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Abstract

In this paper, we present results obtained using QMCTorch, a modular framework for
real-space Quantum Monte Carlo (QMC) simulations of small molecular systems. Built
on the popular deep learning library PyTorch, QMCTorch is GPU-native and enables the
integration of machine learning-inspired components into the wave function ansatz, such
as neural network backflow transformations and Jastrow factors, while leveraging ef-
ficient optimization algorithms. QMCTorch interfaces with two widely used quantum
chemistry packages - PySCF and ADF - which provide initial values for atomic orbital
exponents and molecular orbital coefficients. In this study, we present wavefunction
optimizations for four molecules: H2, LiH , Li2, and CO, using various wavefunction
ansätze. We also compute their dissociation energy curves and the corresponding inter-
atomic forces along these curves. Our results show good agreement with baseline calcu-
lations and recover a significant portion of the correlation energy. QMCTorch provides
a modular and extendable platform for rapidly prototyping new wavefunction ansätze,
evaluating their performance, and analyzing optimization outcomes.
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1 Introduction33

The electronic structure of molecular systems is typically determined by solving the time-34

independent Schrödinger equation: HΨprq “ EΨprq where Ψprq represents the many-body35

wave function, r denotes the electronic coordinates and H is the molecular Hamiltonian:36

H“´1
2

ÿ

i

∇2
i `

ÿ

ią j

1
|ri ´ r j|

´
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`
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ZαZβ
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(1)

where indexes i, j run over the electrons and α,β over the nuclei. The first term in eq. (1),37

∇2
i “

d2

d x2
i
`

d2

d y2
i
`

d2

dz2
i
, represents the kinetic energy of the i-th electron. The second term38

accounts for electron-electron repulsion while the third describes electron-nucleus attraction,39

with Zα the atomic number of the α atom. The last term corresponds to the repulsive inter-40

action between nuclei. According to the variational principle, the ground-state solution of the41

Schrödinger equation can be approximated by minimizing the variational energy:42

Ev “

ş

Ψ˚prqHΨprqdr
ş

|Ψprq|2dr
ě E0 (2)

that reaches the ground state energy E0 when Ψ exactly matches the ground state wave func-43

tion of the system. Solving equation (2) becomes increasingly challenging when the number of44

electrons in the system increases. Quantum Monte-Carlo (QMC) simulations offer an power-45

ful alternative to mean-field and post Hartree-Fock (HF) approaches, providing high-accuracy46
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approximations of the variational energy. In QMC simulations, the high-dimensional integral47

in eq. (2) is evaluated through Monte Carlo integration [1]:48

Ev “

ż

ρprqELprqdr«
1
M

M
ÿ

k“1

ELprkq (3)

where rk are electronic positions, sampled from the probability distributionρprq “ |Ψprq|2{
ş

|Ψprq|2dr.49

The evaluation of the local energies at the sampling points: ELprq “ HΨprq{Ψprq are independent50

from each other, enabling massive parallel execution. This characteristic makes QMC methods51

particularly well-suited for exascale computing environments [2].52

53

Several high-performance software packages have been developed to solve the Schrödinger54

equation of molecular systems using a QMC approach [3–5]. These tools have been success-55

fully applied to a broad range of computational chemistry problems, including excited state56

calculations [6–8], geometry optimization [9] and molecular dynamics simulations [10]. For a57

comprehensive overview of QMC methodologies and their applications, we refer the reader to58

Ref. [11]. In recent years, significant progress has been made in integrating machine learning59

techniques into QMC simulations [12–20]. In these approaches, the wave function is repre-60

sented by an artificial neural network, with variational parameters optimized via automatic61

differentiation. By leveraging modern deep learning frameworks such as PyTorch [21], Ten-62

sorFlow [22], or JAX [23], these methods can efficiently utilize hardware accelerators, signif-63

icantly enhancing computational performance.64

65

Two notable machine learning-inspired approaches, Ferminet [24] and Paulinet [25], have66

demonstrated remarkable accuracy in computing ground-state energies of molecular systems.67

Both methods are capable of recovering 99% or more of the correlation energy across a di-68

verse set of molecules. Ferminet employs a wave function ansatz that enforces only the anti-69

symmetry requirement of the wavefunction, delegating the task of learning atomic and molecu-70

lar orbital structure entirely to the neural network. In contrast, Paulinet incorporates molecular71

orbitals obtained from conventional quantum chemistry calculations and augments them with72

neural network components to capture electronic correlation effects more effectively. These73

approaches have since been extended to excited-state calculations [26–28], underscoring the74

growing impact of machine learning techniques in advancing quantum chemistry.75

76

We introduce QMCTorch [29], a real-space Quantum Monte Carlo (QMC) framework for77

small molecular systems, built on the PyTorch deep learning library [21]. In QMCTorch, the78

wave function is represented using a Slater-Jastrow ansatz, where atomic orbitals, molec-79

ular orbitals, Jastrow factors, and optionally backflow transformations are implemented as80

differentiable layers. The parameters of these components are optimized to minimize the81

variational energy using gradient-based methods. QMCTorch interfaces with PySCF [30] and82

ADF [31] to initialize atomic orbital exponents and molecular orbital coefficients. Efficient83

kinetic energy estimators, originally developed by Filippi et al. [32,33], are extended here to84

support backflow-transformed wave functions, replacing standard automatic differentiation85

techniques. Additionally, QMCTorch enables the evaluation of interatomic forces by treating86

atomic coordinates as variational parameters within the wave function ansatz. This capability87

opens the door to applications such as geometry optimization and molecular dynamics simu-88

lations.89
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2 Methods90

2.1 Wave Function Ansatz91

Like many QMC codes, QMCTorch employs a Slater-Jastrow wave function ansatz defined as:92

Ψθ prq “ eJ prq ¨
ÿ

n
dn DÒnpr̃

Òq DÓnpr̃
Óq (4)

that satisfies the anti-symmetry principle Ψpr0, ..., ri , ...r j , ...rN q “ ´Ψpr0, ..., r j , ...ri , ...rN q. In93

eq. (4), J prq denotes the Jastrow factor and DÖ
n pr

Öq are the Slater determinants correspond-94

ing to spin-up and spin-down electrons respectively. The symbol θ represents the set of vari-95

ational parameters included in the wavefunction. Fig. 1 illustrates the structure of the wave96

function ansatz. Starting from the electronic coordinates, a backflow transformation is used to97

capture electronic correlations [11]. This transformation is defined as: r̃i “ ri`
ř

j‰i KBFpri jqpri´r jq,98

where KBF is the backflow kernel and ri j denotes the inter-electronic distance. A variety of99

backflow kernels have been proposed over the years, ranging from many-body formulations100

[34], to orbital-dependent kernels [35] and more recently to flexible neural kernels [36–39].101

QMCTorch includes several built-in backflow kernels, such as inverse-distance kernels and fully102

connected feedforward neural network kernels. Additionally, users can define custom backflow103

transformations by implementing their own function for KBFpri jq. All necessary derivatives for104

computing the local energies can be automatically obtained via automatic differentiation, al-105

lowing users to rapidly prototype and test new backflow kernels without the need to manually106

derive and implement complex analytical expressions.107

108

The backflow-transformed electronic positions are used to evaluate the atomic orbitals109

(AOs) of the molecular system. QMCTorch includes a fully differentiable atomic-orbital layer110

that computes the AO values at the given electronic coordinates. This layer supports both111

Gaussian and Slater Type Orbitals (STOs) whose initial exponents - and, when applicable,112

contraction coefficients - are provided by PySCF [30] or ADF [31], respectively. In the follow-113

ing, we exclusively use STOs as they naturally respect electron-nucleus cusp conditions. STOs114

are given by: ϕαpr̃iq “ N xkx yky zkz r̃kn e´ζα|r̃i |,where x , y, z are the Cartesian components of115

the vector between the electron at r̃i and the center of the basis function, km are integers deter-116

mined by the quantum numbers of the atomic orbitals and N is a normalization constant. The117

exponents ζα control the spatial extent of the orbitals and are treated as a variational parame-118

ters within the wavefunction ansatz. As illustrated in Fig. 1, the AO layer also takes the atomic119

coordinates as input. This design enables the computation of the local energy derivatives with120

respect to atomic positions via automatic differentiation, an essential feature for evaluating121

interatomic forces.122

123

The molecular orbitals (MOs) are constructed as a linear combination of AOs following the124

expression: φαpr̃iq “
ř

βpcβ ,αˆµβ ,αqϕβpr̃iq, where cβ ,α are the molecular orbital coefficients125

obtained from a Hartree–Fock calculation and remain fixed during optimization. The µβ ,α are126

variational scaling parameters introduced in the MO layer, all initialized to 1. This formulation127

enables the optimization of molecular orbitals while preserving their original symmetries, in128

contrast to directly optimizing the Hartree–Fock coefficients cβ ,α, which can mix orbitals of129

different symmetries.130

131

Slater determinants are computed from MO matrices corresponding to spin-up and spin-132

down electrons, based on the electronic configurations specified by the user. Once these deter-133

minants are calculated, a fully connected layer perform the weighted sum defined in eq. (4).134
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The coefficients dn in this expansion are treated as variational parameters, all initialized to 0135

except for the ground-state determinant, which is assigned an initial weight of 1. In contrast136

to other approaches [25], QMCTorch does not require a preliminary calculation to determine137

the most relevant determinants to include in the expansion.138

139

The Jastrow factor is computed using the original electronic coordinates based on the140

following expression [40]:141

Jpr q “
ÿ

iă j

Keepri jq `
ÿ

α,i

Kenprαiq `
ÿ

α,ią j

Keenprαi , rα j , ri jq (5)

where Kee, Ken and Keen are the electron-electron, electron-nucleus and electron-electron-142

nucleus Jastrow kernels. Not all the terms in the Jastrow factor need to be included; for143

instance, the wavefunction ansatz can be restricted to contain only an electron–electron ker-144

nel. QMCTorch provides several built-in kernels, and users can easily define and test their own145

custom kernels. As with the backflow transformation, all necessary derivatives for computing146

the local energies can be obtained via automatic differentiation. This enables rapid experimen-147

tation with new forms of the Jastrow factor without requiring manual derivation of lengthy148

analytical expressions. The wave function, as defined in Eq. (4), is obtained as the product of149

the Jastrow factor and the sum over the Slater determinants.150

151

2.2 Gradients of the Wave Function152

The variational parameters of the wave function ansatz are optimized by minimizing the loss153

function: Lpθq “ 1{M
ř

m ELprmq. The gradients of the loss function with respect to the vari-154

ational parameters are computed using a low-variance estimator originally described in Ref.155

[41].:156

∇θL“
1
M

ÿ

m
2
∇θΨθ prmq

Ψθ prmq
pELprmq ´ Evq (6)

This expression only requires computing the derivatives of the wave function with respect157

to the variational parameters (∇θΨθ prmq) which can be efficiently obtained via automatic158

differentiation. This estimator avoids the need to differentiate the local energy itself. The159

evaluation of the local energies requires computing the diagonal elements of the Hessian of160

the wave function with respect to the electronic coordinates (∇2
i Ψprq). We employ an efficient161

numerical scheme which, in the absence of a backflow transformation, expresses the diagonal162

elements of the Hessian for both ground and excited state determinants as traces of matrix163

products [32]. We have extended this approach to accommodate backflow-transformed wave164

functions, significantly accelerating the computation of local energies (see Appendices F, G,165

and H).166

2.3 Interatomic Forces167

Interatomic forces can be calculated using the wave function ansatz depicted in Fig. 1 as the168

atomic positions are input parameters of the model. The interatomic forces are evaluated169

using the estimator [10]:170

Fα “´
1
M

M
ÿ

m“1

∇αELprmq ` pELprmq ´ Evq∇α lnρprmq (7)
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Figure 1: Representation of the wave function ansatz in QMCTorch. The architec-
ture consists of multiple layers that transform electronic and atomic coordinates into
a scalar wave function value. All layers are fully differentiable, enabling efficient op-
timization of the variational parameters via gradient-based methods. Additionally,
certain layers support user-defined kernels, allowing for fine-tuning and customiza-
tion of the ansatz.

that only requires the gradients calculation of the local energies (∇αEL) and logarithmic den-171

sity (∇α lnρprmq) with respect to the atomic coordinates. It is important to note, however,172

that this estimator exhibits infinite variance when applied to approximate wave functions, ne-173

cessitating a large number of samples for reliable convergence. To address this limitation,174

regularization techniques have been proposed to improve the estimator’s stability and effi-175

ciency, and their implementation is planned for future work [42,43].176

177

2.4 Computational Performance178

Leveraging PyTorch’s capabilities, QMCTorch can compute the wave function, energy, loss179

function gradients, and interatomic forces on both CPUs and GPUs. As demonstrated in Ap-180

pendix A, GPU acceleration becomes effective only when the number of sampling points is181

sufficiently large. For instance, with 1000 sampling points for a CO molecule, the GPU run-182
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time is one to two orders of magnitude lower than that on a CPU (see Fig. 5). The runtime183

scales favorably with the number of determinants included in the wave function, owing to the184

efficient numerical schemes for evaluating ground and excited-state determinants. Notably,185

the computation of ∇θL and Fα incurs only a marginal overhead compared to the evalua-186

tion of local energies alone, especially when the wave function includes a large number of187

determinants.188

3 Results189

We demonstrate the capabilities of QMCTorch on four small molecules: H2, LiH, Li2 and CO.190

We use here a simple inverse backflow transformation given by the kernel: KBF pri jq “ ω{ri j191

with ω the single variational parameter of this transformation. We use an electron-electron192

neural Jastrow factor whose kernel, Keepri jq, is given by two fully connected feedforward neu-193

ral networks - one for parallel-spin and one for antiparallel-spin electron pairs. Each network194

contains two hidden layers of 32 and 64 nodes respectively and uses a sigmoid as activation195

function. Additional details regarding the optimization of the wave functions are provided in196

Appendix B.197

3.1 Wavefunction Optimization198

Fig. 2 shows the correlation energy retrieved during the optimization of the four molecules199

using different wave function ansätze. SD-NJ: a single determinant with a neural Jastrow but200

no backflow; MD-NJ; multiple determinants with a neural Jastrow but no backflow; MD-NJ-201

iBF: multiple determinants with a neural Jastrow and an inverse backflow. For each ansatz,202

simulations were performed both with and without optimization of the atomic orbital expo-203

nents. The retrieved correlation energy is defined by: ∆E “ 1´pEv ´ EHF q{pEref´ EHF q with204

EHF (Eref) the Hartree-Fock(Reference) energies reported in Table 1 and Ev the variational en-205

ergy obtained with QMCTorch.206

207

As shown in 2, the results obtained with the three different ansätze give satisfying results208

on all four molecules. In most cases, the total energy initially lies above the Hartree–Fock209

energy but quickly converges toward the reference value during optimization. Depending on210

the molecule and ansatz, the optimization recovers between 50% and 99% of the correlation211

energy. Optimizing the atomic orbital exponents consistently improves the variational energy.212

Notably, a comparison of the first two columns in Fig. 2 reveals that the variational energy213

obtained with the SD-NJ ansatz and optimized AOs is comparable to that of the MD-NJ ansatz214

with frozen AOs. This suggests that computational frameworks currently lacking AO optimiza-215

tion could benefit from extending the variational space to include differentiable AOs, thereby216

enhancing the accuracy of the resulting wave function.217

218

The neural Jastrow factors used in SD-NJ and MD-NJ ansätze are, in principle, capable of219

approximating any arbitrary functions. However, as illustrated in Fig. 6, their optimized form220

closely resemble a Padé-Jastrow factor, a widely used functional form in QMC simulations. As221

a result, replacing the neural Jastrow factor by a much simpler Padé-Jastrow factor yields qual-222

itatively similar performance (see Fig. 7). It is interesting to note that the electron-electron223

cusp conditions of the neural Jastrow factors, i.e. dJpxq
d x

�

�

x“0, fluctuate around their theoretical224

limits during the optimization. While the neural Jastrow is more flexible than a Padé-Jastrow225

factor, and could in principle lead to lower variational energy values, it suffers from its inability226

to exactly respect these cusp conditions. Incorporating these conditions directly into the neu-227

7
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EHF (a.u.) Eref (a.u.) ∆EQMCTorch ∆EPauliNet ∆EFerminet

H2 -1.133 -1.17447 [51] 99.12% 99.99% -
LiH -7.97 -8.07055 [52] 93.57% 99.30% -
Li2 -14.867 -14.9954 [53] 89.21% - 99.47%
CO -112.7871 -113.3225 [24] 63.47% - 99.32%

Table 1: Ground state energy and fraction of the correlation energy recovered by
QMCTorch, Paulinet [25] and Ferminet [24] for four different molecules.

ral architecture through hard constraints [44], may help overcome this limitation in the future.228

229

The third column of Fig. 2 presents results obtained by augmenting the MD-NJ ansatz with230

an inverse backflow transformation. Consistent with previous findings [25], the inclusion of a231

backflow transformation introduces significant noise into the optimization process and gener-232

ally fails to improve performance. A similar trend is observed in Fig. 7, where a more flexible233

neural backflow transformation is used. Interestingly, the neural backflow in Fig. 7 tends to234

converge toward a 1{x functional form during the optimization (see Fig. 8). This suggests235

that while neural backflows offer flexibility, simpler forms may be sufficient to obtain simi-236

lar performance. A different approach consists of incorporating the backflow transformation237

through a differentiable envelope function, as implemented in Ref. [25] using the SchNet ar-238

chitecture [45]. This approach has demonstrated greater stability and is planned for future239

integration into QMCTorch.240

241

The Jastrow factors employed in the preceding analysis include only electron-electron in-242

teraction terms. It is well established that incorporating many-body terms can significantly243

enhance the accuracy of variational energy estimates [40]. Figure 7 illustrates that, in our244

case, the addition of electron-nucleus and electron-electron-nucleus Jastrow kernels yields245

only a marginal improvement in the computed energy values. These results, along with those246

presented earlier, suggest that the limitations of our approach may not stem from the ex-247

pressiveness of the ansatz itself, but rather from the optimization strategy or the sampling248

techniques used to evaluate the local energies and the gradients of the loss function.249

250

As shown in Table 1, the maximum correlation energy retrieved with QMCTorch remains251

lower than that obtained with Paulinet and Ferminet. However it is important to remember252

that the ansätze used here involved significantly fewer variational parameters - on the order253

of „ 102 to 103 for QMCTorch - compared to „ 7 ¨104 for Paulinet and „ 7 ¨105 for Ferminet.254

Additionally, our optimization was explicitly limited to 500 steps, whereas Paulinet and Fer-255

minet used up to 7ˆ 103 and 105 steps, respectively. We also employed a simple ADAM [46]256

optimizer in contrast to the more advanced AdamW [47] and KFAC [48] optimizers used in257

Paulinet and Ferminet. Furthermore, our results may be constrained by the quality of the258

sampling procedure. We employed a standard Metropolis algorithm while more sophisticated259

variants are often adopted [49] and many studies refine the sampling points using diffusion260

Monte Carlo techniques [50].261

3.2 Wavefunction and Energy Landscape of H2262

Fig. 3 shows the wavefunction and energy landscape of a H2 molecule as its two electrons263

are independently moved along the molecular axis. As shown on this figure, the wavefunction264

naturally satisfies the electron-nucleus cusp conditions due to the use of STOs, resulting in265

8
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Figure 2: The y-axis indicates the fraction of the correlation energy recovered during
the optimization process. The orange curves correspond to cases where all variational
parameters were optimized, while the blue curves represent optimizations in which
the exponents of the atomic orbitals were held fixed at their initial values. For clarity,
all curves have been smoothed using a sliding window of size 10.

finite local energy values at the electron-nucleus coalescence points. One-dimensional profiles266

of the wavefunction and energy of LiH and Li2 are provided in Fig. 9. These plots confirmed267

that the wavefunction respects the electron-electron and electron-nucleus cusp conditions,268

as well as the Fermi exclusion principle. The wavefunction profile obtained for LiH closely269

resembles that produced by Paulinet. However, the simpler nature of the ansatz used in our270

approach yields a smoother energy profile compared to Paulinet, albeit at the cost of reduced271

expressiveness.272

3.3 Energy Curve and Interatomic Forces273

To further assess the applicability of our approach, we have computed the dissociation energy274

curves of the four molecules studied here. The calculations were carried out using a multi-275

9
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Figure 3: Values of |Ψpr1, r2q|
2 (left) and Epr1, r2q (right) of an optimized H2

molecule as a function of the position of its two electrons along the axis of the
molecule.

determinant wavefunction without any backflow transformation. Figure 4 presents the out-276

come of these simulations and compares them with simulations performed at the Hartree–Fock277

and coupled-cluster singles and doubles (CCSD) levels, using the PySCF package with a DZP278

basis set. As shown on this figure, the energy curves obtained with QMCTorch are in very good279

agreement with the CCSD results, even yielding slightly lower energies for H2, LiH and Li2.280

However, as previously observed in Figure 2, QMCTorch recovers only about 60% of the corre-281

lation energy for CO. Consequently, in this case, our results do not outperform those obtained282

with CCSD.283

284

Figure 4 also displays the interatomic forces computed along the dissociation curves, as285

evaluated using Eq. (7). To compute these forces, the optimized wavefunction was resampled286

using 106 sampling points. These samples were divided in 100 batches and explicitly sym-287

metrized around the molecular axis. The force component along the molecular axis (taken288

here as the z axis), defined as: ∆z “ Fαz ´ Fβz , with Fαz the force along the z-axis for atom289

α, was computed for each batch. The mean value and standard deviation of these values are290

shown in Fig. 4. As shown on this figure, the forces computed for H2 and LiH are in very291

good agreements with those obtained at the CCSD level of theory. However, the accuracy of292

the forces predicted by QMCTorch decreases for Li2 an CO, particularly at larger interatomic293

separations, where the standard deviation increases significantly.294

4 Conclusion295

In this paper, we presented results obtained with QMCTorch, our software for performing real-296

space quantum Monte Carlo (QMC) simulations of molecular systems using PyTorch. QMC-297

Torch is built around a modular implementation of a backflow-transformed Slater–Jastrow298

wavefunction. Unlike many similar codes, QMCTorch supports the use of Slater-type orbitals299

and enables the optimization of atomic orbital exponents through a fully differentiable atomic-300

orbital layer. The software includes efficient numerical schemes for computing determinants301

and kinetic energy, allowing it to handle large numbers of determinants with relatively low302

10
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Figure 4: Dissociation energy curve and interatomic force (∆z) of four small
molecules as a function of their interatomic distance computed with Hartree-Fock,
CCSD and QMCTorch. Error bars on the interatomic forces represent the standard
deviation across sampling batches.

computational cost.303

304

The results obtained for four small molecules demonstrate that our approach is capable of305

recovering a significant fraction of the correlation energy, despite the simplicity of the wave-306

function ansatz. We have shown that optimizing the exponents of the atomic orbitals plays a307

11
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crucial role in improving wavefunction quality. Additionally, our findings indicate that while308

neural Jastrow factors enhance the flexibility of the ansatz, they do not significantly outper-309

form the simpler, widely used Jastrow forms. Incorporating hard physical constraints into the310

architecture of neural Jastrow factors may further improve their effectiveness in future work.311

The inclusion of backflow transformations, as currently implemented in QMCTorch, led to312

noisy optimization and, consequently, a degradation in performance. Our results demonstrate313

that QMCTorch is able to produce accurate dissociation energy curves for all four molecules314

studied, underscoring the robustness of the approach. We also computed interatomic forces315

along these dissociation curves and found them to be in good agreement with CCSD reference316

values.317

318

Currently, QMCTorch is limited to small molecular systems due to the absence of paral-319

lelization across multiple computing nodes. Extending the software to large-scale computing320

infrastructures through data parallelism is a key focus of future development. This enhance-321

ment will enable the simulation of larger systems, where QMC methods are often more ef-322

ficient than alternative approaches [2]. Another major direction for future work is the in-323

tegration of diffusion Monte Carlo (DMC) sampling techniques [54], which will allow for324

a more comprehensive assessment of the method’s capabilities when combined with neural325

wavefunctions [55, 56]. We also plan to extend QMCTorch to support the optimization of326

excited-state wavefunctions [7, 8, 57], a feature already available in other neural wavefunc-327

tion frameworks [26–28].328

329
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A Computational Performance341

Fig. 5 presents the GPU and CPU runtime for the calculation of the wave function (Ψ), local342

energies (EL), gradients of the loss function (∇θL) and interatomic forces (Fα) for a CO343

molecule. The calculations were performed using varying number of determinants and either344

10 or 1000 sampling points. As shown in this figure, no GPU acceleration is observed when345

using 10 points; in fact CPU calculation can be faster in this case. However, with 1000 sampling346

points, the GPU demonstrates a clear advantage, achieving a speedup of approximately one347
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order of magnitude for the wave function computation and nearly two orders of magnitude348

for the energy, gradient, and force evaluations.349

Figure 5: Runtime performance for computing the wave function (Ψ), local ener-
gies (EL), gradients of the loss function (∇θL) and interatomic forces (Fα) of a CO
molecule on an Nvidia A100 GPU and an AMD Rome 7H12 CPU. The calculations em-
ployed an electron-electron Padé-Jastrow factor and an inverse backflow transforma-
tion. Simulations were conducted across various electronic configurations, ranging
from SD(2,2) to SD(10,10), corresponding to 4 to 876 determinants. Results are
shown for two sampling regimes: 10 points (top) and 1000 points (bottom).

B Parameters for the Wavefunction Optimization350

We provide here additional details regarding the wavefunction optimization procedure em-351

ployed for the four molecules studied in this article. Table 2 summarizes all parameters used352

during the optimization process.353

Wavefunction The initial HF calculations were done using ADF [31] with a DZP basis set.354

Various electronic configurations were used in defining the wavefunction ansatz, ranging from355

SDp2,8q for H2 to SDp8,12q for CO. Depending on the molecule and the chosen ansatz, the356

resulting wave functions comprised between 182 and 6906 variational parameters.357

13



SciPost Chemistry Submission

Sampling The sampling of ρprq was done using a Metropolis-Hasting algorithm [58]. A358

total of 104 independent walkers were employed, each performing 104 Monte-Carlo (MC)359

steps. The walkers were moved using a normal proposal distribution with a standard deviation360

of 0.05 Bohr. All the electrons were moved simultaneously at each MC step. Only the final361

positions of the walkers were retained as sampling points for evaluating the local energies and362

gradients of the loss function.363

Optimization The ADAM optimizer [46] was used to optimize the variational parameters364

using a learning rate of 10´2 and 500 optimization steps were performed. After each opti-365

mization step, all the sampling points were updated by resampling the probability distribution,366

using 500 MC steps.367

Parameter Value(s)

SCF Package ADF
Basis DZP
Electronic configuration

H2 SD(2,8) - (64 dets)
LiH SD(4,12) - (531 dets)
Li2 SD(4,12) - (531 dets)
CO SD(8,12) - (1425 dets)

Number walkers 104

Number of initial MC steps 104

Sampling step size 0.05
Resample Frequency 1
Number of resampling MC steps 500
Optimizer ADAM
Learning rate 10´2

Number of optimization steps 500
Number of variational parameters

H2 low: 182 - high: 4662
LiH low: 857 - high: 5343
Li2 low: 1189 - high: 5669
CO low: 2425 - high: 6905

Table 2: Parameters used for the wavefunction optimizations shown in Fig. 2 and 7.
The lower and upper bounds on the number of variational parameters correspond to
the e-e Pade-Jastrow (Fig. 7) and MD-NJ (Fig. 2) ansatzes respectively.

C Neural Electron-Electron Jastrow Factor368

The left panel in Fig. 6 shows the optimized form of the neural Jastrow factor obtained with a369

MD-NJ wavefunction ansatz depicted in Fig. 2. For clarity, these functions were normalized to370

their value at x “ 0. While neural Jastrow factors are, in principle, capable of approximating371

arbitrary functions, they exhibit a form similar to that of the Padé–Jastrow factor (see Equation372

D.1).373

374

The right panel in Fig. 6 illustrates the evolution of the electron-electron cusp of the375
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Jastrow factor, defined as: dJpxq
d x |x“0, throughout the optimization process. It is interesting376

to note that in most cases, the neural Jastrow factor converges toward the correct electron-377

electron cusp conditions given by [59]:378

dJpxq
d x

�

�

�

�

x“0
“

1
4

for parallel spins and
dJpxq

d x

�

�

�

�

x“0
“

1
2

for opposite spins (C.1)

However, these constraints are not explicitly enforced in the design of the neural Jastrow379

factor. As a result, there is no guarantee that they will be approached—let alone satisfied—by380

the optimized Jastrow function.381

Figure 6: Left - Optimized form of the neural Jastrow factors. Right - Evolution of
the electron-electron cusp conditions for the neural Jastrow factor throughout the
optimization process. The dashed lines represent the theoretical values of 0.25(0.5)
for parallel(opposite)-spins electron pairs.

D Additional Wavefunction Ansatz382

Fig. 7 presents the correlation energy obtained with three different wavefunction ansatzes for383

the four molecules studied here.384

D.1 Electron-Electron Padé Jastrow Factor385

In the first wave function considered here, we employed a simple electron-electron Padé-386

Jastrow factor defined as:387

Keepri jq “
ω0ri j

1`ωri j
(D.1)

whereω0 “ 0.25p0.5q for parallel(antiparallel)-spin electron pairs andω a variational param-388

eter. The fraction of the correlation energy recovered using this Jastrow factor is represented389

in the first column of Fig. 7. As shown in this figure, the results are not significantly different390

from those obtained with the neural Jastrow factor and presented in Fig. 2.391
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Figure 7: Optimization of the wave function of small molecules: H2, LiH, Li2 and
CO using different ansatzes (see text for details)

D.2 Many-body Jastrow Factor392

A many-body Jastrow factor was incorporated in the second wavefunction ansatz considered393

here. In addition to the electron-electron Padé-Jastrow kernel, we introduced an electron-394

nucleus kernel given by [60]:395

Kenprαiq “
ω0rαi `ω1r2

αi

1`ω2rαi
(D.2)

withω0, ω1 andω2 variational parameters and rαi the distance between atom α and electron396

i. We also introduce an electron-electron-nucleus kernel given by:397

Keenprαi , rα j , ri jq “

N
ÿ

µ“1

cµ

˜

a1µ rαi

1` b1µ rαi

¸˜

a2µ rα j

1` b2µ rα j

¸˜

a3µ ri j

1` b3µ ri j

¸

(D.3)

where the coefficients anµ , bnµ , cµ are variational parameters. We used here N “ 5 terms398

in the expansion. The fraction of the correlation energy obtained with this Jastrow factor399
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is represented in the second column of Fig. 7. As seen in this figure, the introduction of400

many-body Jastrow factor does not significantly changes the results obtained with an electron-401

electron Jastrow factor as shown in Fig. 2.402

D.3 Neural Backflow Transformation403

The third wavefunction examined here, we used a simple Padé-Jastrow electron-electron factor404

but complemented the ansatz with a neural backflow transformation based on radial basis405

function network [61]. The kernel of this backflow transformation can be expressed as:406

KBF pri jq “

NRBF
ÿ

n“1

ωnNµn,σn
pri jq (D.4)

with N the normal function of mean µn and std σn. ωn, µn and σn are here a variational407

parameters. We used here NRBF “ 10 basis function in the expansion. The fraction of the408

correlation energy recovered using this Jastrow factor is shown in the third column of Figure409

7. As illustrated, incorporating a neural backflow yields results that are qualitatively similar410

to those presented in Figure 2. However, the optimization process remains challenging, pre-411

venting the correlation energy from fully stabilizing.412

413

The evolution of the backflow kernel KBF pri jq during the optimization is shown in Fig. 8.414

As seen there, the values of the kernel function converges toward a form that is proportional415

to 1{ri j . This explain the limited impact that this neural backflow has on the final results416

compared to the ones obtained with an inverse backflow kernel.417

Figure 8: Evolution of the RBF neural backflow kernel during the optimization of the
wavefunction.

E Wavefunction and Energy Profile of LiH and Li2418

Fig. 9 shows the wavefunction and energy profile of LiH and Li2, before and after the op-419

timization of the wavefunction. The x-axis corresponds to the location of a spin-up electron420

that moves along the molecular axis (taken here as the z-axis). The positions of the nuclei421

and static electrons are marked on the figure. For LiH, the final spin-down electron is located422

at px , y, zq “ p0.5,0.5, 0.0q, to enable direct comparison with the results reported in [25].423

As shown on this figure, the wavefunction vanishes when two electrons with the same spin424
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coincide, in accordance with the Pauli exclusion principle. When two electrons of opposite425

spin occupy the same position, the wavefunction presents the correct electron-electron cusp426

behavior. Additionally, the electron-nucleus cusp conditions are well satisfied, due to the use427

of STOs in the calculation.428

429

The wavefunction profile of LiH closely resembles that obtained with Paulinet [25]. In-430

terestingly, the wave function undergoes only minor changes during the optimization process,431

underscoring the subtle yet essential adjustments required to reach the variational minimum.432

The energy profile obtained with QMCTorch is noticeably smoother and more regular than that433

reported in Rf. [25]. This can be attributed to the simpler wavefunction ansatz employed in434

this work. However, as previously discussed, this simplicity also limits the ansatz’s flexibility,435

which in turn constrains its ability to fully capture the true variational minimum436

Figure 9: Wavefunction and energy profile of LiH (top) and Li2 (bottom) with re-
spect to the position of a spin-up electron moved along the molecular axis. The
dashed line represents the original wavefunction while the orange plain line repre-
sents the optimized wavefunction. The positions of the atomic centers and static
electrons are marked in the figure for clarity.

F Computation of the Local Energies of Backflow-Transformed Wave-437

functions438

While all the derivatives of the wave function and the loss function could be obtained directly439

via automatic differentiation, we exploit here several numerical schemes to decrease the com-440

18



SciPost Chemistry Submission

putational and memory requirement of the calculations.441

F.1 Derivative of a Single Determinant442

The local energy ELprq requires the calculation of the kinetic energy ∇
2Ψprq
Ψprq . Back-propagating443

twice though the wave function via automatic differentiation can evaluate these terms but this444

approach is computationally costly. To alleviate this issue we have implemented the results445

obtained by Filippi et. al. [32] and extended them to the case of backflow transformed wave446

function.447

448

Setting Ψprq “ J prqΣprq, where Σprq “
ř

n dnDÒn DÓn , the kinetic energy can be written as:449

∇2Ψprq

Ψprq
“
∇2J prq
J prq

` 2
∇J prq
J prq

∇Σprq
Σprq

`
∇2Σprq

Σprq
(F.1)

The derivatives of the Jastrow factor can be obtained given its functional form, either by450

providing analytical expression for the derivatives of the different kernels or by relying on au-451

tomatic differentiation. Since the Jastrow kernels areRÑ Rmaps automatic evaluation of the452

second derivative via double backpropagation does not lead to the calculation of unnecessary453

mixed second derivative terms. The gradient of the determinant part can be expressed as :454

∇Σ“
ÿ

n
dn

˜

∇DÒn
DÒn

`
∇DÓn
DÓn

¸

DÒn DÓn (F.2)

where the gradient of the individual determinant terms can be obtained via the Jacobi455

formula [62]:456

∇D
D
”
∇det A
det A

“ TrpA´1∇Aq (F.3)

The diagonal hessian of the determinant part Σ is obtained via:457

∇2Σ“
ÿ

n
dn

˜

∇2DÒn
DÒn

` 2
∇DÒn
DÒn

∇DÓn
DÓn

`
∇2DÓn

DÓn

¸

DÒn DÓn (F.4)

Here the diagonal Hessian of the determinant terms can be obtained via the formula [62]:458

∇2D
D

”
∇2 detpAq

detpAq
“ TrpA´1∇2Aq `

`

TrpA´1∇Aq
˘2
´ Tr

`

A´1∇AA´1∇A
˘

(F.5)

Note that in the case of single-electron orbital, i.e. in absence of backflow transformation,459

the last two terms of eq. (F.5) cancel each other leading to : ∇
2 detpAq
detpAq “ TrpA´1∇2Aq as demon-460

strated in [32] (see appendix G).461

462

The use of the eq. (F.5) (or G.7 in absence of backflow transformation), leads to a signif-463

icant speed up the of the calculation of the kinetic energy. As seen in Fig. 10, a speedup of464

almost two orders of magnitude can be obtained for CO. Even larger speedups are expected465

for larger molecules as the automatic differentiation approach scales poorly with the number466

of electrons in the molecule.467
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Figure 10: Runtime for the calculation of the kinetic energy using automatic dif-
ferentiation (AD) or the matrix trace formulas (Trace). The runtime was computed
on an NVIDIA A100 for four different molecules, using only the ground state in the
wavefunction expansion, 1000 sampling points and with/without backflow transfor-
mation using eqs. (F.5) and (G.7) respectively

F.2 Derivative of Excited-State Determinants468

Calculating the first and second determinant derivatives given by eqs. (F.2) and (F.4) requires469

the inversion of a large number of A matrices corresponding to the different determinants. As470

the number of determinants increases, this becomes a computational bottleneck. The determi-471

nants included in the wave function (4) correspond to well defined electronic configurations.472

The determinants contained in the wave function only differ from the ground state determi-473

nant by the exchange of a finite number of columns (1 for single-electron excitations, 2 for474

double-electron excitations etc ...). This relationship allows to avoid the calculation of many475

matrix inverses.476

477

Let’s consider a reference determinant D0 “ det A0, an excited determinant DX “ det AX ,478

a 1 body operator O (e.g. ∇ or ∇2) with B “ OA. The matrix of molecular orbitals can be479

written as Φ “ rA0|Avs where Av is the rectangular matrix of the virtual molecular orbitals.480

The matrix AX is consequently constructed by replacing some columns of A0 by columns from481

Av . One can then show that [32]:482

Tr
`

A´1
X BX

˘

“ TrpA´1
0 B0q ` Tr

`

pPA´1
0 AX Pq´1 ¨ PM P

˘

(F.6)

with:483

M “ A´1
0 BX ´ A´1

0 B0A´1
0 AX (F.7)

Similarly one can show that (see Appendix H):484

Tr
´

`

A´1
X BX

˘2
¯

“ Tr
`

pA´1
0 B0q

2
˘

` Tr
´

`

pPA´1
0 AX Pq´1 ¨ PM P

˘2
¯

` 2Tr
`

pPA´1
0 AX Pq´1 ¨ PY P

˘

(F.8)

with :485

Y “ A´1
0 B0M (F.9)
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Figure 11: Runtime for the calculation of the kinetic energy of a CO molecule using
1000 walkers and different electronic configurations. The calculations were done
on an NVIDIA A100 GPU and with and without backflow transformation. Two ap-
proaches are compared: Explicit - using eq (F.5) (or (G.7) without backflow) on all
the determinants in the wave function; Accelerated - using eqs. (F.6) and (F.8) to
compute the contribution of the excited state determinants of the wavefunction.

and P the projector on the space of columns which are different in A0 and Ax [32]. Note that486

in eq. F.8, the convention: pABq2 “ ABAB was used to shorten the expressions. As seen on487

the equations (F.6) and (F.8), A0 is the only large matrix whose inverse needs to be computed.488

The other inverses, namely pPA´1
0 AX Pq´1, are in our case only of dimension 1 or 2 as we only489

consider single and double excitations. This greatly accelerate the calculations of the different490

terms present in eq. (F.2) and (F.4).491

492

As shown in Fig. 11, using eqs. (F.6) and (F.8) to compute the kinetic energy leads to493

a one order of magnitude speedup compared to computing all the determinants explicitly.494

Note however that if only a small number of determinants are included in the wavefunction495

expansion, the explicit calculation might be faster or at least competitive with the accelerated496

method.497

G Simplification of Eq. F.5 in Absence of Backflow Transformation498

As explained in the main text, eq. F.5 reduces to the expression derived by Filippi et al. [32] in499

the case of single-electron orbitals, i.e. Ai, j “ φki
pr jq. In such a case the derivative of A w.r.t a500

given electronic position is given by:501

BA
Bx j

“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 . . . 0
...

...
Bφk1

pr jq

Bx j
. . .

Bφkn pr jq

Bx j
...

...
0 . . . 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

(G.1)
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We therefore have:502

Tr

˜

A´1 BA
Bx j

¸

“ TrpuvT q “ vT ¨ u” c (G.2)

where u and v are two column vectors representing respectively the j-th column of A´1
503

and v the j-th row of BA
Bx j

. We therefore have:504

˜

Tr

˜

A´1 BA
Bx j

¸¸2

“ c2 (G.3)

Similarly we can show that:505

Tr

˜

A´1 BA
Bx j

A´1 BA
Bx j

¸

“ TrpupvT uqvT q “ c ¨ TrpuvT q “ c2 (G.4)

Combining the last two equations we have:506

˜

Tr

˜

A´1 BA
Bx j

¸¸2

“ Tr

˜

A´1 BA
Bx j

A´1 BA
Bx j

¸

(G.5)

We can easily extend that results to show that:507

`

TrpA´1∇Aq
˘2
“ TrpA´1∇AA´1∇Aq (G.6)

As a consequence, for single-electron molecular orbital the two last terms of eq. F.5 cancel508

each other and one obtain the result of Filippi et al [32]:509

∇2D
D

“ TrpA´1∇2Aq (G.7)

H Derivation of Eqs. F.6 and F.8510

Equation F.6 has already been demonstrated by Filippi et al. [32]. We demonstrate it again511

following a slightly different method to facilitate the demonstration of eq. F.8.512

513

Let’s define A0 and AX as the molecular orbital matrix of the ground state determinant514

and of a given excited state determinant respectively. The two matrices only differ by a few515

columns of A0 that have been replaced by column vectors of virtual orbitals. We also define the516

projector P on the subspace of these exchanged columns. P is a diagonal matrix with ones at517

the indices of the exchanged columns and zeros elsewhere. We also define the complementary518

projector Q such as P `Q “ I. Finally we define the matrices B0 and BX as the application of519

a 1-body operator (either ∇ or ∇2) on A0 and AX .520

521

As shown in [32] AX (BX ) can be expressed as :522

AX “ A0` pAX ´ A0qP (H.1)

and523

BX “ B0` pBX ´ B0qP (H.2)
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H.1 Inverse of AX524

Equations F.6 and F.8 involve the inverse of the excited state matrix AX . Using eq. H.1 we can525

write this inverse as:526

A´1
X “ pA0` pAX ´ A0qPq

´1 (H.3)

We can use the Kailath variant of the Woodbury matrix inverse formulas [62]:527

pU ` VW q´1 “ U´1´ U´1V pI `W U´1V q´1W U´1 (H.4)

with U “ A0, V “ pAX ´ A0q and W “ P to express the inverse of AX :528

A´1
X “ A´1

0 ´ A´1
0 pAX ´ A0q

`

I` PA´1
0 pAX ´ A0q

˘´1
PA´1

0 (H.5)

“ A´1
0 ´

`

A´1
0 AX ´ I

˘`

I` PA´1
0 AX ´ P

˘´1
PA´1

0 (H.6)

“ A´1
0 ´

`

A´1
0 AX ´ I

˘`

Q` PA´1
0 AX

˘´1
PA´1

0 (H.7)

“ A´1
0 ´

`

A´1
0 AX ´ I

˘`

Q` PA´1
0 AX P

˘´1
PA´1

0 (H.8)

The equation H.8 is obtained by noting that following H.1 we have: A´1
0 AX “ A´1

0 AX P and529

therefore: PA´1
0 AX “ PA´1

0 AX P.530

531

The term
`

Q` PA´1
0 AX P

˘

in eq. H.8 is a block matrix on the subspaces spanned by the P532

and Q and its inverse can therefore be written as [62]533

`

Q` PA´1
0 AX P

˘´1
“Q`

`

PA´1
0 AX P

˘´1
“Q` P

`

A´1
0 AX

˘´1
P (H.9)

Note that the last equality is only valid since QA´1
0 AX Q “ Q. Since QP “ 0 and P2 “ P by534

definition, eq. H.8 can then be simplified to:535

A´1
X “ A´1

0 ´
`

A´1
0 AX ´ I

˘`

PpA´1
0 AX q

´1P
˘

A´1
0 (H.10)

In the following we use the following definitions:536

T “
`

PpA´1
0 AX q

´1P
˘

(H.11)

and537

Z “
`

A´1
0 AX ´ I

˘

TA´1
0 (H.12)

H.2 Demonstration of eq. F.6538

We are trying here to find a convenient expression for:539

Tr
`

A´1
X BX

˘

(H.13)

that does not require to compute the inverse of all the possible AX matrices contained in540

the CI expansion considered in the definition of the wave function. Using eq. H.10, equation541

H.13 can therefore be written as :542

Tr
`

A´1
X BX

˘

“ Tr
`

A´1
0 BX

˘

´ Tr
``

A´1
0 AX ´ I

˘

TA´1
0 BX

˘

“ Tr
`

A´1
0 BX

˘

´ Tr
`

A´1
0 AX TA´1

0 BX
˘

` Tr
`

TA´1
0 BX

˘
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Using eq. H.2 and the cyclic property of the trace, we can further obtain:543

Tr
`

A´1
X BX

˘

“ Tr
`

A´1
0 B0

˘

` Tr
`

A´1
0 pBX ´ B0qP

˘

´ Tr
`

TA´1
0 B0A´1

0 AX
˘

´ Tr
`

TA´1
0 pBX ´ B0qPA´1

0 AX
˘

` Tr
`

TA´1
0 BX

˘

The fourth term of this equation can be simplified since PA´1
0 AX “ PA´1

0 AX P and as demon-544

strated in [32]545

`

PpA´1
0 AX qP

˘`

PpA´1
0 AX q

´1P
˘

“ P (H.14)

Consequently the forth term can be simplified to546

Tr
``

PpA´1
0 AX q

´1P
˘

A´1
0 pBX ´ B0qPA´1

0 AX
˘

“ Tr
``

PpA´1
0 AX q

´1P
˘

A´1
0 pBX ´ B0qPA´1

0 AX P
˘

“ Tr
`

A´1
0 pBX ´ B0qPA´1

0 AX P
`

PpA´1
0 AX q

´1P
˘˘

“ Tr
`

A´1
0 pBX ´ B0qP

˘

and can be simplified with the second term of the equation. Factorizing the terms we arrive547

at the following equation:548

Tr
`

A´1
X BX

˘

“ Tr
`

A´1
0 B0

˘

` Tr
``

PpA´1
0 AX q

´1P
˘`

A´1
0 BX ´ A´1

0 B0A´1
0 AX

˘˘

H.3 Demonstration of eq. F.8549

We are trying here to derive a convenient expression for:550

Tr
`

A´1
X BX A´1

X BX
˘

” Tr
`

pA´1
X BX q

2
˘

(H.15)

Using eq. H.10, i.e. A´1
X “ A´1

0 ´ Z , we can unroll the square to obtain:551

Tr
`

pA´1
X BX q

2
˘

“ Tr
`

pA´1
0 BX q

2
˘

looooooomooooooon

α

`Tr
`

pZBX q
2
˘

looooomooooon

γ

´2Tr
`

A´1
0 BX ZBX

˘

loooooooomoooooooon

β

(H.16)

We start by injecting eq. H.2 in the fist term of the equation above to obtain:552

Tr
`

pA´1
0 BX q

2
˘

“ Tr
`

pA´1
0 B0q

2
˘

loooooomoooooon

α1

`Tr
`

pA´1
0 B∆q

2
˘

looooooomooooooon

α2

`2 Tr
`

A´1
0 B∆A´1

0 B0

˘

looooooooomooooooooon

α3

(H.17)

with B∆ “ pBX ´ B0qP “ BX ´ B0. Using the definition of Z , the second term of eq. H.16553

leads to:554

Tr
`

pZBX q
2
˘

“ Tr
`

pA´1
0 AX TA´1

0 BX q
2
˘

loooooooooooomoooooooooooon

γ1

`Tr
`

pTA´1
0 BX q

2
˘

loooooooomoooooooon

γ2

´2 Tr
`

pTA´1
0 BX q

2A´1
0 AX

˘

loooooooooooomoooooooooooon

γ3

(H.18)
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Using the definition of BX , the cyclic property of the trace and the identity: PA´1
0 AX T “ P555

this can be simplified to:556

γ1 “ Tr
`

pA´1
0 AX TA´1

0 B0q
2
˘

loooooooooooomoooooooooooon

γ11
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Finally the last term can be expanded to:557
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which can be expanded to:558
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Some of the above terms cancel each other:560

α2` γ12´ 2β12 “ 0 (H.23)

α3´ β13 “ 0 (H.24)

γ32´ β22 “ 0 (H.25)

γ33´ β23 “ 0 (H.26)

and some of the terms can be re-written:561

γ11` γ2´ 2pγ31` γ34q “ Tr
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(H.27)
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which after some re-factorization leads to:562
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Note that here the 2 means pABq2 “ ABAB563
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