have to change the integration contour to get a
well-defined non-perturbative completion. This procedure is not unique.

For A and p far outside the physical spectrum (i.e. A < 2 and pu > —2), the
effective potential is dominated by the term —Apu. Thus the integral behaves like

/ d)\/ dpe™M (4.40)
AL2 u>—2

which is rapidly convergent. This shows that it was necessary for convergence to
have one set of eigenvalues bounded from below in the physical spectrum and the
other set of eigenvalues bounded from above.

For X or p in the physical spectrum, i.e. where the respective density of states is
positive, we also want to keep the contour unchanged in order not to lose the physical
interpretation of the integral. However, the integral over the full R? would diverge,
for example for the region A\, x> 0 or A\, u < 0. Thus it is necessary to deform
the contour in these dangerous regions. There are many choices of such contours
corresponding to different non-perturbative completions of the model.

One of the simplest is to consider the steepest descent contour starting at the
first ZZ-instanton, which matches with the change of sign in the density of states.
Thus for small i, we keep the contour unchanged and equal to the R? contour,
while the parts for large Au are deformed into the steepest descent contour passing
through the first ZZ-instanton. Thanks to eq. (4.35), the transition is precisely
happening when the density of states turns negative. Thus this deformation achieves
two things simultaneously: it makes the matrix integral convergent and it removes
the negativities in the density of states. It is difficult to describe this contour more
precisely because it in particular cannot factorize as the discussion of the eigenvectors
around eq. (4.38) showed.
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5 Discussion

We will now discuss a few interesting open questions and future directions.

Minimal string. The trumpet gluing procedure that we discussed in section 2.1
can actually be applied to all string theories, but becomes particularly simple for 2d
string theories. By this term we mean all string theories whose worldsheet effective
central charge satisfies co < 2, which we already discussed in [2]. Let us consider for
concreteness the (p,¢) minimal string, whose quantities we denote by a superscript
(p,q). In that case, the physical spectrum is finite and is labelled by the Kac-table
(r,s) € Kacp, with 1 <r<p—1land1<s<qg—1with (r,s) ~ (p—r,q—5).
Inverting the two-point amplitude Ag’ éQ)((r, s), (1", s")) gives rise to a measure on the
space of physical states. For the complex Liouville string, this measure was —2p dp.
For the minimal string, we can normalize string amplitudes such that the two-point
amplitude is orthonormal. Then the gluing of trumpets in the minimal string simply
reads

Zé{)ﬁq)(\lll’ SRR \Iln) = H Z Zg‘)lﬁr)lpet(\ljj’ (Tﬁ Sj»Ag{)hq)((Tla 31)7 R (rn’ Sn)) :
J=1(rj,s;)€Kacp q
(5.1)
Thus we find the gluing prescription for the minimal string developed in [14] to be
somewhat misleading, as amputated amplitudes termed p-deformed Weil-Petersson
volumes were defined using a continuous gluing measure, see also [65].

Such a gluing of trumpets is of course also possible for a full-fledged superstring,
but inverting the two-point function and summing over the full physical spectrum
becomes a daunting task in this case, which can at best be partially done using
level-truncation.

Open string insertions. Returning to the complex Liouville string, one can imag-
ine more general observables than the string partition functions ng,)z(\Il) by also in-
serting suitable open string vertex operators on the boundaries. These open string
vertex operators can be seen as boundary condition changing vertex operators. Thus
we can consider m boundary conditions W', ..., ¥™ on a single boundary condition
with boundary changing operators O%*! in between them. Such general observables
could hence be denoted as

Z0) (tr(01203 - O, L (0202 . o) (5.2)

‘g?n

We used a trace notation to emphasize cyclic invariance since the operators are
inserted on a circle. We suppress the boundary conditions in this notation. See
figure 9.

— 45 —



These more general observables are not naturally contained in the matrix model,
although many attempts have been made to incorporate them [14, 34, 66, 67].?! Some
of them were studied from the worldsheet for the minimal string and related theories
in [14]. They tend to be complicated: for example the disk partition function with
three boundary insertions with FZZT x ZZ boundary conditions is famously related
to the Virasoro fusion kernel [71-74] whose complexity is not reflected in the matrix
model.

However, one can treat such configurations with open string insertions just as
the partition functions discussed in section 2. In particular, such general observables
are determined solely from the knowledge of the partition function on the punctured
disk with open string insertions and the perturbative string amplitudes just as in
(2.32),

7®) (tr(O20% . .. O?Ll,l)? (0RO omely)

g,n
n

— [ (1162040 28y (0P O .01 ) A ) (53
Y j=1
This works because even though adding boundary vertex operators creates new mod-
uli, it doesn’t change the mapping class group of the surface. In particular, there is
no mapping class group element that acts non-trivially on the simple closed curve
along which the trumpet is glued and our comments of section 2.1 still hold.

Thus such observables do not contain new gravitational information which moti-
vates why they are not directly captured by the matrix model. The partition function
of the punctured disk should be computable by gauge theory techniques, since there
is no mapping class group to worry about. While we have not tried this for the
complex Liouville string, such an evaluation for the disk without punctures is known
in the case of JT-gravity in the form of diagramatic Feynman rules [75-77].

Subleading non-perturbative corrections. We have computed the leading non-
perturbative corrections from a given instanton sector. However, each such non-
perturbative sector has a whole tower of perturbative corrections on top of the leading
non-perturbative correction. On the matrix model side, these perturbative correc-
tions are captured by the so-called non-perturbative topological recursion [63]. The
computation on the bulk side involves the evaluation of more complicated bulk man-
ifolds with ZZ-boundary conditions. For example in the case of the one-instanton
correction, we have

A;b)(so;p)gfs)l = exp (eSOO + @) [@ . @

2In the ¢ = 1 string, however, a suitable infinite energy limit of open strings ending on FZZT

branes—called the long string limit—are known to correspond to non-singlet sectors of the dual
¢ = 1 matrix quantum mechanics [68-70].
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Figure 9: A genus-one contribution to an observable with one asymptotic bound-

ary and three boundary insertions. As in the case without boundary insertions,
this is computed by gluing a “trumpet” (punctured disk with the appropriate
boundary conditions and boundary insertions) onto the corresponding closed
string amplitude. Hence all the nontrivial content of these observables is cap-
tured by the trumpet amplitude. This trumpet is characterized by the distinct
conformal boundary conditions ¥; on the disk together with the data of the cor-
responding boundary-changing operators @“. We have used different colors to
emphasize the different boundary conditions on the disk.

+e—sO<@.®...@+.®...®
(D) O DO O
+@.®...®)+...

Such diagrams are naively divergent when applying the gluing formula (2.32) and

. (5.4)

naive analytic continuation does not lead to correct results. It would be interesting
to explore whether such diagrams can also be computed using a modified gluing
formula and matched with the non-perturbative topological recursion of [63].
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A BCFT in Liouville theory

Here we review the standard families of conformal boundary conditions in Liou-
ville CFT. They will play a role in the worldsheet formulation of thermal partition
functions and of ZZ-instantons. The simplest two families of conformal boundary
conditions in Liouville CFT are ZZ boundary conditions [15], which may loosely be
thought of as Dirichlet-type, and FZZT boundary conditions [78, 79], which may be
thought of as Neumann-type. Throughout the following, we adopt the CFT normal-
ization conventions of [13].

Z7 boundary condition. The ZZ boundary condition is labelled by a degenerate
representation of the Virasoro algebra [15]. By definition, the Hilbert space on the
strip with the (r,s) and (1,1) boundary conditions on each end is spanned by a
single scalar Virasoro primary, namely a degenerate primary with conformal weight
h,s (together with its (holomorphic) Virasoro descendants). By considering the
modular covariance of the cylinder diagram, one may deduce the main nontrivial
piece of OPE data (the disk one-point function of a bulk primary) as follows.

In canonical quantization on the half-infinite cylinder or, equivalently, in radial
quantization on the unit disk, the ZZ boundary states can be represented in terms
of the Ishibashi states |V},)) associated with the primaries in the bulk spectrum as

220)) = —i / dp o)UY . po(p) = 4v/2sin(2mbp) sin(2mb~"p) |
’ (A1)
where the function ¢Eﬁ,)s) (p) is the disk one-point function of the bulk primary V,, in
the presence of the (r,s) ZZ boundary condition and p,(p) is the OPE measure in
the conventions of [1]. The integration contour corresponds to the spectrum of the
theory (2.6). We take the Ishibashi states to be normalized as in (2.8a).
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The cylinder diagram with the (r, s) and (1,1) ZZ boundary conditions assigned
to the two ends is computed as follows

o _e (b [T b b
(22| e ot o) 770 ) = / dp o (Pl () (X (it)
! 2 . ;
= TrH(mMm)e r (Lo—37) _ XET)S) (Z) (A.2)

where
(rb+sb—1)2 _q—é—ll(rb—sbfl)2

ﬂle

O (1) =L

X(rs)\T , q=¢e" (A.3)

n(7)
is the torus character of the (r, s) degenerate representation of the Virasoro algebra.
The first line of (A.2), referred to as the closed-string channel, is computed by
expanding the conformal boundaries into Ishibashi states using (A.1). The second
line of (A.2), referred to as the open-string channel, admits the interpretation as a
trace over the Hilbert space of the CF'T on the strip with periodic length 27” Hence
(A.2) fixes the bulk one-point function of Vj, on the disk with (r,s) ZZ boundary
condition to be
_ 4V2sin(27rbp) sin(27sb~p)
po(p) '
Note that this modular bootstrap of the cylinder diagram does not determine the

(A4)

overall sign of the disk 1-point function (A.4).* ZZ boundary states defined with an
additional negative sign [80, 81], — |ZZE?S)), have been recently understood to give
rise to “ghost instanton” contributions [23, 24, 82, 83] to closed string scattering
amplitudes. They are relevant in the complex Liouville string and will be discussed
in section 3.3. Note also that (A.4) does not yet contain the contribution from the
leg-pole factor which still has to be taken into account when computing one-point
functions in the full string theory. Similarly, the more general cylinder diagram with
distinct ZZ boundary conditions may be evaluated by expanding the boundary states
into Ishibashi states (A.1), resulting in a sum over degenerate Virasoro characters

(b) HZT,_I Si_l (b)
b — _c b ;
<ZZ(7-75)| e t(LO+L0 ) ‘ZZ(T’ / > == X(,,,//’S//) (Z) 5 (AB)

r”%|r—r’\+1 5”%|s—s’H—1

where the notation = indicates that the variable increases in steps of 2. For the (7, s)
77 boundary condition, there is no further nontrivial BCFT data.

FZZT boundary conditions. The second type of conformal boundary conditions
we will need comes in a family known as the FZZT(u) boundary conditions [78, 79]

22In a unitary conformal field theory, such as Liouville CFT with b € R, one can always work in
a basis of Virasoro highest weight states such that the different structure functions are real-valued.
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labeled by a single continuous parameter u, that will be described shortly.** In this
case, by definition the spectrum on the strip with (1, 1) ZZ boundary condition and
FZZT boundary condition consists of a single Virasoro primary of non-degenerate
. Q2 9 o i

weight h = - — u” together with its Virasoro descendants.

Again, consideration of the modular covariance of the cylinder diagram fixes
the first piece of BCFT data, namely the disk one-point function ¥® (u;p) of a
bulk primary V), in the presence of an FZZT(u) boundary condition. Expanding the

corresponding boundary state in terms of Ishibashi states,

2210 ) = —i [ T )0 (s )V (A.6)

the cylinder diagram with ZZ; 1) boundary conditions on one end and FZZT(u)
boundary conditions on the other is evaluated in the closed- and open-string channels
respectively as

—100

FZZT® (1)) = —i /0 dp o’ (D)) () (u; p)x P (it)

<ZZE?)1) ‘ e*ﬂt(L0+Z0*ﬁ)

This in turn fixes the bulk one-point function to be

B 22 cos(4mup)
po(p) '

O (u; p) = (A-8)
Note that the FZZT parameter u plays the same role as the parameter p, which
labels the Liouville momenta and the conformal weights of Liouville vertex operators.
Hence, in this paper we will be interested in the locus

v

uee 4R, (A.9)

as is the case for bulk vertex operators [1].

On the other hand, the spectrum on the strip with distinct FZZT(u;) and
FZZT(us) boundary conditions on each end consists of a continuous spectrum of
boundary Virasoro primaries 1,12 (and their descendants) labelled by a Liouville

momentum p with conformal weights h, = %2 — p?. Furthermore, for the FZZT
boundary condition there are additional nontrivial BCFT data, namely the bulk-
to-boundary two-point function and the boundary three-point function on the disk

[73, 84]. However, we will not make use of these further data in this paper.

23In the literature it is conventional to label the FZZT boundary conditions by a parameter s.
Here we are using u to avoid confusion with the integer that is used to characterize the ZZ boundary
conditions.
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B A check of the factorization condition

In this appendix we provide a simple check of the factorization condition (2.30) for
the case in which we glue a single boundary to a sphere n-point string amplitude
A (p). In this case, the LHS of (2.30) is

g=0,n

327T4C'](3b2) <SiIl(7Tb2) sim(7rb_2))2 (B.1)
cPel) b — b2

The normalization constant C’S(Z) associated with the sphere topology was determined
in [1] and is given by

) sin(7b?) sin(7b~2) \ *
cy :327r4( g . (B.2)

Therefore, (B.1) is precisely equal to 1.
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