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Abstract

Ballistic Macroscopic Fluctuation Theory (BMFT) captures the evolution of
fluctuations and correlations in systems where transport is strictly ballis-
tic. We show that, for generic integrable models, BMFT can be constructed
through a direct mapping onto ensembles of classical or quantum point parti-
cles. This mapping generalises the well-known correspondence between hard
spheres and point particles: the two-body scattering shift now plays the role
of an effective rod length for arbitrary interactions. Within this framework
we re-derive both the full-counting statistics and the long-range correlation
functions previously obtained by other means, thereby providing a unified
derivation. Our results corroborate the general picture that all late-time fluc-
tuations and correlations stem from the initial noise, subsequently convected
by Euler-scale hydrodynamics.
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1 Introduction and main results

Emergent dynamical properties in many-body systems pose a central challenge in
physics due to the complex interplay between microscopic interactions and macroscopic
behaviours. Hydrodynamics provides a powerful coarse-grained description: microscopic
complexity is replaced by macroscopic equations of motion. By separating fast micro-
scopic time scales from the slow evolution of conserved densities (and the modes coupled
to them) and assuming local equilibrium, one derives hydrodynamic equations, typically
partial differential equations, that govern the expectation values of those conserved-charge
densities. Although conventional hydrodynamics can predict the time evolution of mean
local observables, many other questions require information beyond simple averages,
such as full-counting statistics of transported charge or multi-point connected correlation
functions. The charge transport is computed by counting the amount of charge crossing
a specific point, say the origin, in time [0,7]. For a system of particles with 1-particle
phase space density at time ¢, it can be expressed as

Qr = /Ooo dx /OO do h(0){pr(z,0) — po(x,0)}, (1)

where h(6) determines the nature of the transported charge. For instance, h(f) = 1 is
for mass transport, h(f) = 6 corresponds to momentum transport, etc. Similarly, the
multi-point connected correlation functions, such as the 2-point function, given by

Cey (1,01, 32, 02) = {p, (x1,01)pr, (2,62))°, (2)

rely on both thermodynamic fluctuations and hydrodynamic evolution. To capture such
non-linear observables, one must restore these thermodynamic fluctuations and understand
how they interact with the hydrodynamic evolution.

For diffusive systems, this program is realised by the macroscopic fluctuation theory
(MFT) [1-5], which is valid for systems whose hydrodynamic current is proportional to the
gradient of the charge density. Fluctuations are incorporated into the to hydrodynamics by
(i) adding a stochastic noise term to the hydrodynamic current and (ii) sampling the initial
hydrodynamic fields from a thermal fluctuating distribution. Exponentiating the noise
via the Martin—Siggia—Rose-Janssen-De-Dominicis functional formalism and writing the
corresponding initial action yields a path-integral description whose long-time behaviour
can be evaluated by saddle-point methods [6-8]. MFT has been highly successful in
characterising diffusive transport, generic correlations, and the full distribution of current
fluctuations, see for example [9-23]. Ballistic systems, however, where the current is
proportional to the charge density itself and not only to their derivatives, lie outside its
scope.

This gap is filled by ballistic macroscopic fluctuation theory (BMFT) [24-26]. The
natural arena for BMFT is provided by generic integrable models, whose hydrodynamics
is described by generalised hydrodynamics (GHD) [27,28], see also [29-44,44-58]. GHD
involves an infinite family of conserved densities that can be interpreted as quasiparticles.
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Figure 1: Cartoonish figure demonstrating the construction of the coordinates for a generic
integrable model from the configuration of the free particle gas using the mapping in
Eq. (4). Here we present two cases, (i) Hard rods (red) with a;; = —a and (ii) Lieb-
Liniger gas (blue) with a;; = 2/((6; — 6;)* + 1). The mapping from the free particles
trajectories X;(t) (evolving via X; = 6;) to interacting coordinates x;(t) requires inverting
Eq. (4), which is a non-trivial task for generic a; ;, and inversion is performed numerically.
While the free particles have straight line trajectories, due to the mapping, the interacting
coordinates acquire scattering shifts. Moreover, the distribution used for sampling the
initial configurations determines the nature of the particles (i.e. Poissonian sampling for
classical particles and Bernoulli sampling for Fermi-Dirac quantum particles).

Each quasiparticle moves ballistically, and two-body scattering merely renormalises its
velocity; no bulk noise arises. The latter is indeed at the source of different anomalous
fluctuations in integrable systems, see, for example, [26,59-63]. Therefore, BMFT requires
only an accurate characterisation of the initial fluctuations, which then propagate ballisti-
cally under the non-linear Euler equations, producing non-trivial mesoscopic correlations.
A transparent example is the one-dimensional gas of hard rods [34,64-66] of length a.
Because every collision is elastic and exchanges only momentum, the model is integrable.
The position of the i-th rod, z;(¢), can be mapped, at all times, to that of an auxiliary
free particle, X;(t), through

zi(t) = Xi(t) + 5 Y sen(Xi(t) = Xi (1)) (3)
ki

with X;(t) = X;(0) 4 6;t at any time ¢, describing free particles (i.e. with a = 0) motion
with velocities 6;. The initial velocities are therefore conserved, giving a set of N con-
served quantities of motion, and thus the hard rods gas represents the simplest integrable
model captured by GHD. In more general integrable models, the constant shift a is re-
placed by a two-body scattering phase ¢(6,0’) that depends on the incoming rapidities.
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Figure 2: Schematic figure illustrating our modified BMFT approach for computing full
counting statistics and correlation functions in integrable systems. In the standard BMFT
framework introduced in Ref. [24,25], the conserved charges are studied using the typical
generalised temperatures {3;(x,0)} characterising the initial state. These temperatures
can be obtained from the typical phase space density, po(z,#), using the thermodynamic
Bethe ansatz (TBA) (see Ref. [32]). Here, we instead map the observable Q7 [Eq. (1)] to
the free particle coordinates via Eqgs. (14) and (16). This allows us to apply the BMFT
formalism, but now for the free particles and exploit its inherent simplicity. For example,
the free energy of a free particle system is expressed in Eq. (29) and the system-specific
details are hidden in 7o (X, 0) < po(x, ).

Generic integrable systems can be viewed as deformations of the hard-rod gas in which
the geometric shift a is replaced by the model-dependent phase shift ¢. In this article, we
study the probability distribution of the net charge transport Q7 [Eq. (1)] and the 2-point
connected correlations [Eq. (2)] in a generic interacting integrable system. Our approach
involves two main steps as described by the schematic flow diagram Fig. 2. First, we map
the interacting system to a free particle system [via a generalisation of Eq. (3)] and recast
these observables as functionals of the free particle coordinates. After the recasting, we
use the BMFT formalism, but now for the free particles.

1.1 GHD and its notation

Generic integrable systems are characterised by an extensive number of conserved modes,
and therefore its large-scale hydrodynamics contains an infinite number of hydrodynamic
density modes ¢;(x,t). On the other hand, as also pointed out in these past years by
several recent works [45,67-70], GHD can be reformulated (and explicitly derived from
the semi-classical limit of Bethe wave functions) as a course grained dynamic of a gas
of interacting wave packets (WPG), where a configuration of the particles’ position and
their moments (z;, 9@-)2-]\;1 can be mapped from that of the configurations of a free gas with
coordinates (X, Hi)fil by using the mapping, see also Fig. 1,

vit) = Xilt) — 3 Y e sela(t) —an(r), Kl =oP00), (@)
ki
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with a;; a generic (two-body) scattering amplitude. This mapping is merely a generalisa-
tion of the hard rods mapping of Eq. (3), where the effective rod length is replaced by the
scattering shift as

a — —a(ei - ej) (5)

It can be shown that any system of particles with coordinates x;, such that at any time ¢
they can be mapped to the coordinates of free evolving particles X; ! have a large-scale
description given by the GHD equation. This procedure is: first introduce the 1-particle
phase space density of quasiparticles, see also [69,70],

N
pi(x,0) = 8(z — :)5(6 — 6;). (6)
=1

and derive its equation of motion. Using Eq. (4) we obtain the evolution equation for
pi(x,0) as [see Appendix A]

Bipi(,0) + 0o (pe(, 0)vfh . 41(8)) = 0. (7)

This equation is exact, and the effective velocity v°%[ps](z,6) is given in terms of the
integral equation

Vi ) (02) = VP (6;) + /delaw — 0)pe (i, 0) (V] 3y (02) — Vi s 9y (0))- (8

Here vP%(0) is the bare velocity of the quasiparticles (which in the case of the hard rods
model is given simply by vP#(#) = 6). In the following, we shall focus on Galilean invari-
ant models, where v?*() = 0 and with bare momentum k(0) = 6, and generalisations to
a generic case are immediate.

The effective rod length a;; is generally given by the scattering shift of the underlying
microscopic model. For example, for a Bethe ansatz integrable model, this is given by

aij = Cl((gl — (9]) = W (9)

where ¢(6 —6') denotes the derivative (divided by 27) of the scattering phase shift between
particles of velocities (rapidities) # and ¢’. Finally, it is convenient to express Eq. (7) in
the normal modes density

2rul,0)
(1)dr[nt]('r’ 9)
(1) e (2,0) = (1) (2,0) =1 + / d0' (6 — ' yny(a,0) (1) (2, 0').

—00

ni(z,0) = (10)

Here the notation (h)dr[pt] (x,0) denote the dressing of a generic function h(#), which is
also given in terms of an integral equation

(1) ] (2, 0) = (h)} (2,6) = h(6) + /_ - d0' (6 — 'Yy, 0') ()" (. 6). (11)

The normal mode density effectively diagonalises the flux Jacobian in Eq. (7), which then
factorises as a convective equation for each mode

dmni(z,0) + v (x, 0)dpne(x,0) = 0. (12)

1Such dynamical condition could be considered an alternative definition of integrability.
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While GHD at the Euler scale captures ballistic transport of conserved quantities in inte-
grable systems, higher-order corrections, such as the diffusive term, are important for their
relaxation. GHD with diffusive contributions, often called the Navier-Stokes GHD [30,71],
can be derived using the cumulant expansion as described in Ref. [72,73]. In this approach,
the average current is expressed as a function of the average density and its higher-order
correlations. For integrable models, these correlations arise from the fluctuations in the
initial state, which are deterministically propagated via Euler GHD Eq. (12) with a non-
linear effective velocity. This non-linearity is necessary, as integrable systems do not
possess conventional scattering mechanisms. Instead, diffusion emerges from the coupling
of different modes (quasi-particles) via the non-linear dependence of the effective velocity
on the density of particles [see Eq. (8)]. In this work, we also study such correlations
necessary for computing the diffusive correction to Euler GHD.

1.2 Interacting wave packet gas and mapping to point particles

The central idea of this paper is that all hydrodynamic fluctuations in interacting inte-
grable models can be obtained by mapping their dynamics to that of point particles. In
the phase space (z,0), the position of the particles located in the region [x — Ax/2,z +
Ax/2]U [0 — AB/2,0 + A0/2] centered around (x,0) can be mapped to that of the free
particles with rapidity 6, using Eq. (4) as

X0)=z+ % Z Z AzAbpi (2,0 )a(0 — 0 )sgn(z — '), (13)
o' £x 0'40
Here we note that the sum over the dummy index j in Eq. (4) can be expressed as a sum
over the coarse-grained 2’ and 6 with the additional weight due to the particles at the
coarse-grained location 2’ and 0" i.e., 37, =37,/ > o AzAbp(a',0'), where pi(z,0) is the
phase space density of the interacting particles at (z,6). In the large-N limit, the Eq. (13)
becomes

X(0)=x+ % /_OO do’ /_oo d' pi(2',60")a(0 — 6" )sgn(x — 2'). (14)

Consider free coordinates (X, k), hereafter referred to as bare coordinates, and contrast
these with the interacting coordinates (x, §). By imposing this mapping and requiring that
the number of particles be conserved [ dX % ri(X, k) = N = [ dxdf pi(x,0) it follows that

2T

ri(X(0), k(0)) = pu(x,0) (15)

Here (k:’(&))fr(x,@) is the Jacobian of the transformation (z,0) — (X (0),k(6)). Hence-
forth, bare particle densities r¢(X,6) are to be understood as being evaluated at the

location (X, k(#)). In the case of a Galilean invariant model, k() = 6, this yields a
particularly convenient relation between the bare and interacting densities

re(X(0),0) = ni(x,0). (16)
Using Eq. (16), we can re-express the mapping in Eq. (14) as

T = X(0) - ;/Oo de’ /OO dX" (X', 0)a(0 — 8)sen(X(6') — X'). (17)

Note that X (0) depends on r(X,6), z and 0 i.e., X(0) = X[r¢(x,0).
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The hydrodynamic equation for the free particle density r;(X, 6) can be obtained using
Eq. (16) and Eq. (12), which gives

(X, 0) + v (0)0xr(X,0) =0 with (18)
dr dr
() = (0)15 (x — —00,0)24- (H)t (xr — 00,9)' (19)

Here, the phase-space density r(X,6) propagates with velocity v.(6), itself depending
on the density at the boundaries. When the boundaries are time independent ni(z —
+00,0) = ni(f) and carry no net current i.e., satisfies ny(—60) = ni(0) or when it
vanishes (n4 () = 0) the propagation velocity becomes that of the bare velocity v:(0) = 6.
For such boundaries, Eq. (18) describes the free point particles. In the rest of the article,
we assume that the density at the boundaries (z — +00) is not driven and set to zero,
which makes v4(f) = 6. Using the Galilean invariance of Eq. (18), we can express its
solution as

re(X,0) =ro(X —16,0). (20)

Applying the mapping in Eq. (17), we conjecture that, by analysing the mesoscopic observ-
ables of the point particle system via the BMFT framework, one can infer the statistical
behaviour of the appropriately modified observables in interacting integrable models.

1.3 Main results and organisation of the paper

The main result of this article is the reformulation of BMFT for integrable systems through
mapping [see Eq. (4)] their configuration to that of the point particles. Using our approach,
we study the following two quantities

1. The full counting statistics corresponding to Qp defined in Eq. (1) by computing
the generating function [see Eq. (44) for (non-interacting) point particles system and
Eq. (77) for interacting system|]

FCS: p(X) =log [< eXp(/\QT) >Fo]’ (21)
where 79(Z, 0) is the typical phase space density in the point particle coordinates.
2. The 2-point normal mode density correlation [see Eq. (123)]
correlations: (ny, (x1, 61)n, (z2,02))°. (22)
is obtained by studying the generating function

Generating function : <eXp (T)\lntl (a;l, 01) + T Aang, (mg, 92))> ) (23)

no

This paper is organised as follows: in section 2 we introduce the BMFT for point
particles, showing how it can also be done for generic particle statistics, and in particular
quantum statistics. In section 3 we use the BMFT for generic classical and quantum
interacting systems to compute the full counting statistics. In section 4, we study the
2-point normal mode correlations for these systems. Finally in section 5 we conclude with
an outlook and potential directions for this approach.
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2 BMFT for point particles

A useful quantity for studying transport is the net charge transferred across the origin
during a finite but long time 7" as defined in Eq. (1). As this quantity depends on the
initial configuration, it is a random variable whose statistics are known as the full counting
statistics (FCS). Although computing FCS can be challenging in general, the formalism of
MFT for diffusive systems and BMFT for ballistic systems offers a systematic framework.
To illustrate BMFT, consider the simplest example, free point particles. At Euler scale
their phase space density (X, 6) obeys

8tTt(X, 6) + Gﬁxrt(X, 9) =0. (24)
The net charge transfer over a time interval T from left to right of the origin can be

expressed as [using Eq. (1)]

Op — / Z i /0 X h(o) (rr(X.0) — r0(x.0)). (25)

where the function h(6) is an arbitrary function. This is exactly the difference between the
total charge on the right of the origin at time 7" and at time 0. Here, to obtain Eq. (25)
from Eq. (1) we used r+(X,0) = pi(x,0) and X = x, which can be easily obtained by
setting a(f — 0') = 0 in Eqgs. (14) and (16).

0 F(X;) = / dor(X;,0)
A M

Ab

1 AX R

» X

Figure 3: Schematic plot of the (X, #) phase space, partitioned into R strips of size AX
which are labeled by index ¢ € {1,2,..., R} and centered around position X; as shown by
the pink strip. Each of these strips are further partitioned into M smaller subsystems
of size Af which are labeled by index (.,j) and have particles with velocities between
[0, — AB/2,0; + AO/2]. The subsystem labeled by (i,j) centered around (X;,6;) has
ni; = r(X;, 0;) AX A0 number of particles and its typical value is n; ; = 7(X;, 6;) AX AS.

Clearly, the observable Q7 is deterministic for any given initial configuration ro(X, 6)
once it evolves via Eq. (24). Its randomness originates solely from the stochastic nature of
the initial configuration ro(X, @), which is determined by the preparation of our system.
A natural choice is when all the particles are independently sampled to have a

typical equilibrium profile : 7 (X, 0), (26)
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so that the realized profile ro (X, ) fluctuates around 7o (X, #). The probability of observing
the initial phase-space density is then given by the large deviation principle with the free
energy cost of creating ro(X, #) from 7y(X, 0), see Fig. 3 and Appendix B for the explicit
calculations. The probability density functional denoted by Po[ro(X,6)] is given by

Po [ro(X,0)] < exp(—]}[ro(X 9)]), where (27)
Flro(X,0)] / w/ 4y [f(ro) — f(Fo) — (ro — 7o) f'(70)]

Here, the free energy per unit phase-space volume is given by

rologrg — o for Classical particles,
fro) = { (28)

rologrg + 77(1 — 7)7"0) log (1 — 177"0) for Quantum particles

where n = +1 are for Fermions and Bosons, respectively. Using the Eq. (28) in Eq. (27)
we obtain the free energy cost as

ﬁ[ro] = / dX/ df G(T’o,fo) with (29)
ro log (%) (ro — fo) for Classical particles,
G(ro,70) = } 19 log (;—0) + (1 —1rp)log (%_:g) for Fermions,
ro log (r ) — (1+70)log (ﬁ: ) for Bosons.

The statistical properties of Q7 can be understood by computing the generating func-
tion

(exp(20r)) / D [ry(X.0)] 2fri(X.0)] exp (301 ). (30)

where the angular brackets ( * )z, with the subscript 7y represents an average over the
initial density profile. Here, the probability density function of any profile r¢(z, ) can be
obtained using the propagator that evolves the initial density profile, which is given by

Pilre(X,0)] = 8 [Dhre( X, 0) + x0r:(X, 0)] exp(~Flro] ). (31)

In Eq. (31), the delta functional ensures that the phase space density satisfies the hydrody-
namic evolution equation Eq. (24). Substituting Eq. (31) into the expression of generating
function in Eq. (30), we get

<exp</\QT /D (X, 0)] 6 [0¢re(X, 0) + Ox0r (X, 0)] exp< Flr ]) exp()\QT>.
(32)
Using the Fourier representation for the delta-functional Eq. (32) can be expressed as

(ew(Aar)), = [ DI OID X O)exp (SIn(X.0). (X 0)), (33

where 74(X, 0) is the field conjugate to r:(X, #) and the action S[r(X, ), 7+(X, 0)] is given
by

S[ri(X,0), 7 (X, 0)] = / T ax / T a0 /0 "0t 71(X.0) [rs (X 6) + OxBr(X.0)]

— Flro(X,0)] + A\Qr, with Qp given in Eq. (25). (34)
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To investigate ballistic transport the position and time is rescaled as X = T Z and
t =T 1, with Z and 7 being the rescaled position and time variables. In these rescaled
variables, the action is

S[ri(X,0),7#(X,0)] = TS[q-(Z,0),p;(Z,0)] where

S[gs(Z,0),p-(2,0)] / iz / i / dr pr(Z,0) [0-q0(Z,0) + D704.(Z, 0)]
— Flao(Z,0)] + AQ1, (35)
where ¢,(Z,0) and p;(Z,60) are functions of the rescaled variables

QT(Z> 6) = Tt(X79)v CYT(Z’ 0) = 7:t(AXv 0)7 p-r(Za 0) = 'ﬁt(Xa 9) (36)

t X

In Eq. (35), the scaled charge and the scaled free energy cost are given, respectively, by

Q=700 = [ "az [~ asno) (w(2.0) - a(2.0)), (39)
Flao20) = 1 FmX0) = [z [~ 0 G(z0.w(z.0). 69

with G(qo,qo) given in Eq. (29). As the action in Eq. (35) scales linearly with time T,
we use the saddle point calculation to compute the generating function in Eq. (33). We
obtain the following saddle point equations

08(gr, pr]

5pr(Z.0) = 0:q:(Z,0) + 02045(Z,0) = 0, (40a)
f{:[%ng)] = 0,p7(7,0) + 0700"(7,0) = 0, (40b)
‘m — pi(Z,0) — AO(2)h(0) = 0, (40¢)
m — p5(Z,0) + AO(Z)h(0) — 5‘;0];[2‘10]9) 0, (400)

where -* denotes the saddle point value. Egs. (40a) and (40b) are obtained from the
variation of action Eq. (35) due to the auxiliary field p,(Z,0) and ¢-(Z,0), respectively.
While Eq. (40c) and Eq. (40d) are obtained by variation due to the densities at time-
boundaries i.e., q1(Z,60) and qo(Z,6), respectively. Since Eq. (40a) and Eq. (40b) are
Galilean invariant, they can be solved as

Q:(Zv 0) = qS(Z —76,0) and pi(Za 0) = pé(Z —76,0). (41)

Using Eq. (41) in Egs. (40d) and (40c) and substituting the free energy from Eq. (39), we
can obtain the saddle point initial density, ¢j(Z,0), by solving

1=mnq5(Z,0)  1—nq(Z,0
where ©(Z) is Heavy-side step function and setting n = 0 we get the saddle point solution

for classical systems and 1 = 41 for Bosons and Fermions, respectively. The scaled saddle
point action is obtained by substituting Eq. (41) in Eq. (35), which gives

j exP (A(0){6(Z +0) - 6(2)}) , (42)

Slg7(2,0),p7(2,0)] = = Flgo(Z,0)] + AQT, (43)

10
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where Q7 is the scaled charge evaluated by substituting ¢,(Z,0) = ¢2(Z,0) in the expres-
sion of @1, Eq. (38), which gives @1 = Q7. The cumulant generating function p(\) is then
obtained by substituting the saddle point initial condition (¢5(Z,0)) in Eq. (33) to get

exp (V) = (0 (AQr) ) = exp (TS[6:(2.6),p:(2,0)]).
HN) = T(AQf = Flaj (2.0)). (44)

By simplifying Eq. (44) for the classical systems, we get
o0 0
u(\) =T / df / dZ Go(Z, 9)[exp(Ah(9)) - 1]
0 -0

+T/io do /0_9 47 40(Z,0) [ exp(~Ah(0)) ~1]. (45)

While for the Quantum system, it is given by
[e'e) 0
w(\) =Tn / df / dZ log (1 +nq0(Z,0)[ exp (AR(6)) — 1]) (46)
0 —0

+Tn/_(; de/o_e dZ log (1 +1(Z, 0) [exp (= AB(0)) — 1])

Here, we recall that n = £1 is for Fermions and Bosons, respectively. Also recall that the
typical profile qo(Z,0) = 7o(TZ, 0) as given in Eq. (36). We can compute all the cumulants
by taking derivatives of x(\), and find that as u(\) o< T' Eq. (44), all the cumulants must
grow linearly with 7. We note that for the classical systems with h(f) = 1 i.e. for mass
transport, the expression of n'* cumulant is much simple and given by

=T (Q +(-1)"Q-), (47)

where

0 ) e’ 0
o= [ a[ azaze. wi @- [ @[ zaze. e

A derivation based on the microscopic approach also gives the same result as shown in the
Appendix C.

Using the Legendre duality between the cumulant generating function p(A) and the
rate function Z(Q)1), we can compute the expression of the rate function corresponding to
the probability distribution of @)1 as

. . 2
P(Qi) = exp (~ TZ(Qu) with T(Q1) = X'Q ~ “07, (19)
where \* is obtained by solving
d
PO =TQr for any Q1 (50)

The expression of the rate function in Eq. (49) can be simplified by substituting the
expression of the p(\) given in Eq. (43) to get

Z(Q1) = Flao(Z, )], (51)

where ¢ (Z, 6) is obtained from solving Eq. (42) and setting A = A* with A\* obtained from
Eq. (50).

11
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2.1 FCS in partitioning protocol

The partitioning protocol constitutes an ideal setting to study transport in ballistic sys-
tems, see for example [27,28,74]. This protocol involves initialising the system into two
semi-infinite domains characterised by a homogeneous particle density r4(6), which are
joined at the origin. Inside the light-cone generated by the dynamics, the phase-space
density is given by (see also [27,28,37,74]),

70(X,0) =71 (0)0(X) +7_(0)O(—X), (52)

where ©(X) is Heaviside step function. To understand its evolution consider the dynamics
along a ray £ = X/t. With these ray coordinates eq. (24) can be expressed as

(£ —0)0:7(£,0) =0 where 7(&,0) = (X, 0). (53)

So starting from the initial condition Eq. (52), the free point particle density evolves as
F(€.6) = 7_(6)0(8 — €) + 7+ (9)O(¢ — 6). (54)
In this setup, we can simplify the expressions of the cumulant generating function given

in Eq. (45) and Eq. (46) to get

N =T / = a6 16]70(0) [exp (M(6)sgn(6)) — 1}, for Classical, (55)

—0o0

u(\) =T /_ Z d || log (1 + 7o (6) [exp (Mi(0)sgn(6)) — 1}) for Quantum,  (56)

where we defined 7p(0) = 7(£ = 0, 60) and it is given by Eq. (54). Using Eq. (55) and (56),
we can compute the cumulants by taking their derivative with A. The first four cumulants
are then readily computed as

f =T / Z d8 9 h(0)7o(0), (57a)
Ko = T/_Z do 10](h(0))*70(6) (1 — 170 (6)), (57b)
hy =T /_ O; a8 0(h(9))*70(6)(1 — nio(6)) (1 — 2070 (6))). (57¢)
po =T / Z a8 10](1(0))*70(0) (1 — n70(8)) (1 — 6nia(0) + 61%70(0)?). (57d)

3 BMEFT for interacting systems via mapping to point par-
ticles

Equipped with the BMFT description of point particles, we proceed to the case of interact-
ing integrable models. Our approach involves working with the free particle coordinates
and making use of the transformation (14) to comment on the interacting case. In this
section, we study the full counting statistics for general integrable models by studying
the statistical properties of Qp defined in Eq. (1), which can be represented in the free
coordinates as

[e.9] o0

Op = / a0 [ dx hO)rr(X,0) - / [ dX hO)re(X.0),  (58)
—00 LT(Q) —o0 LO(G)

12
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where we have used Eq. (16) and the variable transformation Eq. (14) in Eq. (1). The
location of the origin in the free coordinates at any time ¢ is denoted by L;(#) and obtained
by setting x = 0 in Eq. (14), which gives

1

L) = /_ e /_ T dX r(X,0)a(0 — 0)sgu(Li(0) - X). (59)

Although the observable in Eq. (58) is deterministic and solely determined by the initial
condition, ro(X,0), the fluctuations in the initial configuration cause it to behave like
a random variable. For studying the statistical properties of Qr, we use the approach
described in Section 2 and compute

(exp ()\QT / Dlri (X, 0)]D[7 (X, 0)] exp <S [r4(X, ), 7 (X, 0)]> (60)

where the action S[r(X,6),7:(X,6)] is given by

- [e%S) [e%S) T
S[T‘t(X,e),TA’t(X,Q)] = —/ dX/ d@/ dt f‘t(X,Q) [8tTt(X,0)+98XTt(X,0)]
—00 —00 0
- -7:—[7”0(X, 0)] + AQr, with Qp given in Eq. (58). (61)

Here, we have assumed that the statistical nature of the initial profile, when described
in the point particle density ro(z, ), is governed by the probability density functional
with the large deviation function F[rg] given in Eq. (27) along with Eq. (29). While a
general proof is not available, we present a combinatorial calculation in the Appendix B.2
to demonstrate that the free energy of the hard rods when expressed in terms of the point
particles is indeed described by Eq. (27) with the free energy per unit volume given by
Eq. (29).

Since we are concerned with the ballistic scaling, we choose X = T'Z and t = T't where
Z and T are the rescaled position and time. In the rescaled variables, the action can be
expressed as

g [Tt(X7 '9)7 ft(Xa 9)] =TS [QT(Z7 0)7pT(Z7 '9)] , where (62)
() [e’) T
S[a(2.0),pi(2,0)] = - /_ dz / a6 /0 dt pr(Z.60) [0:0-(Z,6) + 60.4,(Z.6)
— Flqo(Z,0)] + 2Q1. (63)

Here Flqo(Z, 6)] is rescaled free energy cost given in Eq. (39), the scaled charge @1 is given
by

o0 o0

Qu=gQr=[ a8 [ dznOnzo -2 [ [ dznOwzo o
r o J11(8) —co  Jig(0)

and q,(Z,0), p-(Z, 0) are the phase-space density and its conjugate in the rescaled variables
t X

q-(Z,0) =r(X,0) with 7= T and z = T (65)
i-(Z,0) =7 (X,0) (66)
pr(Z,0) = 7(X,0). (67)
The lengths [p(0) and [;(0) in Eq. (64) are given by
L
I:(0) = t(e) with ¢t =77 and (68)

1:(0) = l:[q:(Z,0)] / dH'/ d2'qr(2',0)a(0 — 6")sgn (I, (0') — 2').

13
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As the action in Eq. (62) scales linearly with time 7', for large T', we use the saddle point
calculation to compute the generating function in Eq. (60). By setting the variation of
Slqr,p-] at ¢5(Z,0) and pi(Z,0) to zero the following saddle point equations are obtained

T~ 0,41(2.0) + 00.41(2,6) = (6%0)
§22£g::&pﬂZﬂ)+9@mﬂZﬁ>=0a (650)
el 2 (h(6) — sn(110) ~ )i 9) ~ ri(2.0) =0, (65c)
‘m =po(2,0) - %(h(ﬂ) — sen(l(0) — 2)cj(0)) - (M =0,  (69d)

where ¢f(0) and ¢j(0) are

dr

colgol(x =0,0) = ¢5(0) = (h)gr(:v =0,0) dressing with ng(0,0) = ¢5(5(0),0) (70)
gz =0,0) =1 (0) = (h)T (x =0,60) dressing with n7(0,0) = ¢;(17(0),0). (71)

To obtain these saddle point equations, we also assumed that the density at the boundary
is fixed and vanishes. The main task is now to solve the saddle point equation Egs. (69a)-
(69d). Since Eq. (69a) and Eq. (69b) are Galilean invariant Euler equations of a free
system, the solution is given by

GG (2,0) = q5(2 —70,0),  pr(Z,0) =ps(z —70,0). (72)

In Eq. (69d), we use Eq. (69¢) which is back propagated using Eq. (72) and substitute the
expression of the scaled free energy, Eq. (39), to find

(73)
where 3(6), 15(8), c&(6) and ci(6) are given by

15(0) = - / i / 42 g (<,0)a(0 — 0)sen(lo(0') — ), (74a)
/ a0’ / 42 g (. 0)a(6 — 0)sen(ln () — =), (74b)

¢4(0) = ()™ (x = 0.6) dressing with n(0,0) = gj(13(6), 0),
40 =ho)+ [ ol - D050, i), (740)

¢1(6) = (W) (2 = 0,6) dressing with n3,(0.0) = ¢i((6).6),
c1(0) = h(0) + /_Z df'o(0 — 0")q; (17(0'),0")c1 (0). (74d)

Note that all the functions are implicitly dependent on A. Substituting the saddle point
density profile, obtained by solving Eq. (73) and Eq. (74), in Eq. (63) we find that the
saddle point action is given by

S[a;(2,0),p1(2,0)] = —Flg5(2,0)] + 2Q7. (75)

14
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where the scaled charge at the saddle point density is obtained by substituting ¢;(Z,6)
obtained from solving Eq. (73) in Eq. (64), which gives

Gi= [ v [ vz~ [ as [ dzb@)az.0 (76)
—0 13(6) —00 150)

We can now compute the cumulant generating function given in Eq. (60) by using Eq. (62)
and Eq. (75) which gives

(X)) = T(AQT — Flg5(Z,0)]) where ¢i(Z,0) is obtained from Egs. (73). (77)

Here recall that F|q| is the free energy cost given in Eq. (39). Using the Legendre duality,
we can express the rate function as [see Eq. (49)]

Z(Q1) = Flag(Z,0)], (78)
where ¢;(Z,0) is obtained from solving Eq. (73) at A = A* and \* is obtained by solving

d

aﬂ()\) NV TQ: for any Q. (79)

Consequently, we obtain the charge at the saddle point (governed by \) using

d
a,u()\) =TQ] where Q7 is given in Eq. (76). (80)

Hence, the first cumulant is obtained by setting A = 0 in Eq. (80) to get

/ d@/ dz h(0)q1(Z,0) — / d9/ dz h(0)qo(Z,6). (81)
ll 10(9

Here [,(6) is obtained from Eq. (68) by replacing ¢,(Z,#) with g, (Z,0). To compute the
second cumulant, we take a derivative with respect to A on both sides of Eq. (80) and then
set A =0 to get

2
2 = ddvu(x)] (52)
_ Ti /Oo do /OO dz (c0(6) — &1(9)) 0 (2.0)(1 — 31 (Z,8)) (83)
10(0)+0
+T/9 df Lo dz ¢(0)c1(0)q1(Z,0) (1 — ngi(Z,0))

0c 1(0)
w1 [Can [ iz e@)a@)n(2.0)(1 -1 (2.0).
—o0 1o (0)+6
where 6, solves 0, = I1(6.) — lo(f.) and Co/1(0) are given in Eq. (74c) and Eq. (74d)
with ¢ /1(2,9) replaced by ¢p/1(Z,0). Calculating the cumulant generating function, or
equivalently rate function for arbitrary typical profiles, becomes increasingly complex. We
therefore focus on two cases: (i) homogeneous and (ii) partitioning protocol (inhomoge-
neous).
For homogeneous initial conditions, the phase space density is given by

po(x,0) = o p(0). (84)
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Figure 4: Plot showing the rate function [Eq. (78) with go(Z,0) given by Eq. (86)] for
the density observable Qi = Qr /T, with h(f) = 1, in a system of hard rods of length
a = 3 and mean number of particles (N) = 2. Initial momenta are sampled from a
Gaussian distribution with zero mean and variance set by the temperature 1/ = 1. These
configurations are mapped to interacting coordinates using the mapping in Eq. (4). The
point particles evolve freely (XZ = 0;) and the interacting coordinates are computed at later
times T using the mapping Eq. (4). The observable Q; is evaluated from 10® independent
trajectories to construct the rate function. The typical part of the distribution aligns
with the Gaussian distribution (green dashed line) with variance set by r2 [Eq. (82) with
q1(Z,0) from Eq. (86)]. However, the tails i.e., the atypical fluctuations behave differently
from Gaussian as shown by the theoretical rate function (red solid lines). These highlight
the non-Gaussian nature of the FCS.

In the normal mode coordinates, we get
27 po(x, 0

fio(z, 0) = 7’;2( )

1)y (x,0)

where (x);(9) represents average with p(f). Expressing the density in the point particle
coordinate, and after scaling, we get

with (1)57(2,0) = 1+ 0 (p(0 — 6"))p(o)s (85)

_ — nalz _ 27Tﬁ0(l‘,0) wi :@
QO(Z(G)ve)_ 0( 79) (1)gr(x76) th Z(a) T (86)

where X (0) is given in Eq. (17). The rate function is obtained by substituting Eq. (72)
with go(Z,0) from Eq. (86) in Eq. (78). In the Fig. 4, we show a plot of the rate function
given in Eq. (78) for the hard rods that is obtained by solving Eq. (74) iteratively. We
compare them with our numerical simulations. The plot shows that the distribution is
non-Gaussian. We next compute the cumulants for the inhomogeneous profile with the
partitioning protocol setup.

3.1 Charge fluctuations in the partitioning protocol

For the partitioning protocol, the phase space density is described by [27,28,37,74]
pol,6) = 51 (0)O(x) + p_(0)0(—2), (87)
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where O(z) is Heavy-side step function. In the normal mode coordinates [see Eq. (10)],
we get

=n4(0)0(z) + n(0)0(-x), (88)

where the functions

_2mp=O0) o ey =14 [ dged — @)na @) (1) F@). (89
i M WEE) [ a0 -0 ()LE).

To study the charge fluctuations in the partitioning protocol, analysing the evolution of
normal mode densities in the ray coordinates is convenient. In these coordinates, we track
the evolution of the density along the ray £ = z/t, and Eq. (12) in the ray coordinates
becomes

ﬁi(e

Oeii(€,0) (€ — 7°1(€,0)) =0 where #W(¢,0) = ny(x,0). (90)
So starting from the initial condition Eq. (88), the normal mode density evolves as

n(&,0) = n_(9)@(veﬁ(§, 0) — &) +ny (0)0(E — veff (g, 0)) and equivalently as
(€,0) =n_(0)0(0 — 0*(€)) + n4(0)0(0*(€) — 0), where v (¢,6%) =¢. (91)

This suggests that the density along the ray { =0 (z = 0,¢ > 0) does not evolve. Hence

for this protocol, ¢y(0) = ¢1(0) = (h)?r(x =0,0) [see Egs. (74c) and (74d)].
We can express the phase space density in Eq. (88) in the point particle coordinates

(j()(Z, 9) = 77L+(0)1(Z > l_o(e)) + ﬁ_(e)l(Z < l_(]((g)) (92)

The density at the point corresponding to the origin z = 0 evolves as g, (I,(0),0) =

Go(1-(0) — 70, 0) and we obtain

G- (1:(0),0) = n(0)1(1-(0) > lo(0) + 70) + n_(0)1(1-(6) < lo(6) + 78). (93)

Here note that (1,(0),0) is the location in the point particle’s coordinates corresponding
to the point (x = 0,6).

For this protocol, we can compute the cumulants by taking the derivative of the cu-
mulant generating p(\) function with A and setting A = 0. Here we present the expression
for the first three cumulants:

Ko = T/_OO db|11(0) — lp(6) — 0| (51(‘9))2611(5_1(9%9)(1 —nq1(l1(6),9)). (94b)
3
K3 = C;i)\gﬂgh)()\h)]
h Ap=0
= T/_ do(20(0))" (0 + 1o(0) — 12(0)) @1 (1 (6), 0) (1 — 0 (1 (0). 0)) (1 — 201 (11 (6),0))
+ T/OO doq (11(6),0)(1 — nql(z}(e),e))ao(e)ye +1o(0) — l](@)\x (94c¢)

< [ v 0 - ) [3@W) B, 60 - 0 G, 8)senlv +b(v) - ()

[e.e]
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Note that by setting (0 —6") = 0 in Eq. (94), we obtain the result for the point particles
given in Eq (57).
In the ray coordinates [Eq. (91)], the expression of the first three cumulants is given by

K1 = /_ Z do vtk 1,(0) h(0)5(0,0), (952)
" /Z a8 [vfito. (0] [1(6)]*(0,6) (1 = ia(0,6)), (95b)
A }Ci:‘fe oi30,0)(0) (€1(6))*5(0,6)(1 = 17i(0,6))(1 — 2n7i(0,6)) (95¢)

+/mwmwm—m@mmwwﬁmwx

—0o0

< [ w0 - o) [3(e06)7]0,0)(1 ~ (0. w))sen (5 ()

—0o0

where the effective velocity vf% .)](9) is given in Eq. (8), ¢1(0) = (h)dr(f = 0,0) and

p
p(0,8) = n(0, 0)(1)dr(£ = 0,0). Here we also used the relation
(0)%(€ =0,8) = 0 +1o(8) — 11(6). (96)
This can be obtained by computing Io(6) 4 6 — [1(0) and it satisfies
11(0) —1o(0) — 0 = / do'[11(8") — 1o(0') — 0']7(0,0")a(6 — ') — 6. (97)

Using the dressing operation on Eq. (97), we obtain Eq. (96). The expression of the first
three cumulants in Eq. (95) agrees with the result obtained in Ref. [24,25].

4 Two-point normal modes correlations

In this section, we compute the correlation of the normal-mode phase-space density at
(x1,071,t1) with (x2,02,t2) i.e.,
Correlation : C¢, 1, (21,01, x2,62) = (ng, (1, 61)ne, (2, 62))°. (98)

The correlation can be computed using BMFT formalism by studying the generating
function

exp (Tg()\l, )\2)) = <exp <T>\1nt1 (:L‘l, 01) + T Xony, (562, 92)>> , (99)

1o
where 0 < t1,ts < T and np(z, 0) defines the typical initial state of the system. To compute
Eq. (99) using our formalism, we first map the observable ny, (z1,601) and ny,(x2,62) to
the bare coordinates using Eq. (16) to get

ng (z1,01) = 14, (£1(01),61) and ng,(z2,602) = 14, (L£2(62), 62). (100)

Here, the £1(01) = £[ry](z1,0) and £9(02) = L£[ry,](x2,0) denote the position in the
free particle coordinate corresponding to the point (x1,61,%1) and (z2, 02, t2), respectively.
They can be obtained from Eq. (17) as

£1(0) =z + % / dH'/ dX" a(f —0")sgn(&1(0') — X" )ry (X', 6), (101)

1 oo oo
£9(0) = x5 + 3 / do’ / dX" a( — 0")sgn(L2(0") — X' )ry, (X', 6'). (102)
—0o0 —0o0
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The generating function in Eq. (99) can be reexpressed in terms of the free particle BMFT
as

exp <Tg(>\1, )\2)) = < exXp <T>\1Tt1 (Sl ((91), (91) + T')\Q’I“t2 (22(92), 92)> > 5 (103)

where 79(Z, 0) is the typical phase-space density in the free coordinates. To evaluate this,
we use the path integral formulation described previously [see section 2] to obtain

exp (Tg(Al,A2)> = /D[rt(X, 0)]/D[ft(X,9)]exp (S[rt(X, 9),7(X,0)]), with (104)

S[Tt(Xv 0), (X, 0)] = _ﬁ[TO(X7 9)] +TAiry, ('81(‘91)7 01) + T Aoty (22(92)7 02) (105)

— /Z dy /Z dé /OT dt (X, 0) |:8t7’t(X7 0) + u(9)8y7't(X,9)},

where 74(X,0) is the auxiliary field that enforces the GHD for free particles [Eq. (24)] as
a constraint. To compute the generating function at large T', we apply Euler scaling by
defining

X t

Z = ?7 T = Ta QT(Zv 9) = Tt(X7 9)7 pT(Z’ 9) = 7215(‘X770) (106)
The action in Eq. (105) rescales as
S[r(X,0),7(X,0)] = TS[q,(Z,6),p-(Z,0)] (107)

S[QT(Zv 0)’pT(Z7 0)} = _f[qo(Zv 0)] + >\1qu ([1(01)7 01) + >\2QT2 ([2(92)a 02)
o] o] 1
- / s / L /O dr p-(Z.0)[0-0-(2.0) + 00.4,(2.0)] . (108)

where Flqo] = F[ro]/T and the scaled coordinates l1/2(0) = £1/2(0)/T [ Egs. (101)
and (102)] are

1 o o)
[1(0) = % + 2/ d9’/ dZ" a(6 — 6")sgn(11(8") — Z")qr, (Z',0), (109)

1 0] oo
[H(0) = % +5 / o' / dZ' a(0 — 0')sgn(12(6") — Z')gry (Z',0'). (110)

For large T, the path integral in Eq. (104) is dominated by the saddle point configuration
p§(Z,0) and ¢i(Z, 6) and they satisfy the following variational saddle point equations

08 " 6Fa5(Z, )]
— 0 —pi(2,0) - LA T 111a
sa02.0) 00 " 500(Z.6) (e
S
%0 _pN(Z,0) =0, 111b
i ~P2.0) (111b)
0 5. (2.0) + 00, ' (Z,0) =0 (1110)
Spe(7,0) B0+ 00 (20 =0 ‘
5 * o
m = 0rp;(Z,0) + 00. pr(Z,0) = —h.(Z,0). (111d)
Here, the source term in Eq. (111d) for the auxiliary fields is given by
2
he(Z,0) =Y h(Z,0) where (112)
i=1
W(Z,0) = Nid(7 — 1:)6(Z — G(6:))5(0 — 6:) (113)
sgn(I7(6) — 2)

+ )\15(7' — Ti) (a)i:([;"(é?,), 91 — 9) [8Z/q; (Z/, 91‘)]2/:[;«(92.).

2
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Here, the first term on the right-hand side is due to the variation of the density at the
location (I¥(6;),6;) while the second term is due to the variation of [¥(6;) for both i = 1, 2.

In Eq. (113), the dressing operation is, (h)fr([;‘ (0),0) = (h)dr[q;ii]([f (6),6), defined as

(h)2(6(0).0) = h(6) + 27 / ” At/ o(0 — 0)ar, (15(0),0) (h) " (12(8).0'). (114)

— 00

Note that this matches the dressing in the interacting coordinates

drp 4 * drp
(h) " 1ar 1 (50),0) = (h) " [nf )(21,0) (115)
since ny, (z;,0) = ¢, (I;(0),0). Using Eq. (111a) and the scaled free energy cost given in
Eq. (39), we can find the initial condition for the phase space density ¢;(Z,0) by solving
G(Z9) 0z
1—nq;(Z,6)  1-nq(Z,0)

To obtain p§(Z,6), we solve Eq. (111d) using the method of characteristics (basically
travelling along the field), which gives

exp(pp(Z,0))- (116)

d
gpiﬁ (Z +50,0) = —hris(z + 56,0), (117)
Integrating from s = —7 to 0 and applying the boundary condition pj(Z,0) = 0
[Eq. (111b)], yields
1
p6(Z,0) :/ dr h(Z +10,0). (118)
0

Substituting the expression of the source term [Eq. (112)] in Eq. (118) we get

pé(Z,H) = )\1(5(2 + 7m0 — [*{(61))6(0 — 01) (119)
sgn(l5(0) — 16 — 2)
2

+ M1 (a) 2 (15(61), 61 — 0)

+ X28(Z + 120 — B5(0))5(6 — 65)

sgn([3(6) — 720 — 2)
2

0247, (Z',01)] 2=tz (01)

+ X2 (a) 2 (13(62), 62 — 0) 02, (Z',62)) 21—502)

Using the saddle point solutions computed in Egs. (116) and (119) in Eq. (104) we get
G(M,A2) = S[g7,py] with (120)
Sy, py] = = Flag) + Mg, (1(61),01) + Xags, (15(62), 62),

where ¢%(Z,0) = ¢5(Z — 07,0). To compute the 2-point normal-mode correlation, we use
the Legendre duality i.e.,

d
quth)Q)

= 0 (660, 61)

(121)

A= A=0

Taking the derivative of Eq. (121) with respect to Ay and setting Ao = 0, we get the 2-point
correlation as
)\1:0i|

d
Cty 1o (21,01, 22,02) = W [Q:l (17(61),61) (122)

dAs

)\2:0.
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Performing the derivative with Ay and setting A = 0 we obtain the correlation and by
expressing them in the unscaled point particle density, we get

Ciy 1o (21,01, 12, 02) (123)
= 7, (£1(601), 01)0(L2(02) — £1(62) — (2 — £1)02)0(61 — 62)

+ 7, (£1(61), 91)(@?5(32(02)7 0y — 01) {8)(7%2(532(92),92)} sgn(£2(61) — &, (201) ~ (= t)6)

sgn()fb?(@g) — El (92) — (tg — t1)92)
2

o+ [Ox7 (21(61), 00)] | 0x 702 (22(02), 02)] / " () (21 (61), 01 — 0') () " (22(62), 62 — 0

— Ty (32(92), 92) (a)flr(fll (01), 0y — 91) [axftl (El(ﬁl), 91)}

y [/OO X7 (X! Hl)sgn(fll(ﬁ’) — 10 — X’) sgn(ﬁg(ﬁ’) — ol — X’)]

. 2 2
Here the derivative is defined as [8)(@1 (21(91),91)} = {8)(@1 (X, 91)} X_E1(60) We can
find equal time correlation by setting 71 = 75 = ¢ in Eq. (123) which gives
Cer(21, 01,22, 02) = T¢(£1(61),01)3(E1(61) — £2(62))(61 — 02) (124)
+ 71 (£1(01), 61) (a) " (£2(05), 62 — 1) [axft(32(92)7 92)} sgn(£2(91)2— £1(6)
— 71(25(62),62) (a) " (£1(61), 61 — 62) [3Xf7(31(91)7 91)} Sgn(EZ(GQ)Q_ £1(62)

+ [0x7(E1(00), 00)] [0x7(22(02)..62)

X /_OO do’ (a)ir(51(91),91 - 9')(a)ir(22(92)792 —9)
X [/Oo dX/fO(X,’ 9/)sgn(31 (9’)2— to — X/) Sgn(gg(el); 0 — X,)] |

For the hard rods we note that (a) fr(El(el), 01 —6) = —a(l)fr(xl) hence we can simplify
the expression as

27‘(’7_%(561, 91)

Cre(x1,01,22,02) = (1)§r(x1) 6(z1— 32)6(61 — 62) (125)
+a Sgn(”‘;_“) [m(@, 02) [0u7ie(e,00)] = nlen, 00) [are(,62)| mj
+ Cf |:8xﬁt($, el)L:zl [&ﬁt(x,Hg)L:m (1 —sgn(zg — z1) /:2 da’ py(z") )
When z1 =~ x5 = = we get
Cri(z1,01,22,02) 2170 = mé(ﬂfl — 562)5(91 - 92) (126)
()} @)]
a (2”2) [(f;d(l)if) <ﬁt(fv, 02) [0, 00)] — e, 00) [Dupt, ezﬂ)
2

+ QZ [&ﬁt(ﬂc, 91)] [axﬁt(x7 62)} .
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The two-point correlation in Eq. (126) agrees with the result derived in Ref. [73] [see their
Eq. (D.18)]. In the final stage of preparing this article we came across Ref. [75] which
arrives at similar findings for the case of hards rods and uses a similar formulation in
terms of the quasi particle phase space density.

5 Conclusions

We have derived the BMFT action for generic integrable, interacting models through
a direct mapping to point-particle dynamics. Unlike previous approaches [24-26], our
formulation is expressed in terms of the quasiparticle phase space densities p rather than
their charge contents. The key advantage is that the action can be written entirely with
quantities that are standard in the MFT framework.

At the saddle point, the resulting expression for the full-counting statistics is remark-
ably compact and can be evaluated for arbitrary integrable models.

Extending the present analysis beyond purely ballistic fluctuations— to include diffusive
or dispersive corrections— will grant access to sub-ballistic contributions in the higher-order
cumulants. Moreover, the explicit mapping to point particles makes it straightforward to
deform the theory, for example by introducing external force fields or by promoting the
particles from ballistic to Brownian motion. These extensions are technically feasible and
physically compelling, and we leave their exploration to future work.
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A Euler GHD as a microscopic equation of motion
We shall present here a fully microscopic derivation of the Euler GHD equation, which

shows how the latter is the equation of motion of the microscopic density of the quasipar-
ticles

plz,0) = Z 6(z —x3)0(0 — 6;) . (127)

Whenever their coordinates evolve according to the mapping of Eq. (4)

1
xTr; = Xz' — 5 Z aijsgn(a:i — l‘j). (128)
J#i
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where we used the notation for the generic effective rod length

27rg0(9i - 9])

e (129)

and where the time derivative of the free positions is given by the bare velocities X; = 6
and the motion of the interacting particles by the dressed velocity @; = U‘[ﬁmi N (6;)
Taking the time derivative of eq. 128 we get

91’ = Xz = SL‘Z — Z Clij(S(ﬂZi — l‘])(l‘l - .’E]) y (130)
JFi

The time derivative &; will be instead in general, a function of all the particles’ coordinates
defined by Eq. (130). Notice that v[e;f can have a generic z-dependence via p but not
directly. Taking the time derivative of the density of particles, we can get

Op(z,0) = Z@t (x —x4)0(0 — 6;))
—Z&u (= 2:)8(0 = 00) vy, ) (0)

= Z 0 (6(w — 2:)5(0 — 0;)) v,y (0) — > (6 — 2:)5(0 — 0:)) a0y (0)

(131)
We therefore obtain

where we used the following delta function property Ozé(ac —y)f(y) = 0 (0(x —y) f(x)).
Also, we have introduced the effective velocity

Uﬁimh.)}(ez) = (i, 0;) )+ Z ai; 0 ( i) (& (s, 0;) — &(25,0;))
7 (133)
+ZOZ] .’Ez, 2 :E(CCZ,GJ)),
JF#i
which, therefore, can be expressed in terms of the usual integral equation
Vi) (0:) = v(6:) + / d0'a(6; — 6" p(wi, 0') (v, 3 (0) — Vit 3 (6))- (134)

Equations (132) and (134) are true at the microscopic level, namely, they are exact for
any single realisation.

B Probability distributions of initial fluctuations

In this appendix, we compute the probability distribution functional for finding the density
of (non-interacting) point particles. Let us consider a box of size L containing N particles
in equilibrium. The system is divided into R spatial cells of size ¢, indexed by ¢ =
1,2,3....R, with the ith cell containing r;¢ particles where r; is the number density in of
the cell. There are several possible density profiled {r;} subjected to the global constraint
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14 Zil r; = N. For large £, assuming statistical independence of each box, the probability
of a density profile {r;} is [76]

R
P({ri) ~ W%mm=exp(—EZ[M—f(fﬂ)aN,ezm, (135)
=1

where Zr (V) is the canonical partition function, d4p is the Kronecker delta, 7 = N/L is
the bulk density, and

() = — 5 108 2(r0) (136)

is the free energy density.
In the grand canonical ensemble, the Kronecker delta is replaced with the fugacity,
and we find that the distribution is given by

P({ri}) Aexp< fz —(n—f)f'(f)]>, (137)

where f’(7) is the chemical potential. For inhomogeneous systems with typical density
profile 7;, this generalises to

P ({r:}) Aexp< zz —(ri—ﬁ)f’(fi)]) (138)

Taking the continuum limit ), ¢ — f dX, we get

Pr(X)] = exp (— /dX [f(r) = F(7) = (r =) f'(7)] ) (139)

for fluctuations of the density profile r(X) around the average profile 7(X) subject to
constraint [ dX r(X) = N.

For our work the relevant quantity is the probability distribution of the phase space
density r(X,0). For this the above argument can be straightforwardly extended using
independence of (X, 0) coordinates for point particles, which gives the probability of a
phase space density fluctuation (X, 6),

PIr(X, 0)] = exp<f.7:"[r(x, 9)]), (140)

:/de/dX [f(r) — f(r) — (rff)f’(F)]. (141)

Here, F[r] is the free energy cost of finding a profile (X, 6) different from the average
profile 7(X, ). The free energy density f(r(X,0)) depends on the particle statistics and
is obtained from the partition function

flr) = {Hog(T) -r for classical (142)

rlogr +n(1 —nr)log (1 —nr) for Quantum systems ’

with n = £1 for Fermions and Bosons respectively. Substituting the Eq. (142) in Eq. (141)
we obtain the free energy cost as

Fr] = / X / G (r,7) with (143)
rlog (%) (r — f) for Classical,
G(r,7) = ¢ rlog () + (1 —r)log (1£)  for Fermions,
rlog (£) — (1 +7)log (%) for Bosons.
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In the next section we derive these results from first principles based on combinatorial
arguments for the classical free particles.

B.1 Probability of the initial profile: classical free particles

The phase space density r(X, 6) represents the number of particles, (X, ) AXA#, within
a region of size AX A6 centred at (X, #) on the phase space. For computing the probability
(140), we partition the phase space (see Fig. 3) along X-axis into R strips of width AX
containing {ni}f;l particles with n;, = AX [dfr(X;,0). Within each strip, the particles
are further distributed into M sub-partitions based on their momentum, {n; ; }jj\il Vi=
1--- M with n;; = AXAO7(X;,0;) being the number of particles in the box AXAH
centred at (Xj,6;) on the phase space.

For independently distributed particles (or point particles), the probability of a con-
figuration {n;} across all strips is the product of individual probabilities expressed as

R
P({nitily) = [[ P({nig 330, (144)
i=1

where P({n; }J]Vil) is the probability of observing the occupation {n; ; }jj\/il, which typically
contains {n; ; }]]Vil with n; ; = AXdf7(X;,6). This probability can be obtained using the

conditional probability as follows:

P({ni};) = P({nis}s

g = Zni7j)P(ni), (145)

where P({n; ;};|n;) is the conditional probability of finding {n; ;}; number of particles in
the M boxes of the strip and P(n;) is the probability of finding n; particles in the i*" strip.
The conditional probability follows the multinomial distribution, since the particles are
distributed independently in the momentum space with probability p; ; = 7;;/n; where
ni=>y. ;M- Expressing the multinomial in the large deviation form simplifies to

M _
nij- n;
P({ni;};lni) = exp < — Y “nijlog <n]ﬁ> > (146)
j=1 1 1,)

On the other hand, the probability of finding n; particles in the i*? strip follows a binomial
distribution. We can express it in the large deviation form by using n; < N and AX < L
to get

i AX N
P(n;) < exp <—ni log (%) + n; log (L) +n; — AXL) . (147)

Substituting Eq. (146) and Eq. (147) in Eq. (145) we find
P({ni;}; = {r(Xi,0;) AX A0};) =

exp ( _AX (/ d0r(X;, 0) log (:gg;) - /d&(r(XZ-,G) - T(Xi,e))) ) (148)

where n; j = AXAO7(X;,0;) and n; ; = AXAOT(X;,0;). Finally, substituting Eq. (148)
in Eq. (144) yields the

Plr] < exp ( — /dX/d@ [r log (;) —(r— r)}), (149)

recovering the result for the classical particles in Eq. (143). A similar approach is used in
the next section to compute the probability distribution for the phase space density of the
Hard rods.
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B.2 Probability distribution of initial fluctuations for Hard rods

We follow similar arguments as in the previous sections for hard rods of size a. Namely, we
compute the probability distribution function of observing a phase space density p(z,0)
relative to a typical profile p(z,#), by adapting the combinatorial approach used for point
particles described in Appendix B.1. The main difference from the point particles case is
the finite size of the rods, which introduces correlations. As a result, the rods inside the
strip and outside are no longer independent. Nevertheless we handle this correlation by
mapping the hard rods to point particles using a coordinate transformation

N —1
2

Xi = T; — a, (150)
where x; denotes the position of the rods and X; the mapped point particles. As a
consequence of mapping, a strip of width Az containing n; = dz [ dfp(x;,0) rods now
corresponds to an effective width AX = Az — n;a, while the system size contracts to
L — L — Na. Hence, the probability P(n;) of finding n; rods in the it! strip follows a
binomial distribution with contracted widths i.e. Ax — AX = Ax—n;aand L — L—Na,

which gives
P(ni) = N! Az —n;a\™ 1 Az — na N-=ni (151)
Y (n)(N —n)!' \ L — Na L— Na '

In the large deviation form, it can be expressed as

(152)

L— Na N

Ax —nia> n; — A:(:]}j)
l—af

P(n;) < exp ( —n;log (%) + n; log <

where we used the approximation that n; < N and Ax < L. Substituting the multinomial
distribution in Eq. (146) and Eq. (152) in Eq. (145) we find

P({n;;}; = {p(zi, 0;) AzA0};) (153)

= exp (- Az (/ dOp(z;,0)log <1fi<ﬂ;p(9£) lﬁ—(;zp(ezz)» + Az (W) )

Here, we used the relations

(a) n; = p(x;)Az, (b) ni = p(x;)Ax, (c) nij = p(xi,0;)AxzAb, (154)
(d) ngj = *(xi,ﬁj)A:cAH, (8) N = pL, (155)

where p(z,6) and p(x) = [dfp(z,6) are the typical phase-space density and number
density, respectively. We express Eq. (153) as a function of the point particle coordinates
by using the relation Eq. (16), which for hard rods is given by

plz, )
1—ap(z)

Using the relation Eq. (156) in Eq. (153) we recast the distribution in the point particle
density (X, 0) as

P({nij}; = {p(xi,0;) AzAb};)
= exp ( . AX/de |:7’(XZ',9) log <;gz;> - (T(Xi) - T(Xi)ﬂ), (157)
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where AX = Az /(1 — ap(z)). Finally, substituting Eq. (157) in Eq. (144) we obtain

Plp] < exp <— /dX/dG [rlog (%) —(r— F)}), (158)

where r(X,0) and 7(X,0) are obtained from Eq. (156). Strikingly, this matches with the
case of free particle Eq. (149), with r(X,0) and 7(X,6) now representing the mapped
observed and typical densities.

This suggests a general principle: for interacting systems admitting a free-particle
mapping via transformations like Eq. (4), their large deviation functionals can be expressed
as Eq. (143), provided the density is the mapped to point particle density obtained from
Eq. (16).

C Microscopic calculation for point particles

Integrated mass current through the origin during time 7T is defined by
Qr = Rr — Ry, (159)

where Rp is the number of particles which start at any position < 0 and reach a position
> 0 at time 7. Similarly, R/ is the number of particles which start at any position > 0
and reach a position < 0 at time 7. The cumulant generating function of Qr is defined
by

p(A) = In (A7) (160)

where the angular brackets denote the average over the initial position and velocity dis-
tribution of the particles.

We shall consider the case of hard point particles with equal mass (m = 1). The hard-
core interaction is imposed by the non-crossing condition of the trajectories. Particles
follow straight line trajectories between collisions, and in each binary collision, particles
exchange their momentum.

An important realisation is that for each history of hard-core point particles, there is
an associated history of non-interacting point particles, obtained by swapping the particle
identity in each collision event. This implies that the distribution of particle positions
at time 7', independent of their identity, is the same for interacting and non-interacting
particles. The current QT is independent of the particle’s identity and only depends on the
distribution of their position at time 7. Consequently, the cumulant generating function
Eq. (160) for hard point rods is the same as for non-interacting point particles, which is
straightforward to determine.

For the non-interacting case, we use the independence of the particles to write

<6)\QT> _ <6>\RT> <6—AR/T> — <1;[F)\(Xi(0)aT)> (161)

X(0)

where index i denotes the index of particles, located initially at position X;(0). The
angular bracket ()x() denotes average over initial particle arrangements. The average
over initial velocity of particles is contained in the single-particle function

_ {1 + (= 1) O(X(1))|x(0)=v for Y <0, (162)

FA(Y,T) = A Ix(
D=9, (e —1) O(=X(T))|x()—y for Y >0,

27



SciPost Physics

with ©(X) being the Heaviside theta function and the overline denoting average over
initial velocity of the particle initially at position X (0) =Y.

The velocity average 0(X(T))|x )=y is simple to evaluate using the probability for
a single point particle to be at position X at time 7', starting at Y, irrespective of its
velocity

gr(X|Y) = /d0 p()6(X —Y — 0T) = <2ﬂ”> h exp (—2’;2()( _ y)2> (163)

—-1/2
where initial velocity distribution is chosen to be Maxwellian p(0) = ( %”) exp (—ﬁ92>
with inverse temperature (.
We find that (Y, T) has a scaling form

i <Y 252) for Y <0,

FA(Y,T) = (164)
fx (Y 252) for Y > 0,
with )
fa(n) =1+ (e)‘ — 1) §Erfc (n) (165)

where the Erfc(X) is the complimentary error function.

For the average over initial particle positions in (161), we use that initially, the particles
are uniformly distributed in position with average density profile r(X). This leads to the
generating function

(29) = TT{(1 = r(X)dxX) + r(X)dX FA(X,T)} (166)
X
which yields the cumulant generating function Eq. (160):

pu(X) = /_OO dXr(X) (FA(X,T)-1). (167)

Substituting Eqgs. (164) and (165) we arrive at an explicit expression for the cumulant
generating function.

n(A) = T\[/Ooo dn {7(=n) (x(n) = 1) +7(n) F-a(n) — 1)} (168)

where we defined r(X) = 7 X 2%) This expression simplifies for the domain wall

initial density profile r(z) = r_6(—z) + r6(z), leading to an explicit expression
P = o (ro( = 1)+ ry(e — 1) (169)
V2rB \ *

which is reproduced using the BMFT in (45) by setting go(X,6) = r(X)p(0) with the
Maxwellian p(#) given in Eq. (163).

28



SciPost Physics

References

1]

L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Macro-
scopic  fluctuation theory, Reviews of Modern Physics 87, 593 (2015),
doi:10.1103/RevModPhys.87.593.

G. Jona-Lasinio, Review article: Large fluctuations in non-equilibrium physics, Non-
lin. Processes Geophys. 30, 253-262 (2023), doi:10.5194 /npg-30-253-2023.

L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Fluctuations in
stationary nonequilibrium states of irreversible processes, Phys. Rev. Lett. 87, 040601
(2001), doi:10.1103/PhysRevLett.87.040601.

L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Macroscopic
fluctuation theory for stationary non-equilibrium states, J. Stat. Phys. 107, 635-675
(2002), doi:10.1023/A:1014525911391.

B. Derrida, Microscopic versus macroscopic approaches to non-equilibrium systems,
J. Stat. Mech. 2011, P01030 (2011), doi:10.1088/1742-5468/2011/01/P01030.

J. Tailleur, J. Kurchan and V. Lecomte, Mapping out-of-equilibrium into equilibrium
in one-dimensional transport models, J. Phys. A: Math. Theor. 41, 505001 (2008),
doi:10.1088/1751-8113/41/50,/505001.

P. L. Krapivsky, K. Mallick and T. Sadhu, Melting of an ising quadrant, Journal of
Physics A: Mathematical and Theoretical 48(1), 015005 (2014), doi:10.1088/1751-
8113/48/1/015005.

S. Saha and T. Sadhu, Large deviations in the symmetric simple exclusion process
with slow boundaries: A hydrodynamic perspective, SciPost Phys. 17, 033 (2024),
doi:10.21468 /SciPostPhys.17.2.033.

T. Bodineau and B. Derrida, A perturbative approach to the macroscopic fluctuation
theory, Journal of Statistical Physics 192(4), 51 (2025), doi:10.1007/s10955-025-
03439-4.

S. Saha and T. Sadhu, Large deviations of density in the non-equilibrium steady
state of boundary-driven diffusive systems, arXiv preprint arXiv:2501.03164 (2025),
doi:10.48550 /arXiv.2501.03164.

R. Dandekar, P. L. Krapivsky and K. Mallick, Current fluctuations in the dyson gas,
Phys. Rev. E 110, 064153 (2024), doi:10.1103/PhysRevE.110.064153.

A. Grabsch and O. Bénichou, Tracer diffusion beyond gaussian behavior: Fax-
plicit results for genmeral single-file systems, Phys. Rev. Lett. 132, 217101 (2024),
doi:10.1103 /PhysRevLett.132.217101.

K. Mallick, H. Moriya and T. Sasamoto, Fzact solutions to macroscopic fluctua-
tion theory through classical integrable systems, J. Stat. Mech. 2024, 074001 (2024),
doi:10.1088/1742-5468 /ad485e.

K. Sharma, S. Saha, S. Jangid and T. Sadhu, Large deviations of current for the
symmetric simple exclusion process on a semi-infinite line and on an infinite line with
a slow bond, arXiv preprint arXiv:2405.00654 (2024), doi:10.48550/arXiv.2405.00654.

29


https://doi.org/10.1103/RevModPhys.87.593
https://doi.org/10.5194/npg-30-253-2023
https://doi.org/10.1103/PhysRevLett.87.040601
https://doi.org/10.1023/A:1014525911391
https://doi.org/10.1088/1742-5468/2011/01/P01030
https://doi.org/10.1088/1751-8113/41/50/505001
https://doi.org/10.1088/1751-8113/48/1/015005
https://doi.org/10.1088/1751-8113/48/1/015005
https://doi.org/10.21468/SciPostPhys.17.2.033
https://doi.org/10.1007/s10955-025-03439-4
https://doi.org/10.1007/s10955-025-03439-4
https://doi.org/10.48550/arXiv.2501.03164
https://doi.org/10.1103/PhysRevE.110.064153
https://doi.org/10.1103/PhysRevLett.132.217101
https://doi.org/10.1088/1742-5468/ad485e
https://doi.org/10.48550/arXiv.2405.00654

SciPost Physics

[15]

[24]

[25]

[26]

T. Agranov, S. Ro, Y. Kafri and V. Lecomte, Macroscopic fluctuation theory
and current fluctuations in active lattice gases, SciPost Phys. 14, 045 (2023),
do0i:10.21468/SciPostPhys.14.3.045.

J. Rana and T. Sadhu, Large deviations of a tracer position in the dense and
the dilute limits of single-file diffusion, Phys. Rev. E 107, L012101 (2023),
doi:10.1103/PhysRevE.107.1.012101.

E. Bettelheim, N. R. Smith and B. Meerson, Full statistics of nonstationary heat
transfer in the kipnis—marchioro—presutti model, Journal of Statistical Mechanics:
Theory and Experiment 2022(9), 093103 (2022), doi:10.1088/1742-5468 /ac7ae0.

D. Bernard, Can the macroscopic fluctuation theory be quantized?, Journal of
Physics A: Mathematical and Theoretical 54(43), 433001 (2021), doi:10.1088/1751-
8121 /ac0f93.

B. Derrida and T. Sadhu, Large deviations conditioned on large deviations II: Fluc-
tuating hydrodynamics, J. Stat. Phys. 177, 151-182 (2019), do0i:10.1007/s10955-019-
02363-8.

T. Sadhu and B. Derrida, Correlations of the density and of the current in non-
equilibrium diffusive systems, J. Stat. Mech. 2016, 113202 (2016), doi:10.1088/1742-
5468/2016/11/113202.

P. L. Krapivsky, K. Mallick and T. Sadhu, Tagged particle in single-file diffusion, J.
Stat. Phys. 160, 885-925 (2015), doi:10.1007/s10955-015-1291-0.

P. L. Krapivsky, K. Mallick and T. Sadhu, Large deviations in single-file diffusion,
Phys. Rev. Lett. 113, 078101 (2014), doi:10.1103/PhysRevLett.113.078101.

V. Lecomte, A. Imparato and F. van Wijland, Current fluctuations in systems with
diffusive dynamics, in and out of equilibrium, Prog. Theor. Phys. Suppl. 184, 276-289
(2010), doi:10.1143/PTPS.184.276.

B. Doyon, G. Perfetto, T. Sasamoto and T. Yoshimura, FEmergence of hy-
drodynamic spatial long-range correlations in nonequilibrium many-body systems,
arXiv:2210.10009 (2022).

B. Doyon, G. Perfetto, T. Sasamoto and T. Yoshimura, Ballistic macroscopic fluctu-
ation theory, SciPost Phys. 15, 136 (2023), doi:10.21468/SciPostPhys.15.4.136.

T. Yoshimura and i. c. v. Krajnik, Anomalous current fluctuations from euler hydro-
dynamics, Phys. Rev. E 111, 024141 (2025), doi:10.1103 /PhysRevE.111.024141.

0. A. Castro-Alvaredo, B. Doyon and T. Yoshimura, Emergent hydrodynamics in
integrable quantum systems out of equilibrium, Phys. Rev. X 6, 041065 (2016),
doi:10.1103 /PhysRevX.6.041065.

B. Bertini, M. Collura, J. De Nardis and M. Fagotti, Transport in Out-of-Equilibrium
XXZ Chains: Fxact Profiles of Charges and Currents, Phys. Rev. Lett. 117, 207201
(2016), doi:10.1103/PhysRevLett.117.207201.

B. Doyon, J. Dubail, R. Konik and T. Yoshimura, Large-Scale Description
of Interacting One-Dimensional Bose Gases: Generalized Hydrodynamics Su-
persedes Conventional Hydrodynamics, Phys. Rev. Lett. 119, 195301 (2017),
doi:10.1103 /PhysRevLett.119.195301.

30


https://doi.org/10.21468/SciPostPhys.14.3.045
https://doi.org/10.1103/PhysRevE.107.L012101
https://doi.org/10.1088/1742-5468/ac7ae0
https://doi.org/10.1088/1751-8121/ac0f93
https://doi.org/10.1088/1751-8121/ac0f93
https://doi.org/10.1007/s10955-019-02363-8
https://doi.org/10.1007/s10955-019-02363-8
https://doi.org/10.1088/1742-5468/2016/11/113202
https://doi.org/10.1088/1742-5468/2016/11/113202
https://doi.org/10.1007/s10955-015-1291-0
https://doi.org/10.1103/PhysRevLett.113.078101
https://doi.org/10.1143/PTPS.184.276
https://arxiv.org/abs/2210.10009
https://doi.org/10.21468/SciPostPhys.15.4.136
https://doi.org/10.1103/PhysRevE.111.024141
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.1103/PhysRevLett.117.207201
https://doi.org/10.1103/PhysRevLett.119.195301

SciPost Physics

[30]

[31]

[34]

[35]

[36]

[37]

[38]

[42]

[43]

J. De Nardis, D. Bernard and B. Doyon, Hydrodynamic diffusion in integrable systems,
Phys. Rev. Lett. 121, 160603 (2018), doi:10.1103/PhysRevLett.121.160603.

J. D. Nardis, D. Bernard and B. Doyon, Diffusion in generalized hy-
drodynamics and quasiparticle scattering, SciPost Phys. 6, 49 (2019),
doi:10.21468 /SciPostPhys.6.4.049.

B. Doyon, Lecture Notes On Generalised Hydrodynamics, SciPost Phys. Lect. Notes
p. 18 (2020), doi:10.21468/SciPostPhysLectNotes.18.

B. Doyon and J. Durnin, Free energy fluxes and the kubo-martin-schwinger relation
(2021), 2007.09113.

B. Doyon and H. Spohn, Drude Weight for the Lieb-Liniger Bose Gas, SciPost Phys.
3, 039 (2017), doi:10.21468/SciPostPhys.3.6.039.

B. Doyon, Diffusion and superdiffusion from hydrodynamic projections, J. Stat. Phys.
186(2), 25 (2022), doi:10.1007/s10955-021-02863-6.

J. Durnin, M. J. Bhaseen and B. Doyon, Nonequilibrium  dynamics
and weakly broken integrability, Phys. Rev. Lett. 127, 130601 (2021),
doi:10.1103/PhysRevLett.127.130601.

B. Doyon, H. Spohn and T. Yoshimura, A geometric viewpoint on generalized hydro-
dynamics, Nucl. Phys. B 926, 570 (2018), doi:10.1016/j.nuclphysb.2017.12.002.

M. Schemmer, I. Bouchoule, B. Doyon and J. Dubail, Generalized hy-
drodynamics on an atom chip, Phys. Rev. Lett. 122, 090601 (2019),
doi:10.1103 /PhysRevLett.122.090601.

A. Bastianello, B. Bertini, B. Doyon and R. Vasseur, Introduction to the special issue
on emergent hydrodynamics in integrable many-body systems, J. Stat. Mech. Theory
Exp. 2022(1), 014001 (2022), doi:10.1088/1742-5468 /ac3eba.

F. S. Mgller, G. Perfetto, B. Doyon and J. Schmiedmayer, Fuler-scale dynamical
correlations in integrable systems with fluid motion, SciPost Phys. Core 3, 16 (2020),
doi:10.21468/SciPostPhysCore.3.2.016.

A. Bastianello, B. Doyon, G. Watts and T. Yoshimura, Generalized hydrodynamics of
classical integrable field theory: the sinh-Gordon model, SciPost Phys. 4, 45 (2018),
doi:10.21468/SciPostPhys.4.6.045.

B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen, R. Steinigeweg and
M. Znidari¢, Finite-temperature transport in one-dimensional quantum lattice models,
Rev. Mod. Phys. 93, 025003 (2021), doi:10.1103/RevModPhys.93.025003.

A. Bastianello and A. De Luca, Integrability-protected adiabatic reversibil-
ity in  quantum spin  chains, Phys. Rev. Lett. 122, 240606 (2019),
doi:10.1103/PhysRevLett.122.240606.

V. B. Bulchandani, S. Gopalakrishnan and E. Ilievski, Superdiffusion in spin chains,
J. Stat. Mech. Theory Exp. 2021(8), 084001 (2021), doi:10.1088/1742-5468/ac12c7.

B. Doyon and F. Hiibner, Ab initio derivation of generalised hydrodynamics
from a gas of interacting wave packets, arXiv preprint arXiv:2307.09307 (2023),
doi:10.48550/arXiv.2307.09307.

31


https://doi.org/10.1103/PhysRevLett.121.160603
https://doi.org/10.21468/SciPostPhys.6.4.049
https://doi.org/10.21468/SciPostPhysLectNotes.18
2007.09113
https://doi.org/10.21468/SciPostPhys.3.6.039
https://doi.org/10.1007/s10955-021-02863-6
https://doi.org/10.1103/PhysRevLett.127.130601
https://doi.org/10.1016/j.nuclphysb.2017.12.002
https://doi.org/10.1103/PhysRevLett.122.090601
https://doi.org/10.1088/1742-5468/ac3e6a
https://doi.org/10.21468/SciPostPhysCore.3.2.016
https://doi.org/10.21468/SciPostPhys.4.6.045
https://doi.org/10.1103/RevModPhys.93.025003
https://doi.org/10.1103/PhysRevLett.122.240606
https://doi.org/10.1088/1742-5468/ac12c7
https://doi.org/10.48550/arXiv.2307.09307

SciPost Physics

[46]

[56]

[57]

[58]

F. Mgller, P. Schiittelkopf, J. Schmiedmayer and S. Erne, Whitham ap-
proach to generalized hydrodynamics, Phys. Rev. Res. 6, 013328 (2024),
doi:10.1103/PhysRevResearch.6.013328.

N. Malvania, Y. Zhang, Y. Le, J. Dubail, M. Rigol and D. S. Weiss, Generalized
hydrodynamics in strongly interacting 1d bose gases, Science 373(6559), 1129 (2021),
doi:DOI: 10.1126/science.abf0147.

P. Ruggiero, P. Calabrese, B. Doyon and J. Dubail, Quantum generalized hydrody-
namics, Phys. Rev. Lett. 124, 140603 (2020), doi:10.1103/PhysRevLett.124.140603.

F. Mgller, N. Besse, I. E. Mazets, H.-P. Stimming and N. J. Mauser, The dissipa-
tive Generalized Hydrodynamic equations and their numerical solution, Journal of
Computational Physics 493, 112431 (2023), doi:10.1016/j.jcp.2023.112431.

V. B. Bulchandani, R. Vasseur, C. Karrasch and J. E. Moore, Bethe-Boltzmann
hydrodynamics and spin transport in the XXZ chain, Phys. Rev. B 97(4), 045407
(2018), doi:10.1103/PhysRevB.97.045407.

F. Mgller, S. Erne, N. J. Mauser, J. Schmiedmayer and 1. E. Mazets, Bridging Effective
Field Theories and Generalized Hydrodynamics, arXiv preprint arXiv:2205.15871
(2022), 2205.15871.

A. Bastianello, V. Alba and J.-S. Caux, Generalized hydrodynamics with
space-time inhomogeneous interactions, Phys. Rev. Lett. 123, 130602 (2019),
doi:10.1103 /PhysRevLett.123.130602.

F. Mgller, B. C. Nagy, M. Kormos and G. Takéacs, Anomalous charge transport in
the sine—Gordon model, arXiv preprint arXiv:2411.11473 (2024), 2411.11473.

B. Doyon, S. Gopalakrishnan, F. Mgller, J. Schmiedmayer and R. Vasseur, Gen-
eralized Hydrodynamics: A Perspective, Phys. Rev. X 15(1), 010501 (2025),
doi:10.1103 /PhysRevX.15.010501.

T. Bonnemain, B. Doyon and G. El, Generalized hydrodynamics of the kdv soliton
gas, Journal of Physics A: Mathematical and Theoretical 55(37), 374004 (2022),
doi:10.1088/1751-8121 /ac8253.

A. Bastianello, i. c¢. v. Krajnik and E. Ilievski, Landau-lifschitz magnets:
Ezact thermodynamics and transport,  Phys. Rev. Lett. 133, 107102 (2024),
do0i:10.1103/PhysRevLett.133.107102.

G. D. V. Del Vecchio, M. Kormos, B. Doyon and A. Bastianello, Ezact large-scale
fluctuations of the phase field in the sine-gordon model, Phys. Rev. Lett. 131, 263401
(2023), doi:10.1103/PhysRevLett.131.263401.

M. Horvath, A. Bastianello, S. Dhar, R. Koch, Y. Guo, J.-S. Caux, M. Landini and
H.-C. Néagerl, Observing bethe strings in an attractive bose gas far from equilibrium,
arXiv preprint arXiv:2505.10550 (2025).

S. Gopalakrishnan, A. Morningstar, R. Vasseur and V. Khemani, Theory of anoma-
lous full counting statistics in anisotropic spin chains, arXiv:2203.09526 (2022).

S. Gopalakrishnan, E. McCulloch and R. Vasseur, Non-gaussian diffusive fluctuations
in dirac fluids, Proceedings of the National Academy of Sciences 121(50) (2024),
doi:10.1073/pnas.2403327121.

32


https://doi.org/10.1103/PhysRevResearch.6.013328
https://doi.org/DOI: 10.1126/science.abf0147
https://doi.org/10.1103/PhysRevLett.124.140603
https://doi.org/10.1016/j.jcp.2023.112431
https://doi.org/10.1103/PhysRevB.97.045407
2205.15871
https://doi.org/10.1103/PhysRevLett.123.130602
2411.11473
https://doi.org/10.1103/PhysRevX.15.010501
https://doi.org/10.1088/1751-8121/ac8253
https://doi.org/10.1103/PhysRevLett.133.107102
https://doi.org/10.1103/PhysRevLett.131.263401
https://arxiv.org/abs/2203.09526
https://doi.org/10.1073/pnas.2403327121

SciPost Physics

[61]

[62]

[63]

[64]

[65]

[66]

Z. Krajnik, J. Schmidt, V. Pasquier, E. Tlievski and T. Prosen, Ezact anomalous cur-
rent fluctuations in a deterministic interacting model, Phys. Rev. Lett. 128, 160601
(2022), doi:10.1103/PhysRevLett.128.160601.

v. Krajnik, J. Schmidt, V. Pasquier, E. Ilievski and T. Prosen, Fzact anomalous
current fluctuations in a deterministic interacting model, Physical Review Letters
128(16) (2022), doi:10.1103/physrevlett.128.160601.

E. McCulloch, R. Vasseur and S. Gopalakrishnan, Ballistic modes as a
source of anomalous charge noise, Phys. Rev. E 111, 015410 (2025),
do0i:10.1103/PhysRevE.111.015410.

H. Spohn, Large Scale Dynamics of Interacting Particles, Springer Berlin Heidelberg,
doi:10.1007/978-3-642-84371-6 (1991).

P. A. Ferrari and S. Olla, Macroscopic diffusive fluctuations for generalized hard rods
dynamics, arXiv preprint arXiv:2305.13037 (2023), doi:10.48550/arXiv.2305.13037.

B. Pozsgay, T. Gombor and A. Hutsalyuk, Integrable hard-rod deforma-
tion of the heisenberg spin chains, Phys. Rev. E 104, 064124 (2021),
doi:10.1103/PhysRevE.104.064124.

B. Doyon, F. Hiibner and T. Yoshimura, New classical integrable sys-
tems from generalized tT-deformations, Phys. Rev. Lett. 132, 251602 (2024),
doi:10.1103 /PhysRevLett.132.251602.

B. Doyon, J. Durnin and T. Yoshimura, The Space of Integrable Sys-
tems from Generalised TT-Deformations, SciPost Phys. 13, 072 (2022),
doi:10.21468/SciPostPhys.13.3.072.

T. Bonnemain, V. Caudrelier and B. Doyon, Hamiltonian formulation and as-
pects of integrability of generalised hydrodynamics, Annales Henri Poincaré (2025),
doi:10.1007/s00023-025-01546-2.

A. Aggarwal, Asymptotic scattering relation for the toda lattice, arXiv preprint
arXiv:2503.08018 (2025), doi:10.48550/arXiv.2503.08018.

S. Gopalakrishnan, D. A. Huse, V. Khemani and R. Vasseur, Hydrodynamics of
operator spreading and quasiparticle diffusion in interacting integrable systems, Phys.
Rev. B 98, 220303 (2018), doi:10.1103/PhysRevB.98.220303.

F. Hiibner, L. Biagetti, J. De Nardis and B. Doyon, Diffusive hydrody-
namics from long-range correlations,  Phys. Rev. Lett. 134, 187101 (2025),
doi:10.1103/PhysRevLett.134.187101.

F. Hiibner, L. Biagetti, J. D. Nardis and B. Doyon, Diffusive hydrodynamics of hard
rods from microscopics (2025), arXiv:2503.07794.

L. Piroli, J. De Nardis, M. Collura, B. Bertini and M. Fagotti, Transport in out-of-
equilibrium zzz chains: Nonballistic behavior and correlation functions, Phys. Rev. B
96, 115124 (2017), doi:10.1103/PhysRevB.96.115124.

A. Kundu, Macroscopic fluctuation theory of correlations in hard rod gas, arXiv
preprint arXiv:2504.09201 (2025), doi:https://doi.org/10.48550/arXiv.2504.09201.

33


https://doi.org/10.1103/PhysRevLett.128.160601
https://doi.org/10.1103/physrevlett.128.160601
https://doi.org/10.1103/PhysRevE.111.015410
https://doi.org/10.1007/978-3-642-84371-6
https://doi.org/10.48550/arXiv.2305.13037
https://doi.org/10.1103/PhysRevE.104.064124
https://doi.org/10.1103/PhysRevLett.132.251602
https://doi.org/10.21468/SciPostPhys.13.3.072
https://doi.org/10.1007/s00023-025-01546-2
https://doi.org/10.48550/arXiv.2503.08018
https://doi.org/10.1103/PhysRevB.98.220303
https://doi.org/10.1103/PhysRevLett.134.187101
arXiv:2503.07794
https://doi.org/10.1103/PhysRevB.96.115124
https://doi.org/https://doi.org/10.48550/arXiv.2504.09201

SciPost Physics

[76] B. Derrida, Non-equilibrium steady states: fluctuations and large deviations of the
density and of the current, J. Stat. Mech. Theory Exp. 2007(07), P07023 (2007),
doi:10.1088/1742-5468 /2007/07 /p07023.

34


https://doi.org/10.1088/1742-5468/2007/07/p07023

	Introduction and main results
	GHD and its notation
	Interacting wave packet gas and mapping to point particles
	Main results and organisation of the paper

	BMFT for point particles
	FCS in partitioning protocol

	BMFT for interacting systems via mapping to point particles
	Charge fluctuations in the partitioning protocol

	Two-point normal modes correlations 
	Conclusions
	Euler GHD as a microscopic equation of motion
	Probability distributions of initial fluctuations 
	Probability of the initial profile: classical free particles
	Probability distribution of initial fluctuations for Hard rods

	Microscopic calculation for point particles
	References

