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Abstract: This paper investigates the dynamical phases of Floquet Conformal Field The-

ories (CFTs) in space-time dimensions greater than two. Building upon our previous work

[1] which introduced quaternionic representations for studying Floquet dynamics in higher-

dimensional CFTs, we now explore more general square pulse drive protocols that go beyond

a single SU(1, 1) subgroup. We demonstrate that, for multi-step drive protocols, the sys-

tem exhibits distinct dynamical phases characterized by the nature of the eigenvalues of the

quaternionic matrix representing time evolution in a single cycle, leading to different stro-

boscopic responses. Our analysis establishes a fundamental geometric interpretation where

these dynamical phases directly correspond to the presence or absence of Killing horizons in

the base space of the CFT and in a higher dimensional AdS space on which a putative dual

lives. The heating phase is associated with a non-extremal horizon, the critical phase with

an extremal horizon which disappears in the non-heating phase. We develop perturbative

approaches to compute the Floquet Hamiltonians in different regimes and show, how tuning

drive parameters can lead to horizons, providing a geometric framework for understanding

heating phenomena in driven conformal systems.
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1 Introduction

The physics of quantum systems driven out of equilibrium has received a lot of attention in

recent times [2–13]. A class of such systems constitutes quantum systems subjected to time-

periodic drive characterized by a time period T = 2π/ωD where ωD is the drive frequency.

Such periodically driven systems exhibit phases that are not possible in equilibrium. These

include dynamical localization caused by suppression of tunnelling, suppression of ionization,

dynamical freezing, and time crystalline phases of quantum matter [6–13]. Many of these phe-

nomena have their roots in an approximate emergent symmetry of the Floquet Hamiltonian

that describes these systems [13]; such an emergence has no analogue either in equilibrium or

for quantum systems subjected to aperiodic drives.

While these phenomena are of great theoretical and experimental interest, the analytical

tools available to understand such dynamics are rather limited [12]. This aspect may be traced

back to the difficulty in the computation of the Floquet Hamiltonian HF , which describes the

time evolution over a single time period T (see below). Known analytic methods for computing

HF include a high frequency expansion (Magnus expansion) and Floquet perturbation theory

(FPT), which is accurate in the high drive amplitude regime. Both these methods require a

perturbative parameter such as the inverse of either the drive frequency (Magnus expansion)

or the drive amplitude (FPT). In other parameter regimes, where the drive frequency or

amplitude is not high, an investigation of such systems relies on numerical calculations.

More recently, it has been realized that driven 1+1 dimensional systems at criticality can

be solved using the tools of conformal field theory [14–38]. These systems can be alternatively

thought of as conformal field theories on a curved space-time [14, 31, 39–41]. The simplest

examples of periodic drives in these systems are piecewise constant Hamiltonians (a square

pulse protocol): the Hamiltonians in different pieces are different linear combinations of

the conformal generators that belong to an SU(1, 1) subalgebra of the Virasoro algebra.

Representative simple examples are L0 + L̄0, L±1 + L̄±1. Since the time-evolution in a single

step is a conformal transformation, in which the Lorentzian time appears as a parameter,

physical quantities can be computed using conformal transformations. In these systems, it

was found that by changing the time extent of each of these intervals, the systems can be

driven between different dynamical phases. These phases are characterized by the type of

conjugacy class of the SU(1, 1) transformation for a single time period which determines the

properties of the operator for time evolution over time T .

When the type of conjugacy class is hyperbolic, the stroboscopic response is exponential

in the number of time periods, n. This is called a heating phase - unequal time correlation
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functions decay as a function of n for large n in this phase. Even though this resembles a

thermal phase, the system is not featureless. For a CFT defined on a circle, the conformal

transformation which corresponds to time evolution over a single period has two fixed points:

the entanglement entropy of an interval which contains such a fixed point grows linearly, while

it quickly goes to zero if the interval does not contain a fixed point. Likewise, the energy

density gets peaked near these fixed point. In contrast, when U(T ) is in the elliptic type of

conjugacy class, there are no fixed points on the circle: now the trajectory of a point on the

circle under stroboscopic evolution oscillates, leading to oscillatory behavior of all physical

quantities. When the type of conjugacy class is parabolic, the behaviour of various quantities

is a power law in n, which we call a critical phase. Since the type of conjugacy classes depend

on the time steps within each period, it is possible to change the dynamical phase by changing

the time steps.

1+1 dimensional conformal field theories are of course very special and one might wonder

whether any of these interesting features hold for higher-dimensional field theories as well. In

[1] we initiated a study of such Floquet conformal field theories in d+1 dimensions defined on

Sd× (time), for d = 2, 3. The main technical tool in this study is a representation of conformal

transformations in these dimensions in terms of Mobius transformations of quaternions. We

studied square pulse protocols with time steps of extent Ti, in which the Hamiltonians are

constant and linear combinations of generators of SU(1, 1) sub-algebras of the full conformal

algebra. In this work it was shown that under the time-evolution with a single Hamiltonian,

the system can be in one of three phases, depending on a parameter β, which determines

the amplitude of the deformation. For β < 1, various physical observables such as the

stroboscopic time evolution of the unequal time correlators starting from the initial vacuum

state and that of fidelity and energy density of a primary state exhibit oscillations with a

time period Tp = 1/
√

1− β2. For β > 1 these decay exponentially in time, while for β = 1,

the response is power law in time. These three static phases correspond to the three types of

conjugacy classes of the SU(1, 1) transformation that acts as the time evolution.

These static phases should be contrasted with the stroboscopic response in a periodic

drive with a multi-step square pulse protocol, with different Hamiltonians in different steps.

In such a drive we are interested in the behavior of various quantities measured at the end

of n time periods, as a function of n. Restricting to Hamiltonians which belong to a single

SU(1, 1) sub-algebra, we found that the stroboscopic response is very similar to that in 1+ 1

dimensions described above. This is expected since the Floquet Hamiltonian now belongs to

the same SU(1, 1) subalgebra.

In this paper, we extend our discussion to processes whose Floquet Hamiltonians belong

to more general elements of the full conformal group and obtain geometric interpretations of

the results. We find a variety of dynamical phases as measured by the stroboscopic response,

determined by the amplitudes and time interval of the individual steps. As will be discussed

below, this response is governed by a set of functions of the number of steps n (and the

parameters in the Hamiltonians) which determine how a point on the Sd× (time) moves

under time evolution. As in 1 + 1 dimensions we find phases in which the n dependence of

– 2 –



all these functions can be purely oscillatory, power law or exponential. However for d > 1

we find in addition a phase where some of these functions are oscillatory, while others are

exponential.

We show that the static phases for a single Hamiltonian, or the dynamical phases in a

periodic drive resulting in a Floquet Hamiltonian describing the stroboscopic response, have

natural geometric interpretations. In the CFT, a given Hamiltonian or a Floquet Hamiltonian

defines a conformal Killing vector on the base space. We find that this conformal Killing vector

remains time-like everywhere in an oscillatory phase. In a heating phase, this ceases to be

the case and there are Killing horizons characterized by a non-zero surface gravity. In the

critical phase, the Killing horizon becomes extremal with a vanishing surface gravity. This

means that the heating observed can be thought of as a generalized Unruh effect. This is

similar to the situation in 1+1 dimensional quench from a standard Hamiltonian (dilatation)

to an SSD Hamiltonian, or a periodic drive with alternative standard and SSD Hamiltonians

where there are extremal horizons [34]. For holographic d+1 dimensional CFT’s which have

a bulk gravity dual in asymptotically AdSd+2 we show that these horizons lift into horizons

in the bulk.

The plan of the rest of the paper is as follows. In Sec. 2 we describe the basic setup and

briefly summarize our results. In Sec. 3 we provide examples of deformed Hamiltonians and

study the corresponding Killing horizons. This is followed by Sec. 4, where we provide details

of the quaternion formalism used to study the dynamics of driven CFTs. Next, we study the

dynamics of periodically driven CFTS in Sec. 5. This is followed by a study of perturbative

Floquet Hamiltonians in Sec. 6; the associated bulk Killing horizons are analyzed in Sec. 7.

Finally, we discuss our main results and conclude in Sec. 8. Some details of the calculations

are presented in the appendices.

2 The Set-up and a Summary of results

In this section, we chart out the basic setup and provide a context for our work. This is

followed by a detailed summary of the main results of this work.

In what follows, we will consider d+1 dimensional conformal field theories on (time) ×Sd

for d = 2, 3. By a choice of units we set the radius of Sd to be unity. We will consider a class

of Hamiltonians given by

Hµ(βµ) =

∫
ddΩ[1 + βµY

µ]Ttt (no sum over µ) . (2.1)

The integral is over a unit sphere Sd described in terms of a unit vector Y µ in Rd+1 by∑
µ YµY

µ = 1. βµ is a real parameter and Ttt is the energy density. In terms of the generators

of the conformal algebra the Hamiltonian Hµ(βµ) is

Hµ(βµ) = 2iD + i βµ(Kµ + Pµ) (no sum over µ) (2.2)
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where D,Kµ, Pµ are the dilatation, special conformal transformation and momentum gen-

erators of the conformal algebra. (Our conventions are described in Appendix A.) A given

Hµ(βµ) belongs to an SU(1, 1) sub-algebra of the full SO(d+ 1, 2) conformal algebra.

In this paper we will consider the Heisenberg picture state to be the conformally invariant

vacuum. This state remains unchanged during the time evolution. However, the spectra of the

HamiltoniansHµ(βµ) are different. As a result, unequal time vacuum correlation functions are

different for different Hamiltonians. Other diagnostics are fidelities and expectation values of

operators in excited primary states. In [1] it was shown that under time evolution by a given

Hamiltonian Hµ(βµ) these responses display exponential decay in time for βµ > 1, power law

decay for βµ = 1 and purely oscillatory behavior for βµ < 1.

The periodic drives we use are square pulse protocols. Each time period T of the drive

consists of several steps with a different Hamiltonian for each step. The stroboscopic response

is determined by the Floquet Hamiltonian HF (T ) which describes time evolution in a single

period,

U(T, 0) ≡ U(T ) = T exp

[
−i
∫ T

0
dtH(t)/ℏ

]
= exp[−iHF (T )T/ℏ] (2.3)

HF (T ) depends on the extents of the individual time steps as well as the βµ’s.

Consider for example a periodic two step square pulse protocol with a time period T =

T1 + T2 would be (with T1 < T )

H = 2iD for nT ≤ t ≤ nT + T1

H = H0(β0) for nT + T1 ≤ t ≤ (n+ 1)T (2.4)

with n = 0, 1, 2, · · · . The Floquet Hamiltonian now belongs to the SU(1, 1) subalgebra formed

by D,K0, P0 of the full conformal algebra. In [1], we showed that regardless of the value β0,

the stroboscopic response can correspond to a heating phase in which the response after some

time nT is an exponential function of n, a critical phase where the dependence is a power

law in n, or a non-heating phase where the response oscillates as a function of n, depending

on the values of T1, T . In particular, consider the case β0 < 1 so that the Hamiltonians in

both the steps are individually in non-heating phases with oscillatory response. However, by

tuning the values of T1, T2 one can drive the system to a heating phase. Similarly, there are

non-heating phases for stroboscopic response even for β0 > 1. These phases are therefore

dynamical and follow from the explicit form of the Floquet Hamiltonian HF which is now a

linear combination of the generatorsD,K0, P0. The phases are once again characterized by the

type of conjugacy class of the SU(1, 1) evolution operator for a single period U(T ) = e−iHFT .

The simplest square pulse protocol which goes beyond a SU(1, 1) is a two step process

H = H1(β1) for nT ≤ t ≤ nT + T1

H = H0(β0) for nT + T1 ≤ t ≤ (n+ 1)T (2.5)

The generators involved now are D,K1,K0, P1, P0 which would lead to a Floquet Hamiltonian

which is a linear combination of all generators of the full conformal algebra in 1+1 dimensions,
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SO(2, 2). Adding a 3rd step which involves the Hamiltonian H2(β2) enlarges this to the

conformal group SO(3, 2) in 2 + 1 dimensions, and so on. In [1] we considered protocols like

(2.5) and obtained the fidelity of a primary state at the end of one cycle, but did not examine

the dynamical phases which result from a periodic drive; analyzing such dynamical phases is

one of the key aspects of the present work.

To this end, as in [1], we will represent the coordinates of the base space of the field theory

in terms of quaternions 1, which are adequate to describe d + 1 dimensions with d = 1, 2, 3.

A general conformal transformation then acts on these quaternions via a 2 × 2 matrix with

quaternionic entries, a quaternionic Mobius transformation. In Euclidean signature this is

an element of SO(2, H). Time evolution of the kind described above is such a conformal

transformation whose parameter is the time itself.

An efficient way to determine the stroboscopic response is to determine the eigenvalues

and eigenvectors of the matrix which represents real time evolution in a single time period. As

will be discussed in detail (Section 5) this will allow us to determine the conformal transfor-

mation representing the time evolution after n periods easily. The response is then encoded

in the dependence of the 4 × 4 quaternion matrix on n. When all the eigenvalues are pure

phases, the matrix elements of the quaternion matrix are periodic functions of n and this

leads to oscillatory behavior of the unequal time correlator as a function of n. When the

eigenvalues are all real these depend on n exponentially, leading to exponential decay of the

correlator as a function of n, which is a dynamical phase resembling heating. When half of the

eigenvalues are real and the other half pure phase, some of the functions grow exponentially,

while others oscillate - we will call this a “hybrid phase” consisting of oscillations on top of

an exponential decay. Such a hybrid phase does not exist for SU(1, 1) drives involving just

one direction. Finally there can be a critical dynamical phase where the correlators decay as

a power law in n.

For a 2-step process of the type (2.5) and for a 3 step process where one of the β’s vanish

(i.e. the time evolution is by D in one of the steps) we can determine the dynamical phases

analytically, and we find all the four phases described above. For a 3-step process with the

three steps involving Kµ + Pµ in three different directions, we can determine the eigenvalues

numerically. Up to numerical uncertainties we do not find a purely oscillatory phase. This

leads us to speculate that in a generic drive an oscillatory phase does not exist. This is the

main distinguishing feature of higher dimensional Floquet CFT’s.

As in 1 + 1 dimensions, the phases should be characterized by the types of conjugacy

classes of the corresponding group element SO(3, 2) or SO(4, 2) which are in turn determined

by the eigenvalues of the corresponding quaternionic matrix. It will be interesting to see if the

types of conjugacy classes of SL(2, H) (the group for conformal transformations in Euclidean

space ) discussed in [42] can be extended to types of conjugacy classes of bi-quaternionic

Mobius transformations appropriate for real time evolution 2

1In Lorentzian signature these are in fact special bi-quaternions. However we will simply refer them to

quaternions.
2The types of conjugacy classes of both SU(1, 1) and SL(2, R) are determined by the value of the trace of
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When the unitary operator at the end of a single cycle belongs to SU(1, 1), the Floquet

Hamiltonian has been obtained in [1] - this is possible by resorting to the Pauli matrix

representations for the generators. For more general drives, such an exact calculation is not

yet possible. We show, however, that one can resort to their approximate forms in the high-

frequency and high-amplitude regimes. These regimes allow for analytic, albeit perturbative,

computation of the Floquet Hamiltonians, using Magnus expansion (high-frequency regime)

or FPT (high amplitude regime). This has been done for the two step and the three step

processes where the drives go beyond SU(1, 1) subgroups. An exact calculation of the Floquet

Hamiltonian should be possible using a higher dimensional Clifford algebra representation of

the generators; we leave this as a possible subject of future work.

Our strategy holds for Floquet Hamiltonians which belong to the full (global) conformal

algebra in a general (d+1)-dimensional system, or its appropriate sub-algebra. Our framework

and results are deeply rooted in the symmetry structure of the system, and not on the details

of the CFT. This is because we have not used explicitly any OPE data in our calculations,

which dictate three and higher point correlation functions in the corresponding CFT and are

intrinsically dynamical in nature. While we expect that a much richer dynamical structure

is encoded in higher point correlation functions, see e.g. [28], our analyses here will certainly

provide the necessary starting point for them.

As mentioned in the Introduction, the static phases of the Hamiltonians Hµ(βµ) and the

dynamical phases of the Floquet Hamiltonian are associated with the presence or absence of

Killing horizons on the base space-time on which the CFT is defined. For holographic CFT’s

these horizons extend into the bulk gravitational dual. More precisely, for a d+1 dimensional

CFT, in its invariant ground state, the bulk geometry is AdSd+2: at the boundary, the bulk

Killing vectors become the CFT conformal Killing vectors. To better and naturally address

such holographic CFTs in general dimensions, we provide here parallel analyses which are

based on Killing vectors in an AdSd+2 geometry.

It is well-known that the primary role of this AdS-background is to provide a geometry

whose isometry group matches with the conformal symmetry group of the CFT. Correspond-

ingly, the CFT Hamiltonian has a natural geometric representation in terms of a corresponding

Killing vector in AdS. The choice of the CFT Hamiltonian is, therefore, tied to choosing a

particular linear combination of the Killing vectors in AdS. Evidently, the specific CFT co-

ordinates will correspond to the specific patch in AdS. We find the existence of bulk horizons

for the heating phases of the driven CFTs, which become extremal at the critical (parabolic)

line; no such horizon exists for the non-heating phases. Since one can tune between these

phases by tuning the amplitude or frequency of the drive, our work indicates the possibility of

tuning between a horizon-less geometry to the one with a horizon in the presence of a periodic

drive.3 It is worth emphasizing that while the holographic description holds literally true for a

the corresponding 2X2 representation. One needs the analogous results for (bi)-quaternionic Mobius transfor-

mations.
3Note that this behaviour of the Killing horizon is strikingly similar to that of a charged black hole with

a fixed mass, in which two non-extremal horizons merge into an extremal one and move into the complex-
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certain class of CFTs, e.g. the N = 4 SYM theory in the large N limit and at strong coupling,

our discussion here is based completely on the symmetry of the AdS-space. Therefore, the

Killing horizon description provides us with a kinematic interpretation for the corresponding

horizon dynamics which is in one-to-one correspondence with the CFT dynamics. For N = 4

SYM and its close cousins, on the other hand, the actual dynamical evolution will likely have

a rich interplay between the kinematic description and the ingredients of the true dynamical

duality. Our work here takes the first step towards addressing these issues in future.

3 The Deformed Hamiltonians and Killing Horizons

In this section we discuss the three different classes of Hamiltonians Hµ(βµ) for a given µ and

the geometric significance for the corresponding vector fields on (time) ×Sd. Our conventions

for the conformal algebra is given in the Appendix (A).

3.1 Hamiltonian Classes

The nature of time evolution by the Hamiltonian (2.1, 2.2) are very different for βµ > 1, βµ = 1

and βµ < 1. For βµ < 1 define

H ′
µ(βµ) =

1√
1− β2µ

Hµ(βµ) = coshχµ(2iD) + i sinhχµ(Kµ + Pµ) βµ = tanhχµ (3.1)

Using the conformal algebra it then follows that this Hamiltonian is unitarily equivalent to

the standard Hamiltonian of radial quantization

U †
µH

′
µ(βµ)Uµ = 2iD Uµ = exp

[
−iχµ

2
(Kµ − Pµ)

]
(3.2)

This shows that time evolution using the Hamiltonian (2.2) is similar to the standard Hamil-

tonian. On the other hand when βµ > 1 the redefined Hamiltonian

H ′′
µ(βµ) =

1√
β2µ − 1

Hµ(βµ) = sinh ξµ(2iD) + i cosh ξµ(Kµ + Pµ) βµ = coth ξµ (3.3)

is unitarily equivalent to the Luscher-Mack Hamiltonian i(Kµ + Pµ).

U †
µH

′′
µ(βµ)Uµ = i(Kµ + Pµ) Uµ = exp

[
−iξµ

2
(Kµ − Pµ)

]
(3.4)

Finally when βµ = 1 the Hamiltonian cannot be transformed into anything simpler.

plane, as the charge of the black hole is increased. In this case, the horizon-less configuration yields a naked

singularity, which is analogous to the non-heating phase. Of course, in our geometric description, there is no

singularity.
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3.2 Killing Horizons

A Hamiltonian Hµ(βµ) defines a conformal Killing vector field on the base space of the

conformal field theory. We will now prove that the three classes of Hamiltonians with β ⋚ 1

are in one to one correspondence with the presence or absence of Killing horizons in the

base space-time of the CFT. For two dimensional sine-squared deformed Hamiltonians such

horizons have been studied in [34]. Consider H0(β0). Acting on Rd+1, this is a vector field

1

2
H0(β0) = χ = xµ∂µ +

β

2
(∂x0 + 2x0xµ∂µ − r2∂x0) r2 = xµxµ (3.5)

The vector field is therefore

χµ = xµ +
β

2
(δµ0 + 2x0xµ − r2δµ0 ) (3.6)

The norm of this vector field is

χµχµ = r2 + β0(1 + r2)x0 +
β20
4
(1 + r4 + 4(x0)2 − 2r2)

=

[
reiθ − β0

2
(r2e2iθ + 1)

] [
re−iθ − β0

2
(r2e−2iθ + 1)

]
(3.7)

where we have parametrized

x0 = r cos θ (3.8)

in anticipation of a Weyl transformation given by (A.7).

We need to determine whether this vector is time-like or space-like after a Weyl trans-

formation followed by an analytic continuation. This means we need to have

r = eit (3.9)

for real t. Because of the Weyl factor (3.9) the norm of the vector in real (time) ×Sd is given

by N = −e−2it(χµχµ) (the negative sign is because of the factor of i). Using (3.7) and (3.9)

N = − [1− β0 cos(t− θ)] [1− β0 cos(t+ θ)] (3.10)

This expression immediately implies that

� When β0 < 1 one has N < 0 for all (t, θ) so that the vector field H0(β0) is always

time-like

� When β0 > 1 one has N < 0 only in the region

cos(t+ θ) <
1

β0
cos(t− θ) <

1

β0
(3.11)

There is a horizon described by

either cos(t+ θ) =
1

β0

or cos(t− θ) =
1

β0
(3.12)
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When both the above conditions are satisfied, we have a bifurcation point. The horizon

has a non-vanishing surface gravity and therefore characterized by a temperature.

� When β = 1 the above horizons become extremal since the norm now has a double zero

at each of the horizons. The surface gravity and therefore the temperature vanishes.

While we have demonstrated this for H0(β0) for simplicity of presentation, the result is

clearly generally valid for any Hµ(βµ). The Hamiltonian classes we discussed above therefore

have a geometric meaning - time evolution by the Hamiltonian is not a time-like conformal

Killing vector everywhere when β ≥ 1, leading to horizons. This means that an observer

whose time η is defined by Hµ(βµ) =
∂
∂η perceives a physical horizon in the space-time (time)

×Sd.

3.3 Bulk Horizons

For a holographic CFT the horizons in the CFT base space-time lead to horizons in the one

higher dimensional bulk AdS space-times. The simplest case is for a 1 + 1 dimensional CFT

whose dual description would be a gravitational theory in AdS3. To elucidate this point

further, we first construct the explicit Killing vectors in global-AdS3 geometry. In [1], these

Killing vectors are presented explicitly, which we review here. The global AdS3 geometry is

written as:

ds2 = L2
(
− cosh2 ρdt2 + dρ2 + sinh2 ρdY 2

)
, (3.13)

Y · Y ≡ YµY
µ = Y 2

1 + Y 2
2 = 1 , µ = 1, 2 . (3.14)

Let us set L = 1. Let us write down the explicit Killing vectors corresponding to Dilatation,

translation and special conformal transformation along a direction.

D = ∂t , (3.15)

P1 = ie−it

[
Y1

(
∂ρ +

1

i
tanh ρ∂t

)
− 1

tanh ρ
sin θ∂θ

]
, (3.16)

K1 = −ieit
[
Y1

(
∂ρ −

1

i
tanh ρ∂t

)
− 1

tanh ρ
sin θ∂θ

]
, (3.17)

where

Y1 = cos θ , Y2 = sin θ . (3.18)

With the above, the following sl(2, R) algebra holds:4

[D,P1] = −iP1 , [D,K1] = iK1 , [P1,K1] = 2iD . (3.19)

It is also straightforward to check that the above Killing vectors satisfy the Killing equation:

∇AξB +∇BξA = 0 . (3.20)

4Note that, here we have chosen D → −D compared to the convention in equation (A.3), with P and K

unchanged.
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Since the above two conditions are linear, any linear combination of solutions of the Killing

equation is also a Killing vector. Moreover, the sl(2, R) algebra does not fix the overall

undetermined constant completely. To fix it completely, let us note the conformal boundary

limits of (3.15)-(3.17):

lim
ρ→∞

D = ∂t , (3.21)

lim
ρ→∞

P1 =
1

2

[
e−i(t−θ) + e−i(t+θ)

]
∂t −

1

2

[
e−i(t−θ) − e−i(t+θ)

]
∂θ , (3.22)

lim
ρ→∞

K1 =
1

2

[
ei(t+θ) + ei(t−θ)

]
∂t +

1

2

[
ei(t+θ) − ei(t−θ)

]
∂θ . (3.23)

The above are the correct generators on the cylinder.5

Let us now consider the general Hamiltonian:

H = αD + βP1 + γK1 ≡ ξA∂A . (3.24)

By definition, we have chosen: D† = D, K† = P and therefore α ∈ R and {γ, β} ∈ C, with
γ∗ = β, which follows from hermiticity of the Hamiltonian. The form of the Killing vector is

given by

||ξ||2 ≡ gABξ
AξB

= − cosh2(ρ)
(
α+ e−it cos(θ) tanh(ρ)

(
β + γe2it

))2 − e−2it sin2(θ) cosh2(ρ)
(
β − γe2it

)2
− e−2it cos2(θ)

(
β − γe2it

)2
. (3.25)

Let us define:

Z = βe−it =⇒ Z∗ = β∗eit = γeit , (3.26)

using β = γ∗ . (3.27)

Using these, it is easy to rewrite the norm as:

||ξ||2 = − cosh2(ρ) (α+ cos(θ) tanh(ρ) (Z + Z∗))2 − sin2(θ) cosh2(ρ) (Z − Z∗)2

− cos2(θ) (Z − Z∗)2 (3.28)

The norm is therefore a manifestly real quantity, as it should be.6

Let us first note that, in the limit ρ → ∞ the norm in (3.28) conformally reduces7 to

the norm in (3.10) corresponding to the conformally Killing vector on the base space of the

5It can be easily checked that Lm = zm+1∂z, for m = −1, 0, 1, on the plane maps to these generators under

the plane-to-cylinder map.
6Note that, from the reality condition of the norm, we can also deduce that α ∈ R and β = γ∗. For a

Hermitian Hamiltonian, the norm is guaranteed to be real.
7By this, we mean that there is a conformal factor of cosh2 ρ relating ||ξ||2 with N. Thus, the conformally

compactified norm of ||ξ||2 becomes identical to N . This is expected since the total volume of the AdS-space

diverges in the ρ → ∞ limit.
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CFT. Before discussing the general case, it is straightforward to check some simple limiting

cases. Consider β = 0 = γ. This yields: ||ξ||2 = −α cosh2(ρ) which is nowhere vanishing and

therefore has no horizon. On the other hand, when α = 0, we obtain:

||ξ||2 = − sinh2(ρ) cos2(θ) (Z + Z∗)2 − sin2(θ) cosh2(ρ) (Z − Z∗)2 − cos2(θ) (Z − Z∗)2 .(3.29)

Now, ||ξ||2 = 0 yields:

cosh(ρ) = cos θ

√
(Im(Z))2 + (Re(Z))2√

(Re(Z))2 cos2 θ − (Im(Z))2 sin2 θ
, (3.30)

as the only positive root, which is a non-extremal horizon.

Let us now consider more generic cases. On the phase transition line: α2 = 4βγ. This

line can be parametrized by

β =
α2

4γ
, γ = −α

2
eis , (3.31)

where s is the parameter that describes the transition line. On this line, one obtains:

||ξ||2 = −(α cosh(ρ) cos(s+ t)− α cos(θ) sinh(ρ))2 = 0 , (3.32)

which evidently yields an extremal horizon. We have provided a representative figure in 3.3

of an extremal horizon behaves as a function of the coordinate system.

On the other hand, it can be checked by directly solving the equation that for a given

α2−4βγ, the solution of ||ξ||2 = 0 depends on the sign of 4
(
(Re(Z))2 + (Im(Z))2

)
−α2. Real

solutions are only possible, when 4
(
(Re(Z))2 + (Im(Z))2

)
− α2 > 0. Now, it is easy to see

that

4
(
(Re(Z))2 + (Im(Z))2

)
− α2 = 4βγ − α2 . (3.33)

Therefore we obtain non-extremal solution in the heating phase, an extremal solution on the

transition line and no real solution in the non-heating phase.

4 Quaternions, Conformal Transformations and Time Evolution

The CFT we are interested in is defined on Sd. Since the Hamiltonians we are interested in

are linear combinations of the conformal generators we can obtain the time evolution of an

operator by performing the corresponding conformal transformation where the time itself is

a parameter of the transformation. An efficient way to do this is to start with an operator on

Rd+1, obtain the transformed operator using the form of the generators (A.5), Weyl transform

using (A.8) and finally perform the necessary analytic continuation.
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Figure 1. A contour plot showing the explicit coordinate dependence of the extremal horizon obtained

in equation (3.32). We have chosen here s = 0, which corresponds to a simple shift in the t coordinate.

The unshaded (white) region corresponds to regions where the horizon does not exist. Evidently, these

regions are bounded by null rays which yields causal diamonds in this figure. Along the θ direction,

the causal diamonds are identified at θ = 0 and θ = 2π. There is a periodic pattern of the causal

diamonds along the Lorentzian time direction.

4.1 Quaternions

A useful formalism to think about these processes in d = 2, 3 is the quaternionic representation

of conformal transformation. In this formalism the four coordinates in R4 are represented by

a quaternion Qµ

Qµ = xµI− i

3∑
α ̸=µ=1

xασα (4.1)

Here I denotes the 2×2 identity matrix and σα denote the three Pauli matrices. The notation

Qµ signifies that the identity part of the quaternion is xµ. For example,

Q0 =

(
x0 − ix3 −ix1 − x2
−ix1 + x2 x0 + ix3

)
(4.2)

Note that we can permute the coefficients of the Pauli matrices as we wish - so that the

notation Qµ is not unique. This will change the way we extract any of the remaining xµ, ν ̸= µ

– 12 –



from Qµ. One could go from one quaternionic representation to another by using the Pauli

matrix algebra. For example

Q0 = x0I− ix1σ3 − ix2σ2 − ix3σ1 (4.3)

may be related to

Q1 = x1I− ix0σ3 − ix2σ1 − ix3σ2 (4.4)

by the relation

Q1 = σ2Q0σ1 (4.5)

This representation is for a point on R4; to obtain the quaternionic representation of a

point on R3 we can set x3 = 0. In the following we will deal with d = 3 - the results for

d = 2, 1 can be obtained by setting the appropriate coordinates to zero.

In terms of quaternions the vacuum two point function of a primary field with conformal

dimension ∆ on R4 is given by

⟨0|O(yµ)O(xµ)|0⟩ =
1

(det[Qα(yµ)−Qα(xµ)])∆
(4.6)

The result is the same regardless of our choice of α.

4.2 Conformal Transformations

A general conformal transformation on R4 is a quaternionic Mobius transformation

Qµ → Q′
µ = (AQµ +B)(CQµ +D)−1 (4.7)

where A,B,C,D are themselves quaternions which obey the condition

Det
(
AC−1DC −BC

)
= I (4.8)

Under successive transformations(
A′ B′

C ′ D′

)
·

(
A B

C D

)
=

(
A′A+B′C A′B +B′D

C ′A+D′C C ′B +D′D

)
(4.9)

On R4 the quaternions A,B,C,D are again of the form

A = a0I− i
3∑

i=1

aiσi, (4.10)

and similarly for B, C, and D, where a0 and ai are all real.

We will, however, need to use this formalism to derive quantities in a S3 quantization.

This means we need to perform a Weyl transformation to (time) ×S3 and an analytic con-

tinuation to real time,

xµ = eitY µ (4.11)
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where Y µ are unit vectors on Rd+1, YµY
µ = 1 describing the S3. A quaternionic Mobius

transformation maintains this condition when the quantities a0, ai (and similarly b0, bi etc)

are complex. The matrices themselves need to obey the conditions

A = D† B = C† (4.12)

Under a general conformal transformation a primary operator on R4 transforms as

U †O(xµ)U = [J(x)]∆/4O(x′µ) J = |
∂x′µ
∂xµ

| (4.13)

where x′µ are the transformed coordinates which needs to be extracted from the Q′
α in (4.7).

4.3 Transformation by a SU(1, 1) subgroup

It was shown in [1] that the quaternionic transformation simplifies when the conformal trans-

formation on R4 belongs to a SL(2, R) subgroup formed by D,Kµ, Pµ for some given µ (or

SU(1, 1) when transformed to (time) ×S3). In this case, if we choose to use a quaternion

Qµ with the same µ the matrices (A,B,C,D) become proportional to the identity matrix I.
These can be then obtained as follows. First represent D,Kµ, Pµ by the Pauli matrices

D → iσ3
2

K → σ− P → σ+

σ± =
1

2
(σ1 ± i σ2) (4.14)

Then a general SU(1, 1) transformation may be represented by a 2× 2 matrix of the form

V →

(
a b

b⋆ a⋆

)
|a|2 − |b|2 = 1 (4.15)

Then the transformation of the quaternion Qµ is given by

Qµ → Q′
µ = (aIQµ − ibI)(ib⋆IQµ + a⋆I)−1 (4.16)

To prove this, we can use the SL(2, R) Baker-Campbell-Hausdorff formula to rewrite any V

as a product of transformations by individual D,Kµ and Pµ

V → eiα1Deiα2Kµeiα3Pµ (4.17)

We then use the transformation of the xµ under each of these factors and combine them. On

the other hand, using the representation (4.14) we can derive the entries (a, b, c, d) Finally we

compare the final result from what is obtained from (4.16). For details, see Ref. [1].
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4.4 Time evolution as a Conformal Transformation

In the following, we will be interested in the conformal transformation which results from time

evolution by a Hamiltonian which is some linear combination of the conformal generators

H =
∑
α

Lα (4.18)

where Lα ≡ (D,Kµ, Pµ,Mµν). The evolution operator is

U(t) = e−iHt (4.19)

The effect of this time evolution is a conformal transformation with the time t being a parame-

ter. The transformation acts on a quaternion according to (4.7) where the quaternionic param-

eters A,B,C,D are functions of time - we will therefore denote these as A(t), B(t), C(t), D(t).

On a primary operator this action is given by (4.14) with U → U(t)

Consider the two point function of the scalar primary operator O under such a time

evolution. At time t = 0 these two points are given, in terms of coordinates on R4

x⃗1 ≡ (1, 0, 0, 0)

x⃗2 ≡ (cos θ2, sin θ2 cosϕ2, sin θ2 sinϕ2 cosΨ2, sin θ2 sinϕ2 sinΨ2) (4.20)

The unequal time correlator with the second operator placed at time t is then given by

Γ(t) = ⟨0|U †(t)O(x⃗2)U(t)O(x⃗1)|0⟩

=
J(x⃗2)

∆/4

(det[Q′
α(x⃗2)−Qα(x⃗1)])∆

(4.21)

where the jacobian is given by

J(x⃗2) = (det[C(t)Qα(x⃗2) +D(t)])−4 (4.22)

Note that the point x⃗1 is not transformed. The time dependence of this quantity is determined

entirely by the time dependence of the quaternionic parameters A(t), B(t), C(t), D(t).

We are finally interested in correlators on (time) ×S3. This is obtained by performing a

Weyl transformation on (4.21), and an analytic continuation τ = it to obtain

C(t, θ2, ϕ2, ψ2)) = eit∆Γ(t) (4.23)

Note that the CFT vacuum is annihilated by the HamiltoniansHµ(βµ). However the spectrum

is different from the standard Hamiltonian H0 = 2iD, resulting in a time dependence of the

unequal time correlator. Similarly, the energy density and the fidelity of primary states also

depend non-trivially on time.
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4.5 Time evolution by a single Hµ

When the time evolution is by a single Hamiltonian Hµ(βµ) we can use the simplification

discussed in sub-section (4.3). Consider for example time evolution by H0(β0). It is then

useful to choose a quaternionic representation Q0(xµ), on which the time evolution acts via

(4.16). The result for the matrix V in (4.15) can be easily obtained

V →

(
a(t) b(t)

b⋆(t) a⋆(t)

)
(4.24)

where

a(t) = cos(ν0t) +
i

ν0
sin(ν0t) b(t) =

β0
ν0

sin(ν0t)

ν0 =
√

1− β20 (4.25)

The two point function can be now readily obtained. Using (4.21)-(4.23) we obtain

C(t)

C(0)
=

[2(1− cos θ2)]
∆

[(a2 + (a⋆)2 − b2 − (b⋆)2 − 2i(ab⋆ − ba⋆))− 2 cos θ2 (|a|2 + |b|2 + i(ab− a⋆b⋆))]∆

=
[1− cos θ2]

∆[
cos2(ν0t)(1− cos θ2)− sin2(ν0t)

ν20
{(1 + β0)2 + (1− β0)2 cos θ2}

]∆ (4.26)

The time dependence of corrrelators of the operator O is clearly contained entirely in the

functions a(t) and b(t). The expressions (4.26) immediately reveals that the nature of the

time evolution depends on whether β0 ⋚ 1.

� For β0 < 1 these are oscillatory functions of time, so that e.g. unequal time corrrelators

of operators O will oscillate in time for ever. The time period is given by

T0 =
2π√
1− β20

(4.27)

This is a non-heating phase.

� For β0 = 1 we have a(t) = 1 + it, b(t) = t: this leads to power law decay of correlators.

This is a critical phase

� For β0 > 1 the functions a(t) and b(t) are hyperbolic functions. This leads to

C(t)

C(0)
∼ e−2∆t

√
β2
0−1 [2(β20 − 1) cos θ2]

∆

[1 + β0(1 + cos θ2)]∆
(4.28)

The correlator therefore decays exponentially in time, characteristic of a “heating”

phase. Note, however, the inhomogeneity persists at arbitrarily late times.

The three phases described above are equilibrium phases: they are properties of time

evolution due to a single Hamiltonian. As shown in [1] the fidelity of a primary state, as

well as expectation values of the energy density as well as primary operators in such a state

exhibit oscillations, power law decays or exponential decays for β ⋚ 1.
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5 Floquet Dynamics

In this section, we shall discuss several Floquet drive protocols. These can be divided into two

categories. The first class of drives involves use of a single SU(1, 1) group and is discussed in

Sec. 5.1 while the second class involves the full SO(4, 2) group and is discussed in Sec. 5.2.

5.1 SU(1, 1) drives

The simplest Floquet dynamics is described by a two step process described by the Hamil-

tonian (2.4). As discussed earlier the effect of time evolution on quaternions becomes simple

if we use the quaternion Q0. At the end of a single cycle from t = 0 to t = T = T1 + T2 is

described by a matrix V defined in (4.15)

V =

(
a(T1, T2) b(T1, T2)

b⋆(T1, T2) a
⋆(T1, T2)

)
(5.1)

where the matrix elements are proportional to the 2× 2 identity matrix I

a(T1, T2) = [cos(ν0T2) +
i

ν0
sin(ν0T2)]e

iT1I b(T1, T2) = e−iT1
β0
ν0

sin(ν0T2)I

ν0 =
√

1− β20 (5.2)

Let us denote

ar = Re[a(T1, T2)] br = Re[b(T1, T2)]

aI = Im[a(T1, T2)] bI = Im[b(T1, T2)] (5.3)

Expanding the matrix (5.1) in terms of Pauli matrices it is now straightforward to obtain the

resulting transformation after n steps

Vn =

(
an(T1, T2) bn(T1, T2)

b⋆n(T1, T2) a
⋆
n(T1, T2)

)
(5.4)

Expressions for the physical quantities at the end of n cycles is clearly determined by these

functions an, bn. For example, the correlation function at times nT are given by (4.26) with

the replacement a→ an and b→ bn.

The coefficients an(T1, T2) and bn(T1, T2) depend on a, b only for the SU(1, 1) algebra.

Therefore one can use the Pauli matrix representation to calculate them directly. The nature

of this stroboscopic response is determined by the value of ar(T1, T2, β0)

� For a2r < 1,

an(T1, T2) = cos(n arccos(ar)) + i
aI

sin(arccos(ar))
sin(n arccos(ar))

bn =
br(T1, T2) + ibI(T1, T2)

sin(arccos(ar))
sin(n arccos(ar)). (5.5)
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This response is oscillatory. Note that the time period is a complicated function of the

parameters

Tp =
2π

arccos(ar)
(5.6)

This is a ”non-heating” phase.

� For a2r = 1 we have

an(T1, T2) = 1 + inaI bn(T1, T2) = n[br + ibI ] (5.7)

This means that the response now decays as a power law in the number of cycles n.

This is a critical phase.

� Finally for a2r > 1 we have

an = cosh(n arccosh(ar)) + i
aI

sinh(arccosh(ar))
sinh(n arccosh(ar))

bn =
br + ibI

sinh(arccosh(ar))
sinh(n arccosh(ar)) (5.8)

The response decays exponentially for large n. This is a “heating” phase.

An easier and perhaps more useful way to derive the nature of the n dependence of

(an, bn) is to go to a diagonal representation of the matrix V in (5.1). It is easily seen that

the eigenvalues are λ± where

λ± = ar ±
√
a2r − 1 (5.9)

Thus

ar < 1 λ± = exp[± i arccos(ar)]

ar = 1 λ± = 1

ar > 1 λ± = exp[± arccosh(ar)] (5.10)

If P denotes the matrix which diagonalizes V , i.e.

Λ ≡

(
λ+ 0

0 λ−

)
= P−1V P (5.11)

we immediately get

Vn = PΛnP−1 = P

(
λn+ 0

0 λn−

)
P−1 (5.12)

so that the n dependence in Vn is entirely contained in λn±. This immediately shows that

when ar > 1 the behavior is exponential and when ar < 1 the behavior is oscillatory. ar = 1

is subtle and needs to be considered as a limit, which leads to (5.7).
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These three phases are dynamical phases, since they are determined by the parameters

in the Hamiltonian at each step, as well as the frequency of the drive. The system can be

made to transition from a heating to a non-heating phase by changing T1, T2 regardless of the

value of β0.

The Floquet Hamiltonian in each of this phases is a linear combination of the D,K0, P0

which form a SU(1, 1) subalgebra. This has been explicitly obtained in [1]. In fact the

dynamical phase is the equilibrium phase of the Floquet Hamiltonian which of course depends

on T1, T2. Significantly, the dynamical phase is determined by a single number, ar(T1, T2, β0).

This quantity which determines the type of conjugacy class of the SU(1, 1) transformation,

with a2r < 1 being the elliptic class, a2r = 1 being the parabolic class and a2r > 1 being the

hyperbolic class. The phase structure is identical to SU(1, 1) drives in 1 + 1 dimensional

conformal field theories, which has been extensively discussed in the literature.

5.2 More general SO(4, 2) Floquet drives

Multi-step drives with different Hamiltonians Hµ(βµ) in different steps (as in (2.5)) would

result in Floquet Hamiltonians which are linear combinations of generators of the conformal

group. However unlike the 2D case there is no one-to-one correspondence of the types of

conjugacy classes of the Euclidean conformal group with the stroboscopic response of the

system. For conformal transformations on the Euclidean plane R4, these conjugacy classes

are known in terms of the elements of the equivalent quaternionic Mobius transformation

SL(2, H) [42]. Since we need the transformations of the coordinates on (time) ×Sd, the

matrices A,B,C,D will have complex entries, as is already evident in the case of SU(1, 1)

drives in the previous section. For the complex case which arises naturally in the Lorentzian

setting, the correspondence with conjugacy classes of SL(2, H) does not hold. In this sub-

section we shall consider drives that belong to a SO(2, 2) subalgebra of the full conformal

group for both 2-step and 3-step drive protocols.

5.2.1 A 2 step cycle

Let us first consider a protocol given by (2.5). The Floquet Hamiltonian will be a linear

combination of D,K1, P1,K0, P0,M01 which forms a SO(2, 2) subalgebra.

We now need to use two different quaternionic representation of the coordinates on R4,

Q0, Q1 which are defined in (4.3) and (4.4). As we discussed, in a step where the Hamilto-

nian is Hµ(βµ) for some given µ, the quaternionic entries of the transformation matrix are

proportional to the identity matrix I2×2. Therefore for the protocol (2.5) it is convenient to

use the representation Q1. Starting at t = 0 the quaternion at time t = T1 is then given by

Q′
1 = (a1Q1 − ib1)(ib

⋆
1Q1 + a⋆1)

−1 (5.13)

where the complex numbers a1, b1 are given by (following (4.25))

a1 = cos(ν1T1) +
i

ν1
sin(ν1T1) b1 =

β1
ν1

sin(ν1T1)

ν1 =
√
1− β21 (5.14)
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This means that in the quaternionic representation Q0 we have, using Q1 = σ2Q0σ1

Q′
1 = (a1σ2Q0 − ib1σ1)(ib

⋆
1σ2Q0 + a⋆1σ1)

−1 (5.15)

Using (4.5) once more we get the quaternion Q′
0 at t = T1

Q′
0 = (a1Q0 − b1σ3)(−b⋆1σ3Q0 + a⋆1)

−1 (5.16)

In the next step of the cycle, from t = T1 to t = T1 + T2 we use the fact that since the

Hamiltonian is now H0(β0) the quaternion Q′′
0 at the end of the cycle at t = T1 + T2 is given

by

Q′′
0 = (a2Q

′
0 − ib2)(ib

⋆
2Q

′
0 + a′2)

−1 (5.17)

where

a2 = cos(ν0T2) +
i

ν0
sin(ν0T2) b2 =

β0
ν0

sin(ν0T2)

ν0 =
√
1− β20 (5.18)

Note that

|a1|2 − |b1|2 = |a2|2 − |b2|2 = 1 (5.19)

Combining (5.5) and (5.4) we get the quaternion at the end of the cycle by

Q′′
0 = Q

(1)
0 = [(f1 + ig1σ3)Q0 + (f2 − ig2σ3)] [(f

⋆
2 + ig⋆2σ3)Q0 + (f⋆1 − ig⋆1σ3)]

−1 (5.20)

where

f1 = a1a2 f2 = −ib2a⋆1
g1 = b⋆1b2 g2 = −ia2b1 (5.21)

Note that these are (complex) numbers, not matrices.

To explore the stroboscopic properties of this protocol we need to iterate this procedure

n times. This is easier to accomplish if we first diagonalize the matrix(
f1 + ig1σ3 f2 − ig2σ3
f⋆2 + ig⋆2σ3 f

⋆
1 − ig⋆1σ3

)

is diagonal. The eignevalues of this matrix are λ± and µ± where

λ± = Re(f1 + ig1)±
√
[Re(f1 + ig1)]2 − (|f1 + ig1|2 − |f2 − ig2|2)

µ± = Re(f1 − ig1)±
√
[Re(f1 − ig1)]2 − (|f1 − ig1|2 − |f2 + ig2|2) (5.22)

It follows from (5.21) and (5.19) that

|f1 + ig1|2 − |f2 − ig2|2 = |f1 − ig1|2 − |f2 + ig2|2 = (|a1|2 − |b1|2)(|a2|2 − |b2|2) = 1(5.23)
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Figure 2. Left : Pure phase eigenvalue plots for parameters β1 = 0.8, β0 = 0.6 are shown in the blue

region. Right : Blue region indicates pure phase eigenvalues for β0 = β1 =
√
2 − 10−6, orange for

β0 = β1 =
√
2− 10−5 and green when β0 = β1 =

√
2− 10−4.

Furthermore b1 and b2 are real (from (5.14) and (5.18)) so that

Re(f1 + ig1) = Re(f1 − ig1) = Re(a1a2) (5.24)

This means that out of the four eigenvalues two of them coincide,

λ± = µ± = Re(a1a2)±
√
(Re(a1a2))2 − 1 (5.25)

As before, the stroboscopic behavior is determined by a single quantity, Re[a1(T1, β1)a2(T2, β0)]

which is now a function of T1, T2, β1, β0.

� When Re[a1a2] < 1 8 the response is an oscillatory function of the number of cycles n

with a period given by

Tp =
2π

arccos(Re a1a2)
(5.26)

� When Re[a1a2] = 1 the response is a polynomial in n.

� When Re[a1a2] > 1 the response decays exponentially in n.

In Fig. 2 we show the regions in the T1, T2 plane wherein we can have elliptic phases in steady

state. The phase boundary in the four parameter space is given by the hypersurface:

cos

(
T1

√
1− β21

)
cos

(
T2

√
1− β20

)
−

sin
(
T1
√
1− β21

)
sin
(
T2
√

1− β20

)
√
1− β21

√
1− β20

= 1. (5.27)

8We are not writing the variables on which the ai depend to avoid clutter
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5.2.2 A 3 step cycle

We now consider a 3 step cycle given by

H = 2iD nT ≤ t ≤ nT + T0

H = H1(β1) nT + T0 ≤ t ≤ nT + T0 + T1

H = H0(β0) nT + T0 + T1 ≤ t ≤ nT + T0 + T1 + T2 = (n+ 1)T (5.28)

where the time period is T = T0 + T1 + T2. Following the discussion in the previous section,

we choose the quaternionic representation Q1 for the first two steps of a single cycle, convert

the result to a Q0 representation and use this representation for the last step. At the end of

the first two steps, the quaternion Q1 is given by

Q′
1 = (c1Q1 − id1)(id

⋆
1Q1 + c⋆1)

−1 (5.29)

where (following (5.2)),

c1(T0, T1) = [cos(ν1T1) +
i

ν1
sin(ν1T1)]e

iT0I d1(T0, T1) = e−iT0
β1
ν1

sin(ν1T1)I

ν1 =
√
1− β21 (5.30)

The result at the end of the third step of the cycle can be obtained exactly as in (5.2.1)

Q′′
0 = Q

(1)
0 = [(p1 + iq1σ3)Q0 + (p2 − iq2σ3)] [(p

⋆
2 + iq⋆2σ3)Q0 + (p⋆1 − iq⋆1σ3)]

−1 (5.31)

where

p1 = c1c2 p2 = −id2c⋆1
q1 = d⋆1d2 q2 = −ic2d1 (5.32)

and

c2 = cos(ν0T2) +
i

ν0
sin(ν0T2) d2 =

β0
ν0

sin(ν0T2)

ν0 =
√
1− β20 (5.33)

As above we also have

|p1 + iq1|2 − |p2 − iq2|2 = |p1 − iq1|2 − |p2 + iq2|2 = (|c1|2 − |d1|2)(|c2|2 − |d2|2) = 1(5.34)

The eigenvalues of the matrix which represents the transformation at the end of a single cycle

are therefore

λ± = Re(p1 + iq1)±
√
[Re(p1 + iq1)]2 − 1

µ± = Re(p1 − iq1)±
√
[Re(p1 − iq1)]2 − 1 (5.35)

Unlike the results of the previous section, d1, d2 are not real so that Re(p1+iq1) ̸= Re(p1−iq1).
Therefore there are two distinct conditions which determine the nature of these eigenvalues.

Consequently, there are a multitude of phases
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Figure 3. Eigenvalue plots for parameters β0 = 0.9, β1 = 0.8, T0 = 11. Left : Blue regions indicate

λ± are pure phase, whereas Orange indicates µ± are pure phase. Right : The intersection region

where all 4 eigenvalues are pure phase. These are the regions in the parameter space which will result

in elliptic steady state.

1. The response is purely exponential when both [Re(p1−iq1)]2 > 1 and [Re(p1+iq1)]
2 > 1.

2. A purely oscillatory phase when both [Re(p1 − iq1)]
2 < 1 and [Re(p1 + iq1)]

2 < 1.

3. A parabolic phase when both [Re(p1 − iq1)]
2 = 1 and [Re(p1 + iq1)]

2 = 1

4. A phase when one of the quantities [Re(p1 − iq1)]
2 and [Re(p1 + iq1)]

2 is greater than

unity while the other is less than unity. In this case now the 4× 4 matrix Vn (5.12) has

4 entries that oscillate with n, while 4 other exponentially grow as function of n. See

App. B for an explicit form of Vn. The two-time correlator for this case exhibits an

exponential decay with stroboscopic time n with oscillations on top of it, see Fig. 4 for

an illustrative example.

There are more conditions to be met for pure phase eigenvalues, and even though the

number of parameters have increased, the allowed regions have shrunk in the three step

bidirectional drive as compared with the two step case. This feature, shown in Fig. 3, continues

to hold as a generic feature, such that the elliptic phase becomes rare.
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Figure 4. Correlation function in the hybrid phase. The parameters take values, p1 = 1
2 + 2 i, q1 =

−i, p2 = 1 +
√
3 i, q2 = i

2 .

5.3 A general three directional Floquet drive

In this subsection we generalize the drives of §5.2.1 and §5.2.2 to a three directional periodic

deformation, i.e.the following protocol:

H1 = 2iD + iβ1(Ki + Pi), 0 ≤ t ≤ T1, (5.36)

H2 = 2iD + iβ2(Kk + Pk), T1 ≤ t ≤ T1 + T2, (5.37)

H3 = 2iD + iβ2(Kp + Pp), T1 + T2 ≤ t ≤ T1 + T2 + T3. (5.38)

Here the deformations are first in the i, then in the k and finally in the p-th direction, which

are distinct. For each direction we have complex numbers similar to (5.14) that we denote

by ai, bi for i = 1, 2, 3. Next we define the indices r and s such that −i σs σp σr = 1. Notice

that p ̸= k implies that k is either equal to r or s. Let us assume in what follows below that

k = r. Next, via a series of algebraic steps similar to the simpler drives, the final quaternionic

transformation can be expressed as:

Q′′
p =

[
AQp − i B

]
·
[
i C Qp +D

]−1

, (5.39)

where we find:

A = a1 a2 a3 I− i b∗1 b2 a3 σk + i a1 b
∗
2 b3 σp + i b∗1 a

∗
2 b3 σs, (5.40)

B = a∗1 a
∗
2 b3 I− i b1 a

∗
2 b3 σk − i a∗1 b2 a3 σp − i b1 a2 a3 σs, (5.41)

C = a1 a2 b
∗
3 I− i b∗1 b2 b

∗
3 σk + i a1 b

∗
2 a

∗
3 σp + i b∗1 a

∗
2 a

∗
3 σs, (5.42)

D = a∗1 a
∗
2 a

∗
3 I− i b1 a

∗
2 a

∗
3 σk − i a∗1 b2 b

∗
3 σp − i b1 a2 b

∗
3 σs. (5.43)
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The 4× 4 analog of the matrix Vn of (5.4) now has entries the depend on 6 parameters.

Though the number of parameters have increased, so does the number of conditions for

obtaining pure phase eigenvalues. Numerically, for generic choices of parameters, we do

not find any region where all the four eigenvalues (λi) are pure phases, as Fig.5 indicates.

Therefore the system does not seem to reach any elliptic steady state in the 6 parameter space

of βi, Ti. We emphasize that we have not been able to prove this analytically but checked

numerically in various extreme limits in the parameter space. In the left panel of Fig. 5,

where one of the deformations, β1, is chosen to be very small compared to the other two,

while an elliptic phase develops at β1 = 0 (the two directional case) we do not see any elliptic

region opening up in the parameter space.

Figure 5. We have chosen i = x, k = y, p = z directions for the tridirectional Floquet drive. The

parameters are chosen to be β1 = 0.001, β2 = 0.8, β3 = 0.9, T0 = 7. The contours are for the quantity
4∑

i=1

|1−|λi||, which should vanish when all the eigenvalues are pure phases. Left : A larger area of the

T1 − T2 plane with varying values of the eigenvalues. We zoom into the yellow rectangular region on

the right plot. Right : Zoomed in region in the T1 − T2 plane with higher resolution of
4∑

i=1

|1− |λi||.

6 Perturbative computation of Floquet Hamiltonians

In general, it is difficult to obtain an explicit expression for the Floquet Hamiltonian for a

multi-step drive.9 However, they may be computed using perturbative schemes [12]. In this

work, we shall two such schemes. The first constitutes a perturbative expansion in the high

frequency regime; this expansion is termed as the Magnus expansion [10, 12]. The second

involves an expansion in the high drive amplitude regime and is termed as FPT [12, 43, 44].

We compute the Floquet Hamiltonians using such schemes for multi-step drives and discuss

9In fact, it is not expected to be described by a local expression for low drive frequencies.
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the corresponding Killing horizons. It is well-known that the leading term of these Floquet

Hamiltonians reproduces the evolution of the driven system quite accurately up to a large

prethermal time window in the high frequency for amplitude regime [45]; hence we expect

our analysis to be valid at sufficiently long times in both cases.

6.1 Magnus Expansion

In the high-frequency regime, i.e. when the drive frequency ωD = (2π)/T ≫ 1, a perturbative

expression can be written down in powers of T [10]. This series expansion is known as the

Magnus expansion and it provides an approximate description of the dynamics up to the

time-scale O(eCωD), where C is an order-one constant [45]. Formally, the expansion takes the

following form (for details see App. C)

HF ≡
∞∑
n=0

H
(n)
F =

∞∑
n=1

Tn−1Ωn , (6.1)

where

Ω1 =
1

T

∫ T

0
dtH(t) , (6.2)

Ω2 =
1

2iℏT 2

∫ T

0
dt1

∫ t1

0
dt2 [H(t1), H(t2)] , (6.3)

where H(t) is the time-dependent Hamiltonian. These expressions yield:

H
(1)
F = Ω1 =

1

T

∫ T

0
dtH(t) , (6.4)

H
(2)
F = TΩ2 =

1

2iℏT

∫ T

0
dt1

∫ t1

0
dt2 [H(t1), H(t2)] . (6.5)

Let us now choose the following time-dependent Hamiltonian:

H = H1 t ≤ T1

= H2 T1 ≤ t ≤ T , (6.6)

where

H1,2 = αD + β1,2P1,2 + γ1,2K1,2 , (6.7)

β∗1,2 = γ1,2 . (6.8)

The Magnus expansion for the Floquet Hamiltonian is given by

HF =
∞∑
n=1

Tn−1Ωn =
∞∑
n=1

H
(n)
F . (6.9)
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Under the Magnus expansion, the first order Floquet Hamiltonian is given by

H
(1)
F = νH1 + (1− ν)H2 = αD + β (νP1 + (1− ν)P2) + γ (νK1 + (1− ν)K2) , (6.10)

where ν = T1/T .

At the next order in the Magnus expansion, we obtain:

H
(2)
F =

T

2iℏ
ν (1− ν) [H2, H1] =

T

2
ν (1− ν) [α (β(P1 − P2) + γ(K2 −K1)) + 4βγL21]

(6.11)

In the next section we will use these expressions to investigate the presence of Killing horizons

in the bulk.

6.2 Floquet perturbation theory

In this section, we consider the high amplitude expansion using FPT. To this end, we choose

the following protocol:

H = 2i (λ+ δλ)D + iβ1(K1 + P1) , t ≤ T/2 , (6.12)

= 2i (−λ+ δλ)D + iβ2(K2 + P2) , t > T/2 . (6.13)

with λ≫ δλ, β1, β2. With this choice, the parameters {λ, δλ, β1,2} are all real-valued.10

For our choice of parameters, it is natural to treat the terms proportional to δλ, β1, and

β2 perturbatively. To this end, we first write [12]

U0(t, 0) = e−2iλDt/ℏ, t ≤ T/2

= e−2iλD(T−t)/ℏ, T/2 < t ≤ T (6.15)

Note that at t = T , U0(T, 0) = I and hence H
(0)
F = 0.

The first order correction to the evolution operation may be computed as follows. We

first denote H1(t) to be the perturbative part of the Hamiltonian which can be read off from

(6.13) as

H1(t) = H
(1)
1 θ(T/2− t) +H

(2)
1 θ(t− T/2), H

(a)
1 = δλD + iβa(Ka + Pa) (6.16)

where θ(x) denotes the step function. Using this, as elucidated in Refs. [12, 43, 44], one can

obtain the first order correction, U1 to the evolution operator as

U1(T, 0) =

∫ T/2

0
U †
0(t, 0)H

(1)
1 U0(t, 0) +

∫ T

T/2
U †
0(t, 0)H

(2)
1 U0(t, 0) (6.17)

10Note that, it follows:

H† = H =⇒ D† = −D , K† = −P , P † = −K . (6.14)

This is the same adjoint action as noted in (7.14).
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Since H
(1)
1 and H

(2)
1 have simple representations in terms of two different sets of SU(1, 1)

matrices (with D being the common element in both; see (4.14)), these integrals can be easily

evaluated. Writing HF = iℏU1(T, 0)/ℏ in this perturbative regime, one obtains the Floquet

Hamiltonian up to O(δλ), O(β1,2) to be (see App. D for details)

HF = δλ (2iD) +
sinχ

2χ

[
iβ1
(
K1e

−iχ + P1e
iχ
)
+ iβ2

(
K2e

−iχ + P2e
iχ
)]

,

χ =
λT

2ℏ
. (6.18)

We note that for T → 0, χ → 0 and HF reduces to that the obtained within the first order

Magnus expansion obtained in the previous section. Also, we note that for χ = pπ, where

p ∈ Z, [HF , D] = 0. This constitutes an approximate emergent symmetry of the Floquet

Hamiltonian at these drive frequencies. This symmetry is emergent since it is not present in

H(t) for any t; also it is approximate since it is usually not respected by higher-order terms in

HF [13]. However, this emergent symmetry plays a key role in dynamics of the system in the

prethermal regime where the first order Floquet Hamiltonian controls the dynamics. In the

present case, the effect of the emergent symmetry constitutes in realization of non-heating

dynamics in the prethermal regime at and around the special frequencies.

7 Bulk Horizons for Floquet Hamiltonians

For a given periodic drive, the Floquet Hamiltonian in a d+ 1 dimensional CFT is a specific

linear combination of the standard conformal generators. In a holographic theory, this vector

field lifts to a isometry generator of the dual AdSd+2. In this section we will use the approxi-

mate Floquet Hamiltonians obtained in the previous section to examine if the corresponding

Killing vector field have horizons. We will restrict our attention to d = 2, but a similar

analysis can be carried out for arbitrary d.

7.1 Global Lorentzian AdS4

A Lorentzian AdS4 geometry can be described as a hypersurface in an R2,3 embedding space:

ηabX
aXb ≡ −(X0)

2 − (X4)
2 + (X1)

2 + (X2)
2 + (X3)

2 = −ℓ2 , (7.1)

ηab = diag(−1, 1, 1, 1,−1) , Xa = ηabX
b . (7.2)

The global patch is obtained by the following solution to the embedding equation:

X0 = − cosh ρ cos t , X4 = − cosh ρ sin t , (7.3)

X1 = sinh ρ cos θ , X2 = sinh ρ sin θ cosϕ , X3 = sinh ρ sin θ sinϕ , (7.4)

which yields the following metric on AdS4:

ds2 = dρ2 − cosh2 ρdt2 + sinh2 ρ
(
dθ2 + sin2 θdϕ2

)
. (7.5)
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The corresponding symmetry group is SO(2, 3) with ten generators of the following form:

Jab = Xa∂b −Xb∂a . (7.6)

We can use the pull-back relation on the co-tangent frame:

∂ξα =
∂Xa

∂ξα
∂Xa , (7.7)

to express the generators in the global patch. To do so, note the following combinations that

yield independent sl(2, R)-algebra:

D ≡ −J04 , P ≡ i (J01 + iJ14) , K ≡ −i (J01 − iJ14) , (7.8)

D ≡ −J04 , P ≡ i (J03 + iJ34) , K ≡ −i (J03 − iJ34) , (7.9)

D ≡ −J04 , P ≡ i (J02 + iJ24) , K ≡ −i (J02 − iJ24) , (7.10)

It is straightforward to check that each of the above combinations satisfy the sl(2, R)-algebra:

[D,P ] = −iP , [D,K] = iK , [P,K] = 2iD . (7.11)

Note that, the above Killing vectors satisfy the bulk Killing equation ∇aKb +∇bKa = 0.

Before moving forward, note the following. Let us define the adjoint action for the

generators Jab in the following manner:∫
ψ∗ (Jabϕ) =

∫ (
J†
abψ

∗
)
ϕ , (7.12)

where ψ and ϕ are complex-valued wavefunctions. This definition yields:

J†
ab = −Jab . (7.13)

This yields the following adjoint action on the conformal generators:

D† = −D , P † = −K , K† = −P . (7.14)

In what follows, we shall use these results for obtaining Killing horizons for periodic drive

protocols.

7.2 Killing Horizons in the Magnus Expansion

To lowest order in the Magnus expansion, we can now identify the corresponding bulk Killing

vector as:

H
(0)
F = ξA∂A , (7.15)

For concreteness, let us now choose:

P1 = i(J03 + iJ34) , K1 = −i(J03 − iJ34) , (7.16)

P2 = i(J02 + iJ24) , K2 = −i(J02 − iJ24) . (7.17)

– 29 –



It is now possible to explicitly construct the norm of the Killing vector, however, it is not

particularly illuminating to do so.

Note that, the algebraic structure of the vanishing Killing norm equation is given by

A+BY 2 − Y 2

(
C +D

√
Y 2 − 1

Y

)2

= 0 , (7.18)

where A,B,C,D are Y -independent and Y = cosh ρ. This algebraic equation is already

suggestive in the Y ≫ 1 limit, in which one obtains a purely quadratic equation, with only a

non-extremal solution:

Y 2 =
A

(C +D)2 −B
. (7.19)

The general solution of equation (7.18) takes the schematic form:

Y 2 =
±2
√
C2D2 (A (A+B − C2) +D2(A+B)) +

(
A+D2

) (
D2 −B

)
+ C2

(
A−D2

)
−2D2 (B + C2) + (B − C2)2 +D4

,

(7.20)

which implies clearly that the necessary condition for a real solution is:

D = C2D2
(
A
(
A+B − C2

)
+D2(A+B)

)
≥ 0 , (7.21)

where the equality corresponds to an extremal solution. For the lack of a better word, let us

refer to D as discriminant.

It is somewhat unwieldily, but possible to write down the expressions of A,B,C,D ex-

plicitly, which yields:

A = −e−2it sin2(θ)
(
(ν − 1 cosϕ

(
β2 − γ2e

2it
)
− ν sinϕ

(
β1 − γ1e

2it
))2

,

B = cos2 θ(sin t(ν(β1 + γ1) sinϕ+ (ν − 1)(−β2 − γ2) cosϕ)−
i cos t(ν(γ1 − β1) sinϕ+ (ν − 1)(β2 − γ2) cosϕ))

2 +

(sin t(ν(β1 + γ1) cosϕ+ (ν − 1)(β2 + γ2) sinϕ) +

i cos t(ν(β1 − γ1) cosϕ+ (ν − 1)(β2 − γ2) sinϕ))
2 , (7.22)

D = e−it sin θ
(
ν sinϕ

(
β1 + γ1e

2it
)
+ (ν − 1) cosϕ

(
−β2 − γ2e

2it
))

, (7.23)

C = α . (7.24)

With these, the discriminant can also be written down explicitly, however, this is a very long

expression and is not very illuminating. We would expect, if the presence of a horizon is

coupled to the type of conjugacy classes of the corresponding transformations, then a purely

algebraic condition can be obtained. It is possible to check that the following general case:

β1 = β , γ1 = γ , (7.25)

β2 = sβ , γ2 = sγ , s ∈ R , (7.26)
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one obtains

D = α2e−4it sin4 θ
(
β2 − γ2e4it

)2 (
α2 − 4βγ

(
ν2 + (ν − 1)2s2

))
((ν − 1)s cosϕ− ν sinϕ)4 . (7.27)

It is clear from (7.27) that, indeed, we obtain a purely algebraic condition:(
α2 − 4βγ

(
ν2 + (ν − 1)2s2

))
= 0 , (7.28)

=⇒ α2 = 4|β|2
(
ν2 + (ν − 1)2s2

)
. (7.29)

The two limiting cases are easy to check: (i) ν = 0 yields: α2 = 4s2|β|2, which is equivalent to

the case of HF = H2. (ii) Similarly, ν = 1 yields: α2 = 4|β|2, which is equivalent to HF = H1

as expected.

It is important to note that when s ∈ C, then no such purely algebraic relation exists.

The discriminant, in this case, always intertwines space-time coordinates with the parameters

of the problem. It indicates that, in such a case, the existence of the horizon may not be

captured with a simple algebraic relation.

Consider now the next order in the Magnus expansion, equation (6.11). We will set ℏ = 1

here on. Up to this order, we can again explicitly write down the expression for the Killing

norm. This yields:

||ξ||2 = A+BY 2 + Y 2

(C +
D
√
Y 2 − 1

Y

)2
+ 2EY

√
Y 2 − 1 , (7.30)

where

A = α(ν − 1)νT sin2 θ sin(2ϕ)(β2γ1 − β1γ2)− e−2it sin2 θ
(
(ν − 1) cosϕ

(
β2 − γ2e

2it
)

− ν sinϕ
(
β1 − γ1e

2it
))2

, (7.31)

B = cos2 θ(sin t(ν(β1 + γ1) sinϕ+ (ν − 1)(−β2 − γ2) cosϕ)

− i cos t(ν(γ1 − β1) sinϕ+ (ν − 1)(β2 − γ2) cosϕ))
2

+ (sin t(ν(β1 + γ1) cosϕ+ (ν − 1)(β2 + γ2) sinϕ)

+ i cos t(ν(β1 − γ1) cosϕ+ (ν − 1)(β2 − γ2) sinϕ))
2

+ α(ν − 1)νe−2itT
(
β21ν + β22(ν − 1)− e2it sin2 θ sin(2ϕ)(β2γ1 − β1γ2)

+ e4it
(
γ22 − ν

(
γ21 + γ22

)))
, (7.32)

D = e−it sin θ
(
ν sinϕ

(
β1 + γ1e

2it
)
+ (ν − 1) cosϕ

(
−β2 − γ2e

2it
))

(7.33)

E =
1

2
(ν − 1)νe−itT sin θ

(
sinϕ

(
α2
(
β1 − γ1e

2it
)
+ 2(ν − 1)

(
β2 − γ2e

2it
)
(β1γ2 + β2γ1)

)
+ cosϕ

(
α2
(
−β2 + γ2e

2it
)
+ 2ν

(
β1 − γ1e

2it
)
(β1γ2 + β2γ1)

))
, (7.34)
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C = α . (7.35)

As before, in the limit Y ≫ 1, equation (7.30) becomes a purely quadratic equation, that

admits only a non-extremal solution:11

Y 2 =
A

(C +D)2 −B − 2E
. (7.36)

It is also possible to explicitly solve the ||ξ||2 = 0 equation using (7.30), which yields:

Y 2 =
1

B2 − 2B (C2 +D2) + (C2 −D2)2 + 8CDE − 4E2[
±2
√
(E − CD)2 (A2 +A (B − C2 +D2) +BD2 − 2CDE + E2)

+ A
(
−B + C2 +D2

)
+D2

(
−B − C2

)
+ 4CDE +D4 − 2E2

]
. (7.37)

Clearly, there is again an emerging discriminant that defines an extremal horizon. It is not

illuminating to explicitly write down how the purely algebraic condition emerges in this case

as well, however, it is straightforward to check that, with:

β1 = β , γ1 = γ , (7.38)

β2 = sβ , γ2 = sγ , s ∈ R , (7.39)

one obtains: [
α2 − 4|β|2

(
ν2 + s2 (1− ν)2

)]
(others) = 0 , (7.40)

which is an identical condition to (7.29).The higher order terms in Magnus expansion may

also be derived systematically. However, they lead to cumbersome expressions of the Killing

norm which are not particularly illuminating; we do not explore them here.

Note that from the quaternionic analysis of the bidirectional drive the exact phase boundary

was given by (5.27). The Magnus regime corresponds to the high frequency driving where

both T1, T2 are small. Expanding Eq.(5.27) with T1 = νT, T2 = T, β1 = β and β0 = s β we

get:

1 +
1

2
T 2

(
− 1 + β2

(
ν2 + s2(ν − 1)2

))
+O(T 4) = 1. (7.41)

When the L.H.S is truncated till quadratic order we get:

β2
(
ν2 + s2(ν − 1)2

)
= 1.

In Eq.(7.40) if we plug in α = 2 which is the case in our field theory analysis, then it matches

exactly with the above equation.

11Physically, this simply implies that no extremal horizon exists when Y ≫ 1.
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7.3 Bulk Horizons in Floquet Perturbation Theory

In this subsection we investigate bulk horizons which follow from the Floquet Hamiltonian in

Floquet perturbation theory.

As before, we can express the Floquet Hamiltonian in terms of the bulk Killing vec-

tors: H
(1)
F = ξA∂A, where the conformal generators are given in (7.8)-(7.10). The algebraic

structure of the vanishing Killing norm equation, as before, takes the following form:

A+BY 2 − Y 2

(
C +D

√
Y 2 − 1

Y

)2

= 0 , (7.42)

where

A =
1

4χ2
4 sin2 θ sin2 χ sin2(t− χ)(β1 sin(ϕ) + β2 cos(ϕ))

2 , (7.43)

B =
1

4χ2
4 sin2 χ sin2(t− χ)

(
cos2 θ(β1 sinϕ+ β2 cosϕ)

2 + (β1 cosϕ− β2 sinϕ)
2
)

C =
1

2χ
4δλχ , (7.44)

D =
1

2χ
2 sin θ sinχ cos(t− χ)(β1 sinϕ+ β2 cosϕ) . (7.45)

As before, the necessary condition for finding real root is given by

C2D2
(
A
(
A+B − C2

)
+ (A+B)D2

)
≥ 0 , (7.46)

while the equality yields an extremal solution. This yields:

−
δλ2 sin4 θ sin4 χ sin2(2(t− χ))(β1 sinϕ+ β2 cosϕ)

4
(
−β21 − β22 + 8δλ2χ2 +

(
β21 + β22

)
cos(2χ)

)
2χ6

≥ 0 .

(7.47)

At the leading order in the χ→ 0 limit, we obtain the condition:

δλ2
(
β21 + β22 − 4δλ2

)
sin2(2t) sin4 θ(β1 sinϕ+ β2 cosϕ)

4 ≥ 0 , (7.48)

which matches with the first order Magnus expansion result. In this case, the extremality

condition, β21 + β22 − 4δλ2 = 0 is independent of the time-period T . On the other hand, the

extremality condition from (7.47) is given by(
−β21 − β22 + 8δλ2χ2 +

(
β21 + β22

)
cos(2χ)

)
= 0 , (7.49)

which depends explicitly on the time-period T . A pictorial representation of how this con-

dition behaves as a function of the time-period is given in Fig. 6. From this, we observe a

re-entrant behaviour; as χ is varied, the heating and non-heating phases oscillate as a function

of χ. We have also demonstrated how a non-extremal horizon behaves as a function of time,

for a constant x-slice, in Fig. 7.
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Figure 6. We have shown here the functional behaviour of the condition in (7.49). Non-extremal

horizons exist when the curve takes positive values, for negative values there are no real solution for

a horizon, whereas extremal horizons exist when the curve crosses zero. We have fixed β2 = 2. From

top to bottom, we have assigned: δλ =
√
0.001,

√
0.01,

√
0.05, respectively. Evidently, increasing δλ

reduces the parametric region that yields a horizon. We can also explicitly observe the re-entrant

phase structure.
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cosh(ρ)

Figure 7. We have shown here the behaviour of the horizon, in particular, cosh ρ as a function

of time, t. We have chosen: β = 1, δλ =
√
2

π , and for a fixed x = π
2 slice. The bulk horizon grows

unbounded and reaches the conformal boundary periodically in time.

Note that, the Floquet Hamiltonian in (6.18) reduces to simple dilatation (D) when

χ = mπ, m ∈ Z. In these cases, cos(2χ) = 1 and therefore the LHS of the extremality

condition becomes: 8χ2δλ2, which is non-vanishing for any non-vanishing χ. It is easy to

check that, the condition in (7.47) can never be satisfied and therefore we cannot have a

real-valued Killing horizon here. Thus, at χ = mπ (and m ̸= 0), we recover the physics of
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the non-heating phase.

Alternatively, consider the condition in (7.49). Suppose β21+β
2
2 = β2, then the extremality

condition is satisfied at:

δλ2 =
β2

4

sin2 χ

χ2
. (7.50)

Therefore, given a δλ, χ can be varied (or vice versa) to move through the phases. This

movement is completely frozen at χ = mπ (and m ̸= 0), where the Killing horizon disappears.

Also, since | sin2 χ/χ2| ≤ 1, the extremality condition can only be satisfied for 4δλ2 ≤ β2.

Said differently, there is only non-heating phase, when 4δλ2−β2 > 0. Note that, if we consider

the following auxiliary Floquet Hamiltonian:

Haux
F = (2δλ) iD +

iβ

2
(P +K) , (7.51)

the corresponding non-heating phases will coincide with the same algebraic regime: 4δλ2 −
β2 > 0.

Let us view the solutions in (7.50) from another perspective. Evidently, we can rewrite

(7.50) as:

sin2 χ

χ2
=

4δλ2

β2
. (7.52)

It is important to note that there are multiple roots of this equation. Using (7.52), we obtain:

∂χ

∂δλ
=

2χ

2δλ−
√
β2 − 4χ2δλ2

, (7.53)

∂χ

∂β
=

2χδλ

2βδλ− β
√
β2 − 4χ2δλ2

. (7.54)

In obtaining the above, we have explicitly used the relation in (7.52). It is clear that, given a

χ, whenever the denominator vanishes, the derivatives above diverge. We can interpret this

as the cases where the roots of the equation (7.52) become unstable with respect to a small

variation in the parameters. The vanishing denominator condition yields:

2δλ =
√
β2 − 4χ2

critδλ
2 . (7.55)

Using (7.52) and (7.55), we obtain the critical values of χ, denoted above by χcrit, for which

the roots become unstable:

sin2 χcrit = 1− 4δλ2

β2
. (7.56)

=⇒ sin2

(√
β2

4δλ2
− 1

)
= 1− 4δλ2

β2
. (7.57)
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Note that, within the range β2 ≥ 4δλ2, there exists such critical unstable points. For example,

when 4δλ2 → β2, we obtain:

χcrit → mπ , m ∈ Z and m ̸= 0 . (7.58)

However, all the other roots of (7.52) remain stable under the variation of the parameters.

Thus we find that in the large drive amplitude regime, the formation and disappearance of

the Killing horizons can be controlled by tuning the drive frequencies.

8 Discussion

This paper extends our previous work on Floquet dynamics in higher-dimensional CFTs [1] by

exploring more general drive protocols and their resulting dynamical phases. We determined

these phases by directly calculating the eigenvalues of the matrices which represent the time

evolution at the end of a single cycle in terms of quaternions. These eigenvalues should also

determine the type of conjugacy classes of the corresponding group element.

Conformal transformations in four Euclidean dimensions form the group SL(2, H): the

type of conjugacy classes of this group are known in terms of their quaternionic representations

[42]. A unique feature in higher dimensions in comparison with two, is the possibility of

considering a drive in multiple directions sequentially. This can result in a situation where

some entries of the evolution matrix grow exponentially with the stroboscopic time, while some

others oscillate (e.g. item 4 in §5.2.2). This leads to a hybrid phase where the stroboscopic

response as measured by the unequal time correlation function has oscillations on top of an

exponential decay. Our results also indicate that for a generic drive a purely oscillatory phase

does not exist. A complete characterization of these dynamical phases will require developing

a proper classification framework based on quaternionic invariants of the Lorentzian conformal

group SO(d, 2), rather than relying on the Euclidean counterparts. In this work, we have

taken the first step towards such a classification.

A key result of this work is of this work is the establishment of a direct geometric cor-

respondence between the dynamical phases of driven CFTs and the presence or absence of

Killing horizons of the Hamiltonian vector field. We showed that heating phases correspond

precisely to the presence of non-extremal Killing horizons with finite surface gravity on the

base space-time of the CFT. This geometric picture provides profound insight into the mech-

anism of heating in driven conformal systems, revealing it as a generalized Unruh effect. For

the non-heating phase there is no such horizon, while for the critical case the horizon is ex-

tremal. For holographic CFT’s these horizons have extensions into the bulk AdS space-time.

This is not merely an analogy but a fundamental connection arising from the shared sym-

metry structure between CFTs and AdS geometry. For a CFT with a single non-standard

Hamiltonian, these are horizons of the bulk vector field which represents this time evolution

in the bulk.

It is worth restating, that the AdS geometric description provides us with a kinematic

framework for all CFTs, and for holographic CFTs, it provides us with a foundational frame-
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work for further research. For example, it is natural to think of relevant deformations ofN = 4

SYM and the subsequent interplay between the deformation parameter with the choices of

the CFT Hamiltonian. For such cases, the geometric description may be the only pragmatic

way to address questions at strong coupling.

Through quaternionic representations of conformal transformations, we’ve analyzed the

stroboscopic response of systems subjected to various multi-step drive protocols, demon-

strating distinct phases ranging from purely oscillatory behaviour to exponential decay and

critical power-law responses. The perturbative methods we’ve developed—Magnus expansion

for high-frequency drives and Floquet perturbation theory for high-amplitude drives—offer

analytical tools to study these systems and reveal how drive parameters can be tuned to

control the formation and properties of horizons.

While our geometric considerations are based on analyzing bulk Killing horizons that

become CFT generators on the boundary, we do not directly address the question of bulk

dynamics of the putative dual. This goes back to the fact that in the stroboscopic dynamics,

the time enters as a parameter in the conformal map12. This map tells us where we end

up at the end of a stroboscopic period without letting us see the micromotion, i.e. the

dynamics in between Ti−1 to Ti. However this information is crucial in order to understand

the exact details of the horizon dynamics, and it is our understanding that the AdS3/CFT2
analysis in [24, 29, 31, 34, 38] is a step in this direction. Future work could explore how

much of this generalizes to higher dimensions and if our bulk geometries are recovered when

stroboscopically probed.

In this work we worked in the conformally invariant ground state, which does not change

under time evolution by the Hamiltonians we considered. The effect of the drive is, however,

non-trivial in unequal time correlation functions since they involve intermediate excited states,

which are not invariant under this time evolution. The dynamical phases are, however,

properties of the group element which describes the time evolution at the end of a single

cycle. This implies that expectation values of operators in excited primary states will also

exhibit these phases. In particular, it would be interesting to the study the dynamics starting

from a thermal state, as has been done in 1 + 1 dimensions [24, 38]. We plan to pursue this

in the future.

Even though we have extended the dynamics beyond what was considered in [1] allowing

us to see more of the conformal group, further generalizations are possible in two directions.

Firstly, instead of D,Kµ, Pµ one can consider Kµ − iKν , Pµ + i Pν , D − iMµν which also

forms another SU(1, 1), and thus can once again be studied using similar BCH decomposi-

tions. However now some of the conformal transformations will involve Lorentz rotations,

and examining how the dynamical phases get realized in this context presents an intriguing

direction. Secondly, in this paper we considered periodic drives of two and three steps. There

is a growing literature on aperiodic and even chaotic drives [18, 21, 21, 46–48]. Exploring

how the notion of dynamic prethermalization manifests for high dimensional critical systems

12These are the Ti’s mentioned just ahead of Eq.(2.1).
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remains an open question for future investigation.

Acknowledgements

We would like to thank J. de Boer, P. Caputa and M. Nozaki for discussions. D.D. and

S.R.D would like to thank the International Center for Theoretical Sciences, Tata Institute of

Fundamental Research for hospitality during the workshop ”Quantum Information, Quantum

Field Theory and Gravity”, August 2024 where some of this work was done. The work of

S.R.D. is supported by National Science Foundation grants NSF-PHY/211673 and NSF-

PHY/2410647, and a Jack and Linda Gill Chair Professorship. KS thanks DST for support

through SERB project JCB/2021/000030. AK is partially supported by CEFIPRA 6304− 3,

CRG/2021/004539 of Govt. of India. AK further acknowledges the support of Humboldt

Research Fellowship for Experienced Researchers by the Alexander von Humboldt Foundation

and for the hospitality of Theoretical Physics III, Department of Physics and Astronomy,

University of Wurzburg during the course of this work.

A The Conformal Algebra

We will consider conformal field theories on (time) ×Sd which will be obtained by Weyl

transformation and analytic continuation from Rd+1. The conformal algebra in Rd+1 is given

by

[D,Pµ] = iPµ, [D,Kµ] = −iKµ [Kµ, Pν ] = 2iDδµν − 2Mµν (A.1)

[Mµν ,Kρ] = δνρKµ − δµρKν [Mµν , Pρ] = δνρPµ − δµρPν (A.2)

[Mµν ,Mρσ] = iδµσMνρ − iδνσMµρ + iδνρMµσ − iδµρMνσ (A.3)

with all other commutators vanishing. The hermiticity conditions are

K†
µ = −Pµ D† = −D M †

µν =Mµν (A.4)

The action of these generators on the coordinates xµ on Rd+1 are given by the differential

operators

D = −ixµ∂µ, Pµ = −i∂µ
Kµ = −2ixµ(x · ∂) + ir2∂µ

Mµν = −i(xµ∂ν − xν∂µ) (A.5)

where r2 = xµx
µ.

A Weyl transformation to R× Sd is performed by

xµ = eτY µ (A.6)

where Y µ are unit vectors on Rd+1, YµY
µ = 1 describing the Sd, so that the metric becomes

ds2 = e2τ [dτ2 + dΩ2
d] (A.7)
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where dΩ2
d is the metric on a unit Sd. One can now parametrize Y µ by angles on Sd in the

usual fashion. For example, for d = 2 we have

Y 0 = cos θ Y 1 = sin θ cosϕ Y 2 = sin θ sinϕ (A.8)

The differential operators which represent the action of the conformal generators on points on

(time) ×Sd can be obtained by starting with (A.5) and performing the coordinate transforma-

tions (A.6). Under this Weyl transformation a primary operator in the CFT with conformal

dimension ∆ transforms as

O(xµ) → O(τ, θi) = eτ∆O(xµ) (A.9)

The analytic continuation τ = it leads to the Lorentzian space-time time× Sd.

B Explicit form of the 3 step evolution matrix

In this appendix we provide the explicit expressions for the non-zero entries in the evolution

matrix Vn that results from the 3 step drive in two directions discussed in §5.2.2. If we define:

ζ = 2
√
[Re(p1 + iq1)]2 − 1 and, η = 2

√
[Re(p1 − iq1)]2 − 1 (B.1)

so that the 4 eigenvalues (5.35) are:

λ± = Re(p1 + iq1)± ζ/2, µ± = Re(p1 − iq1)± η/2, (B.2)

then we can express the non-zero entries as

Vn(1, 1) =
1

2ζ

(
λn−(ζ + 2Im(p1 − i q1)) + λn+(ζ − 2Im(p1 − i q1))

)
, (B.3)

Vn(1, 3) =
p2 − i q2

ζ

(
λn+ − λn−

)
, (B.4)

Vn(2, 2) =
1

2η

(
µn+(η + 2iIm(p1 − i q1)) + µn−(η − 2iIm(p1 − i q1))

)
, (B.5)

Vn(2, 4) =
p2 + i q2

η

(
µn+ − µn−

)
, (B.6)

Vn(3, 1) =
p∗2 + i q∗2

ζ

(
λn+ − λn−

)
, (B.7)

Vn(3, 3) =
1

2ζ

(
λn+(ζ + 2Im(p1 − i q1)) + λn−(ζ − 2Im(p1 − i q1))

)
, (B.8)

Vn(4, 2) =
p∗2 − i q∗2

η

(
µn+ − µn−

)
, (B.9)

Vn(4, 4) =
1

2η

(
µn−(η + 2iIm(p1 − i q1)) + µn+(η − 2iIm(p1 − i q1))

)
. (B.10)

The above dependences on n shows that in the situation when one of λ or µ is complex, four

entries are exponentially growing at large n, while the rest non-zero ones are oscillating with

n.
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C Magnus Expansion: Derivation

Given a general evolution operator U(t, t0), which satisfies the following equation:

∂

∂t
U(t, t0) = − i

ℏ
H(t)U(t, t0) . (C.1)

The Magnus expansion assumes an exponential representation:

U(t, t0) = exp (Ω(t, t0)) , (C.2)

The Magnus ansatz can be recursively solved to obtain:

Ω(t, t0) =

∫ t

t0

dt1

(
− i

ℏ
H(t1)

)
= +

1

2

∫ t

t0

dt1

∫ t1

t0

dt2

[(
− i

ℏ
H(t1)

)
,

(
− i

ℏ
H(t2)

)]
= +

1

6

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3

([(
− i

ℏ
H(t1)

)
,

[(
− i

ℏ
H(t2)

)
,

(
− i

ℏ
H(t3)

)]]
+

[(
− i

ℏ
H(t3)

)
,

[(
− i

ℏ
H(t2)

)
,

(
− i

ℏ
H(t1)

)]])
+ . . . . (C.3)

Let us consider the following Hamiltonian:

H = H1 for t ≤ T1 , (C.4)

= H2 for T1 ≤ t ≤ T . (C.5)

Here T = (2π)/ωD is the Time-period where ωD is the drive frequency. Consider the following

choice for H1,2:

H1,2 = αD + βP1,2 + γK1,2 . (C.6)

Here we choose: α ∈ R and β, γ ∈ C with β∗ = γ. This choice corresponds to choosing

D† = D, K† = P .

The formal expression of the Magnus expansion is written as:

HF =
∞∑
n=1

H
(n)
F , (C.7)

where

H
(1)
F =

1

T

∫ T

0
dtH(t) = νH1 + (1− ν)H2

= αD + β (νP1 + (1− ν)P2) + γ (νK1 + (1− ν)K2) , (C.8)
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and

H
(2)
F =

1

2iT

∫ T

0
dt1

∫ t1

0
dt2 [H(t1), H(t2)]

=
1

2iT

∫ T

T1

dt1

∫ T1

0
dt2 [H2, H1] =

T

2i
ν (1− ν) [H2, H1] . (C.9)

Now, using the definitions of H1,2 and the following commutation relations:

[D,Pα] = iPα , [D,Kα] = −iKα , [Pα,Kβ] = 2iLαβ , (C.10)

we obtain:

H
(2)
F =

T

2
ν (1− ν) [α (β(P1 − P2) + γ(K2 −K1)) + 4βγL21] . (C.11)

D Floquet perturbation theory: Derivation

Let us now consider the following protocol:

H = 2i (λ+ δλ)D + iβ0 (K0 + P0) for t ≤ T

2
(D.1)

= 2i (−λ+ δλ)D + iβ1 (K1 + P1) for t >
T

2
. (D.2)

Let us use an explicit Pauli matrix representation of the generators above:

D ≡ iσ3
2

, K0 ≡ σ− , P0 ≡ σ+ , t ≤ T

2
(D.3)

D ≡ iτ3
2
, K1 ≡ τ− , P1 ≡ τ+ , t >

T

2
. (D.4)

At the leading order, we neglect all terms at O(δλ2), O(β2) and O(βδλ) terms compared

to O(λ2) terms. The evolution operator, therefore, is given by

U0 = exp

(
− i

ℏ
λσ3t

)
, t ≤ T

2
, (D.5)

= exp

(
− i

ℏ
λτ3(T − t)

)
, t >

T

2
. (D.6)

At the next order, the evolution operator receives corrections at O(δλ2) and O(β2). This is

given by, for t ≤ T/2,

U1 =

(
− i

ℏ

)∫ T/2

0
dtU †

0 (δλ2iD + iβ0 (K0 + P0))U0

= Π1 +Π2 +Π3 . (D.7)

Since U0 commutes with D, we readily obtain:

Π1 = − iT
2ℏ
δλ(2iD) . (D.8)
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Now we have:

Π2 =

(
− i

ℏ

)∫ T/2

0
dt(iβ0)e

iλσ3t/ℏ(iσ−)e
−iλσ3t/ℏ . (D.9)

To evaluate Π2, let us introduce eigenstates of the σ3 operator, denoted by |m⟩. The

matrix elements of Π2 is given by

⟨m|Π2|n⟩ =

(
− i

ℏ

)
δm,n−1i

∫ T/2

0
e2iλt/ℏdt

=

(
− i

ℏ

)
(iβ0) δm,n−1

eiλT/ℏ − 1

2iλ/ℏ
. (D.10)

Noting that δm,n−1 = σ−, one obtains:

Π2 =

(
− i

ℏ

)
T

2
(iβ0)σ−

sinχ

χ
eiχ , χ =

λT

2ℏ
. (D.11)

Proceeding similarly, one also obtains:

Π3 =

(
− i

ℏ

)
T

2
(iβ0)σ+

sinχ

χ
e−iχ , (D.12)

Combining everything, for t ≤ T/2, we obtain:

U1 =

(
− i

ℏ

)
T

2

[
δλ2iD + iβ0

(
K0e

−iχ + P0e
iχ
) sinχ

χ

]
, (D.13)

A similar calculation also yields the first order correction to the evolution operator for t > T/2:

U ′
1 =

(
− i

ℏ

)
T

2

[
δλ2iD + iβ1

(
K1e

−iχ + P1e
iχ
) sinχ

χ

]
, (D.14)

Therefore, at the first sub-leading order, the complete evolution operator is given by

e−iH
(1)
F T/ℏ ≡ U1 = U1 + U ′

1 , (D.15)

which yields:

H
(1)
F = δλ (2iD) +

sinχ

χ

[
β0
2

(
K0e

−iχ + P0e
iχ
)
+
β1
2

(
K1e

−iχ + P1e
iχ
)]

,

χ =
λT

2ℏ
. (D.16)

The above result is valid at the first sub-leading order in an expansion where the perturbation

parameter is O (δλ/λ) and O (β0,1/λ). The higher order corrections are therefore suppressed

in powers of λ−1. Note that,

It is instructive to consider the χ→ 0 limit, where sinχ/χ→ 1 and the effective Floquet

Hamiltonian in (D.16) reduces to the first order Magnus expansion result. On the other hand,

at χ = mπ, where m ∈ Z and m ̸= 0, H
(1)
F ∼ D, which corresponds to the deep end of the

non-heating phase. As one varies χ, it is now possible to navigate through the various phases.
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E Killing vectors in Poincaré AdS

Let us analyze the structure of the Killing horizon in the Poincaré patch in AdS. First, we

will discuss the AdS3 geometry, which has the following metric:

ds2 = ℓ2
(
du2

u2
+ u2

(
−dt2 + dx2

))
. (E.1)

Correspondingly, the six explicit Killing vectors are given by

J01 =
tx

ℓ
∂t −

ux

ℓ
∂u +

u2
(
−ℓ2 + t2 + x2

)
− 1

2ℓ2u2
∂x , (E.2)

J02 = −t∂t + u∂u − x∂x , (E.3)

J03 = −
u2
(
ℓ2 + t2 + x2

)
+ 1

2ℓ2u2
∂t +

tu

ℓ
∂u − tx

ℓ
∂x , (E.4)

J12 =
tx

ℓ
∂t −

ux

ℓ
∂u +

u2
(
ℓ2 + t2 + x2

)
− 1

2ℓu2
∂x , (E.5)

J13 = x∂t + t∂x , (E.6)

J23 =
u2
(
−ℓ2 + t2 + x2

)
+ 1

2ℓu2
∂t −

ut

ℓ
∂u +

tx

ℓ
∂x . (E.7)

It is now straightforward to check that the following definition and subsequent commutators:

D ≡ J02 , P ≡ J12 − J01 , K ≡ J12 + J01 , (E.8)

[K,P ] = 2D , [D,P ] = P , [D,K] = −K . (E.9)

Evidently, {D,K,P} satisfy an sl(2, R) algebra. A general sl(2, R)-valued Floquet Hamilto-

nian can be expanded in this basis:

H = αD + βP + γK ≡ Kµ∂µ , (E.10)

where {α, β, γ} are three constants. Note that, using the algebra in (E.9), the following

adjoint action follows: D† = D, P † = K. Correspondingly, α ∈ R and β = γ∗. We will also

take γ ∈ R and therefore β = γ.

The components of the Killing vector Kµ are given by

Kt = t

(
2γx

ℓ
− α

)
, Ku = u

(
α− 2γx

ℓ

)
, (E.11)

Kx = βℓ+
γ
(
t2 − 1

u2

)
ℓ

+
γx2

ℓ
− αx . (E.12)

The Lorentzian norm of this Killing vector can now vanish in the bulk geometry. The corre-

sponding equation yields the Killing horizon:

||K||2 = ℓ2
[
−u2(Kt)2 + u2(Kx)2 +

1

u2
(Ku)2

]
= 0 , (E.13)
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This is a quadratic equation in u2 with a discriminant:

dis =

(
α2 − 4βγ

)
(αℓ− 2γx)2

ℓ2
. (E.14)

Therefore, real roots (i.e. Killing horizons) exist in the regime: α2− 4βγ ≥ 0 and, in general,

there are two distinct real roots. They merge to a single real root when α2 − 4βγ = 0.13 At

extremality, when α2 − 4βγ = 0, the horizon is located at:

u2H =
γ

αℓx− γ (ℓ2 − t2 + x2)
=

1

t2 − (ℓ± x)2
. (E.15)

It can also be checked that the special point at x = αℓ/(2γ) yields the following extremal

solution: u2H = 1/t2, which is already contained within the solution in (E.15).

It is now easy to generalize to AdS4, which has the following metric:

ds2 = ℓ2
(
du2

u2
+ u2

(
−dt2 + dx2 + dy2

))
. (E.16)

In this case, the ten explicit Killing vectors are given by

J01 =
tx

ℓ
∂t −

ux

ℓ
∂u +

u2
(
−ℓ2 + t2 + x2 − y2

)
− 1

2ℓu2
∂x +

xy

ℓ
∂y , (E.17)

J02 =
ty

ℓ
∂t −

uy

ℓ
∂u +

xy

ℓ
∂x +

u2
(
−ℓ2 + t2 − x2 + y2

)
− 1

2ℓu2
∂y , (E.18)

J03 = −t∂t + u∂u − x∂x − y∂y , (E.19)

J04 = −
u2
(
ℓ2 + t2 + x2 + y2

)
+ 1

2ℓu2
∂t +

ut

ℓ
∂u − xt

ℓ
∂x −

ty

ℓ
∂y , (E.20)

J12 = −y∂x + x∂y , (E.21)

J13 =
tx

ℓ
∂t −

ux

ℓ
∂u +

u2
(
ℓ2 + t2 + x2 − y2

)
− 1

2ℓu2
∂x +

xy

ℓ
∂y , (E.22)

J14 = x∂t + t∂x , (E.23)

J23 =
ty

ℓ
∂t −

uy

ℓ
∂u +

xy

ℓ
∂x +

u2
(
ℓ2 + t2 − x2 + y2

)
− 1

2ℓu2
∂y , (E.24)

J24 = y∂t + t∂y , (E.25)

J34 =
u2
(
−ℓ2 + t2 + x2 + y2

)
+ 1

2ℓu2
∂t −

ut

ℓ
∂u +

xt

ℓ
∂x +

yt

ℓ
∂y . (E.26)

The Dilatation, Translation and the Special Conformal Transformation generators are

identified as:

D ≡ J03 , Px ≡ J13 − J01 , Kx ≡ J13 + J01 . (E.27)

13Note that, the equation αℓ − 2γx = 0 can be satisfied for a special value of x. At this value, the Killing

horizon also becomes an extremal one.
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The above identifications can be easily verified by noting that

lim
u→∞

J13 − J01 = ℓ∂x , (E.28)

lim
u→∞

J13 + J01 =
2tx

ℓ
∂t +

2xy

ℓ
∂y +

t2 + x2 − y2

ℓ
∂x , (E.29)

and further the commutation relations:

[D,Px] = Px , [D,Kx] = −Kx , [Kx, Px] = 2D . (E.30)

Given the cotangent basis {∂t, ∂u, ∂x, ∂y}, a general Floquet Hamiltonian H = αD +

βPx + γKx can be written as:

H = Kµ∂µ , (E.31)

Kt = t

(
2γx

ℓ
− α

)
, Ku = u

(
α− 2γx

ℓ

)
, (E.32)

Kx = βℓ+
γ
(
t2 − 1

u2 − y2
)

ℓ
+
γx2

ℓ
− αx , Ky = y

(
2γx

ℓ
− α

)
. (E.33)

The Killing horizon can be found by solving the norm of the above Killing vector vanishing

with respect to the Poincaré AdS4 metric. This is given by

||K||2 = 0 , (E.34)

disc =
(
α2 − 4βγ

)
(αℓ− 2γx)2 . (E.35)

The discriminant is identical to the AdS3 case hence our conclusions are also identical. The

extremal horizon is given by

u2H =
1

t2 − (ℓ± x)2 − y2
. (E.36)
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descriptions, JHEP 08 (2024) 213 [2309.04665].

[33] M. Nozaki, K. Tamaoka and M.T. Tan, Inhomogeneous quenches as state preparation in

two-dimensional conformal field theories, Phys. Rev. D 109 (2024) 126014 [2310.19376].

[34] H. Jiang and M. Mezei, New horizons for inhomogeneous quenches and Floquet CFT,

2404.07884.

[35] B. Lapierre, T. Numasawa, T. Neupert and S. Ryu, Floquet engineered inhomogeneous quantum

chaos in critical systems, 2405.01642.

[36] A. Miyata, M. Nozaki, K. Tamaoka and M. Watanabe, Hawking-Page and entanglement phase

transition in 2d CFT on curved backgrounds, JHEP 08 (2024) 190 [2406.06121].

[37] C. Bai, A. Miyata and M. Nozaki, Entanglement dynamics in 2d HCFTs on the curved
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