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Abstract

The cyclic product of an arbitrary number of Szegé kernels for even spin struc-
ture  on a compact higher-genus Riemann surface ¥ may be decomposed via a
descent procedure which systematically separates the dependence on the points
z; € X from the dependence on the spin structure §. In this paper, we prove two
different, but complementary, descent procedures to achieve this decomposition. In
the first procedure, the dependence on the points z; € X is expressed via the mero-
morphic multiple-valued Enriquez kernels of e-print 1112.0864 while the dependence
on J resides in multiplets of functions that are independent of z;, locally holomor-
phic in the moduli of ¥ and generally do not have simple modular transformation
properties. The J-dependent constants are expressed as multiple convolution inte-
grals over homology cycles of 3, thereby generalizing a similar representation of the
individual Enriquez kernels. In the second procedure, which was proposed without
proof in e-print 2308.05044, the dependence on z; is expressed in terms the single-
valued, modular invariant, but non-meromorphic DHS kernels introduced in e-print
2306.08644 while the dependence on J resides in modular tensors that are indepen-
dent of z; and are generally non-holomorphic in the moduli of ¥. Although the
individual building blocks of these decompositions have markedly different proper-
ties, we show that the combinatorial structure of the two decompositions is virtually
identical, thereby extending the striking correspondence observed earlier between
the roles played by Enriquez and DHS kernels. Both decompositions are further
generalized to the case of linear chain products of Szegé kernels.
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1 Introduction

Recent years have witnessed an increasing symbiosis between progress in string pertur-
bation theory and mathematical developments at the interface of number theory and
algebraic geometry (see for example [1, 2]). Some of these results are intimately related
to advances in the modern methods of quantum field theory amplitudes [3], 4], 5] 6].

The perturbative expansion of string amplitudes involves conformal field theory corre-
lators on compact Riemann surfaces Y of arbitrary genus, suitably integrated over multiple
copies of ¥ and over the complex structure moduli of . The study of genus zero super-
string amplitudes (see [7] for a review) has advanced in fruitful exchange with number-
theoretic progress on multiple zeta values [8, 9] and twisted de Rham theory [10, [11]. The
low energy expansion of closed superstring amplitudes at genus one may be organized in
terms of modular graph functions and forms [12], [13], which naturally generalize Eisen-
stein series and were reformulated in algebraic geometry terms in [14], [15]. Open-string
amplitudes at genus one in turn offer applications of and new perspectives on elliptic
polylogarithms [16], elliptic multiple zeta values [I7] and iterated integrals of holomor-
phic modular forms [I8, [19]. The low energy expansion of closed superstring amplitudes
at genus two were found to involve the number-theoretic invariants of Kawazumi [20] and
Zhang [21] and to produce an infinite family of natural generalizations thereof [22, 23].
These results have further motivated the generalization to arbitrary genus of modular
graph functions in [24] and of modular graph tensors in [25].

The overarching goal of the present project is to disentangle, organize and formalize
the structure of the various spaces of functions out of which string amplitudes are built. In
the Ramond-Neveu-Schwarz formulation of superstrings, the worldsheet fields are scalars,
spin % fermions, ghosts and super ghosts. The summation over all possible 22" spin
structures of the spin % fermions and super ghosts at genus h implements the Gliozzi-
Scherk-Olive projection which, amongst other roles, ensures the presence of space-time
supersymmetry in the different superstring theories. In practice, the summation over spin
structures can be carried out fairly effectively at genus one where well-known identities
between Jacobi J-functions suffice, see for instance [26, 27, 28], 29] for external NS states
and [30, B1, B2] for external R states. At higher genus, however, carrying out the spin
structure summations requires a major effort (see for example [33] [34] for the calculations
of the genus two four- and five-point amplitudes of massless NS-NS states, whose results
were matched with calculations in the pure spinor formulation [35] 36]).

In this work, we shall focus on disentangling the correlators of the spin % worldsheet
fermions for even spin structure ¢ and generic moduli. They enter string amplitudes whose
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external states are all NS through cyclic products of Szegd kernels Ss(z, y)ﬂ

Cs(21,+++ ,2n) = Ss(21,22)S5(22, 23) - -+ Ss(2n—1, 2n) S5 (2n, 21) (1.1)

as well as through linear chain products of Szego kernels,

L(;(SE, 21yt 7zn;y) = 35(377 21)55(21, 22) U S(s(znfla Zn)S5<Zn7 y) (12)

and products thereof. The Szegd kernel Ss(z, y) is a meromorphic (3,0) form in z,y € ¥
with a single pole at = y, so that Cs and Ls are meromorphic (1,0) forms in the points
21, , 2, € X while Ls is a meromorphic (%, 0) form in z,y € ¥. The cyclic products Cs
result from the correlators of spin % fermions that occur in the NS vertex operators, while
linear chain products L are needed for correlators that end on a worldsheet supercurrent
or on a worldsheet stress tensor [37], 38, [39].

In this paper we shall establish, for a Riemann surface of arbitrary genus, a decom-
position of C's which completely separates the dependence on the points z,--- , 2z, from
that on the spin structures 6. More specifically, Cs will be expressed as a sum of binary
products in which one factor contains all the dependence on zq,--- , 2, but is indepen-
dent of §, while the other factor contains all the dependence on ¢ but is independent of
Z1,+++,2,. An analogous decomposition will hold for Ls but in this case both factors
will depend on the end points z,y as well. In both cases, the dependence on zy,--- , 2,
will be expressed in a well-controlled function space whose mathematical significance for
integration on Riemann surfaces will be elaborated on below.

For the case of genus one, the spin structure independent components admit a natural
formulation in terms of the Kronecker-Eisenstein coefficients |40} 41] that serve as inte-
gration kernels for elliptic polylogarithms [42] [16] [43]. More general correlators that enter
heterotic string amplitudes may similarly be decomposed in terms of Kronecker-Eisenstein
kernels [44] [45]. Accordingly, Kronecker-Eisenstein kernels furnish a universal function
space out of which the integrands of genus one superstring amplitudes [46], 47, 48], 49, [50]
and ambitwistor-string theories [51, 52] 53] may be built. An attractive property of the
Kronecker-Eisenstein kernels and their associated polylogarithms is that they form a space
that is closed under addition, multiplication, differentiation, and integration.

For the case of genus two, a complete solution to the decomposition problem for Cys was
obtained in [54] using the fact that every genus two Riemann surface is hyperelliptic, and
that every point in moduli space is generic. An analogous decomposition was obtained for
the linear chain products Ls in unpublished work by the authors. Actually, all the spin

'For odd spin structures and for even spin structures at genus h > 3 and non-generic moduli there
exist holomorphic (3,0) form zero modes which modify the correlators of the worldsheet fermions.
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structure dependence, for any number n of points, may be reduced to that of the cases
n < 4, thereby permitting a systematic summation over all even spin structures against
the genus two superstring measure obtained in [55]. For genus greater than two, however,
hyperelliptic surfaces are not generic and the above results do not generalize.

For arbitrary genus, it is the structure provided by integration kernels and their associ-
ated polylogarithms, already discussed above for the case of genus one, that systematically
provides the proper ingredients for the decomposition of both the cyclic and linear chain
products of Szego kernels. Integration kernels and polylogarithms for Riemann surfaces
of higher genus are conveniently constructed from flat connections that take values in
certain freely generated Lie algebras. On general grounds, any two such flat connections
may be related to one another by the composition of a gauge transformation and an auto-
morphism of the freely generated Lie algebra [56]. Different flat connections may present
themselves, however, in different guises depending on their analyticity, monodromy, and
modular properties. On a compact Riemann surface ¥ of genus h, we shall consider,

e the meromorphic integration kernels g"t%r ;(x,y) with Iy,--- I, J € {1,--- ,h} for
r > 1, which are multiple-valued in z,y € Y with prescribed monodromies and
are not modular tensors of Sp(2h,Z). They were introduced by Enriquez in [57]
through their functional properties, which will be reviewed in section 2.1 They
may be expressed as multiple 2 periods of combinations of Abelian differentials and
the prime form [58] or, on hyperelliptic surfaces, as Poincaré series [59).

e the real-analytic integration kernels foIr ;(z,y) with Iy,--- ,I,,J € {1,---  h} for
r > 1 are single-valued in z,y € ¥ and transform as tensors under the modular
group Sp(2h,Z). They were introduced by D’Hoker-Hidding-Schlotterer (DHS) in
[60] and will be reviewed in section 6.1} They may be expressed as multiple integrals
over Y involving the Arakelov Green function and Abelian differentials.

The relation between these families of integration kernels and their associated polyloga-
rithms was exhibited and proven in [56].

1.1 Summary of results and organization

A first main result of this work is the construction of the decomposition of the cyclic
product of Szegd kernels Cs(z1, - - , z,) of (L.1)) on a Riemann surface of arbitrary genus h
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with even spin structure § into a sum of a finite number of termsﬁ

05(217 e 7zn) = W(zb T 7Zn) + Z WII"‘IT(Zh e 72”) Dél"'lr (13>

r=2
where the various components have the following properties.

e The functions Wy,..1, (21, -+, 2,) are independent of the spin structure d; single-
valued and meromorphic (1,0) forms in the points z,--- | z,; expressed solely in
terms of the Enriquez kernels; and cyclically symmetric in the indices Iy, - - -, I,.

e The functions Dél"'b are independent of the points 21, - - - , z,,; depend non-trivially
on the spin structure 9; are locally holomorphic in the complex structure moduli of
Y; and cyclically symmetric in the indices I, --- , I,.

In general, neither Wy, .. (21, - - , 2,) nOT Dél"'h transforms as a tensor under the modular
group Sp(2h,Z) or under one of its congruence subgroups. For this reason we shall refer
to them simply as multiplets, allowing for the possibility that they are not tensors.

The proof of this result will be given in Theorem [5.1] of section [5] with the help of the
descent procedure stated in Theorem [2.3|of section [2| and subsequently proven in section
through[4] using the tools of generating functions developed in section[3] Various technical
proofs are relegated to appendices [B] and [C] Furthermore, it will be shown in section
that the coefficients Dél"'h may be expressed as multiple 2 periods, thereby generalizing
the analogous representation for Enriquez kernels obtained in [5§].

A second main result is to provide a proof of the corresponding decomposition of
Cs(z1, -+, zn) of (L.1)) on a Riemann surface of arbitrary genus h with even spin structure §
into DHS kernels f,

05(217 e 7Zn) = V('Zlu e 7Zn) + Z V11-~L~<Zly e 7271) Oglmh (14)
r=2
which had already been proposed without proof in an earlier paper [61], and where the

various components have the following properties,

e The multiplets Vy,..1. (21, -+, 2,) are independent of the spin structure d; single-
valued and meromorphic (1,0) forms in the points zq,- - - , z,,; cyclically symmetric
in Iy, -, I; expressed solely in terms of DHS kernels; and tensors under Sp(2h, Z).

2Throughout we shall use the Einstein summation convention for a repeated pair of upper and lower
indices whenever no confusion is expected to arise.



e The multiplets Cgl'“[r are independent of z1, - - - | z,; cyclically symmetricin Iy - - - | I,;
depend non-trivially on §; are tensors under the principal congruence subgroup
['4(2) C Sp(2h,Z); but are generally not locally holomorphic in the moduli of X.

The proof of these results is the subject of section [6] It is worth highlighting that the
same modular tensors C(‘;l"'h and meromorphic multiplets D§1"'IT at rank r universally
enter the decompositions (|1.3|) and ([1.4) for any number n > r of Szegd kernels.

A third main result is a remarkable correspondence between the decompositions of
Cs(z1,+ -, z,) given in and , despite the fact that the analyticity, monodromy,
and modular properties of their respective building blocks are virtually opposite to one
another. The precise correspondence may be formulated in terms of the following map,

D(I;r"fr s Cgl'”lr

g (y) e ()
W[l...jr<21, s ,Zn) — V[l...[,r (Zl, s ,Zn) (15)

The correspondence just between f and g was already observed to hold between vari-
ous higher genus generalizations of the Fay identities and interchange lemmas in [62].
The correspondence may be further extended, modulo some subtle qualifiers related to
regularization that will be addressed in section [4] to integral representations for various
functions, including Cél'"l’“ and Dél"'l”, by the following formal map,

jé]dt s /ZthwI(t) (1.6)

between line integrals on homology cycles and surface integrals on .

As our fourth main result, both types of decompositions are generalized in section
to the case of linear chain products Ls(z; 21, - , 2n;y) of . Their entire dependence
on the points zj,---,z, will then be carried by functions Wy,..;, (x; 21, , 2p;y) and
Vi1, (x; 21, , zp;y) that are single-valued and meromorphic (1,0) forms in zy,- -, z,.
The counterparts M;* " '*(z,y) and L2""(x,y) of the constants DI/ and C/*' are
spinors in z,y which compensate for the monodromies of Wy,..; (z; 21, , 2, y) in z,y
and the non-meromorphic dependence of Vy, .1 (x; 21, -+, z,;y) on x, y, respectively. The
correspondence of is also generalized to the case of linear chain products.

The tradeoff between meromorphicity and single-valuedness is familiar from the dif-
ferent constructions for genus one polylogarithms [42] [16], 40, 43}, 63] and will be reviewed
in section 8| to illustrate the case of arbitrary genus in the more familiar elliptic setting.

An expected virtue of both decompositions ((1.3)) and (|1.4)) of cyclic products and their
counterparts for linear chain products is a significant simplification of spin structure sums



in string amplitudes. For example, since the quantities C’gl"'lr and Dél'“lr no longer depend
on any points on the surface, their spin-structure sums for arbitrary chiral measures can
be performed at the level of constants on Y which depend only on the moduli of X.
Moreover, the differentials f11 ;(x,y) and g/* ;(x,y) carrying the entire dependence
on the points z1,---,2, in and are amenable to the integration techniques
of higher-genus polylogarithms and modular graph tensors and thereby facilitate low-
energy expansions of the associated string amplitudes. For chiral amplitudes at genus
two, the combinations of integration kernels in and complete the classification
of the admissible z; dependences arising from the contributions of even spin structures for
arbitrary multiplicity that was initiated in [64].
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2 Descent in terms of Enriquez kernels

The connection d — Kg introduced by Enriquez on an arbitrary compact Riemann surface
Y of genus h > 1 is meromorphic with simple poles on the universal cover Y of ¥ and
takes values in the Lie algebra g that is freely generated by 2h elements a U b where
a={a',---,a"} and b = {by,--- by} [57]. The Enriquez connection form K depends
on two points z,y € ¥ and may be expressed as,

Ke(z,y;a,b) = K;(z,y; B)a’ (2.1)

where By is defined by B; X = [b;, X] for all X € g and K;(z,y; B) may be expanded in
powers of the generators B; as follows,

KJ(x7y; B) = Zghth(‘Tay)Bh "'BIT (22)
r=0

The coefficient functions g/t ;(x,y) will be referred to as meromorphic integration ker-
nels or simply as Enriquez kemels.ﬂ A key motivation for the Enriquez connection and
associated Enriquez kernels is their role in the construction of meromorphic polyloga-
rithms on Riemann surfaces of arbitrary genus [59, [62] 65]. Alternative constructions
of higher-genus polylogarithms can be derived from the meromorphic flat connections of
[66, 67] or the modular connection [60] built from the DHS kernels of section [6]

After giving a summary of the properties of the Enriquez kernels in section [2.1] we shall
devote the remainder of this section to constructing a descent procedure that expresses
the cyclic product of Szegd kernels Cs(1,2,---  n), already previewed in of the
Introduction, in terms of Enriquez kernels.

The descent procedure will be presented for the cases of n = 2,3 and 4 in sections [2.2],
2.3 and respectively, and for arbitrary n in section [2.5] as Theorem [2.3] This theorem
is one of the core results of this paper, but its full proof is quite involved and for that
reason will be carried out in two parts. The proof of the first part of Theorem will
be given in section [2.6| with the help of Lemmas [2.4] and 2.5 which, in turn, are proven in
appendices [B] and [C] respectively. The proof of the second part of Theorem will be
greatly facilitated through the use of the generating functions that will be introduced in
section [3| For this reason, the second part of the proof of Theorem is relegated to the
subsequent section, namely section [4]

3They are related to those introduced in [57] by g’ ;(z,y) = (—2mi)"w I ;(x,y) and we shall set
¢ 7(x,y) = wy(x) throughout, where wy are the holomorphic Abelian differentials normalized in (A.1)).
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2.1 Properties of Enriquez kernels

The Enriquez kernel g% j(x,y), for r > 0 and Iy,--- , I, J € {1,--- , h}, is a meromor-
phic (1, O)—for in z € ¥ and a (0,0)-form in y € ¥ which is locally holomorphic in the
moduli of ¥, with prescribed monodromies [57, [56]. Its monodromies in x and y around
2 cycles are trivial, while those around ‘B cycles are given by,

T

(—2mi)*

A%)gll“'l’“(](x,y) _ Z i 65"“ gl () y)
k=1 )
" (2mi)*
AR
A(Ly)gh ITJ(x7y> _ 6§r Z o gh Irka<x7y) 6L k+1 1 (2.3>
k=1 ’

The generalized Kronecker symbol is defined by,
oy = G (2.4)
while the monodromy of an arbitrary function ¢(z) around a cycle B, is denoted by,

AP p(x) = ¢(B1, - x) — d(x) (2.5)

where B, - x denotes the action of the element B, € m (X, ¢) on the point x € 3.

Since the kernels g/t~ ;(x,y) have prescribed monodromies, we may define them for
x,y in a fundamental domain D for X, which is obtained by cutting > open along 2h
loops A! and B; with common base point ¢, as shown in figure .

One may choose a preferred fundamental domain D such that g"Ir ;(x,y) for z,y in
the interior D° of D is holomorphic in z and y for » > 2, g’ ;(x,y) has a single simple
pole in x at y with residue §% and a single simple pole in y at = with residue —d%,

I

I _ J
galzy) = —

+ regular (2.6)
Y

and is given by ¢°;(z,y) = w;(z) for r = 0 as already stated in footnote . For 2’ and/or
y' outside D°, the kernels g/ ;(a’,y) are obtained from ¢t ;(x,y) with z,y € D°

4Throughout, we shall use the conventions of [60}, 61, 62] in which a differential (1,0)-form ¢ is
expressed in a local complex coordinate x on X or Y as ¢ = ¢(x)dz. By a slight abuse of terminology, we
shall refer also to the coefficient function ¢(x) as a (1,0)-form. Similarly, a (0, 1)-form will be denoted ¢ =
é(x)dz. Thus, in form notation, the holomorphic Abelian differentials are w; = wy(x)dx; their complex
conjugates wy = wr(x)dT; the Enriquez kernels are g/t I~ ;(x, y)dx; the DHS kernels are f/tIr ;(z, y)du;
and the Szegd kernel is Ss(z, y)v/dx dy. Note, however, that in the conventions of [56] 58] the differentials

dx or dT were included as part of the forms.
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by mapping (z',3') — (z,y) by an element in 7 (%, ¢) and then using the monodromy
relations of . These cases where either x and/or y are in the boundary 0D may be
obtained by considering limits of interior points. As a result, the forms g/t ;(z, y) may
acquire simple poles in z at 7~!(y) for all » > 1, where 7 is the canonical projection
X = 2.

Figure 1: The left panel shows a compact genus two Riemann surface ¥ and a choice of
canonical homology cycles A, A2, B, B, with a common base point ¢. A fundamental
domain D, contained in the universal cover & of ¥, for the action of m(%,q) on ¥ is
obtained in the right panel by cutting > along the cycles in the left panel. The surface
Y2 may be recovered from D by pairwise identifying inverse boundary components with
one another under the dashed arrows. The vertices ¢; € & project to ¢ = m(q;) € ¥ for
i=1,---,8 under the canonical projection 7 : ¥ — 3.

The periods around A" cycles on the boundary of the fundamental domain D in
figure [1] are given in terms of Bernoulli numbers Ber, byl

Ber,
]glL dt gll"'ITJ(t, y) = (—27?2')’“—;!1" 5§1"'ITL (2.7)

The y-dependence of g"'r ;(x,y) is concentrated in the trace part with respect to the

5Throughout, we shall denote the Bernoulli numbers by Ber, instead of the customary B, in order to
avoid confusion with the Lie algebra generators B; used, for example, in (2.2). Recall that the Ber, are

generated by 7%= = Z;fozo %T Ber,.. Furthermore, we shall systematically denote integration variables by
t, or ty,--- ,t. in the case of multiple integrations.
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last two indices [57], which leads us to introduce the following decomposition,
g (w,y) = @ () — 6\ (1, ) (2.8)

where w@ is traceless, !t 1+7 ;(x) = 0, independent of 3, and holomorphic in x € 3. Hence,
the simple pole (2.6) of g’ ;(z,y) is entirely carried by x(z,y) = —1/(x — y) + regular.
As a consequence of the unique double pole of d,x(z,y) in = at y, we deduce that the
combination d,x(z,y) + 0,0, In E(x,y) is holomorphic in = and y and single-valued for
x,y € . Since its A* periods vanish, we conclude that the following equalities hold,
dyx(z,y) = —0,0, In E(x,y)

X(z,y) — x(z,2) = =0, In E(x,y) + 0, In E(z, 2) (2.9)
A summary of definitions and useful properties of the prime form E(x,y), the Szego kernel
and the Enriquez kernels is provided in appendix [A]

2.2 The case n =2

By using the Fay trisecant identityﬁ the case n = 2 may be recast in the following formﬂ

C5(1,2) = wr(1)DL(2) 4 82x(1,2) (2.10)
where DI(2) is given in terms of a multiplet DI’ that is constant on ¥,
01979(6](0)
D§(2) = wy(2) Dy’ Dj/ = —————o—= 2.11
5( ) CUJ( ) 5 5 19[5](0) ( )

and we have used the relation dox(1,2) = —910,In E(1,2) of (2.9). As promised in
the Introduction, all dependence on the spin structure ¢ is concentrated in the constant
multiplet D17, while the remaining §-independent part is expressed in terms of (the trace
part of) an Enriquez kernel. We note that, while Cs(1,2) is modular invariant when the
spin structure § = [0, 8"] is transformed to & = [#’,0"] as follows [68],

0" A =B\ [(0"\ 1 . (AB' A B
neither dyx(1,2) nor wy(2)D{(2) is modular invariant, and D}/ is not a modular tensor.

As we shall see shortly, the symmetry D§! = DI’  which is manifest in (2.11]), will be of
crucial importance for the descent procedure to succeed at multiplicity n = 3 and beyond.

6The Fay trisecant identity between four points was introduced in equation (45) of [68]. The versions
involving two or three points, used here, may be obtained therefrom by taking the limit of coincident
points and has appeared, for example, in equations (A.26) and (A.27) of [33].

“Throughout, it will often be convenient to abbreviate the arguments 21, - - , 2, of various functions
simply by their subscripts so that we set, for example, Cs5(1,--- ,n) = Cs(z1, - , 2n).
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2.3 The case n =3

The case n = 3 may be handled by inspecting the poles of Cs(1,2,3), collected in the
following cyclic orbit of differential relations,

91C5(1,2,3) = m(6(1,2) — 6(1,3))C5(2,3)
.C5(1,2,3) =7(0(2,3) — 6(2,1))Cs(3,1)
9:C5(1,2,3) =7(0(3,1) — 6(3,2)) Cs(1,2) (2.13)

w

(&%)
[\
~—

Using the relation 9;x(1,2) = —7d(1,2) and the fact that x(1,2) — x(1, 3) is single-valued
in z;, we see that the combination Cj(1,2,3) + (x(1,2) — x(1,3)) C5(2,3) is holomorphic
and single-valued in z;. Therefore, it must be a linear combination of the holomorphic
Abelian differentials wr(1) with coefficients D1(2,3) that depend on the points zy and z3
but not on z;. As a result, we obtain the following decomposition,

wr(1)D§(2,3) = Cs5(1,2,3) + (x(1,2) — x(1,3)) C5(2,3) (2.14)

Since C5(2,3) and Cs(1,2,3) are single-valued in their arguments and yx has trivial 2
monodromy the coefficients D(2, 3) have trivial 2 monodromy, while their B monodromy

follows from the second line in (A.17) and is given byf]

AP DL(2,3) = —27i 6L C5(2,3)
AP DL(2,3) = 2mi 6L.C5(2,3) (2.15)

The 9, and 03 derivates of DI(2,3) are readily evaluated using (2.13)), (2.14) and the
derivatives of y. For z5 and z3 in the same fundamental domain we find,

0,DL(2,3) = +70(2,3)DL(3)
03D(2,3) = —7(2,3)Di(2) (2.16)

with D(3) given by (2.11]). Using the first equation in (2.16)) and dyx(2,3) = —7d(2, 3),
we see that the combination,

V5 (2,3) = D;5(2,3) + x(2,3) D;(3) (2.17)

$We note that the monodromies of D(2,3) have a double pole in 25 — z3. This is due to the fact
that, even though the prefactor of the second term on the right of vanishes as zo — 23 when 2z,
and z3 are in the same fundamental domain, this factor does not vanish when zo and z3 are in different
fundamental domains, as brought about by performing a % transformation on one of the points.
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is holomorphic in z,. Combining the first equation of (2.15)) with the monodromy of y
given in (A.17)), we find that this combination has non-trivial 8 monodromy,

APVI(2,3) = —2mi 6L 95x(2,3) — 2mi 6L w,(2)DL(3) + %%(2)1)61 (3)  (2.18)
The first term arises in the monodromy of 93’ (2, 3) thanks to the third line in . The
remaining terms in are proportional to Dy (3) and arise in the monodromy of @ ;(2)
thanks to (A.18). The combination D(2,3) + x(2,3)DL(3) — 95x'(2,3) — w! ;(2)D{(3) is
holomorphic and single-valued in z and therefore must be a linear combination of w;(2)
with coefficients D17(3) that are independent of 2o,

ws(2)D5"(3) = D§(2,3) — 9sx"(2,3) — ¢'4(2,3) D5 (3) (2.19)

where we have combined the contributions from X (2,3)DL(3) in - with @’ ;(2)D{(3)
into g’ ;(2,3)D{(3). Using the second line in , one Verlﬁes that D17 (3) is holomorphic
in z3 while its 2l monodromy is trivial and its ‘B monodromy is given by,

AP DI (3) = 2midl DY (3) — 2wis] D(3) (2.20)

The next step in the descent procedure consists in constructing a linear combination
involving the holomorphic form w”p(3) and the constant multiplet DXV that matches
the B monodromy of DI/(3) and allows us to express it in terms of a constant multiplet
DYK Consulting the first line in (A.18)), we observe that the combination —w” 5(3) DIZ +
w!p(3)D{P partially compensates the monodromy of D/(3),

o
A(L?’) <D§J(3) - wJB(B)DgB + WIB(3)D(‘5]B> _ %ZWL(S) (DSH _ D§J> (2‘21)

It is at this point that we use the symmetry DJ! = D}/ which is manifest from its expres-
sion in -, to ensure that the 8 monodromy of the above combination indeed cancels,
so that its dependence on z3 is holomorphic and single-valued and may be expressed as
a linear combination of the holomorphic Abelian differentials wg(3). The results for the
case n = 3 are summarized by the proposition below.

Proposition 2.1. The descent of the n = 3 case is given by the following relations,

wr(1)D5(2,3) = C5(1,2,3) + (x(1,2) — x(1,3)) C5(2,3)
wy(2)D57(3) = Dj(2,3) — 95x7(2,3) — ¢"k(2,3)D;* (3)
wi (3)DIE = DI (3) + ! ((3) DJ* — @’k (3)DIE (2.22)

where the multiplet DI is cyclically symmetric in I, J, K, constant on %, and locally
holomorphic in the moduli of 3.
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The validity of the three relations in (2.22) was already established in the paragraphs
that precede the proposition, so it only remains to prove the cyclic symmetry relation,

DIE = pJE! (2.23)

One way to proceed is to take the difference between the first relation of and its
version for cyclically permuted points, then eliminate D%(2,3), DI’/(3) and their cyclic
permutations in the points z1, 2o, 23 using the second and third relations. The difference
may be simplified using the cyclic invariance of Cs(1,2,3) in the points zi, 29, z3; the z-
derivative of the Fay identity in (9.24) of [62] for x = 21,y = 29,2 = z3; the interchange
lemma in (9.11) of [62]; and Theorem 9.4 for r = 1 of [62]. The resulting relation reduces
to the vanishing of (DIK — DIET)w;(1)w;(2)wgk (3), which implies the cyclic property of
DIE and completes the proof of the proposition. In section |4| a more streamlined proof
of ([2.23] - ) will be presented that applies to the case of arbitrary n with equal ease. Similar
computations lead to the reflection relation D{/% = —DXJI,

2.4 The case n =14

The result is given by the following proposition.
Proposition 2.2. The descent equations for the case n = 4 are given by,

w;(l)D§(2,3,4)205(1,2,3,4)+( (1,2) — x(1,4))C5(2,3 4)
ws(2)Dg7(3,4) = D§(2,3,4) + (x"(2,3) — x"(2,4)) C5(3,4) — (2 3)D(3,4)
wic(3)D}7(4) = DI’ (3,4) — 01" (3,4) — ¢” (3, 4>D§K<4> 9" k(3,4)Df (4)
wi(4) Dy = DR (4) = @ L(4) D" + @' (4) DFF + o™ (4) Di*
— (4D + &' E L (4)DJF — L (4)DEE (2.24)

The multiplet DY EL s cyclically symmetric in I, J, K, L, constant on X and locally holo-
morphic in the moduli of 3.

The proof of this proposition proceeds as for the case n = 3 and starts with,
9:1C5(1,2,3,4) = m(6(1,2) — 6(1,4))Cs(2,3,4) (2.25)

and its three cyclic permutations. The term w;(1)D%(2,3,4) is obtained by verifying that
the poles and monodromies in z; of the right side on the first line of cancel, so it
must be a linear combination of w;(1) with z;-independent coefficients Df(2,3,4). The
differential equations for DZ(2,3,4) are obtained by differentiating the first line of
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using ([2.25)) and its cyclic permutations, as well as the relations of (2.22)) and we find,

0, D%(2,3,4) = 16(2,3)D1(3,4)

33D5(2,3,4) = 7(6(3,4) — 6(3,2)) D§(2,4)

04D(2,3,4) = —m6(4,3)D(2,3) (2.26)
with D4(3,4) defined by the n = 3 case in (2.14). The 2 monodromies vanish while the

B monodromies may be computed by evaluating the 8 monodromies of the first equation
in (2.24) and are found to be given by,

APIDL(2,3,4) = —27i 6L.C5(2, 3, 4)

AYDL2,3,4) =0

AYWDI(2,3,4) = 2mi 61 C5(2, 3, 4) (2.27)
Next, we show that the poles and monodromies in 2, of the right side of the second

equation in ([2.24) cancel so that it must be a linear combination of w;(2) whose zo-
independent coefficients D17(3,4) in turn satisfy the differential equations,

93D} (3,4) = +70(3,4) DL (4)
0,D} (3,4) = —76(4,3) DL (3) (2.28)

(see :2.19 for D17 (4)), have vanishing 20 monodromies and the following 98 monodromies
(see (2.4) for the generalized Kronecker delta §17),

AV DI (3,4) = —2mi 67 DL(3,4) — 272 617 C5(3,4)
AWDL(3,4) = 2ri 6L DY (3,4) — 27 617 C5(3,4) (2.29)

Using (2.28) and (2.29) we show that the right side of the third equation of (2.24) is

holomorphic and has vanishing monodromies in z3. The coefficients D/ (4) of wg (3) are
holomorphic in z4, have vanishing 2l monodromies and their 8 monodromies are given by,

AWDIK (4) = _97 5K (wM(4)D§JM — oy (4)DIM wJM(4)D§M)
1o 81 (wM(4)DgKM — o’y (4) DEM wKM(4)D;{M>

—orwn(4) (5gf< DIM {517 DKM _ 951K DgM) (2.30)

The next step in the descent procedure consists in constructing a linear combination

involving the holomorphic forms w?5(4), w8 (4) and the constant multiplets DM and

17



DYV that matches the B monodromy of DI/%(4) and allows us to express it in terms
of a constant multiplet DI75Z. Consulting (A.18]), we observe that the combination on
the right side of the last equation of (2.24) has the following monodromy,

A (D§JK(4) — @, (4)DIE + KT (4)DIE — ! (4)DEL (2.31)

Vol (4)DIFL 4 K (4)DIE — kY L(4)D§L>

‘ 2
= 20 () (DI~ D) 4 2 (5 (D41 — DY) — s} (DX — D))

h h
It is at this point that we use the cyclic symmetries D! = DI/ and DJ5! = D[/K estab-

lished earlier, to ensure that the 8 monodromy of the above combination indeed cancels,
so that its dependence on z4 is holomorphic and single-valued and may be expressed as a
linear combination of the holomorphic Abelian differentials wy (4) in the last equation of
(2:24). Finally, cyclic invariance of DI/XT itself may be established using the interchange
lemmas and Fay identities of [62] in analogy with the n = 3 case.

As was already noted for the case n = 3, a more streamlined proof of the cyclic
invariance of DI/KL will be presented in section [4| which applies to the case of arbitrary
n with equal ease. Similar computations lead to the reflection relation DI/KL = DEEJI
see appendix for a proof by direct computation and appendix for a proof based
on general arguments that applies to arbitrary n.

2.5 Formulation of the case of arbitrary n

The case of arbitrary n may be constructed by extending the pattern observed for the
cases n = 2,3,4. The lowest rank cases may be calculated by hand and are given by,
wy(1)DY(2,--- ,n) =Cs(1,-++ ,n) + (x(1,2) — x(1,n))C5(2,- -+ ,n) (2.32)
wJ<2)D§1J(37 T 7n) = Dgl (27 T 7n) + (XI1 (27 3>_XII (2,%))05(3, T 7”)
_gllj(27 3)D(§7(37 e 7”)
wy(3) D37 (4, -+ n) = D323, n) + (X*"(3,4)—x"""(3,n))Cs5(4,- -+ ,n)

_gIQJ(Bv 4)D§1J<47 T 7n) - gIQIlJ(?” 4)D5](47 e 7”)

The first line is valid for n > 3, the second for n > 4 and the third for n > 5. To extend

the pattern to arbitrary rank, it will be convenient to rearrange the relations so that the
number of points z; € ¥ involved in each relation equals n. Throughout, we set,

D1, ,n)=Cs(1,--- ,n) (2.33)

The resulting meromorphic descent equations are given by the theorem below.
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Theorem 2.3. The multiplet Dél"'l”l(z7 -+, n) is determined uniquely in terms of the

multiplets Dgl'"h(l, <o m) with 0 <r < s and m < n as well as Enriquez kernels by the
following descent equations.
(a) Forn >3,

wJ(1>D§1...L«J(2, cen) = Dél‘“[’r(l, ceeon) + <XIT..-11(1, 2)_XIT---I1(17 n))Cg(Q, oo ,m)
=Y g (1L, 2) D (2, ) (2.34)
=0

(b) Forn =2,
r—1
wy(1) D} (2) = D (1,2) — Opx 1 (1,2) = > g™ (1,2) DR (2)(2.35)
=0

(c) The constant multiplets, defined for r > 2 by,

r—1r—1—k

k(2mi)k+t
nolr _ Iyody oIo_goIy Tpiq Ty
Dy E E k+€+ O E o7 "(5 ke j{ dt D+ E() (2.36)

k=0 (=0 A’

and for r = 0,1 to vanish, are invariant under cyclic permutations of the indices,
Dyt = pih (2.37)
(d) The constant multiplets D§1'"IT defined by satisfy the following descent equation

wy(V)Dy T = Dpr (1) = YT (=il e () Dy (2.38)

0<i<j<r
(4,5)#(0,7)

which extends and to the case of n = 1.

The proof of items (a) and (b) of the theorem will be carried out in section [2.6| below,
while the proof of items (c) and (d) are relegated to section [ As will be detailed in
section [} iterative use of items (a), (b) and (d) of the theorem leads to the advertised
decomposition of cyclic products of Szego kernels that separates their spin structure
dependence from their dependence on the points.

2.6 Proof of items (a) and (b) of Theorem

The proof of items (a) and (b) of Theorem proceeds by induction in the rank r for
n > 2. We shall show that the descent equations hold for » = 0 as the initial step in the
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induction procedure in r. The second step in the induction procedure is to show that the
descent equations for r = s follow from the assumption that the descent equations ([2.34])

and ([2.35)) hold for all r < s — 1.

For r = 0 and n > 3, the recursion relation of (2.34) coincides with the first relation
in (2.32). To establish its validity, we use the r = 0 relation,

D1, ,n) =7 (8(k,k+1) — 8(k,k — 1)) DI(1,--- k- -+ ,n) (2.39)

for the cyclic product to verify that the right side is holomorphic in z; (since the
residues of the poles in z; at 2z and z, cancel) and single-valued in z; since the difference
x(1,2) — x(1,n) is single-valued in z; in view of the first equation of (A.17). Therefore
the left side must be a linear combination of the holomorphic Abelian differentials w;(1)
whose coefficients are independent of z; and are denoted by Dél"'ITJ(Q, -+ n). Forr=0
and n = 2, the recursion relation (2.35)) coincides with @ whose validity was already
proven in section [2.2] Thus, items (a) and (b) of Lemma [2.3| hold true for r = 0.

The induction step from ranks r < s — 1 to rank r = s will be proven in sections
and using two lemmas for the properties of D§1'“IT(1, -+« ,n): the first giving
differential equations and the second giving monodromies.

Lemma 2.4. Assuming the relations and for all r < s —1, the multiplets
Dgl"'lr(l, -+« ,n) satisfy the following equations for all 1 <r <s and2 <k <n-—1,

51D§1"-F(1’ R ,n) — 71—5(17 2)D§1--~Ir (2’ . ’n)
5kD§1~--p(1, ceem) =T <5(k;, k+1)—d6(k k— 1)>D§1‘..p~(1, N .n)
0. D5 (1, ) = =md(n,n = 1)DF (1, ;= 1) (2.40)

where the middle equation above is absent whenn = 2. For1 <r < s andn =1 we have,

oD (1) =0 (2.41)

The proof of this lemma is relegated to appendix [B]

Lemma 2.5. The cyclic product Cs(1,--- ,n) is single-valued in z,--- ,z, for all n.
Assuming that the relations and hold for all r < s — 1, the multiplets
D§1'"IT(1, -+, n) have vanishing A-monodromies in z1,- - - , z,, while their B-monodromies
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are given as follow for all values 1 <r <sandn>2 with2 <k <n-—1,

(1) Iy Iy - (_27Ti)€ YUY U RN T P
AL D6 (1,,”)22 5[, D5 (].,,TL)

Aék)D(gl“.IT(17 . ’n) — O

A(H)Dflmfr 1 _ (27TZ>€ 511---[4DIZ+1"‘Ir 1 2 42

L s (7""n)_z /) L 5 (,---,TL) ( )
(=1 )

where the middle equation is absent for n = 2.

The expression for A(Ll)Dél'"IT (1) will be derived in compact form in terms of generating
functions in section [3] below, and the proof of Lemma [2.5] is relegated to appendix [C]

2.6.1 Proof of item (a) of Theorem

It remains to prove the induction step giving the derivation of the descent equations of
(2.34) and (2.35) for r = s, assuming the validity of the descent equations for 0 <r < s—1.
To this end, we define the combination Dgl'"ls(l, .-+, n) for arbitrary n > 3 by,

DI, m) = DI )+ (1, 2) xR (1)) Ca 2, )
s—1

B Z gl liv (1,2) DIl (2, ) (2.43)

1=0

where we have chosen the right side to be the combination that enters the descent equation
for r = s and the corresponding value of n. To prove the induction step, it will
suffice to prove that Dél"'ls(l, -+« ,n) is single-valued and holomorphic in z;, so that it
must a linear combination of the holomorphic Abelian differentials w;(1) and defines the
corresponding coefficients Dgl"'ls‘](2, -+ ,n) of rank s+ 1 by,

D1, m) =y (DR (2 ) (2.44)

To prove these properties of [)gl'"ls(l, .-+, n), we make use of Lemmas and , as we
shall now show in the remainder of this subsection.

To prove that Dgl"'ls(l, -++,n) is holomorphic in z; we use the fact that 0 <r <s—1
implies that 1 < s so that the combination y% 7 (1,2)—x’7(1,n) is holomorphic inside
the preferred fundamental domain D. Furthermore, only the contribution from i = s — 1
to the sum on the second line has a pole, so that,

5ID§1MIS(1J T 7n) = 51D§1“'Is<17 T 777') o 7]—5(17 2)D§1"'Is<27 T 7n) (245>
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In view of of the first line of (2.42) in Lemma [2.4] which holds for = s, the right side
vanishes, so that Dﬁl"'ls(l, -+« ,n) is indeed holomorphic in z;.

To prove that [?él“'fs(l, -++,n) is single-valued in z1, we use the fact that its 2l mon-
odromy vanishes by construction while its B8 monodromy is given as follows,

s—1

AP, n) = APDE (1, ) = 3 AP (1,2) DB (2, )
1=0
—i—(A(Ll)XIS...p(L2)—A(L)X15 Il( m))o(s(g’... ,n) (2.46)

The first term on the right side may be evaluated using the first equation in of
Lemma 7 while the monodromies of g and x are given by the first equations in ([2.3)
and , respectively. Assembling all contributions and rearranging the double sum
that emerges in the last line above, we obtain,

AW il —~ (=270)" et [ DT
D! (1""’”):ZT5L D; (1,---,n)

_i_<XIS,k...Il<17 2) o Xlsfk---h(l, n)>05(27 e ,TL)

s—k
_ Z gls_kmli"’_lj(l, 2>D§1‘..I¢J(2, . 7n):| (247)

i=0
The combination inside the square brackets vanishes by the descent equation of ([2.34]) for
r=s—k <s— 1. This concludes the proof of item (a) of Theorem [2.3|

2.6.2 Proof of item (b) of Theorem

In item (b) we have n = 2 and we define the corresponding combination,
~ s—1
D (1,2) = D (1,2) — Opx " (1,2) = Y g™l (1,2) D (2) (2.48)
=0

in (2.35) at 7 = s. Its holomorphicity in 2; follows from the facts that dox™ 71 (1,2)
is holomorphic in z; € D for s > 1 combined with the first line of of Lemma
. The multiplet D§1"'IS(1, 2) is single-valued in z; since its 20 monodromy vanishes by
construction while its 8 monodromy in z; may be evaluated using the first equation in
of Lemma while the monodromies of g and y are given by the first lines in
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(2.3) and (A.14), respectively. After some simplifications, we obtain,

- °\ (=2mi)F ..
AP DI (1.2 = 30 ,j.”) op {Dél (1, 2) + ax N (1,2)
k=1 ’
s—k
=Yg (L) D (2) (2.49)
=0

The combination inside the square brackets vanishes by the descent equation of for
r = s—k < s—1. Therefore, Dgl"'ls (1,2) must be a linear combination of the holomorphic
Abelian differentials w;(1) and we shall define the corresponding coefficients D} +7(2)
of rank s+ 1 by,

DI(1,2) = wy (1)DE 1 (2) (2.50)

This completes the proof of item (b) of Theorem [2.3]
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3 Generating functions

In this section, the multiplets D will be collected in a generating function D4 analogously
to how the Enriquez kernels g were collected in the form K ; given in (2.2)). Both generating
functions are valued in an infinite-dimensional Lie algebra g, that is freely generated by
h elements b = {by,--- ,b,}. The recursion relations of Theorem the differential
equations of Lemma[2.4] and the monodromies of Lemma will be compactly expressed
in terms of these generating functions and used to provide the proof of items (¢) and (d)
of Theorem in section [4 thereby completing the proof of the theorem.

3.1 Generating functions for the Enriquez kernels

In this first subsection, we begin by reviewing and elaborating on the properties of the
connection form K, viewed as a generating function for the Enriquez kernels gt !r ;.
Recall that the Taylor series expansion of the form K, (z,y; B) is given by equation (2.2)

which we repeat here for convenience,

KJ(x7y; B) = Zghth(lE, y)Bh e BIT (31)

r=0

with ¢?;(z,9) = wy(z) as was stated already in footnote [3 and where the h elements B;
generate the free Lie algebra g, by adjoint action BrX = [br, X]| for all X € gbﬂ It will
be useful to introduce separate generating functions that capture the decomposition ([2.8)
of Enriquez kernels g""'r ;(z,y) into their trace and traceless parts, given by x"Ir(z,y)

and wl I ;(x), respectively, as follows,

X(xa Y, B) = Z XIIMIT(;m y)Bh e Bfr

r=0

W(z; B) = Y@ ) ()By, - By, (3.2)
r=0
with @®;(2) = wy(z). The decomposition of (2.8)) is then equivalent to,
K, (z,y; B) = W, (; B) = X(z,y; B)By (3-3)

The basic differential equations are stated in a preferred fundamental domain D for
¥ (see figure [1) in which ¢’ ;(z,y) has a simple pole while g/t ;(z,y) for r = 0 and for

9Henceforth, the generators a',--- ,a” will no longer play a role. The generators by will enter only

through their adjoint action via By. The algebra freely generated by the B; is isomorphic to gp.
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r > 2 are non-singular. For z,y € D we then have,

8EJKJ(x> Y; B) = 7T(5(£L‘, y)BJ an(ﬁ, Y; B) = —7'('(5(1” y)
0;K(z,y; B) = —mé(x,y)By 0;X(x,y; B) = mé(x,y)
0:W ;(z;B) =0 (3.4)

Beyond the fundamental domain we will use the monodromy equations, to be derived
below, to extend the above formulas to all of 3 (see the discussion preceding figure [1)).
As a result, K;(z,y; B) and X(z,y; B) will have simple poles at the points 7 !(y) with
residues that involve all powers of B so that g"*"!" ;(z,y) will have poles for all » > 1.

The monodromy relations for g in (2.3, for y in (A.14]), and for w in (A.13) translate

into the following monodromy relations for K,

K;(B. - z,y; B) = e P K, (x,y; B)
627riBL -1
K;(z, B y; B) = K,(z,y; B) + Kp(w,y; B) —5—— By (3.5)
L
for the trace part X,

1 6—27riBL -1

X(B-x,y; B) = e P X (2,9; B) — — ———— wy(7)
h Br,
627riBL -1
X(z,%B - y; B) = X(z,y; B) — Ky (z,y; B) B, (3.6)
and for the traceless part W,
) 1 e—27riBL -1
W, (B, -2;B) = e *™PLrW (1, B) — ’ Bjwr(z) (3.7)

Br
Finally, the integral relations for ¢ in (2.7 translate into the following integral of K,

—27T’iBL
]éw dtK,(ty; B) = o5, 1 35 (3.8)

using the generating function for the Bernoulli numbers given in footnote

3.2 Generating functions for D

The multiplets D§1"'IT (1,--- ,n) may be collected in a generating function that takes values
in the Lie algebra g,. Setting D?(l, oo ,n) = C5(1,--- ,n) as in (2.33)), we introduce the
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following closely related generating functions for arbitrary n > 0[]

D(S(l’ S Mg B) — ZD(él"'IT(l’ e 7n)BIT .. 'Bll
r=0

D{(1,--- ,n;B) = iD§1"'frJ(1, .-~ ,n)B; - By, (3.9)
r=0
These relations combined with for n > 2 imply,
D;(1,--- ,n;B) = Cs(1,--- ,n) + ByDJ(1,--- ,n; B) n > 2 (3.10)
while for n = 0,1 we have,
DY®;B) =0 D;(0; B) = B,Dj(; B)
D(1;B)=0 Ds(1; B) = B;D{(1; B) (3.11)

The generating function DY may be deduced from Ds by the operation Iota on elements
in the Lie algebra g, defined by,

771=0 I7(BiX) =6/ X (3.12)
for any X € g. The relation in (3.10) then gives,
DJ(1,---,n) =Z’Ds(1,--- ,n) (3.13)

Thus, the operation Z7 removes the first factor of B in any Taylor series in powers of B
to which it is being applied and generates the extra upper index J as a result.

3.3 Recursion relations for Dy

The recursion relations on the components Di"'7(1,--- n) for n > 3 in item (a) and
for n = 2 in item (b) of Theorem may be reformulated compactly in terms of the
generating functions Ds and DY in (3.9)) via the following corollary.

Corollary 3.1. The generating functions Ds and Dy satisfy the following relations.
(a) Forn >3,

Ds(1,--+,n; B) = K,(1,2; B)Dj (2, -+ ,n; B)
—(X(1,2; B) = X(1,n; B))Cs(2,- -+ ,n) (3.14)

10The reversal of the order in which the contractions with the generators B; are performed results from
our choice for the order of the indices on Dj and is purely a matter of (perhaps unfortunate) convention.
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(b) Forn =2,
Ds(1,2; B) = K,(1,2; B)Dj (2; B) + 8,X(1,2; B) (3.15)

Parts (a) and (b) of the corollary are proven by reformulating items (a) and (b),
respectively, of Theorem [2.3]into generating functions.

3.4 Differential relations

The system of differential equations of and of Lemma on the components
Dgl'"l’"(l, -+~ ,n) may be readily reformulated in terms of the differential equations for
the generating functions given in the corollary below. Equivalently, they may be derived
directly from the relations and on the generating functions together with the
antiholomorphic derivatives of the generating series for Enriquez kernels.

Corollary 3.2. The generating functions Ds satisfy the following differential relations.
(a) Forn>3 and 2 <k <n-—1,

O Ds(1,--+ ,n; B) = 76(1,2)Ds(2,--- ,n; B) — 78(1,n)C5(2,--- ,n) (3.16)
oDs(1,--- ,n; B) :7T<6(k:,k:+1) —o(k, k — 1))D5(1,-~~ ey ,n; B)
0,Ds(1,--- ,n; B) =7 8(n, 1)Cs(1,--- ,n—1) —w6(n,n — 1)Ds(1,--- ,n — 1; B)
(b) Forn=1,2,
01Ds(1,2; B) = w6(1,2) Ds(2; B) + 7 0,6(1,2)
0,D5(1,2; B) = —7§(1,2) Ds(1; B) + m920(1,2)
0Ds(1; B) = 0 (3.17)

The differential relations for the generating functions DY may be easily obtained by
applying the operator Z” introduced in (3.12)) to the relations of Corollary 3.2} For n > 2
and 2 < k <n — 1 we obtain,

oDi(1,--- ,n;B) = 7(1,2)DJ(2,--- ,n; B)
Dy (1, ,n; B) = w(6(k, k+ 1) = 6(k, k — 1))DJ (1, -+ k- ,n; B)
0,D{(1,--- n;B) = —md(n,n — 1)DJ(1,--- ,n—1; B) (3.18)

where the middle equation is absent for n = 2, while for n = 1 we have,

oD{(1;B) =0 (3.19)
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3.5 Monodromy relations for n > 2

The monodromy relations of in Lemma on the components Dél"'h(l, cee )
may be reformulated in terms of monodromy relations for the generating functions given
in the corollary below. Equivalently, they may be derived directly by evaluating the mon-
odromy of the recursion relations and on the generating functions through
the monodromies and of the contributing series in Enriquez kernels.

Corollary 3.3. The generating functions Dy satisfy the following monodromy relations
form>2and2<k<n-1,

D(S(%L' 17 7n)B) = 6_27riBLD5(17”' 7n’B)
Ds(1,--+, By - k,---n;B) =Ds(1,--+ ,n; B)
Ds(1,--+, B -n; B) = Ds(1,- -+ ,n; B) *™Pr (3.20)

where the middle equation is absent when n = 2.

The monodromy relations for the generating functions Df may be obtained by apply-
ing the operator Z” of (3.12)) to the monodromy relations of Corollary [3.3] For n > 2 and
2 <k <n—1 we obtain,

e—27riBL_1
DJ(B.-1,---,n;B)=DJ(1,--- ,n; B) + 6} = Ds(1,--- ,n; B)
L
DJ(1,-- , B -k,---,n;B) =DJ(1,--- ,n; B) (3.21)
) 627riBL_1
Dj(1,---, B, -n;B) =Dj(1,- - ,”;B)€QMBL+5iB—Ca(17“' ,n)
L

3.6 Monodromy relation for D;(1; B)

The generating function Dg(2; B) is related to the generating function Dg(1,2; B) by
equation (3.15)) with the help of the series K;(1,2) and X(1,2) in Enriquez kenels. This
relation allows us to evaluate the B monodromy of Ds(2; B) in the variable z in terms of
the 8 monodromy of Ds(1,2; B) in the same variable, which is given by the last equation
of of Corollary and is stated in the lemma below. This lemma will serve as an
intermediary step in the proof of items (¢) and (d) of Theorem

Lemma 3.4. The monodromy relations for the one-point functions are given by,
D;(%B; - 1; B) = e ™5 D4(1; B) e*™Br
—27riBL _ 1

DJ(B, - 1; B) = D}(1; B) ™5 + 67 ° B

D;(1; B) e*™5r (3.22)
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To prove the lemma, we apply B to the point 25 in (3.15)),
Ds(1,%B1 -2, B) = K (1,8, - 2; B)DJ (B - 2; B) + %X (1,8, -2, B)  (3.23)

and then use the last equation of (3.20)) for n = 2 along with the monodromy relations
given by the second equations of (3.5 and (3.6). The resulting identity,

K;(1,2; B)DJ(2; B)e*™Pr = K;(1,2; B)YD] (B, - 2; B) (3.24)

2TriBL _

Br

e

1
+K.(1,2;B) Ds(Br, - 2; B)

implies the first line of by matching the residues of the pole in z; at zo where
K (1,2; B) contributes via By and the contractions K;(1,2; B)D{(i; B) thereby simplify
to Ds(i; B) = B;yD{(i; B) (for i = 2 or i = B, - 2). The second equation of then
follows from applying the operator Z7 to the first equation.
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4 Convolution periods

To complete the proof of Theorem it remains to establish its items (¢) and (d). We
shall do so in this section with the help of the generating functions introduced in section
and the use of 2 periods of the multiplets Dgl'"“(l, -++,n) which we shall introduce in
this section. In the process we shall establish a recursion relation for the periods of
the multiplets Dgl'"”(l, -+, n); show that the operation of taking 2l periods closes in the
space of multiplets; and prove that the multiplets can be represented by multiple 2 period
integrals of cyclic products of Szego kernels.

4.1 Recursion relation for 2l periods

The starting points for the recursion relations between the 2 periods of the multiplets
DFI"(1,--- n) are the recursion relations and of items (a) and (b) of
Theorem [2.3] respectively, which were already proven in section [2.6, To compute the
2l periods, we make use of the crucial property, shown in and , that the A
periods of g""Tr ;(x,y) and K (z,y) in the variable z are independent of y. As a result,
when taking the integrals of and in the variable z; over a cycle Y, the
contributions from the terms y 71 (1,2) — xI11(1,n) and Gyx*11(1,2) vanish, and we
obtain the following recursion relations for all n > 2,

T

B
jgw dt Dgr"fr(t’ 2, ,n> — Z(_Zﬂ-i)k % 5£r Lipik D§1 I’rka(2, . ’n) (4.1)
k=0 '

where we recall that Berj are the Bernoulli numbers (see footnote [5)). Reformulated in
terms of generating functions, the relation (4.1]) is equivalent to,

—27T7;BL

The prefactor on the right is invertible, since its series expansion starts with the identity.
Its inverse gives the generating function for the multiplets D} ""(2,--- ,n) in terms of
an 2 period of the generating function with an extra point ¢,

7271’7;BL _

1
DL, n;B) = & detD(;(t,Q,--~ .n; B) (4.3)
A

—27TiBL

which translates into the following relation between the components,

o (2w e,
Dé‘l IL@:"'?”):Zm(SLH QILdtDé Il(t’Z"”’n) (4'4)
=0
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For example, to low rank we have,

DE(@2,---  n) :7{ dt Cs(t,2,--+ ,n)
AL

DiF(2,--- n) :j{ dt{Dg(t, 2, ,n) —indLCs(t, 2, ,n)} (4.5)
AL

One may now proceed by eliminating the multiplet D(2,--- n) between the first and
second equations in (4.5 in order to obtain a formula for DIF(2,---  n) in terms of 2A
periods of the cyclic product of Szegd kernels only,

DI(2,... n) = f;[Ldtg ]éudtl Cs(ty,t9,2,-++ ,n) — imd} ngdth(t,Q,--- ,n)  (4.6)

Actually, the double integral on the right side is well-defined only when L # I. When
L = I the pole of Cs(ty,t,2,--+ ,n) in ty at t; sits on the contour of the integration
in t5. A careful contour prescription is required for how the ¢ integration across this pole
should proceed, which will be formulated in the next subsection.

4.2 Prescription for multiple 2 period integrations

The Enriquez kernels g/t ;(¢,y) are defined for ¢,y in the (open) interior D° of the
fundamental domain D. To evaluate their A -periods in the variable ¢ using , we
take their integral over a cycle AL that is homotopic to ¥ and is entirely contained in
De (barring the end points), as shown in the left panel of figure 2| and then take the limit
of this integral as e — 0 and AL — 2% on the boundary of D, while leaving the point y
fixed in the interior y € D°. The small displacement AL of 2% is understood to not cross
the point y € D° as we take ¢ — 0. This limiting procedure was implicit in our earlier
manipulations of the 2 period integrals where the 2 cycles lie on the boundary of D as
shown in figure [1}

When multiple integrations over 2 cycles are considered, the above limiting procedure
provides a unique prescription for how the nested integrations over multiple contours
should be defined. Consider, for example, the double integral encountered in . When
the indices take different values L # I, the integral is well-defined as it stands. When L =
I, we introduce two curves 2L and 2AL which are homotopic to 2, entirely contained in
D, such that (% lies deeper inside D° than 2L and all other arguments of the integrand,
namely 2y, , 2,, lie deeper inside D° than the curve 2L . This set-up is shown in the
left panel of figure 2] The double integral is then defined by,

dtz f dtl Og(tl,tQ,Q,"' ,n) = lim dtg f dtl Cg(tl,t2,2,"' ,n) (47)
ar ap,  Jar

AL e—0

31



L
%L - .

ol .
L
AL : A

Py to . ([ ¥4 t
D " 220 ’ D " 220 P

Figure 2: The left panel depicts the cycles AL and 2L for € > 0 as a small homotopic
deformation of AL contained in the interior D° of D (barring the end points). The right
panel depicts the integration contours AL for k = 1,--- ,p for the multiple integrals in
and coincident indices I;, = [;, = --- = I;, = L, with the associated integration
variables t;,---,%;. In both cases, any other arguments of the integrand, including
29, , 2n, are assumed to be deeper inside D° than any of the curves L.

To define the r-fold 2 period integral of the product of Szegd kernels,

@gl...h(L . ,n) = ]{ dt, - - ]{ dt, Ca(th SRR A B ,n) (4_8)
Alr A1

we proceed analogously. When the indices I, and I, for k # ¢ take different values,
the integrals are well-defined as they stand. When p of the indices I;,---,[;,, with
2 < p < r, are all equal to one another (and different from all other indices) we shall

denote this common value by L. To define the integral over the variables t;,,--- ,t; , we
introduce a sequence of contours 2L for k = 1,---,p which are all homotopic to A,

as shown in the right panel of figure 2] Each contour is entirely contained in D°; the
contours are ordered so that 2% is deeper inside D° than AL _ for all &’ < k; and all other
arguments of the integrand lie deeper inside D° than 2[56. The p-fold integral is then
defined by the following limit,

hm]{ dtip% dtip,1 % dtm% dtzl Cg(tl,"‘ ,tr,l,"' ,n) (49)
=0 Qléa 9l(Lpfl)s Ql%s ng‘

When several other indices in the multiple integral of have the same value K # L,
the above prescription is to be applied to their 2 cycle integrations. We note that the
same prescription to displace integration contours in iterated 2l cycle convolutions was
employed in the integral representations of Enriquez kernels in [58].

4.3 Expressing D; in terms of multiple 2l periods of Cj

With the integration contour prescription of section in place, we are now equipped to
recast the multiplets Dél'"lr(l, -+ n) with n > 1 in terms of the multiple 2 periods of

32



cyclic products Cs defined in (4.8)). To do so, we multiply both sides of (4.3) by By and
sum the result over all L[]

B.D%(z; B) ZﬂL]{ dt Ds(t,z; B) (4.10)
where [, is given by the following series in By,
e~ 2miBL _ 27?2
— =B B b 4.11
Pr o —omi Lt Z (B1) ( )

Next, we use equation (3.10)) to express the left 81de of (4.10) in terms of Dg(z; B) and
C5(z). Doing so, we obtain an integral equation that relates generating functions Dy with
different numbers of points to one another and Cjy(z),

D; (z; +Z»3L]{ dt Ds(t,z; B) (4.12)

The first term on the right side is independent of the generators B while the Taylor series
expansion of § starts at first order B, as shown in the second equality in (4.11]). Therefore,
by iterating equation (4.12)) repeatedly, we obtain the Taylor expansion of Ds(z; B) in
powers of § with coefficients given by the multiple 2 period integrals @gl"'h(z) defined in
(4.8) with the contour prescription (4.9). For example, a single iteration of gives,

D;(z: B) = Cs(z) + 6,0} (2) +Zﬁm&fcmf¢mmu@m8>

Iy,12
= Cs(z) + Br, D5 (z) + Br,fr D5 (z) + O(5?) (4.13)

while the all-order expression for an arbitrary number n > 1 of points in z takes the form,
Dj(z; B) = Cs(z) + » B, B, D5 " (2) (4.14)
r=1

By expanding each (3;, in powers of By, according to (4.11)) and extracting the coefficient
of By, --- By, we obtain the components Dél"'h(z), which at low rank are given by,

Dj'(z) = D' (z) (4.15)
Dj*(z) = Dj"(2) — i 01y D} (2)
2 2
Dp5(z) = D} 125(2) — im 37 D (2) + 6 D} (2) | - 01" D} (2)

with no summation over any of the repeated indices.

Whenever the summation over repeated indices does not appear in the customary presentation, we
shall explicitly include the corresponding summation sign in order to avoid any possible confusion. When
convenient, we shall use the shorthand notation z = (21, - - , z,) for the ordered set of n > 1 points.
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4.4 Construction of the constant multiplets Dﬁl"'lr

We now return to completing the construction of the system of descent equations of
Theorem and to proving the remaining items (¢) and (d), both of which involve
constant multiplets denoted by Dgl'”lr. In this subsection, we will connect the definition
of these constant multiplets with the 2 periods of the previous subsections. This
will pave the way for proving their cyclic symmetry property of item (c¢) in section
and then deriving the representation (2.38)) of the one-point function D} " (1) of item
(d) in section [4.6]

To motivate the particular construction of the constant multiplets Dél'“lr to be given
below, we begin by recasting the monodromy relation for the one-point function of
Lemma 3.4} in the following form,

Ds(B - 1; B) = e > 5. Dy(1; B) (4.16)

To arrive at a relation of the form (2.38) in item (d) of Theorem [2.3| we need a combination
of constant multiplets and Enriquez kernels whose monodromy matches that of Ds(1; B)
in (£.16). Inspection of the monodromy relation for the generating function K;(z,y; B)
of Enriquez kernels, given in , shows that K (1, p;adg), whose last argument is adp
instead of B, fulfills this requirement. Although the dependence of K (1, p;adg) on an
extra point p and the presence of a pole in z; at p, neither of which were present in
Ds(1; B), may at first appear as a drawback, we shall soon show that consistency of the
system of descent equations implies the absence of both.

To proceed, we define the following combination,
Ds(1,p; B) = Ds(1; B) — K,(1, p; adg) D (B) (4.17)

in terms of a generating function D{(B) for as yet unknown constant multiplets D',

Dj(B) =) Di"'By - By (4.18)

r=1

To determine DJ(B), we impose the vanishing of the 2 periods in  of Ds(t, p; B),

f dt Ds(t,p; B) =0 (4.19)
AL

To extract the condition this relation imposes on the constant multiplets, we use the fact

that the 2 periods of K;(1,p;adg) are independent of p and may be read off from (3.8)),

= 05N (—2mi)
k=0

—2ms adBL

dtK,(t,p;adp) = 67 —
f;{L J( , Py & B) J 6—27r7,adBL —1

i Bery

I (adp, )* (4.20)
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The corresponding i x h matrix in the indices J, L is diagonal and invertible. Therefore,
the vanishing of the 2 periods of Ds(1, p; B) implies the following expression for D{(B),

6—27ri adp; _

DJ(B) = ! fi Dy (t:B) (4.21)

—2miadp,
whose coefficients of By, - -+ By, feature the definition (2.36)) for the constant multiplets in
item (c) of Theorem This justifies the vanishing 2 periods of Dg(¢, p; B) which were
imposed in (4.19).

The pole of ]:N)g(l, p; B) in the variable z; at the point p is given solely by the contri-
bution of g’ ;(1,p)adp, to K;(1,p;adp) and its residue is,

Res Ds(1,p; B) = — Y _adp, D} (B) = —[B,,Dj(B)] (4.22)

Z1=p
J

The commutator may be expressed in terms of the constant multiplets DI”Q“'IT in the
expansion (4 and their cyclically permuted counterparts DI2 Tl gg follows

B, Di(B)] =% (Dglf?"fr - D§2'"“1)Bh ... By, (4.23)

r=2

Independence of Dy(1, p; B) on the point p will require, at the very least, that its residue in
21 at p cancels, namely that the commutator [B;, DJ(B)] vanishes. We therefore proceed
to showing the cyclicity of D vl gy item (c) of Theorem which implies the vanishing
of the commutator [B,, D{(B)] by (4.23).

4.5 Invariance of constant multiplets under cyclic permutations

In this subsection, we shall prove item (c) of Theorem [2.3| namely the invariance of the
constant multiplets Dgl"'lr under cyclic permutations of its indices.

The starting point is the expression (4.21]) for the generating function D% (B) of the
constant multiplets Dél"'lr. Combining this formula with the integral of the expression
(4.14) for the one-point function, expanded in powers of the composite letters 5y in (4.11]),
we obtain,

6—27”' adp; __

1 o0
> BBt (4.24)

—2miadp, -
r=

DX (B) -

Expanding the left side and the exponentials on the right side in Taylor series in powers
of B gives the constant multiplets Dél'"lr in terms of the multiple 2 periods @3]1""]5 with
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s < r in (4.8) where all points ¢; of the cyclic product Cs are integrated over. To low
orders we obtain, for example,

Lily _ L
Iilols _ 11213 : I 1213 Io 113 I 1213
I1loI3ly _ 1112131y : I 12131y Io (11314 I3 riyI11214 I1 iyI2131y

2 2
=m0 O PN + 2o DPN 4 Sopt o

4 2
_52 5}; @§314 . 55213 ©§2I4 + 55212 ©§314:|

with no summation over repeated indices implied. The generating series identity (4.24)
for constant multiplets lends itself particularly well to the evaluation of the commutator

in (4.22)) and (4.23)) and we obtain,

B, D)(B)] = o= 3 (e —1) 35y, gy, 00 (4.26)
r=1

" or
L

This formula expresses the commutator [B;, DJ(B)] and therefore the transformation of
the constant multiplets under cyclic permutations in its components in terms of multiple
2 periods @gl'"b. As we will see soon, the vanishing of the right side of through
interrelations of the summands for different values of r hinges on the transformation
properties of ’Dél“'b' under cyclic permutations that we shall derive in the next subsection.

4.5.1 Transformation of @glmh under cyclic permutations

A cyclic permutation of the indices @glb'"l’“ — @g’"hh modifies the order in which the
curves 21 ... A are extended into the interior D° of the fundamental domain D by the
prescription for multiple 2 periods given in section 4.2} In particular, the outermost curve
A of DI is moved to the innermost position AL under the cyclic permutation, as
illustrated in figure . By doing so, the curve At crosses all of those curves 22, --- Al
with /; = I} when comparing the prescriptions for their relative ordering in 5‘3?12'"[7' and
@?"'ITI '. The quantitative relation is given by the following lemma.

Lemma 4.1. The multiple A period @gl'"[’" of the cyclic product of Szegd kernels defined

mn (@ transforms as follows under cyclic permutations of its indices,

Dl DRIy oi(5h  sh) Dl (1.27
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oD oD < f oD 7
< ty B < to I —(—@—(— iy
< t3 < ts — 0 : P
< 2 < t, < t,
< t
oD ; oD ;
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Figure 3: Contour deformation that brings the cyclically permuted ordering of contour
displacements with ¢; in the innermost position back to the original order of with t;
in the outermost position. The crossing of the ¢; contour with those of s, - , ¢, through
the contour deformation is homotopic to infinitesimal circles around ¢; drawn in red which
only arise if I; = I;. Moreover, the residue structure of the integrand implies that
the circles around t3,--- ,t,_1 in the second line of the figure do not contribute to .

To prove the lemma, we trace the effects of At crossing 222, ... A, As shown in
figure [3| each time A crosses a curve Q[i’; with I, = I; the pole in t; at £, produces an
extra contribution given by the integral in ¢; around a small circle centered at ;. These
integrals may be evaluated using the residues,

Res Cs(ty, -, t) = £Cs(ty, -+ g, 1) (4.28)

te=tg+1
of the cyclic products Cs for nearest neighbor points. No contributions arise for I}, # [,
or for non-nearest neighbor points. Thus, the only non-trivial residues arise for the circles
in t; around the points t and ¢, provided I; = I, and/or I; = I, while the contributions
around t3,--- ,t,_; vanish. Taking into account the residue structure of proves
formula and thus Lemma A similar relation for the exchange symmetry between
2 periods due to simple poles in the integrand was pointed out in [58].

4.5.2 Lemma implies item (c) of Theorem

With the cyclic transformation law in (4.27) established in Lemma [4.1], we shall now prove
the invariance of the constant multiplets Dél”'b under cyclic permutations of its indices
and thereby provide a proof of item (c) of Theorem

The starting point is the expression in (4.26) for the commutator, whose vanishing
is equivalent to the cyclic symmetry of all constant multiplets in view of (4.23). The
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expression (4.26]) is rendered more explicit upon the use of the following relation,
(e7m2dpn — 1) X = e 2P Xe?™Pr — X = —2mi[ B, X] (1 — 2mﬂL)*1 (4.29)

for arbitrary combinations X of words in B;. Here, we have used the definition of 3y,
given in (4.11)) to express the exponential as follows e=2™52 = 1 —27if3; and to pass from
the first equality to the second. Applying this formula to the series for the commutator

in gives,
[BL,D§(B)] = 61, Bt -+ 6] (1 = 2mify,) ' DF " (4.30)

r=2
Writing out the commutator of the 5 in the summand on the right and using a suitable
relabelling of the indices, we obtain,

[BL.D§(B)] =Y B Bub {(1 —2mif,) (4.31)
r=2

(1= 2mig) " op )

Substituting the expression for the cyclic permute 33?"'”[1 from 1) of Lemma the

above expression becomes,

[BL? Dg(B)] = Z /BIT‘ U 6126[1 {(1 - 27”517»)_1 @(];1[2”'IT (432)
r=2

—(1 = 2migy) ™ [P+ 2mi(of — of) D]}

The correction terms proportional to 2772'(5}7{ = 5}21) on the second line cancel for r = 2 and
only contribute starting at » = 3. After shifting the summation variable r by one in the
summation of these terms to restore the original range » > 2, and a suitable relabeling of
the indices, we obtain,

[B1.DF(B)] = 1.+ BB D { (L= 2mify) ™ — (1= 2mif) ™ (4.38)
r=2

—2mifh, (1 2ify,) ™ + 2mifhy, (1 - 2nify) '] |

The first and third terms inside the braces add up to 1 while the second and fourth terms
add up to —1 so that the above sum cancels term by term and we conclude that,

[B.,D§(B)] =0 (4.34)

which by 1) proves the invariance of the constant multiplets Dél'"lr under cyclic per-
mutations of its indices, and thereby proves item (c) of Theorem [2.3|
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4.6 Completing the proof of Theorem [2.3; (¢) implies (d)

Having established cyclic symmetry of the constant multiplets D§1'"IT in the previous
subsection, it follows that the combination Dg(1, p; B) in (4.17)) simplifies to

Ds(1,p; B) = Ds(1; B) — W(1; adg)DJ(B) + X(1,p; adg)[B;, DJ(B)]
= D;(1; B) — W,(1;adp)Dj(B) (4.35)

which exposes holomorphicity in z; and independence on p. Moreover, the discussion
around (4.19) to (4.21) revealed that Ds(1,p; B) has vanishing 2 periods in z (as an

equivalent of the definition 1} of D(‘?“’IT), and 1) together with 1) imply that
Ds(1, p; B) has the following monodromy,

D;s(B; - 1,p; B) = e 2™BrDy(1, p; B)e*™Pr (4.36)

Taylor expanding in powers of B, the components [?él'"lr(l, p) defined by
Ds(1,p; B) = Z Dy (1,p)By, -+ By, (4.37)
r=1

have the following monodromy in zq,

LI, ~ k F(2mi)H! Ty JAleprTr—k I g1y
Dy "(Br-1,p) = Z ,M, oy Dy (L,p) o, (4.38)
k=0 ¢=0

The above properties are essential to prove the following proposition that relates the
one-point function to the generating series of the constant multiplet.

Proposition 4.2. The combination Ds(1, p; B) defined by vanishes identically,
D;(1,p; B) =0 (4.39)

which implies the following expression for the one-point function Ds(1; B) in terms of the
constant multiplets in DY (B),

Ds(1; B) = K;(1,p;adg)Di (B) = W (1;adp)Dj (B) (4.40)

2Given that the series expansion of both ingredients Ds(1; B) and DY (B) of Ds(1, p; B) starts at the
first order in By, terms at the zeroth order in By are guaranteed to be absent from (4.37).
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The first statement of the proposition is proven by contradiction. Let us assume
that the lowest order term in the Taylor expansion of Ds(1,p; B) in B is non-zero.
In view of the monodromy relation , this lowest order term must have vanishing B
monodromy. Since it is a (1,0) form holomorphic in z;, it must be a linear combination
of the Abelian differentials w,(1). But since its 2 periods vanish in view of (4.19), this
lowest order term must vanish, in contradiction to our initial hypothesis that the lowest
order term is non-vanishing. This implies the vanishing of Dy(1, p; B) in .

The expression (4.40)) for the one-point function in terms of K;(1, p;adp) is an imme-
diate consequence of (4.39) and the expression for f)g(l, p; B). The second equality
in follows from @D, concluding the proof of Proposition

Expanding the last statement Ds(1; B) = W ;(1;adg)D{(B) of Proposition in
components according to and results in and thereby concludes the proof
of item (d) of Theorem [2.3
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5 Decomposing cyclic products into Enriquez kernels

In this section, we describe the simplified representations of cyclic products Cs in terms of
Enriquez kernels and constant multiplets Dgl'"I” that result from the meromorphic descent
in Theorem and list several properties of the main constituents.

5.1 Meromorphic decomposition of cycles of Szego kernels

The meromorphic descent described in the previous sections leads to the decomposition
of the cyclic product Cs(1,--- ,n) of Szegd kernels in the following theorem, which was
already announced in (1.3)) and will be referred to as the meromorphic decomposition.ﬁ

Theorem 5.1. The spin-structure dependence of Cs can be fully separated from the de-
pendence on the points z1,- -+ , z, for n > 2 through the meromorphic decomposition,

C&(L T ,TL) = W(L e 7n) + thmfr(la e 771) Dglmh (51)
r=2

The multiplets Wy,...1(1,- -+ ,n) are independent of the spin structure 6, meromorphic and
single-valued (1,0) forms in zy,--+ ,z, € X, cyclically symmetric in the indices I - - I,
and expressible in terms of (products, index contractions and derivatives of) Enriquez
kernels. In particular, the r = n term is given by a cyclically symmetrized product of
holomorphic Abelian differentials,

1
Wro,(1,--- n) = ﬁwh(l) s wr, (n) +eyel(y, -, 1) (5.2)

The coefficients Dél“'l" m are those produced in the descent procedure of Theorem
forr =2 --- n; they are independent of the points z1,--- , z,; cyclically symmetric;
locally holomorphic in the moduli of ¥ and carry all the dependence of Cs on 6.

Note that, while the multiplets Wy, ... (1,--- ,n) at fixed rank r» < n are distinct for
different values of n, their coefficients Dél"'l’" are independent of n and thus universal.

13Similar decomposition formulas for Cs(1,--- ,n) were proposed in [41] 69], but it remains unclear
how to reconcile those claims with the expressions in this work beyond genus one.
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5.1.1 Proof of Theorem [5.1]

We present a constructive proof of Theorem 5.1 which proceeds by rearranging the descent
equations (2.34) as follows with n > 3 and r > 0,

r—1
Dél..,]T(L o 7n) _ w(](l)Dél'”ITJ(Q, L ’n) + Zglr...li.HJ(L 2)D§1~..I¢J<2’ . 7n)
1=0
+ (XIT---h(L n)_XIr---h(L 2))06(2> N ,n) (5.3)

where D?(l, -+- n) =Cs(1,--- ,n). We also rearrange the descent equations 1) and
(2.38]), for 7 > 0 in the first line below and r > 1 in the second line below, as follows,

r—1

DI (1,2) = wy (DRI (2) 4 3 g5 (1, 2D (2) + T (1,2)

=0
Dél"'h(l) = wJ(l)Dgl'"I“] + Z (—1)’%3“"”L”I’""']J'+1J(1)D§”1"'Ij‘] (5.4)

0<i<j<r

(i:7)#(0,r)
The meromorphic decomposition (5.1)) along with the explicit form of the multiplets
Wy, ..r.(1,-+- ;n) may now be obtained by eliminating from this system of n equations
(and their cyclic permutations in the points) all the intermediate multiplets D§1"'IS (ry--+),
that depend on at least one point and at most n — 1 points, in favor of the constant co-
efficients D§1"'Is. This may be done recursively by increasing the rank r or, equivalently,
by decreasing the number of points via iterative use of and . The last step of
this recursive procedure gives rise to the holomorphic r = n term wy, (1) - - - wy, (n) D
in ((5.1)) and by the first term on the right side of . The Enriquez-kernel repre-
sentation of Wy,..; (1,--- ,n) with » < n — 1 follows by tracking the appearance of the
constant Dél'“[r in each of the n steps of the meromorphic descent, where W(1,--- ,n)
without any indices is obtained from the contributions without any accompanying factor
of Dél"'l’“. This procedure leads to the n terms in the meromorphic decomposition .

The cyclic symmetry of D' in its indices Iy,--- ,I,, guaranteed by item (c) of
Theorem implies that we may choose Wy,..1.(1,-+ ,n) to be cyclically invariant in
its indices,

W[lIQ..‘[T(l, tet ,n) = WIQ"'IT—Il(]" tee ,n) (55)

and we shall do so throughout. The single-valuedness of Wy,..;.(1,- -+ ,n) emerges through
the particular combinations of Enriquez kernels that arise in the descent procedure, but
this property is not manifest term by term. To prove it, one may use the fact that
Theorem involves only the cyclic invariance of Dgl'"lr with 2 < r < n without relying
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on any relation between D} of different rank. Since Cs(1,---,n) is single-valued it
follows that the individual terms Wy, ... (1,--- ,n)Di"'* must also be single-valued. Our
choice then ensures that already the individual coefficients Wy,..;.(1,--- ,n) are
single-valued, irrespective on their contraction with the cyclic Dél“'lr. This completes the
proof of the single-valuedness of Wy,...; (1,--+ ,n) in all of z1, - - , z, and of Theorem [5.1}

5.1.2 Examples of single-valued combinations of Enriquez kernels

We shall now spell out the explicit forms of the meromorphic and single-valued multiplets
Wy, ..r.(1,- -+ n) for n = 2,3 points that follow from the constructive procedure outlined
in the above proof. Their n = 4 point counterparts can be found in appendix [E.I} There
is no need to spell out the cases with » = n in view of .

For n = 2 points, matching the expression for the two-cycle of Szego kernels
with the general form of the decomposition readily allows us to identify,

W(1,2) = dyx(1,2) (5.6)

For n = 3 points, eliminating all of Cs(2,3), D(2,3), DE(3), D}’(3) from the descent

equations ([2.22)) with the help of the two-point identities (2.10]) and (2.11)) casts Cs(1,2, 3)

into the form of (5.1)). By isolating the coefficient of D{¥ and the terms without any

accompanying D{¥ DI7K in all steps of the three-point descent, we are led to the following

expressions for the forms Wk (1,2,3) and W(1,2, 3), respectively,

Woe(1,2,3) = [ (x(1,3) = x(1,2))s(2)enc(3) +w1(1)g"5(2, (3

+ (wr(Dwr(2) — wr(Dws (2)) @' 1 (3) + (J 4 K)]
W(1,2,3) = (x(1,3) — x(1,2)) sx(2,3) + wr(1)dsx" (2, 3) (5.7)

The prescription to add the image under J <> K applies to both lines of the expression
for Wyk(1,2,3) and implements the cyclic symmetry according to our choice (5.5)).

5.2 Further properties of D} and W;,.; (1, ,n)

The propositions below collect further properties of the multiplets in the meromorphic
decomposition of cyclic products of Szego kernels in Theorem [5.1] including a reflection
symmetry of Dél"'lr and various further properties of Wy, .., (1,--- ,n).

Proposition 5.2. The multiplets D(gl'”]r are invariant under alternating reflection sym-
metry for any r > 2,
Dgﬂz-"fr—lfr _ (_1)7’D§7‘Ir—1"‘12[1 (58)

The proof is given in appendix |D.3]
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Proposition 5.3. The multiplets Wr,...1. (1, -+ ,n) exhibit the following further properties.

(@) Forn>3,r<n—1and2 <k <n—1 they have simple poles at adjacent points,

31W11'"I’7‘(17 27 to 7n)
5kW]1-~~]r(17 2, e ,n)
5nW11---IT(17 27 e 7”)

m(6(1,2) = 6(1,n)) Wiy, (2, ,n)
m (6(k, ke +1) — 6(k,k — D)) Wiy, (1, ky -+ ,n)
7 (6(n,1) = d(n,n — 1)) Wrop, (1,--- ,n— 1) (5.9)

and are holomorphic in all points if r = n.

(b) Forn>2 and 0 <r <n and for a fixed choice of their indices Iy,--- , I, they are
wmvariant under cyclic permutations of the points,

Wh'--fr(lv 2, cee ,n) = Wh-"Ir(Q) e, N, 1) (510)
(¢) They are invariant under the simultaneous reflection of the indices and the points,

Wiper, (1,2, ,n) = (=1)"" Wy .,r,(n,--,2,1) (5.11)

A direct proof of item (a) uses the fact that the proof of Theorem [2.3|does not involve
any properties of Dﬁl'"b with 2 < r < n other than their cyclic invariance, so that
they may be treated effectively as linearly independent of one another. Substituting
the relation into and identifying the coefficients of the various multiplets
D§1'"IT then proves . In the process, one makes use of the fact that the multiplet
Wi ..r.(1,--- ,n) for r =nin is holomorphic in all points.

The proofs of items (b), (¢) are relegated to appendix They rely on the modular
counterpart of the meromorphic decomposition to be described in section .

Note that the expressions for the multiplets Wy, ,..., (1, - -+ ,n) with r > 3 obtained
from the meromorphic descent equations as described below do not match the images
(—=)Wy,..r,r, (1, -+ n) of reflecting only the indices and not the points. More precisely,
the multiplets D;;“'IT in the second line of the descent equation and the decomposi-
tion are understood as cyclically invariant but otherwise unspecified symbols for the
purpose of defining the Wy,..1.(1,- -+ ,n) as coefficients, without any reference to their re-
flection property . This approach is possible since the meromorphic descent does not
rely on and allows us to construct a larger class of single-valued and meromorphic
Wr...,(1,--- ,n) (expected to be relevant to future work) than the combinations realized
in upon contraction with Dél"'l’".
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6 Descent in terms of DHS kernels

The descent relations of the cyclic product of Szego kernels Cs(1,--- ,n) in terms of the
single-valued modular invariant but non-meromorphic DHS kernels introduced in [60]
were presented in [61], where a proof was given for low rank only. Here, we shall offer a
convenient reformulation of these descent relations and provide a full proof.

6.1 Definition and properties of DHS kernels

The DHS kernels fIr j(x,y) for r > 0 and Iy,--- ,I,,J € {1,---,h} were defined in
[60] in terms of the Arakelov Green function G(x,y) (see appendix for its definition
and properties), holomorphic Abelian differentials w;(z) and their complex conjugates.
The DHS kernel for » = 1 is defined by the integral,

fi(x,y) = /E &t 9,G(z, 1) (wl(t)wj(t) - 5§5(t,y)> &t = %dt/\dt (6.1)

while for > 2 the kernels are defined recursively in the rank by,

f[l...[rj(x7 y) _ /E a2t azg(x7 t) ol (t)f[g..-frj(t, y) (62)

The DHS kernels satisfy a Massey system of differential relations, as may be established
using the differential equations (A.6)) and (A.12)) for the Arakelov Green function,

5acf[1J(x7 y) = _7.(@[1 (‘x) wJ<x) + 7'('5:91 (5(377 y)
5yf11J(a:, y) = 7T(5§1 wi () @K(y) -7 6{]1 é(z,y) (6.3)
and for r > 2,

0uf 1 5(w,y) = —m @™ (2) f21 (2, y)
0, f1 1 p(wy) = wdy 10 g, y) 0 (y) (6.4)

Finally, f11I ;(z,y) admits a decomposition into a traceless and trace part, given by,
frrt (2, y) = 0,00 y(x) — 6% 0,6 =1 (2, y) (6.5)

where ®/1Ir=17 ;(1) = 0 and, similar to (2.8)), the dependence on y is concentrated in the
trace 5§T with respect to the rightmost indices. Using this relation for » = 1, one may
recast the recursion relation (6.2)) entirely in terms of DHS kernels f,

f11~"1rj(x,y):—/thfhK(fE,t)@K(t)ffz"'”J(t=y> (6.6)

2
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The DHS kernel f/1Ir ;(x,y) is a single-valued (1,0) form in z € ¥ and a single-valued
(0,0) form in y € ¥ and transforms as a modular tensor under Sp(2h,Z) [70] [71, 25]. The
form fiIr j(x, 1) is real analytic for 2,y € ¥ with 2 # y for all r > 0, just as G(z,y) is.
In view of , the r = 1 DHS kernel exhibits a single simple pole at x = v,

(51
fli(z,y) = Jy + regular (6.7)

While the form f/1%2 ;(x,y) for 7 = 2 does not have a limit as y — z, the combination

Ok (2, y) + 5§2;Ty J,; @™ does, see Lemma 8.1 of [62]. For r > 3 the form f1" ;(z,y)

has a limit as y — x.

6.2 Formulation of the descent in terms of DHS kernels

The descent of the cyclic product of Szego kernels in terms of DHS kernels was presented
in equations (33-35) of [61] and may be restated as follows.

The functions C;*"'"(1,--- ,n) are defined for r > 0 to be differential (1,0) forms in
the variables zp,---,z, for n > 1 and constants on ¥ for n = 0. For r = 0 and n > 2
they are defined by the cyclic product of n Szegd kernels introduced in ([1.1)), namely,

CY1,--,n)=Cs5(1,--- ,n) (6.8)

and to vanish for n = 0,1. For » > 1 and n > 0, they are defined recursively by,
Chlr(l, . n) = / Pt @™ (1) CI T (1, ) (6.9)
b

and vanish for (r,n) = (1,0). These integrals are absolutely convergent for n+r > 3 and
conditionally convergent for n + r = 2. In particular, the constant modular tensors are
obtained from for n = 0. For r > 3 they are given by,

Gyt = /Zd2t1 o' (t) - '/Zd2t,, @' (t,) Cs(tr, -+ 1) (6.10)

for r =2 by C{/ = D} — 7Y’ with D}’ given by (2.11)) and vanish for r = 0, 1.
Proposition 6.1. The functions C3* " (1,--- ,n) satisfy the following properties [G1].
(a) They are modular tensors under the congruence subgroup I'y(2) of Sp(2h,Z),
I',(2) = {M € Sp(2h,Z) | M = I mod 2} (6.11)

that leaves each spin structure 6 and associated Szegi kernel Ss(x,y) invariant.
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(b) The constant tensors C’gl“'h are invariant under cyclic permutations of its indices,

051]2"'17" — CgQ"'Irll (612)

(¢) and transform as follows under reflection of its indices,

Cgljz...lr—llr _ (_)rogrfr—l“'hll (6]_3)

The proof of the proposition is readily obtained by inspection of the definition of
C(1,---  n). In particular item (a) follows from the invariance of the cyclic product
Cs under I';,(2) (see for the Sp(2h, Z) transformation of the spin structures) together
with the modular transformation of the differentials @’ (¢,) in the recursion (6.9), while
items (b) and (c) follow from the cyclic and reflection properties of Cs(ty,--- ,t,) in the

integrand of (6.10)).

The theorem below presents a constructive proof of the modular descent in terms of
DHS kernels, already presented without proof in equations (33-35) of [61].

Theorem 6.2. The family of modular tensors C’gl'"h(l, -+, n) solves the following system
of descent equations. Forn > 3 and r > 0, we have,

r—1

CRrIn (Lo im) =y (NCF 1 2 m) + 30 0 (L2 2, )
=0
+(algfr~~h (1,n)—GI (1, 2))05(2, o n) (6.14)

Forn =2 withr >0 and for n =1 with r > 1, we have,

r—1

O (1,2) = wy(O) 1 (2) 4+ 37 e (L2CR 1 (2) + 9,0,6" 1 (1.2)

=0
CIIn (1) = w ()OI ST (1)@l d (ol (6.15)

0<i<j<r
(4,3)#(0,r)

where we use the notation f°;(1,2) = w;(1) while G and 0P are introduced in .

6.3 Proof of Theorem [6.2l

To prove Theorem [6.2] we begin by proving the following lemma.
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Lemma 6.3. The functions Cgl'"h(l, -+, n), defined in , satisfy the following system
of differential equations. Forr =0 and n > 3 with 1 < k < n,

OCs(1, - ,n) =7 (0(k,k +1) = 6(k, k — 1)) C5(1,- -+ , k, -+, n) (6.16)
Forr>1andn > 2 with2 < k <n—1, we have,
SO I, .o n) =76(1,2)C (2, n) —xo ()P, n) (6.17)
OOl (1, n) =7 (8(k, k +1) — 8k, k — 1)) O (1, k- ym)
0,C3 (1, -+ n) = 70" (n) O (1, n) — 7 d(n,n— 1) CP (L, n— 1)
Forn =1 andr > 2, we have,
(1) = P (V)OI (1) — 7™ (1) (1) (6.18)

The proof of the lemma proceeds by induction in r for all values of n. For r = 0 and all
values of n > 3, equation (6.16)) is an immediate consequence of the @ derivative of the
Szego kernel. For » =1 and n > 2 equation reduces to,

CI(1, n) = / PES (1) Cy(t1, -+ ) (6.19)
b

Its 0, and 0, derivatives may be evaluated using (6.16]) on Cs(t,1,--+ ,n) and readily
produce the first and last equations in (6.17) while its 0, derivative gives the middle
equations for 2 < k < n — 1. Assuming now that the system of equations (6.17)) holds
for all » < s — 1 we shall show that it also holds for » = s. Indeed, from the definition of

Cils(1,--- ,n) in , we have for all 1 < j <mn,
&;Ch (1, n) = / PP’ (t) o,c ¢, n) (6.20)

b

For each value of j we use the corresponding equation in (6.17) for r = s — 1 to evaluate
the 0; derivative and readily verify that the result is the corresponding equality of (6.17)

for r = s, which completes the proof of the lemma.

6.3.1 Completing the proof of Theorem [6.2

To prove Theorem we introduce the following combination for n > 3,
Cprtn (L, m) = O (1 o) = D2 (1,C8 (2, )
i=0
(G (1,2) =G (1)) Cy(2.++- ) (6.21)
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while for n = 2 and n = 1, we define,
Cl(1,2) = O (1,2) = 30 e (L) (2) 010,671 (1) (6.22)
i=0

G (1) = G () = (GG = 3 (1@t iittin, )cg

0<i<j<r
(i,5)#(0,7)

Manifestly, the vanishing of these quantities is equivalent to equation (6.14) for n > 3

and equation (6.15)) for n = 2,1. By Lemma and the Massey system (6.3)), (6.4) of

DHS kernels, their 9; derivatives for n > 2 and r > 1 evaluate as follows,

0 Cs(1,---,n) =0
HCHh (1, n) = —aat ()CH (A, n) (6.23)

while for n = 1 we have,
HCh (1) = 7" (1)CE (1) — 2C1 T (D)@' (1) (6.24)

The derivation of makes use of the cyclic symmetry of the constants of .
Furthermore, the integral against w*+1(1) over z; € ¥ may be evaluated with the help
of (6.9) and the fact that the integral of @' (1) against fIrf+1;(1,2) and 9,G 11 (1, k)
vanishes for all 7 # r and all k£ and we find,

/d%w““(t) Cilr(t,2,--- ,n) =0 (6.25)
3

We now proceed to a proof by induction in r. For r = 0 the first equation in (|6.23)
tells us that C~’5(1, -+, n) is holomorphic in 27, so that it must be a linear combination
of the holomorphic Abelian differentials w;(1) with zj-independent coefficients. Then
implies that Cs(1,--- ,n) = 0. Let us now assume that C’gl'"h(l, -+« ,n) =0 for all
r < s—1. Therefore, the second equation of (]6.23[) and (]6.24[) imply that C’gl"'ls(l, cen)
is holomorphic in z; for all n > 1 so that it must be a linear combination of the holomorphic
Abelian differentials w;(1) with z;-independent coefficients. Then ((6.25) implies that
(7(‘5’1'“[5(1, -++,n) = 0. Thus, we conclude that C’gl"'h(l, -+ ,n) =0 for all n and r, which
completes the proof of Theorem [6.2]

6.4 Modular decomposition of cyclic products of Szego kernels

The modular descent described in the previous subsections leads to the decomposition
of the cyclic product Cs(1,--- ,n) of Szegd kernels in the following theorem, which was
already announced in ([1.4) and will be referred to as the modular decomposition,
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Theorem 6.4. The spin-structure dependence of Cs can be fully separated from the de-
pendence on the points zq1,- -+ , z, for n > 2 through the modular decomposition,

Cs(L, -+ ) =V(L,-- n)+ Y Vg (Lo n) Gl (6.26)
r=2

The multiplets Vy,..1.(1,--+ ,n) are independent of the spin structure, meromorphic and
single-valued (1,0) forms in z1,- -+ , z, € 3, modular tensors under the full modular group
Sp(2h,Z), cyclically symmetric in the indices Iy - - - I, and expressible in terms of (prod-
ucts, index contractions and derivatives of) DHS kernels. In particular, the term with
r =mn is giwen by cyclically symmetrized products of holomorphic Abelian differentials,

1
Vi, (1,-++,n) = - wr, (1) -+ wy, (n) + cycl(ly, -, I,) (6.27)

The proof of the theorem largely follows the ideas in the proof of Theorem 5.1} The
modular decomposition and the explicit form of V.7 (1,--- ,n) in terms of DHS
kernels follow iteratively from the modular descent in (6.14]) and (6.15]) in the same way as
the meromorphic decomposition (5.1)) is obtained from the meromorphic descent in
and (5.4). The resulting Vy,..;, (1, -+ ,n) are term by term modular tensors under the
full modular group Sp(2h, Z) since this is already the case for the composing DHS kernels
[60] and Abelian differentials. Meromorphicity of the V.1 (1,---,n) with » < n in
21, , 2y is not manifest term by term in their DHS-kernel representation but guaranteed
by the meromorphicity of the cyclic product Cs and the analysis of antiholomorphic
derivatives in the modular descent. Finally, by the cyclic symmetry of Cgl"'lr, we may
choose to define the Vy,..1.(1,- -+ ,n) to be cyclically symmetric in their indices,

Viter,(1,--,n) = Vieqn (1, n) (6.28)

and we shall do so throughout. This completes the proof of Theorem [6.4]

Note that, while the modular tensors Vy,..r,(1,- -+ ,n) at fixed rank r < n are distinct
for different values of n, their coefficients C’gl"'l’“ are independent of n and thus universal.

Following our choice for their meromorphic counterparts explained at the end of sec-
tion [5.2} the modular tensors Vy, ..., (1, -+ ,n) with r > 3 are not taken to match their
reflection images (—1)"Vy...,1,(1,--- ,n). This is again possible by considering the de-
scent equations ([6.15) and decomposition for cyclically symmetric but otherwise
unspecified Cgl'"[r and has the advantage of introducing a larger class of single-valued
and meromorphic modular tensors Vy,..r, (1,- -+ ,n) to be used in future work.
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6.4.1 Examples for n = 2,3 points

For n = 2,3 points, the modular descent in (6.14)) and (6.15)) leads to the following
examples of V.1, (1,2, -+, n) at non-maximal rank r < n (see (6.27)) for the n = r case),

V(1,2) = 510,G(1,2)
VJK(l, 2, 3) = % [(819(1, 3) — 819(1, 2))WJ(2)MK(3> -+ (AJ[<].)f]J<2, 3)&)}((3)
(s (Dwr(2) = wr(1ws(2)) 80" (3) + (J K
V(1,2,3) = (01G(1,3) — 01G(1,2))0:05G(2,3) + w;(1)9:05G" (2, 3) (6.29)

The symmetrization J <> K applies to both lines of the expression for V;k(1,2,3) and

implements our choice (6.28]).
Note that the relation 9;0,G(1,2) = 9ax(1,2) + 7Y /w;(1)w;(2) between the z;-
dependent parts W(1,2) and V(1,2) in the decompositions of Cs(1,2) implies the relation,

cl’ =Dl —ny?’ (6.30)

with DI/ given by (2.11). The term involving the inverse imaginary part Y!7 of the
period matrix exemplifies the non-meromorphicity of the constants C’gl"'l”" in the moduli
of ¥ and is needed for C{” to transform as a modular tensor of T';(2).

6.4.2 Further properties of V;,..; (1,-- ,n)

Similar to the meromorphic case in section we gather several properties of the con-
stituents of the modular decomposition ([6.26)) in the following proposition.

Proposition 6.5. The modular tensors Vy,..1.(1,--- ,n) in the modular decomposition
0.20) of cyclic products exhibit the following properties.

(@) Forn>3,r<n—1and2 <k <n—1 they have simple poles in adjacent points,
™ (6(17 2) - 6<17 Tl)) Vll'"lr (27 e 7n)

(0(k, ke +1) = 6(ky k — 1)) Vipor, (1, -+ Ky -y )
(6(n,1) = 6(n,n—1)) Viyor, (1, ,n — 1) (6.31)

oVy,.r.(1,2,--+ n)
5}€V]1...]r(1, 27 ce ,n)
5nV]1...]T(1, 2, cee ,n)

T
T
and are holomorphic in all points at r = n.

(b) Forn>2 and 0 <r <n and for a fixed choice of their indices Iy,--- ,I,, they are
invariant under cyclic permutations of the points,

Vir, (1,2, n) = Viop (2, ,m, 1) (6.32)
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(¢) They are invariant under simultaneous reflection of the indices and the points,

Vhb"'h(l? 2, s ,n) = (—1)n+rV[r...[2[1 (n, ety 2, 1) (633)

The proof of item (a) follows the same logic used to prove item (a) of Proposition
where the tensor Vy,..1. (1, -+ ,n) replaces the multiplet Wy,..;.(1,--- ,n) and the tensor
C’gl"'h replaces the multiplet D§1'"I’“.

Items (b) and (c) are equivalent to the vanishing of the following combinations,

P]l...]T(l, 2, cee ,n) = V]l...],r(l, 2, s ,77,) — V[l...jr<2, e, N, 1) (634)
Qnor, (1,2, )=V (1,2, ,n) — (=1)""V; . (n,--,2,1)

which we shall prove by induction in n — r. For r = n, the vanishing of Py,..; (1,--+ ,n)
and Qy,..1, (1,--- ,n) immediately follows from the expression for Vy,..p,(1,--+ ,n)
in terms of cyclically symmetrized Abelian differentials. As an inductive step, let us
assume that Pr,..p.(1,--- ,n) and Qy,..;, (1,--- ,n) in vanish for n —r = s, then we
will show that this implies their vanishing at n —r = s+ 1. For this purpose, we note that
the antiholomorphic derivatives of V5,..1.(1,- -+ ,n) established as item (a) imply

OPr.r.(1,2,--- n)=m (5(k, k+1) — o(k, k—l)) Pror.(1,--- ,l%, -+-,m) (6.35)

fork=2,--- ,nand 0,Pr,..;,(1,--- ,n) =0. Asaresult, Pr,..;.(1,--- ,n)at n—r =s+1
is holomorphic since its counterparts at n — r = s on the right side of (6.35]) vanish by
the inductive assumption. So it can at best be a combination of Abelian differentials

Pron (1,2, n) | = wn (1) ws, (n) B (6.36)
with modular tensors ‘Bﬁ}]r" independent on the points. The constant tensors ‘Bﬁl‘]j
are obtained by integrating P,..7.(1,--- ,n) over n copies of ¥ against w71 (1)---w/"(n).
These surface integrals vanish since each Vy,..r. (1, -+ ,n) in the modular decomposition
(6.26) with » < n —1 integrates to zero. This follows from the fact that each contribution
from the modular descent equations , is a total derivative of a single-valued
function in at least one of the points. The same reasoning applies to Qy,..;.(1,--+ ,n) in
(6.34) where the 0, derivatives take the form of with P — Q on both sides for all
of k=1,---,n. This completes our inductive proof of items (b) and (c).

We also note that the modular tensors Vy,..r.(1,--- ,n) and C’gl"'l’“ are generally not
locally holomorphic in the complex-structure moduli of ¥, as will be detailed in a forth-
coming paper [72]. Still, the antiholomorphic moduli variations of C;l'"]’" in (38-41) of

r

[61] identify the totally symmetrized components C’éhm[ ) as locally holomorphic.
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6.5 Meromorphic versus modular descent and decomposition

As was already advertised in the Introduction, there exists a remarkable correspondence
between the modular decomposition ([6.26) and the meromorphic decomposition (|5.1)) of
the cyclic product of Szego kernels, which follows from the same correspondence between
the respective systems of descent equations. Indeed, the meromorphic descent equations
in and are mapped, term by term, to the modular descent equations in (|6.14|)
and by simultaneously swapping their elements as follows,

Dél"‘]r(l’... ’n) s C’gl"'lr(]_’... 7n)
gy e )
XU (my)  — 0,67 (3, y)
oty (z) — 0,0 () (6.37)

This correspondence of the modular and meromorphic descent equations under the map
(6.37) implies that the constituents Vy,.. . (1,--+,n) and Wy,..; (1, ,n) are mapped

into one another,

Vier, (1,2, ,n) =Wy 1. (1,2, ,n) | (6.38)
Concretely, Vy,..1.(1,--- ,n) is obtained from Wy, ..1.(1,--- ,n) by simultaneously map-

ping their constituents term-by-term according to ((6.37). This reproduces the modular
n = 2,3 examples in section from the meromorphic ones in section [5.1.2] and the
expressions for Vy,..1 (1,2, 3,4) with r = 0,2, 3 may be read off term-by-term from those
of W[l...jr(l, 2, 3, 4) in " .

6.5.1 Correspondence of 2 periods and surface integrals

At a more formal level, the correspondence ([6.37)) extends to swapping the 2l periods for
the meromorphic descent with surface integrals for the modular descent,

72 b — /Z d*t o™ (t) (6.39)

and the first line of . However, the 2 integral representations of the con-
stant multiplets Dgl'"IT with 7 > 3 exhibit a tail of lower-rank convolutions with (rational
multiples of) powers of 27i as coefficients which do not have any modular counterpart
in the surface-integral representation of Cgl'”l’”. Similar tails of lower-rank con-
volutions on 2 cycles also occur for the multiplets Dél'“lr(l, -~-,n)atn > 1in (4.15)
which are absent from the modular Cgl"'lr(l, .-, n) in (6.9). Still, the leading order

93



B = Br + O(2miB?) in the generating series implies that the terms in the 2A-
integral representation of Dél'"b(l, -+, n) without reference to 27mi correspond to the
expressions for Cél"'lr(l, -+, n) as surface integrals under for all n,r > 1
(also see for the cases with n = 0 and r > 2). An analogous correspondence via
(6.39) was observed in [58] between the surface integral representation and
of DHS kernels and the 2-integral representation of Enriquez kernels, including a tail of
simpler 2l convolutions with powers of 274 as prefactors in the meromorphic case.

6.5.2 An informal argument: derivatives versus monodromies

The combinations Vy, .., (1,--- ,n) in and Wy,....(1,--- ,n) in are both single-
valued and meromorphic in the points z1, - - - , 2, € X, even if these properties are realized
in different ways on V and W. While Vy,..;.(1,--- ,n) is manifestly single-valued, its
meromorphicity relies on the cancellation of the w!(z;) from their derivatives 0 that
result from applying and term-by-term and eventually conspire to . Con-
versely, while Wy, .., (1,--- ,n) is manifestly meromorphic, its single-valuedness relies on
cancellations between individual B-monodromies of the Enriquez kernels.

The combinatorial mechanisms for the cancellations of J), derivativesin Vy,..;. (1,--- ,n)
and B monodromies in Wy, ..;.(1,--- ,n) turn out to be closely related. A direct link
may be established by formally truncating the By monodromies A(Lk) of the Enriquez
kernels in to the first order in 27r¢, and denoting the corresponding operation by 5(Lk),

0 gl (2, y) = —2mi 83 g™ (2, y)
6(9) Iy---Ir —9 ’517« Iy-dpq 6.40
L gt (z,y) = 2wy g L(z,y) (6.40)

These differential monodromies (5(Lk) are in one-to-one correspondence with the coefficients
of @' (z;) in the Jy derivatives of the DHS kernels. More specifically, the Massey system
(6.3) and (6.4) is in formal correspondence with ((6.40|) through the substitution rules,

gt (e, y) = ()
2mi 6l in 6% «—  7@!(k) in Oy (6.41)

By this link between antiholomorphic derivatives of DHS kernels and differential mon-
odromies of Enriquez kernels, the meromorphicity of Vy,....(1,- -+ ,n) can be viewed
as a consequence of the vanishing B, monodromies of Wy ..., (1,--- ,n) (as established
in Theorem , truncated to the first order in 27wi. More generally, the differential
% monodromies of the statements in Theorem [2.3| on the meromorphic descent offer an
alternative, if informal, proof of the modular descent.

It would be interesting to investigate whether the contributions with > 2 powers of 2m¢
in the B, monodromies (2.3 of Enriquez kernels have an echo in terms of DHS kernels.
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7 Descent of linear chain products of Szego kernels

Cyclic products of Szego kernels for even spin structure § at generic moduli constitute an
important ingredient in the evaluation of superstring amplitudes in the RNS formulation.
However, other ingredients are required as well, such as the correlators involving two
worldsheet gravitino fields or the insertion of a fermion stress tensor into a cyclic product
of Szegd kernels [73], 39]. They may all be reduced to linear chain products of Szego
kernels for even spin structure d at generic moduli which are defined as follows,

La(l’; 21,0 7Zn;y) = 55(377 21)56(217 22) T S(S(anla Zn)S5<Zn7 3/) (7-1)

For example, the insertion of the stress tensor T, into a cyclic product of Szego kernels
is achieved by taking the following limit,

1 1
lim _a:vL5(x;Zla"' 7Zn;y) - —3yL5(x; 21yt 7zn;y) (72)
x,y—)w 2 2
The cyclic product Cs(z1, - , z,41) itself may be obtained trivially from the linear chain
product Ls(z; 21, , 2n;y) by closing the chain,
06(217"' 7zn+1) = lim Lg(l', 21yt 7Zn;y) (73)
I,y—)zn+1
The functions Ls(x; 21, - , z,;y) are meromorphic in all their arguments; single-valued
(1,0) forms in the internal points z,--- , z,; and (%,0) forms in the end points x,y in
which they inherit the monodromies associated with the spin structure 6. Following earlier
notation, Ls(xz; 21, , z,;y) will often be abbreviated Ls(x; 1, ,n;y).

In this section, we shall extend the descent procedures and resulting decomposition
formulae of sections [2] 5] and [0] to the case of linear chain products. The goal of the
descent procedure here, as it was in the case of the cyclic product of Szego kernels, is
to reduce the spin structure dependence to elements that are as simple as possible, and
in particular independent of the internal points zq,--- , 2,. Since Ls(x; 21, -+, 2,;y) is a
(%, 0) form in the end points x,y, the simple spin structure dependent elements we seek
for linear chain products must inevitably retain the dependence on x,y.

7.1 The case n=1

A simple example is provided by the case n = 1, where the Fay trisecant identity (see
footnote [6)) may be used to obtain the decomposition of Ls(z; z;y) = Ss(x, 2)S5(2, y),

0"o](x — y)
0[0](0) E(z,y)

E(zy)
E(z, )

Ls(z;z;y) = 0, 1n Ss(x,y) — wr(2) (7.4)
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We refer to (A.2)) and (A.5) of appendix [A] for the definition and properties of Riemann
Y-functions and their appearance in the Szego kernel. Throughout, the argument z —y of
the ¢ function stands for the Abel map so that J[0](z — y) is a shorthand for ﬁ[é](f; w).

In each term on the right side of , the left factor is d-independent and contains
all the dependence of the term on the internal point z; the right factor is z-independent
and contains all the J-dependence of the term; and both factors may depend on the end
points x,y. Using the second relation in , the z-dependence of both terms may be
expressed in terms of Enriquez kernels,

Ls(z; zy) = (x(2,2) — x(2,9)) Ms(z, y) + wi(2) M (z,y) (7.5)

where the entire spin-structure dependence is carried by,

M(g(l’,y) - Sg(l’,y) (76)
o ey 9l )
Mi(@.9) = = 5010) Ewy) ~  oplw—g) O

Alternatively, the decomposition may be formulated in terms of DHS kernels,

Ls(x; 23y) = (0:9(z, ¢) = 0:G(2,y)) Ls(w,y) + wr(z) L2, y) (7.7)

where the spin-structure dependence is now carried by,

Ls(x,y) = S5(x,y) (7.8)
Li(z,y) = < 81;[96[]5(]( +27erm/ )S(; z,y)

The advantage of the decomposition ([7.7) is that its terms are individually modular
tensors under the congruence subgroup I';(2) of (6.11]), at the cost of introducing non-
meromorphic dependence on the end points z,y into Li(z,y) which is compensated by

the Arakelov Green functions in ([7.7)).

In the remainder of this section, we shall generalize both the manifestly meromorphic
decomposition of the linear chain Ls(z;z;y) and its modular counterpart to
linear chains with an arbitrary number n > 2 of internal points. The modular
descent of Theorem and the decomposition formula in of the cyclic products
Cs(1,--- ,n) admit integral representations that are somewhat simpler than those
of the meromorphic formulation in Theorem see section [6.5.1] Therefore, we shall
start by presenting a modular decomposition of the linear chains in section 7.2
and then proceed to its meromorphic counterpart in section (7.4}
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7.2 Descent for chains of arbitrary length via DHS kernels

The descent procedure for linear chains Lg(x;1,--- ,n;y) with an arbitrary number n of
internal points in terms of DHS kernels f may be formulated analogously to the descent
procedure for the case of cyclic products of Szego kernels in Theorem [6.2]

The functions L?"'I’" (z;1,--- ,n;y) are differential (1, 0) forms in the variables zy, - - - , z,
and (%, 0) forms in z and y. For r = 0 they are defined by,

L?(a;; Lo n;y) = Le(x; 1, ,nsy) (7.9)

while for » > 1 they are defined recursively as follows,
L (a1, nyy) = / At &t () Ly (st 1, - ) (7.10)
b
In particular, for n = 0 the repeated iteration of (7.10) gives,

thl ‘Dh (tl) e / dgtr @Ir(tr>L5($; TR y) (711)
by by

Proposition 7.1. The functions Lgl"'b (x;1,--- ,n;y) satisfy the following properties.

(a) For arbitrary n, they are tensors under the congruence subgroup I'y(2) of .

(b) For n =0, the spinors Lgl'“l’"(x,y) transform as follows under reflections,

L (g, @) = (<17 L ) (7.12)

(c) their antiholomorphic derivatives for r > 1 are given by,

Fp Ll (. y) = 70" () L2 (2, ) (7.13)
8,LI " (2, y) = —m@" (y) L (2, y)

(d) and their monodromies are given by,

T

y) = TR L (2, y)

Lglmlr (‘BK~3U, y) — 6271'7,'5/}/(L§1'“I'r (:C, y>
) _ 6271'2'5,KL§1~-~IT< y)

) = L () (7.14)

=€

8

where we use the standard decomposition 0 = 6" + Q8" with 28',26" € 7h.
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The following theorem shows how the functions Lél'"lr (z;1,--+ ,n;y) solve the descent
equations for the case of linear chain products of Szego kernels.

Theorem 7.2. Forn > 2 the functions Lgl"'lr (x;1,--+ ,m;y) satisfy the following system
of descent equations,

r

Ly (w 1, myy) = > f i (1,2) L (@52, s y) (7.15)
=0

— (3191’“"'11(1, 2) - 81917“”']1(17 [E)) L5(I) 27 R A y)

while for n =1 they obey,

T

L zy) = Y f () L () (7.16)

=0

- (@er"'h (z,y) — 0.G" " (z, 3:)) Ls(x,y)

To prove the theorem, we need the result analogous to Lemmal|6.3|giving the differential
equations. For r = 0 with 1 < k < n and setting 2y = = and z,,1 = y we have,

Forr > 1 with k=1,2 <k <n—1and k£ =n we have respectively,
51L§1...Ir(x; L, n; y) = Wé(la 2) L?“.Lﬂ (.Q?; 2,00 ,m; y) (718)
—r@™ () L (@52, miy)
OpLg (w1, miy) = w(6(k k4 1) — 8(k, k — 1))
XL?“.[T(:B; 17 e 71%7 e, N y)
5nL§1.‘.IT(x; 17 T y) = W(d(na y) o 5(”7 n-— 1))L§1mh('x; 17 N2 y)

The proof of the theorem proceeds along the same lines as the proof of Theorem

7.3 Modular decomposition of linear chain products

As a result of iterating the modular descent in ([7.15) and (7.16)), linear chains (7.1]) of
Szego kernels with an arbitrary number n of internal points can be decomposed as,

Lo(as oo miy) = S Vin, (a1, msp) L (2, ) (7.19)
r=0
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Similar to the modular decomposition of the cyclic products Cy of Szegt kernels, all
the dependence on the internal points zy, - - - , 2, is carried by DHS kernels, namely by the
tensors f and 0G in and . The DHS kernels are grouped into combinations
V5,..r,(x;1,- -+ ,n;y) meromorphic in the internal points and single-valued in all points ac-
cording to the indices of the accompanying spinors Lgl'"lr (x,y) in that capture the
entire spin-structure dependence of . By the composition of Vy,..p (z;1,--+ ,n;y)
from DHS kernels and the integral representation of L?"'I’“ (z,y), they are mod-
ular tensors of Sp(2h,Z) and I'y(2), respectively, and we refer to as the modular
decomposition of linear chain products. In particular, for » = n one readily establishes,

Vh---ln(x; 17 e,y y) = wh(l) T Wr, (n> (720)

A significant difference between the decompositions of cyclic products and linear chain
products of Szego kernels is that the extra dependence on the end points in the latter case
enters both the Vy,..; (x;1,--- ,n;y) and the Lél'"h (z,y) on the right side of (7.19).

7.3.1 Examples of the modular tensors Vy,..; (z;1, -+ ,n;y)

The simplest non-trivial example of the modular tensors Vy,..r.(z;1,--- ,n;y) in (7.19)
involving one internal point can be read off from ((7.7)),

V(z; Ly) = hG(1,z) — :1G(1,y) (7.21)
With two internal points, the non-trivial V tensors in (7.19)) are given by,

( (1, ))UJJ( ) 4+ wr(1)f15(2,9) (7.22)
V(x;1,2;y) = 01(G(1, @) — g(1 2))8:(G(2, %) — G(2,1))
+wr(1)8,(G7(2,2) — G'(2,9))

Their analogues with three internal points and rank < 2 can be found in appendix [E.2]
The cases at highest rank r = n follow the simple formula in ((7.20)).

7.3.2 Properties of the modular tensors V;,..; (z;1, -+ ,n;y)

We gather several properties of the modular tensors Vy,..; (z;1,--- ,n;y) entering the
modular decomposition ([7.19)) of linear chains in the following proposition.

Proposition 7.3. The modular tensors Vy,..;.(z;1,- -+ ,n;y) satisfy the properties.
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(a) The antiholomorphic deriwatives of Vi ..r, (z;1,--- ,nyy) withr < n—1 and k =
1,--+,m are given by (setting zo = x and z,11 = y),

OV .r (1, njy) = W(é(k, k+1)—0(kk— 1))V11..,1r(:v; 1o koo nsy)
OV (21, nyy) = —10™ (@) Viepr (231, 03 y)

+7d(L, )V g (252, 05 y)
O Vn .1, (1, nsy) =7V i(r; 1 nyy)o™ (y)

—md(n, y)Vy..r, (z;1,- -+ ,n—1;y) (7.23)

while the cases with r =n in are holomorphic.

(b) The modular tensors Vy,..p (x;1,--- ,n;y) exhibit the following alternating parity
under simultaneous reflection of the indices and the points,

Vi1 (y;n, 2, ,x) = (=1)"""Vnn(z; 1,2, n;y) (7.24)

We note that the cyclic symmetry of V.1 (1, -+ ,n), established in (6.28]), has no
counterpart for Vy,..; (x;1,-+ ,n;y).

To prove item (a) of Proposition , we proceed as follows. In the antiholomorphic
derivatives of item (a), the d-functions follow from the pole structure (7.17)) of
the linear chain product. The modular descent is designed to preserve this pole structure
without referring to any relations between spinors L1/ (2, y) of different rank, so it must
hold for each term in the decomposition , except for the non-singular term of rank
r = n since L{"™(z,y) does not enter linear chains with n — 1 internal points. The
contributions of @ (z), @ (y) to the antiholomorphic derivatives (7.23) of item (a) can
be inferred by imposing meromorphicity of the modular decomposition. They follow by
evaluating 0, 5y of 1} using the antiholomorphic derivatives of Lgl“'lr (z,y) in item
(a) and imposing the coefficients of the resulting Ly (z,y) to be free of @ (z), 0" (y).
This can be imposed separately for each value of s = 0,1,--- ,n — 1 since the modular
descent is designed to reflect the meromorphicity of linear chain products without relying
on any relations between spinors L' (x,y) of different rank.

Item (b) is equivalent to the vanishing of,
Rpor,(x; 1, snyy) =V (o1 ny) — (D) V05 (ysn, -+, o) (7.25)

and proven by induction in n — r similar to the proof of items (b) and (¢) of Proposition
m. The base case of r = n in ([7.20]) evidently gives rise to a vanishing R. The inductive
step consists of relating with n —r = s and n — r = s + 1 by antiholomorphic
derivatives in zq,--- , z, and noting that all instances of R with n —r > 1 vanish upon
integrating zy,-- - , 2, over n copies of the surface against ©/1(1)---@/(n).
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Note that both of Vy,..p (2;1,--+ ,n;y) at r < n — 1 and L} " (z,y) at r > 1 indi-
vidually depend non-meromorphically on the complex-structure moduli of Y. Still, their
combination in ([7.19)) resulting in a linear chain of Szegé kernels is guaranteed to yield a
meromorphic function of the moduli.

7.4 Descent for chains of arbitrary length via Enriquez kernels

The meromorphic descent procedure given in Theorem and the modular descent pro-
cedure given in Theorem [6.2|for cyclic products of Szed kernels were found to be related by
the correspondence of converting Enriquez kernels into DHS kernels and vice-versa.
The same type of correspondence relates the modular descent for linear chain products of
Szego kernels described in the previous sections to their meromorphic counterpart.

The multiplets M]*"'*(2;1,--- ,n;y) are differential (1,0) forms in the internal points
Z1,+ , 2Zp and (%, 0) forms in the end points z and y. For r = 0, they are defined by,

MY (31, n;y) = Ls(a;1, -+, nsy) (7.26)

and for r > 1 they are defined recursively in the rank r as follows,

Méh“'fr (x;1,--+ ,myy) = 7{[ dt M(sh'"lr’l(a:; t,1,---,ny) (7.27)
Alr
= Ber
o Z(_Qﬂ-iy’ié( _7;)(' 6?...]& M;IH'IFIJ(I; 17 BERL2 y)
— r !
The following theorem shows how the functions M, 5[1"'[’“ (z;1,--- ,m;y) solve the system of

descent equations for linear chain products of Szego kernels in terms of Enriquez kernels.
Theorem 7.4. Forn > 2 the functions M(sh"'l’" (x;1,--+ ,m;y) satisfy the following system

of descent equations,

M (1, msy) = g (1,2) M (232, - nsy) (7.28)

i=0
—<XI7"“II(17 2) — XI""'h(lﬁ))Ls(x; 2, ,ny)

while for n =1 we have,

MG (s zy) =) gl (z,y) My () (7.29)
=0

— (W ) = X (2,) ) Sal, )
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Iterating the recursion relations reduces all the spin structure dependence of a general
function M(SII"'I‘“ (x;1,-++ ,m;y) to a linear combination of the basic multiplets Méh"'lr (x,y)
with d-independent coefficients. These basic multiplets are expressible through multiple A
convolutions of linear chain products,

o

Alr 2

according to the generating series,

S B BME N () = 3 BB 1) (731)
r=1 r=1

see for the series expansion of Br in terms of By and sectionfor the integration
contour prescription that defines the right side of .

The proof of the theorem proceeds as for Theorem [2.3| and is left to the reader. A
few remarks are as follows. First, the recursion in the rank implies the recursion
in the number of points by integrating in z; over ', using the A period and
the vanishing 2 periods of x'11(1,2) — x'~11(1,z) in 2. Second, the relation of
follows from iterations of , which are conveniently collected in a generating series
akin to by closely following the derivation in section for cyclic products. Note
that for linear chain products, the edge case n = 0 does not require a separate treatment
in contrast to the case for cyclic products.

7.4.1 Meromorphic decomposition of linear chains

By iterating the meromorphic descent ((7.28) and ((7.29)), we find the following alternative
decomposition of the linear chain product (7.1)):

Lo(zs 1, msy) =Y Wi (@31, nyy) M (2,) (7.32)
r=0

Just like in the term-by-term modular decomposition , the dependence on the in-
ternal points zq,--- ,z, of the linear chain via Wy,..; (z;1,--- ,n;y) is fully separated
from that on the even spin structure ¢ via Mah"'h(x,y). In contrast to 7 the de-
composition is meromorphic term by term in both the points z,y, z1,--- , 2, and
the moduli of 3. However, the single-valuedness of the composing Szego kernels in the
internal points is realized through cancellations of 8 monodromies between individual

contributions to Wy, .., (x;1,--+ ,n;y) with r < n — 1. Their counterparts at r = n in
turn are holomorphic and single-valued,
Wi (@1, miy) = wp (1) -+~ wr, () (7.33)
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As will be detailed in Proposition below, the monodromies of (7.32)) in the end points
x,y according to the Szegd kernels in ([7.1)) additionally rely on the interplay between the
multiplets Wy,..1 (31, -+ ,n;y) and M (z,y).

7.4.2 Correspondence with the modular descent

The meromorphic descent ([7.28) and (|7.29) may be obtained from the modular one in
(7.15) and ([7.16]) by converting DHS kernels to Enriquez kernels according to,

Lélmh(ma17 7n’y) A MJHIT(:E71’ 7n7y)
[t yzy)  — g ()
G oz y) — X" (z,y)
0,011 (2) s @ (2) (7.34)

which adapt the analogous substitutions for the cyclic products to linear chain
products. Hence, the combinations of Enriquez kernels Wy,...; (z;1, -+ ,n;y) that carry
the entire dependence on the internal points in are simply obtained by applying
the substitution to the DHS kernels within the V;, .. (x; 1, -+ ,n;y) in the modular
decomposition,

Wrhon (1, nyy) = Voo (x; 1, nyy) (7.35)

‘7.34

The same correspondence g7t/ g (x,y) + f7 g (2,y) was found in (6.38) to relate
Wi .r.(1,-+- n) < V... (1,--+ ,n) in the decompositions of cyclic products.

7.4.3 Examples of the multiplets Wy, .., (z;1,--- ,n;y) and M(;Il'"lr(x,y)

The simplest examples of the multiplets Wy,..; (z;1,--+ ,n;y) with » < n — 1 can be
obtained by applying the correspondence to the expressions for the modular tensors
Vi (231, nsy) with n < 3 in (7.21)), and (E.2).

The simplest examples of M C;Il"'lr(:v,y), written as multiple 2 convolution integrals
(7-30), are obtained by expanding the letters 5; on the right side of (7.31) via (4.11)) and
isolating the coefficients of By, --- By,

A (o) — 9 ) (7.36)
My (,y) = MG (2, ) — i 07 M2 (., y)
272

M5 (e, y) = OG5 (o, y) — i [0, 0 (w, y) + o 05w, 9)] — =

01" M ()
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The composition of indices of the terms of lower rank is in one-to-one correspondence
with the analogous representations of the multiplets D§1"'IT(1, -+« ,n) for cyclic products
in (4.15)) since the respective generating series match. However, the expressions for the
constant multiplets Dgl'"lr in terms of similar convolutions in feature extra terms
whose index structure does not have any counterparts in .

7.4.4 Properties of the multiplets Wy, (z;1,--- ,n;y) and M (x,y)

We gather several properties of the multiplets Wy, .., (z;1,- -+ ,n;y) and Méh'“lr (x,y) en-
tering the meromorphic decomposition ([7.32)) of linear chains in the following proposition:

Proposition 7.5. The multiplets Wy,..1. (2;1,--- ,n;y) and M """ (x,y) exhibit the fol-
lowing properties:

(a) The simple poles of the multiplets Wry,..;.(x;1,--- ;nyy) with r < n — 1 as well as
k=1,--- n are determined by (again setting zy = x and z,+1 = y),

OWr,.q (21, nyy) = 7r(5(k, k+1)—0(kk— 1))WII...IT(x; 1,ooe koo Y)
OWrr (w3 1, nyy) = m6(L 2)Wror, (252, -+ 15 y)
OWr o, (251, myy) = =76 (n, y)Wryp, (251, -+ ,n—1;7) (7.37)

while the cases with r =n in are holomorphic.

(b) The multiplets Wry,...;, (x;1,- -+ ,n;y) are single-valued in the internal points. Their
monodromies in the end points x,y are trivial for A cycles and take the following
form for B cycles,

() — (—27Tl>k
AL WIl"'h('r;L'“ 7n;y) = Twﬁkh"-fr(x;l’“. 7n;y) (738)
k=1
— (2mi)*

A%’)WII...@(JJ; L ny) =

le...I,«Ek (fE; L~ n; y)

o

=1

with the shorthand Ly for k consecutive indices LL --- L.

(¢) The A monodromies of the spinors Mah'"lr (x,y) are identical to those of the indi-
vidual Szeqgo kernels and their modular counterparts Lgl"'l"(:n, y) in . Their %
monodromies in turn are given by

T

s Sl 2 ) k e
Mé—l"’b (%L . x,y) _ @27”51‘ Z ( Z:’) 5£1...IkM6[k+1 I, (fE,y) (739)
k=0 ’
e (—27i)"
M(SIl"’Ir (ZL’, B - y) — p2mid] Z ( ];TZ) 52«—1@4—1 ITM(SII Ir—k(x’ y)
k=0 )
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(d) The multiplets Wy, ... (z; 1, -+ n;y) exhibit the following alternating parity property
under simultaneous reflection of the indices and the points,

WIIIQ"'IT(Z/; Ty 27 17 .CC) = (_1)n7TWIT---IQI1 (l’, 17 27 Ty y) (74())
(e) The analogous reflection properties of the spinors Méll"'h(x,y) are,

My ) = (1) M () (7.41)

Item (a) is proven through the same arguments that give rise to the poles in item
(b) of Proposition , i.e. the delta distrubutions in (|7.23)) while ignoring the additional

terms involving w¥.

Items (b) and (c) can be understood from the notion of differential B monodromies
introduced in section m The first order in 27 on the right side of follows
from and the terms @™ (z), 0" (y) in through the correspondence between
the differential monodromies of Enriquez kernels and antiholomorphic derivatives of DHS
kernels in (6.41]). The differential monodromies in the k£ = 1 terms of are then a
consequence of imposing single-valuedness on the meromorphic decomposition of
linear chain products to first order in 277 in the term-by-term monodromies using linear
independence of Wy, ... (x;1,--- ,n;y) at different rank.

The full proof of items (b) and (¢) including higher orders in 27i is most conveniently
carried out by organizing the Enriquez kernels and spinors M (;II"'IT (x,y) into generating
functions similar to those in section Bl The differential monodromies derived in the
previous paragraphs imply the exact statements and of items (b) and (c)
once the powers of 27 in the monodromies of these generating functions are shown to
exponentiate as it is the case in .

The proof of items (d) and (e) again exploits the correspondence (7.34)) between the

constituents of the meromorphic and modular descents for linear chain products, following
the logic of the proof of Proposition [5.2] and items (b), (¢) of Proposition [5.3]

e We prove in item (d) by adapting the arguments in appendix [D.2} checking
the reflection properties of individual Vy,..1.(z; 1, -+, n;y) solely requires the
interchange lemma and Fay identities of DHS kernels which hold in identical form
for Enriquez kernels [62] and thereby reduce the verifications of to those of
(7.24) which are proven in section Note that the decompositions of linear
chain products in this section do not involve any derivatives of DHS or Enriquez

kernels, so the derivation of ((7.40) does not require the relations (D.2)) and (D.4)

among derivatives.
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e The statement (7.41)) of item (e) can be inferred from the reflection parity (—1)"*!
of linear chain products Lg(x; 1, ,n;y), imposed at the level of the meromorphic
decomposition (|7.32)). The proof is most conveniently carried out by induction in
the rank r of M, gl"'lr (z,y) as done in appendix in the context of cyclic products,
using the reflection properties of the multiplets Wy,..; (z;1,- -+ ,n;y) in item
(d). At rank r < 3, a direct proof of the reflection properties based on the represen-
tations and contour deformation techniques can be found in appendix

7.5 Coincident limits of MI1 "(z,y) and LI1 "(z,y)

In this subsection, we relate the coincident limit y — x of the multiplets M ;”IT (x,y)
and the tensors L} """ (x,y) to the constant multiplets D} """ and the constant tensors
C(g’l'“lr, respectively. These relations derive from the fact that the cyclic case is given by
the closure y — x of the linear chain case,

lim Ls(x; 1,--- ,nyy) = Cs(1, -+ ,n,x) (7.42)

Yy—x

We shall treat the meromorphic and modular cases separately below as the structure of
their limit differs to some degree.

7.5.1 The limit of M*"(x,y)
Imposing the meromorphic decompositions of (5.1)) and ((7.32)) on the relation ([7.42)) leads

to recursion relations for the coincident limits lim,,_,, M, 5[1"'1’“ (z,y). These limits exist and
are finite for r > 1. For example, to the lowest few ranks we obtain,

Ml(z,r) = D} w;(z) (7.43)
M (@,2) = Dy Swrc(x) + D§¥ e ie() - ngfm)
MIJK(QJ,x) DIJKL ( )—i—DIJL?IJKL( ) I (QZ)—FDgL?IJKJL(SL’)
+D§ " w! () — DiF (@' (@ )+w "1(2))

The combinatorial structure of these expressions for M 5’1"'” (z,z) at r = 1,2,3 suggests
the following generalization to arbitrary rank.

Proposition 7.6. The coincident limit y — x of the spinors MJII"'IT(:c,y) in the mero-
morphic decomposition of linear chain products is given as follows in terms of
Enriquez kernels and constant multiplets D;;h'"JS,

M (3, 5) = DI TR uge(@) + 37 (1) DI IR e el 0y (7.44)

0<i<j
(1,5)#(0,r)
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The proof relates M;*"'*(x,x) to the one-point function D*"'"(z), which may be ex-
pressed in terms of the constant multiplets using item (d) of Theorem [2.3] We note the
formal similarity of with the formulae for the coincident limits of x!(z,y), x'’(z,vy)
and Y/’ (z,y) in section 9.4 of [62]. More specifically, Conjecture 9.8 of [62] relates
"I (2, ) to combinations of w’1/s - (z) and certain constants M7 %X in the place of
Dép'"lqK which mirror the double sums and shuffle products of .

7.5.2 The limit of L} " (z,y)

The correspondence of the meromorphic and modular decompositions of linear chain prod-
ucts in (7.34)) does not always extend on a term-by-term basis to coincident limits: the
offset between the rank-one spinors in (|7.8)),

y
Li(x,y) = M} (x,y) + 27i S5(z,y) Im / w! (7.45)

does not have a well-defined limit ¥ — z in view of the direction dependence of the limit
of the last term above. Instead, the proper limit should be taken as follows,

y
lim (Lg(x,y) + cDI) = M}(z,7) — 7w!(z) = O} wy(z) (7.46)
y—z r—=YJz

The case for arbitrary rank r > 2 follows its meromorphic counterpart (7.44)) under the
correspondence (Mjs, D5, w) <> (Ls, Cs, 0P) and is given by the following proposition.

Proposition 7.7. The coincident limit y — x of the spinors Lgl"'fr (x,y) for rank r > 2
exists and is given in terms of DHS kernels and the constant tensors C'(;h""]s as follows,

L (e, z) = O T R (x) + ) (=1 i g @l Tl Ty () (7.47)

0<i<j
(i,9)#(0,7)

The proof proceeds by relating L;'"(z,z) to the one-point tensor C4* " (x) and using
the last item in Theorem to express the result in terms of the constant tensors Cgl"'lr.
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8 Specializing to genus one

In this section, we shall examine the decompositions of cyclic products of Szego kernels
in (5.1), and of linear chain products of Szegd kernels in (7.19), for the
special case of genus one, namely h = 1. The torus ¥ will be represented as the quotient
Y = C/A where the lattice A is generated by the periods 1 and 7 with Im7 > 0. In
the formulas below, the torus X will be considered fixed and the dependence on 7 will
generally not be exhibited. As will be shown below, the spin-structure dependence can be
separated from the dependence on the points of the Szego kernels in terms of Jacobi 9,
functions for k = 1,2, 3,4 and coefficients of the Kronecker-Eisenstein series that furnish
the integration kernels of elliptic polylogarithms [42] [16, [40, 43| [63]. In particular, the
integral representations of the constants D§1“'IT and Cg’l'“lr in section and ,
respectively, can be made fully explicit.

8.1 Enriquez and DHS kernels

We begin by reviewing the restriction of the Enriquez and DHS kernels to genus one and
expressing them in terms of expansion coefficients of Kronecker-Eisenstein series. More
specifically, we will encounter two closely related variants of the Kronecker-Eisenstein
series that are given in terms of the unique odd Jacobi theta function 1J; by,

91(0)91(2 4+ 1)
V1(2)91(n)

The function F(z,n) is meromorphic and multiple-valued in z € ¥, while Q(z, ) is single-
valued but non-meromorphic in z € 3. The 2 monodromy z — z + 1 of F'(z,7n) is trivial
while its B monodromy z — z + 7 is given by,

Imz

F(z,m) =

Imr

Q(z,n):exp(Qm'n )F(z,n) (8.1)

F(z+71,m) = e 2™ F(2,7) (8.2)

Both F'(z,n) and §)(z, n) are meromorphic and multiple-valued in 7 and their monodromies
may be obtained from those in z by using the relation F'(z,n) = F(n, z). The Kronecker-
Eisenstein integration kernels ¢ and () are obtained as the coefficients of the Laurent
expansions of F'(z,n) and Q(z,n) in powers of 7, respectively,

F(z,n) = % +> g (2) Qz,1m) = % +Y k=) (83)
r=1 r=1

The Enriquez and DHS kernels reduce to ¢ () and f)(z) for r > 1, respectively [57, 60],

gl y) |,y = 9 (@) Frt ) |, = f0 () (8.4)
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where all the indices on the left sides are restricted to take the value 1. In particular, the
y-independent traceless parts in the decompositions (2.8) and (6.5 vanish, so that,

wh---h](x) ‘h:l =0 XIIMIS (l‘,y) ’h:l = _g(erl)(x_y)

0,91 () |,_, =0 09" (2,9) |,y = =V a—y)  (85)

For r > 3, the coincident limit of (") (z—y) produces the holomorphic Eisenstein series G,.,

1
lim ¢ (z —y) = -G, = — S 8.6
lim ¢z — y) W;Z ) (8.6)
(m,n)#(0,0)

which are modular forms of weight (r,0) under SL(2,Z) and vanish for odd r. For r = 2,
the double sum in is conditionally convergent and may be defined by using the
Eisenstein summation prescription [74] 2] which results in the quasi-modular form G,. A

modular-covariant counterpart of Gy is given by the almost holomorphic modular form,
T

Go=Cy— —— (8.7)

Imr

8.2 Szego kernels for even spin structures

For genus one, the Szegd kernel Ss(x,y) for an even spin structure 6 may be expressed in
terms of the even Jacobi theta functions 95 with 6 = 2, 3,4,

_ 01(0)0s(2)

Sa(2) = 01(2)05(0)

(8.8)

where translation invariance on the torus implies that Ss(x,y)|n=1 = Ss(z) only depends
on the difference of the points z = x —y. The Szegd kernel Ss(z) of is closely related
to the Kronecker-Eisenstein series F'(z,n) of when 7 is set to the corresponding
half-period wy given as follows,

Ws = UsT + Vs (u27v2) = <07 %)7 (U3,U3) = (%7 %)7 (U4,U4) = (%70) (89)
and we have [41],

1 :0=2

. 8.10
e =34 (8.10)

Ss(2) = ¥ F(2,w5) = F(z,ws) X {

Alternatively, we may express Ss(z) in terms of Q(z,ws) of (8.1), which is conveniently
done with the help of real co-moving coordinates u,v € R/Z related to z by z = ur + v,

S5(2) = Qws, z) = 2 WU=U%) O (2 ws) (8.11)
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The Fourier expansion [75], [45],

627ri(mv—nu)

Qz,n) = Z —— (8.12)

m,nel

of the doubly-periodic Kronecker-Eisenstein series 2(z,n) combined with (8.11]) gives the
Fourier expansion of the Szegd kernel [27],

2mi(mu—nu)

55(2) _ 62wi(vu5—uv5) Z 6— (813)

mT +n+ ws
m,neZ

which exposes the signs e*™ and e~2™s produced by the 20 monodromies v — v+ 1 and
B monodromies u — u + 1 of the Szego kernel, respectively.

8.3 Cyclic products of Szego kernels

The cyclic product of n Szegd kernels on the torus with even spin structure ¢ is given by,
05(1, 2, s ,n) = 55(212)S§<223) cee S(s(an) (814)

where we use the notation z;; = z; — z;. In view of the relations (8.10) and (8.11)), the
cyclic product may be expressed alternatively as follows,

Cs(1,2,--- ,n) = F(z12,ws) F (203, ws) - - - F'(2n1, ws)

= Q(212, ws) (293, ws) - - - Qzn1, Ws) (8.15)
In these products, all the non-trivial monodromy of the individual F' factors and all the
non-meromorphicity of the individual Q factors cancels so that Cs(1,--- ,n) is meromor-
phic and single-valued in zy,--- , z, € ¥. The decomposition of Cs(1,-- ,n) into a sum

of §-dependent constants with ¢ independent coefficients is given by the following propo-
sition, which summarizes and clarifies some of the results obtained earlier in [29] 41].

Proposition 8.1. The cyclic product Cs(1,--- ,n) of Szegd kernels on the torus with spin
structure 6 may be decomposed as follows,

[n/2]
Cs(L, -+ ,n) =Vo(L,-+ ,n) + Y Rorles)Voar(1,- -+ ,n) (8.16)
k=1

where Ray(es) is constant on ¥ and a modular form of weight (2k,0) under the congruence
subgroup T'(2) C SL(2,Z), while V,.(1,--- ,n) are §-independent elliptic (i.e. meromorphic
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doubly periodic) functions in the points z;. The functions V.(1,--- ,n) may be expressed
either in terms of the meromorphic Kronecker-Eisenstein coefficients,

VaLon) = > gt (212)g") (2a3) -+ - g (21) (8.17)

81,89, ,5n>0
s1+so++sn=r

or in terms of their single-valued counterparts,

Vi(l,---,n) = Z FO (219) £ (z5) - -+ FO) (21) (8.18)

51,89, ,8n,>0
81+sg+-t+sp=r

with g0 (2) = fO(2) = 1 and thus Vo(1,--- ,n) = 1. The modular forms Ro(es) under
['(2) may be expressed in terms of the Weierstrass function p(z) and its derivatives,
evaluated at the half period ws in corresponding to the spin structure ¢,

(2k-2) (,,
Ry(es) = p(ws) = es Ror(es) = p(?k——i)f) —Gox  fork>2 (8.19)

or may alternatively be written as degree-two polynomials in es = p(ws),
Rop(e5) = aop-s€3 + bok—ses + Cop (8.20)

where agk_4, bog_o and cop are modular forms under S1.(2,7Z) of weight 2k — 4, 2k — 2 and
2k, respectively, for k > 2, with ag = by = 1 and ay = by = 0.

8.3.1 Proof of Proposition [8.1

To prove the proposition we use the relation between Cs(1,---,n) and the generating
functions F' and () evaluated at the half periods, as spelled out in . Considering
the product of F' or €) factors with arbitrary values of the parameter n € C instead, the
Laurent expansions of imply the following Laurent expansion [44] [29],

oo

F(z12,n)F(223,m) -+ - F(2p1,m) = Z n "Ve(1,2,--+ n) (8.21)

r=0

The expressions (8.17) and (8.18) for V,(1,--- ,n) in terms of ¢ or f©) kernels readily
follow from inserting the expansion (8.3)) of the individual Kronecker-Eisenstein series into

(8.21)). It remains to show that, when 7 is set to the half period ws, then its dependence
may be assembled into the above modular forms of I'(2).

To do so, we use the fact that F(z,n) satisfies F'(z,n+1) = F(z,n) and F(z,n+7) =
e 2™2F(z,n) to verify that the combination of (8.21]) is an elliptic (i.e. meromorphic and
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doubly periodic) function in 7, all of whose poles in 1 € 3 are located at 7 = 0 and are of
maximum order n. Therefore, the combination of is a linear combination of a finite
number of derivatives p¥)(n) of p(n) with £+ 2 < n. The precise form of the coefficients
is obtained by using the following expansion,

© Y
p(n) = % +O(n) (i +(717))! — Gyyo = 5%22 +0(n) fort>1 (822

Matching the poles gives,
F(z12,m) - F(zn1,m) = Va(L, -+ ,n) + p(n)Vaa(1, -+ n) (8.23)

— (o)

Since the left side is an elliptic function in n whose poles, which are all at n = 0 and
translates by Z+7Z, are matched by the poles on the right side, the terms O(n) on the
right side vanish by Liouville’s theorem. Furthermore, the derivatives p(¥) () evaluated at
the half periods = ws vanish for all odd values of £, so that we recover with Ray(es)
given by upon setting ¢+2 = 2k. Finally, using the defining equation of p(n),

o' (n)* = 4p(n)* — 60G4p(n) — 140Ge (8.24)

one readily expresses the function p(*=2)(n) in terms of a polynomial in p(n) of degree

k. Evaluating the derivatives at 7 = ws and using the cubic equation satisfied by es,
e — 15Gyes — 35Gg = 0 (8.25)

one iteratively reduces p**=2(ws) to a degree-two polynomial in p(ws) and thereby
demonstrates the validity of (8.20)). For the lowest values of k£ the J-independent co-
efficients in these polynomials are given as follows,

ag =1 by =0 cy = 6Gy (8.26)
as =0 by = 6Gy ce = 20Gg

ay, = 3Gy bg = 15Gg cg = 14Gg

ag = 10Gg bs = 70Gg c10 = 120Gy

Note that, similar to the equation for the roots at genus one, cyclic products of
Szego kernels at genus two can be decomposed into degree-two polynomials in the entries
£ g12 €22 thanks to the system of trilinear equations these objects satisfy [54], also see
[61] for a representation of £/ at I, .J € {1,2} in terms of Riemann theta functions.
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8.3.2 Extracting the constants C(;’T"IT and D?““

As a consequence of Proposition [8.1] we obtain simple expressions for the reduction of
the constants C’;l"'[* and Dgl'"lr to the case of genus one, as spelled out in following
proposition.

Proposition 8.2. For genus one, the constants Cgl'"l" and Dgl"'lr in the modular and
meromorphic descents are given by,

[ e+ Go D=2
Cgl.ulr - — Rr<€5) + Gn o 2 4 even (827)
o . r >3 o0dd
and .
es + Go cr=2
Dél...lr - — Rr(eé) + Gn o 2 4 even (828)
0 :r>3odd

\

respectively. The polynomials R, (es) in es = p(ws) are obtained from and .
The proof of the proposition can be found in appendix [F.1] We note the examples
Cgl...h

Iy---Ig
C5

e cht
= 6G4€5 + 21G6 0611-"[10

= 3Gyei + 15Gges + 15Gyg (8.29)
= 10Gge; + 70Gge;s + 121G

‘h:l |h:1

- -

and the following general relation between the constants C’gl"'h and D§1'"I’“ at genus one

which can be read off from (8.27)) and ({8.28)):

I I s . —
T 051 ’ |h:1 + mr - = 2
DE =9 o (8.30)
) h=1 . r el

The genus one instances of C{*"'" at r < 8 were reported without proof in [61], and

the expressions for C’gl"'IG | ,—, and C(‘;l"'ls experienced corrections in the most recent
arXiv version of the reference.

-

8.4 Linear chain products at genus one

For linear chain products at genus one, the dependence on both the marked points
and on the even spin structure ¢ can be made fully explicit as done in Proposition for
cyclic products. The results have not appeared in the literature prior to this work and
are summarized in the following theorem.

73



Theorem 8.3. The genus one instances of linear chain products of Szego kernels
can be decomposed in two different ways,

n

Lo(; 1, miy) = M (@) |, War (251, i) (8.31)

r=0

— Z L§1"'L-(z’ y) }h:1vnir(x; 1’ e 7n; y)
r=0

where the first line is term-by-term meromorphic in all variables and the second line
exposes the modular properties. In both cases, the dependence on the marked points s
carried by elliptic functions of the internal points z1,--- , 2,

Wol; 1,2, miy) = Y g8 (@=21)g" (212) - g (2n10)g" ) (20 —y) (8.32)

$1, 584120
S1+ ot spp1=r

Vol 1,2, 0 omy) = > O (a—2) f (z0) - FO (z0m10) SO (20 —y)
1. vsn+120

s1+tspp1=r

and the accompanying 0 dependent spinors in x andy are expressible in terms of Kronecker-
Fisenstein derivatives and lattice sums (see for the co-moving coordinates ugs, vs and
recall that z = x—y = ur+v with u,v € R/Z)

_1 " Tiug(x— T
M(SII Ir<x7y) ‘h:1 — ( ) 62 s(z—y) aﬁF(x_:%ff]) | (833)

7! n=ws

€2m(mv—nu)

(m7T +n + ws)r 1

L?...[T (x7y) ‘h:1 — p2mi(vus—uvs) Z

m,neE”L

The proof of Theorem may be found in appendix The expressions make
the genus one instances of the integral representations (7.11)) and (7.31)) of the quantities
Ly (z,y) and My (2,y) in the decompositions (7.19) and (7.32) fully explicit. In
combination with the relation between the coincident limits of Lgl'"l’“ (z,z) and the
constant tensors C’gl"'l”" at r > 3, we are led to the following corollary.

Corollary 8.4. The constants C’gl"'h and Dél"'lr at genus one in can be alterna-
tively written in terms of the following lattice sums

1
= D r=3 (8.34)

e (m7 +n+ws)"’

I-I,
Cs

o [1...]1"
h=1 DE

The analogous expressions of the r = 2 cases can be read off from (8.27) and|8.28) using
the lattice-sum representation of es = p(ws).
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9 Outlook

In this work, we have established that the integration kernels for polylogarithms on a
Riemann surface ¥ of arbitrary genus provide a natural space of functions in terms of
which the dependence of fermion correlators on points in > may be expressed. For both
cyclic products and linear chain products of Szegé kernels, the descent procedures in
Theorems [2.3] and [6.2] systematically give their ¥-dependence in terms of Enriquez or DHS
kernels. In this way, their dependence on the spin structure is concentrated in constants
on Y in the case of cyclic products or spinors on ¥ depending solely on the end points of
linear chain products. The spin-structure dependence is expressed in terms of multiple
convolution integrals, either over homology cycles or over the surface, which extend the
analogous convolution representations of Enriquez kernels [58] and DHS kernels [60].

The decomposition formulae (5.1)), (6.26), (7.19) and ([7.32) for products of Szego

kernels obtained from our descent procedure are expected to substantially simplify the
evaluation of superstring amplitudes: First, the spin structure sums for arbitrary chiral
measures can be performed at the level of constants or spinors depending only on the end
points of linear chain products instead of functions of the other points. Second, the link
to higher-genus polylogarithms offers a growing arsenal of techniques for the integration
over the points of the fermion correlators in a low-energy expansion of string amplitudes.

More generally, the integration kernels produced in our decompositions of the cyclic
products and linear chains are believed to span the function space needed to express
the complete moduli-space integrands of string amplitudes. Under this assumption, our
results should feed into bootstrap constructions of higher-point and higher-genus ampli-
tudes beyond today’s reach of direct calculations. In particular, the meromorphic function
space of Enriquez kernels [57] is compatible with the chiral-splitting formulation of string
amplitudes [76, B8, [77] and expected to fruitfully combine with the methods of [78, [79] to
incorporate the information about the supergravity amplitudes in the field-theory limit.

Our results raise several follow-up questions in a broader mathematical context and
suggest concrete steps towards their string theory applications including,

e converting the integral representations of the constants Dgl'"[’" and C’gl"'lr in the de-
compositions , of cyclic products into expansion formulae around bound-
aries of moduli space;

e relating D'« Cf"' and the forms Wy, ... (1,--- ,n) ¢ Vp.1.(1,--- ,n) that
capture the dependence of cyclic products on the points, using the gauge transforma-
tion and Lie-algebra automorphism relating the Enriquez and DHS connections [56];

e expressing higher-genus correlation functions of the current algebra of heterotic
strings in terms of Enriquez kernels and DHS kernels as done at genus one [44].
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A Function theory on a Riemann surface

Throughout, X will be a compact Riemann surface of arbitrary genus h > 1 with simply
connected covering space ¥ and associated projection by 7 : ¥ — . The first homology
group Hq(X,Z) is endowed with an intersection pairing J. A canonical basis for H; (X, 7Z)
is given by cycles 2 and B; that obeys J(27,27) = J(B;,B,) = 0 and J(A,B;) = &}
for I,J € {1,--- ,h}. Choosing the cycles A/ and B; to share a common base point
g promotes them into a set of generators of the first homotopy group m (%, q) of X, as
illustrated in figure [1] for a Riemann surface of genus two.

A basis for the Dolbeault cohomology group Hfl’o)(E) is given by the holomorphic
Abelian differentials w; = w;(x)dr, whose integrals on A/ cycles are normalized and
whose integrals on B; cycles give the entries of the period matrix €2 of the surface X,

% WJ:5§ % wJ:Q]J (Al)
Al By

The Riemann relations imply that the period matrix € is symmetric Q° = Q and that its
imaginary part Y = Im (Q) is a positive definite matrix.

A.1 The prime form

A key ingredient in the theory of functions and differential forms on 3 is provided by
the prime form F(z,y), defined for z,y € ¥ to be a differential form of conformal weight
(—3,0) in both z and y, anti-symmetric E(y,z) = —E(z,y) with a single zero for z,y in
a given fundamental domain D, normalized by E(z,y) = (v — y)dx’%dy’% + Oz — y)?
in a system of local coordinates. The Riemann ¥J-function of rank h with characteristics
k = (K, k") with &', k" € CP for period matrix Q and ¢ € C" is defined by

= Z exp {mi(n + &')'Q(n + &) + 2mi(n + &) (C + &)} (A.2)

An explicit formula for the prime form is given in [68] by,

Il( [, w)
A, ) 2 i) A9
) 1) o MO, B
where v is an odd half-integer characteristic, or spin structure on 3 (for which 20/, 20" €
Z} and the integer 4(+/)v” is odd-valued) and h, () is the holomorphic (3,0) form whose
square is given by the second equation above. The above ratio defining the prime form is
actually independent of the choice of odd half-integer characteristic v.

0

E(z,y) = hy(2)* = wi(x)

14The dependence on € will be suppressed throughout.
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A.2 The Szego kernel

The Szego kernel Ss(z, y) for even spin structure § and a generic period matrix €2 (namely,
for which 9[0](0) # 0) is a meromorphic (%, 0) form in z,y € ¥ defined by,

)7 )
00 = T50) By (&9

It follows that Ss(z,y) = —Ss(y, x) has a single pole in = at y with unit residue so that,

For even spin structures and non-generic moduli for which 9[0](0) = 0 and for all odd
spin structures, the Cauchy-Riemann operator 9, acting on (%, 0) forms has zero modes
so that the definition of the Szegd kernel requires making choices. Here, we shall only
consider the generic case.

A.3 The Arakelov Green function

The Arakelov Green function G(z,y) = G(y, x) [80] (see also [81], 24] for its use in physics)
is a real single-valued scalar in x,y € ¥ uniquely defined by the following equations,

0,06 (x.y) = ~w8(x.y) + wr(x) [ Envges =0 (o)
z
where k is the canonical volume form on X, defined by,
1
k(z) = wa(m) w' () (A.7)

An explicit formula for the Arakelov Green function may be obtained in terms of the
string Green function G(x,y) which is given by,

G(x,y) = —In|E(z,y)|* + 27 (Im /yx w1> (Im /j wI> (A.8)

g@wzeww—ww—ww+/fm@ww (A.9)

by

as follows,

where

V(@) = /E 2t 5(1)C 1) (A.10)
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The defining equations and the canonical volume form x being conformal and mod-
ular invariant, it follows that the Arakelov Green function G(z,y) is a modular invariant
conformal scalar (while the string Green function is not conformally invariant). The func-
tion G(z,y) is real-analytic for x,y € ¥ away from = = y, where it has the following
asymptotic behavior as © — y,

G(z,y) = —In |z — y|> + regular (A.11)
It will also be useful to have the following mixed differential equation,

0,0:G(w,y) = md(x,y) — mwr(z)o' (y) (A.12)

A.4 Enriquez kernels

The basic definition of the Enriquez kernel g/t~ Ir j(x,y), for r > 0 and Iy,--- ,I.,J €
{1,---,h} was presented in section [2.1] as a meromorphic (1,0) form in € ¥ and (0,0)
form in y € 3. The Enriquez kernel g™ 7r s(z,y) is holomorphic in the interior z,y € D°
of a preferred fundamental domain for X for » > 2, has a single simple pole in x at y with
residue 67! for r = 1, and is given by ¢°;(z,y) = w,(x) for r = 0. Its monodromies in x
and y around 2 cycles are trivial, while its monodromies around ‘B cycles are given by

(2.3) using the notations of (2.5)) and (2.4). The forms g% ;(x,y) may have poles in x
at 7~ !(y) for all r > 1, as mandated by the monodromy relations.

In the sequel, it will be useful to have the monodromies around B cycles of the traceless

and trace parts defined by (2.8)) separately at our disposal. They may be obtained by
decomposing the monodromy relations of ¢ given in ({2.3)) into their traceless and trace

parts, and we find (see ) for the A(Lx) notation),

T

T 11y (_27Ti>k o, (—27TZ'>T A P A
A ! fj<x>:;T(sg Tegglesnlr () — h Shron =iy (z) (A13)

whereas the B monodromies of x/%(x,y) with s > 0 are given by,

S . k . S+1
(z) . IyIs i (—27i) LTy Tpoq-Ts _ (—27i) I-I
AL X ! (Jf,y) - kZ:; k" 5L X i (a:,y) (S+1)'h L wL(x)
: (27T’i)s_k+1 R
AP () = =3 A gl (2, )0 (A.14)

— (s—k+1)

The periods around A” cycles on the boundary of the fundamental domain D in figure
are given in terms of Bernoulli numbers Ber, by (2.7) and its decomposition into traceless
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and trace parts was given by (2.8). Thus, we have,

1 Ber
dt I1~'~Irt - _ _2 Nr+1 r+1 511---Ir
7{@ ) = —p (-2 o]

~Ber. (g Ty oner_y
é@dmh Ir (1) = (—2mi) . (5{, IL—E5{,5§ ! > (A.15)

A.4.1 Low order monodromy formulas

It will be useful to dispose of some low order formulas for the 8 monodromies of ¢, @
and y in all their arguments. The B monodromies of g are given by,

APy s(w,y) = —2mi 8] wy(a)
AP (w,y) = 2mi 0} wy (x)
Af)ghb,](x, y) = —2mi 01 g™ () y) — 27 012 wy ()
A%’)ghhj(x, y) = 2mi 672 g" (2, y) — 2% 6% 61 wi () (A.16)
those of x are given by,
AP (w,y) = 2miwg(x)/h
AV (x,y) = —2miwy(x)
AN (2,y) = —2mi 8] x(x,y) + 27 0 wi () /h
A%)Xl(x, y) = —2mig' (2, y) + 2m% 0t wi () (A.17)

and those of w are given by,

APl (@) = —2mi6t wi(x) + 2mid] wi(z)/h
APV G (1) = —2mi 60 @’ j(x) — 202 602w (x) + 27200672 wi(z) /b (A18)
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B Proof of Lemma 2.4

To prove Lemma we note that follows from and the known poles of the
Szego kernels in the cyclic product Cs(1, - -+, n), while the relations may be verified
directly for the case r = 1 using the first line in . To establish the relations
for r > 2, we proceed by induction in r. To do so we reformulate the system of equations
in in terms of the following combinations for n > 2 and r > 1,

Sglkmlr(17 e 7”) = 5kD§1.“IT(17 T an) (Bl)
o (an 80k, k1) — by 8k, k— 1)) DE(L ke )

where the constants a, and b, are given as follows,

“ an =0 U for 2<k<n-1 (B.2)
by =0 b, =1 by =1

With this notation, the system of equations in is equivalent to Sglk,"'lr(l, ~om) =0
for all values of k£ in the range 1 < k < n. Next, by differentiating with respect to
2z, for 2 < k < n, eliminating the terms proportional to x/1(1,2)—x11(1,n) in terms
of Ds functions whose argument z; is missing, we find that the entire remaining relation
may be recast in terms of the combinations Ssj in for 1 < k < n as follows,

wy(1)S5 (2, n) = S({lk'““(l,--- ,n) (B.3)

_Zg redig 125;21‘](2’...’”)

Recall that these relations are derived for 1 <r < s—1 in view of the assumptions made
in the formulation of Lemma [2.4] Using the fact that the rank on the left is » + 1 but
the rank on the right is at most r, and that Sglk IT(l, -+ ,n) =0 for r =1, it follows by
induction in r that Sﬁﬁ'”lr(l, -+ ,n) = 0 for all » < s. This completes the proof of the

system of equations (2.40)).
To prove (2.41)), it suffices to define S§i""(1,--- ,n) for the case n = 1 by setting

ar = by, = 0 in (B.1)). The equations of (B.3|) are then satisfied for n = 2. Using (B.3|) for
n = 2 and the fact that the case » = 1 holds true by Proposition [2.1| then readily leads to

a proof of (2.41)) by induction in r and completes the proof of Lemma .
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C Proof of Lemma 2.5

In this appendix, we shall prove the monodromy relations in of Lemma for the
multiplets Dgl'"lr(l, -+ ,n) up to rank r < s under the assumption of the lemma that
the descent equations hold true for all » < s — 1 and all n > 3. Recall that all
2 cycle monodromies manifestly vanish term by term. The B cycle monodromies in the
points zj of Dél'"l’”(Q, --+,n) will be evaluated separately for the three cases distinguished
in (2.42)), starting with the middle line for which 3 < k < n — 1, which turns out to be
the simplest of the three and, in turn, will be used to prove the case k = 2.

C.1 Monodromy of Dﬁl"'IT(Q, co-on)in z; for 3<k<n-—1
Applying the monodromy operator A(Lk) for 3 < k <n —1 to both sides of 1) gives,

wi (AP DR (2, n) = AP DL ) (C.1)

r—1
=g (LAY D (2, )
1=0

Evaluating the monodromy of the first equation in , we readily establish that
A(Lk)D(‘;](l, -+-,n) = 0 for all n > 1, which confirms equation for the case r = 0.
For » > 1 we proceed by using by induction in r. Since the rank on the left side
is one higher than the maximum rank on the right side, the induction is straightforward

and establishes the middle equation of ([2.42)).

C.2 Monodromy of Dél"'IT(2, -+-,n)in 2z, for 3 <n

In terms of the following combination,

THI (1 ) = AD DI (1 ) (C.2)
B Z ( é?lm) (53 IT+14D§1 Irfe(l’ .. 7n)
(=1 '

the first equation of (2.42) is equivalent to T;I"'IT(L -+ ,n) = 0. Next, we apply the
operator Af) to (2.34]), and take care of including the double monodromy given by the
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sum on the last line below,

wJ(l) A(LQ)D(?WITJ(QV" 7n) = A(z) Dhmlr(l o ) +A(2) I (172) 05(27 7”)

—ZA Ip-Tiqq 12)D11 IJ(Z’...7n)
S S R T

—ZA el (1,2) AP DE1 (2, n) - (C.3)

Using the results established in section [C.1] the first term on the first line on the right
side of ((C.3)) vanishes, A(Q D} I"(1,--- 'n) = 0. To compute the monodromies involving
the Enrlquez kernels, we use the second equation of for g and the second equation
of for x, and suitably rearrange the indices as follows,

TS (2mmi)k
AP (12) = 8 3 g L 2) e
k=1 ’
<= (2mi)*
AR Iy 2) = —ZTg bp(1,2) 60 (C.4)
k=1 ’

After some regrouping of sums, the result may be written as Ly + Ly + L3 = 0 where,

_ ZghmhﬂJ(L 2) A(LQ)D§1---I¢J(2’ . ’n)

r r+l—1

(2
=303 Gl gt 4 gy gl heipltia )
=0 k=1
r r+l-— z(27TZ)
Ly=Y" N S gh e (1,2) 6y T AP DR (2, ) (C5)
i=1 k=1

Next, we eliminate the Af)m terms in favor of the combination T that was introduced
in (C.2)). The contributions involving T} are given by,

LT =3 g0, (1,2) T (2, )
=0
r r+l—t
Ir Ltk (1 2)5 Iijk-1- Iz+1T11 -I; (27 .o 7n) (CG)
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In terms of LT and LI, the contributions L; and Lj take the following form,

r 141

T ) (5I Tiga- eDfl Tit1- “2,--- ,n) (C.7)

=0 (=1
r o r+l—i 1

(2
LT+Z Z Z Z:E' freedien (]' 2)61+k vl Z_H‘Dh i 2(2"" 7n)

i=1 k=1 (=1
where we have used the identity,

Toi qeeds Liooodinq_ Toi qeeeliq_
5Lk+z 1 i+1 5Ll 1+1—4 — 5Lk+z 1 i+1—2¢ (08)

to simplify the summand of the triple sum in L3. As a result of using this identity, the
factors g and Dy in the summand depend only on the combinations &£+ and ¢ — ¢. Hence,
it is possible to carry out one of the three summations explicitly. To do so, we perform a
double change of variables in the triple sum for L3, with the following ranges,

(k,7) — (p,1) p=k+1 1<i<p<r+1
(0,3) — (g,1) q=1—1/ 0<g¢g<i—1<p-1 (C.9)

so that the three summations in L3 may be rearranged as follows,

z:z:z;z | (C.10)

As a result, L3z may be expressed as follows,

r+1 p—2 p-—1

+ZZZ

p=2 q= qu

z+q 27” p—q

N (i —q)!

gIr"Ip (1 2)6;7 1 Iq+lD11 Iq(27... 77’]/) (C]_l)

The sum over ¢ may be carried out exactly,

p—1 (—)ita 1+ (—)pa
}:(p = (C.12)

L =)= q)! (r—q)!
leaving the following double sum,
r+1 p—2

2 q
=15 =YY (1+(- —lﬁl—gb"%(12)5P11“?DhI%z-n,n)(CJ@

= (p—wl
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In view of the factor (1 4 (—)?~9) in the summand, we are free to extend the summation
over ¢ to include ¢ = p — 1 and, once that has been done, we are also free to extend the
summation range of p to include p = 1 since the second sum then forces ¢ = 0 which
again vanishes in view of the factor (1 + (—)P~?). Separating now the contributions from
the two terms in the factor (1 4 (—)P~9), we have,

r+1

Ly=1Lj =)
p=1

+1

-2

p=1 ¢=0

p—1
—-q
(2mi)P gy
1

L(1,2) 67D 2, )

—2
7T’l [T I, (1 2)517 1 [+1DI1 Iq(Q’... ’n) (014)

>
S

Changing summation variables in L; — LT from i top =4+ 1 and £ to ¢ = p — £, and in
Ly from k to p =4 + k and from ¢ to ¢, we obtain,

A 27T2 b= T I,
=L{+) o (1,2)0p Tt phtag o )
p=1 ¢=0
r+1 p—1 N\ p—
27 )P4
Lo = —(( 7@ )'gIT“'IpL(l,Z) gp-rlmiparti ) (C.15)
p=1 g=0 P "

We see that, in the sum L + Lo + L3, the sum of L; — L? cancels the sum of the second
line of Ly — LI while Ly cancels the sum on the first line of Ly — LI. Therefore, the
relation Ly + Lo + L3 = 0 reduces to LT + LI = 0 or more explicitly,

r—1
WJ(]')T(SHWIT ( gI y 1 2 Th IJ(27"' 7”) (016)
=0
r r4+l—
S50 S B gy s T )

i=1 k=1
where the term on the left corresponds to the i = r contribution to L7.

We are now ready to complete the proof by induction. For r = 1 we have,
T2, - n) = AVDL2, - n)+2mi6LC5(2, -+ ,n) (C.17)

which vanishes in view of the expression for D§1(2, -+ ,n) in the first line of (2.32) and
the 8 monodromy transformation of y(1,2) in the point z, given in . Since the
left side of equation ((C.16)) is of rank r 4+ 1 while the maximum rank on the right side
is 7, it follows by induction in r that we have T} (2,--- ,n) = 0 for all 7 and all n > 2.
This completes the proof of the monodromy formula of for k = 2.
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C.3 Monodromy of D;*"'*(2,--- ,n) in 2, for 3 <n

The final element in the proof of Lemma [2.5|consists of proving the last equation in ([2.42]).
To do this we introduce the following combination,

(27i)*

i A2 g leple o L n) (CL18)

[J‘(Sll"'lr(l7 ... ,n> e A(Ln)D(glIT(]-, et 7n) - Z

(=1

in terms of which the last equation in (2.42)) is equivalent to Ulsh'"l’“(l, ~o-,mn) =0. Ap-

plying A(L") to equation ([2.34)) gives,
0= Agn)Dgllr(L o 7”) - A([,n)XIT...Arl(L n) 05(27 U 7n)

o Z gITWIHlJ(L 2)A(Ln)D§1[ZJ(27 T, n) (C19)

Eliminating A(L") Ds in favor of Us, we may organize the result as L1 + L, = 0 where,
Ly =Un(1,.- ngr Ty (1,20 U (2, -+ ) (C.20)

and L, simplifies to give,

T 2 AV
Ly = Z %59.“‘& |:D§£+1 IT(17 o 7n)
(=1 ’
+(XIT'"IH1(17 2) _ XIT...IZH(L n))06(2, .. 7n)
r+1
_ Z gl (1, Z)Déul"'fkflJ(Q, oo n) (C.21)

k=0+1

The rank of the terms on the right is at most r—1. The expression coincides with equation
(2.34) and therefore vanishes. The remaining expression for L7 in ((C.20]) involves only Uy

and may again be analyzed by induction in r, starting with the vanishing of U (2,--- ,n)
which follows from the monodromy in z, of the first equation in (2.34]). This concludes
the proof of the z, monodromy and therefore of the entire Lemma [2.5]
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D Proving properties of meromorphic multiplets

This appendix gathers proofs of several symmetry properties of the meromorphic multi-

plets Dél"'h, Wy, ..r.(1,-+- ,n), and Méh“'[r (x,y) in the decompositions 1’ and 1}
of cyclic products and linear chain products, respectively.

D.1 Reflection property of Dgl"’fr from contour deformations

The contour deformation techniques of figure [3] which were the key to proving the cyclic
invariance of the constant multiplets Dgl“'lr in section , can also be used to establish
their reflection property at fixed rank r stated in Proposition [5.2] Before presenting an
indirect proof of the proposition for arbitrary rank in appendix[D.3] we shall provide some
explicit calculations to rank r < 5.

For this purpose, we shall evaluate @glb"h in terms of @gll?mh which will give the
departures from reflection symmetry of the convolution integrals in (4.8) for n = 0 by
contour deformations similar to those of figure [3] [7]

Dyl = —PR 4 oS P
@(151141312 — @§1121314 + 27.[.1‘5};1@?1312 _ 277.2'5{2@(1;1[214
©§1151413I2 — _@?12131415 + 271_2'5}2@?141312 + 27TZ‘52@§1121415
+ 2midyt [D§H — 2mis P ] (D.1)

These expressions are derived by deforming the cascade of displaced integration contours
for ty,--- ,t, associated with @ﬁlb'"b to the simpler arrangement of contours on the right
side of figure |3 that corresponds to ’D?b'"”, with ¢; at the outermost, 5 at the next-
to-outermost and ¢, at the innermost placement in the interior D° of the fundamental
domain. The contours for tg,--- ¢, of the starting point @gﬂr'"b are ordered in the
opposite way, with ¢, at the innermost placement in D° and ¢, at the outermost one
besides t;. One proceeds by deforming the contour for ¢y past all of those for t3,--- ,t,,
followed by deforming all further contours for ¢; past those for ¢;;4,--- ,t, in the order of
increasing j = 3,--- ,r — 1. All crossings of contours for ¢; with those of ¢; contribute via
integrals over infinitesimal circles of ¢; around ¢; if I; = I; which we evaluate via residues
as in the proof of Lemma . Again, the pole structure of the integrand Cs(ty,--- ,t,)
implies that the only non-vanishing residues arise for circles of ¢;, around ;1.

I5Note that the coefficient of 5;;‘ in the last line can be rewritten as D72/ — 27ri5§§©§11215 =
@él Islsl _ 2m’5§:©§1[512 by the rank-four identity in 1) which establishes the symmetry of the com-

©§11213I415 + ©§115141312

bination under the simultaneous swap Iy <> I5 and I3 <> Iy.
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The alternating reflection parity at rank r < 5 then follows by applying the
properties and of the 2l convolutions to the expressions for D§1"'I’“ in terms
of @gl'"‘]s. At rank r < 4, these expressions can be found in (4.25), and the r = 5 case is
obtained from the components of , where the integrand Dg(t; B) on the right side
is expanded via ({4.13]).

D.2 Proof of items (b) and (¢) of Proposition

We shall here prove the symmetry properties (5.10]), (5.11) of the Wy,..;.(1,--- ,n) in
items (b), (c) of Proposition [5.3] using the fact that the same properties are already

established for their modular counterparts W <+ V in items (b), (c) of Proposition [6.5]

At fixed n and r, the proven symmetry properties (6.32)) and (6.33) of Vy,..;, (1,--- ,n)
can alternatively be checked by means of the Fay identities and interchange lemmas [62]
of the DHS kernels. For instance, the weight-one interchange lemma wr(z)f!;(y, z) +
wr(y)fLs(x,y) =0 [25] together with the alternating symmetry of double derivatives

axaygh...lr (l’, y) — (_1)r@xayglr...h(y7 :L‘) (D.Q)
suffice to check that the simplest instances of Vy,..p,.(1,--- ,n) in (6.29)) obey
V(1,2) =V(2,1)
Vik(1,2,3) = —Vgks(2,1,3)
V(1,2,3) = -V(2,1,3) (D.3)

The key idea of this proof is to transfer these symmetry checks from the DHS kernels
in Vy,..r.(1,--- ,n) to the Enriquez kernels in Wy,..1.(1,--- ,n). This can be done since
the explicit form of Wy,..;.(1,--- ,n) is obtained from Vy,..; (1,--- ,n) by substituting
fhdspe(x,y) = g%k (2, y) term by term, see .

As detailed in section 9 of [62], the interchange lemmas and Fay identities of Enriquez
kernels take the same form as those of the DHS kernels (see [62] for a proof of the
DHS-kernel identities and the meromorphic interchange lemma and [82] for a proof of
meromorphic Fay identities). Similarly, the alternating symmetry (D.2)) has a direct
counterpart [62]

Ayx" I (w,y) = (=1)"Dux " (y, ) (D.4)
at the level of Enriquez kernels. Accordingly, the identities among modular tensors
at n < 3 points propagate to

W(L,2) = W(2,1)
Wik(1,2,3) = =Wk ;(2,1,3)
W(1,2,3) = =W(2,1,3) (D.5)
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since the underlying manipulations of Enriquez kernels take the same form as the DHS-
kernel identities required for the derivation of (D.3)).

More generally, the one-to-one correspondence between linear and quadratic relations
among Enriquez kernels and those of DHS kernels implies that the Fay identities and
interchange lemmas needed to establish the properties (6.32]) and (6.33)) of Vy,...;. (1, -+ ,n)
are preserved under fv% i (z,y) — g/t % i (x,y). This relies on the uniqueness results
on the relations among Enriquez kernels in Lemma 11 and Theorem 12 of [82]. Hence,
the images Wy,....(1,- -+ ,n) of Vy,..1.(1,--+ ;n) under will obey the formal images
of the properties and under V — W. These images are the statements in
items (b) and (c) of Proposition which thereby completes their proof.

D.3 Proof of Proposition

We prove the alternating reflection parity D' = (=1)" D} ">" in Proposition [5.2| by
induction in the rank r. As a base case at r = 2, the parity Délb = Dgzll is clear both
from the cyclicity of D?"IT in Theorem and from the explicit form of Délb in (2.11)).

Assuming that D' = (=1)* D} hold for s < r—1, we will now infer the s = r
case from item (c) of Proposition [5.3| and the alternating parity

Cs(1,2,--- 1) = (=1)"Cs(r,--- ,2,1) (D.6)

of cyclic products which follows from the antisymmetry Ss(z,y) = —Ss5(y,z) of Szegd
kernels. For this purpose, the alternating parity will be imposed at the level of the
meromorphic decomposition ([5.1)) which we split into the form of

Cs(1,---,r)=Cs(1,--+ ,r) +wr (1) wp(r )DI1 Ar (D.7)

r—1
Cs(L, -+ ,r) =W, 1)+ Y Wrop (L, ,r) D5
s=2

The alternating parity of Wy, ..., (1,--- ,r) established in item (c¢) of Proposition to-
gether with the inductive assumption imply that holds separately for the part

Cs(1,---,r) in ,

r—1
Co(L, -+ ,r) = (=1)W(r,- -+ 1)+ > (1) Wpp, (r,--- 1) Db
s=2
r—1
= (=1) { )+ Z Wi, (r 1) Dés'“h}
5=2
= (=1)"Cs(r,--- 1) (D.8)



where we emphasize that Di'"' = (=1)*Df*"" has only been used for s < r — 1. As
a consequence of 7 the contributions from Cs(1,---,7) drop out in the following

rewriting of ;

0205(1,2’... ’r) — (—1)7"C’5(r’... ’271) (D,g)
= wh(l) cWr, (T)Dgl'"[" — (—1)’”w11 (’/“) e er(l)Dél'“]"
=wpn(1) - wp, (T)(Dgl'“l’“ _ (—1)’"D§T“'11)

which completes the inductive step and therefore the proof of Proposition [5.2| for arbitrary
rank r (see appendix for an alternative proof at rank r < 5).

D.4 Reflection properties of M 5[1"'IT from contour deformations

The reflection property of the spinors Lgl'"“ (z,y) in the modular decomposition
(7.19) of linear chain products is manifest from their surface-integral representation ([7.11]).
However, this does not immediately carry over to the reflection properties of their
meromorphic counterparts M (gfl"'lr (z,y) when expressed in terms of the 20 convolutions
generated by . As an alternative to the indirect proof in section that is valid
for arbitrary rank, we shall here provide a direct proof of at rank r < 3, using the
contour deformations of section which may also be extended to r > 4.

The salient point is that the 2 convolutions imgl'"[’“ (x,y) at 7 > 2 fail to exhibit any
reflection parity +1 since the transition to img’“'”h (y,x) requires the crossing of certain
integration contours 2A* in (7.30)) which results in residue contributions similar to those
in section [4.5.1} By following the integration contour deformation techniques illustrated
in figure [3) one can derive examples such as,

M (y, x) = M (2, y) (D.10)
M (y, ) = —Mg" (2, y) + 2mid M (2, y)
P55y, ) = ML (2, ) — 2 [N (2, y) + SL2MED (2,
+ (2mi)*op, PP (2, y)
see for the analogous reflection formulae for 2 convolutions of cyclic products. Just
as it was the case for the constants in the cyclic products, the correction terms in

(7.36) by convolutions of shorter linear chain products compensate for the lack of simple
reflection parities £1 in (D.10)).
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E Low rank examples

This appendix gathers further examples of the meromorphic and single-valued forms W
and V in the reduction of products of Szego kernels. We follow the presentation of sections
5.1] and spell out the explicit form of Wy, .1 (1,2,3,4) for cyclic products in terms
of Enriquez kernels and V.1 (z;1,2,3;y) for linear chains in terms of DHS kernels.
Their counterparts Vy,...1,.(1,2,3,4) and Wy,...1.(z; 1,2, 3; y) involving the opposite type of
higher-genus kernels can be straightforwardly obtained from the subsequent expressions
via gh I j(z,y) < f100(2,y), i.e. through the correspondences (6.38) and (7.35).

E.1 Meromorphic W for cyclic products of four Szego kernels

The single-valued combinations Wy,..1.(1,--- ,n) of Enriquez kernels at n = 2,3 points
can be found in section At n = 4, the expressions below for Wy,..1.(1,2,3,4) at
r =0,2,3 are derived by matching the results of the descent with the meromorphic
decomposition (5.1]). Similar to the n = 3 case, one eliminates Cj(2, 3,4), C5(3,4) and all
the multiplets Dgl'"ls (r,--+) that depend on at least one point z,,--- from . The
resulting coefficients of DJ5L DJX and §-independent terms are given by,

Wyin(1,2,3,4) = %[(X(L‘l) 2 (1,2))ws (2w (B)wr (4) (E.1)
+wi(1)g'5(2,3)wi (3)wr(4) + ws(Vwr(2)g” k (3, 4)wr (4)
+ (ws(Dwi (2wr(3) — wI(l)wJ(Z)wK(?)))wIL(Zl) +eyel(J, K, L)]

Wic(1,2,3,4) = 2 [ (x(1,4) = x(1,2)) (((2.4) = x(2,3))s (B (¥
+ (x(1,4) — X(172)w1 9J34WK()
+ (x(1,4) = x(1,2)) (wy 3) — wi(2)ws(3))w’ k(4)
+wr(D)(x'(2,4) = x'(2, 3)) (3) Kk (4)
+wr(1)g a(2,3)9™ (3, 4)wic (4) + wr(Dwar (2)g™ (3, 4)wic (4)
+wr(1)(9"5(2,3)wnr(3) — 9" (2,3)w.(3)) ™ k (4)
+wr(2)( ! ) —wn(1)g'5(3,4)) ™ k(4)

wr(1)g' v (3,4
+ (ws(Dwr(2)wn (3) — wi (1w (2)war(3)

3) +wM< > 12)ws(3)) =" (4) + (] © K
2,4) )84)( 3,4)

WI(2)34X (3 4) +w1(1)g 17(2,3)04x7(3,4)
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The prescriptions +cycl(J, K, L) and +(J < K) refer to all lines of the expressions
for Wykr(1,2,3,4) and Wyk(1,2,3,4), respectively, and again implement the cyclic
symmetrization in the indices according to the choice . The rank-four case of
Wiikr(1,2,3,4) = swr(Dws(2)wg (3)wr(4) + cycl(I, J, K, L) lines up with the general
formula for maximal rank r = n.

E.2 Modular V for linear chains with three internal points

The combinations Vy,..;, (x;1,- -+ ,n;y) of DHS kernels that are meromorphic in the in-
ternal points zq,- - , z, of linear chain products are spelt out for n = 1,2 in section [7.3.1]

Their three-point analogues following from the modular descent equations of Theorem
are given by

Vig(r;1,2,3;y) = ((1,x) G(1,2))ws(2)wk(3) (E.2)
+wr(D) f15(2,3)wk (3) + ws(Vwr(2) f k(3,y)

V(x;1,2,3;9) = 01 (G(1, x) ( ) 92(G(2,2) = G(2,3))w,(3)
+01(6(1, )w (2)f75(3,9)
+wr(1)0 ( ( 1(2,3))ws(3)
+wr(Nwr (2) /5 J(3 y) wr(1) 1k (2,3) /" 13, y)
V(x;1,2,3;9) = 01 (G(L,2) — G(1,2))%(G(2,2) — G(2,3))95(G(3,2) — G(3,y))
+a1(6(1,2) - G(1, 2)) ( )35(6%(3,7) = G%(3,y))
+wK(1)82(gK(2 x) — ) (9(3,90 (](B,y))

+ w1 )wK(2)33(gKI(3 z) 9“<3,y))
+w1(1)fIK(273)83(gK<37x) gK(va))

The rank-three case of Vi (z; 1,2, 3;y) = wr(1)wy(2)wk (3) is covered by the all-multiplicity
formula in the second line of (7.19)).
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F Proofs at genus one

In this last appendix we gather the proofs of Proposition [8.2]and Theorem 8.3 on products
of Szego kernels at genus one.

F.1 Proof of Proposition

We shall derive the expressions (8.27)) and (8.28)) in Proposition [8.2|for the specializations
of the constants C’gl"'l” and D§1"'1" to genus one.

The first step is to derive the expressions for Cg’l“'["\ n—1 at n > 3 by integrating
all the n points z1,--- , 2, in over the genus one surface against []7_; d*z;/(Im ).
The left side integrates to Cgl“'l" |n=1 by the integral representation of Cél'"l" at arbi-
trary genus. Integrating the right side of over n copies of the torus produces G,, from
the singular term £ (215) f® (293) - - - fV (21) of Viu(1, - -+ ,n) whereas all Vi(1,--- ,n) at
1 < k < n—1 integrate to zero. This follows from the fact that [ d*z f®)(z—2) = 0 for
any k > 1 and = € C since the Fourier zero mode m = n = 0 of only features the
singular term 1/7. Finally, the summand in at k = |n/2| integrates to R,(es) if n
is even since Vy(1,--- ,n) = 1 and to zero if n is odd.

The next step is to prove the n = 2 instances of both (8.28)) and (8.27)) by specializing
the explicit results (2.11) and (6.30) for Df” and C{’ to genus h = 1. The double-
derivatives of theta functions in (2.11]) reduce to those in the expressions,

es = —02 Inds(n) ‘n:O — Gy (F.1)

as a consequence of p(n) = —0;Inv(n) — Gy at = ws. In this way, we define the
regularization of the conditionally convergent integral of Cs(1,2) over its two points.

The third and most involved part of the proof of Proposition concerns the equality
of C’gl"j" |h=1 and D?"'I" |n=1 for n > 3. The key idea is to compare the expressions (8.18])
and for the elliptic functions V,(1,--- ,n) of the points zy,- - , 2, with the genus
one instances of the modular tensors Vy,..1. (1, -+ ,n) in the modular decomposition (6.26])
and their counterparts Wy,...;.(1,- -+ ,n) in the meromorphic decomposition (|5.1)).

By (8.4) and (8.5)), all instances of Wy,....(1,---,n) and V.1 (1,---,n) at non-
zero rank r > 2 reduce to products of undifferentiated Kronecker-Eisenstein coefficients

99 (zi;) and f)(2;) akin to (8.17) and ({8.18), respectively. The expressions are gathered
in the following lemma to be proven in section below:

Lemma F.1. The genus one instances of the meromorphic and single-valued functions
Vi, (L. n)and Wy,..;.(1,--- ;n) of z1,- -+ , 2z, at rank r > 2 in the meromorphic and
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modular decompositions and can be expressed in terms of the elliptic functions
Vs(1,--- ,n) in via
Vi (1. n) }h:1 =Vor(l,---n), 2<r<n (F.2)

which coincides with the meromorphic counterparts at genus one:

Wrr (1, ,n)|h:1 =V, (1,---,n), 2<r<n (F.3)
The comparison of the scalars V(1,--- ,n) and W(1,--- ,n) at genus one with combi-
nations of the elliptic V,.(1,-- - ,n) requires a refined analysis since their construction from

the respective descent procedures introduces derivatives of Enriquez or DHS kernels, see

the examples in (5.7)), (6.29)) and (E.1)). The appearance of these derivatives at genus one
is captured by the following lemma to be proven in section below.

Lemma F.2. The spin structure independent terms V(1,--- ,n) and W(1,--- ,n) in the
meromorphic and modular decompositions and at genus one are given by the
coefficients of 1/n in the generating functions,

V(L to 7”) }hzl = 17:7{:6089('2”17 77)9(2127 77) T an—lQ(Zn—l,'m 7]) <F4>
as well as,

W(]-) o ,TL) ‘h:l - ]EY{ZeOSF(anu n)F(2127 77) o a'fl—l‘F(Z’n—l,'m 7]) (F5)

The expressions in (F.4) and (F.5) will be shown in section to imply the al-
ternative representations in the following lemma which completely bypass derivatives of

Kronecker-Eisenstein coeflicients.

Lemma F.3. The spin structure independent terms V(1,--- ,n) and W(1,--- ,n) in the
meromorphic and modular decompositions and at genus one can be expressed
in terms of the elliptic functions V.(1,--+ ,n) in and (almost) holomorphic Fisen-
stein series via
R [n/2]
V(L, - ,n) ’hzl =V, (L, ,n) = GoVj_o(L,- -+ ,n) — Z GouVioor(1,---,n)  (F.6)
k=2

as well as,

[n/2]
WL, )|, = Vall, - n) = GoVaoa(L, - n) = > GapVior(L, - n)  (E.7)
k=2
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Note that the right side of (F.7) only differs from that of (F.6) by the appearance of
the meromorphic Gy in the place of the modular Gs.

On the basis of Lemmas and [F.3] we can complete the proof of Proposition [8.2}
by equating the meromorphic and modular decompositions , at genus h =1
and inserting all of (F.2)), (F.3)), (F.6), (F.7) for the dependence on the marked points,
we can solve for Dél"'l"|h:1 in terms of Cél'"ln\h:l and arrive at . This can be done
separately for n = 2,3,4,--- which leads to a single undetermined instance of D§1“'I" |h=1
in each case. This concludes our proof of which, in combination with estab-
lished in earlier steps, implies the second main statement of Proposition

F.2 Proof of Lemmas [F.1] to [F.3

In this section we shall prove Lemmas [F.1] [F.2] and [F.3] which were used in the previous
section to prove Proposition [8.2]

F.2.1 Proof of Lemma [F.1]

The first statement (F.2)) of Lemma follows from the fact that the pole structure
(6.31)) of the left side matches that of the right side in all variables,

Vi1, n) =7 (0(k, b+ 1) = 6(k, k — 1)) Vi (1, ky - ) (F.8)

with s =n—r > 1and k = 1,--- ,n, so that the difference between the left and right
sides must be independent of zq,--- , 2, and the fact that the multiple integral over all
the points zq,--- , 2z, over the torus vanishes on both sides. The two simple poles in z
at zp+q follow from the generating function of the elliptic functions Vi(1,--+,n)
and the singular behavior F(z,7) = 1 + O(z°). In particular, one clearly reproduces
Vo(1,-+-,n) =1 from the simple formula for Vi,..r,(1,- - ,n) at rank r = n.

The meromorphic counterpart (F.3|) of (F.2)) follows from the facts that

(a) the expressions for Vy,..r.(1,--- ,n) and Wy,..;.(1,--- ,n) are related by swapping
Enriquez kernels and DHS kernels as in (6.38]);

(b) their b = 1 instances are related by swapping ¢(*)(z;) <> f¥)(2;) by virtue of (8.4);
(¢) undifferentiated h = 1 kernels ¢'*)(z;;) and f(*)(2;;) obey the same Fay identities [40].

The outcome Vy,..1.(1,--- ,n)|p=1 of the modular descent at genus one is related the
manifestly cyclic expressions for V,,_.(1,--- ,n) in (8.18)) by a sequence of Fay identities
among f*)(z;). By item (a) and (b), the expressions for Wy, ... (1, -+ ,n)|,=; resulting
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from the meromorphic descent at genus one is obtained from Vy,..p (1,--- ,n)|p=1 via
fE(zi;) = g¥(2;). Given that g©®)(z;;) and f¥)(z;;) obey the same Fay identities, see
item (c), one can attain manifestly cyclic rewritings of Wy,..;.(1,-++ ,n)|p=1 from those
of Vi,r (1, n) |y via f&(2i) — ¢ (2;). Since the elliptic V,,_.(1,--- ,n) in the
earlier result for Vr,..r,(1,- -+ ,n)|p=1 are invariant under g®(z;;) <> f)(2;), see
(8.17) and (8.18)), we are led to the second statement (F.3) of Lemma [F.1]

F.2.2 Proof of Lemma [F.2

The first statement (F.4)) of Lemma is readily checked for the cases of n = 2, 3 through
the Laurent expansion of Q(z,n) in n and the specializations of (6.29)) to genus one,

1
V(1.2) |, = oS0 (F.9)
1 1 1 2
V(1,2,3) |,y = (1) = fi3)0a S35’ + Oufsd)
using the shorthands
fi(j) = fO)(z — ) (F.10)
Our proof of (F.4) at general n proceeds in three steps by showing that its right side

(a) is cyclic in z1, 29, -, Zp;

(b) has the same recursive simple-pole structure in the number of points as the left side
with Res,, —, V(1,--- ,n)[p=1 = V1, ;n —1)|p=1 at n > 3;

(c) vanishes upon integrating all of z1,- - , 2z, over the torus.

Item (a) follows from the fact that the cyclic product (z12,7)Q2(223,7) - - - Q(2n1, 1) With-
out the z, 1 derivative in ([F.4) is an elliptic function of 1 and therefore does not have a
residue,

Vaei(l,-++on) = 13359(212, m)$:(z23,1m) -+ Qzp1,m) =0 (F.11)
Taking derivatives of (F.11)) in the z; then leads to differences such as
0=20, E{:egﬁ(zlg, n) - QU zn—1.0, 12201, M) (F.12)
= E{f(?Q(Zm? n) O [Q(anl,ny MU 2n1, 77)]

= Res [Qz12,m) - - U zn10, MO U2n1, 1) — Q201 NQUz12,7) -+ O 120105 7)]

using translation invariance (0;,40;)$2(2;;, 1) = 0 in the last step. We conclude from ([F'.12)
that the right side of (F.4) is cyclically invariant under (z1, 2o, -+, 2,) = (22, , Zn, 21)-

95



Item (b) amounts to showing that the right side of with n > 3 has a simple pole in
Zp1 with residue given by Res,—o Q(z12,1)2(223,1) - - - On—12(2n—1,1, 7). This immediately
follows from Q(zs;,1) = 1/2i; + O(2;;) and by item (a) implies that the right side of
has simple poles in each pair z; ;41 of consecutive points, with an (n — 1)-point instance of
the same expression as a residue. Hence, the difference of the left and right side of (F.4)
at n points is holomorphic if its (n — 1)-point instance vanishes.

Item (c) follows from the fact that both fi(;) and 0 fi(j) with s > 1 vanish upon
integrating either z; or z; over the torus. Accordingly, each term on the right side of

Ros Qzon, Q212 1)+ Onr Q) = D L f5 0™, (F13)

51,89, ,5m >0
s1+sgf-Fsn=n—1
integrates to zero over one of zy,--- , 2z, since s; +---+ s, = n — 1 is incompatible with
having all s; > 0. So there are at most n — 1 factors of fi(;) or 0 fz-(js) with s > 0 per
summand, and there is at least one point which only enters one of the factors. Since also
the left side of integrates to zero over z; and in fact for V(1,--- ,n) at arbitrary genus
h > 1, the difference of the left and right sides of integrates to zero at all n > 2.

We can now show the equality by induction in n. The base cases at n = 2,3
are already checked in (F.9). Item (b) implied that the difference of the left and right
side of is holomorphic at n points, assuming that it vanishes at < n — 1 points and
n > 3. As a holomorphic function of zq,--- , z,, the difference must be constant, and by
the result of item (c), this constant vanishes.

Since W(1,--- ,n) are obtained from V(1,---,n) by the conversion (6.38)) of DHS
kernels into Enriquez kernels, their genus one instances are related by fi(js) gi;). Hence,
(F.4) implies the second statement (F.5)) of the lemma and thereby concludes its proof.
F.2.3 Proof of Lemma [F.3]

With the representations (F.4) and (F.5) of V(1,--- ,n)|p=; and W(1,--- ,n)|s=; at hand,
we can now prove the statements (F.6)) and (F.7)) of Lemma by means of the identities
0:F(z,m) = 0,F (2,1) + (g(”(n) - 9(1)(2)) F(z,n) (F.14)

0.0(,m) = ,9(=m) + (g‘”(n) U <1><z>)sz<z7 "

ImT

among Kronecker-Eisenstein series. The first line is a simple consequence of the theta
function representations in (8.1)) and the second line follows from the first one via F'(z,7) =
e—2minlm z/Im TQ(Z7 7]) )
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By inserting the second line of (F.14)) into (F.4)), we find the alternative form

V(L e 7n) }hzl - E{:e()SQ(Zm? 77)9(21% 77) T Q('zan,nfl? 77) (F15)

Im7

9 (g“)(n) LU IOV an) U 1)

However, the last two terms of the second line give rise to an elliptic function in  whose
residue at 7 = 0 vanishes, see . Hence, only the first two terms in the parenthesis
in the second line of contribute to V(1,--- ,n)|p=1. By inserting their Laurent
expansion

T 1 ~ > B
g V() + L == —Gen— ) G (F.16)

Imr n —

into (F.15), we arrive at the generating series of the right side of (F.6)),

Imr
1 A~ - k—1 1 - r
= (== CGon—=) G ) —(1+) nVil, n)
n k=4 n r=1

such that taking the residue of its simple pole at 7 = 0 implies the first statement (F.6])
of the lemma.

Similarly, after eliminating 0,1 F'(z,—1,7n) from (F.5)) through the first line of (F.14))
and discarding the elliptic functions of 7 due to 9, F(2,_1.,,71) and ¢V(2)F(2,_1.n,7), the
residue in (F.5)) can be rewritten as

(g(”(n) N ”—”) U1, m) ) - Vzms) (F.17)

WL, n) |, = pary g () F (212,m) F (223,m) - - F (21, 7) (F.18)

without the extra term L which accompanied g™ () in the doubly-periodic case (F.14).

Im T

As a result, the Laurent expansion gY)(n) = % — Gan — > 52, Gen~t involves the holo-
morphic but quasi-modular Eisenstein series G in the place of the modular but almost
holomorphic Gy in 1} The generating series

9(1)(77)F(212> ) F(z23,m) - - F(2p1,7m) (F.19)
1 e 1 >

= (— — Gy — ZGM’”) —n(l +) V(L ,n)>
U k=4 n r=1

is therefore identical to 1} up to Gy + @27 and taking the residue at 7 = 0 reproduces
the second statement (F.7)) of the lemma and thereby concludes its proof.
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F.3 Proof of Theorem [8.3
The proof of Theorem will be organized into multiple steps.

F.3.1 Matching elliptic functions of z1,--- |z,

The first step in proving Theorem is to match the elliptic functions W,,_,, V,_, of
21,0+, 2 in (8.32)) with the h = 1 instance of the combinations Wy,..; (z;1,- -+ ,n;y)
and V.1 (z;1,--- ,n;y) of Enriquez kernels and DHS kernels defined by the descents

in sections and [7.4] Similar to the elliptic functions (F.2) and (F.3) in the cyclic
products, we will now derive the dictionary

Viper, (1, niy) |, = Vao(z; 1, nsy) (F.20)
Wi (1, nsy) |, = Wae(2; 1, nsy)

valid for r =0,1,--- ,n.

For the modular case in the first line of , we observe that both sides are meromor-
phic in the internal points and by have the same simple poles in adjacent points
of the chain products with residues 1. Moreover, both sides vanish upon integrating
1, , 2, over the genus one surface since [i d*z f®(z—z) = 0 for any k > 1 and each
term in the second line of at r < n integrates to zero on these grounds.

The second line of again follows from the identical Fay identities among the
Kronecker-Eisenstein kernels g*)(z;;) and f(*)(z;): in the first place, the genus one ex-
pressions for Vy,..; (x;1,- -+ ,nyy) and Wy,..1.(z;1,- -+, n;y) that follow from the modular
and merormorphic descents of Theorems and via do not line up with V,,_,
and W,_, in . At fixed n, the first line of which was established on general
grounds in the previous paragraph can be explicitly verified via repeated use of the Fay
identities among the f(*)(z;;). The meromorphic counterparts Wy, .1, (;1,- -+ ,n;y) pro-
duced by the descent are obtained by converting the DHS kernels of Vy,..; (x;1,- -+ ,n;y)
into Enriquez kernels, see , so the respective genus one instances are related by
f®(zi5) < ¢ (2;;). The Fay identities among f(*)(z;;) that produce the expressions
for V,,_,. from the outcome of the modular descent apply in identical form to the ¢(¥)(z;;) in
the outcome of the meromorphic descent. Hence, the Wy, .., (z;1,-+- ,n;y) at genus one
admit alternative representations obtained from substituting f*)(z;;) — ¢*)(2;) in any
expression for Vp, .1 (2;1,- -+ ,n;y)|n=1. Applying this substitution f(z;;) — ¢'*)(2;) to
the expressions for V,,_, in the first line of casts Wy,..r.(z;1,- -+ ,n;y)|p=1 into the
form of W,,_, in the second line of . This concludes the derivation of the second line

in (F.20) from the first line.

Note that the reasoning of the previous paragraph relies on the absence of differentiated
Enriquez kernels and DHS kernels in the Wy, ..; (x;1,--+ ,n;y) and Vy..p (251, -+ n;y)
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produced by the descents for linear chain products. As a consequence, we do not encounter
any Kronecker-Eisenstein derivatives 8,,9®)(z;;) or 0., f)(2;;) in the genus one limit, and
the Fay identities used to connect the two lines of always involve three different
points. In particular, we do not encounter the different coefficients Gy vs. ég in the n
expansion of (F.14) when explicitly verifying at fixed multiplicity.

F.3.2 Deriving the meromorphic decomposition at genus one

We shall next prove the first line of (8.31]) using the Kronecker-Eisenstein representation
of linear chain products

Ls(x;1,--- ,nyy) = Ss(x—21)S5(212) - - - Ss(2n—1,n) S5 (2n—Yy) (F.21)

= MY (p—21, w5) F(212,ws) - -+ F(2n—1.m, w5) F (20—, ws)

The second line follows from the expression (8.10)) for the genus one Szego kernel and will
be simplified by means of the auxiliary function

Ps(nlz; 1, nyy) = Fa—y,ws—n) F(z—z1,n) F(212,m) - - F(zn—1,0, 1) F (20—y, )
(F.22)
As a meromorphic function of n at fixed z,y, z1,- -+ , 2,, the right side of is doubly
periodic (the individual phases of F(z,n+7) = e *™*F(z,n) cancel from the product) and
only has poles at the two points 7 = 0 and 1 = ws in a fundamental domain of the torus.
Hence, as an elliptic function of n has vanishing total residue,

Reg, Ps(n|z; 1,--- ,nyy) + Res Ps(n|z;1,--- ,n;y) =0 (F.23)

"= n=ws

By the Laurent expansion F'(z,n) = 71] + O(n"), the second residue in (F.23) is given by
Res Ps(nla; 1, miy) = —F(x—21,ws) F(212,w5) -+ F (21,0, w5) F'(20—Yy, ws)

n=ws

_ _e2m'u5(yfac)L§<x; 1’ g y> (F24)

where the linear chain product Ls(x; 1, --- ,n;y) has been identified using the second line
of . The residue of the auxiliary function at n = 0 in turn follows from
combining the Taylor expansion of F(z—y,ws—n) = F(z—y,ws)—n(0,F(x—y,n)|y=w, ) +
O(n?) around 7 = ws with the Laurent expansion

1 oo
F(x_zlv T])F(2127 77) e F(Zn—l,n7 n)F(Zn_yv 77) = nn+1 {]‘ + Z anT(x’ ]-7 27 RN A y)}
r=1
(F.25)
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which generates the elliptic functions W,.(z;1,---  n;y) of the internal points zy,--- , 2,
in the first line of (8.32)) and leads to the representation

n _1 r
Res Py(nfa 1=+ niy) = > % Oy F(z—y,m) |

r=0

Wyop(x;1,--- nyy)  (F.26)

n=ws

of the first residue in (F.23)). By equating the right side of (F.26]) with minus the expression
(F.24) for the second residue of Ps(n|x;1,---,n;y), we arrive at the following equivalent
of the meromorphic decomposition in the first lines of (8.31)) to (8.33)):

Ls(z;1,--+ nyy) = —e2mius(T=Y) Reg Ps(nlxz; 1, ,nyy) (F.27)
n=ws
— 2rius(z—y) E ﬂ O F(z—y,n) ’ Wop(z:1, -+, n3y)
1 n 1 n=ws | T s 1y

r=0

In particular, the W,,_,.(z; 1, -+ , n; y) were shown in section [F.3.1]to line up with the h = 1
instance of the individual Wy, .., (x;1,- -+ ;n;y) of the meromorphic decomposition ((7.32)).
By the linear independence of Wy(z;1,- -+ ,n;y) at different values of s =0,1,--- , n, this
implies that the expressions for M;* " (z,y)|n=1 in the first line of can indeed be
read off by comparing with .

Note that, by the ¥-function representation of the Kronecker-Eisenstein series,
all instances of M;" "' (z,y)|n=1 in can be represented via 91 (x — y + ws), V1 (ws)
and their derivatives in the first argument. The rank r = 1 case can be further simplified

to Mf(x,y)|n=1 = —Sg(x—y)%, consistently with 1} at genus h = 1.

F.3.3 Matching with the modular decomposition

The meromorphic decomposition (F.27)) of linear chain products at genus one can be refor-
mulated in terms of the doubly-periodic generating series 2(z,7) in (8.1). The dependence
on the internal points then occurs through the coefficients V,. of

1 00
Q(‘T_Zla 77)9(2127 77) e Q('Zn—l,na U)Q(Zn_% 77) = nn+1 {1 + Z UTW(L L, 27 BERL2 y)}
r=1

(F.28)
in the second line of (8.32)). Comparing with the meromorphic generating function in
(F.25)) exposes that

" (—2miu)*
We(z; 1, nyy) = Z%Vr—e(w;l,--- ;15 Y) (F.29)
=0 ’
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with the co-moving coordinates u,v € R/Z defined by x —y = z = ur + v. In order
to deduce the second line of from the first line (demonstrated in the previous
section), it therefore remains to show that the spinors L " (x,9)[s=1 in the modular
decomposition of linear chains are related by

ma ~ (=2miu)"t g
M)y =2 B ) (F.30)

=0

In the first place, their representation ([7.11]) as convolutions together with the Fourier
expansion (8.13) of the Szegd kernel implies the alternative representation

2mi(muv—nu)

I =3

m,nez (m7 +n+ w5)r+1

Consistency with the expression in (F.30) and M;" " (z,y)|s=1 given by the first line of

(8.33)) can be seen from

27i(mu—nu)

- e
O'F(z,n) = Qe 2™ —_— F.32
nF(zm) =9, an;Z(mT—l—n+n) ( )
r _ 1\ /1 L2mi(mv—nu)
_ ,—2minu r — 97 r—{ ( 1) lle
() B

2mi(mu—nu)

|
— (1) p—2minu r s \T—4 €
(=1)"e > r—0)! (2miu)* > (m7 + 1+ 7)1

m,nez

~

I

=)
—

where we have used the Fourier expansion (8.12)) of Q(z,7n) in the first line. Setting
7 = ws, inserting into the first line of (8.33)) and identifying the Fourier expansion of
L3 (2, y)|n=1 in the parenthesis of

Iy _ - (_27.”'”)7"—@ 2mi(vus—uvs) 627ri(mv—nu)
M(Sl (x’ y) ‘h:1 B EZ: (T - g)' (e ' ' Z (m,]— +n + w6)€+1 (F33)
=0

m,nEL

then reproduces the form (F.30) of M/* " (x,y)|s=1 mandated by (8.31). This concludes
the proof of Theorem [8.3

101



References

1]
2]
3]

N. Berkovits, E. D’Hoker, M. B. Green, H. Johansson and O. Schlotterer, “Snowmass
White Paper: String Perturbation Theory,” [arXiv:2203.09099].

E. D’'Hoker and J. Kaidi, “Modular Forms and String Theory,” Cambridge University
Press (2024), ISBN: 9781009457538.

J. L. Bourjaily, J. Broedel, E. Chaubey, C. Duhr, H. Frellesvig, M. Hidding,
R. Marzucca, A. J. McLeod, M. Spradlin and L. Tancredi, et al. “Functions Beyond
Multiple Polylogarithms for Precision Collider Physics,” [arXiv:2203.07088].

S. Abreu, R. Britto and C. Duhr, “The SAGEX review on scattering amplitudes
Chapter 3: Mathematical structures in Feynman integrals,” J. Phys. A 55 (2022)
no.44, 443004 [arXiv:2203.13014].

J. Blimlein and C. Schneider, “The SAGEX review on scattering amplitudes
Chapter 4: Multi-loop Feynman integrals,” J. Phys. A 55 (2022) no.44, 443005
[arXiv:2203.13015].

D. Dorigoni, M. B. Green and C. Wen, “The SAGEX review on scattering amplitudes
Chapter 10: Selected topics on modular covariance of type IIB string amplitudes

and their supersymmetric Yang-Mills duals,” J. Phys. A 55 (2022) no.44, 443011
[arXiv:2203.13021].

C. R. Mafra and O. Schlotterer, “Tree-level amplitudes from the pure spinor super-
string,” Phys. Rept. 1020 (2023), 1-162 [arXiv:2210.14241].

F. Brown, “On the decomposition of motivic multiple zeta values,” in Galois-
Teichmiller theory and arithmetic geometry, vol. 63 of Adv. Stud. Pure Math.,
pp. 31-58, Math. Soc. Japan, Tokyo, 2012, [arXiv:1102.1310].

F. Brown and C. Dupont, “Single-valued integration and superstring amplitudes in
genus zero,” Commun. Math. Phys. 382 (2021) no.2, 815-874 [arXiv:1910.01107].

S. Mizera, “Combinatorics and Topology of Kawai-Lewellen-Tye Relations,” JHEP
08 (2017), 097 [arXiv:1706.08527].

S. Mizera, “Scattering Amplitudes from Intersection Theory,” Phys. Rev. Lett. 120
(2018) no.14, 141602 [arXiv:1711.00469].

E. D’Hoker, M. B. Green, O. Giirdogan and P. Vanhove, “Modular Graph Functions,”
Commun. Num. Theor. Phys. 11 (2017), 165-218 [arXiv:1512.06779).

E. D’Hoker and M. B. Green, “Identities between Modular Graph Forms,” J. Number
Theor. 189 (2018), 25-80 [arXiv:1603.00839).

F. Brown, “A class of non-holomorphic modular forms I,” Res. Math. Sci. 5 (2018)
5:7 [arXiv:1707.01230].

102



[15]

[16]
[17]

[18]

[19]

20
21
22
23

[24]

[25]

[26]

[29]

[30]

F. Brown, “A class of non-holomorphic modular forms II : equivariant iterated Eisen-
stein integrals,” Forum of Mathematics, Sigma 8 (2020) 1 [arXiv:1708.03354].

F. Brown and A. Levin, “Multiple Elliptic Polylogarithms,” [arXiv:1110.6917].

B. Enriquez, “Analogues elliptiques des nombres multizétas,” Bull. Soc. Math. France
144, (2016), 395-427, [arXiv:1301.3042].

F. Brown, “Multiple modular values and the relative completion of the fundamental
group of My ;,” [arXiv:1407.5167].

J. Broedel, N. Matthes and O. Schlotterer, “Relations between elliptic multiple
zeta values and a special derivation algebra,” J. Phys. A 49 (2016) no.15, 155203
[arXiv:1507.02254].

N. Kawazumi, “Johnson’s homomorphisms and the Arakelov-Green function,”
[arXiv:0801.4218].

S. Zhang, “Gross—Schoen cycles and dualising sheaves,” Inventiones mathematicae
179 (2010) [arXiv:0812.0371].

E. D’Hoker and M. B. Green, “Zhang-Kawazumi Invariants and Superstring Ampli-
tudes,” J. Number Theor. 144 (2014), 111-150 [arXiv:1308.4597].

E. D’Hoker, M. B. Green, B. Pioline and R. Russo, “Matching the D®R* interaction
at two-loops,” JHEP 1501, 031 (2015), [arXiv:1405.6226)].

E. D’Hoker, M. B. Green and B. Pioline, “Higher genus modular graph functions,
string invariants, and their exact asymptotics,” Commun. Math. Phys. 366 (2019)
927-979 [arXiv:1712.06135].

E. D’'Hoker and O. Schlotterer, “Identities among higher genus modular graph ten-
sors,” Commun. Num. Theor. Phys. 16 (2022) no.1, 35-74 [arXiv:2010.00924].

A. Tsuchiya, “More on One Loop Massless Amplitudes of Superstring Theories,”
Phys. Rev. D 39 (1989), 1626.

S. Stieberger and T. R. Taylor, “NonAbelian Born-Infeld action and type 1. - heterotic
duality 2: Nonrenormalization theorems,” Nucl. Phys. B 648 (2003), 3-34 [arXiv:hep-
th,/0209064].

M. Bianchi and A. V. Santini, “String predictions for near future colliders from one-
loop scattering amplitudes around D-brane worlds,” JHEP 12 (2006), 010 [arXiv:hep-
th/0607224].

A. G. Tsuchiya, “On the pole structures of the disconnected part of hyper elliptic g
loop M point super string amplitudes,” [arXiv:1209.6117].

J. J. Atick and A. Sen, “Covariant One Loop Fermion Emission Amplitudes in Closed
String Theories,” Nucl. Phys. B 293 (1987), 317-347.

103



[31]
[32]

[33]

[34]

[36]

[37]
[38]
[39]
[40]
[41]
[42]

[43]

[44]

[45]

Z. H. Lin, “One Loop Closed String five Particle Fermion Amplitudes in the covariant
Formulation,” Int. J. Mod. Phys. A 5 (1990), 299.

S. Lee and O. Schlotterer, “Fermionic one-loop amplitudes of the RNS superstring,”
JHEP 03 (2018), 190 [arXiv:1710.07353].

E. D’Hoker and D. H. Phong, “Two-loop superstrings VI: Non-renormalization
theorems and the 4-point function,” Nucl. Phys. B 715 (2005), 3-90 [arXiv:hep-
th/0501197].

E. D’Hoker and O. Schlotterer, “T'wo-loop superstring five-point amplitudes. Part
III. Construction via the RNS formulation: even spin structures,” JHEP 12 (2021),
063 [arXiv:2108.01104].

N. Berkovits and C. R. Mafra, “Equivalence of two-loop superstring amplitudes in the
pure spinor and RNS formalisms,” Phys. Rev. Lett. 96 (2006), 011602 [arXiv:hep-
th/0509234].

E. D’Hoker, C. R. Mafra, B. Pioline and O. Schlotterer, “Two-loop superstring five-
point amplitudes. Part I. Construction via chiral splitting and pure spinors,” JHEP
08 (2020), 135 [arXiv:2006.05270].

D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry
and String Theory,” Nucl. Phys. B 271, 93-165 (1986)

E. D’Hoker and D. H. Phong, “The Geometry of String Perturbation Theory,” Rev.
Mod. Phys. 60, 917 (1988).

E. D’Hoker and D. H. Phong, “Two-loop superstrings. V. Gauge slice independence
of the N-point function,” Nucl. Phys. B 715, 91-119 (2005) [arXiv:hep-th/0501196].
J. Broedel, C. R. Mafra, N. Matthes and O. Schlotterer, “Elliptic multiple zeta values
and one-loop superstring amplitudes,” JHEP 07 (2015), 112 [arXiv:1412.5535].

A. G. Tsuchiya, “On new theta identities of fermion correlation functions on genus
g Riemann surfaces,” [arXiv:1710.00206].

A. Levin and G. Racinet, “Towards multiple elliptic polylogarithms,”
[arXiv:math/0703237].

J. Broedel, C. Duhr, F. Dulat and L. Tancredi, “Elliptic polylogarithms and iter-
ated integrals on elliptic curves. Part I: general formalism,” JHEP 05 (2018), 093
[arXiv:1712.07089).

L. Dolan and P. Goddard, “Current Algebra on the Torus,” Commun. Math. Phys.
285 (2009), 219-264 [arXiv:0710.3743].

J. E. Gerken, A. Kleinschmidt and O. Schlotterer, “Heterotic-string amplitudes at

one loop: modular graph forms and relations to open strings,” JHEP 01 (2019), 052
[arXiv:1811.02548].

104



[46]
[47]

[48]

[49]

M. Berg, I. Buchberger and O. Schlotterer, “From maximal to minimal supersymme-
try in string loop amplitudes,” JHEP 04 (2017), 163 [arXiv:1603.05262].

C. R. Mafra and O. Schlotterer, “One-loop superstring six-point amplitudes and
anomalies in pure spinor superspace,” JHEP 04 (2016), 148 [arXiv:1603.04790].

C. R. Mafra and O. Schlotterer, “Towards the n-point one-loop superstring am-
plitude. Part III. One-loop correlators and their double-copy structure,” JHEP 08
(2019), 092 [arXiv:1812.10971].

J. E. Gerken, A. Kleinschmidt and O. Schlotterer, “All-order differential equations
for one-loop closed-string integrals and modular graph forms,” JHEP 01 (2020), 064
[arXiv:1911.03476].

F. M. Balli, A. Edison and O. Schlotterer, “Pinching rules in the chiral-splitting
description of one-loop string amplitudes,” JHEP 05 (2025), 101 [arXiv:2410.19641].

T. Adamo, E. Casali and D. Skinner, “Ambitwistor strings and the scattering equa-
tions at one loop,” JHEP 04 (2014), 104 [arXiv:1312.3828].

Y. Geyer, L. Mason, R. Monteiro and P. Tourkine, “One-loop amplitudes on the
Riemann sphere,” JHEP 03 (2016), 114 [arXiv:1511.06315].

S. He, O. Schlotterer and Y. Zhang, “New BCJ representations for one-loop
amplitudes in gauge theories and gravity,” Nucl. Phys. B 930 (2018), 328-383
[arXiv:1706.00640].

E. D’Hoker, M. Hidding and O. Schlotterer, “Cyclic products of Szegd kernels
and spin structure sums. Part 1. Hyper-elliptic formulation,” JHEP 05 (2023), 073
[arXiv:2211.09069).

E. D’Hoker and D. H. Phong, “Two loop superstrings. 2. The Chiral measure on
moduli space,” Nucl. Phys. B 636, 3-60 (2002) [arXiv:hep-th/0110283].

E. D’Hoker, B. Enriquez, O. Schlotterer and F. Zerbini, “Relating flat connections
and polylogarithms on higher genus Riemann surfaces,” [arXiv:2501.07640].

B. Enriquez, “Flat connections on configuration spaces and braid groups of surfaces,”
Advances in Mathematics 252 (2014), 204226 [arXiv:1112.0864].

E. D’Hoker and O. Schlotterer, “Meromorphic higher-genus integration kernels via
convolution over homology cycles,” [arXiv:2502.14769).

K. Baune, J. Broedel, E. Im, A. Lisitsyn and F. Zerbini, “Schottky—Kronecker
forms and hyperelliptic polylogarithms,” J. Phys. A 57 (2024) no.44, 445202
[arXiv:2406.10051].

E. D’Hoker, M. Hidding and O. Schlotterer, “Constructing polylogarithms on higher-
genus Riemann surfaces,” Commun. Num. Theor. Phys. 19 (2025) no.2, 355-413
[arXiv:2306.08644].

105



[61]

[62]

[63]

E. D’Hoker, M. Hidding and O. Schlotterer, “Cyclic Products of Higher-Genus Szego
Kernels, Modular Tensors, and Polylogarithms,” Phys. Rev. Lett. 133 (2024) no.2,
021602 [arXiv:2308.05044].

E. D’Hoker and O. Schlotterer, “Fay identities for polylogarithms on higher-genus
Riemann surfaces,” [arXiv:2407.11476].

B. Enriquez and F. Zerbini, “Elliptic hyperlogarithms,” Canad. J. Math. (2025),
1-36, [arXiv:2307.01833].

E. D’'Hoker and D. H. Phong, “Two-Loop Superstrings. VII. Cohomology of Chiral
Amplitudes,” Nucl. Phys. B 804, 421-506 (2008) [arXiv:0711.4314].

B. Enriquez and F. Zerbini, “Higher-genus polylogarithms from multivalued Maurer-
Cartan elements,” work in progress.

B. Enriquez and F. Zerbini, “Construction of Maurer-Cartan elements over configu-
ration spaces of curves,” [arXiv:2110.09341].

B. Enriquez and F. Zerbini, “Analogues of hyperlogarithm functions on affine complex
curves,” To appear in Publ. Res. Inst. Math. Sci. [arXiv:2212.03119].

J. D. Fay, “Theta Functions on Riemann Surfaces,” Lecture Notes in Math. 352
(1973).

A. G. Tsuchiya, “On a formula of spin sums, Eisenstein-Kronecker series in higher
genus Riemann surfaces,” Nucl. Phys. B 997 (2023), 116383 [arXiv:2209.14633].

F. Cléry and G. van der Geer, “Constructing vector-valued Siegel modular forms
from scalar-valued Siegel modular forms,” [arXiv:1409.7176].

N. Kawazumi, “Some tensor field on the Teichmiiller space,” Lecture at MCM2016,
OIST (2016).

E. D’Hoker and O. Schlotterer, work in progress.

E. D’Hoker and D. H. Phong, “Lectures on two loop superstrings,” Conf. Proc. C
0208124 (2002), 85-123 [arXiv:hep-th/0211111].

J. H. Bruinier, G. van der Geer, G. Harder and D. Zagier, “The 1-2-3 of Modular
Forms,” (2008), Springer.

J. Broedel, C. Duhr, F. Dulat, B. Penante and L. Tancredi, “Elliptic symbol calcu-
lus: from elliptic polylogarithms to iterated integrals of Eisenstein series,” JHEP 08
(2018), 014 [arXiv:1803.10256].

E. P. Verlinde and H. L. Verlinde, “Multiloop Calculations in Covariant Superstring
Theory,” Phys. Lett. B 192 (1987) 95-102.

E. D’Hoker and D. H. Phong, “Conformal Scalar Fields and Chiral Splitting on
Superriemann Surfaces,” Commun. Math. Phys. 125 (1989) 469.

106


http://www.ms.u-tokyo.ac.jp/~kawazumi/OIST1610_v1.pdf

[78] Y. Geyer, R. Monteiro and R. Stark-Muchao, “Superstring Loop Amplitudes from the
Field Theory Limit,” Phys. Rev. Lett. 127 (2021) no.21, 211603 [arXiv:2106.03968].

[79] Y. Geyer, J. Guo, R. Monteiro and L. Ren, “Superstring amplitudes from BCJ nu-
merators at one loop,” JHEP 03 (2025), 017 [arXiv:2410.19663].

[80] G. Faltings, “Calculus on Arithmetic Surfaces,” Ann. Math. 119 (1984) 387.

[81] L. Alvarez-Gaume, G. W. Moore, P. C. Nelson, C. Vafa and J. b. Bost, “Bosonization
in Arbitrary Genus,” Phys. Lett. B 178, 41-47 (1986).

[82] K. Baune, J. Broedel, E. Im, A. Lisitsyn and Y. Moeckli, “Higher-genus Fay-like
identities from meromorphic generating functions,” SciPost Phys. 18 (2025), 093
[arXiv:2409.08208].

107



	Introduction
	Summary of results and organization

	Descent in terms of Enriquez kernels
	Properties of Enriquez kernels
	The case n=2
	The case n=3
	The case n=4
	Formulation of the case of arbitrary n
	Proof of items (a) and (b) of Theorem 2.3

	Generating functions
	Generating functions for the Enriquez kernels
	Generating functions for D
	Recursion relations for D
	Differential relations
	Monodromy relations for n 2
	Monodromy relation for D(1;B)

	Convolution periods
	Recursion relation for A periods
	Prescription for multiple A period integrations
	Expressing D in terms of multiple A periods of C
	Construction of the constant multiplets DI1 @let@token Ir
	Invariance of constant multiplets under cyclic permutations
	Completing the proof of Theorem 2.3: (c) implies (d)

	Decomposing cyclic products into Enriquez kernels
	Meromorphic decomposition of cycles of Szegö kernels
	Further properties of DI1@let@token Ir and  WI1 @let@token Ir(1,@let@token ,n) 

	Descent in terms of DHS kernels
	Definition and properties of DHS kernels
	Formulation of the descent in terms of DHS kernels
	Proof of Theorem 6.2
	Modular decomposition of cyclic products of Szegö kernels
	Meromorphic versus modular descent and decomposition

	Descent of linear chain products of Szegö kernels
	The case n=1
	Descent for chains of arbitrary length via DHS kernels
	Modular decomposition of linear chain products
	Descent for chains of arbitrary length via Enriquez kernels
	Coincident limits of MI1 @let@token Ir (x,y) and LI1 @let@token Ir (x,y)

	Specializing to genus one
	Enriquez and DHS kernels
	Szegö kernels for even spin structures
	Cyclic products of Szegö kernels
	Linear chain products at genus one

	Outlook
	Function theory on a Riemann surface
	The prime form
	The Szegö kernel
	The Arakelov Green function
	Enriquez kernels

	Proof of Lemma 2.4
	Proof of Lemma 2.5
	Monodromy of DI1 @let@token Ir (2, @let@token , n)  in zk for 3 k n-1
	Monodromy of DI1 @let@token Ir (2, @let@token , n)  in z2 for 3 n
	Monodromy of DI1 @let@token Ir (2, @let@token , n)  in zn for 3 n

	Proving properties of meromorphic multiplets
	Reflection property of DI1 @let@token Ir  from contour deformations
	Proof of items (b) and (c) of Proposition 5.3
	Proof of Proposition 5.2
	Reflection properties of MI1 @let@token Ir from contour deformations

	Low rank examples
	Meromorphic W for cyclic products of four Szegö kernels
	Modular V for linear chains with three internal points

	Proofs at genus one
	Proof of Proposition 8.2
	Proof of Lemmas F.1 to F.3
	Proof of Theorem 8.3


