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Abstract

We investigate the emergence of infinite-dimensional symmetries in the absence of gauge invariance
by analyzing massless scalar theories. We construct an infinite tower of charges that arise from the
subleading equations of motion at null infinity and are built from specific combinations of asymptotic
field coefficients. Interestingly, these expressions are finite from the outset, requiring no holographic
renormalization. By carefully analyzing the dynamics at spatial infinity, we show that this tower
of surface integrals commutes with the S-matrix of the interacting model. As an application, we
demonstrate that these symmetries lead to an infinite set of subleading soft relations, valid at tree-
level in a cubic interaction with massive scalar fields.
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1 Introduction

Soft theorems are manifestations of the universal behavior of long-range interactions. Over the past
years, they have evolved into a rich framework for exploring symmetry enhancements in the asymptotic
region of spacetime, unveiling connections with the holographic principle in flat spacetime and the
underlying infrared structure of gravitational and gauge theories (see for a general review on the
topic).

The primary aspect of these developments is that massless gauge fields encompass an infinite set
of improper gauge transformations at the boundary of spacetime. These transformations alter the
physical state, producing an infinite set of conservation laws expressed as surface integrals. In the

quantum theory, these charges are symmetries of the S—matrix, which implies the soft theorem as a
Ward identity [11].



This infinite set of conserved quantities has played a key role in identifying soft theorems at both
leading [11516] and subleading [17-21] orders in the energy of the emitted soft particle. More recently,
similar symmetry-based arguments have illuminated loop-level corrections as well [22-25], suggesting
that the infrared perturbative expansion of massless gauge theories can be reorganized through the
action of infinite towers of charge operators.

This naturally raises the question of whether the infinite-dimensional symmetry underlying these
charges originates from the universal structure of the soft expansion in quantum field theory. In elec-
trodynamicsﬂ these type of charges have also been shown to emerge from the asymptotic expansion of
the field equations [30-33]. Their conservation in a scattering process is consistent with diagrammatic
results [34,35], where the leading and subleading terms correspond to universal soft theorems, while
subsubleading terms become non-universal, depending on the specific interaction.

In particular, the results of [31] show that infinite towers of conserved charges can still emerge from
the subleading equations of motion near spatial infinity, independently of the universality of the soft
expansion. These include the charges associated with both the leading and subleading soft theorems,
along with an infinite extension beyond them that captures subsubleading structures not constrained
by universal soft behavior [36]. Notably, the surface integrals constructed in [31] offer a notion of
conservation that does not necessarily rely on Noether’s theorem, pointing to a broader origin for the
underlying symmetry structure.

In this article, we explore the type of conservation law discussed in [31] in the context of interacting
scalar theories. Since these theories lack gauge symmetry, they serve as particularly simple models
for studying asymptotic dynamics. Despite their simplicity, they offer valuable insights into how such
dynamics constrain the infrared behavior of quantum observables. In particular, it has been shown that
the leading soft theorem governing the emission of massless scalars is linked to an infinite-dimensional
symmetry arising at the intersection of past and future null infinity [37}38].

We present a systematic procedure to construct an infinite tower of surface integrals that commute
with the S-matrix of interacting massless scalar fields. To show this, we notice that the dynamics of
the massless scalar obeys the free field equation close to spatial infinity. This simplification permits us
to use the results presented in [39}40], where the antipodal conditions relating the dynamics of future
and past null infinity have been found for the subleading components of the scalar field E|

Our approach offers a structured way to interpret subleading energy corrections as conservation
laws. The surface charges we construct emerge from specific linear combinations of the coefficients in
the asymptotic expansion of the massless scalar field. This makes them manifestly finite from the outset,
eliminating the need for holographic renormalization.

Crucially, the infinite-dimensional symmetry encoded in this tower of surface integrals arises from
a simple but powerful condition: in the absence of News and external sources, the charges remain
conserved along retarded (or advanced) time.

To illustrate the power of these symmetries, we turn to a scalar version of Yukawa theory and we
analyze the diagrammatic emission of a massless scalar. At leading order in the cubic interaction, we
can isolate a contribution to the amplitude that factorizes the hard process from the massless emission.

! A similar construction of charges for asymptotically flat gravity was first explored in [26] and later generalized in a broader
context in |27H29].

2The analysis of the asymptotic equations at spatial infinity and its relations with matching conditions at null infinity was
first studied in [41] for gravity. See also [42] for an extended treatment that includes non-linearities.



This precise relation can be rederived as a set of subleading soft Ward identities that come from each
conservation laws. We focus on the tree-level regime, corresponding to leading order in the coupling.
In this approximation, the asymptotic expansion of the scalar field does not develop logarithmic terms,
so the tower of charges remains finite and well defined. Beyond tree level, logarithmic corrections are
expected to appear and would modify the structure of the charges, a point to which we return in the
Discussion [Bl

The plan of the paper is as follows. In Section , we introduce the scalar Yukawa model and derive
the subleading soft theorems from a diagrammatic expansion of the scattering amplitude. In Section
, we analyze the asymptotic dynamics of the massless scalar field and construct an infinite tower of
conserved surface charges. We then demonstrate their conservation across spatial infinity and identify
their decomposition into soft and hard contributions. We also analyze the matching condition at time-
like infinity due to the coupling to massive states. Section is devoted to deriving the subleading
soft theorems from the conservation of these charges. We provide explicit expressions for the action
of the soft and hard charges on the asymptotic states. In Section , we discuss the implications of
our results, including potential generalizations, and the relevance of logarithmic and loop corrections.
Technical details, including properties of the Green’s functions and differential operators on the sphere
and hyperboloid, are collected in the Appendix.

2 Subleading soft expansion for an interacting scalar model

We are interested in the amplitude for the emission of a massless scalar ®. For simplicity, we consider
an interaction with a massive field ¥ through a Yukawa-like term,

S[®,¥] = /d4x (—é(@@)Q — |0U]? — M2UT* + gxw*cp) : (2.1)

In this section, we derive an infinite set of soft relations using a diagrammatic analysis. In general, a
scattering amplitude involving N massive particles (continuous lines) and one massless scalar emission
(represented with a dashed line) contains the following Feynman diagrams:
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Applying the Feynman rules, these diagrams yield
Ans1(p,ky bz, ki Z I Aty kg 1Dy s k) + N (5, ) (2.2)

2p - kj



with n; = 1 for outgoing particles and 7; = —1 for incoming particles. If the momentum of the massless
scalar particle is parametrized as p = wq, with ¢?> = 0, the particle is said to be soft in the limit w — 0.
At this point, we assume that the amplitude admits a Laurent expansion in the soft energy w. This
is the standard procedure used in the derivation of soft theorems at tree level, where amplitudes are
meromorphic functions of external momenta. Beyond tree level, loop corrections are known to generate
logarithmic terms in w (see e.g. |43]), which would obstruct such an expansion. Since our analysis is
restricted to tree level, the Laurent expansion adopted here is consistent and sufficient for deriving the
tower of subleading soft relations. Assuming that both functions Ay and N are both analytic in the
momentum p, we can expand each one of them in a Taylor series around w = 0

al 977 — :
Anyi(wa, ki, ko, ..o kN Z J 77;‘7 (Q) An (k... k)
: J

J=1

0o o o l
+ZZ:l!<q'8p> Npikty oo kn)lpg - (2.3)
~0

This construction is similar to that presented in [36], but applied to the scalar case. Notice that the first
term is determined to all orders of energy w as a differential operator acting on the N —point amplitude.
The second term contains derivatives of N" at ¢ = 0 and represents generic non-factorizable loop order
contributions.

We want to focus on the first term of the expansion (2.3). Acting with the operator 97(w-) and
taking w — 0 limit, we can single out the n — th term of energy expansion

Jim 0 (wAN+1) Z 20y o) Avtnla g, N(p;ky, -+ kn)lp=0.  (2.4)

Interestingly, both terms are homogeneous functions of degree n — 1 in the variable q. However, the
first term is factorizable because it corresponds to an operator acting on the N —point hard amplitude.
Furthermore, it contains a single pole at ¢ - k; = 0.

To project out the N-term, we will act with a differential operator that removes all the non-
factorizable contributions . A natural parameterization of the null vector ¢* is ¢* = (1,q), where
¢ is a unit normal vector to the sphere satisfying g2 = 1. This allows us to express

2\ l
<q8p> N(pykha Z 1 n’l1, BT (25)

k=1

where n;, ... ;, are coefficients depending on the derivatives of N. But since the product of unitary

7ik:
vectors on the sphere is a (reducible) representation of the spherical harmonics, one can prove that

9™ G gty =0, 2 =T[(D*+kk-1)), (2.6)
k=1

where D? is the Laplacian over the sphere. A proof of this statement using induction is presented in

Appendix (A.1)).



Applying 2™ one finds

N n+1 8 n
2™ hm N (wAN11) = 2™ Z 9773 <q : > An | - (2.7)
J=1 J) ‘%j
It is important to note that due to the simple pole in g, this term is not annihilated by the differential
operator 2. The previous expression is commonly referred to as the n-th subleading soft theorem.
In this work, we will show that it follows from the existence of an infinite tower of surface integrals that
commute with the S-matrix.

To clarify potential ambiguities in (2.7]), observe that the operator ¢ - a%j does not preserve the

mass-shell condition of the hard external particles. However, the subsequent action of 2™ eliminates
any discrepancy arising from this fact, ensuring that equation holds on-shell. Moreover, we follow
the same prescription as in [44], where the N-point amplitude Ay is taken to be on-shell. Accordingly,
the subleading soft relations are valid when one first uses momentum conservation to eliminate one of
the hard momenta and then takes the soft limit w — 0.

3 Charge construction

3.1 Radial expansion of the massless scalar field in retarded null coordinates

In this section, we demonstrate that an infinite tower of charges, describing the subleading soft scalar
theorems at any order in frequency, can be derived by solving the wave equation in the presence of
a source. This derivation relies on a series expansion in inverse powers of the radial distance of the
scalar field ¢. To construct the subleading charges, we will impose the following condition: we consider
a linear combination of the various orders of the scalar field and require that, in the absence of scalar
radiation and hard fluxes across the boundary, the resulting expressions do not change under evolution
in retarded time. This condition uniquely determines both the soft and hard charges.

Let us express the equations of motion for the massless scalar field ¢ (z) in the presence of a external
source J. By using retarded null coordinates (u, T, xA), which are related to Minkowski coordinates x*
by

2 =u+r, ' =rnt.

Here, 24 with A = 1, 2 represents coordinates on the two-sphere, and 7 is the unit vector normal to the
two-sphere. In spherical coordinates, this vector is given by n = (sin 6 cos ¢, sin 6 sin ¢, cos 6).
In retarded null coordinates, the wave equation

O¢ = —J, (3.1)

takes the form,

2ar¢ 20,0

—20,0,¢ + 02 + —= —DQQS =— (3.2)

We model the effect of the interaction by 1ntroducmg a generic external source J. This simplification is
sufficient to capture the tree-level dynamics relevant for the derivation of the subleading soft charges.
Indeed, in the Yukawa theory considered here, the current J is generated by the massive field, but to



leading order in the coupling, its backreaction does not alter the free propagation of the massless scalar
near null infinity. In this approximation, the field equations reduce to those of a free scalar sourced
linearly, which is precisely the regime where our construction of conserved charges applies. Nonlinear
effects, such as those responsible for logarithmic terms in the asymptotic expansion, only appear beyond
tree level and therefore lie outside the scope of the present work.

Let us consider the expansion of the scalar field and the current in a series in inverse powers of the

radial coordinate:
o®) (u, 24 JE) (u, 24
IETD Prats U= N prau L) 3

k=0 k=0
Substituing this expansion into the field equation (3.2), one obtains the following recursion relation
[451/46]

1
(k+1) — ___*  [p2 Noe® 4 = k)
Duh S0 1) [D*+k(k+1)] ¢ +2(k+1)J :

for k = 0,1,2,.... It is important to note that ¢© (u, xA) is not determined by the field equations;

(3.4)

rather, it constitutes part of the free data. Consequently, the radiation field at infinity is encoded in
its time dependence. In other words, the scalar Bondi News are given by 9,¢(?). This can also be seen
from the expression for the energy flux across null infinity [47]
2
Ap=lim | BT, = /j dud’zy/y (au¢<0>) :
that has been derived from the projection of the scalar stress-energy tensor on the u = const surface.
Here ~ denotes the determinant of the metric of the round 2-sphere v4p5. This expression is the scalar
field analog of Bondi’s energy loss formula, indicating that the energy flux vanishes if and only if

9,0 = 0.

3.2 Infinite tower of charges

We turn to the construction of the infinite tower of conserved charges at future null infinity .# " that
will be associated with the emission of a massless scalar. At the end, we comment on the suitable
modifications of this construction for the derivation of the same charge at past null infinity .% .

As an ansatz for the m-th charge, we propose the following linear combination of the various orders
of the scalar field

Qemy =2 %92 /A iy o, (3.5)
k=0

where the integral is taken over the celestial sphere. The case m = 0 represents the charge used in [37]
to obtain the leading scalar soft theorem.

The coefficients uz?g) are determined by imposing the following condition: the charge Q(,,) must be
conserved under the continuous evolution in retarded time, i.e., dQ ) /du = 0 when there are no News
(¢(® = 0) and external currents (.J = 0) are absent.

By applying the recursion relation , it is straightforward to demonstrate that in the absence of
News and currents, the u-derivative of Q(,,) is given by:

m—1 +
1
— 2 + m + (k?+1) 2 k o
DuQm) = in d”z\/y [(3uﬂ(m)> o™ + kE_O (%u(k) I [D? +k (k + 1)]) ¢ )] =0.



Consequently, the above condition uniquely determines ,u&) for any given values of ¢(*) through the
following recursion relation:

1

1D [D? + & (k+1)] iy (3.6)

+ _

8uﬁ‘(k) =

for k=0,1,...,m — 1, and where 9yfi(;,y = 0. The conserved charges can be explicitly constructed by

integrating the preceding equations and substituting the results into Eq. (3.5). The general solution is

a linear combination of m functions on the sphere. For our purposes, it will only be necessary to work
with the particular solution for M&)’ which can be expressed as

m—k

+ ~ E m—k k! 2 . . ~
Ko™ =(3)" i [T (0% (m i) (m =i 1) ) 1), (3.7)
that contains a power dependence on the retarded time and is also parametrized in term of a single
arbitrary parameter on the sphere, denoted by fi. This relations works for & € {1,...,m}, and p,, =
f+(n). Plugging back this parameter in the charges on finds the following general expression for the

¢(m—k)> )

(3.8)
In order to visualize the dependence on differential operators, we explicitly write down the first four

m-th charge:

k

Q(m)[f+]:j{ NI ( m)—i-z 'k' k[H(D2+(m—n)(m—n+1))

n=1

charges
Qo it = § oy 1 @0
Q1] = f oy e @) (0 + 50%0)
2
Q) [1:]1= f oy 1o () [0+ (074 2) 60 4 %DQ (0 +2)49)].

Q)= f &7 £ [0+ (07 6) 6 + 2 (2 42) (07 +6) 6
3

M p2(p2 2 (0)
+555 0 (D*+2) (D*+6) ¢ }

where we can see the emergence of differential operators that annihilate higher-order spherical harmon-
ics. It can also be noticed that the first elements of this tower of charges resemble the results found
in electromagnetism for the subleading soft theorems [21}/31], where the role of #"®) is played by the
subleading orders of the radial electric field F&f)

So far we have defined the surface integral on any sphere at null infinity. Considering this
expression, it is natural to wonder about the finiteness of (), in the limit v — +oo. To demonstrate
that, it is essential to show that our expansion contains no log(u) terms in it. Indeed, let us assume



that the field ¢*) can be expanded as

O (u,at) = 3 o ). (39)

mMEZ

(k,m)

In this notation, ¢ is the term that goes as u~™ and r~*~1. Replacing this expansion in (3.4), we

find a particular subsidiary condition from the order O (1/u),
(D% + k(k+1))p®Y (24 = 0. (3.10)

Since the massless field interacts with massive particles, one can assume that the external current J
does not have support on .#*, so the additional terms proportional to the current can be neglected.
Applying this equation to ensures that, after integrating in w, the term proportional to log(u)
will vanish. Furthermore, integrating order by order the sequence given in , we obtain a general
expansion for ¢*)

k—1

up k _ 1

) (u, 2) = ) + E T sz [T (0% + 1 +1)e* 2O ) + 0 <u> (3.11)
l=k—p

Combining this formula with (3.8)), we obtain the simplified version of the charge evaluated at u — —oo
- ?{ P Lm0 ), (3.12)
B

demonstrating that it is finite as u approaches —oo. It is important to emphasize that the same u-
independent term will be obtained by performing an expansion as u approaches +oc.

Past null infinity analysis: The analysis presented before can be replicated at .# ~, by noticing that
the recursion relation (3.4) changes to

L m

(k+1) 1 2 (k) -
By =+3 [D*+k(k+1)] ¢ +2(k+1) :

TCESY (3.13)

where v = ¢t + r is the advanced time. This implies that the condition on the parameter ,u@) will
differ by a sign from the one obtained in (3.6). Therefore, the corresponding particular solution for this
parameter will be given by

m—k

by (0. 71) = (—;’)mk(m_k;)lm‘ <H (D? + (m — i) (m—i+1))> f-(@). (3.14)

In what follows we will determine the matching condition between the parameters fi and f_ so that
the charge constructed here is conserved in scattering processes.
3.3 Infinite tower of conservation laws

The charges discussed in the previous section suggest the existence of an infinite set of conservation
laws. This can be shown by carefully examining the field equation for ¢ in the vicinity of spatial infinity



i%. Our approach closely follows the analysis presented in [39,/40], where the general solution has been
studied and constructed in detail.

The wave equation in the neighborhood of i provides a smooth limit that connects quantities defined
on the past boundary of future null infinity, .# " (as u — —00), with those on the future boundary of past
null infinity, .#," (as v — 400). Using this correspondence, we will establish the following conservation
law:

il = Qunlf-1] - (3.15)

(m) gt (m) i
For this equality to hold, we must assume that the parameter f is antipodally related on the sphere,
following the condition

J+@) = (-1)"f-(-2), (3.16)
where T = (6, ¢), and the notation —Z indicates the antipodal transformation —& = (7 — 6, ¢ + 7).
We recall that m-th component of the field evaluated on u — —oo reduces to

Gl = § o ir@emo@). (3.17)
A similar evaluation close to ., yields the expansion in the advanced time for oM (v, x), giving
Qulil = _dair-@em0@). (3.18)
+

We shall examine the wave equation near spatial infinity to demonstrate that the two surface integrals
discussed above are identical, provided (3.16|). We start by reviewing some of the results presented
in [39,/40]. Hyperbolic coordinates are used to foliate Minkowski spacetime close to space-like infinity:

t
n=Vr2—t>, s=-. (3.19)

r

In these coordinates, the scalar field admits the decomposition

> 1—k .
o(n,s,8) =Y > (1-s) 2 g FDeM (5, (@), (3.20)
k=0 I,m

which reduces ¢ = 0 to a linear second order differential equation for the functions @l(:;) ,

(1 - 020" 4 2(k — 1)50,0) + 11+ 1) — k(k — 1)] O =0, (3.21)

m

that for k& = 0 corresponds to Legendre’s equation. The generalization for 0 < k < [ can be expressed
in terms of the Gegenbauer’s polynomials P;(s) [48]. In this case, the solution reads

O (s) = (1 — )P/ (s). (3.22)

m

There is also a branch of solutions for £ > [, given by polynomial solutions. Details on this specific
form of this family of solutions can be found in Appendix A of [39]. Following their conventions, we

will denote these solutions as @l(f;) (s) = f’l(f;rlﬂ)(s).



It is important to note that a separate class of solutions to contains logarithmic terms.
However, such solutions are excluded from our discussion under the boundary conditions assumed here,
specifically (3.3) at #*.

We Would hke to read off the component ¢*0) from the solution . Expressing hyperbolic
coordinates in terms of retarded time u =t — r, we find

o, @) =3 | Y T ef, PE (1 u/r) Vi (@)
k=0 \I>k,m
- S5(k+1/2)
+l<zk: (1+2) of PEYD (1 4w/ Vi (@) | (3.23)

where @fm are integration constants. Let us note that terms in the sum with [ < k have an explicit
dependence on u. Therefore by comparing the above expansion with (3.11]) and (3.3), only the leading
term in the sum with [ > k£ will contribute. This yields

= > e PP )Y@ (3.24)

I>k,m

Analogously, one can find that using the advanced time v, the v-independent component of the scalar
field reads

= 3" o P (-1)Yin (). (3.25)
I>km
By means of the key property satisfied by the Gegenbauer polynomials, P,gk)(s) = (—)”P,sk)(—s), we
find that
k0), ~ k,0) /~
oy (-8) = (-1)657 (@), (3.26)

which shows that the charges Q,)[f] are indeed conserved ({3.15)).

Transformation properties under Poincaré: Since the asymptotic conditions for the scalar field
are invariant under Poincaré symmetry, we analyze the transformation properties of the field
$(m0) (z) that is central in the charges constructed before. Infinitesimally, these transformations are
generated by vector fields £ whose components in retarded coordinates are given byE|

€' = @)+ DAYA@), € = —1( + DAY AR) + D2 Aoyl %WABDB?, (3.27)

where translations are represented by the function «, and Lorentz transformations are encoded in the
vector fields Y4 on the sphere. A useful decomposition is given by

~ S 7 -~ 1 =
a@)=—ag+a-n, YA=DAB -n)+—eBDp( 7). (3.28)
VA
Here, ap and & correspond to global time and spatial translations, respectively. The vector Y4 is
expressed into boosts, represented by gradients of the unit normal vector 77, and rotations, characterized
by the constant vector Q acting through the curl of 7.

3 A similar expression is obtained in advanced coordinates using the matching condition.

10



Computing the Lie derivative of the scalar field gives the transformation laws under translations
and Lorentz transformations. One finds that the u-independent part of the field transforms as

5000 = ad, ™ + (n + 1)(@ - 2)p™ 1Y 4 94 (@ - R)Pap" 1O
0) A ,0) ( 1) A 4 (n,0) (3.29)
Sy ™0 = Y49 ,400 4 22— D,y Apn0)

Under global translations, the field mixes with the preceding order in the radial expansion of ¢. Un-
der Lorentz transformations, the decomposition shows that ¢(™9 transforms as a scalar under
rotations, while under boosts it behaves as a density of weight (n 4 1)/2.

From the perspective of the Celestial holography program (see e.g. [49,|50] for a review on the
subject), one can characterize the field (™0 using coordinates such that y4pdzddz? = 2dzdz is locally
flat. The action under boosts then becomes

= 1
Sy (10 — Y29 p(n0) |y 2y pm0) 4 (n ; ) (

8,Y* + 9;Y7) o0 (3.30)
demonstrating that the field ¢(™?) is a (”T‘H, "TH) primary operator under the global SL(2, C) conformal
group in two dimensions.

3.4 Soft and hard charges

Note that the tower of charges in Eq. is defined at any retarded time u. In particular, they are
conserved under the evolution in w in the absence of News and external currents. However, to make
contact with the soft theorems, one must account for non-trivial fluxes across the boundary.

Following Strominger [10], it is convenient to define the charge at .# " (the limit as u — —oo in .# 1)
and allow for non-vanishing radiation across the boundary. Thus, the relevant charge is given by:

¢(m—k)> _

(3.31)

A similar construction can be straightforwardly implemented at past null infinity .~ to define the
charges Q(*m) [f]. Let us focus on for concreteness.

By applying Stoke’s theorem, the charge can be decomposed into two contributions: one

evaluated at #* and the other at fj (the limit u — +oo of #). Furthermore, we apply the

recursion relation , under the assumption that the currents J*) vanish fast enough close to .# 7.

U——00

m k
Qe [f+] = lim dmff+ <¢<m +Z o m'k‘ H — 1) (m —n+1))
k=1 n=1

This assumption holds because we are considering massive hard particles that never reach .#*. Thus,
one obtains

Qumy [f+] = @5 [£1] + Qb [ £4],
Withﬁ

Q1] = _W /y+ Peduy77™ [y u"0,0" (3.32)
Qi [fy] = 72 d2$\ff+¢j2- (3.33)

“We define the operator 2 as the identity

11



Here, we use the term “soft charge” to refer to the piece of the charge that depends solely on 9,¢(®) and
is integrated over .# . However, this terminology should not cause confusion, as these charges are not
necessarily associated with massless scalar particles of very low energy. As we will demonstrate in the
following sections, the charges for m > 1 are associated with subleading soft theorems, which generally
involve higher values of the frequency.

To derive the m-th subleading soft theorem from the conservation of the m-th charge , it is
necessary to simplify the expression for Q224 and then express it terms of the creation and annihilation
operators of massive particles. This analysis will be addressed in the next section, by studying the
behavior of a massless scalar field sourced by an external massive current.

3.5 Asymptotic dynamics at i

The purpose of this section is to provide an expression for the field ¢ close to time-like infinity compatible
with the asymptotic behavior displayed at the future of .# 7, represented by . Since this region of
the conformal diagram is only reached by massive fields, we will analyze the dynamics of a massless
scalar field sourced by J through the equation , where the external interaction admits an expansion
around time-like infinity i* given by

o
In(Y)
J=> g ol (3.34)
n=0
where 7 is a time-like coordinate that parameterizes the hyperboloids z#z,, = —72. This relation means

that we can choose embedding coordinates such that
(1, p,T) =7Y* =7(\/p2 +1,pn), (3.35)

where 7, p > 0, with Y a time-like vector with normalized to Y - Y = —1. The Minkowski line element
then reads

d2
d82:—d7'2+7'2( P

T4 2 + pQPyAdeAd:UE;) . (3.36)

We can now solve the equation (3.1)) by assuming the following expansion of the field

Px)=> ‘%ﬁ) : (3.37)
n=0
obtaining
(A - (77,2 - 1)) ¢n(Y) = _Jn<Y) : (3'38)

We can express the solution in terms of the Green function on the hyperboloid, finding
1
$n(Y) = / PV GV Y)Y, with (A= -1) GV Y) = -Z=6Py-y),  (339)

we note that y* = (p, z4) are coordinates embedded in the hyperbolic plane and A denotes the corre-
sponding Laplacian operator.
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Since this manifold is a homogeneous space, the solution G, must be a function of |Y — Y’|?, or
equivalently, of 0 = —Y -Y’. Solving the homogeneous equation in terms of o and imposing the presence

of the source condition at Y = Y’, we find
1 1
4 /52 — 1o +Vo2 1)

In finding the above solution, we have chosen the branch that vanishes when o — co.

Gn(Y,Y') :=

(3.40)

We can now map the information at i*, provided by the sources J,,(Y'), with the coefficients o)
fj_r. To do so, we use the relation between the retarded Bondi and the hyperbolic coordinates

u=1(/14p2—p), r=1p. (3.41)

In particular, one can see that 7o = —u(Y"?) + r(q - Y') where Y"° = \/1+ p? and ¢ = (1,3) a null
vector. Furthermore, it is possible to show that for large r, we find

Gn(Y.Y') 1 1 — :
sl g pntl (=2Y - q)nt1 T Z yntk+1 Ry (@, Y"), (3.42)
k=1

with Ry terms that can be found explicitly, although their exact forms are not crucial to the discussion
here. The main observation is that the matching condition

¢‘ ji = d"ﬁ s
yields the coefficient of the asymptotic expansion (3.3))
In(Y)
(n,0) = [ &V n : 3.43

¢ (z) o+ / [277(—21/ , q)n—i—l:l (3.43)

This value is necessary to evaluate the hard charge found in the previous section (3.33)). The expression
(hard) .

for Qm ) renders the finite result

Qurd [1,,] = / BV fon(Y30) Jm(Y), (3.44)
fm( ?{ f )@ Yy (3.45)

For m = 0 this expression agrees with the leading hard charge found in [21]. For m > 0, the above
provides a natural generalization consisting of sub-leading components of the current smeared with the
extension on i of the parameters f defined at null infinity. In fact, the expression

G (Y, q) = (—QY% (3.46)

corresponds to the null to time-like infinity scalar propagator defined in [51]. Furthermore, it satisfies
AGy,, = (m* —1)Gp, (3.47)

that can be checked by direct differentiation and using the properties outlined in the appendix (B.1]).
It follows that f,,(Y) also satisfies the same differential equation.
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3.6 Subleading hard current from the interacting model

To study the consequence of the hard charge at the quantum level, it is necessary to construct a basis
of massive oscillators producing the subleading currents J,,,(Y). Here, we will find a representation of
those currents by solving the leading equations iteratively inside the bulk.

We are interested in the fully interacting Lagrangian coupling a real massless field through a Yukawa
type of interaction . The corresponding field equations read

0 = —g00*, (O- M*)V = —gdV, (3.48)

together with the equation for the complex conjugate U* that is readily obtained from conjugating the
last equation. Expanding the equations around the free solutions,

D=¢+0(g), U=1v+0(). (3.49)

It is worth emphasizing that this approximation is enough for studying the subleading soft theorems
analyzed in this article. In this regime, we identify that i obeys the massive free equation and we
obtain the value of J in ({3.1))

(O—-M*)yp=0, J=gpp*. (3.50)
The equation for ¥ can be solved via a series expansion around future time-like infinity as follows:
o
Yn)(Y)
Yla)=e Ty T(:+3/2 : (3.51)
n=0

The coefficients 1),y satisfy the recurrence relation:

Pnt1 = [=A+(n+3/2)(n—1/2)] ¢n, (3.52)

2a(n+1)

where a? = —M?2.

The above recurrence relation allows for the determination of all v,, with n > 1 once v is specified.
Using the mode expansion for ¢ and the saddle-point approximation [16,38], one finds that the leading
mode gy is associated with particle and antiparticle oscillators, denoted respectively by (bg,b;) and
(d, dy). Spec1ﬁcally,

VM i /4 __
~ _ ) 2@ bary a=1iM
V(o) (p, @) = i (3.53)
inpmeae ™y o, a=—iM.
Furthermore, the current admits the expansion series

00 1 N
J=2 N ) INE) =9 vl (3.54)

N=0 n=0

Explicitly, we can write down the first four currents,

Jo(Y) :ng; Yo,

J1(Y) = [A% o — Py Aido]

3.55
Jo(Y) = [A%wo + g A% — 295 Ao + Arhgbo + AYi Avho) — 3or] (3:55)
Js(Y) = o [A Shgabo — g A3 + 8(P A%y — A2Yiee) — 3(A%YG Ak — A A%Y)]
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For the quantization of these operators, we use the normal order prescription after exchanging the
conjugate * by the adjoint operation t. The corresponding non-vanishing commutation relations are

[b@ bu = [d@ d,ﬂ = (2p°)(2m)*6®) (5~ k). (3.56)

4 Sub”"-Soft Theorems from Conservation laws
The conservation of the constructed charge Q)(,,) suggests that it commutes with the S—matrix at the
quantum level. In a scattering process involving massive particles, this indicates

(out|[@°", S]|in) + (out|[@2¥, S]|in) =0, (4.1)

where we have defined |in) and (out| are asymptotic states associated to a process involving N massive
particles.

In what follows, we will derive each expression of the above equation using the explicit representations
for the soft charge and for the corresponding hard contribution.

4.1 Soft contribution

The soft pieces at future and past null infinity are given by

SO _ —1 m m
@ﬁ+MJ—mef[%d%mW@%)ﬁu Bucho -

soft— ™ m m '
Q1) = s [ Prde AT B,

To evaluate these expressions, we need to study the role of the function f and also determine the action
of ¢g on the asymptotic states.

Choosing f: Let us first recall that the function f(Z) —defined on .#* through the antipodal map
(13.16)— entails an infinite family of symmetries. At this point, we will choose this freedom to eliminate
the integral on the sphere to represent the insertion of a subleading soft operator. To isolate this
contribution from the soft part of the charge, we use the function

F(@,9) = 2" [(—2q(x) - a(y)" " log(~2a(z) - a(y))] , (4.3)
with g(x) = (1,%) a null vector. One can verify that this function satisfies (see appendix for more
details on this point),

2™ £(Z,7) = 4™[(m — 1)]2=
(#,9) [( )] 7

Before continuing, recall that when applying the operator (4.2 on the incoming states, we need to take
into consideration the matching condition (3.16)) for the parameter f. In particular, we use that

f+@) =f@y) [-(@)=()"f(-5,7). (4.5)
Plugging this information into the soft charge yields

253 (2 —y) . (4.4)

oo

2Mm 7
Q17 = =S 9 [ du oot
fi 2m o o
Q=[] = 20T g / dv v Dyho (v, =) -
m —00
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Mode expansion for ¢g: The above operators create states of order w™, where w is the energy of
the massless scalar particle. To effectively recognize this subleading contribution in the energy, Qfgft
must be expressed in terms of oscillator mode (ay, az) of ¢g. They are related to the free massless field
by

d’k : :
P(x) = /W (awmw + aZe_Zk'x) . (4.7)

It is convenient to parameterize the momentum and the coordinate x at null infinity as
Er=w(1,q9), 2= (u+rrx). (4.8)

For large values of wr > 1, one applies the stationary phase approximation, finding an expansion
consistent with the scalar field fall-off at null infinity. This produces
1 0 . .
do(u, @) = —- dw (a(wZ)e ™" — af (wE)e™"). (4.9)
8121 Jo
Now we use general formulas involving the subleading n—soft operator at future and past null infinity.
They can be expressed in terms of oscillators, yielding

/ " du i Oudo(u,7) = ——— Tim 1 (o () + ()"0l (@5)] (4.10)

N
o 8" w—0

and analogously, one finds that at past null infinity

/ " Ao Do (0,F) = —— Tim O [w(ain(—wf)+(—1)"ajn(—wf))} . (4.11)

YT
s 8" w—0

Using all these relations and applying crossing symmetry, we can express the action of the subleading
soft operator in a scattering process as

m

(out|[Q°F, S]|in) = 2™ Tim O (w (out| a®*(wg)Slin)) . (4.12)

45mm2 w—0
4.2 Hard contribution

Continuing with the evaluation of (4.1)), we would consider the hard contribution. Using the explicit
form of the hard charge (3.44)), one finds

foutl Q3" S)iw) = [ &V fu(¥s) o], S]im). (4.13)

This expression again depends on two variables: the smeared function on the sphere, which is now
projected onto the hyperboloid f,,(Y;¢q), and the action of the higher mode currents J,,,(Y) on the
external states.

The smearing function at future time-like infinity f,7(Y’;q) is obtained after inserting the parameter
f in the definition . The details of this computation have been worked out in the appendix
using Feynman parameters. The result is

FhYia) = 52 [(~2q-¥)" log(~24 V)] (4.14)
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There is a similar expression for this function at past time-like infinity that will be presented at the end
of . It is worth noticing that the presence of the pole ¢ -Y = 0 will be central in the derivation
observed in the diagrammatic result .

Applying the operators J,, to physical states requires a detailed understanding of the Fock space
from which they are constructed. In Section , we explicitly constructed these currents for the
theory under consideration in terms of the free data ).

To better understand its action, we will diagonalize them for m = 1, 2, 3 on single-particle states. We
focus on the operators associated with particles b, bz for concreteness. The extension to anti-particles
dy, d; is straightforward. In the last subsection, we provide a general argument to obtain the action of
the hard charge for any value of the integer m.

4.2.1 First subleading hard charge

The first current can be written a divergence

Ji(Y) =

“IVabl by - 5 4.1
8(%) V[ Vabl 5 barg = L5 Vabars | - (4.15)
We can then show that after integrating by parts, using the commutation relations (3.56)) and A f; = 0,
we find

ar - g a
QI k) = —izy - Vafa)(k/M;q) VIk) (4.16)

where the covariant derivative V, is defined on the hyperboloid. Interestingly, the above operation acts
as a diffeomorphism on a scalar with parameter f;). We can further develop this result after using

(4.14), leading to

e P k) (4.17)

Finally, using the identities (B.1]), we find that (q - V,k)V2k* = M2g" + (q - k)k*, yields

Q}fard‘k> i g D2 <Q'vak)vaku 9

g* 0
Qijk) = —i4 2 (m) . (4.18)

4.2.2 Second subleading hard charge

We continue computing the second subleading charge. We will first express the external current in
terms of the oscillator operators. Using the expression in (3.55) for J2(Y') and that Afy = 3f2, we can
further simplify the hard charge by considering the identity obtained through integration by parts

3 2yt . T 2 _ apf .
/ A PN N A
2/d3V [f2<AbT Lboo bl LAb + AB JAb o — Vbl v )
MY MY MY MY MY MY L Va% MY
+Vafo (BB Vb5 + V0] ALy o)| L (419)

The above expression rewrites the bi-Laplacian operator in terms of Laplacians and covariant derivatives,
providing a decomposition that facilitates the subsequent analysis. In fact, using the above, we find
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that the normal-ordered hard charge can be written as

hard g 3 i a apt i "
2 _16M(27r)3/d v [Vaf? (Abwv by + Vb, 5 A0y ) — foVab! oV bw} . (4.20)
We now examine its action on a single-particle state of momentum k*. The resulting expression simplifies
to
hard a—b
Q8™ Ik) = g7 (22 = VaVuoV V") b, (4.21)

which provides the hard action of the charge through second-order differential operators defined on the
hyperboloid. We now use

FAW;q) =129 [(—2¢-Y)log(—2¢ - Y)] (4.22)

where the operator on the sphere acts only on the vector ¢(z). Explicitly computing the second deriva-
tives, one finds:

-VoY)(q- VY
VaVofs = —3o@ W NDNC TNy
Y (4.23)
0 0?
axrb _ abpp Y ar.puxbr.p
VOV Ik) = gk k) VORERE )

The final expression can be further reduced, and one finds

2
ard’k> 99(2) [q = <q . ({f]{j) ] |k> . (4.24)

4.2.3 Third subleading hard charge

The operator for this case can be expressed as

Qi = 22 [V [Vata (80900 - Toulas) - fa(&uladn - Aulave)] . (425)

where we have performed integrations by parts to replace the cubic Laplacian A3 in terms of lower-order
differential operators on the hyperboloid. Here, the function f3 now satisfies A f3 = 8f3.

Following the same steps as before, and after a long albeit straightforward computation, one finds a
third derivative action given by

Q™ Ik) = VeViVafsVOVIV® 44V, sV — AV, f3VA| k), (4.26)

12M4 [

and using the explicit form of f3, we get

Qhard’k>_i£@(3) L o ’ |k> (4 27)
3 1h =7 gk \* ok ‘
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4.2.4 The general case
We now provide a general argument to argue that the action of the hard charge takes the following form
hard (2Z)m g 0 "
k) =— ——|q = k). 4.28
Qi = -0 (e ) W (4.28)

To do so, we will analyze the scaling properties of the Q"4 under the transformations ¢ — Aq. We

for an arbitrary value of m

have previously shown that the n—th subleading hard charge is given by
Qhrd[g] = %9 " / AV [(=2¢- V)" log(—2q- V)] Ju(Y). (4.29)

We want to determine how this operator acts on the states. Notice that
Qnd[Ag] = A" Qb g (4.30)

where we have used that 2(") [(—Qq . Y)”_l] = 0. The above equation implies that the action of
the hard charge is a homogeneous function of degree n — 1 in the vector g. It follows from Lorentz
invariance that the functional dependence can only be expressed in terms of the combinations ¢ - k£ and
q - Ox. Therefore, the most general form of this operator, consistent with equation and having at
least a single pole, is

-0
et = (L0 ) o (4.31)

where F represents an arbitrary function. A comparison with the previously established hard actions for
cases n = 1, n =2, and n = 3 indicates that the arbitrary function can only exhibit linear dependence,
F(z) = cpx, where ¢, is a constant that cannot be determined through this analysis. However, looking

at the sequence provided by ¢; = —gé, co = gé, c3 = g%, we can infer that
(20)"
Cn = =g g3 (4.32)

Hard charge in the scattering process

Finally, we can extend the result to the full scattering process, with /N7 incoming particles and Ny out-
going particles. We parameterize outgoing states using the time-like vector ((3.35)), k‘?“t = MY (p;, ).
In this case, we must act with states on the left, which adds an extra factor (—1)™. This yields

t|Qpard = 22D ) it 9 m( t| (4.33)
(out|Q,¢ = —g - Z . k:;?“ q ak;?“t out|. .
=1

For the incoming states, we have to use the matching condition (3.16)) that produces the following
smearing function on i~

_ =)™ A m— A
fm(X3q) = (2771 2 [(—2q(=7) - X)™ " log(—2¢(-7) - X)], (4.34)
where X (p,n) = —(1/1+ p?, —pn) corresponds to the normal vector pointing towards i~ antipodally

related with the corresponding vector field Y defined at i*. By using that
X(p,n)-q(=7) = =Y (p,n) - q(7),
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we can infer that the effect of the hard action on the ingoing states with momentum k}“ = MY (p;, 1)

gives
. No +1 m
hard m (22)m (m) (_1)m 0 .
=—(-1)"g—59 . - — . 4.35
Qr2*in) (-1)™g S? ; 4 q Ok |in) (4.35)
Therefore, using the total number of particles N = Ny 4+ No,
om N nm-l—l 3 m
hard . _ .
where k; = k:;-n corresponds to 7; = —1 and k; = k‘;’ut for n; = 1. Once the above equation and its soft

contribution (4.12)) are replaced back in (4.1)), we precisely find the diagrammatic result (2.7)).

5 Discussion

We have developed a systematic method for constructing an infinite set of conserved quantities in
scattering processes that involve the emission or absorption of a massless scalar particle. We have
proven that the Ward identities associated with these symmetries give rise to an infinite set of subleading
soft relations, which determine the “factorizable” part of the amplitude for the emission or absorption
of a single massless scalar. In other words, this new infinite tower of symmetries determines all the
subleading soft theorems in the series expansion with respect to the frequency of the massless particle.
It is important to emphasize that the charges remain finite at every step, and as a result, no holographic
renormalization is required.

In particular, our analysis was based on the study of a theory in which a massless scalar field is
coupled to a massive scalar field through a scalar version of Yukawa theory. However, one can expect
that these results will naturally extend to other types of models describing hard particles. For example,
one could study the changes in our derivation when considering a massless scalar theory coupled to a
massive field of any spin via a Yukawa-like interaction

Ling = gﬁbqjm,uz---,us‘ljul“?”“s s (5.1)

where W, ,,...., is a completely symmetric tensor with the appropriate transversality and trace condi-
tion.

We did not explicitly compute the algebra of this new infinite set of charges. However, there are
good arguments to believe that it must be abelian, possibly with a central extension. This follows from
the fact that the commutator of free massless scalar fields at unequal times is given by the Pauli-Jordan
function, which is a c—number. Since the charges are constructed from different orders of the scalar
field in the radial expansion, their commutator can be at most a c—number, thereby defining a central
extension. In the future, it would be interesting to explicitly compute this central charge, if it exists.

In our analysis, we restricted the asymptotic treatment to the branch that excludes radial logarithmic

$=0 (k)g(r)) : (5.2)

behavior

r

even though such solutions are admitted [40].
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It would be interesting to explore the role of logarithmic branches in the context of soft theorems
and, in particular, whether they are connected in some way to the logarithms that appear in the classical
formulation of soft theorems (see, e.g., [4352H55]).

So far, our computations have been carried out at tree level. However, it is worth exploring the
inclusion of loop correctionsﬂ In this context, it would be interesting to investigate the connection
between such corrections and possible log(w) terms in the amplitudes, as well as their relation to
trajectory tails. Specifically, in [55], it has been shown that the logarithmic dependence on the retarded
time shows up in the waveform of a massless scalar due to its interaction with classical point particles.
One would therefore expect that relaxing condition (3.10) in our construction would naturally allow
such terms to appear in the derivation of the charges, altering their structure compared to the tree-level
case.

It is important to emphasize that studying scalar fields, at least in their standard formulation, has
the advantage of not involving gauge symmetries. This makes them valuable toy models for gaining
deeper insights into the infrared structure of theories with massless particles, as well as the role of the
tower of symmetries associated with subleading soft theorems. This approach therefore offers a different
perspective on the problem compared to electromagnetism and gravitation. For example, the tower of
symmetries does not appear to correspond to symmetries of the classical Lagrangian. In this regard,
it is natural to ask whether the infinite conserved charges are related to Noether symmetries in some
yet unknown way. In Refs. [56/57], the charge associated with the leading soft theorem was described
using a dual two-form gauge potential for the scalar field. Generalized asymptotic symmetries for D — 2
forms in D—dimensions have been studied in recent work [58,/59]. These symmetries correspond to
transformations whose leading term diverges at the boundary as O(r"Y). By performing a holographic
renormalization of the symplectic form, the renormalized charges agree with those found here for D = 4,
when the form field is represented as a scalar. In this direction, it would still be interesting to explore
how our subleading charges can be derived from finite asymptotic symmetries of the two-form gauge
field.

It may be useful to give an interpretation to the fact that, according to Eq. , the n-th conserved
charge depends linearly on the n-th order term in the expansion of the scalar field in powers of 1/7.
When analyzing the factorizable part of the amplitude for the emission of massless particles with higher
energies, it becomes necessary to consider charges associated with field components located deeper in
the bulk. A heuristic explanation for this effect is that the notion of a “large r expansion” should
be understood in relation to a characteristic length scale, in this case, the wavelength of the emitted
massless particle. In other words, the relevant dimensionless parameter is wr. For instance, for a fixed
value of this parameter, large r corresponds to small frequencies, which is the regime typically considered
in leading soft theorems. Consequently, as the energy of the emitted particle increases, a deeper region
of the bulk must be examined to describe the process accurately. This suggests that, following some of
the ideas outlined in [26], the infinite tower of charges in this theory—as well as in electromagnetism
and gravity—could be reinterpreted as a certain surface integral defined at a finite radius r, such that
the leading soft theorems are recovered in the limit when this “boundary” approaches infinity, r, — oo.
We expect to address some of these aspects in future work.

5This analysis would require a model that ensures that the masslessness of the scalar field is preserved under renormaliza-
tion.
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A Green’s functions on the sphere

We consider the following differential operator defined on the sphere for n > 0
n
7™ = H (D? + k(k —1)), (A.1)

where D? is the Laplacian on the sphere. Since this operator annihilates the spherical harmonics with
I < n, the corresponding Green’s equation is defined by

Py (2,2') = 5y (a — 2') (A.2)
where the function §(, is related to the Dirac delta on the sphere 6@ by subtracting the harmonics

with [ < n from the following completeness relation

co m=l

f(s(?) => ) Vin@)Y(@E). (A.3)

=0 m=—1

Doing so and applying the addition theoremﬁ]7 the explicit expression for this function is

n—1
5(n)(x—a:’):i(5()x—a; L 20+1)P(z -7, (A4)

\ﬁ 47 e

where P (x) are the Legendre polynomials of degree . Using the normalization established above, the
solution to (A.2]) is given by

_ 1

wn(z,2') = an(=2¢-¢)" og(—2¢-¢'), an= T —1))2x’ (A.5)

with ¢ = (1,7) and ¢’ = (1,7) two null vectors.

By construction, the function containing the harmonics | < n
-1
Colz,z') := inz:(zz +1)P(Z-7) (A.6)
’ dm ’
satisfies

2MC, =0. (A7)

“PZ-T) = 5755 St Yim(B) Y0 (D).
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Therefore, a representative of Green’s functions on the sphere is defined by
falz, 2') = 2wy, (2, 2'), (A.8)

which does not contain the first n harmonics and therefore
1
2™ (fn z,2') — —6(z — &' ) =0. A9
(z,2") 7 ( ) (A.9)

A.1 Operators on the sphere

The normal vector ¢ on the sphere satisfies some important properties. Its covariant derivative acts as
a projector, therefore

YABD 4@ Dpq’ =69 —§@¢ DaDpq= —vaBq. (A.10)

In order to demonstrate the statement ([2.5)), we can first prove, using the previously established relations,
that

(D? + 6)(@ ) = o7, (A.11)

Note that the operator corresponds to | = 2 harmonics. Thus, it follows that when you apply an
operation to a polynomial of degree [, the resulting expression will be of a lower degree than [. To
demonstrate this, we will use induction, starting with the assumption

(D* 11+ 1))@ - 7") = B (q), (A.12)

with P, (q) representing a polynomial of ¢ of order lower than /.

The initial case was already computed in . Following the induction procedure, assuming that
it holds for I, we need to prove that it implies the same for [ 4+ 1. Specifically, we have to assume
and then prove

(D? + (L + 1)U +2)@" - -g") = P, () (A.13)
Computing the first term then
DG -4 =g DG )+ 2DaF DA T + - 7D
= — 11+ 1)g"--- g+ + a‘impf(q) —21g" g — 2P (q) — 27 - - - g
=—(+1)+2)q"--g"" + P (q),

where on the second line we used that P, (¢) is another polynomial in ¢ of order I — 1. So, putting
this form back into the hypothesis, we obtain the expected result.

Now, using , the application of the operators D? + j(j + 1) with j =1 —1,--- ,0 lowers the
degree of the polynomial until it vanishes, finding

(D? +1(14+1)(D*+ (1 =1)1)--- (D? +2)D?(¢"* - - - ¢") = 0. (A.14)
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B Green’s functions and differential operators

B.1 More on the hyperbolic embedding

We parameterize the spacetime close to time-like infinity through hyperboloids with a normal vector Y
satisfying

Yi=—1, AYF=3YF  V,Y,VY, =n,+Y.Y,, V., VY =guY". (B.1)

In y® coordinates, defined after (3.39), the volume element reads

drdpd*z = r3drd®V . (B.2)

to=r it

Using the Y-parameterization, we find that integration over the hyperboloid is given by the measure

[ev=[5 ey (B.3)

We can then infer that the invariant Dirac delta on the hyperboloid is
oy = YO5O(Y). (B.4)
Some useful relations valid for any function € are

[A, V40 = -2V,  [A, VOV = —6VVPQ + 29, AQ . (B.5)

B.2 Null to time-like infinity Green’s functions

To obtain the null to time-like infinity propagator, it is helpful to consider the integral,

1 2
I,Jg, Y] = 277/d 2wy (z,3") Gu(Y,q') . (B.6)
Using the identity
log() = — Tim © ! (B.7)
SW=T TR '
we find
« 1 1
L, Y] = —="1i 2o\ = —
031= 52 i [ FVT | e v  Ca e e v 55
7 | '
= —%}L%E(S[h—n‘f'l,n#—l] —S[1—n,n+1]),
with 1
d*a’ B.
Slont] = [ (B9)
that can be evaluated using one Feynman parameter a:
1 1 o ab~! I'(a)T(b) o0 ot
= dov ———— B(a,b) = ——= = dt——— . B.10
A3AL ~ B(a,b) /0 A tadget Plb =10y /0 (1 + 1)+ (B.10)
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The latter expression yields
4r B(%5%,q) 1

b = . B.11
Sla.bl = 5e53 B(b,a) (—2Y -q)e (B.11)
Plugging this result back in (B.8)) and taking the A — 0 limit, we find
o) G
LlYoq) = 5(-20 ¥)" log(~20- V) Han] , an=log(@)+ 5> 2 ~1.  (BIY)
k=1
Using (B.1]), one finds that the above function fulfills the equation
ALY, q = (n* = 1)L,[Y, q] + 2ma,(—2Y - )" '. (B.13)
It is then possible to define
() = 2" 1Lly.q, (B.14)

that satisfies relation (3.47) due to equation (A.7).
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