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Abstract

We present a numerical, non-perturbative framework for constructing effective Hamil-
tonians that accurately capture low-energy excitations in quantum many-body systems.
The method combines block diagonalization based on the Cederbaum-Schirmer—-Meyer
transformation with the numerical linked-cluster expansion. A variational criterion is
introduced to minimize changes in basis states within the low-energy subspace. This
criterion uniquely determines the effective Hamiltonian and provides a robust guide-
line for selecting relevant eigenstates, even in the presence of avoided level crossings
due to particle-number-nonconserving interactions. We validate the method using two
spin models: the one-dimensional transverse-field Ising model and the two-dimensional
Shastry-Sutherland model, relevant to SrCu,(B0O3),. The resulting effective Hamiltoni-
ans successfully reproduce excitation dynamics, including the emergence of topological
band structures. The framework is general, computationally feasible, and broadly appli-
cable to a wide range of strongly correlated systems.
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1 Introduction

In quantum many-body systems, low-energy physics is often governed by a restricted sub-
space of the full Hilbert space. To understand the essential behavior in this regime, it is
useful to construct effective Hamiltonians that accurately describe the dynamics within this
subspace. A widely adopted strategy for deriving such models is to block-diagonalize the mi-
croscopic Hamiltonian via a unitary transformation, thereby decoupling the low-energy sector
from higher-energy states.

Conventional approaches to block diagonalization are often based on perturbative meth-
ods, which provide analytic derivation of effective Hamiltonians through systematic series
expansions [1-6]. While these techniques are conceptually transparent and computationally
efficient in weak coupling regimes, their applicability is inherently limited by the requirement
of a small expansion parameter. In many physically relevant situations, however, the system
parameters lie outside the perturbative regime, making such approaches unreliable.

Several non-perturbative frameworks have been developed to overcome this limitation. A
notable example is the continuous unitary (CU) transformation method [7-9], which employs
differential flow equations to achieve block diagonalization without relying on perturbation
theory. More recently, a hybrid method that combines the CU transformation with numerical
linked-cluster (NLC) expansions [10-12] has been introduced to construct effective models on
finite clusters and extrapolate them non-perturbatively to the thermodynamic limit [13, 14].
This approach has been successfully applied to both gapped systems and systems with quasi-
degenerate low-energy manifolds [14-16]. These developments demonstrate the increasing
demand for accurate and computationally tractable non-perturbative techniques.

It is important to recognize that block diagonalization is not unique. Different unitary
transformations can yield distinct effective Hamiltonians, each suited to a different physical
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description. For an overview of different approaches, see Ref. [17], which introduces a projec-
tive block diagonalization method combined with the NLC expansion. This intrinsic ambiguity
poses challenges for both the physical interpretation and numerical realization of effective
models. Therefore, selecting an appropriate transformation is crucial for constructing physi-
cally meaningful effective theories.

In this work, we present a numerically exact framework for deriving effective Hamilto-
nians based on a block diagonalization method initially proposed by Cederbaum, Schirmer,
and Meyer (CSM) [18]. A key refinement to the original formulation is the introduction of a
variational criterion that selects a unitary transformation which minimally transforms the low-
energy subspace of interest. Under this condition, we show that the block-diagonalizing trans-
formation becomes equivalent to the CSM transformation and is uniquely determined. The
same criterion also provides a systematic guideline for selecting the relevant eigenstates, even
in the presence of avoided level crossings or mixing caused by particle-number-nonconserving
interactions, such as Dzyaloshinsky—Moriya (DM) couplings.

To extend the results to the thermodynamic limit, we combine the CSM-based block diag-
onalization with the NLC expansion, which systematically includes quantum corrections from
larger clusters. This approach enables the construction of effective Hamiltonians using only
low-energy eigenstates without requiring access to the full spectrum.

We demonstrate the effectiveness of this approach by applying it to two spin models. First,
we apply it to the one-dimensional transverse-field Ising model, which is exactly solvable [19],
and validate the results against exact magnon dispersion relations. Second, we investigate the
two-dimensional Shastry—Sutherland model [20] with DM interaction relevant to the mate-
rial SrCu,(BO5), [21,22]. This compound exhibits gapful triplon excitations at low magnetic
fields with weak DM-coupling-induced dispersion [23-32]. It also features a relatively large
intradimer to interdimer exchange ratio, J'/J = 0.6 ~ 0.63 [33-35]. Although perturbative
treatments have been widely applied in this parameter regime [34,36-39, 39-41], their va-
lidity is not assured. We study triplon excitations and their topological band structures in the
presence of DM interactions.

A notable strength of this framework is its robustness against spectral degeneracies and
strong level mixing, which typically hinder perturbative approaches. By selecting an optimal
low-energy basis variationally, our method yields unambiguous and physically meaningful ef-
fective Hamiltonians even in strongly correlated regimes. This capability opens a path toward
the systematic and non-perturbative study of complex quantum systems.

The remainder of this paper is organized as follows. Section 2 presents the theoretical
framework, including a refinement of the Cederbaum-Schirmer-Meyer transformation that
enables unique and minimal block-diagonalization (Sec. 2.1). We also introduce a criterion
for eigenstate selection that is robust in systems with level repulsion (Sec. 2.2). In Sec. 2.3,
we describe the numerical linked-cluster (NLC) expansion and its application to construct-
ing effective Hamiltonians, as well as their asymptotic behavior in gapped systems (Sec. 2.4).
Sections 3 and 4 present applications of the method to two spin models: the one-dimensional
transverse-field Ising model and the two-dimensional Shastry—Sutherland model with DM in-
teractions. We demonstrate that the method accurately captures magnon and triplon excita-
tions, including their topological band structures. Section 5 provides a summary and outlook,
while technical details are presented in the Appendices.
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2 Method

2.1 Block diagonalization and effective Hamiltonian

In this subsection, we present a method for block diagonalization based on the transformation
introduced by Cederbaum, Schirmer, and Meyer (CSM) [18], and provide a practical extension
that is suited for low-energy effective theories.

We consider a Hilbert space spanned by orthonormal basis states |q;) for i = 1,---,N
and a Hamiltonian H = H, + H;. The basis is partitioned into m subspaces classified by the
conserved quantum numbers of . The matrix representation [H];; = {(a;|H|a;) is partitioned
into m x m blocks, where H, is block-diagonal and #; introduces inter-block couplings.

Block-diagonalization of the Hermitian matrix H is performed using a unitary matrix T':

Heg 11 0

+ Hegt 2o

T'HT =
0 Heff,mm

where each Hgg;; is an n; x n; Hermitian matrix. All off-diagonal blocks are null matri-
ces. The transformed Hamiltonian corresponds to the Hamiltonian matrix in the new basis
|b;) = Z;V:l[T]jilaj) (i=1,---,N),ie, (bj|H|b;) =[T'HT];.

Since block diagonalization is not unique, CSM [18] proposed selecting the transformation
that minimally changes the original basis, by imposing the minimization of the Euclidean norm

[|T — 1|| = minimum, (2)

where 1 denotes the identity matrix. They further proved that, under this condition, the opti-
mal transformation is uniquely given by

T =SS (SppSip) 2, 3

where S is a unitary matrix that diagonalizes the Hamiltonian,
STHS=A, A=diag(Ay,As,...,Ax), 4
and the matrix Spp is the diagonal-block part of S with respect to the subspace decomposition,

S11 0
Sao
Sgp = . . (5)
0 Simm

In particular, each diagonal block He j; of the transformed Hamiltonian can be constructed
only with the eigenstates and eigenvalues of the corresponding subspaces. Using the singular
value decomposition of S,

with n; x n; unitary matrices U; and V;, and an n; x n; diagonal matrix %; with positive entries,
Hg j; is given by
— T T
Hegj; = UV A VU5, 7)

where A; is the jth diagonal block of A.
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To construct a low-energy effective Hamiltonian, we extend the CSM framework by in-
troducing a sector-specific minimization condition. Let the target low-energy subspace corre-
spond to the first sector of the partitioned subspaces, with dimension n. The corresponding
block T, of the unitary matrix T acts within this subspace. We impose the following criterion:

Criterion: The transformation implemented by the n x n matrix Ty, within the targeted subspace
is chosen to minimized

IT;; — 1|| = minimum. (8

This condition ensures that the states within the targeted subspace remain as close as possible
to their original forms and yields a natural effective Hamiltonian.

Based on this criterion, we now present a new theorem that uniquely determines the block-
diagonalization method:

Theorem: If the minimization condition in Eq. (8) is satisfied, then the matrix Ty, is uniquely
given by

T = U121UI 9
and the effective Hamiltonian in the first subspace is

Heg11 = U VA VLU (10)

The proof is given in Appendix A. The resulting effective Hamiltonian in Eq. (10) coincides
with the CSM expression given in Eq. (7).

Although the proof of this theorem is a direct extension of the original CSM theorem, the
result is particularly well suited for numerical applications. In Secs. 3 and 4, we demonstrate its
use by applying the Lanczos algorithm to compute low-energy eigenstates. Once these eigen-
states and eigenvalues are obtained, the matrix T;; can be constructed using only this sector’s
data. This construction also enables the application of the target eigenstate selection criterion
described in Sec. 2.2. Moreover, this minimal information is sufficient to determine the effec-
tive Hamiltonian in Eq. (10). Thus, the theoretical framework can be fully implemented using
low-energy information alone, without requiring access to high-energy eigenstates.

2.2 Selection of target eigenstates

The criterion introduced in Eq. (8) not only determines the unitary transformation but also
provides a practical guideline for selecting eigenstates in numerical calculations. In particular,
it identifies the eigenstates that remain most closely aligned with the original basis states.

When the Hamiltonian contains only H,, the block-diagonal structure naturally arises from
the sector decomposition of the Hilbert space. When H is introduced such that H = Ho+AH;
with a parameter A, the eigenstates of interest become linear combinations of the original basis
states |aj) from both the first sector (1 < j < n) and the remaining sectors (n+1 < j < N),
with dominant support in the first sector.

As A increases, the original eigenstates |a;) evolve into new basis states |b;) = Z?le[T] iila;)
fori =1,---,n. For sufficiently large A, 7 induces strong hybridization between sectors, lead-
ing to avoided energy-level crossing and eventual interchange of eigenstates. In such cases,
original states evolve into entirely different states, which is a well-known challenge in quasi-
degenerate perturbation theory. The effective Hamiltonian must then be formulated based on
the post-interchange eigenstates [14].
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To perform eigenstate selection under these conditions, we adopt the minimization crite-
rion in Eq. (8) as a selection guideline. For any candidate set of n eigenstates, we construct the
corresponding matrix T;; and evaluate the norm ||T;; — 1||. The set that minimizes this norm
is selected, as it corresponds to eigenstates most faithfully aligned with the original low-energy
basis.

Section 4 demonstrates this selection process in a system exhibiting avoided level crossings
and state reordering. Figure 4 illustrates these processes.

2.3 Numerical linked-cluster expansion

For a finite-size cluster c, the effective Hamiltonian can be obtained by performing block di-
agonalization with a suitably chosen set of eigenstates. The derived Hamiltonian includes
interaction terms whose magnitudes are cluster-specific physical quantities. To extrapolate
these quantities to the thermodynamic limit, we employ the numerical linked-cluster (NLC)
expansion [ 10-12], following the procedure outlined in Ref. [13]. For completeness, we briefly
summarize the method below.

We consider a model defined on a lattice with N subunits (e.g., sites, dimers, or tetrahedra),
and seek to compute the expectation value of an extensive observable O per subunit, %(O) o
where (O). denotes the value obtained from a finite cluster ¢ with open boundary conditions.
In the NLC approach, the nth-order estimate of this quantity is given by

1
~(O)xien = Z LW, (11)

N .
c,size(c)<n

where the summation runs over all inequivalent connected clusters up to size n. Here, the
cluster multiplicity [. denotes the number of embeddings of cluster ¢ per subunit in the infinite
lattice, and W, is the cluster weight, defined recursively as

W, = (O)C_ZWSJ (12)
sec
where the summation runs over all subclusters s of c.
Here, the quantities we are interested in are matrix elements of the effective Hamiltonian.
For example to find the NLC estimate of the nearest-neighbor hopping amplitude we would
define an extensive quantity on each cluster c

7-1,c = Z Z [Heff,c]ij'

i jenn;
where the inner sum is over nearest-neighbors of subunit i.
The NLC estimate of % is then given by Egs. (11-12) with 7; in the place of (O) and the
hopping amplitude is:
T
tl = —
zN
where 2z is the coordination number.

2.4 Asymptotic forms of effective Hamiltonians in gapped systems

Before applying the numerical framework to specific models, we analyze the asymptotic be-
havior of effective Hamiltonians for excited states in systems with a unique ground state and
a finite excitation gap. We focus on the single-excitation sector in a d-dimensional hypercubic
lattice. The effective Hamiltonian is given by

Hefr = Z tija:'raj, (13)
i,j
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where ¢t; i = t;.‘l., and aj (a;) denotes the creation (annihilation) operator of an excitation at
site i. The ground state is defined as the vacuum. The dispersion relation (k) is related to t;;

by

e(k)= Z t;jexp{ik - (r; —r;)}. (14)

rl-—r]-

To characterize the spatial decay of t;; near and away from criticality, we consider a dis-
persion of the form

d z/2
s(k)z[z(d—Zcoski)+m2/Z:| s (15)

i=1

where Z is the dynamical exponent and m controls the energy gap, satisfying £(0) = m. At
the critical point (m = 0), the low-energy dispersion behaves as (k) ~ |k|%.
The Fourier transform of ¢(k) gives the asymptotic behavior of t;;:

o [ewtmin =D, (= > mh, .
Y rj—r |77, (Irj—rl<m™),
for Z # 2, and
tjj o< Z (6r—rje, + Ori—rj—e,)> (17)

pu=1,2,3

for Z = 2, where e, are the unit vectors of the lattice.

These results demonstrate that, in gapped systems, the effective couplings decay rapidly
with distance. Consequently, the NLC expansions converges quickly even for small clusters,
enabling accurate and efficient construction of effective Hamiltonians.

3 Application I: One-dimensional transverse-field Ising model

As a first application, we examine magnon excitations in the one-dimensional transverse-field
Ising model. The Hamiltonian is defined as

n n—1
Hia z—Zof—JZafofﬂ, (18)
i=1 i=1

where o denotes the Pauli matrix at site i, and the second term describes nearest-neighbor
interactions in an n-spin chain ¢ with open boundary conditions.

We consider the parameter range 0 < J < 1. For 0 < J < 1, the ground state remains
unique and polarized along the field direction. This exactly solvable model [19] has previously
served as a benchmark for the continuous unitary transformation approach [13]. Our results
are compared directly with earlier findings, as discussed in Appendix B.

We partition the Hilbert space into three sectors: (i) the fully polarized state, (ii) an n-
dimensional space of single spin-flip states, and (iii) the remaining higher-excitation space.
The Hamiltonian is block-diagonalized accordingly.

In the first sector, the diagonal element of the block-diagonalized Hamiltonian matrix re-
duces to the ground-state energy:

HOD = Ey(n). (19)
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Figure 1: Numerical results obtained from block diagonalization and NLC expan-
sion. (Left) Distance dependence (r-dependence) of the magnon hopping amplitudes

tf\lllfr (Right) One-magnon excitation spectra compared with exact results.

In the second single-spin-flip sector, the effective Hamiltonian takes the form

Hg}f) = Eo(n) + Z tij(n)a;."aj, (20)

i,jE€c

where t;;(n) = tj;(n) €R, and q; (aj') is an annihilation (creation) operator of a single-spin
flip at site i.

We evaluate Ey(n) and the hopping amplitudes >, _; .. ,_. t;;4.(n) forr =0,...,n—1 for
each cluster, and applied the NLC expansion to the quanfitfes Ey(n)/n and t; ;,.(n) for cluster
size up to n = 16.

Figure 1 shows the estimated hopping amplitudes tN-¢

iy asa function of r, and the cor-
responding one-magnon excitation spectrum. For J < 1, the hopping amplitudes tf\ll]fr decay
exponentially with r, consistent with a finite energy gap. As J approaches 1, the decay be-
comes slower, and, at J = 1, the decay follows a 1/r? power law, corresponding to a gapless
excitation spectrum with dynamical exponent Z = 1.

Despite the small system size (up to 16 spins), the resulting excitation spectra obtained

agree well with exact results. This is consistent with previous studies [13].

4 Application II: Two-dimensional Shastry-Sutherland model with
Dzyaloshinsky—Moriya couplings

As a second application, we examine excitation behavior in the two-dimensional Shastry—
Sutherland model [20], incorporating Dzyaloshinsky—-Moriya (DM) interactions. This model
captures the essential features of the spin-dimer compound SrCu,(BOs3), [21].

4.1 Models

4.1.1 Microscopic spin model

The model is defined on a two-dimensional lattice consisting of orthogonal A- and B-type
dimers (Fig. 2). The Hamiltonian is given by H,4 = Hy + H1, where H, describes intradimer

8
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4

Figure 2: (Left) Unit cell of the Shastry—Sutherland lattice. (Right) Symmetry-
constrained DM vectors in SrCu,(BO3),, consistent with S, and C,, crystal sym-
metries. The site indices of D;; and D! ; are assigned following the direction i — j
indicated by the arrows on the bonds.

interactions:

Ho= > (JS;"S;+D;-8;xS;)—h > 5%, 1)
(ih j

and 7, represents interdimer couplings:

Hy= > (J'S;-S;+D;-5; x5)). (22)
(i’j>2

Here, (i, j), denotes nth-neighbor spin pairs.

The DM vectors D;; and D’ respect the I42m space group symmetries [42] of SrCu, (BO3),,
including the S, syrnrnetry centered on the square plaquettes of four dimers, and the C,,
symmetry centered on individual dimers. The symmetry allowed DM vector configurations
are shown in Fig. 2. We adopt the parameter set D;;/J = (0,0.048,0) for A-type dimers and
D’ /J = (Dlns,D|s,D’ ) = (0.005,0.008,0.014) for the (1,2)-bond shown in Fig. 2, following
ab initio calculations [35].

4.1.2 Effective triplon model

In the low-field spin-gap phase, excitations are described by spin-1 triplons. Although DM
interactions break the triplon number conservation, we partition the Hilbert space by triplon
number and derive the effective Hamiltonian in the one-triplon sector.

Each dimer is characterized by its center position r, with its two spins labeled as sites 1 and
2. In the absence of DM interactions, the ground state is a gapped singlet state [20] Triplon ex-

—1SM +is¥

citations are created or annihilated by triplon operators: t} f 18“ 118 " r2

r 2J
for u = x,y,z, where r € A, the lattice of all dimer centers.
The effective one-triplon Hamiltonian has the form

Hegs = Z Z (Z t:+5Maa,6 t, + Z t:+5/Mda,5’tr) 5 (23)
o o’

a=ABreA,

where t, = (t},, ty, ts )T, and M, 5 are 3 x 3 hopping matrices from f-type to a-type dimers.
We define A= B and B = A. The sublattices A, and Ay refer to the sets of A- and B-type dimer

9
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centers, respectively. The vectors 6 (6’) denote relative positions within (between) sublattices.
S " i
Hermiticity imposes the condition M, 5= Mg, _5-

Lattice symmetries impose further constraints on the matrices M, 5 (see Appendix C). For
instance, the on-site potential My, (o ¢y takes the form

Rop Ion O
Mpa0,0)=| —Tor Ro2 O |, (24)
0 0 Ry

where R; and I; are real and imaginary coefficients, respectively, and the nearest-neighbor
hopping matrix Mg, (1 o) is given by

I11 Ry Ipp
Mppoy=| Ri2 Tz Riz |- (25)
Ly Rig Its

We include triplon hopping terms up to second and third neighbors.

4.2 Numerical results
4.2.1 NLC expansion

We computed the matrix elements of the on-site potential and hopping terms using the NLC
expansion. For each interaction type, the expansion begins with the smallest connected clus-
ter containing the all relevant sites and systematically incorporates contributions from larger
clusters up to a chosen truncation order. For on-site terms, the expansion starts from a single
dimer. Higher-order corrections are incorporated through contributions from larger clusters
using the cluster weights described in Eq. (11). For nearest-neighbor dimer interactions, the
minimal cluster consists of two dimers connected by two interdimer bonds, with additional
contributions from larger clusters. For second-neighbor interactions, the expansion starts from
three dimers connected through interdimer couplings. Larger clusters were constructed by first
defining a basic unit block consisting of four dimers arranged in a square and by combining
them through edge-sharing or corner-sharing. To systematically generate subclusters used in
the NLC expansion [Egs. (11) and (12)], we applied a bond-dilution algorithm, successively
removing selected pairs of interdimer bonds. Calculations were performed on clusters con-
taining up to two four-dimer blocks, consisting of seven dimers and 14 spins.

To evaluate deviations from perturbative results, we introduce a scaling factor A for the
interdimer term and analyze the A-dependence of the matrix elements. The deformed Hamil-
tonian is given by

sz(k) = HO + ).7‘[1 (26)

The original Hamiltonian for SrCu,(BO3), corresponds to A = 1. Figure 3 presents the A
and cluster-size dependence of selected matrix elements of the on-site potential and nearest-
neighbor hopping. Numerical data for second- and third-neighbor hoppings are presented in
Appendix D.

At A =1, the real parts of the on-site potential and nearest-neighbor hopping terms show
significant renormalization, while their imaginary parts remain nearly unchanged. Matrix
elements associated with second- and third-neighbor hopping are generally negligible, except
for weak enhancements in the diagonal elements of second-neighbor hopping matrices near
A=1.

10
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Figure 3: A-dependence of selected matrix elements of on-site potential (Ry; and
Iy;) and nearest-neighbor hopping (Ry; and I;;) for J’/J = 0.6 and h/J = 0.015.
Dashed lines represent the first-order perturbative expansion results [30]. Here, n
denotes the number of spins in the largest clusters used for the NLC expansion.

4.2.2 Eigenstate selection

Due to DM interactions, the triplon number is not conserved, leading to avoided level crossings
and eigenstate interchange. To consistently construct the effective Hamiltonian, eigenstates
must be selected according to the criterion defined in Eq. (8), as described in Sec. 2.2.

Figure 4 shows a typical example of eigenstate selection, where level repulsion and in-
terchange occur between one-triplon and two-triplon states. At each repulsion point, two
eigenstates exchange character. The selection criterion identifies the eigenstates that retain
the character of the original low-energy basis. Because the selected eigenstates may change
discontinuously, this selection process can introduce cusp-like anomalies in physical quanti-
ties. Although a method for suppressing such anomalies exists within the CU transformation
framework [14], no comparable method is currently available for other unitary transformation
approaches [17].

These anomalies typically involve the exchange of a single pair of eigenstates, and their
amplitude does not scale with system size n. In practice, the NLC expansion significantly
reduces these anomalies, yielding smoother physical quantities. In our numerical implemen-
tation, such anomalies were successfully suppressed by incorporating many subclusters with
small size differences, systematically generated using the bond-dilution method.

11
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Figure 4: (Left) A-dependence of the energy spectrum for a 10-spin cluster. Red dots
correspond to single-triplon excitations, and black dots represent two-triplons states.
(Right Top) Enlarged view of the green dashed region from the left panel. Follow-
ing level repulsion, the states interchange, with red dots indicating the eigenstates
selected according to the criterion in Eq. (8). (Right Bottom) Plot of || T;; — 1||? for
the selected eigenstates.

s12 4.2.3 Triplon bands

;13 Figure 5 presents the excitation-energy spectra of triplon bands for J'/J = 0.3 and J'/J = 0.62
s14 under different magnetic fields. The unit cell contains two dimers, resulting in six triplon
315 bands. Due to crystal symmetries, Kramers degeneracy is enforced along the Brillouin zone
s16 boundary, where two bands remain connected. This behavior is visible in the X-M segment of
317 the figure. This degeneracy is proven in Appendix E. Consequently, the excitation spectrum
a1 consists of three connected bands.

310 For J' = 0.3J, the triplon spectrum exhibits a nearly flat central band with the upper and
320 lower bands symmetrically placed around it, in agreement with perturbative expansion re-
31 sults [30,31]. In contrast, for J* = 0.62J, the central band develops a significant dispersion,
322 and the band symmetry is lost. This is consistent with inelastic neutron scattering observa-
323 tions [32]. While previous studies [30, 32] introduced phenomenological second-neighbor
324 hopping to account for experimental results, our non-perturbative method reproduces these
325 features naturally using only nearest-neighbor couplings.

326 We also computed the Berry curvature 2,,(k) numerically [43] using 2,,(k) = EXA%(k)—aijfL(k),
327 where Al(k) = i(n(k)|0,In(k)). Here, 9, = %, and |n(k)) is the normalized eigenstate of
328 the nth Bloch band. The Chern number of the n’;:h band was evaluated from

1
c, =—— f d?kQ, (k). (27)
2r
320 Topological triplon bands with non-zero Chern numbers appear for small magnetic fields
330 (h/J $0.02). AtJ’/J = 0.3, we find (¢4, ¢y, c3) = (2,0,—2) in this range and, at stronger fields,

331 trivial bands (0,0, 0) appear, consistent with perturbative results [30,32]. At J'/J = 0.62, the

12
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Figure 5: Excitation-energy spectra derived from the triplon effective Hamil-
tonians for J° = 0.3J (upper panels) and J' = 0.62J (lower panels). At
h = 0.005J, the triplon bands are topological, characterized by Chern numbers
(¢1,¢9,¢3) = (2,0,—2), ordered from the lowest to highest band in both cases. At
h = 0.03J, all bands are topologically trivial. High-symmetry points in the Brillouin
zone are defined as I' = (k,, k, ) = (0,0), X = (7/2, ©/2), and M = (7, 0), where the
momentum space is defined in units of the inverse nearest-neighbor dimer distance.
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region with (2,0, —2) becomes narrower and intermediate topological bands such as (2,—1,—1),
(0,1,—1), and (1,1,—2) emerge. These intermediate regions are absent in perturbative treat-
ments. The thermal Hall conductivity computed at h/J = 0.01 from the effective Hamiltonian,
assuming a bare coupling J = 7 meV, shows reasonable agreement with first-order perturbative
estimates based on an effective coupling J = 3.8 meV, for temperatures below 10 K [44].

5 Summary and methodological outlook

We developed a non-perturbative framework for constructing effective Hamiltonians in quan-
tum many-body systems. Our approach combines numerical block diagonalization with the
numerical linked-cluster (NLC) expansion, enabling the direct construction of effective low-
energy models from microscopic Hamiltonians. It is based on a refinement of the Cederbaum-
Schirmer—Meyer (CSM) transformation, incorporating a variational criterion that selects a uni-
tary transformation minimizing its action within the target low-energy subspace. This criterion
uniquely determines the transformation and provides a systematic guideline for identifying
physically relevant eigenstates, even in the presence of strong level repulsion or mixing. As a
result, the resulting effective Hamiltonian is both unambiguous and physically meaningful.

We demonstrated the utility of this framework by applying it to two spin models. In the
one-dimensional transverse-field Ising model, it accurately reproduced the magnon dispersion,
matching exact results even for small system sizes. In the two-dimensional Shastry—Sutherland
model with Dzyaloshinsky—Moriya interactions, it captured the non-perturbative renormaliza-
tion of hopping amplitudes and the emergence of topological triplon band structures.

A major advantage of our method is that it requires only low-energy eigenstates and does
not depend on high-energy data. The variational criterion ensures robustness even in param-
eter regimes where perturbation theory fails due to avoided level crossings and eigenstate in-
terchange. The NLC expansion captures quantum correlations effectively from large clusters,
enabling the effective Hamiltonians to reflect long-range couplings and topological features
without requiring phenomenological input. Taken together, the method is computationally
tractable and broadly applicable.

This framework can be extended in several directions. At finite temperatures, it can be
used to calculate thermodynamic observables and transport properties such as the thermal
Hall conductivity. By incorporating transformed operators, it may also be applied to the eval-
uation of dynamical response functions, including spectral densities and neutron-scattering
Cross sections.

The method is also promising for analyzing fractionalized excitations, such as those found
in Kitaev magnets and quantum spin liquids. In such systems, non-perturbative effective
Hamiltonians could yield new insights into spin fractionalization and topological quasipar-
ticles. Although the present study has focused on gapped systems, prior works using the CU
transformation [15, 16,45] have shown that the NLC expansion is effective even in systems
with ground-state degeneracy. Thus, our framework is expected to be applicable to gapless
or symmetry-broken systems, further broadening its applicability to a wide class of correlated
quantum systems.
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A Proof of the Theorem in Sec. 2.1

This appendix provides a proof of the theorem presented in Sec. 2.1.

We begin by introducing the unitary matrix F that diagonalizes the block-diagonal matrix
TTHT such that FTTHTF'™ = A. The matrix F is block diagonal, with each diagonal block
Fj; (j = 1,---,m) being unitary. Consequently, T can be expressed as T = SF, leading to
Ty, = S;,F;; for the (1,1) block.

The squared Euclidean norm of T;; — 1 is then written as

1Ty, — 1* = Te(T;, — 1)(Ty; — 1)
=Trl—Tr(Ty, + T, ) + TeT] Ty,
=n —Tr(SHFH + SE[IF]TI) + TrSIlsll.

The key difference from the proof of the CSM theorem, which considers the full unitary matrix
T, lies in the final term TrT}, Ty;.
We now apply singular value decomposition (SVD) to the block matrix Sq;:

Snu= U121VI, (A.1)

where U; and V; are n x n unitary matrices, and ¥%; is an n x n diagonal matrix. The phases
of the column vectors of U; and V; are chosen so that the diagonal entries o; of X, are real
and non-negative, o i=0 for j = 1,---,n. Furthermore, we assume the singular values are

ordered non-increasingly, o > 0, > --- > 0, = 0. Using this decomposition, we find

n
TI'SUFH = TI‘ZlVIFHUl = Z O-][V](F].l U].]]]J
j=1

n
TrS],S;, = T2 %, = > o2
j=1

Therefore, the squared norm becomes

n n
1T =112 =n—2) 0Re[V]F,,U,];;+ > 0% (A.2)
j=1 j=1

Since the SVD is unique [46], the squared norm is minimized when the real part of each
diagonal element [VIFH U, ];; is maximized. Because VlT F;,U, is unitary, the absolute value
of every matrix element is at most 1. Hence, the norm ||T;; — 1|| achieves its minimum only
when VlT F;,Uj is the n x n identity matrix. This implies that the condition in Eq. (8) is satisfied
when Fy; = V,U] and Ty, = $1,F;; = U; %, U], which proves Eq. (9).

F

Furthermore, since F;;Heg 11F}; = A4, the effective Hamiltonian is expressed as
He11 = F) A F1; = U VA VU, (A.3)

confirming Eq. (10) and completing the proof.
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1 B Comparison of CSM and CU transformations in block diagonal-
402 ization

403 Two effective Hamiltonians derived using different unitary transformations are related through
404 an additional unitary transformation. This appendix compares two approaches: the CSM
405 transformation and the continuous unitary (CU) transformation. We analyze the effective
a06 Hamiltonians for the one-dimensional transverse-field Ising model discussed in Sec. 3 and
a07 compare our results with those obtained using the CU transformation in Ref. [13].

408 The sum of the on-site potential, Zi t;;(n), corresponds to the trace of the effective Hamil-
400 tonian, Z?:] t;j(n) = TrHeg 1. This quantity is invariant under unitary transformations. As a
a10 result, the on-site potential tch(n), derived from the NLC expansion of t;;(n) up to n spins,
au1  is independent of the specific block-diagonalization method employed. This invariance is con-
412 firmed by the data shown in Fig. 6(Upper).

413 In contrast, the hopping amplitudes tlr\ILC(n), extracted from the NLC expansion of the off-
a14 diagonal components [Hegt 11 J; i+, do depend on the choice of transformation. Figure 6(Lower)
415 shows that the CSM transformation yields faster convergence of the energy gap,

ANC(n) = e)1(n) + > eNC(n), (B.1)

r=1

a16  to the exact value compared to the CU transformation.

a» C  Symmetry constraints on the triplon hopping matrices for SrCu,(BO;),

a1s SrCu,y(BO3), exhibits S, symmetry around the center of each square formed by four dimers,
a9 as well as C,, symmetry around the center of each dimer. The S, operation consists of a
420 7/2 rotation around the z-axis combined with a mirror reflection in the xy-plane. The C,y
421 symmetry includes a m-rotation around the z-axis C,(2), a mirror reflection in the xz-plane
422 O ,, and a mirror reflection in the yz-plane o ,. In a magnetic field applied along the z axis,
423 the system retains symmetry under the following operations: (1) S, around the center of each
a24  square composed of four adjacent dimers; (2) Cy(2), Ur®0,,, and Ur©0 ,, about the center
425 of each dimer. Here, Ur = ®,.¢ A,m:l,z(—igf,m) and © denotes complex conjugation.

426 The operations Ur©0 ,, and Cy(z) transform the triplon operators as t, — Ry(,)t, and
a7 t, = Ryyt,, respectively, for r € Ay, with

-1 0 0 1 0 O
Ryy=| 0 1 0|, Rypy=[0 1 0 (C.1)
0 01 0 0 —1
a8 The S, operation transforms t, — S,_,4t, for r € A, and r’ € A4, with
0O 1 O 0 -1 0
SA—>B = —1 O O 5 SB—>A == 1 O 0 (C.Z)
0 0 -1 0 0 1
420 The on-site potential tjM 40,0 tr (T € Ay) isinvariant under Cy(2), Ur©0 ,, and Ur©0 5.

a30 The invariance conditions under C,(z) and Ur©0 ,, are given by RZ(Z)MAA,(O’O)R,[(Z) = My (0,0)

431 and RL(X)M:A’(O’O)RU(X) = M4 (0,0), Which result in the matrix form given in Eq. (24). This ma-

432 trix also satisfies Ur©0 ., invariance. By S, symmetry, the on-site potential for B-type dimers

16
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Figure 6: Comparison of NLC expansion results obtained using the CSM and con-
tinuous unitary (CU) transformations in block-diagonalization. Differences between
the NLC expansion results and exact values are plotted. (Upper) On-site potential
ty ¢(n). (Lower) Energy gap AN'“(n). Data for the CU transformation are adapted

from Ref. [13].
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becomes
Ry Ips O
Mgg 0,0)=| —lor Rn 0 |. (C.3)
0 0 Ry

All R; and I; in this appendix denote real and imaginary numbers, respectively.
For the nearest-neighbor hopping term t: ‘a O)MBA,(I,O)tr (r € Ay), U;O0,, invariance
imposes Eq. (25). From the U;©0 ,, and C,(z) symmetry, we obtain

In  Rin —Ip
Mpp—100=| Riz2 L1z —Riz |. (C.4)
| —his4 —Rus  Iis

S4 symmetry further leads to

—I13 Ry —Riz —I13 Rz Ry
Mg ony=| Ru —Iun Lz |, Mapo-n=| Ru —Iun —Iloa |. (C.5)
—Rig Ly —hs | Riy —hy —Iis

For second-neighbor hopping, My, (1 1) and its Hermitian conjugate satisfy C,(z) symmetry,
which results in

Ry Gy Gy
Mps1,1) = Céki Rzi Cos |, (C.6)
_sz _C23 Ry3

where C; denote complex numbers. From the U;©0,, invariance, we have

Ry _Cékl _Cﬁz
MAA,(—l,l) =| —Cu Ry C23 . (C.7)

S, symmetry further provides

Rzz _Cékl ng RZZ C21 _C;S
Mpg(11y=| —Ca1 Rayy —Coy |, Mpgan=1| C3 Ra —Cj, |. (C.8)
—Cy; Cy Ry Caz Cy Ry

For third-neighbor hopping, My, (; o) is invariant under both U;©0,, and Cy(z), and Sy
symmetry relates this to Mgg (¢ 5y, which results in

R31  I31 Ra R33 I3y I3
Mpp200=| —I31 Rsz Iz |. Mpgpo=| —I3s1 Ra1 —Rs |. (C9
—R3; I3p Ry Iz3 R3z Ry

Another third-neighbor hopping matrix My (o,2) and its symmetry operation are given by

Rél I:/n Iéz Réz Iél _R;ss
— / / / _ / 7 /
Mya0,2) = _{31 R3/2 R/33 > MBB,(Z,O) - _{31 R/31 I:;;z > (C.10)
I32 _Rss R34 R33 132 R34

where R and I/ denote real and imaginary numbers, respectively.
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Figure 7: A-dependence of selected matrix elements for second-neighbor hopping
[Ry3, Re(Cy;), and Im(C,;)] and third-neighbor hopping (R3; and I5;) atJ’/J = 0.6
and h/J = 0.015. Dashed lines indicate the results of the first-order perturbative
expansion. The parameter n represents the number of spins in the largest clusters

used in the NLC expansion.
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Figure 8: Translation vectors associated with 2; Screw rotations.

D Analysis of A-dependence in extended hopping matrix elements

Figure 7 presents the selected matrix elements of the hopping terms between second-neighbor
and third-neighbor dimers as a function of the parameter A. These results were obtained using
the NLC expansion up to the n-spin clusters. While most matrix elements remain negligibly
small, the diagonal components of the second-neighbor hopping term show a slight enhance-
ment near A = 1.

E Kramers degeneracy in the triplon bands of SrCu,(BO;),

As discussed in Appendix C, SrCu,(BO3), in a magnetic field along the z-axis preserves sym-
metry under the operations Sy, Ur®0,, and Ur©0 . Consequently, the system is invariant
under the combined operations Uy©0,,S4 and Ur©0 ,,S,. These operations act on both spa-
tial coordinates and spin components, as follows:

UTeo-XZS4 : (X,y,Z) - (_y) —X— 13_2):

(SXJSy:SZ) - (_Sy’_SX’SZ)’ (El)
UTG)O-}/ZS4 : (X,J’:Z) - (}’ + ]-sz_z))
(8%,8”,58%) = (8”,5%,5%). (E.2)

The spatial part of each transformation is equivalent to that of a 2, screw rotation, which
consists of a translation along (1/2,—1/2) or (1/2,1/2) followed by a m-rotation about the
corresponding axis (see Fig. 8). However, the associated spin transformations are different
from those in the 2, screw rotations.

At certain momenta, the combined operations become anti-unitary. When applied twice,
they generate lattice translations in the (1,—1) and (1, 1) directions:

(UTGO-XZS‘l-)Z = T(]_’_]_), (EB)
(UT@UyZS4)2 = T(].,l)ﬁ (E4)

where T, denotes a translation by vector r. For Bloch eigenstates with momentum k, the
translation operator yields a phase factor exp(ir - k). Along the boundary of the Brillouin zone
defined by the two-sublattice structure, where k, +k, =(2n+1)x or k, —k, = (2n+1)7 for
any integer n, this phase factor equals —1, indicating the anti-unitary character.

Anti-unitary symmetries are known to protect twofold degeneracies in the energy spec-
trum. Therefore, Kramers degeneracy enforces doubly degeneracy of triplon bands at these
boundaries in momentum space. This result explains why, in SrCu,(BO3),, triplon bands are
guaranteed to touch at the Brillouin zone boundary, resulting in symmetry-protected band
crossings.
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472 These symmetry considerations imply that, in SrCu,(BO3),, which has a quasi-two-dimensional
473 structure, the excitation spectrum in three-dimensional momentum space exhibits symmetry-

472 protected nodal planes. Similar Kramers degeneracies and nodal planes in spin excitations

475 have been reported in a spin model for Volborthite [47] and in the Kitaev—-Heisenberg model [48].

< F Momentum-space representation of the effective triplon Hamil-
477 tonian

478 The effective Hamiltonian in momentum space is expressed as

Hetr = Z ZtliaMaﬂ(k)tk,ﬂ, (E1)

a,f=AB k

479 where t,;( =N"1/2 > t'et*" defines the Fourier-transformed triplon creation operators
,a reA, 'r

as0 for sublattice a = A, B over N unit cells.

481 In the following, we present only the on-site and nearest-neighbor hopping terms for clarity.

4s2  However, in the numerical calculations, we also included second- and third-neighbor hopping

483 Pprocesses to ensure quantitative accuracy.

484 The diagonal blocks M, (k) are given by

Ryy Ipp O Ry Iy O
MAA(k) = _101 R02 0 5 MBB(k) = _101 ROl O . (FZ)
0 0 Ry 0 0 Ry

ass  The off-diagonal block Myg(k) is expressed as

—(I41 cosk, + I3 cosk,) Ry;(cosk, + cosk,) i(—I14sink, +Ry3sink,)
2 Ry1(cosk, +cosk,) —(I11 cosky, + Ijzcosk,) i(—Iysink, +Rqysink,) |, (E3)
i(—Ipsink, + Ryysink,) i(—I4sink, +Rygsink,)  —Ij5(cosk, +cosk,)

ass with Mya(k) = M/, (k).
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