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ABSTRACT: This paper investigates the dynamical phases of Floquet Conformal Field The-
ories (CFTs) in space-time dimensions greater than two. Building upon our previous work
[1] which introduced quaternionic representations for studying Floquet dynamics in higher-
dimensional CF'Ts, we now explore more general square pulse drive protocols that go beyond
a single SU(1,1) subgroup. We demonstrate that, for multi-step drive protocols, the sys-
tem exhibits distinct dynamical phases characterized by the nature of the eigenvalues of the
quaternionic matrix representing time evolution in a single cycle, leading to different stro-
boscopic responses. Our analysis establishes a fundamental geometric interpretation where
these dynamical phases directly correspond to the presence or absence of Killing horizons in
the base space of the CFT and in a higher dimensional AdS space on which a putative dual
lives. The heating phase is associated with a non-extremal horizon, the critical phase with
an extremal horizon which disappears in the non-heating phase. We develop perturbative
approaches to compute the Floquet Hamiltonians in different regimes and show, how tuning
drive parameters can lead to horizons, providing a geometric framework for understanding
heating phenomena in driven conformal systems.
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1 Introduction

The physics of quantum systems driven out of equilibrium has received a lot of attention in
recent times [2-13]. A class of such systems constitutes quantum systems subjected to time-
periodic drive characterized by a time period T' = 27 /wp where wp is the drive frequency.
Such periodically driven systems exhibit phases that are not possible in equilibrium. These
include dynamical localization caused by suppression of tunnelling, suppression of ionization,
dynamical freezing, and time crystalline phases of quantum matter [6-13]. Many of these phe-
nomena have their roots in an approximate emergent symmetry of the Floquet Hamiltonian
that describes these systems [13]; such an emergence has no analogue either in equilibrium or
for quantum systems subjected to aperiodic drives.

While these phenomena are of great theoretical and experimental interest, the analytical
tools available to understand such dynamics are rather limited [12]. This aspect may be traced
back to the difficulty in the computation of the Floquet Hamiltonian Hr, which describes the
time evolution over a single time period 7" (see below). Known analytic methods for computing
Hp include a high frequency expansion (Magnus expansion) and Floquet perturbation theory
(FPT), which is accurate in the high drive amplitude regime. Both these methods require a
perturbative parameter such as the inverse of either the drive frequency (Magnus expansion)
or the drive amplitude (FPT). In other parameter regimes, where the drive frequency or
amplitude is not high, an investigation of such systems relies on numerical calculations.

More recently, it has been realized that driven 1+ 1 dimensional systems at criticality can
be solved using the tools of conformal field theory [14-38]. These systems can be alternatively
thought of as conformal field theories on a curved space-time [14, 31, 39-41]. The simplest
examples of periodic drives in these systems are piecewise constant Hamiltonians (a square
pulse protocol): the Hamiltonians in different pieces are different linear combinations of
the conformal generators that belong to an SU(1,1) subalgebra of the Virasoro algebra.
Representative simple examples are Ly + Lo, L+1 + L+1. Since the time-evolution in a single
step is a conformal transformation, in which the Lorentzian time appears as a parameter,
physical quantities can be computed using conformal transformations. In these systems, it
was found that by changing the time extent of each of these intervals, the systems can be
driven between different dynamical phases. These phases are characterized by the type of
conjugacy class of the SU(1,1) transformation for a single time period which determines the
properties of the operator for time evolution over time T'.

When the type of conjugacy class is hyperbolic, the stroboscopic response is exponential
in the number of time periods, n. This is called a heating phase - unequal time correlation



functions decay as a function of n for large n in this phase. Even though this resembles a
thermal phase, the system is not featureless. For a CF'T defined on a circle, the conformal
transformation which corresponds to time evolution over a single period has two fixed points:
the entanglement entropy of an interval which contains such a fixed point grows linearly, while
it quickly goes to zero if the interval does not contain a fixed point. Likewise, the energy
density gets peaked near these fixed point. In contrast, when U(T) is in the elliptic type of
conjugacy class, there are no fixed points on the circle: now the trajectory of a point on the
circle under stroboscopic evolution oscillates, leading to oscillatory behavior of all physical
quantities. When the type of conjugacy class is parabolic, the behaviour of various quantities
is a power law in n, which we call a critical phase. Since the type of conjugacy classes depend
on the time steps within each period, it is possible to change the dynamical phase by changing
the time steps.

141 dimensional conformal field theories are of course very special and one might wonder
whether any of these interesting features hold for higher-dimensional field theories as well. In
[1] we initiated a study of such Floquet conformal field theories in d+ 1 dimensions defined on
S%x (time), for d = 2, 3. The main technical tool in this study is a representation of conformal
transformations in these dimensions in terms of Mobius transformations of quaternions. We
studied square pulse protocols with time steps of extent T;, in which the Hamiltonians are
constant and linear combinations of generators of SU(1, 1) sub-algebras of the full conformal
algebra. In this work it was shown that under the time-evolution with a single Hamiltonian,
the system can be in one of three phases, depending on a parameter 3, which determines
the amplitude of the deformation. For S < 1, various physical observables such as the
stroboscopic time evolution of the unequal time correlators starting from the initial vacuum
state and that of fidelity and energy density of a primary state exhibit oscillations with a
time period T, = 1/4/1 — 2. For 8 > 1 these decay exponentially in time, while for 8 = 1,
the response is power law in time. These three static phases correspond to the three types of
conjugacy classes of the SU(1,1) transformation that acts as the time evolution.

These static phases should be contrasted with the stroboscopic response in a periodic
drive with a multi-step square pulse protocol, with different Hamiltonians in different steps.
In such a drive we are interested in the behavior of various quantities measured at the end
of n time periods, as a function of n. Restricting to Hamiltonians which belong to a single
SU(1, 1) sub-algebra, we found that the stroboscopic response is very similar to that in 1+ 1
dimensions described above. This is expected since the Floquet Hamiltonian now belongs to
the same SU(1, 1) subalgebra.

In this paper, we extend our discussion to processes whose Floquet Hamiltonians belong
to more general elements of the full conformal group and obtain geometric interpretations of
the results. We find a variety of dynamical phases as measured by the stroboscopic response,
determined by the amplitudes and time interval of the individual steps. As will be discussed
below, this response is governed by a set of functions of the number of steps n (and the
parameters in the Hamiltonians) which determine how a point on the S¢x (time) moves
under time evolution. As in 1+ 1 dimensions we find phases in which the n dependence of



all these functions can be purely oscillatory, power law or exponential. However for d > 1
we find in addition a phase where some of these functions are oscillatory, while others are
exponential.

We show that the static phases for a single Hamiltonian, or the dynamical phases in a
periodic drive resulting in a Floquet Hamiltonian describing the stroboscopic response, have
natural geometric interpretations. In the CFT, a given Hamiltonian or a Floquet Hamiltonian
defines a conformal Killing vector on the base space. We find that this conformal Killing vector
remains time-like everywhere in an oscillatory phase. In a heating phase, this ceases to be
the case and there are Killing horizons characterized by a non-zero surface gravity. In the
critical phase, the Killing horizon becomes extremal with a vanishing surface gravity. This
means that the heating observed can be thought of as a generalized Unruh effect. This is
similar to the situation in 14 1 dimensional quench from a standard Hamiltonian (dilatation)
to an SSD Hamiltonian, or a periodic drive with alternative standard and SSD Hamiltonians
where there are extremal horizons [34]. For holographic d + 1 dimensional CFT’s which have
a bulk gravity dual in asymptotically AdSgio we show that these horizons lift into horizons
in the bulk.

The plan of the rest of the paper is as follows. In Sec. 2 we describe the basic setup and
briefly summarize our results. In Sec. 3 we provide examples of deformed Hamiltonians and
study the corresponding Killing horizons. This is followed by Sec. 4, where we provide details
of the quaternion formalism used to study the dynamics of driven CFTs. Next, we study the
dynamics of periodically driven CFTS in Sec. 5. This is followed by a study of perturbative
Floquet Hamiltonians in Sec. 6; the associated bulk Killing horizons are analyzed in Sec. 7.
Finally, we discuss our main results and conclude in Sec. 8. Some details of the calculations
are presented in the appendices.

2 The Set-up and a Summary of results

In this section, we chart out the basic setup and provide a context for our work. This is
followed by a detailed summary of the main results of this work.

In what follows, we will consider d+1 dimensional conformal field theories on (time) x.S%
for d = 2,3. By a choice of units we set the radius of S to be unity. We will consider a class
of Hamiltonians given by

H,(B.) = /ddQ[l + B YTy (no sum over p) . (2.1)

The integral is over a unit sphere S% described in terms of a unit vector Y in R by
> u Y, Y# =1. B, is areal parameter and Ty is the energy density. In terms of the generators
of the conformal algebra the Hamiltonian H,(f,,) is

H,(Bu) =2iD +iB,(K, + P,) (no sum over ) (2.2)



where D, K, P, are the dilatation, special conformal transformation and momentum gen-
erators of the conformal algebra. (Our conventions are described in Appendix A.) A given
H,,(8,) belongs to an SU(1,1) sub-algebra of the full SO(d + 1,2) conformal algebra.

In this paper we will consider the Heisenberg picture state to be the conformally invariant
vacuum. This state remains unchanged during the time evolution. However, the spectra of the
Hamiltonians H,,(f,) are different. As a result, unequal time vacuum correlation functions are
different for different Hamiltonians. Other diagnostics are fidelities and expectation values of
operators in excited primary states. In [1] it was shown that under time evolution by a given
Hamiltonian H,(f,) these responses display exponential decay in time for 5, > 1, power law
decay for 3, = 1 and purely oscillatory behavior for 3, < 1.

The periodic drives we use are square pulse protocols. Each time period T of the drive
consists of several steps with a different Hamiltonian for each step. The stroboscopic response
is determined by the Floquet Hamiltonian Hp(T') which describes time evolution in a single

period,
T

U(T,0)=U(T) =T exp {—/i /0 dtH(t)/h] = exp[—iHp(T)T/h] (2.3)

Hp(T) depends on the extents of the individual time steps as well as the 3,’s.
Consider for example a periodic two step square pulse protocol with a time period T =
T, + T5 would be (with 77 < T))

H = 2iD for nT <t<nT+T
H = Hy(Bo) for nT+T1 <t<(n+1)T (2.4)

withn =0,1,2,---. The Floquet Hamiltonian now belongs to the SU (1, 1) subalgebra formed
by D, Ky, Py of the full conformal algebra. In [1], we showed that regardless of the value py,
the stroboscopic response can correspond to a heating phase in which the response after some
time n71 is an exponential function of n, a critical phase where the dependence is a power
law in n, or a non-heating phase where the response oscillates as a function of n, depending
on the values of T7,7T. In particular, consider the case By < 1 so that the Hamiltonians in
both the steps are individually in non-heating phases with oscillatory response. However, by
tuning the values of 17,75 one can drive the system to a heating phase. Similarly, there are
non-heating phases for stroboscopic response even for 5y > 1. These phases are therefore
dynamical and follow from the explicit form of the Floquet Hamiltonian Hg which is now a
linear combination of the generators D, Ky, Py. The phases are once again characterized by the
type of conjugacy class of the SU(1, 1) evolution operator for a single period U (T') = e #1r T,
The simplest square pulse protocol which goes beyond a SU(1,1) is a two step process

H:Hl(ﬂl) for nTStSnT—i—Tl
H = Hy(Bo) for nT+T1 <t<(n+1)T (2.5)

The generators involved now are D, K1, Ky, P, Py which would lead to a Floquet Hamiltonian
which is a linear combination of all generators of the full conformal algebra in 141 dimensions,



SO(2,2). Adding a 3rd step which involves the Hamiltonian Hy(/32) enlarges this to the
conformal group SO(3,2) in 2 + 1 dimensions, and so on. In [1] we considered protocols like
(2.5) and obtained the fidelity of a primary state at the end of one cycle, but did not examine
the dynamical phases which result from a periodic drive; analyzing such dynamical phases is
one of the key aspects of the present work.

To this end, as in [1], we will represent the coordinates of the base space of the field theory
in terms of quaternions !, which are adequate to describe d + 1 dimensions with d = 1,2, 3.
A general conformal transformation then acts on these quaternions via a 2 x 2 matrix with
quaternionic entries, a quaternionic Mobius transformation. In Euclidean signature this is
an element of SO(2, H). Time evolution of the kind described above is such a conformal
transformation whose parameter is the time itself.

An efficient way to determine the stroboscopic response is to determine the eigenvalues
and eigenvectors of the matrix which represents real time evolution in a single time period. As
will be discussed in detail (Section 5) this will allow us to determine the conformal transfor-
mation representing the time evolution after n periods easily. The response is then encoded
in the dependence of the 4 x 4 quaternion matrix on n. When all the eigenvalues are pure
phases, the matrix elements of the quaternion matrix are periodic functions of n and this
leads to oscillatory behavior of the unequal time correlator as a function of n. When the
eigenvalues are all real these depend on n exponentially, leading to exponential decay of the
correlator as a function of n, which is a dynamical phase resembling heating. When half of the
eigenvalues are real and the other half pure phase, some of the functions grow exponentially,
while others oscillate - we will call this a “hybrid phase” consisting of oscillations on top of
an exponential decay. Such a hybrid phase does not exist for SU(1,1) drives involving just
one direction. Finally there can be a critical dynamical phase where the correlators decay as
a power law in n.

For a 2-step process of the type (2.5) and for a 3 step process where one of the 3’s vanish
(i.e. the time evolution is by D in one of the steps) we can determine the dynamical phases
analytically, and we find all the four phases described above. For a 3-step process with the
three steps involving K, + P, in three different directions, we can determine the eigenvalues
numerically. Up to numerical uncertainties we do not find a purely oscillatory phase. This
leads us to speculate that in a generic drive an oscillatory phase does not exist. This is the
main distinguishing feature of higher dimensional Floquet CFT’s.

As in 1 4+ 1 dimensions, the phases should be characterized by the types of conjugacy
classes of the corresponding group element SO(3,2) or SO(4,2) which are in turn determined
by the eigenvalues of the corresponding quaternionic matrix. It will be interesting to see if the
types of conjugacy classes of SL(2, H) (the group for conformal transformations in Euclidean
space ) discussed in [42] can be extended to types of conjugacy classes of bi-quaternionic

Mobius transformations appropriate for real time evolution 2

In Lorentzian signature these are in fact special bi-quaternions. However we will simply refer them to
quaternions.
2The types of conjugacy classes of both SU(1,1) and SL(2, R) are determined by the value of the trace of



When the unitary operator at the end of a single cycle belongs to SU(1,1), the Floquet
Hamiltonian has been obtained in [1] - this is possible by resorting to the Pauli matrix
representations for the generators. For more general drives, such an exact calculation is not
yet possible. We show, however, that one can resort to their approximate forms in the high-
frequency and high-amplitude regimes. These regimes allow for analytic, albeit perturbative,
computation of the Floquet Hamiltonians, using Magnus expansion (high-frequency regime)
or FPT (high amplitude regime). This has been done for the two step and the three step
processes where the drives go beyond SU(1, 1) subgroups. An exact calculation of the Floquet
Hamiltonian should be possible using a higher dimensional Clifford algebra representation of
the generators; we leave this as a possible subject of future work.

Our strategy holds for Floquet Hamiltonians which belong to the full (global) conformal
algebra in a general (d+1)-dimensional system, or its appropriate sub-algebra. Our framework
and results are deeply rooted in the symmetry structure of the system, and not on the details
of the CFT. This is because we have not used explicitly any OPE data in our calculations,
which dictate three and higher point correlation functions in the corresponding CFT and are
intrinsically dynamical in nature. While we expect that a much richer dynamical structure
is encoded in higher point correlation functions, see e.g. [28], our analyses here will certainly
provide the necessary starting point for them.

As mentioned in the Introduction, the static phases of the Hamiltonians H, (/) and the
dynamical phases of the Floquet Hamiltonian are associated with the presence or absence of
Killing horizons on the base space-time on which the CFT is defined. For holographic CFT’s
these horizons extend into the bulk gravitational dual. More precisely, for a d+ 1 dimensional
CFT, in its invariant ground state, the bulk geometry is AdS;19: at the boundary, the bulk
Killing vectors become the CFT conformal Killing vectors. To better and naturally address
such holographic CFTs in general dimensions, we provide here parallel analyses which are
based on Killing vectors in an AdS;;2 geometry.

It is well-known that the primary role of this AdS-background is to provide a geometry
whose isometry group matches with the conformal symmetry group of the CFT. Correspond-
ingly, the CF'T Hamiltonian has a natural geometric representation in terms of a corresponding
Killing vector in AdS. The choice of the CFT Hamiltonian is, therefore, tied to choosing a
particular linear combination of the Killing vectors in AdS. Evidently, the specific CFT co-
ordinates will correspond to the specific patch in AdS. We find the existence of bulk horizons
for the heating phases of the driven CFTs, which become extremal at the critical (parabolic)
line; no such horizon exists for the non-heating phases. Since one can tune between these
phases by tuning the amplitude or frequency of the drive, our work indicates the possibility of
tuning between a horizon-less geometry to the one with a horizon in the presence of a periodic
drive.? It is worth emphasizing that while the holographic description holds literally true for a

the corresponding 2X2 representation. One needs the analogous results for (bi)-quaternionic Mobius transfor-
mations.

3Note that this behaviour of the Killing horizon is strikingly similar to that of a charged black hole with
a fixed mass, in which two non-extremal horizons merge into an extremal one and move into the complex-



certain class of CFTs, e.g. the N' =4 SYM theory in the large N limit and at strong coupling,
our discussion here is based completely on the symmetry of the AdS-space. Therefore, the
Killing horizon description provides us with a kinematic interpretation for the corresponding
horizon dynamics which is in one-to-one correspondence with the CFT dynamics. For N' = 4
SYM and its close cousins, on the other hand, the actual dynamical evolution will likely have
a rich interplay between the kinematic description and the ingredients of the true dynamical
duality. Our work here takes the first step towards addressing these issues in future.

3 The Deformed Hamiltonians and Killing Horizons

In this section we discuss the three different classes of Hamiltonians H,,(/,) for a given p and
the geometric significance for the corresponding vector fields on (time) xS¢. Our conventions
for the conformal algebra is given in the Appendix (A).

3.1 Hamiltonian Classes

The nature of time evolution by the Hamiltonian (2.1, 2.2) are very different for 8, > 1,5, =1
and 3, < 1. For 3, < 1 define

1
J1- 832

Using the conformal algebra it then follows that this Hamiltonian is unitarily equivalent to

H,,(Bu) = H,,(B,) = cosh x,(2iD) + isinh x, (K, + P,) B, =tanhy, (3.1)

the standard Hamiltonian of radial quantization
. X
ULH (80U, = 2D U, =exp [77,7“(1@ ~ P, (3.2)

This shows that time evolution using the Hamiltonian (2.2) is similar to the standard Hamil-
tonian. On the other hand when 8, > 1 the redefined Hamiltonian
1

H(B) = ?Hu(ﬁﬂ) = sinh §,(2iD) + i cosh &, (K, + P,) By = coth§, (3.3)
2

is unitarily equivalent to the Luscher-Mack Hamiltonian (K, + P,).

‘ Xy
U[-il:H[/Z(ﬁll)U/L = Z(Kﬂ + Pu) Uy = exp {_7/2/([(/1 - P/l) (3.4)

Finally when 8, = 1 the Hamiltonian cannot be transformed into anything simpler.

plane, as the charge of the black hole is increased. In this case, the horizon-less configuration yields a naked
singularity, which is analogous to the non-heating phase. Of course, in our geometric description, there is no
singularity.



3.2 Killing Horizons

A Hamiltonian H,,(/,) defines a conformal Killing vector field on the base space of the
conformal field theory. We will now prove that the three classes of Hamiltonians with 3 ; 1
are in one to one correspondence with the presence or absence of Killing horizons in the
base space-time of the CFT. For two dimensional sine-squared deformed Hamiltonians such

horizons have been studied in [34]. Consider H(Bp). Acting on R, this is a vector field
1

iHO(BO) =x=2"0, + g(awo + 229210, — r20,0) r? = atz, (3.5)

The vector field is therefore
Xt =at 4+ g(ég + 22021 — 1r258) (3.6)
The norm of this vector field is
Xxu = r? 4+ Bo(l + T2)x0 + 64(2)(1 +rt 4(1’0)2 — 27"2)
= |ret? — %(r%%@ + 1)} [re_w - %(736_210 +1) (3.7)

where we have parametrized

2 =rcosf (3.8)

in anticipation of a Weyl transformation given by (A.7).
We need to determine whether this vector is time-like or space-like after a Weyl trans-
formation followed by an analytic continuation. This means we need to have

r=e (3.9)

for real t. Because of the Weyl factor (3.9) the norm of the vector in real (time) xS is given
by N = —e~2%(x*y,) (the negative sign is because of the factor of i). Using (3.7) and (3.9)

N =—[1—-PBycos(t —0)][1 — By cos(t+ 6)] (3.10)
This expression immediately implies that

e When 5y < 1 one has NV < 0 for all (¢,0) so that the vector field Hy(fp) is always
time-like

e When S5y > 1 one has N' < 0 only in the region

cos(t +6) < ﬁlo cos(t — 0) < 510 (3.11)

There is a horizon described by

1
either cos(t+6)=—
0

or cos(t—40)= L (3.12)
0



When both the above conditions are satisfied, we have a bifurcation point. The horizon
has a non-vanishing surface gravity and therefore characterized by a temperature.

e When § = 1 the above horizons become extremal since the norm now has a double zero
at each of the horizons. The surface gravity and therefore the temperature vanishes.

While we have demonstrated this for Hy(8y) for simplicity of presentation, the result is
clearly generally valid for any H,,(5,). The Hamiltonian classes we discussed above therefore
have a geometric meaning - time evolution by the Hamiltonian is not a time-like conformal
Killing vector everywhere when § > 1, leading to horizons. This means that an observer
whose time 7 is defined by H,(8,) = 8% perceives a physical horizon in the space-time (time)
xS,

3.3 Bulk Horizons

For a holographic CFT the horizons in the CFT base space-time lead to horizons in the one
higher dimensional bulk AdS space-times. The simplest case is for a 1 4+ 1 dimensional CFT
whose dual description would be a gravitational theory in AdS3;. To elucidate this point
further, we first construct the explicit Killing vectors in global-AdSs geometry. In [1], these
Killing vectors are presented explicitly, which we review here. The global AdS; geometry is

written as:
ds® = L? (— cosh? pdt? 4 dp* + sinh? de2) , (3.13)
Y Y=Y, YFr=Y?+Yi=1, pu=1,2. (3.14)

Let us set L = 1. Let us write down the explicit Killing vectors corresponding to Dilatation,
translation and special conformal transformation along a direction.

D=20,, (3.15)
g 1 .
P =ie ™ [yl <8p + H tanh p8t> — tanh p sin 089} , (3.16)
Ky = —ie |v; (9, — L tanhpdy ) — — - sin 09 (3.17)
1= 1 p i PO tanhp o > .
where

Y1 =cosf, Yy =sinh . (3.18)

With the above, the following sl(2, R) algebra holds:*
[D,P|=—iP,, [D,Ki|=iK,, [P,Ki|=2iD. (3.19)

It is also straightforward to check that the above Killing vectors satisfy the Killing equation:

Valp+Vpla=0. (3.20)

4Note that, here we have chosen D — —D compared to the convention in equation (A.3), with P and K

unchanged.



Since the above two conditions are linear, any linear combination of solutions of the Killing
equation is also a Killing vector. Moreover, the si(2, R) algebra does not fix the overall
undetermined constant completely. To fix it completely, let us note the conformal boundary
limits of (3.15)-(3.17):

lim D =0, , (3.21)
p—00

le P = % [efi(tfe) i efi(t+9):| 9, — % {efi(th) _ e—z’(t+9)} 0y | (3.22)
p—00

lim Ky = = [e"(H@) + e"“—@)} O+ 2 [e“”@) - ei“—ﬂ By . (3.23)
p—00 2 2

The above are the correct generators on the cylinder.®
Let us now consider the general Hamiltonian:

H =aD+ 8P, +~vK, =40, . (3.24)

By definition, we have chosen: DT = D, Kt = P and therefore a € R and {v, 3} € C, with
~* = (3, which follows from hermiticity of the Hamiltonian. The form of the Killing vector is
given by

€][* = gape’e”
= —cosh?(p) (o + e " cos(f) tanh(p) (B + 762”))2 — e 2" 5in?(6) cosh?(p) (B — 'yez"t)2
— e 2" cos?(6) (B - ’}/62it)2 . (3.25)

Let us define:

Z=pe"" — Z*=p%"=net (3.26)
using [ =7". (3.27)

Using these, it is easy to rewrite the norm as:

1€]]2 = — cosh®(p) (« + cos(f) tanh(p) (Z + Z*))* — sin(0) cosh?(p) (Z — Z*)?
—cos?(0) (Z — Z*)? (3.28)
The norm is therefore a manifestly real quantity, as it should be.b

Let us first note that, in the limit p — oo the norm in (3.28) conformally reduces’ to
the norm in (3.10) corresponding to the conformally Killing vector on the base space of the

°It can be easily checked that L., = z™*18,, for m = —1,0, 1, on the plane maps to these generators under
the plane-to-cylinder map.

SNote that, from the reality condition of the norm, we can also deduce that & € R and § = v*. For a
Hermitian Hamiltonian, the norm is guaranteed to be real.

"By this, we mean that there is a conformal factor of cosh? p relating ||£||* with N. Thus, the conformally
compactified norm of ||¢||? becomes identical to /. This is expected since the total volume of the AdS-space
diverges in the p — oo limit.

,10,



CFT. Before discussing the general case, it is straightforward to check some simple limiting
cases. Consider 8 = 0 = . This yields: ||£||> = —a cosh?(p) which is nowhere vanishing and
therefore has no horizon. On the other hand, when o = 0, we obtain:

||€||? = —sinh?(p) cos?(0) (Z + Z*)* — sin() cosh?(p) (Z — Z*)? — cos?(0) (Z — Z*)*(3.29)

Now, [|¢]|? = 0 yields:

V(Im(Z))? + (Re(2))?

COSh(p) = cos 0 \/(Re(Z))2 cos2 9 — (Im(Z))Q sin? # ’

(3.30)

as the only positive root, which is a non-extremal horizon.
Let us now consider more generic cases. On the phase transition line: o? = 43v. This
line can be parametrized by

B=" v=—5€", (3.31)
where s is the parameter that describes the transition line. On this line, one obtains:
|1€]]> = —(a cosh(p) cos(s +t) — a cos(f) sinh(p))? =0, (3.32)

which evidently yields an extremal horizon. We have provided a representative figure in 3.3
of an extremal horizon behaves as a function of the coordinate system.

On the other hand, it can be checked by directly solving the equation that for a given
a? — 43, the solution of ||¢||* = 0 depends on the sign of 4 ((Re(Z))? + (Im(Z))?) — . Real
solutions are only possible, when 4 ((Re(Z))? + (Im(Z))?) — o > 0. Now, it is easy to see
that

4((Re(2))* + (Im(2))?) — a® = 4By — o . (3.33)

Therefore we obtain non-extremal solution in the heating phase, an extremal solution on the
transition line and no real solution in the non-heating phase.

4 Quaternions, Conformal Transformations and Time Evolution

The CFT we are interested in is defined on S¢. Since the Hamiltonians we are interested in
are linear combinations of the conformal generators we can obtain the time evolution of an
operator by performing the corresponding conformal transformation where the time itself is
a parameter of the transformation. An efficient way to do this is to start with an operator on
R¥+1 obtain the transformed operator using the form of the generators (A.5), Weyl transform
using (A.8) and finally perform the necessary analytic continuation.

— 11 —



Figure 1. A contour plot showing the explicit coordinate dependence of the extremal horizon obtained
in equation (3.32). We have chosen here s = 0, which corresponds to a simple shift in the ¢ coordinate.
The unshaded (white) region corresponds to regions where the horizon does not exist. Evidently, these
regions are bounded by null rays which yields causal diamonds in this figure. Along the 6 direction,
the causal diamonds are identified at 6 = 0 and 0 = 2w. There is a periodic pattern of the causal
diamonds along the Lorentzian time direction.

4.1 Quaternions

A useful formalism to think about these processes in d = 2, 3 is the quaternionic representation
of conformal transformation. In this formalism the four coordinates in R* are represented by
a quaternion @,

3
Qu=2a"l—1 Z %0y (4.1)
a#u=1
Here I denotes the 2 x 2 identity matrix and o, denote the three Pauli matrices. The notation
Q,, signifies that the identity part of the quaternion is z#. For example,

QO _ ( o — ’i(Eg —’i(El — (I?2> (4.2)

—1T1 + X2 o+ 173

Note that we can permute the coefficients of the Pauli matrices as we wish - so that the
notation @), is not unique. This will change the way we extract any of the remaining x,,v # p



from @,. One could go from one quaternionic representation to another by using the Pauli
matrix algebra. For example

Qo = .”L'()H — iJJ1(7;3 — i:IJQUQ — 'iJJ;gUl (4.3)
may be related to
Q] = I]H — i:IJ()U;; — ixgal - iIgO’Q (44)
by the relation
Q1 = 02Q001 (4.5)

This representation is for a point on R?*; to obtain the quaternionic representation of a
point on R3 we can set x3 = 0. In the following we will deal with d = 3 - the results for
d = 2,1 can be obtained by setting the appropriate coordinates to zero.

In terms of quaternions the vacuum two point function of a primary field with conformal
dimension A on R* is given by

1
0|O(y,)O(x,,)|0) = 4.6
OO0 = (3] — Qa3 9
The result is the same regardless of our choice of a.
4.2 Conformal Transformations
A general conformal transformation on R?* is a quaternionic Mobius transformation
Qu— Q= (AQu + B)(CQu+ D)™} (4.7)
where A, B, C, D are themselves quaternions which obey the condition
Det (AC™'DC — BC) =1 (4.8)

Under successive transformations
A B ABY\ A'A+B'C AAB+ B'D (4.9)
Cc' D cD)] \C'A+DCCB+DD ‘
On R* the quaternions A, B, C, D are again of the form
3
A=al—i)  ao;, (4.10)
i=1

and similarly for B, C, and D, where ag and a; are all real.

We will, however, need to use this formalism to derive quantities in a S® quantization.
This means we need to perform a Weyl transformation to (time) xS® and an analytic con-
tinuation to real time,

zh = ety H (4.11)
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where Y# are unit vectors on R !, Y, Y# =1 describing the S3. A quaternionic Mobius
transformation maintains this condition when the quantities ag, a; (and similarly by, b; etc)
are complex. The matrices themselves need to obey the conditions

A=D" B=Ct (4.12)

Under a general conformal transformation a primary operator on R* transforms as

oz,
U0()U = [J(@)¥10(,) T =5~ (4.13)
Oz,
where :L*L are the transformed coordinates which needs to be extracted from the Q’ in (4.7).

4.3 Transformation by a SU(1,1) subgroup

It was shown in [1] that the quaternionic transformation simplifies when the conformal trans-
formation on R* belongs to a SL(2, R) subgroup formed by D, K u, P, for some given p (or
SU(1,1) when transformed to (time) x.S%). In this case, if we choose to use a quaternion
Q. with the same p the matrices (A, B,C, D) become proportional to the identity matrix I.
These can be then obtained as follows. First represent D, K, P, by the Pauli matrices

D—)% K—o_ P—oy

1
oL = 5(01 +iog) (4.14)

Then a general SU(1, 1) transformation may be represented by a 2 x 2 matrix of the form

a b
V- (b* a*> la]> — [p]* = 1 (4.15)
Then the transformation of the quaternion @), is given by

Qu — Q) = (alQ, — ibI) (ib*1Q,, + a*T) ™" (4.16)

To prove this, we can use the SL(2, R) Baker-Campbell-Hausdorff formula to rewrite any V'
as a product of transformations by individual D, K, and P,

V — elrD iy gias by (4.17)
We then use the transformation of the z,, under each of these factors and combine them. On

the other hand, using the representation (4.14) we can derive the entries (a, b, ¢, d) Finally we
compare the final result from what is obtained from (4.16). For details, see Ref. [1].
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4.4 Time evolution as a Conformal Transformation

In the following, we will be interested in the conformal transformation which results from time
evolution by a Hamiltonian which is some linear combination of the conformal generators

H=>) La (4.18)

where L, = (D, K,,, P,, M,,,,). The evolution operator is
U(t) = e *H? (4.19)

The effect of this time evolution is a conformal transformation with the time ¢ being a parame-
ter. The transformation acts on a quaternion according to (4.7) where the quaternionic param-
eters A, B, C, D are functions of time - we will therefore denote these as A(t), B(t), C(t), D(t).
On a primary operator this action is given by (4.14) with U — U(t)

Consider the two point function of the scalar primary operator O under such a time
evolution. At time ¢t = 0 these two points are given, in terms of coordinates on R*

# = (1,0,0,0)

-

T = (cos O, sin O3 cos P, sin O3 sin Py cos Wy, sin O sin pg sin Ws) (4.20)
The unequal time correlator with the second operator placed at time ¢ is then given by

L(t) = (0[UT()O(#2)U (t)O(#1)|0)

- (4.21)

where the jacobian is given by
J(@) = (det[C(£)Qa(d2) + D(E)]) ™ (4.22)

Note that the point 77 is not transformed. The time dependence of this quantity is determined
entirely by the time dependence of the quaternionic parameters A(t), B(t), C(t), D(t).

We are finally interested in correlators on (time) xS3. This is obtained by performing a
Weyl transformation on (4.21), and an analytic continuation 7 = it to obtain

C(t, 09, 2, 2)) = 2T (t) (4.23)

Note that the CFT vacuum is annihilated by the Hamiltonians H,(f3,). However the spectrum
is different from the standard Hamiltonian Hy = 2iD, resulting in a time dependence of the
unequal time correlator. Similarly, the energy density and the fidelity of primary states also
depend non-trivially on time.
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4.5 Time evolution by a single H,

When the time evolution is by a single Hamiltonian H,(f,) we can use the simplification
discussed in sub-section (4.3). Consider for example time evolution by Hy(By). It is then
useful to choose a quaternionic representation Qo(x,), on which the time evolution acts via
(4.16). The result for the matrix V in (4.15) can be easily obtained

a(t) b(t)
V- (b*(t) a*(t)) (4.24)

where

a(t) = cos(vet) + Uisin(yot) b(t) = % sin(vot)
0 0

v = /1 — B2 (4.25)

The two point function can be now readily obtained. Using (4.21)-(4.23) we obtain

C(t) _ [2(1 — cos 62)]*
C0)  [(a2+ (a*)% — b2 — (b*)2 — 2i(ab* — ba*)) — 2cos by (|al? + [b]2 + i(ab — a*b*))]>
[1 — cos ]

- - < (4.26)
[COSQ(V()t)(l — cosfy) — %{(1 + B0)% + (1 — Bo)? cos by}

The time dependence of corrrelators of the operator O is clearly contained entirely in the
functions a(t) and b(t). The expressions (4.26) immediately reveals that the nature of the
time evolution depends on whether (; ; 1.

e For By < 1 these are oscillatory functions of time, so that e.g. unequal time corrrelators
of operators O will oscillate in time for ever. The time period is given by

Ty— 2" (4.27)

V=%
This is a non-heating phase.

e For By = 1 we have a(t) = 1+ it,b(t) = t: this leads to power law decay of correlators.
This is a critical phase

e For () > 1 the functions a(t) and b(t) are hyperbolic functions. This leads to
2 A
c) o 200,/B31 [2(85 — 1) cos 6] . (4.28)
C(0) [14 Bo(1 + cosbz)]

The correlator therefore decays exponentially in time, characteristic of a “heating”
phase. Note, however, the inhomogeneity persists at arbitrarily late times.

The three phases described above are equilibrium phases: they are properties of time
evolution due to a single Hamiltonian. As shown in [1] the fidelity of a primary state, as
well as expectation values of the energy density as well as primary operators in such a state
exhibit oscillations, power law decays or exponential decays for 8 § 1.
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5 Floquet Dynamics

In this section, we shall discuss several Floquet drive protocols. These can be divided into two
categories. The first class of drives involves use of a single SU(1,1) group and is discussed in
Sec. 5.1 while the second class involves the full SO(4,2) group and is discussed in Sec. 5.2.

5.1 SU(1,1) drives

The simplest Floquet dynamics is described by a two step process described by the Hamil-
tonian (2.4). As discussed earlier the effect of time evolution on quaternions becomes simple
if we use the quaternion (Qy. At the end of a single cycle from t = 0tot =T =11 + 15 is
described by a matrix V defined in (4.15)

[ a(T1,T3) b(T1,T5)
V= <b*(T1,T2) a*(Tl,T2)> (5.1)

where the matrix elements are proportional to the 2 x 2 identity matrix I

a(Th, Ts) = [cos(vyTr) + Viosin(yng)]eiTlﬂ b(Ty,Ty) = e_iTl/f(O)Sin(VOTQ)H

vy = \/1—58 (52)

Let us denote

Ay = Re[a(Tl,TQ)] br = Re[b(Tl,Tg)]
aj = Im[a(Tl,Tg)] b[ = Im[b(Tl,Tg)] (53)

Expanding the matrix (5.1) in terms of Pauli matrices it is now straightforward to obtain the

resulting transformation after n steps

| an(T1,To) b, (T4, T2)
= <bZ(T17T2) GZ(T1,T2)> (54)

Expressions for the physical quantities at the end of n cycles is clearly determined by these
functions ay, b,. For example, the correlation function at times nT" are given by (4.26) with
the replacement a — a,, and b — b,,.

The coefficients ay, (11, 72) and b,(71,T>) depend on a,b only for the SU(1,1) algebra.
Therefore one can use the Pauli matrix representation to calculate them directly. The nature
of this stroboscopic response is determined by the value of a, (T4, T2, o)

e For a? < 1,
an(T1,Ty) = cos(n arccos(a,)) + isin(ar:cm sin(n arccos(a,))
T
by(T1, Tp) 4 iby (T1,T3) .
b, = . 5.5
n sin(arccos(a,)) sin(n arccos(a,)) (5.5)
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This response is oscillatory. Note that the time period is a complicated function of the

parameters )
T, = W:@) (5.6)
This is a "non-heating” phase.
e For a? = 1 we have
an(Th,T2) = 1+ ina;g b (T, To) = nlb, + iby] (5.7)

This means that the response now decays as a power law in the number of cycles n.
This is a critical phase.

e Finally for a? > 1 we have

a, = cosh(n arccosh(a,)) + isinh (arcacIOSh @) sinh(n arccosh(a,))
b, + iby ,
b, — h h(a, 5.8
sinh(arccosh(a,)) sinh(n arccosh(ar)) (58)

The response decays exponentially for large n. This is a “heating” phase.

An easier and perhaps more useful way to derive the nature of the n dependence of
(an,by) is to go to a diagonal representation of the matrix V in (5.1). It is easily seen that

A =ar, £+/a2 -1 (5.9)

the eigenvalues are A+ where

Thus
ar <1 A+ = exp[£ ¢ arccos(ay)]
apr = 1 )\:I: =1
ar > 1 A+ = exp[=£ arccosh(a,)] (5.10)

If P denotes the matrix which diagonalizes V, i.e.

Ay 0 .
A= =P VP 5.11
(5 2) .
we immediately get
Vo, =PA"P7!=P <Ao+ )\2 ) p1 (5.12)

so that the n dependence in V,, is entirely contained in A}. This immediately shows that
when a, > 1 the behavior is exponential and when a, < 1 the behavior is oscillatory. a, =1
is subtle and needs to be considered as a limit, which leads to (5.7).
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These three phases are dynamical phases, since they are determined by the parameters
in the Hamiltonian at each step, as well as the frequency of the drive. The system can be
made to transition from a heating to a non-heating phase by changing T3, T, regardless of the
value of By.

The Floquet Hamiltonian in each of this phases is a linear combination of the D, Ky, Py
which form a SU(1,1) subalgebra. This has been explicitly obtained in [1]. In fact the
dynamical phase is the equilibrium phase of the Floquet Hamiltonian which of course depends
on T1,T5. Significantly, the dynamical phase is determined by a single number, a, (11, T2, Bo).
This quantity which determines the type of conjugacy class of the SU(1,1) transformation,
with a2 < 1 being the elliptic class, a2 = 1 being the parabolic class and a? > 1 being the
hyperbolic class. The phase structure is identical to SU(1,1) drives in 1 + 1 dimensional
conformal field theories, which has been extensively discussed in the literature.

5.2 More general SO(4,2) Floquet drives

Multi-step drives with different Hamiltonians H,(f5,) in different steps (as in (2.5)) would
result in Floquet Hamiltonians which are linear combinations of generators of the conformal
group. However unlike the 2D case there is no one-to-one correspondence of the types of
conjugacy classes of the Euclidean conformal group with the stroboscopic response of the
system. For conformal transformations on the Euclidean plane R*, these conjugacy classes
are known in terms of the elements of the equivalent quaternionic Mobius transformation
SL(2,H) [42]. Since we need the transformations of the coordinates on (time) x.S% the
matrices A, B,C, D will have complex entries, as is already evident in the case of SU(1,1)
drives in the previous section. For the complex case which arises naturally in the Lorentzian
setting, the correspondence with conjugacy classes of SL(2, H) does not hold. In this sub-
section we shall consider drives that belong to a SO(2,2) subalgebra of the full conformal
group for both 2-step and 3-step drive protocols.

5.2.1 A 2 step cycle

Let us first consider a protocol given by (2.5). The Floquet Hamiltonian will be a linear
combination of D, K1, P, Ky, Py, My; which forms a SO(2,2) subalgebra.

We now need to use two different quaternionic representation of the coordinates on R*,
Qo, Q1 which are defined in (4.3) and (4.4). As we discussed, in a step where the Hamilto-
nian is H,(f,) for some given p, the quaternionic entries of the transformation matrix are
proportional to the identity matrix Iaxo. Therefore for the protocol (2.5) it is convenient to
use the representation (J1. Starting at ¢ = 0 the quaternion at time ¢ = 77 is then given by

Qll = (a1Q1 — Zbl)(leQl + a{)*l (5.13)

where the complex numbers a1, b; are given by (following (4.25))

a; = cos(r1 1) + L sin(v111) by = é sin(1171)
141 "

vy =/1— B2 (5.14)
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This means that in the quaternionic representation )y we have, using Q}1 = 02Qp01
Q' = (a102Qq — ib101)(ibfo2Qo + afoy) " (5.15)
Using (4.5) once more we get the quaternion Q) at t = T}
Qp = (a1Qo — b103)(—bo3Q0 + a}) " (5.16)

In the next step of the cycle, from t = T} to t = 17 + 15 we use the fact that since the

Hamiltonian is now Hy(fp) the quaternion @ at the end of the cycle at t = T} + T3 is given
by

= (a2Qp — ib) (ib3Q + ap) ™! (5.17)
where
_ . Do .
ag = cos(yTr) + — sin(vyTh) by = — sin(vpTr)
Vo 1)

vo = y/1— B} (5.18)

Note that
jar|* = 1b1]* = |azf® — [bo” = 1 (5.19)

Combining (5.5) and (5.4) we get the quaternion at the end of the cycle by

0= Q(() = [(f1 +1i9103)Qo + (fo — ig203)] [(f3 +ig503)Qo + (ff —igias)] ™" (5.20)
where
Ji = aag fa = —ibsa}

g1 = biby g2 = —iazby (5.21)

Note that these are (complex) numbers, not matrices.
To explore the stroboscopic properties of this protocol we need to iterate this procedure
n times. This is easier to accomplish if we first diagonalize the matrix

1 +ig103 fo —igeos3
f3 +igios ft —igios

is diagonal. The eignevalues of this matrix are Ay and p+ where

Ar = Re(f1 +1ig1) £ V[R f1+291)} = (lf1 +ig11* = | f2 — iga]?)
p+ = Re(f1 —ig1) = V[Re(f1 — ig1)]® — (|f1 — ig1]> — | fo + iga|?) (5.22)

It follows from (5.21) and (5.19) that

AL +ig]? = |fo —igel® = | fi —ig1]* — | f2 +ig2]* = (la1]* — [b1]?)(Jaz|? — [ba2]?) = 1(5.23)
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10

Figure 2. Left : Pure phase eigenvalue plots for parameters 51 = 0.8, 5y = 0.6 are shown in the blue
region. Right : Blue region indicates pure phase eigenvalues for By = 1 = v/2 — 10~°, orange for
Bo = B1 =+v2—10"° and green when By = f; = V2 — 10~%.

Furthermore by and bs are real (from (5.14) and (5.18)) so that
Re(f1 +ig1) = Re(f1 — ig1) = Re(a1a2) (5.24)

This means that out of the four eigenvalues two of them coincide,

A+ = p+ = Re(ajaz) = v/(Re(ayaz))? — 1 (5.25)

As before, the stroboscopic behavior is determined by a single quantity, Re[a1 (11, 51)a2(T3, Bo)]
which is now a function of 17, Ts, 51, Bo.

e When Re[ajas] < 1 ® the response is an oscillatory function of the number of cycles n

with a period given by

27
T, = 2
P arccos(Re ajaz) (5:26)

e When Re[ajas] = 1 the response is a polynomial in n.
e When Re[ajag] > 1 the response decays exponentially in n.

In Fig. 2 we show the regions in the 77,75 plane wherein we can have elliptic phases in steady
state. The phase boundary in the four parameter space is given by the hypersurface:

i /1 —32) sin V1-—p32
cos (Tm/l—ﬂ%) cos (ngl—ﬁ%)—sn(TI \1/1 _ﬁlﬁéil/lgﬂﬂgl ﬁ()) =1 (5.27)

8We are not writing the variables on which the a; depend to avoid clutter
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5.2.2 A 3 step cycle

We now consider a 3 step cycle given by

H = 2¢D nl <t<nT+1T
H:Hl(ﬁl) TLT+T0§t§7LT+TU+T1
H = H()(B()) nl'+To+T) <t<nT+To+T1+15 = (n + 1)T (528)

where the time period is T' = Ty + 11 + T». Following the discussion in the previous section,

we choose the quaternionic representation Q1 for the first two steps of a single cycle, convert
the result to a Q¢ representation and use this representation for the last step. At the end of
the first two steps, the quaternion (1 is given by

Q1 = (c1Q1 — id) (id{ Q1 + 7)™ (5.29)
where (following (5.2)),

c1(Ty, Th) = [cos(niTy) + L sin(nTy)]e T dy(Tp, T1) = e*iTo@ sin(v1 1)1
V1 151

n = /1- 82 (5.30)

The result at the end of the third step of the cycle can be obtained exactly as in (5.2.1)

b= Q%) = [(p1 +iq103)Qo + (p2 — ia203)] (05 + i303)Qo + (9} —igfos)] " (5.31)

where
p1 = ci1c2 p2 = —idac
q1 = didy g2 = —icady (5.32)
and
i Bo .
co = cos(vyTy) + — sin(vpTn) dy = — sin(vyTs)
VO I/O

v = /1 — B2 (5.33)

o1 +iq* = Ip2 — ig2|* = [p1 — i@ [* — p2 +ige|* = (le1]* — |di[*) (lezf* — |dof*) = 1(5.34)

As above we also have

The eigenvalues of the matrix which represents the transformation at the end of a single cycle
are therefore

A+ = Re(p1 +iq1) + /[Re(pr +iq)]> — 1
ps = Re(pr —iq) £ /[Re(p1 —iqn)]> — 1 (5.35)

Unlike the results of the previous section, di, dy are not real so that Re(p1+iq1) # Re(p1—iq1).

Therefore there are two distinct conditions which determine the nature of these eigenvalues.
Consequently, there are a multitude of phases
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Figure 3. Eigenvalue plots for parameters 5y = 0.9, 31 = 0.8, Tp = 11. Left : Blue regions indicate
A+ are pure phase, whereas Orange indicates p4 are pure phase. Right : The intersection region
where all 4 eigenvalues are pure phase. These are the regions in the parameter space which will result
in elliptic steady state.

1. The response is purely exponential when both [Re(p; —ig1)]? > 1 and [Re(p; +iq1)]? > 1.

2. A purely oscillatory phase when both [Re(p1 —iq1)]? < 1 and [Re(p; + iq1)])? < 1.

3. A parabolic phase when both [Re(p; —iq1)]? = 1 and [Re(p1 +iq1)]> =1

4. A phase when one of the quantities [Re(p; — iq1)]? and [Re(py + iq1)]? is greater than
unity while the other is less than unity. In this case now the 4 x 4 matrix V,, (5.12) has
4 entries that oscillate with n, while 4 other exponentially grow as function of n. See
App. B for an explicit form of V,,. The two-time correlator for this case exhibits an
exponential decay with stroboscopic time n with oscillations on top of it, see Fig. 4 for
an illustrative example.

There are more conditions to be met for pure phase eigenvalues, and even though the
number of parameters have increased, the allowed regions have shrunk in the three step
bidirectional drive as compared with the two step case. This feature, shown in Fig. 3, continues
to hold as a generic feature, such that the elliptic phase becomes rare.
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Figure 4. Correlation function in the hybrid phase. The parameters take values, p; = % + 24, q1 =
77:,]72:14’\/37:, QQZE

5.3 A general three directional Floquet drive

In this subsection we generalize the drives of §5.2.1 and §5.2.2 to a three directional periodic

deformation, i.e.the following protocol:

Hy = 2iD +ifo( Ky + Py), Ty <t < Ty + T, (5.37)
Hs = 2iD + ZﬁQ(Kp + Pp), T +T, <t<Ty+T5+T;. (538)

Here the deformations are first in the ¢, then in the £ and finally in the p-th direction, which
are distinct. For each direction we have complex numbers similar to (5.14) that we denote
by a;, b; for i = 1,2,3. Next we define the indices r and s such that —i o, 0,0, = 1. Notice
that p # k implies that k is either equal to r or s. Let us assume in what follows below that
k = r. Next, via a series of algebraic steps similar to the simpler drives, the final quaternionic

transformation can be expressed as:

-1
Q! = [AQp—iB} : [z‘CQp—l—D] , (5.39)
where we find:
A:a1a2a3]l—ib?bgagak+ia1b§bgap+ib>{a§b3as, (5.40)
B =aja3b31—ibjasbso; —ialbyaso, —ibyazasos, (5.41)
C =ai1ab31—ib] by b3 0y + iay by a3 0, +ib] ajaz0s, (5.42)
D =ajasa31—ibyasa30, —iajbabsop —ibyagbsos. (5.43)
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The 4 x 4 analog of the matrix V,, of (5.4) now has entries the depend on 6 parameters.
Though the number of parameters have increased, so does the number of conditions for
obtaining pure phase eigenvalues. Numerically, for generic choices of parameters, we do
not find any region where all the four eigenvalues ();) are pure phases, as Fig.5 indicates.
Therefore the system does not seem to reach any elliptic steady state in the 6 parameter space
of 8;,T;. We emphasize that we have not been able to prove this analytically but checked
numerically in various extreme limits in the parameter space. In the left panel of Fig. 5,
where one of the deformations, 51, is chosen to be very small compared to the other two,
while an elliptic phase develops at 81 = 0 (the two directional case) we do not see any elliptic
region opening up in the parameter space.

{B>=0.8, B3=0.9, B4= 0.001} i“““'
8.0/
4
15 Z[1 - Al
7.8 =
1.0000
10 7.6
= 0.1000
74
5 0.0100
7.2
0.0005
0 7.0 M. . — e—— =
5.0 5.2 5.4 5.6 5.8 6.0
T

Figure 5. We have chosen ¢ = z,k = y,p = z directions for the tridirectional Floquet drive. The
parameters are chosen to be 5; = 0.001, 52 = 0.8, 53 = 0.9, Ty = 7. The contours are for the quantity

4

>~ |1 —]|A||, which should vanish when all the eigenvalues are pure phases. Left : A larger area of the
i=1

Ty — T plane with varying values of the eigenvalues. We zoom into the yellow rectangular region on

4
the right plot. Right : Zoomed in region in the T} — T5 plane with higher resolution of Y |1 — |\]|.
i=1

6 Perturbative computation of Floquet Hamiltonians

In general, it is difficult to obtain an explicit expression for the Floquet Hamiltonian for a
multi-step drive.” However, they may be computed using perturbative schemes [12]. In this
work, we shall two such schemes. The first constitutes a perturbative expansion in the high
frequency regime; this expansion is termed as the Magnus expansion [10, 12]. The second
involves an expansion in the high drive amplitude regime and is termed as FPT [12, 43, 44].
We compute the Floquet Hamiltonians using such schemes for multi-step drives and discuss

9In fact, it is not expected to be described by a local expression for low drive frequencies.
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the corresponding Killing horizons. It is well-known that the leading term of these Floquet

Hamiltonians reproduces the evolution of the driven system quite accurately up to a large

prethermal time window in the high frequency for amplitude regime [45]; hence we expect

our analysis to be valid at sufficiently long times in both cases.

6.1 Magnus Expansion

In the high-frequency regime, i.e. when the drive frequency wp = (27)/T > 1, a perturbative

expression can be written down in powers of 7' [10]. This series expansion is known as the

Magnus expansion and it provides an approximate description of the dynamics up to the

time-scale O(e““P), where C' is an order-one constant [45]. Formally, the expansion takes the

following form (for details see App. C)

Hp = i HY = iTﬂ_lQn :
n=0 n=1
where
1 T
0 = T/o dQtH () |

1 T t1
Qo= —— dt dto [H(t1), H(t
2 2ihT2/0 1/0 2 [H(t1), H(t2)] ,

where H(t) is the time-dependent Hamiltonian. These expressions yield:

(1) e
H. _Ql_T/ dtH (1)
0

H? =Ty —

Let us now choose the following time-dependent Hamiltonian:

H=H t<7Ty
=Hy, T <t<T,

where

His=aD+ B12Pi2+m2K12,
Bia=7.2 -

The Magnus expansion for the Floquet Hamiltonian is given by

Hp = iT”_lQn = iH}”) .
n=1

n=1

— 26 —
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QihT/o dtl/o dty [H(t1), H(t2)] .

(6.1)

(6.6)
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Under the Magnus expansion, the first order Floquet Hamiltonian is given by
HY =vH +(1—v)Hy=aD + B (P + (1 —v) Py) +~ (vK1 + (1 — 1) K3) , (6.10)

where v =T, /T.
At the next order in the Magnus expansion, we obtain:

HE = y(1—v) [Hy, Hy) = % (1= v)[a (B(P1 = P2) + (K2 — K1)) + 4B7La1]

2ih
(6.11)

In the next section we will use these expressions to investigate the presence of Killing horizons
in the bulk.

6.2 Floquet perturbation theory

In this section, we consider the high amplitude expansion using FPT. To this end, we choose
the following protocol:

H=2M\+0ND+ip (K +P), t<T/2, (6.12)
= 2 (~A+ 0N D +ifo(Ks+ P), t>T/2. (6.13)

with A > §), 31, B2. With this choice, the parameters {\,d), 312} are all real-valued.”
For our choice of parameters, it is natural to treat the terms proportional to d\, 51, and
B2 perturbatively. To this end, we first write [12]

Uo(t,0) = e AP ¢ < T/
= ¢ 2ADT=0/h iy < T (6.15)

Note that at t = T', Up(7,0) = I and hence Hl(mo) = 0.
The first order correction to the evolution operation may be computed as follows. We

first denote H(t) to be the perturbative part of the Hamiltonian which can be read off from
(6.13) as

Hi(t) = BYo/2 —t) + BP0t — T/2), H =6AD +iB.(Ko+ P,)  (6.16)

where 0(x) denotes the step function. Using this, as elucidated in Refs. [12, 43, 44], one can
obtain the first order correction, U; to the evolution operator as

T/2 T
UL(T.0) = / Ui (6, 0) H VU (8, 0) + / / Ul (t, 0)H Uy (1, 0) (6.17)
0 T/2

ONote that, it follows:
H'=H = D'=-D, K'=-P, P'=-K. (6.14)

This is the same adjoint action as noted in (7.14).

— 27 —



Since Hfl) and H?) have simple representations in terms of two different sets of SU(1,1)
matrices (with D being the common element in both; see (4.14)), these integrals can be easily
evaluated. Writing Hp = thU1(T,0)/h in this perturbative regime, one obtains the Floquet
Hamiltonian up to O(6A), O(B1,2) to be (see App. D for details)

sin y

Hp = 0\ (2iD) + == [ify (Kie™™ + Pre™) +if (Kae™™ + Poc™)]

_ T
2K

We note that for T' — 0, x — 0 and Hp reduces to that the obtained within the first order
Magnus expansion obtained in the previous section. Also, we note that for x = pm, where

X (6.18)

p € Z, [Hp,D] = 0. This constitutes an approximate emergent symmetry of the Floquet
Hamiltonian at these drive frequencies. This symmetry is emergent since it is not present in
H(t) for any ¢; also it is approximate since it is usually not respected by higher-order terms in
Hp [13]. However, this emergent symmetry plays a key role in dynamics of the system in the
prethermal regime where the first order Floquet Hamiltonian controls the dynamics. In the
present case, the effect of the emergent symmetry constitutes in realization of non-heating
dynamics in the prethermal regime at and around the special frequencies.

7 Bulk Horizons for Floquet Hamiltonians

For a given periodic drive, the Floquet Hamiltonian in a d + 1 dimensional CFT is a specific
linear combination of the standard conformal generators. In a holographic theory, this vector
field lifts to a isometry generator of the dual AdSg4o. In this section we will use the approxi-
mate Floquet Hamiltonians obtained in the previous section to examine if the corresponding
Killing vector field have horizons. We will restrict our attention to d = 2, but a similar
analysis can be carried out for arbitrary d.

7.1 Global Lorentzian AdS,

A Lorentzian AdS; geometry can be described as a hypersurface in an B3 embedding space:

Ny X X" = —(X0)? — (X4)? + (X1)? + (X2)* + (X3)? = =%, (7.1)
Nap = diag(—1,1,1,1,-1) , X, = X" . (7.2)

The global patch is obtained by the following solution to the embedding equation:

XY= _—coshpcost, X*=—coshpsint, (7.3)
X! =sinhpcosf, X% =sinhpsinfcos¢, X =sinhpsinfsing ,

which yields the following metric on AdSy:

ds* = dp* — cosh® pdt* + sinh? p (d6* + sin® 0d¢?) . (7.5)
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The corresponding symmetry group is SO(2, 3) with ten generators of the following form:
Jap = XaOp — X0y - (7.6)

We can use the pull-back relation on the co-tangent frame:

_axe
- S

aga aXa 3 (77)

to express the generators in the global patch. To do so, note the following combinations that
yield independent sl(2, R)-algebra:

D= —J04 s P = i(J01 + iJ14) s K= —3 (J()l — iJ14) s (7.8)
D= —J04 5 P = i(Jog + iJ34) y K=—1 (Jog — iJ34) 5
D=—-Jy, P= i(JOQ + iJ24) , K=-—i (J()Q — iJ24) , (7.10)

It is straightforward to check that each of the above combinations satisfy the sl(2, R)-algebra:
[D,P]=—iP, [D,K|]=1iK, [P,K|=2iD. (7.11)

Note that, the above Killing vectors satisfy the bulk Killing equation VK + VK, = 0.
Before moving forward, note the following. Let us define the adjoint action for the
generators Jy;, in the following manner:

[ ) = [ ()0 (712)
where ¥ and ¢ are complex-valued wavefunctions. This definition yields:
T = —Jay - (7.13)
This yields the following adjoint action on the conformal generators:
Di=—-p, Pl=-K, Kt=-P. (7.14)

In what follows, we shall use these results for obtaining Killing horizons for periodic drive
protocols.

7.2 Killing Horizons in the Magnus Expansion

To lowest order in the Magnus expansion, we can now identify the corresponding bulk Killing

vector as:
HY = ¢4, (7.15)
For concreteness, let us now choose:
Py =i(Jos+iJss), Ki=—i(Jos—iJ3q) , (7.16)
Py =i(Jog +iJas), Ko= —i(Jos —iJog) . (7.17)
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It is now possible to explicitly construct the norm of the Killing vector, however, it is not
particularly illuminating to do so.
Note that, the algebraic structure of the vanishing Killing norm equation is given by

2
A+ BY? —Y? O+ D | =0, (7.18)

where A, B,C,D are Y-independent and Y = coshp. This algebraic equation is already
suggestive in the Y > 1 limit, in which one obtains a purely quadratic equation, with only a
non-extremal solution:

2 A

V2 = i B (7.19)

The general solution of equation (7.18) takes the schematic form:

Ve +2,/C?D? (A(A+ B - C?)+ D*(A+ B)) + (A+ D?) (D* - B) + C? (A — D?)
a —2D2 (B + C?) + (B — C?)* + D*

(7.20)
which implies clearly that the necessary condition for a real solution is:
D= C*D*(A(A+B—-C?) +D*(A+B)) >0, (7.21)

where the equality corresponds to an extremal solution. For the lack of a better word, let us
refer to D as discriminant.

It is somewhat unwieldily, but possible to write down the expressions of A, B,C, D ex-
plicitly, which yields:

A= —e %t sin?(9) ((1/ —1cos¢ (62 — ’)/262#) —vsing (61 — ’ylezit))Q ,
B = cos? §(sint(v(B1 + 1) sing + (v — 1)(—B2 — 72) cos ¢) —
icost(v(yy — B1)sing + (v — 1)(B2 — 72) cos $))? +

(sint(v(B1 +m)cosd+ (v —1)(B2 +72)sin ) +

icost(v(B1 — 1) cosd + (v —1)(B2 — 72)sin¢))? , (7.22)
D =eging (1/ sin ¢ (51 + ’yle%t) + (v —1)cos¢ (—Bg - ’7262it)) , (7.23)
C=a. (7.24)

With these, the discriminant can also be written down explicitly, however, this is a very long
expression and is not very illuminating. We would expect, if the presence of a horizon is
coupled to the type of conjugacy classes of the corresponding transformations, then a purely
algebraic condition can be obtained. It is possible to check that the following general case:

pr=8, m=7, (7.25)
Ba=sB, n2=sy, sSER, (7.26)
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one obtains

D = oe ¥ sint g (ﬁQ — 7264it)2 (oz2 — 4By (V2 + (v — 1)252))
((v—1)scos ¢ — vsing)* . (7.27)

It is clear from (7.27) that, indeed, we obtain a purely algebraic condition:

(a? =48y (VP + (v —1)%s*)) =0, (7.28)
—  a®=4)p) (1/2 + (v — 1)252) . (7.29)

The two limiting cases are easy to check: (i) v = 0 yields: o? = 4s2|5|?, which is equivalent to
the case of Hp = Hy. (ii) Similarly, v = 1 yields: o? = 4|3|?, which is equivalent to Hr = H
as expected.

It is important to note that when s € C, then no such purely algebraic relation exists.
The discriminant, in this case, always intertwines space-time coordinates with the parameters
of the problem. It indicates that, in such a case, the existence of the horizon may not be
captured with a simple algebraic relation.

Consider now the next order in the Magnus expansion, equation (6.11). We will set h = 1
here on. Up to this order, we can again explicitly write down the expression for the Killing
norm. This yields:

2
DVY?—1
€l = A+ BY? +Y? <C+\/Y7> +2EY VY2 -1, (7.30)

where

A = a(v —1)vTsin? §sin(2¢)(Bay1 — P1y2) — e 2 sin? @ (v —1)cos¢ (B2 — fyge%)
— vsing (61 — 71€2it))2 , (7.31)

B = cos?O(sint(v(B1 4+ 71) sin ¢ + (v — 1)(—fF2 — 72) cos p)
— icost(v(y1 — Br)sing + (v — 1)(B2 — 12) cos ¢))°
+ (sint(v(B1 + v1) cos ¢ + (v — 1)(B2 + 72) sin @)
+ icost(v(Br —m)cosd+ (v — 1)(B2 — 72) sin 9))?
+ a(v — ve 24T (,B%V + B2 (v — 1) — e*" sin% Osin(2¢) (F2y1 — S172)

+ (v (i +1))) (7.32)
D = ¢ sinf (1/ sin ¢ (51 + ’yle%t) + (v —1)cos¢ (—52 — ’ygem)) (7.33)

E = %(l/ — 1)ue_itT sin 6 (Sinqﬁ (a2 (ﬁl — ')/162“) +2(v—-1) (52 — 7262“) (B1y2 + 5271))
+ cos¢ (® (=2 +72e™) + 20 (B1 = me*) (B + o)) (7.34)
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C=a. (7.35)

As before, in the limit Y > 1, equation (7.30) becomes a purely quadratic equation, that

admits only a non-extremal solution:'!

A
Y? = 5 : (7.36)
(C+ D)~ B-2F

It is also possible to explicitly solve the [|£||?> = 0 equation using (7.30), which yields:

1
Y? =
B2 — 2B (C? + D?) + (C? — D2)* + 8CDE — 4E2
[iz\/(E —CD)?(A2+ A(B—C?+ D?) + BD? — 2CDE + E?)
+ A(-B+C?+ D?) + D*>(-B — C?) + 4CDE + D* — 2E?] . (7.37)

Clearly, there is again an emerging discriminant that defines an extremal horizon. It is not
illuminating to explicitly write down how the purely algebraic condition emerges in this case
as well, however, it is straightforward to check that, with:

/81 = /6 ) =7, (738)
fa=sB, m=sy, sER, (7.39)

one obtains:
[a2 — 412 (1/2 +s2(1— V)Q)} (others) = 0 , (7.40)

which is an identical condition to (7.29).The higher order terms in Magnus expansion may
also be derived systematically. However, they lead to cumbersome expressions of the Killing
norm which are not particularly illuminating; we do not explore them here.

Note that from the quaternionic analysis of the bidirectional drive the exact phase boundary
was given by (5.27). The Magnus regime corresponds to the high frequency driving where
both T3, Ty are small. Expanding Eq.(5.27) with Ty = vT, Ty = T, 51 = 8 and [y = s we
get:

1+ ;TQ(— 1+ 8% (1 +s*(v — 1)2)> +0O(T*) =1. (7.41)

When the L.H.S is truncated till quadratic order we get:
B (v? +s* (v —1)%) = 1.

In Eq.(7.40) if we plug in o« = 2 which is the case in our field theory analysis, then it matches
exactly with the above equation.

Uphysically, this simply implies that no extremal horizon exists when Y >> 1.
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7.3 Bulk Horizons in Floquet Perturbation Theory

In this subsection we investigate bulk horizons which follow from the Floquet Hamiltonian in
Floquet perturbation theory.

As before, we can express the Floquet Hamiltonian in terms of the bulk Killing vec-
tors: H}l) = ¢404, where the conformal generators are given in (7.8)-(7.10). The algebraic
structure of the vanishing Killing norm equation, as before, takes the following form:

2
A+ BY*-Y C+D? =0, (7.42)
where
A= 4—124 sin? @sin? x sin’(t — x) (B sin(¢) + Ba cos(¢))? , (7.43)
X

B = 41X24 sin? y sin®(t — x) (cos® O(B1 sin ¢ + B2 cos ) + (B1 cos ¢ — Basin ¢)?)

1
C= £45>\X ) (7.44)
D= 2i2 sin @ sin x cos(t — x)(B1sin ¢ + P2 cos @) . (7.45)
X

As before, the necessary condition for finding real root is given by
C*°D*(A(A+B-C*)+(A+B)D? >0, (7.46)
while the equality yields an extremal solution. This yields:

_5)\2 sin? @ sin? y sin?(2(¢ — x))(B1 sin ¢ 4 B2 cos ¢)* (—,8% — B2 4+ 83A2x% + (5% + ﬁ%) Cos(2x)) -0
26 =

(7.47)
At the leading order in the y — 0 limit, we obtain the condition:
% (B% + 32 — 45)\2) sin?(2t) sin® 6( B sin ¢ + By cos p)* >0 , (7.48)

which matches with the first order Magnus expansion result. In this case, the extremality
condition, 52 + B2 — 46A? = 0 is independent of the time-period 7. On the other hand, the
extremality condition from (7.47) is given by

(—BF — B3 +80A°X* + (87 + B3) cos(2x)) =0, (7.49)

which depends explicitly on the time-period 7. A pictorial representation of how this con-
dition behaves as a function of the time-period is given in Fig. 6. From this, we observe a
re-entrant behaviour; as y is varied, the heating and non-heating phases oscillate as a function
of x. We have also demonstrated how a non-extremal horizon behaves as a function of time,
for a constant z-slice, in Fig. 7.
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Discriminant

N

\

30t \

N

\

\

Figure 6. We have shown here the functional behaviour of the condition in (7.49). Non-extremal
horizons exist when the curve takes positive values, for negative values there are no real solution for
a horizon, whereas extremal horizons exist when the curve crosses zero. We have fixed 52 = 2. From
top to bottom, we have assigned: 6\ = 1/0.001,+/0.01,1/0.05, respectively. Evidently, increasing §\
reduces the parametric region that yields a horizon. We can also explicitly observe the re-entrant
phase structure.

cosh(p)

351
301
251

20

Figure 7. We have shown here the behaviour of the horizon, in particular, cosh p as a function
s

of time, t. We have chosen: § =1, 6\ = ?, and for a fixed # = 3 slice. The bulk horizon grows

unbounded and reaches the conformal boundary periodically in time.

Note that, the Floquet Hamiltonian in (6.18) reduces to simple dilatation (D) when
X = mm, m € Z. In these cases, cos(2xy) = 1 and therefore the LHS of the extremality
condition becomes: 820\, which is non-vanishing for any non-vanishing y. It is easy to
check that, the condition in (7.47) can never be satisfied and therefore we cannot have a
real-valued Killing horizon here. Thus, at x = mm (and m # 0), we recover the physics of
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the non-heating phase.
Alternatively, consider the condition in (7.49). Suppose 87+32 = 32, then the extremality
condition is satisfied at:

5)\27@81112)(
=T

(7.50)

Therefore, given a d\, x can be varied (or vice versa) to move through the phases. This
movement is completely frozen at y = mn (and m # 0), where the Killing horizon disappears.
Also, since |sin? x/x?| < 1, the extremality condition can only be satisfied for 46\2 < (2.
Said differently, there is only non-heating phase, when 46 A% — 32 > 0. Note that, if we consider
the following auxiliary Floquet Hamiltonian:

HE™ = (200\)iD + % (P+K) , (7.51)
the corresponding non-heating phases will coincide with the same algebraic regime: 45\? —
5% > 0.

Let us view the solutions in (7.50) from another perspective. Evidently, we can rewrite
(7.50) as:

sin? y B 4502
X B?

It is important to note that there are multiple roots of this equation. Using (7.52), we obtain:

(7.52)

ox 2y
— , 7.53
OON 26\ — /B2 — 4x26)2 (7.53)
2
Ox _ XoA (7.54)

B 2801 — B\/B? — 42002

In obtaining the above, we have explicitly used the relation in (7.52). It is clear that, given a
X, whenever the denominator vanishes, the derivatives above diverge. We can interpret this
as the cases where the roots of the equation (7.52) become unstable with respect to a small
variation in the parameters. The vanishing denominator condition yields:

208 =/ B% — 4x2,; 002 . (7.55)

Using (7.52) and (7.55), we obtain the critical values of y, denoted above by Xcrit, for which
the roots become unstable:

467
sin® Xerig = 1 — N (7.56)
_ (2 4502
—  sin? ( VAN 1l=1- 5 (7.57)
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Note that, within the range 82 > 462, there exists such critical unstable points. For example,
when 46\% — (2, we obtain:

Xerit >mm, meZ and m#0. (7.58)

However, all the other roots of (7.52) remain stable under the variation of the parameters.
Thus we find that in the large drive amplitude regime, the formation and disappearance of
the Killing horizons can be controlled by tuning the drive frequencies.

8 Discussion

This paper extends our previous work on Floquet dynamics in higher-dimensional CFTs [1] by
exploring more general drive protocols and their resulting dynamical phases. We determined
these phases by directly calculating the eigenvalues of the matrices which represent the time
evolution at the end of a single cycle in terms of quaternions. These eigenvalues should also
determine the type of conjugacy classes of the corresponding group element.

Conformal transformations in four Euclidean dimensions form the group SL(2, H): the
type of conjugacy classes of this group are known in terms of their quaternionic representations
[42]. A unique feature in higher dimensions in comparison with two, is the possibility of
considering a drive in multiple directions sequentially. This can result in a situation where
some entries of the evolution matrix grow exponentially with the stroboscopic time, while some
others oscillate (e.g. item 4 in §5.2.2). This leads to a hybrid phase where the stroboscopic
response as measured by the unequal time correlation function has oscillations on top of an
exponential decay. Our results also indicate that for a generic drive a purely oscillatory phase
does not exist. A complete characterization of these dynamical phases will require developing
a proper classification framework based on quaternionic invariants of the Lorentzian conformal
group SO(d,2), rather than relying on the Euclidean counterparts. In this work, we have
taken the first step towards such a classification.

A key result of this work is of this work is the establishment of a direct geometric cor-
respondence between the dynamical phases of driven CFTs and the presence or absence of
Killing horizons of the Hamiltonian vector field. We showed that heating phases correspond
precisely to the presence of non-extremal Killing horizons with finite surface gravity on the
base space-time of the CFT. This geometric picture provides profound insight into the mech-
anism of heating in driven conformal systems, revealing it as a generalized Unruh effect. For
the non-heating phase there is no such horizon, while for the critical case the horizon is ex-
tremal. For holographic CF'T’s these horizons have extensions into the bulk AdS space-time.
This is not merely an analogy but a fundamental connection arising from the shared sym-
metry structure between CFTs and AdS geometry. For a CFT with a single non-standard
Hamiltonian, these are horizons of the bulk vector field which represents this time evolution
in the bulk.

It is worth restating, that the AdS geometric description provides us with a kinematic
framework for all CF'Ts, and for holographic CFTs, it provides us with a foundational frame-
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work for further research. For example, it is natural to think of relevant deformations of N' = 4
SYM and the subsequent interplay between the deformation parameter with the choices of
the CFT Hamiltonian. For such cases, the geometric description may be the only pragmatic
way to address questions at strong coupling.

Through quaternionic representations of conformal transformations, we’ve analyzed the
stroboscopic response of systems subjected to various multi-step drive protocols, demon-
strating distinct phases ranging from purely oscillatory behaviour to exponential decay and
critical power-law responses. The perturbative methods we’ve developed—Magnus expansion
for high-frequency drives and Floquet perturbation theory for high-amplitude drives—offer
analytical tools to study these systems and reveal how drive parameters can be tuned to
control the formation and properties of horizons.

While our geometric considerations are based on analyzing bulk Killing horizons that
become CFT generators on the boundary, we do not directly address the question of bulk
dynamics of the putative dual. This goes back to the fact that in the stroboscopic dynamics,
the time enters as a parameter in the conformal map'?. This map tells us where we end
up at the end of a stroboscopic period without letting us see the micromotion, i.e. the
dynamics in between T;_; to T;. However this information is crucial in order to understand
the exact details of the horizon dynamics, and it is our understanding that the AdSs/CFT,
analysis in [24, 29, 31, 34, 38| is a step in this direction. Future work could explore how
much of this generalizes to higher dimensions and if our bulk geometries are recovered when
stroboscopically probed.

In this work we worked in the conformally invariant ground state, which does not change
under time evolution by the Hamiltonians we considered. The effect of the drive is, however,
non-trivial in unequal time correlation functions since they involve intermediate excited states,
which are not invariant under this time evolution. The dynamical phases are, however,
properties of the group element which describes the time evolution at the end of a single
cycle. This implies that expectation values of operators in excited primary states will also
exhibit these phases. In particular, it would be interesting to the study the dynamics starting
from a thermal state, as has been done in 1 + 1 dimensions [24, 38]. We plan to pursue this
in the future.

Even though we have extended the dynamics beyond what was considered in [1] allowing
us to see more of the conformal group, further generalizations are possible in two directions.
Firstly, instead of D, K, P, one can consider K,, — ¢ K,, P, +iP,,D — i M, which also
forms another SU(1,1), and thus can once again be studied using similar BCH decomposi-
tions. However now some of the conformal transformations will involve Lorentz rotations,
and examining how the dynamical phases get realized in this context presents an intriguing
direction. Secondly, in this paper we considered periodic drives of two and three steps. There
is a growing literature on aperiodic and even chaotic drives [18, 21, 21, 46-48]. Exploring
how the notion of dynamic prethermalization manifests for high dimensional critical systems

2These are the T;’s mentioned just ahead of Eq.(2.1).
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remains an open question for future investigation.
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A The Conformal Algebra

We will consider conformal field theories on (time) x.S% which will be obtained by Weyl
transformation and analytic continuation from R%!. The conformal algebra in R**! is given
by

[D, Pu] =Py, [D, Ku] = —iK, [K,“ P = 2@'D6W —2M,, (A1)
[MW, Kp] = 5VpKu - 5upKV [Muw Pp] = 5VpPu - 5upPV (A.2)
[Mw,, Mp(,} = 10uc Myp — 10y My + 10, M, — 10, M,y (A.3)

with all other commutators vanishing. The hermiticity conditions are

K| =-P, D'=-D M}, =M, (A.4)
The action of these generators on the coordinates z# on R¥*! are given by the differential
operators
D = —ix,0,, P, = —i0,
K, = —2iz,(z - 0) +ir’d,
My, = —i(x,0, — x,0,) (A.5)
where 72 = x,xh.

A Weyl transformation to R x S¢ is performed by
at =e"YH (A.6)
where Y* are unit vectors on R4H1, Y, Y# =1 describing the S?. so that the metric becomes

ds? = ¥ [d7? + dQ?] (A7)
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where del is the metric on a unit S?. One can now parametrize Y* by angles on S% in the
usual fashion. For example, for d = 2 we have

YY = cosh Y! =sinfcos¢ Y? =sinfsing (A.8)

The differential operators which represent the action of the conformal generators on points on
(time) xS can be obtained by starting with (A.5) and performing the coordinate transforma-
tions (A.6). Under this Weyl transformation a primary operator in the CFT with conformal
dimension A transforms as

O(zt) = O(1,6;) = T2 O(zH) (A.9)
The analytic continuation 7 = it leads to the Lorentzian space-time time x S9.
B Explicit form of the 3 step evolution matrix

In this appendix we provide the explicit expressions for the non-zero entries in the evolution
matrix V,, that results from the 3 step drive in two directions discussed in §5.2.2. If we define:

¢ =2v[Re(p1 +iq)]2 — 1 and, n=2v/[Re(py —iq1)]2 —1 (B.1)
so that the 4 eigenvalues (5.35) are:
A+ =Re(p1 +iq1) £(/2, pr =Re(pr —iq1) £ /2, (B.2)

then we can express the non-zero entries as

Vi(1,1) = 21( (A”(C 4 20m(pr —iqu)) + N (C — 2m(p; — iql))>, (B.3)
Vi(1,3) = p?_giqz (A =), (B.4)
2= (uiun T 2iTm(py — i) + " (7 — 20Tm(ps — m))) . (B
Vi(2,4) = pﬁniqz (" — ), (B.6)
Va(3,1) = 17242“12 (AT =", (B.7)
Va(3.3) = 5 (NG 2lmpn — i) + X6 — 2o — i) ). (B.5)
Va2 = U (), (B.9)
V() = g (W4 2 = i)+ 0 = 2 — i) ). (B0

The above dependences on n shows that in the situation when one of A or u is complex, four
entries are exponentially growing at large n, while the rest non-zero ones are oscillating with
n.
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C Magnus Expansion: Derivation

Given a general evolution operator U (t,ty), which satisfies the following equation:

O Ut to) = — HOU (1) (C.1)

The Magnus expansion assumes an exponential representation:
Ult,to) = exp (Qt, to)) (C.2)

The Magnus ansatz can be recursively solved to obtain:

Q(t, 1) = /tt dity <—;H(t1)>
=g [ [N (-prw) . (im0
ot oo o () ). ()]
TG [Com) Gl

Let us consider the following Hamiltonian:

H = H1 for t S T1 y (04)
:H2 for TlgtST. (C5)

Here T' = (27) /wp is the Time-period where wp is the drive frequency. Consider the following
choice for Hj »:

HLQ =aD + BPLQ + ’)’KLQ . (CG)
Here we choose: a € R and 8,7 € C with g* = . This choice corresponds to choosing

Dt =D, Kt =P.

The formal expression of the Magnus expansion is written as:

Hp=>" 1Y, (C.7)
n=1
where

1 T
HY = T/o dtH(t) = vH, + (1 — v) Hy

=aD+WwPi+(1—-v)P)+~v WK1+ (1—v)Ks) , (C.8)
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and

o_ L [ "
Hy' = — dt dto [H(t1), H(t
P =g [ dn [ anlae) )

I h T
= ﬁ /Tl dtl/o dtg [HQ,Hl] = %V (1 — V) [HQ,H1] . (Cg)

Now, using the definitions of H; > and the following commutation relations:

[D,P,| =iPy, [D,Ks]=—iKy, |[Pa,Ks|=2iLag, (C.10)
we obtain:
T
HY = SV (L=v) [a(B(P1 — Po) + (K — K1) +4B7Lo] - (C.11)

D Floquet perturbation theory: Derivation

Let us now consider the following protocol:

H=2i(A+d\)D+iby(Ko+ Py) for t< g (D.1)
= % (-A+ N D+ iy (K1 +P) for t> g | (D.2)
Let us use an explicit Pauli matrix representation of the generators above:
DE%, Ko=o_, Ph=o,, tgg (D.3)
DE%, Ki=1r., P=714, t>%. (D.4)

At the leading order, we neglect all terms at O(6A?), O(?) and O(B6)) terms compared
to O(A?) terms. The evolution operator, therefore, is given by

) T
Uy = exp <—Z)\0'3t> , t<—, (D.5)
h 2
] T
= exp <—Z)\73(T— t)> L t> = (D.6)
h 2
At the next order, the evolution operator receives corrections at O(dA?) and O(5?%). This is

given by, for t < T/2,

, T/2
U, = (_;> / dtU§ (622D + iy (Ko + Po)) U
0

=10 + 1, + 113 . (D.7)
Since Uy commutes with D, we readily obtain:
i

T . ..
Iy = —-0A(2iD) . (D.8)
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Now we have:

i T/2 , .
I, = <—h> / dt(ifo) e (i )eAost/n (D.9)
0

To evaluate Ilg, let us introduce eigenstates of the o3 operator, denoted by |m). The
matrix elements of Il is given by

i T/2
m|llzn) = | —= ) dmn_1t e2At/h gy
(m|Iz|n) :

h 0

i ei)\T/h -1
=|—-=) 0GB dmmn-1——7+ - D.10
< h> (0) Omn-1 =557 (D-10)
Noting that 6,,,—1 = 0_, one obtains:
i\ T . siny . AT
My=(-=-)= _—=eX =—. D.11
o= (-3) 3 oo TXe = 3 (D.11)
Proceeding similarly, one also obtains:
i\ T . siny _.
I3 = <_h) 3 (1Bo) o+ . e X, (D.12)
Combining everything, for ¢ < T'/2, we obtain:
i\ T [ . ) i 1
U, = (-%) 5 902D +ifo (Koe™™ 4+ Pye) =X | (D.13)
L X |
A similar calculation also yields the first order correction to the evolution operator for ¢t > T'/2:
i\ T [ . Csiny]
Ul = <_;> 3 902D + By (Kie ™ 4 Pre) S (D.14)
L X

Therefore, at the first sub-leading order, the complete evolution operator is given by
(1)
e T =y, = U + UL (D.15)
which yields:

sin y

HY = 6A(2iD) +
X

[620 (Koe_ix + Poeix> + % (Kle_ix + Pleix) )
o
=55

The above result is valid at the first sub-leading order in an expansion where the perturbation

X (D.16)

parameter is O (0A/A) and O (Bp,1/A). The higher order corrections are therefore suppressed
in powers of A™!. Note that,

It is instructive to consider the y — 0 limit, where sin y/x — 1 and the effective Floquet
Hamiltonian in (D.16) reduces to the first order Magnus expansion result. On the other hand,
at x = mm, where m € Z and m # 0, Hl(ml) ~ D, which corresponds to the deep end of the
non-heating phase. As one varies Y, it is now possible to navigate through the various phases.
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E Killing vectors in Poincaré AdS

Let us analyze the structure of the Killing horizon in the Poincaré patch in AdS. First, we
will discuss the AdSs geometry, which has the following metric:

2 _ 42 LUQ 2 (_ 7.2 2
ds® =1 5 tu (—dt® +dz®) ) . (E.1)
u

Correspondingly, the six explicit Killing vectors are given by

tx ux u? (—52 +t2+ xz) -1
J01 = 7815 — 78u + 20242 ax ) (E2)
Joo = —t0 +u0y, — 29, , (E.3)
w? (P42 +2%)+1,  tu tx
tr UL u? (62 +t2+ x2) -1
= 0t — —/ Oy T E.
Nz =0 = S0t 2002 0 (E-5)
Jig = 20y + t0; , (E.6)
w (=442 +1, ut tw
= - , %Yu —y Yx - E.
Jog 2 O 7 Oy + 7 0 (E.7)

It is now straightforward to check that the following definition and subsequent commutators:

D = Jy R P=Jys—Jn , K=Jio+ Jn , (E8)
K,Pl=2D, [D,Pl=P, [D,K]=-K. (E.9)

Evidently, {D, K, P} satisfy an sl(2, R) algebra. A general sl(2, R)-valued Floquet Hamilto-
nian can be expanded in this basis:

H=aD + P + K = K*d, , (E.10)

where {a, 3,7} are three constants. Note that, using the algebra in (E.9), the following
adjoint action follows: D' = D, Pt = K. Correspondingly, & € R and 8 = ~v*. We will also
take v € R and therefore 5 = ~.

The components of the Killing vector K* are given by

Kt:t(}zx—a) , K“zu(a—2zx> , (E.11)
2 L 2
szﬁourﬁ—ax. (E.12)

The Lorentzian norm of this Killing vector can now vanish in the bulk geometry. The corre-
sponding equation yields the Killing horizon:

|K||? = ¢2 [—uQ(Kt)z + u?(K®)% + JQ(KUF] =0, (E.13)
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This is a quadratic equation in u? with a discriminant:

(o = 487) (ol — 2yz)? '

dis = 7

(E.14)

Therefore, real roots (i.e. Killing horizons) exist in the regime: a? — 43y > 0 and, in general,
there are two distinct real roots. They merge to a single real root when a? — 43y = 0.13 At
extremality, when a? — 48+ = 0, the horizon is located at:

v 1

YH = i — Y2 -2+ 22) 2 (0 +2)? (E.15)

It can also be checked that the special point at = = af/(27) yields the following extremal
solution: u? = 1/t?, which is already contained within the solution in (E.15).
It is now easy to generalize to AdSy, which has the following metric:
2 _ o (d? 2 2 2 2
ds? = 02 | — +u® (—dt® + da? + dy?) | . (E.16)
u

In this case, the ten explicit Killing vectors are given by

tx ux w (41?2t —y?) -1 xy
Y 2o, E.1
Jo1 7 O 7 Oy + Y Oy + ] 8y ( 7)
ty uy xy u? (—52 +2 224 y2) -1
Joog = =0 — — 0y + —0x oy , E.18
A A 20a? y (E.18)
Joz = =10 + u0y — 0, — YOy , (E.19)
W (P +a?+y?) + 1 ut at,  ty
Jog = — O+ —0y, — —0p — —0y , E.20
ot 202 1ty 0 Y (E-20)
Jig = —y0, + .’L‘ay , (E.Ql)
tx ux u? (52 +2 + 2% — y2) -1 Ty
= —0— — — E.22
Jis 7 O 7 Oy + Y Oy + 7 8y , ( )
Jig = 20 + 0, , (E.23)
ty uy xy w (P2 —a?+y?) -1
=0 — —0u+ —0, , E.24
Jos 7 on 7 Oy + 7 Oy + 22 Oy ( )
Jog = y@t + tay , (E.25)
W (—C+ P+ )+l ot  at, oyt
= — —0y+ —0,+ =0, . E.2
J34 202 Oy 7 Oy + 7 O0r + 7 Oy (E.26)

The Dilatation, Translation and the Special Conformal Transformation generators are
identified as:

D=Jys, Po=Jis—Jn, Kus=Jis+Joi. (E.27)

13Note that, the equation af — 2yx = 0 can be satisfied for a special value of z. At this value, the Killing
horizon also becomes an extremal one.
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The above identifications can be easily verified by noting that

li_>m J13 — J(]l = E@z s (E.28)
. 2tx 2zy 2 4+ 2% — g2
1 === . —= 0, E.2
A Jis o+ Jou = =0+ =m0y + 0 (E-29)
and further the commutation relations:
[D,P,]=P,, [D,K,|]=-K,, [K;,P]=2D. (E.30)

Given the cotangent basis {0, Oy, 0x, 0y}, a general Floquet Hamiltonian H = aD +
BP, + vK, can be written as:

H=K"), , (E.31)
K'= (2')’33_@> ) K“zu(a—m> , (E.32)

u? v y_ o (2% _
/ 7 T oT, K y( / a) . (E.33)

The Killing horizon can be found by solving the norm of the above Killing vector vanishing
with respect to the Poincaré AdSy metric. This is given by

K[> =0, (E.34)
disc = (a? — 487) (al — 2yz)* . (E.35)

The discriminant is identical to the AdS3 case hence our conclusions are also identical. The
extremal horizon is given by
1

2
uy = . E.36
" 12— (0t a)? — 2 (E.36)
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