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We study properties of boundary conditions (BCs) in theories with categorical (or non-
invertible) symmetries. We describe how the transformation properties, or (generalized)
charges, of BCs are captured by topological BCs of Symmetry Topological Field Theory
(SymTFT), which is a topological field theory in one higher spacetime dimension. As an
application of the SymTFT characterization, we discuss the symmetry properties of boundary
conditions for (141)d gapped and gapless phases. We provide a number of concrete examples
in spacetime dimensions d = 2,3. We furthermore expand the lattice description for (1+1)d
anyon chains with categorical symmetries to include boundary conditions carrying arbitrary

1-charges under the symmetry.
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1 Introduction

Non-invertible or categorical symmetries (for recent reviews with more complete ref-
erences on this topic see ) have hugely resonated in the realm of high energy theory,
condensed matter theory, and mathematics. Exploring their implications has become one of
the key challenges and exciting directions in these fields.

One — by now well-documented — implication is their imprint on the phase structure of
quantum systems, constraining both gapped and gapless phases. A particularly powerful
tool to systematically explore the phase diagrams dictated by categorical symmetries has
been the Symmetry Topological Field Theory (SymTFT) also known as topological
holography . Categorical symmetries have many intricate features: starting with the
multiplets of generalized charges, which e.g. contain both genuine and non-genuine operators
, they lead to a new, categorical Landau paradigm , including gapped and gapless

phases , 43| and phase transitions ,. The SymTFT has played a central role
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Figure 1: 3d depiction of the Boundary SymTFT: The bulk SymTFT is given in terms of
the (d + 1)-dimensional TQFT 3,4,1(S) and the two boundary conditions: the gapped sym-
metry boundary B&™ and (not necessarily gapped) physical boundary SBp Y%, The boundary
SymTFT extends thls to another gapped boundary condition — 1ndlcated here by Qg, which
has interfaces M3 | and M} phys with the other two boundary conditions. The interval compact-
ification shown on the rlght hand side, results in a theory ¥; with boundary 8,;_1. From the
perspective of generalized charges of the symmetry S, the SymTFT description of boundary
conditions is in terms of the ends of Qg i.e. so-called (d - 1)-charges.

in clarifying the conceptual foundation and supplying a systematic computational framework
to address these exciting questions.

Much of these developments thus far have focused on theories on spacetimes without
boundaries. As is well-documented, in both gapped and gapless phases with standard, group-
symmetries, the symmetry transformations of boundary conditions provide useful insights
into their physics, classifying possible boundary conditions, but also constraining RG-flows in
the presence of boundaries. A classic example that goes beyond group-symmetries is the set
of topological defect (Verlinde) lines in rational conformal field theories (CFTs), which act
non-trivially on the boundary conditions, i.e. Cardy states, of the CFT [34,/46-48]. Another
well-studied case for group symmetries are gapped phases, in particular SPTs, which are known
to have characteristic edge modes. Recent works on the study of categorical symmetries in
the presence of boundaries have appeared in and some of the results in the present
paper were given a sneak preview in .

The main goal of this paper is to develop the description of boundary conditions and
more generally interfaces/defects, in the presence of categorical symmetries. Crucial to this

is the SymTFT, which in order to capture the transformation properties of the BCs under
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Figure 2: Simplified depiction of the Boundary SymTFT used throughout the paper. Note
that the interface between the (d - 1)-charge Qg4 and B%™ is a (d — 1)-module category. The
same applies to the interface between Qg and BP™* in case the theory is a gapped phase.

the symmetry has an additional (gapped) boundary. We will refer to this extension of the
SymTFT as the Boundary SymTFT, see figure [I] and for a simplified version that we will
use throughout the paper, see figure[2] In particular we show that BCs are determined in terms
of so-called generalized charges, more precisely, (d — 1)-charges for a theory in d spacetime
dimensions.

To explain this in more detail, recall that the SymTFT 3(S) of a theory T4 in d dimensions
with symmetry given by a fusion (d-1)-category S, has the property that compactifying it on
an interval with a gapped boundary condition Bzym and a physical boundary condition %gliys’
gives back the original theory %4 with the symmetry action of S. One should think of the
symmetry boundary as the location, where the symmetry topological defects of S are localized.
All the dynamics of the theory are confined to the physical boundary. The symmetry action on
the theory is realized in terms of the topological defects of the SymTFT — some will realize the
symmetry, others the charges. In particular generalized (p-1)-charges are defined in terms
of p-dimensional defects @, of the SymTFT, that stretch between the two boundaries .
As with ordinary symmetries, they organize into multiplets under the symmetry S.

A particular subset of such defects are the (d — 1)-charges, obtained by stretching d-
dimensional topological defects of the SymTFT, Qg , between BY™ to BPY* Due to their
dimensionality, these correspond to boundary conditions. This provides the first crucial

identification:

(d - 1)-charges Q4 of S are in 1-1 correspondence with

Sym

topological BCs of the SymTFT, admitting topological interfaces with Bg ™.

Given the bulk SymTFT and its topological defects (the Drinfeld center of S), we can de-
termine the S-symmetry properties by studying the defects Qg4, and their interfaces with the

BY™ and BPYS houndaries. The SymTFT description allows immediately a generalization to



interfaces which are (d — 1)-charges as well: an interface Z between a theory with symmetry
S and another with symmetry &', can be mapped to a gapped BC for 34,1(S) m, by
folding.

The interfaces between the two gapped boundary conditions of the SymTFT, Q4 and BZ™,
can also be thought of as (d — 1)-module categories M for S. From this point of view, the
topological defects localized on the (d - 1)-charge Qg form the category S}, i.e. the category
of S-endofunctors M — M. In down to earth terms this means it is the category of symmetries
that one obtains after gauging M in S.

Equipped with this formulation of the symmetry transformation properties of boundary
conditions, we apply this to fusion category symmetries and fusion 2-categories, i.e. boundary
conditions in the presence of symmetries in (1+1)d and (241)d. We also provide explicit
computations of boundary multiplets under fusion category symmetries S in (141)d, both
group-like and non-invertible.

As mentioned just above, concrete examples in this paper rely on fusion 1-categories (d = 2)
and fusion 2-categories (d = 3). For d = 2 the necessary notions—fusion categories, module
categories, dual (convolution) categories and Drinfeld centres—are classical [53,54]. For d = 3 a
rigorous framework is now available: fusion 2-categories were introduced in [55], while module
2-categories and their duals are developed in [56]; key structural results such as Morita theory
and internal Homs appear in [57]. For n >3 no fully general definition of fusion n-category,
module n-category or Drinfeld center has yet been completed. Existing examples—e.g. the
fusion 3-categories for duality defects constructed in [58]—form a special subclass obtained
by iterative condensation and do not settle issues of strictness, pivotality or sphericality in
full generality. Accordingly, any statement in this paper that involves fusion n-categories with
n > 2 should be regarded as conjectural, motivated by physical considerations and analogy
with the well-established n < 2 cases.

A particularly interesting application is to gapped phases in (14+1)d, for which we have a
description in terms of the SymTFT detailed in [38|, by requiring the physical boundary to
also be a gapped boundary. In this case the interfaces between B%™ and Q- as well as Q2 and
BPIYS are both given in terms of module categories, M and N, respectively. The symmetry
along the Q2 gapped boundary is the symmetry obtained after gauging M, i.e. S),, which
acts on M from the right and A from the left. Each boundary condition is then labeled by
B where m € M and n € N. Let us point out that, for gapped phases, this proposal
describes enriched boundary conditions, which are in general decomposable. Indecomposable
boundary conditions are described via a wedge compactification [59]. We expand on this
remark in section



Figure 3: Boundary changing operators in (1+1)d. The interface between 6™ and Q2 (shown
in orange) is the module category M, with m,m’ € M. The boundary changing operator is
0-charge Q7, where v € S}, which stretches between M and M Phys  The interaction points
become the boundary changing operator ® after interval compactification.

We can furthermore study boundary changing operators, as shown in figure 3] Given an
interface B between B™ and Q4 labeled by m € M, a symmetry defect can end on the
module category and potentially change 8™ to B if Hom(S ® m,m’) is non-empty for
veS),.

In section we apply this paradigm to gapless phases, generalizing the club sandwich
construction of . This generalizes the SymTFT description of the so-called Kennedy-Tasaki
transformation to include boundary conditions and gives constraints for their identification
along certain RG flows. We consider the boundary multiplets for intrinsically gapless SPTs
(igSPTs) [244[25/45,/60-66], exemplifying this for the Z4 igSPT.

Finally, we extend the lattice models with fusion category symmetries to include boundary
conditions. For this we start with the anyon chain models . The boundary conditions
are encoded in 1-charges QQ2, which in turn correspond to module categories M. These provide

a simple description for allowed boundaries in the anyon chain.
2 Boundary SymTFT and Generalized Charges

2.1 Generalized Charges of Boundary Conditions and Interfaces

Let S be a fusion (d—1)-category and T, be an S-symmetric d-dimensional QFT. The observ-
ables of T, organize themselves in terms of representations (or charges) under the symmetry

S. For observables of codimension bigger than one, the possible charges have been studied



in . Here we extend their analysis to include charges for observables of codimension-1,
which include in particular the boundary conditions of T;. The charges of p-dimensional ob-
servables for 0 < p < d -2 were referred to as p-charges in . Extending their terminology,

we will refer to the charges of boundary conditions as (d - 1)-charges.

The SymTFT Sandwich. As argued in the charges are simply encoded in the topo-
logical defects of the associated (d + 1)-dimensional SymTFT 34,1(S). Let us recall their
construction, which we will extend to describe the SymTFT encoding of (d — 1)-charges.

An S-symmetric theory %4 can be constructed as an interval compactification of the
SymTFT 34.1(S) with two BCs placed at the ends of the interval. On the left end, we
place the symmetry BC Bg™, which is topological, and on the right end we place a BC %ggys
which contains dynamical information about the physical theory (and may or may not be

topological, depending on ¥4). This will be schematically drawn as follows

e 0w w08

(2.1)
The topological defects of the symmetry boundary B;ym form the fusion (d - 1)-category S.
Their image under the interval compactification endows T3 with a collection of topological
defects characterized by the category S. The choice of these topological defects of T; is a
choice of S-symmetry of the theory ;. This construction is referred to as the SymTFT

sandwich construction.

Generalized Charges of Defects. For 0 <p<d -2, any p-dimensional operator O, of T,

is constructed in the sandwich as described below:

&

Bym %phys Ta

s T (2.2)
where &, is a topological end along B&™ of a topological (p + 1)-dimensional defect Q.1 of
34+1(S), and M, is an end of Q.1 along %g};ys, The end M,, is topological or non-topological

depending on whether the operator O, is topological or non-topological.



This construction of O, reveals a lot about how it interacts with the symmetry S, in
particular fully characterizing its p-charge. First of all, note that cycling through all possible
ends &, of Q,+1 while keeping the ‘dynamical’ end M, fixed gives rise to a collection of p-
dimensional operators of T;. We label this collection also as M, for brevity and refer to
it as a multiplet of p-dimensional operators. The S-symmetry is isolated in the sandwich
construction in terms of the topological defects of Bzym. These naturally only interact with
the ends &, of Qp+1, in particular permuting them into each other. This action of S on &,
descends directly to an action of S on the multiplet M,, of operators in T;. As O), is one of the
operators in the multiplet M, this fully describes the action of S on O,. Note that the action
is fully characterized in terms of how the topological defect Q,+1 appearing in the sandwich
construction of O, can end along the topological BC Bzym, and hence the p-charge of O, or
more precisely of the multiplet M, in which O, lives, is captured by the (p + 1)-dimensional
topological defect Qp+1 of the SymTFT 34,;(S). This establishes an identification between
p-charges of symmetry S and (p+ 1)-dimensional topological defects of the SymTFT 34.1(S).

Generalized Charges of BCs. This can be extended to the case of (d — 1)-charges of
boundary conditions under the symmetry S, and we find that such (d - 1)-charges can be
identified with d-dimensional topological boundary conditions of the SymTFT 34,1(S). Said
differently, this allows us to characterize the generalized charges under the symmetry S of
such boundary conditions. The argument is quite similar to above. Let 8,1 be a BC of T,.
Its sandwich construction takes the familiar form already shown in figures [If and

The boundary condition in the SymTFT is modeled there as follows: Qg is a topological
BC of 344+1(S), My is a topological interface between Bzym and Qg, and M,_; is an interface
between Qg and %g};ys. The interface My 1 is topological or non-topological depending on
whether the BC B, is topological or non-topological.

Cycling through all possible topological interfaces My_1 between Q4 and Bzym while keep-
ing the ‘dynamical’ interface M;_1 fixed gives rise to a collection of BCs of ¥;. We label this
collection also as My ;1 for brevity and refer to it as a multiplet of BCs. The S-symmetry
is isolated in the sandwich construction in terms of the topological defects of Bzym. These
naturally only interact with the topological interfaces Mg_q, in particular permuting them
into each other. This action of S on M;_1 descends directly to an action of & on the multiplet
My_1 of BCs of 5. As By_1 is one of the BCs in the multiplet My 1, this fully describes
the action of § on B, 1. Note that the action is fully characterized in terms of how the
topological BC Qg appearing in the sandwich construction of B, ; interacts with the other

topological BC BE™, and hence the (d - 1)-charge of B,4_1, or more precisely of the multiplet



M1 in which 944 lives, is captured by the d-dimensional topological BC @ of the SymTFT
34+1(S). This establishes an identification between:

e (d-1)-charges of BCs under the symmetry S

e Topological BCs of the SymTFT 34,1(S) admitting a topological interfaceﬂ with the

symmetry boundary By ™.
Module Categories and Lagrangians. The topological BCs of 34,1(S) admitting a topo-
logical interface with BE™ are characterized by module (d — 1)-categories of fusion (d - 1)-
category S. Let M be such a module (d — 1)-category characterizing a BC Q. The simple
objects m of M describe the irreducible interfaces M7, between B;ym and Qg so the Bound-

ary SymTFT can be written as

Mg Qq Mg

B;Ym SBghys (2 3)

Each simple m € M gives rise to a boundary condition. These interfaces are acted upon by
the topological defects of Bzym comprising the fusion (d - 1)-category S, capturing the action
of & on its module category M. Similarly the BCs of the theory %4 will also carry labels m
and form multiplets under the symmetry S.

An interesting point to note for d > 3 is that two simple modules m,m’ € M may not
be related by a direct action of S, but instead by a discrete gauging operation. That is, the
interface Mg"“_’l is obtained from M, by gauging topological defects living on M7, , which
comprise the fusion (d - 2)-category of endomorphisms of m € M.

A further important remark regards the preservation of bulk symmetry by boundary con-
ditions. In (1+1)d a symmetry is preserved if all the topological lines D; admit topological
boundary-preserving junctions, see the in depth discussion in . In higher dimensions a
similar idea holds true for extended topological operator. However, if the symmetry is not
preserved, it will typically happen that bulk topological defects D), will descend to non-trivial
boundary topological defects ﬁp of the same dimension. This will be relevant in discussing
BC in (2+1)D.

n d > 3, not all pairs of topological BCs of a SymTFT admit such a topological interface.



Specializing to d = 2, such module categories are, in turn, in one-to-one correspondence
with Lagrangian algebras L of the Drinfeld center Z(S). The Lagrangians define 1-charges Q2
and we will often indicate the 1-charge by a superscript for the associated Lagrangian algebra
L. The number of irreducible BCs in a multiplet transforming in a 1-charge is given by the
number of isomorphism classes of simple objects in the corresponding module category, which

is also the number of linearly independent pairs of ends for topological line defects Q1 of 3(S)

along the boundaries B%™ and Q9 as shown in the following figure:

Q>

5 B (2.4)
These are readily obtained from the expressions for Lagrangian algebras
Ly = D@}
Lq, =D naQ1 29
for BY™ and Q; as
IM] =3 nany, (2.6)

d-category of (d—1)-charges. We can repeat the above arguments for sub-defects of bound-
ary conditions. Consider a possibly non-topological interface Z; o between two boundary con-
ditions B4 and B!, of an S-symmetric d-dimensional theory T4. If B,4_; and B/, lie
respectively in multiplets transforming in (d — 1)-charges Q4 and Q. As we discussed above
Qg and Q/, are topological BCs of the SymTFT 34.1(S). Then, Zg_s lies in a multiplet trans-
forming under S in a (d - 2)-charge Q41 which can be identified with a topological interface
between the topological BCs Qg and Q/; of 34,1(S).

In this way, the whole d-category formed by topological BCs of 3(S) realizes generalized
charges of BCs and their sub-defects of an S-symmetric d-dimensional theory. This d-category
can be identified with the d-category formed by module (d - 1)-categories of S, and is often
denoted as Mod(S).

(d-1) Charges of Interfaces and Defects. So far we have only discussed how a particular
type of (d-1)-dimensional defects, namely BCs, transform under a fusion (d—1)-category sym-

metry S. One can consider other (d - 1)-dimensional defects similarly. Consider an interface

10



Z4-1 between an S-symmetric d-dimensional theory T, and an S’-symmetric d-dimensional
theory /. Such an interface lies in a multiplet whose (d - 1)-charge under (S,S’) is captured
by a topological interface Qg between the corresponding SymTFTs 34,1(S) and 3441(S").
By folding, these can be identified with topological BCs of the (d + 1)-dimensional TFT
3411(S) m. Such interfaces are for instance relevant the context of gapless phases, as
we will discuss in section [3.7

Thus, even though these (d —1)-charges seem to be a generalization of the (d— 1)-charges
associated to BCs, their study is actually subsumed within the study of (d — 1)-charges of
BCs. It is for this reason that we focus on (d — 1)-charges of BCs only, as from them one can
understand the structure of (d — 1)-charges of interfaces.

A particular case of the above is worth mentioning. If we take T/, = T3 and S’ = S, then
Z4-1 are codimension-1 defects of T4. Their (d—1)-charges under S are captured by topological
codimension-1 defects of the SymTFT 34,1(S), or equivalently topological BCs of the doubled
SymTFT 34.1(S) 8 34.1(S).

2.2 Examples in (1+1)d and (241)d

0-form Symmetry Group in (141)d. For a non-anomalous O-form symmetry G in
(141)d, which is described by fusion category S = Vecg, the module categories are classi-
fied by a subgroup H ¢ G and a class 8 € H?(H,U(1)) (see e.g. [76]). A multiplet of BCs
transforming in the 1-charge corresponding to (H, ) comprises of BCs labeled by H-cosets
B 7. The action of G permutes the boundaries according to how it acts from the left on such
cosets. We can depict the action of the symmetry on the 1d boundary conditions as follows

(here we show only the boundaries and the symmetry action on them):

a () Q0

¢ 12 1G/4|
NS (2.7)

In particular, the BC B corresponding to the identity coset is left invariant by H, i.e. the
topological line operators D{’ generating symmetries h € H can end along By, and induce an

H 0-form symmetry along the 1d boundary. The class 8 captures the 't Hooft anomaly for

11



this induced 0-form symmetry and is captured by the following relationship

%H %H

/

Db pt hh/
1 Di Dy (2.8)

Non-Invertible 0-Form Symmetry in (141)d. For non-abelian finite groups G the
representation category is a non-invertible symmetry Rep(G). The module categories for

Rep(G) are again labeled by (H, ) and we denote them by
M) = Rep’(H). (2.9)

The number of boundary conditions associated to this module category is | Mg gy| = [Rep(H)|.
Let us apply this to the simplest example of a non-invertible representation category in

(141)d, namely
S = Rep(53), (2.10)

with simple lines 1, P, F and fusion PE = EP = E and P? =1 and E? =1+ P+ E. In this case,

there are four module categories. The indecomposable module categories are
Myec = Vec
M e = Rep(S3)
Mz, = Rep(Z2)
Mz, =Rep(Z3) .

(2.11)

These are in one-to-one correspondence with Lagrangian algebras of Z(S). For Rep(.S3), using
the notation in [38] for the simple topological defects of the SymTFT Qg g, the Lagrangians

are

Lvec = Q[id},1 @ Qid),p @ 2Q[id),E
Lreg = Qia),1 ® Q)1 @ Qo)+
Lz, = Qia},1 ® Qal,E ® Qo)+

Lz, = Qriaj1 @ Qpiay,p ® 2Q[a),1 -
Each such Lagrangian £, defines a gapped BC or a 1-charge Q5. Note that the symmetry

(2.12)

boundary in this case is

sym . reg
Br(sy) ° 58 (2.13)

12



The boundary conditions are then:

1. M = Vec: This is the Rep(S3)-invariant boundary, and corresponds to the 1-charge Q¥e°:

here we show the 1d boundary (as a line) and the action of the symmetry on it:

“)Rep(S3)

(2.14)
In more detail, if we call the BC as 8, then we have the actions
PeB=8
(2.15)
E®B=Be6b

2. Myeg = Rep(S3): The regular module, which corresponds to the algebra Lgep(s,) gives
rise to three boundary conditions, arising from the lines Q[iq,1, Q[a],1, Q[p),+ stretching

between B%™ and Q5*, which are acted upon by Rep(S3) as follows

QO /N

SN oo
7

where blue indicates the action of the Zs and red the action of the non-invertible line
E. In more detail, we can label the three BCs as B1, Bp and Bg, and the action of
Rep(S3) symmetry on the three boundaries simply follows the Rep(S3) fusion rules, e.g.

EFBrp=B10BpoBg (2.17)

3. Mgz, = Rep(Z2): The module category Rep(Zz) associated to the Lagrangian algebra

Lz, gives rise to two boundary conditions with the Rep(.S3) action given by

v N

C. ‘ ‘ 9 (2.18)
S

In more detail, if we label the two BCs as 9., then we have
P ® %i = %:F

(2.19)
E ® %d: = ‘B_{. ® %_

13



4. Mz, = Rep(Z3): This module category gives rise to boundary conditions labeled by
the lines stretching between 8™ and Q%S, which are 2 x Qq),1 and Q[iq),1 including

multiplicities as they appear in the associated Lagrangians,

G Q Q

N

In more detail, if we label the three BCs as B; for i € {0, 1,2}, then we have

(2.20)

P®%B,; =8,

(2.21)
E®B;=8;1 0B

where the subscripts are defined modulo 3. Note that it is no coincidence that the action
of the symmetry on the boundary condition multiplets follows precisely the action on

gapped phases (associated to the same module categories or Lagrangians).

Zs 0-Form symmetry in (241)d. Gapped boundary conditions for the SymTFT's of fusion
2-category symmetries were studied recently in [41], in particular for the case we will discuss

as an example here: a Zo 0-form symmetry with fusion 2-category description
S =2Vecy, . (2.22)

The corresponding SymTFT 3(2Vecy,) is the (3+1)d Za Dijkgraaf-Witten theory, character-
ized by a Zg surface operator Q2 and a Zs (magnetic) line operator @ with nontrivial mutual
linking:

Bo,0, = -1. (2.23)

Similarly to the case of standard (non-topological) boundary conditions [77,/78], a crucial
distinction with respect to the (1+1)d case is the presence of both minimal and non-minimal
boundary conditions. The former correspond to the well known Dirichlet and Neumann bound-
ary conditions, whereas the latter can be enriched by a non-trivial TFT on their world-volume.
As we will see, this effect propagates to the physical boundary conditions, which will host var-
ious types of Fusion Categories on their worldvolume. This will give rise to minimal and
non-minimal multiplets.

The minimal topological boundary conditions for 3(2Vecz,) are of two types:

14



Figure 4: Visualized: Minimal gapped boundary conditions of 3(2Vecz,).

e Minimal Dirichlet gapped BC Bp;,: corresponding to the condensation of Q1 lines.
The Q4 surface on the Bp;, gapped BC becomes the Zs generator D2P of the Zy zero-form

Symmetry.

¢ Minimal Neumann gapped BC Bney,.: these can be described by gauging the
boundary Zy symmetry with discrete torsion w € H?3(Zy,U(1)) = Zs, corresponding to
the two possible choices of algebras including @2 surfaces. The boundary symmetry is a
Zs one-form symmetry 2Rep(Zsy) generated by the projection Df of the bulk @ lines.

We comment on the relevance of the twist w for boundary conditions below.

Fixing B*™ = Bp;,, cycling through minimal Bp; and Byey,w BC can be used to describe
the symmetric BCs (2-charges) under Zgo). We can organize these into Doublet or Singlets de-
pending on whether the Zs 0-form symmetry is preserved or broken by the boundary condition,

respectively.

e Minimal Doublet BC: This is a doublet of two BCs exchanged by Zo action, such
that there are no non-trivial topological line defects living on either of the two BCs. It
is described by an interface between two Bpi. gapped BCs, possibly decorated by a Zso

surface Dg . It also corresponds to the Regular module category for 2Vecz,.

e Minimal Singlet BCs: There are two such singlets , described by interfaces between
PBpir and Bey,+, respectively. For each of them there is a single BC 9B, which is
invariant under Zo, so that the Zs generating surface Df can end on it. The topological
line Df arising at the end of Dg along B may or may not have a non-trivial F-symbol,
described by w. The two minimal BCs thus differ by the (1+1)d anomaly of the induced

Zo symmetry.

In addition to the minimal BCs, there are infinitely many non-minimal ones, descending

from the non-minimal topological BCs of the SymTFT studied in [41]. These fall in two

15



Figure 5: Minimal doublet of BCs (left) and singlet BC (right) for Zy O-form symmetry in
(24+1)d.

classes, either stacking the Dirichlet gapped BC with a (2+41)d irreducible TFT:
SB%ir = %Dir 57 (224)

or by stacking the minimal Dirichlet gapped BC with a Zgo)—symmetric TFT %7, and gauging

the diagonal symmetry:
Tz, _ Bpiw Bz,

Neu — ZgO) (225)

Notice that the label w becomes spurious, since the discrete torsion can be incorporated by
stacking the (241)d Zo SPT. This distinction extends to 2-charges. as we now explain in

detail. Again we can organize them into doublet and singlet types:

e Non-Minimal Doublet BCs: These are described by a topological interface between
Bpi and %%ir. In order for the junction to exist ¥ must admit a gapped BC, that is
¥ = 3(C) for some fusion category C. The corresponding module 2-category M has simple
objects that appear in pairs. Let us pick such a pair. The two simple objects in this
pair are indistinguishable, and the endomorphisms of each are described by the fusion
category C. Physically, this pair of objects corresponds to two BCs that are exchanged
under the Zs action, such that each BC carries topological line defects forming the fusion

category C.

Fusion categories C and C’ associated to two pairs of simple objects in M must be Morita
equivalent, that is Z(C) = Z(C"). Physically, a doublet of BCs corresponding to one pair
can be obtained from a doublet of BCs corresponding to another pair by a generalized
gauging operation confined to the interface. An example is C = Vecg, and C’ = Rep(Ss3).
The minimal doublet is obtained for C = Vec, for which we have M = 2Vecz, or the

regular module 2-category.
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e Non-minimal Singlet BCs: Corresponding to topological interfaces between Bp;,
and SBiifl. Again the condition for the interface to exist forces Tz, = 3(Cp) to be the
center of a fusion category Cy with a Zs action. The module 2-category M can have
many simple objects, but each simple object appears as a Zy singlet. Pick such a simple
object and let B be the corresponding BC. Since 3 is left invariant by the Zs action, the
surface Déj generating the Zo symmetry can end along it. The information of the simple
object is captured by a Zs-graded fusion category C whose trivial grade Cy describes
the fusion category formed by genuine topological lines living on 98, and the non-trivial
grade Cq describes non-genuine topological lines living on 28 that arise at an end of Df
along B. This ties to the SymTFT description, as the gauging of the Zs symmetry
in 3(Cp) describes the center of a Zs-graded fusion category, as explained essentially
in [79,80], and the diagonal gauging identifies the Zy grading with the ending of DY

surface defects.

BCs B and B’ corresponding to two different simple objects in M are related by gaugings
of genuine topological lines, i.e. those contained in Cy. Such a gauging process modifies

the full Zs-graded fusion category C.

The minimal singlets are obtained for C = Vecz, and C = Vecy,, which describe the only
simple objects for module 2-categories whose underlying 2-category is M = 2Vec but
with two different module structures for S = 2Vecz,. Other interesting examples include

C =Ising, or, more generally, C =TY(G) for any abelian group G.

Zs 1-Form symmetry in (24+1)d. Now consider non-anomalous Zy 1-form symmetry in

3d, for which the symmetry fusion 2-category is
S =2Rep(Z2), (2.26)

which corresponds to the choice Bgsym = Bnew The possible 2-charges again can be divided
into minimal and non-minimal, each of which are of two types [41], depending on whether the

Zo one-form symmetry is preserved by the BC or not:

e Minimal Zgl)-preserving BC: Described by the topological interface between Byey
and Bp;,. Here we have a single BC % on which the line D{D generating Zgl) can
end topologically. There are no non-trivial topological lines living on 8 and the bulk
one-form symmetry is preserved on 8. Charged boundary lines are described by Zgo)
surfaces extending on the Bp;. side and ending on the gapped interface between Bp;,

and Byey.-
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%Neu %Dir %Neu %Neu,w

Figure 6: Minimal singlet BC 8° (left) and doublet of BCs B!, B (right) for Zg 1-form
symmetry in (2+1)d. Note that BY, is the BC BF compactified to a line.

%Neu %Neu,w

Figure 7: Minimal doublet of BCs for Zg 1-form symmetry in (241)d. Note that ZD{s isa2d

condensation defect of D{D symmetry lines in Bney.

e Minimal Zgl)-breaking BC: Corresponding to the topological interface between Byey
and Bey,,- On this BC the Df line becomes a nontrivial topological line ljlp. This
topological line may or may not have non-trivial F-symbol, due to anomaly inflow from
the second Neumann boundary condition. In other words, ﬁlp form a fusion category
Ce {VecZ2,Vec"ZJz}. These two give rise to distinct minimal 2-charges. As the line Df

cannot terminate of 98, the one-form symmetry is broken by the BC.

e Minimal BCs without charged boundary lines: Described by the topological in-
terface between Bne, and Bp;,. Here we have a single BC B on which the line D{D
generating Zgl) can end topologically. There are no non-trivial topological lines living

on B and the bulk one-form symmetry is preserved on B

e Minimal BCs with charged boundary lines: Corresponding to the topological
interface between Bey and BNey, . On this BC B on which the line D{D can end, but
now we have another order two topological line D? living on B, under which the end

DE of DI is charged, or equivalently DF is charged under D"
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There are two possibilities for D{B according to whether or not it carries a trivial F-
symbol. In other words, D{B form a fusion category C € {Vecz,,Vec7, }. These two give

rise to distinct minimal 2-charges.

For the case of C = Vecy, , this is the only possible BC in the multiplet, but for C = Vecz,
we have another BC B’ in the multiplet obtained by gauging the line Df . The bulk line
Df no longer ends on B’ and can be projected to a non-trivial line living on B’. There

are no other topological lines on B'.

The non-minimal generalizations are as follows:

e Non-minimal Zgl)—preserving BC: Given by the interface between By, and %%ir.
Here we have a module 2-category M, such that if we pick any simple object of it, then
the corresponding BC B has the property that the line Df generating Zél) can end on it
topologically. Moreover, there may be non-trivial topological lines living on B, forming
a fusion category C, which is related to T by T = 3(C). All such lines are completely
invisible to D¥. Picking any other simple object of M we obtain the same structure
with some other fusion category C' Morita equivalent to C. The two BCs B and 9B’ are
related by gaugings of these topological lines localized along the boundary which are

uncharged under Zél) .

The minimal 2-charge discussed above has M = 2Vec with a single simple object corre-
sponding C = Vec.

Tz,

e Non-minimal Zgl)—breaking BC: Described by the interface between Bne, and By 2.

In this case the symmetry line D{D is mapped to an element D1 € Cy, which forms the

nontrivially-graded part of a Zs-graded fusion category:

C=ChoCy, (2.27)
and

2, _ 3(0). (2.28)

ZLo

Discrete gaugings inside Cy give rise to different simple objects in M. The minimal
2-charges discussed above correspond to C = C; € {Vecz,,Vec7, } with Cop = Vec. As
these C are not Morita equivalent, indeed the corresponding boundaries transform in

two different 2-charges.
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2.3 Gapped Phases with Boundaries

An interesting point is that BCs carrying arbitrary (d — 1)-charges can be realized by gapped
boundaries in each S-symmetric gapped phases of spacetime dimension d, provided that the
gapped phase admits at least one gapped boundary. This is, for example, in sharp contrast
with what happens in (1+1)d CFTs. Notably diagonal unitary minimal models M,, support
boundary conditions which only transform in the Regular representation of the symmetry
[81]. Another important examples are strongly interacting QFTs, in which even the standard
Dirichlet BC—which typically spontaneously breaks some symmetry— might not exists at strong
coupling [82,83]. As we now describe, however, this property of gapped phases comes at a
cost: the study of decomposable BC. Finally, there is a clear physical interpretation of the
decomposability /enrichment: the BC studied in this section can be mapped to interfaces
between different gapped phases—one of which is the bulk gapped phase we consider here— the
enrichment of the BC is equivalent to the existence of multiple such interfaces.

While the condition regarding the existence of a gapped boundary is true for arbitrary
phases in (14+1)d, it not true in general for higher d. For example, topologically ordered
phases in (24+1)d do not admit gapped boundaries unless the MTC describing the phase is
the Drinfeld center of a fusion category. A simple example is provided by an Ising MTC.

Let us now consider an S-symmetric d-dimensional gapped phase %4 that does admit at
least one gapped boundary B, 1. This means that we have a boundary SymTFT construction
involving three topological BCs BZ™, ’Bgl;ys and Qg of 34,1(8S), where Q4 captures the (d—1)-
charged of B,_1. This implies that there are topological interfaces between Bzym and Qg, and
between Qg and %I%Eys. Combining these facts, we learn that there are topological interfaces
between BE™ and ’Bgﬁys. In other words, ’Bg};ys is gauge related to BZ™, i.e. %g};ys can be
obtained by gauging topological defects living on Bzym and vice versa.

Similarly, a topological BC Q/; capturing an arbitrary (d — 1)-charge is gauge related to
BZ™ since there are topological interfaces between Q! and BZ™ by definition. This means
that Q/, and %g};ys are also gauge related, and hence there are topological interfaces between
them.

In conclusion, we can construct boundary SymTFT configurations involving arbitrary
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(d-1)-charge Qq with BY™ and ‘Bgldlys fixed:

M Qu N {Bmn}

S HET o0
Here M and N are (d - 1)-categories formed by topological interfaces between the adjacent
topological BCs, and m € M and n € N are the labels for objects in these (d - 1)—categoriesﬂ
This justifies our claim that if an S-symmetric gapped phase admits a gapped boundary, then
it admits gapped boundaries transforming in all possible (d — 1)-charges under S. This is a
radical departure from non-topological S-symmetric theories, where not all possible (d - 1)-
charges may exist. In fact, in general there exist many multiplets of gapped BCs transforming
in the same (d — 1)-charge. The different multiplets are labeled by n € N.
We will often denote the SymTFT sandwich for the gapped phase in terms of

(BL™BE) (2.30)
and the boundary SymTFT
(BY™|QalBE™®) . (2.31)

In particular the topological defects on the Q4 boundary corresponds to the symmetry category

given by the S-endofunctors of M
Siy = Fung(M, M). (2.32)

In this setup all three gapped boundary conditions of the SymTFT are related by gauging, or
are Morita equivalent. Recall that, using internal-Hom constructions (e.g. for d = 2 in [54]),
we can associate to the module category M an algebra object A, such that gauging A

maps between S and S}, symmetriesEl The same operation implements a map between

*Note that M is a module category for S but A is not a module category for S, in fact A is a module
category over Sy, which can be seen as follows. Set Sy, := Fung(M, M), the dual fusion category. A defect
F € S}, sits on the Q4 boundary labelled by M; sliding it through the interface acts on an object n € N by
n ~ F(n), giving a functor xg: N - N. Composition of defects matches composition of functors, so F' — x is
a strict monoidal map S), — End(N'). Thus N is a (left) module category over S},.

3For d = 2 the internal-Hom is classical . For d = 3 an analogous construction does exist: finite
semisimple module 2-categories over a fusion 2-category possess internal-Homs . For d > 3 no general
theory has been completed, so statements in those dimensions remain conjectural.
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gapped boundaries. We will denote this procedure by /M for simplicity. Then if we input the
symmetry boundary, the physical boundary is related to it by

Bhir = BY" IMIN = B [(Mmg; N). (2.33)

We can also specify what symmetry the physical boundary condition (used as a symmetry

boundary) would carry and that is
(SM)N - (2.34)

From this perspective all boundary conditions of gapped phases are determined as follows:

% MS;\AN
S N B,
By BY™/(Mug;, N) TQFT, ) S

(2.35)

Thus, a given gapped boundary condition iBgSyS will determine the possible N' module cate-
gories that can appear at this interface.

In practice when determining the symmetry properties of boundary conditions of gapped
phases we proceed as follows: We fix the symmetry and physical boundaries — as these de-
termine the bulk topological phase — and then cycle through the possible module categories
M and N, which in turn will fix what the Q4 boundary condition is. For (1+1)d theories in
particular we label all gapped boundary conditions in terms of Lagrangian algebras £ of the

SymTFT, and we will label them accordingly in the next section.

Wedges and Interfaces. This setup in general describes decomposable boundary condi-
tions for ;. These are enriched boundary conditions, meaning that (some of) the defects
in S}, stretching trough the upper boundary descend onto non-trivial (d — 2)-dimensional
topological operators localized at the boundary, which are charged under the symmetry S.
Notice that in this setup we may only enrich the boundary condition by a symmetry Sj,.

Indecomposable (but not enriched) boundary conditions are instead described by a SymTFT
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wedge [59]]

%M

Sym
B S

s TQFT,. ) S
*a (2.36)
We can compactify the horizontal boundary defined by Q4 and map the boundary SymTFT

(2.35) also to a wedge with the following module category

Sym
B S

e AT
*a (2.37)
Finally, we can compactify (2.35)) to obtain an S-transparent interface between the two

gapped phases (%Sgymﬂ%ghys) and (BZ™Qq):

M Qu N (B3™1Qa)
= N
Bzym %I%hys (%Sgym|%ghy5)

(2.38)

Interestingly, this last step can also be performed for a non-topological BP™S. This allows

to reinterpret the symmetry structure of BCs as transparent interfaces between a QFT and a
gapped phase (BV™(Qy).
3 Boundary SymTFTs for (14+1)d Theories

3.1 General Setup

For (141)d theories, the boundary is one-dimensional, and the SymTFT is a (241)d topologi-

cal order. Its topological lines form the Drinfeld center Z(S) of the fusion category symmetry

“One could maybe call this “triangular sandwich”, or a “taco”. We thank Zhengdi Sun for this suggestion.
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S. Gapped boundary conditions are in one-to-one correspondence with Lagrangian algebras £
in the Drinfeld center, which in turn are in one-to-one correspondence with module categories
over S . For instance for group-like symmetries, i.e. S that are gauge-related to Vecg, all
module categories are labelled H a subgroup of G and 3 € H?(H,U(1)). Given a Lagrangian
algebra £, the SymTFT description of a boundary condition B, associated to a 2-charge
Q- is given by the sandwich:

M Q> M pM

BSym phys T
S B (3.1)
The symmetry S acts on M on the right, endowing it with the structure of a module category
over S . The boundary condition B splits, under this action, into irreducible components
B m e M.
This structure is best described with the aid of topological junctions. Given a simple line

Df , S € § we construct a vector space Vmsm of topological junctionsﬂ

M
%TL
Dy
[ Qo;gn,n
%m
BI™ Q-

(3.2)

where cprs,m € Homa (S ® m,n) encodes a choice of basis for an,n' The symmetry action on

M is consistent once its boundary F-symbols F are specified:

M M
n

D % D B

©1 D153

7 b ’S b
Df2 sBO = ZSg,(pg,a (F:qfs'zfsl Zgisaoz «  ©3
b S02 5,2
B Dy B
(3.3)

Here we flatten the boundary of the SymTFT out and project onto the plane — in the initial figure we keep
the color coding of the introduction figure El
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Subject to the boundary pentagon equation. This describes the S action on boundary con-
ditions. Similarly, one can study parallel fusion of Df lines with a boundary condition 5™.
This is described by a NIM matrix Ng, defined through:

Dy @®B™= 3 Ngl'B". (3.4)
neM

The multiplicities Ng, € Z* count the dimension of the vector space of topological junctions

P
3.2 Boundary Changing Operators

An S-symmetric boundary condition comes with many interesting observables. Among them,
boundary-changing operators ¢, ,, are particularly relevant. In (141)d these are dynamical
local operators interpolating between boundary conditions 8™ and 8™. The SymTFT formu-
lation is extremely powerful in elucidating their multiplet structure. Recall that the 2-charge

Q2 hosts its own topological symmetry lines Q7, which are described by elements:
ve Sy, (3.5)

the category of S-endofunctors of M. These lines may also terminate topologically on M

from the right in a consistent manner:

M
%m
, Qi
%n
BI™" Q2

(3.6)

endowing it with the structure of a right S}, module as well. Thus, they are provided with
their own set of boundary F-symbols satisfying a boundary pentagon identity for the S},
symmetry. A line QY extending between M and M describes a dynamical local operator,
®,,, n, interpolating between B™ and B" boundary conditions ~that is, a boundary changing

operator. Projecting on the Q2 boundary, we will represent it as follows:

M Q2 M

;Bm
i v *
> = (I)m,n 5 VE SM
B m,n
B" (3.7)
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A symmetry line Df , S € § acts on a boundary-changing operator ¢y, , via a linear map
(Sv) s Vinw — Vi (3.8)

Graphically:

/

= Z (Sv)¢m,’n,

m,n
&
m/,n’

(3.9)

Endowing M with the mathematical structure of a S-S}, bimodule category. Importantly, the
S), fusion structure describes the tensor product decomposition for multiplets of boundary-

changing operators.

3.3 Gapped Phases

We now specialize to (1+1)d gapped phases. A gapped phase ¥ for a fusion category symmetry

S is specified in terms two Lagrangian algebras of the Drinfeld center:
o Lgym fixes the symmetry S and specifies the symmetry boundary Bfgym.

o Lpphys determines BPhYS and specifies the gapped phase. Cycling through arbitrary Lphys
maps out all S-symmetric gapped phases in (1+1)d.

We will denote the phases by (Lsym|Lphys).- The interval compactification with boundary Qa:

M ‘CQz N

Esym Ephys

(LS | £Q2 | Cphys)

(3.10)

will instead be denoted by (Lsym | Q2 | Ephys). Its compactified avatar describes the gapped

MR o N
®s34™ | Apart from the module

phase ¥ in the presence of a gapped boundary condition B
category M, determining the symmetry action on the boundary condition, we also need to
specify a second interface, N, which will determine the spectrum of boundary-changing oper-
ators. Notice that the interfaces M and N are fixed once the BCs are fixed uniquely by the

choice of algebras Leym, £Q,, Lphys-
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Most of what we have described in the general case goes through also here, however now
the second topological interface NV will furnish a set of labels n € A/. A symmetric boundary
condition (or 1l-charge Q2) for a gapped phase is thus represented by the choice of a pair
(m,n) e MRN. If there exists a topological boundary-changing operator between (m,n) and
some (m'/,n") e M®N, it can be depicted as a 0-charge Q7 with s € S}, of the SymTFT as

in figure [3| In a projection we will depict it as follows:

M Q> N

%m’,n’
o WG
1 s *
& . = 1% oway U ESM
%m| m’,m n,n’ B
B (3.11)

Notice that the symmetry acts only on the first set of labels m, m’ while the boundary-changing

operator acts on both. We now discuss several relevant examples.

3.4 Examples: Finite Groups

3.4.1 Non-anomalous Zs

We first consider the non-anomalous Zy symmetry in (141)d generated by the invertible lines
1 and P with P? = 1. The SymTFT in this case is the (untwisted) 3d Zs Dijkgraaf-Witten
theory, whose topological line operators can be labelled by their usual names as 1, e, m and
f=em.

This SymTFT has two Lagrangian algebras
Le=1®e, Ln=1&m, (3.12)

often referred to as electric and magnetic Lagrangian algebras. L. = 1 & e corresponds to the
condensation of the electric anyon (e) with the magnetic anyon (m) being projected to the
non-trivial Zs symmetry generator P. On the other hand, on £,, the anyon m condenses and
projects e to the dual Zs symmetry generator P. Choosing these as symmetry boundaries

results in the following symmetry categories
B =L.: S = Vecy,
sym (3.13)
BS =Ly S= Rep(Zg) = VecZQ .

The gapped phases for S = Vecy, are obtained by choosing
BPWYS = £ 7, SSB phase

B =Le: s o (3.14)
BPYS = L.+ Zs trivial phase
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Meg e Vec Vec m Meg

(Lel|LelLm) (Le | Lo | Lom)

Mieg e Mieg Vec m Vec

(Le| LelLe) (Le| Lm | Le)

Figure 8: Four Boundary SymTFTs for Zs O-form symmetry in (1+1)d. The top two corre-
spond to the Boundary SymTFTs for the trivial phase, and the bottom two to the Zo SSB
phase.

Module Categories. S =Vecz, has two module categories
Mg = Vecg, = {m.}
MVec = Vec = {mO} s

where we indicated the simple objects. In particular Vecz, is the module category between

(3.15)

the boundary conditions defined by L. with itself and Vec is the module category between L.
and L,,.

Recall that for 2d TQFTs the indecomposable boundary conditions are in one-to-one
correspondence with the vacua. The corresponding BC describes how to end the trivial 2d
TFT governing the vacuum. The trivial phase has a single vacuum vg, while the Zy broken

phase has two vacua v..

BCs for gapped phases. For each Zs-symmetric gapped phase, we also have two choices
for the boundary Q» giving rise to four possibilities. We denote a sandwich (B™ | BPhys)
with boundary Qs by

(B[ Qs | BPM) . (3.16)

The four possibilities are then shown in figure [§]

o (L.|L¢|Ly): This is the trivial phase, and there are two boundary conditions:

%er,mo - %m—7m0 , my € M — VecZ2 , Mg € N = VeC’ (317)

28



which are exchanged under the Zy symmetry, as this acts non-trivially on the modules
my € Vecz,. This can be matched with the known BCs of the trivial TQFT in 2d,

Mo = B, This is consistent with

which has a single boundary condition B. Here 8™+
the symmetry action PB = B as in this phase the symmetry is simply generated by the

identity line, i.e. P =1.

(Le|Lm|Lim): The other choice for the trivial gapped phase is to have Q2 = £,,, in which

case there are two boundary conditions that are singlets under the Zo
B M (3.18)

Again identifying with the boundary condition B of the trivial 2d TQFT we must have
BomE = B The two BCs B™0™+ and B0~ are still differentiated as follows. Con-
sider the end Op of P along B. Since the 2d phase is trivial, B is a 1d TFT and can
be identified with trivial 1d TFT whose Hilbert space of states is described by C. Since
P =1, we can identify the end Op by an operator in this 1d TFT, which can be further

identified with complex numbers. The Z, requirement on this complex number is

0% =1, (3.19)
which fixes

Op =+1, (3.20)
which differentiates 280"+, In other words, B™%"™* can be identified with the two

one-dimensional irreps of Zo.

(Le|LelLe): For the Zy SSB phase there are again two configurations. First consider
Q> = L.. Then all module categories are regular module categories and we get four
boundary conditions

DU (3.21)

where the Zy symmetry acts on the m. and exchanges them pair-wise.

Again we wish to map this to the boundary conditions of the Zs SSB phase directly,
which has two underlying boundary conditions By and B;. The Zs generator is realized

as P =11 + 119, and exchanges the two boundary conditions. We can thus identify
BN = By, B = By (3.22)

and
BTN = By, VM- = By (3.23)
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o (L¢|Lm|Le): The second option in the case of the Zy SSB phase is Q2 = L,,. In this case

there is precisely one boundary condition
pmono (3.24)
that is invariant under the Zs.
In terms of the underlying BCs for the SSB phase, this can be identified as
BN = By @ By . (3.25)

Indeed the symmetry generator P can end on 8070,

Boundary-changing operators. Apart from studying the boundaries, which are repre-
sented as simple objects of module categories, there are also boundary-changing operators, or

1-morphisms, which we go over in turn:

o (Le|Le|Ly): For M,eg there are two non-trivial boundary-changing operators ¢i _ €
Homgy,, (P ® %"“,’Bm*)ﬂ and ¢f’7 . with exchanged indices. These local operators com-

mute with the Zs symmetry action of P coming from 5™ in fact
P: ¢l _eof, . (3.26)

By extending P from qﬁf’ _ to the physical boundary, one can terminate on the single
non-trivial local operator of Mye. which is ngj o € Endoy, (5B™°), so that the analog
of figure is here — where we label the 1-charge Q9 by the label that specifies the

boundary condition, in this case it is L, so we denote it by Q5:

Mg Q5 Vec

BIM+,MO
%Tmf %mo
P _ oP
P P ot
- [ P V.0 | 3o
PM-+1M0

(3.27)

After collapsing the boundary sandwich one ends up with the two boundaries B+
separated by ‘I>i+ € Hom(B"™~"™0, B"™+"0) which is now a 1-morphism in Myeg Bvec,,

Vec, whose symmetry properties are inherited from d)i =

P: of «of . (3.28)

5As noted previously, in the diagram below qﬁi _ is a junction operator coming from the right action on
Mieg, yet we define it as coming from the left action on M,¢g by defining the notation through a 7 rotation.
Rotating the picture by 7, we see that B™* is acted on by P from the left and changes to B~ thus qbf,_ €
Hom (P @ B™+,%B™").
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o (Lc|Lm|Lm): On the level of morphisms, the situation is similar to case a) with the roles

of Vec and M, reversed:

Vec an Mreg

SR MO, M+
Bo B
— o7,
sB™Mo BM-
B0, M=

(3.29)

However, now the combined boundary-changing operator <I>1_5, , is charged under the Zo

symmetry generated by P on ‘B%™
P: oF o, (3.30)

This is the case as Q2 = L,, condenses the bulk magnetic anyon m and instead confines

the electric anyon e which projects to line P on Q5 which braids non-trivially with P
(the projection of the m anyon on B%™) and thus

Vec Vec Vec
P = (1) x = (1) x
P
(3.31)

o (Lc|Le|L:): This setup describes a quadruplet of boundary conditions (mg,my) € MiegBvecy,

Mieg, With s, ¢ = . The Zy symmetry sends (mg, mg) to (m—_g, my), while the non-trivial
boundary-changing operators <I>€D_ sima)(5:) (as defined pictorially below) map (m—s,m_q)

into (ms, mq):

Mg Q5 Mieg
SPMs Mg
B B

P
- q)(_57_q)a($7q)

B-s B

SBT-s,M—q

(3.32)

The boundary-changing defects @f_ si—q):(s.q) A€ neutral under the bulk Zs symmetry as

)
P braids trivially with itself as in case a) but it transforms as

. P P
P ) s < Plsma)(-s.0) - (3.33)
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o (Lc|Lm|Le): For each Vec there is only one non-trivial morphism in End(28"?), labelled

by gb{io or w(lio below:

Vec QY Vec

%mO:mO
SBMo p SBMo
. 0,0
p p :
B0 | o Yoo | B™0
%m01m0

(3.34)

Indeed, we also find that each of these endomorphisms can be used to split the object
B0 into its simple components (from the point of view of the Zo SSB phase), as
clearly 80 = 9B™+ @ B~ After collapsing the SymTFT, the combination of the
non-trivial morphisms of ¢§ o and wéi: o gives rise to the nontrivial topological operator
<I)(I)S: o € End(®B™0), which is charged under the Zy symmetry as in case b) as P braids
non-trivially with P:

P: ®fy -k, (3.35)

3.4.2 Anomalous Zs

Let us now consider the case in which the Zy symmetry is anomalous and the anomaly is

described by the non-trivial 't Hooft anomaly w # 0,
we H3(Zy,U(1)) = 2o, (3.36)

whose only non-trivial element is w(P, P, P) which is described by the folowing F-move:

1 1

The bulk SymTFT is the (24+1)d Zs DW theory with a twist, also known as the double semion
theory, whose topological lines are commonly labelled by 1, s, § and s5, where the semion s
and antisemion § have topological spins +i and —i respectively. This SymTFT only allows for
a single gapped boundary condition

Les=1055 (3.38)

describing the anomalous symmetry S = Vec7, , and the one possible gapped phase is a Zs

gauge theory.
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Module category. The only module category for the anomalous symmetry is the regular
module, as the symmetry cannot be gauged due to the non-trivial 't Hooft anomaly. Hence

the only possible case of a boundary sandwich is analogous to the third case seen previously:

Mreg Esg Mreg

£s§ £s§

(3.39)

Boundary-changing operators. If we again label the simple objects of M, as B and
B with s,q = +, we end up with the same boundary changing operators as (3.32)) in case
c) above. Yet, here P is anomalous with a non-trivial F-symbol w(P, P, P) = (Fhpp)11 = -1,

and thus acting with the Zy symmetry action from the left on Mg is now non-trivial:

Mreg Mreg

Pd o
P

where we have abused the notation for boundaries labelling 1 ~ 8™+ and P ~ 8™~ and the

reg

M
= (-1) x

(3.40)

red dot representing the boundary changing operators/junctions . We have also used the

fact that the half-bubble diagram is trivial:

.Mreg Mreg

P <I | I
(3.41)

Thus the combined boundary-changing operator &F transforms under P as
. ®P P
P (I)(—S,—‘I)v(syq) - _(I)(s,—q),(—s,q) ’ (342)

hence the non-trivial anomaly differentiates the symmetry action from the non-anomalous case

in (3.33).
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Also, notice that in this case there is no enrichment leading to a singlet boundary condition
(even if not a simple one) this is in accordance with the theorem of [48] that an anomalous

invertible symmetry admits no invariant boundary condition.

3.4.3 Non-anomalous Zg x Zs

Next, we study the non-anomalous Zy x Zo symmetry in (1 + 1)d generated by the invertible
lines 1, P, P» and PP, with (P)? = (P»)? = 1. The SymTFT in this case is the (untwisted)
3d Zs x Zo Dijkgraaf-Witten theory, whose 16 topological line operators can be labelled by as

e’ieé ’fmlz with 4, j, k,l = 0,1 and non-trivial braiding B(ej,m1) = B(ea,ma) = —1.

This SymTFT has six gapped boundary conditions which in the sandwich construction
allow for the various SSB patterns of the Zg x Za symmetry e.g. see [38]. However, here we
will only consider phases with single vacua — i.e. trivial phases or SPTs. The relevant BCs
are

Lyeg = EVec22xZQ =10e; @ex®eren, (3.43)

and the other two are the ones which have a trivial intersection with EVeCZ2x22> and thus give

rise to SPTs:
ESPT* =1®mi; ®mg®mims
(3.44)
‘CSPT_ =1®eami ®eymg ®ereamims.
Thus there are two invertible phases with the canonical Zs x Zs symmetry described by the
SymTFT sandwiches
(£Vecz2xz2 |£SPT+) =SPT” )
(£V6C22x22 |[’SPT_) =SPT™,
where SPT™ denotes the 2d trivial SPT phase whereas SPT™ is the 2d non-trivial SPT. These

two SPTs (or fiber functors for the Zy x Zy symmetry) are characterized by elements of the

(3.45)

second group cohomology with coefficients in U (1),
Be H*(Zyx 7o, U(1)) = Zsy. (3.46)

In both phases, one only finds twisted-sector (string-like) order parameters, characteristic of
SPTs. While all these parameters are uncharged under the Zs x Zs symmetry in the trivial
SPT*, in the non-trivial SPT~ one finds a Pj-twisted operator charged under P, P,-twisted
operator charged under P;, and P; P>-twisted operator charged under both P; and Ps.

Module Categories. One of the module categories of interest to us will again be the regular
module category Mg, whose elements for Zs x Zy we can label as my o for s,s” = . The other

module category is Vec™ separating CVQCZQXzQ and Lqpp+ with a single element mg. Finally,
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we have the module category Vec™ defining the interface between Lyvec, ., and Lgpr- with a

single element mg and a non-trivial commutator described by

Vec™ Vec™

/ /

P P P P (3.47)

which implements whether the Zs x Zo symmetry in 1d is anomaly-free or anomalous, charac-
terized by the 1d anomaly
ne H*(Zy x Ly, U(1)). (3.48)

Notice that, for a boundary system, the total anomaly is given by a combination of the
module category Vec* with anomaly 1 and a bulk inflow term corresponding to the choice of
SPT., which is encoded in a sign associated to the trivalent junction 5 € Hom(P; ® Py, P1 P»)
describing the SPT.

By only considering invertible topological phases for the Zs x Zo symmetry we need to
consider the four boundary sandwiches of the form (E\/eCZ2xZ2 | Lspr, | Lspr,). This way the

underlying theory is SPT, with a singlet boundary transforming in Vec*™ under Zs x Zo:

® (Lvecsys, | Lspr+ | Lspr+): The underlying theory is a trivial SPT with a single vacuum,
but there are [N = M,e| = 4 boundary conditions. Boundaries will thus transform
trivially in the Vec” multiplet under the Zs x Zs symmetry as Vec™ only includes the
one irreducible boundary 8™°. In summary, we get four singlet boundary conditions
labelled by

%mo 3T, +

3 m() € VeC+ 3 nid: € Mreg . (3.49)

The distinction between these BCs is in the ends of P; and P, symmetry generating
lines along these BCs, as in the Zy example. The four BCs can be identified with four

1-dimensional irreps of Zg x Zo.
® (Lvecs,uz, | Lspr- | Lgpr+): There is a single boundary condition
B0 mo € Vec™ , ng € Vec. (3.50)
The symmetry acts anomalously as in . The resulting BC is identified as

B = Bo B (3.51)
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Vect  SPTY Mueg Vec™ SPT™  Vec™

Vecz,xz, SPT* Vecz,xz, SPT*
(‘CVGC22><Z2 | ‘CSPTJr | ESPT+) (ﬁVecz:sz;2 | ESPT_ | ESPT*)
Vect SPT*  Vec™ Vec™ SPT~ Mieg
Vecz,xz, SPT~ Vecz,xz, SPT~

Figure 9: Four Boundary SymTFTs for Zs x Zy 0-form symmetry in (141)d. The top two
correspond to the Boundary SymTFTs for the trivial phase, and the bottom two to the non-
trivial SPT™ phase.

where B is the indecomposable BC for the trivial phase. In other words B"*%"° can be
identified with a quantum mechanical system having a two-dimensional Hilbert space
which realizes Zo x Zs symmetry with anomaly 7, i.e. a projective representation of
Zo x L.

(Lvecsyuz, | Lspr+ | Lspr-): The bulk phase is the non-trivial SPT SPT™. For this

configuration of module categories, we get a single boundary condition
PO =B B, mgo € Vec™, ng € Vec (3.52)

Here the boundary is again identified as a two-dimensional quantum mechanical system.
Even though the 1d anomaly 1 = 0, we have an anomaly inflow from the 2d bulk for which
B # 0. Thus, effectively the 1d system can be identified as a Zo x Zs symmetric system
with a non-trivial 't Hooft anomaly. Despite this identification, the 1-charge of the
corresponding boundary is identified to be the trivial 1-charge, as the phase originating
from the anomaly is encoded as part of the 2d SPT rather than a non-trivial 1-charge
of the BC.

® (Lvecs,.z, | Lspr- | Lspr-): There are four boundary conditions

pmoni mo € Vec™, ni € Mieg . (3.53)

36



These can be identified with QM systems carrying the four genuine representations of
the Zgs x Zs symmetry. Still the corresponding 1-charges are non-trivial. This is a
consequence of the fact that even though § + 7 is trivial, since £ is non-trivial, n must

be non-trivial.

Boundary-changing operators. On the level of morphisms, we can again investigate all

the possible non-trivial boundary-changing operators in the given boundary phases above:

® (Lvecsys, | Lspr+ | Lspr+): The four boundary conditions B0+’ of the trivial SPT

transform in a singlet under Zy x Zo and host the following junction operators

SPT*
Vec® 2 Miueg o
(1m0, m(-yis,(-)is)
mo Di DI M_yig (-)is!
= (=)s,(-) B q)ﬁfﬁg
A oA A oA - !
PiP] PiP] | 5,8
mo 0 ¢s,s’ 5’
(m07 ms,s’)

(3.54)

pi pJ
The combined boundary-changing operator q)ft,% is charged under the ZyxZs symmetry
generated by ]512]52] on B%™

pipI . pipd
P1 : (I’S:S,Q - (—)Z(I’S:g,2 y P2 : (0]

pipi . pipi
s%s’ 7> (_)jq)sls’2

, (3.55)
with analogous reasoning as in (3.31)) but for P; and P;.

 (Lvecsyz, | Lspr- | Lspr+): The singlet boundary condition B0 of the trivial SPT

Bi B
will give rise to local operators on the 1d boundary <I>§1P2 € End(B"0"0) with 7,57 =0,1

as seen below:
_ SPT~ _
Vec Q5 Vec

§R™M0,m0
wmof g [
— oliP
— — 0
BmMo ¢0przj ¢é)fpg Bmo
%m07m0

(3.56)

5i i
The topological local operators <I>(])31P2 will be charged under the anomalous Zy x Zy
symmetry in 1d,

Pooofi s (el py ol (yieliT (3.57)

with the 1d anomaly 7 € H?(Zy x Z3,U(1)) encoded in the ordering of successively
applying the Zy x Zs symmetry action (Png ) € Vecz,xz, as

(P{P])® (P{PY) =n[(PiP}), (PEPY)] (Pi*F P, (3.58)
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® (Lvecsys, | Lspr+ | Lspr-): The singlet boundary condition 8™ of the non-trivial
pi pJ
SPT will give rise to local operators on the 1d boundary <I>51P2 € End(8™0™0) with

1,7 =0,1 as seen below:

SPT* _
Vec* 2 Vec e
§B 0,70
BmMo 28 A ;Mo
Al Py
o o = ()
PiPJ PiP] 0
mo 12 1°2 mo
B ®o 0 B
iBm()ymO

(3.59)

. L . : . Pip]
The situation is now thus very similar to the previous case b) just above where ®,'"?

is charged under Zo x Zo as
pi DI . pi DI Pi DI . pi PJ
Pl . (I)(])Dlpz . (_)zq)(];lpz , P2 . (I)OPIPZ — (_)]@51132 , (360)

with the 1d anomaly 8 € H?(Zy x Z,U(1)), encoded in the ordering of successively
applying various Zs x Zo symmetry actions, now coming from the bulk SPT™ instead of

from the boundary module category Vec™.

® (Lvecsyz, | Lspr+ | Lspr-): Finally, the four boundary conditions 8™+ of the

non-trivial SPT transform in a singlet under Zs x Zo and host the following junction

operators
P +
Vec™ g T Mreg
(mo,m(-yis,(-)isr)
m =5 =y T _Yig (_)jg!
0 Pszj | (=)*s,(=)s B (@Pff?,j
mO qbopfpg /l/}fjilpg mszsl 878
(mo, ms,s7) (3.61)
and they are charged under Zs x Zo as
pipI . pipI pipI . pipJ
P <I>S’13, 2 (—)Zq)s’ls, 2, P <I>S715, 2 > (—)J(I>S7ls, 2, (3.62)

with the combined boundary symmetry action being anomaly-free.

3.5 Non-Invertible Symmetry: Rep(S3)

As an example of a non-anomalous, non-invertible symmetry consider Rep(S3) in (1 + 1)d

generated by the invertible lines 1 and P and the non-invertible line E with fusion rules

PeE=F®P=FE, EQFE=19oPoFE. (3.63)
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The SymTFT description of the gapped phases has appeared in [38], which we briefly recap
here. The SymTFT in this case is the (untwisted) 3d S3 Dijkgraaf-Witten theory 3(Vecs3)ﬂ
The associated Drinfeld center has simple lines labeled by conjugacy classes of Ss ([id], [a], [b])

and the irreducible representations of the centralizers of elements in these conjugacy classes:

Z(Vecs;) = {Qria),1» Qay,p> Qrial,es Qlal 1 Qalws Rlalw? Quy+r Rpol-) (3.64)

with w = e*27/3_ The Drinfeld center has four Lagrangians given by
Lvec = Qia},1 ® Q[ial,p ® 2Q[id},E » Lyeg = LRep(s3) = Qria),1 ® Qra)1 @ Qo).+ » (3.65)
Lz, = Qia},1 © Qial,e ® Qo).+ » Lz, = Qia),1 ® Qid),p @ 2Q[a],1 5

where the Lagrangian algebra £, (or equivalently the 2-charge Q%) are labelled by the module
category separating Lrep(s,) and Lq.

By fixing the symmetry boundary B¥™ = Lgey(s,), we find the four Rep(S3)-symmetric
gapped phases by varying BP"* of the SymTFT sandwich:

(LRep(53)|Lvec) = Trivial phase,  (Lrep(ss)|LRep(ss)) = Rep(S3) SSB Phase,

(3.66)
(LRep(85)|L2,) = Zo SSB Phase, (LRep(s5)|L2z5) = Rep(S3)/Z2 SSB Phase.

Module categories. We have discussed the odule categories in (2.12). They are in 1-1
correspondence with Lagrangians. We furthmore indicate how the symmetry Rep(S3) acts on

these module categories:
o Myec = Vec = {my} with trivial S3 symmetry action and Rep(S3) action:
P: mg—>mg, E: mg—2myg. (3.67)
e My, =Vecy, = {mi,mp} with Rep(S3) symmetry action

P: my<mp, E: mi,mp—->mdmp. (3.68)

o My, =Vecy, = {m1,my,m,2} with S3 symmetry action

a: My = My, b: myi > my, (3.69)
and Rep(.S3) symmetry action
P: mg—-mg, E: mgi = myia ®@myie. (3.70)

Notice here that acting with E from one side is equivalent to acting with a+a? from the

other.

"This SymTFT can be obtained from the 3d Zs DW gauge theory by gauging the Zs outer automorphism
which exchanges the pairs (e,m) < (e?,m?).
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Vec Vec M, Mieg  Rep(S3)  Vec

Rep(S3) Vec Rep(S3) Vec
a) (Lrep(ss) | Lvec | Lvec) b) (LRep(ss) | LRep(Ss) | Lvec)
MZ2 ‘CZ2 MZ3 MZa [’Zs MZ2

Rep(S3) Vec Rep(Ss3) Vec

c) (ERep(S3) | EZz | »CVec) d) (ERGP(Ss) | 'CZS |/:'Vec)

Figure 10: Boundary SymTFTs for the trivial gapped phase with Rep(S3) symmetry.

® MRep(ss) = Mreg = Rep(S3) = {m1,mp, mg} with Rep(S3) symmetry action

P: miyemp, mg->mg
(3.71)
E: miy,mp->mg, mgp-m ®mp®mg.

There is also one more module category that we will need which is the regular module category

for S3 symmetry:

o Mg, = Vecg, = {mi,ma, Mgz, Mp, Map, Mgz, with Ss symmetry action following the

standard S5 group multiplication rules.

Trivial phase. In the trivial phase, we find one vacuum vy and correspondingly one bound-

ary condition B, while the symmetry lines trivialize as
P=1, E=1e1. (3.72)

By varying Q2 we find four Boundary SymTFTs depicted in figure

a) (LRep(ss) | Lvec | Lvec): In this phase we find 6 singlet boundary conditions under
Rep(S3). The difference between the BCs is captured in how the Rep(S3) lines end on the
quantum mechanical systems living on the boundary (the 2d phase is trivial so the boundaries
are QM systems). Recall that the similar case for non-anomalous G symmetry leads to QM

systems whose Hilbert spaces are irreducible representations of G.
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Let B be any of these singlet BCs. On all of them the action of Rep(S3) is
P®B =
(3.73)
E®B=5¢B.

Three of these cases involve the end of P line being realized as the number +1 on the trivial

QM B. These three cases are distinguished by the end of E being realized as the map
W'

The remaining three cases involve the end of P line being realized as the number —1 on the

trivial QM B. These three cases are distinguished by the end of E being realized as the map
—t

b) (Lrep(s) | Lrep(ss) | Lvec): There is a triplet of BCs transforming in M,eg under Rep(S3).
However, as the underlying phase is trivial with one boundary invariant B°, there is symmetry

enrichment of the boundary such that there are now three boundaries
B0 3P0 -0 w0 50 g p0 (3.76)

with the Rep(S3) symmetry action on these boundaries (or elements of the M, module

category according to ) sending
p: Bl L BP0 BEO _, B0
(3.77)
E: B0 8P, gEo0 BEO L, 310 g BP0 g 3B
which is consistent with the symmetry action of the trivial phase in . Notice that the
boundary B0 has to be a composite of two boundaries B° for the symmetry action to be
consistent.
) (Lrep(ss) | £z, | Lvec): There are 3 doublets transforming in Mz, under Rep(S3), we

can label the boundaries as
ple' gl - g0, (3.78)

where i = 0, 1,2, with symmetry acting only on the first (symmetry) index, with the second

labelling different multiplets transforming in the same 1-charge,
P %l,wi < %P,wi ’ E: %l,wi7 %P,wi N %1,wi ® %P,wi ’ (379)

which is again consistent with (3.68]) and (3.72)). The three doublets are distinguished by the
ends of E. There are four ends of F that we label as Oy, for a,b € {1, P}. The end O, takes
Ba' to B We have

1 (W +w? W —w?
[Ow] = 3 ( P2 21‘) . (3.80)

wh—w wtw
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Vec Vec Mz, Mieg  Rep(S3) My,

Rep(S3) Lz,  Rep(Ss) Lz,
a) (‘CRep(Sg) | Lvec | ‘cZz) b) (‘CRep(Sg) | ‘CRep(Sg) | ‘CZQ)
MZ2 LZQ Mreg MZs ‘CZ3 Vec

Rep(Sg) ‘CZ2 Rep(Sg) LZz

C) (LRep(Sg) |£Zz | ‘CZQ) d) (ﬁRep(Sg) | 'CZs |£Zz)

Figure 11: Four Boundary SymTFTs for the Zy SSB phase of Rep(.S3), with boundary.

d) (Lrep(ss) | £z5 | Lvec): Finally, this case is analogous to the one just above but with the
roles of Zg and Zs switched, with us now having two triplets in Mz, under Rep(S3), we can

similarly label the boundary elements as
B P =80 (3.81)
with ¢ =0,1,2, and = = 0,1, with P2 =1 and the symmetry action on these elements

P: %wing N %wi’Pm7 E: %wi’Pm R %wi+l,PI s %wi+2,P1 (3,82)

)

which is consistent with (3.70)) and (3.72]). The two triplets are distinguished by the ends of
P being +1.

Zo SSB phase. In the Zy SSB phase there are two vacua v; and vp and correspondingly two
irreducible boundary conditions B! and B7 which are exchanged by the broken subsymmetry

Zs c Rep(S3), generated by P. The non-invertible E' symmetry line can be identified as
E=10P. (3.83)

By varying the symmetry module (or equivalently Q3), one can track four cases of Boundary
SymTFTs, as shown in figure [T1}

a) (LRrep(ss) | Lvec | Lz,): This case describes three singlets Myec under Rep(.S3). However,
the Zy SSB phase has two BCs B! and B neither of which is invariant under Rep(S3). Hence
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each of the three boundaries in this phase must be a composite boundary
B =Bl o B, (3.84)

The three singlets are distinguished by the ends of E along 89" which are the same as in
(13-80)).

b) (Lrep(ss) | Lrep(ss) | £2,): Here we have two triplets My under Rep(S3) which we
can identify in terms of boundaries of the Z, SSB phase B! and B’ as

Bt ol PP -pP PP -plen”, (3.85)

with x = 0,1, which has consistent Rep(S3) symmetry action with (3.71)) and (3.83) as
p. BLP" o gPP” BEPT _, gB.P”
(3.86)
E: yLP" @gPP" _ gEP” BEPT _ mLP" g yPP" g 3 E.P”
The two triplets are distinguished by the sign of the end of P along B,
) (Lrep(ss) | £z, | Lz,): There are 3 doublets transforming naturally under Mz, in the

Zo SSB phase which we can label
pli-gpl —phi-gl (3.87)
with multiplicity given by i € {0, 1,2}, and natural transformation under Zy c Rep(Ss3):
p: BYophl g gl ghi, gligphi (3.88)

which is consistent with and . These are distinguished by ends of E between
boundaries B and B, The expressions for these ends is as in .

d) (Lrep(ss) | £25 | L£z,): In this phase, we find a single triplet Mz, under Rep(S3). How-
ever, as the boundaries of the Zy SSB phase B! and 8% do not have natural transformation

properties under Zs or Rep(S3)/Z2, we find the only possibility for the triplet to be
B0 - Bl g BP, (3.89)

with the enriched symmetry implemented to be consistent with and as
p: B0 g @30 e 0 g e, (3.90)

Rep(S3)/Zy SSB phase. In the Rep(S3)/Zs SSB phase there are three vacua vy, v, and
v,2, and correspondingly three irreducible boundary conditions B!,%“ and B+ which are

exchanged by the broken subsymmetry Rep(S3)/Z2 c Rep(S3), generated by the non-invertible

43



Vec Vec Mz, Mieg  Rep(S3) My,

Rep(53) Lz,  Rep(S3) Lz,
(ERep(Sg) | Lyec | ‘CZ3) (‘CRep(Sg) | ERep(Sg) | EZ3)
MZ2 ‘CZ2 Vec MZ3 EZa MS3

Rep(Sg) ‘CZ3 Rep(SS) LZ?,

('CRep(Sg) | ‘sz | EZs) (ERep(Sg) | EZg | 'CZs)

Figure 12: Four Boundary SymTFTs describing a (141)d Rep(S3)/Z2 SSB phase with Rep(S3)
symimetry.

line E, whereas the Zy symmetry generated by P = 1 remains unbroken. One can indeed
naturally label the boundaries by Zs irreducible representations w' for i = 0, 1,2, as the action

of E in this phase can be expressed using Zs symmetry generators a and a?
i+2

E=a®a®: B9 58 opv”, (3.91)

as discussed previously around (3.70)). The four Boundary SymTFTs are shown in figure
a) (Lrep(Sy) | Lvec | L£z75): This case describes two singlets Myec under Rep(S3). However,
the Rep(S3)/Z2 SSB phase has three BCs B!, B and ‘B“’Q, neither of which is invariant under

the full Rep(.S3). Hence both singlet boundaries in this phase must be composite boundaries
B = BloBY @ B (3.92)

for x = 0,1, and have consistent Rep(S3) symmetry action with and as
p: B0 L 0P g g0 o0l (3.93)

The two singlets are distinguished by the sign of the end of P along these BCs.
b) (Lrep(ss) | Lrep(ss) | £z5): Here we have three triplets M,e; under Rep(S3) which we
can identify in terms of boundaries of the Rep(S3)/Z2> SSB phase B as

Bl _ B! P’ _ B! BEW _ e g ;sz, (3.94)

44



which has consistent Rep(S3) symmetry action with (3.71]) and (3.91) as

P ;Bl,w < %P,w %E,w N %E,w

)

E: %Lwi %P,wi N %E,wi %E,wi N %l,wi ® %wai ® %E,wi (395)
particularly as
E: Bl @Pe’ Ll pe gpe’ o g’
L ; i (3.96)
%Ew.) ~BY @ %Wz — 2231 ® B @ %wQ N fBl’w o SBP,UJ o SBE"") '

The three triplets can be distinguished by studying the ends of E line along B " which take

the form (3.80]).
) (Lrep(ss) | £z, | Lz5): In this phase, we find a doublet Mz, under Rep(S3). However,

as the boundaries of the Rep(S3)/Z2 SSB phase B do not have natural transformation
properties under Zs, we find the only possibility for the doublet to be

BP0 =l B @B (3.97)
with the enriched symmetry implemented to be consistent with (3.68) and (3.91)) as
P %1,0 PN %P,O , E: EBPZ,O N SBLO ® %P,O ) (398)

d) (Lrep(ss) | £z5 | Lz5): In this phase, we find 18 boundaries transforming naturally in
the triplet Mz, under Rep(Ss3) in the Rep(S3)/Z2 SSB phase which we can label

B = B (3.99)

with 7 = 0, 1,2, multiplicity given by g € S3, and natural transformation under Rep(S3)/Zs c
Rep(S3) consistent with (3.70) and (3.91):

P: B9 L@ g e L e e g et (3.100)

Rep(S3) SSB phase. In the Rep(.S3) phase there are three vacua similarly to the Rep(S3)/Z2
SSB phase case but now the remaining Zs is also spontaneously broken leading to physically
distinguishable vacua. The corresponding irreducible three boundaries are B!, B, BE.
labelled by the elements of Rep(S3) as now these boundaries transform according to the
Rep(S3) fusion rules as in (3.71).

By varying the module categories (or equivalently Q2), there are again four cases of Bound-
ary SymTFTs shown in figure .

a) (LRep(ss) | Lvec | Lreg): This case describes a single boundary forming a singlet Myec
under Rep(S3). However, the Rep(S3) SSB phase has three BCs B!, 8" and B¥, neither
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reg Rep(Sg) Mreg

(ERep(Sg) | Lyvec | ERep(Sg)) (‘CRep(Sg) | ERep(Sg) | ‘CRep(Sg))
(Lrep(3) | L£2Z5 | Lrep(s3)) (Lrep(ss) | £25 | Lrep(ss))

Figure 13: Four Boundary SymTFTs for the (1+1)d Rep(S3) SSB phase of Rep(S3).

of which is invariant under Rep(S3). Hence the singlet boundary in this phase must be a

composite boundary
B890 = 5! @ B @ 287 (3.101)

and have consistent Rep(.S3) symmetry action with and as
p: B Lp%0 g 500, 0300 (3.102)
particularly as
E: 8% -3le Bl ¢28” - B ¢ B 02(B! 0 B @ BEY) = 2800, (3.103)

The form of the singlet B in (3.101)) is not accidental as it represents the Lagrangian algebra
Lyec which is the symmetry boundary of the SymTFT for S5 symmetry.
b) (Lrep(ss) | Lrep(ss) | Lreg): Here we have a set of 9 boundaries transforming naturally
in the triplet M;¢; under Rep(S3) which we can label as
B — gl (3.104)
for R,R' =1, P, E, which is consistent with the natural Rep(S3) symmetry action of (3.71)
p. LR L gPR BER _ qmER
/ 7 ! ’ 7 ! / / (3105)
E: SBI’R ’%P,R N %E,R , %E,R N %1,R ® %P,R ® %E,R )

) (Lrep(ss) | £z, | Lrep(ss)): In this phase, we find four boundaries transforming in the
doublet Mz, under Rep(S3). However, even though the boundaries B! and B of the Rep(S3)
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SSB phase have natural transformation properties under Zs, the last boundary 8% is an odd

man out as it is invariant under the Zs. We find the only possibility for the doublet to be

pLl —plepl b gl enl, (3.106)

with multiplicity given by y =0, 1, and the symmetry action consistent with (3.68)) and (3.71])
to be

p: Vo gl g gLl ghl L gLl g gl (3.107)

Particularly, P transformation is evident as B! < B and B is invariant, whereas F is again

a bit less clear:

E: B .8le Bl 588 (BeB’ @ BY)~ 8" 8D (3.108)

and similarly for 857"

Notice again that in fact combining the doublet into a singlet under the Zs symmetry

produces the result in (3.101)), i.e.
B o BPP - Bl B @ 287 (3.109)

which is the canonical Lagrangian algebra for S3 symmetry, invariant under Rep(S3).

d) (Lrep(ss) | £z5 | Lreg): Finally, in this case, we find 9 boundaries transforming in the
triplet Mz, under Rep(S3). However, as the boundaries of the Rep(S3) SSB phase B!, B
do not have natural transformation properties under Zs or Rep(.S3)/Z,, we find the triplet to
be

Bl - plenl, B B’ - Bl (3.110)

with multiplicity j =0, 1,2, and consistent symmetry action with (3.70) and (3.71) as

z+27wg

p: @ L g e e g et e (3.111)
which particularly for the E action can be seen as
E: 8" ~8len’ 298P « pv’ gpe’
° )
B’ oY L Ble B 0 BE ~ Bl @Bt (3.112)
B~ BF L Ble B’ @B ~ B @ B
Boundary-changing operators. Rather than going over all 16 cases mentioned above with
various multiplicities, let us concentrate on a few interesting examples to showcase the gen-
eral characteristics of boundary-changing operators for boundary phases with non-invertible

symmetry. We can organize these based on the module category M which is acted on from

the left by the symmetry lines, which forms the top left corner of the Boundary SymTFT:

47



o M = Myec: In this case, all six S3 symmetry lines can end on M from the right or
more precisely on the singlet boundary mg € Vec. If we label these junctions on which
the topological lines a’b”, with i € Zs, = € Zs, can end as gb“ibz then one can show these

junctions transform under Rep(S3) from the left as
P: o ¢" 0", P ¢

2 2 ) (3.113)

E: ¢ >witew’”, ¢ swtews”,  ¢"-0, ¢l o200

This is consistent with Rep(.S3) symmetry action on topological local operators found

in [38], i.e. combining these junctions based on conjugacy classes as
Oi:¢a$¢a2’ Ob:¢b®¢ab®¢ab27 (3114)

one finds the same symmetry action
P: 0'->0% 0O -0°,

(3.115)
E: 0%'-»-0%  0"->o0,

as w+w?=-1.

The action (3.113)) is interesting, especially as the non-invertible line ¥ maps, for exam-
ple, ¢% —» woP* @ wzqﬁ“z, thus if we take this less general example where we fix our initial

boundary to be B%! then the picture is

Vec Q- M,

;BO,CL
B0 a B
= %,a
%0 ¢a ,d)%,a, %1
B! (3.116)

Then we find that the boundary-changing operator ®f , transforms under Rep(S3) as

. a a . a
P 1,a - (I)l,(w E: (I)l,a

- W, WP, (3.117)

hence we see that even though the boundaries are in a singlet under Rep(S3), the
non-invertible symmetry can still transform the boundary through the action on the
boundary-changing operator, which in turn can even act on the non-symmetry index,

which is not possible in invertible cases.

o M = Moyec,,: In this case, only the [a] = (a®a?)g, symmetry line (of Rep(S3)’) can end

on M from the right or more precisely on the doublet of boundaries mi,mp € Mz,. If
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we label these junctions on which the topological line [a] can end as #l*l then one can

show this junctions transform under Rep(S3) from the left as
pP: gl glel E: ¢l _glad (3.118)

which is consistent with Rep(S3) symmetry action on topological local operators by

simply identifying ¢[® = 04.

¢ M = Myec,,: In this case, only the b symmetry line (of S5) can end on M from the
right or more precisely on the triplet of boundaries my,my,, m,2 € Mz,. If we label this
junction on which the topological line b can end as ¢° as previously then one can show

this junction transforms under Rep(S3) from the left as
P: ¢*>-¢*,  E: ¢"->0, (3.119)
which is consistent with what we have already seen for M = Myc.

e M = M,e: This is just the case of having the boundaries transform naturally in the
regular module category where no symmetry lines can end completely from the right on
M., hence the boundary-changing operators will transform under the standard Rep(S3)

symmetry rules.

3.6 Interfaces between SPTs

As we have alluded in the Introduction, our formalism also allows the description of symmetric
interfaces between phases, which we will denote as Z. Here by symmetric, we mean interfaces
which are transparent to the symmetry action, as depicted in figure

After folding, the symmetric interface is described by the following boundary sandwich:

diag
T spphys 7 Q M
%o
T = Bsym _ sym phys
S ohys Bows B3 am,
T %31

(3.120)

Where Qgiag is the gapped BC corresponding to the universal diagonal Lagrangian algebra
in 3(S) m . Further interfaces can be constructed from codimension-1 topological
defects in 3(S) which leave the gapped BC B%Y™ invariant by simply stretching them through
the bulk. We do not study these objects in this work.

Of special interest to us will be interfaces between gapped phases and, in particular,

between invertible phases (SPTs). For invertible symmetry, such problem has a long history,
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Figure 14: Above, symmetry defect D; can be freely moved through a symmetric interface
T15 between two phases T1 and To. Below, composition law for symmetry defects along the
interface.

while for non-invertible ones —especially for Tambara-Yamagami categories— an illuminating
early study is , while a recent lattice construction is . Of interest to use will be two key

observables

e The associator for the symmetry defects on the interface. In the folded picture, these
are the boundary F-symbols for the diagonal symmetry defects Df@’g .

e The number of edge modes on the interface —that is— the ground-state degeneracy of the
interface Hilbert Spaceﬁ Recall that, for an SPT for a discrete group, the symmetry
acts projectively on the 1d boundary, so the interface Hilbert space is always degenerate.
Similarly, the nontriviality of the boundary F-symbols often forbids a nondegenerate

interface Hilbert space.

The first observable has essentially been described in , for invertible symmetries. The main
idea is the following: since the theories on both sides of the interface are SPTs, the symmetry
defect can be trivialized. That is:

(3.121)

8This is defined by taking time to run in the vertical direction along the interface. Notice also that, in lattice
constructions, one considers a periodic system with gapped phases %1 and T2 on the two halves of the circle.
This way there are two insertions of the interface and the number of edge modes squares.
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The symmetry action then localizes on the interface Z12 and its algebra can be computed via
the bulk data. To understand edge modes, we must give a construction of the interface Hilbert
space Hz, on which the operators described above act. As usual in TFT, this is obtained by
“closing” the (2+1)d bulk geometry . This gives rise to the following junction between
gapped boundaries:

./\/ll M2

Ti2 (3.122)

The three-valent junction Vz,, is a vector space, which is isomorphic to the interface Hilbert
space H112ﬂ Its dimension is in general hard to compute, but can sometimes be extracted
from the description of Mj, My and Z;5 as gauging interfaces using the techniques of [86]. We

will now compute these data in two classes of examples, showcasing the power of the SymTFT.

SPTs for discrete Groups For simplicity we will study Abelian symmetriesfﬂ the non-
abelian generalization is also straightforward but tedious. We denote the underlying group by
G. SPTs are classified by classes w € H?(G,U(1)). These are most easily described via their
associated anti-symmetric bicharacter

_ w(a,b)
w(b,a)’

Xw(a,b) (3.123)

which encodes the gauge-invariant information about w. Let us consider an interface between
two SPTs, say SPT; and SPTs, described by classes w; and ws. By folding we obtain an
interface between the SPT described by w;/we and the trivial theory. As discussed in section

the symmetry action on the boundary is labelled by the boundary F-symbol:

F w1 (a7 b)
Fop=—""-"-">=, 3.124
0= @b (3.124)
alternatively, the algebra of lines on the interface is:
b
Do pb = (@0 pr g e (3.125)

x2(a,b)

9More precisely, to its ground states.
OFor this kind of symmetries, edge modes have also been studied in [24] using the SymTFT formulation.
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Let us see how this is encoded in the SymTFT. We will follow the conventions of and
denote a bulk anyon by (a, a) € GxG". The symmetry boundary condition B%™ is described
by the magnetic algebra:

Lsym =P (0,). (3.126)
On the other hand, the SPTs are described by gapped BC :
Lo=@(a, ¥u(a)), (3.127)
a

where ¢, : G - GV is an invertible group homomorphism such that:

Yw(a)[b] = xw(a,b). (3.128)

In order to compute the commutator in the SymTFT we employ the following representation

of the symmetry lines crossing the interface:

Sym
BS

(a, Y (a))
(b, %wr (b))

(by % (0))

(3.129)

Shrinking the D{ line we obtain the anyon (0, ., (@)=, (a)) stretching between the interface
and the B%™ boundary:

Sym Sym
B S B S

(aa Yoy (a)) (G«,T/sz (a)) (vawl (a) = Yy (a))

(3.130)
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Commuting this with the Dll’ line gives a phase:

Yin (@[] _ X (aD)
Yion (@[] ™ Xan(a:0)

reproducing the known QFT answer. Let us now focus on G = Zg x Zo, for which the interface

(3.131)

Hilbert space is two-fold degenerate. The interfaces My and My implement the gauging of
Zo x Zo, with or without discrete torsion, respectively. The same is true for Zj5. Since all

three module categories have a single element the fusion of interfaces must be of the form:
M1 My = dim(VIm)Ilg , (3132)
following [86], notice that the quantum dimension on any gauging interface is:

dr = \/dim(A7), (3.133)

where Az is the algebra object implementing the generalized gauging. In our case dim(Axy, ) =

dim(Ap, ) = dim(Az,,) =4, so we conclude:
dim(Vz,,) = 2, (3.134)

recovering the expected counting of edge modes.

Non-invertible symmetry: Rep(Dg) The paramount example of nontrivial interfaces be-

tween SPTs is given by the three SPTs under Rep(Dg) symmetry, which we dub:
SPTg, SPTq, SPTp. (3.135)

We will denote invertible elements g € Rep(Dg) by Pi, P>, P1P, while E will denote the

non-invertible object, satisfying:
E’=1+P +P,+ P P,. (3.136)

At the level of the invertible Zy x Zs subcategory of Rep(Dg), the three SPTs are indistin-
guishable and identified with the Zs x Zo SPT. They can however be distinguished via the

action of the non-invertible element F, given by 1-cochain v satisfying [3]:

v(g)®’=1, ge{Py, P, PP} (3.137)
v(P)v(P)v(PiPr)=-1. (3.138)

the three numbers v(Py), v(P), v(PPy) furthermore need to satisfy:
sign (1+v(P) +v(P) +v(PiPy))=1. (3.139)
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The solution is to assign a — sign an element of the list P, P, P; P> describing three cochains
VR, Vg, VB. The interface between two such SPTs ¢ and j is characterized by the ratio of two

co-chains, which we denote by v;; = v;/v; whose values are:

|PL P, PP,
VRG | = T 7 (3.140)
vgp | + -~ -
VR | — *F -

We will now recover this characterization from the SymTFT. Following the notation of —to
which we also refer the reader for further details about the structure of the Drinfeld center—

the relevant Lagrangian algebras are:

ﬁsym= l1®ergp ® mge ® Mmrp ® Mga, (3.141)

and
Lr=1depdeg®epg ®2mp, (3.142)
Lo=1®epder®erp d22mg, (3.143)
Lp=ldegpdeg®erg®2mp. (3.144)

The one-cochain can be extracted from the commutation relations between an invertible line

and the non-invertible generator E:
DY e DF = v;:(9)DF ® DY 3.145
1 1 = Vij\g ) D1 1° (3. )

We will focus on the interface Zrg between SPT R and SPTg. The other interfaces Zgp and
Tap are obtained by permuting the RG B labels. For this choice of interface the description

of the symmetry action is as follows

Sym
BS

{eBc

{er; erB; eB}

(3.146)



Shrinking the upper line triplet {D{Dl7 DfQ, Dfle} gives rise to {eraB, €raB, 1}:

Sym Sym
B S BS

{eBG; ea; eB} {er, erB, e} = {eraB; eraB, 1}

Lr Irc La Lr Irc La (3.147)

Following , the endpoint of the eggp line is charged under the D{E symmetry, thus we find:

D{® DY = v;(9) DY ® DY, (3.148)
as expected. Cycling through the three interfaces we recover Table (3.140). Let us now
describe the counting of edge modes. Since:

LrnLlo=1®ep, (3.149)

there are two (physically equivalent) choices for the interface Zrg, let us denote them by Z7 ..
Furthermore, since we are describing Fiber-Functors, it is known that the algebras Ag ¢

take the “maximal” form:
Aprc=1+P +P,+ PP, +2E, dim(Agrg)=8. (3.150)

Furthermore, Zrs implements the gauging of Zo x Zﬂ, so dim(Agg) = 4. The fusion rule
now takes the form:

Mp e Mg =dim(Vz,,) (Zra ®Zrea) , (3.151)
plugging in the numbers we again find:

dim(Vz,e,) = 2, (3.152)

in accordance with the results of .
Of course, a more general exploration of these phenomena, especially in higher dimensions,

would be of great interest. We believe the SymTFT to be the perfect tool for this.

A way to understand this is that Rep(Ds) is Morita equivalent to a 2R x 72§ x 7.8 symmetry with 't Hooft
anomaly ArAcAp. The gapped BC corresponding to the three SPTs can be reached from the Dir boundary
condition for this symmetry by gauging a single Z,. This follows e.g. from the discussion in , or can be
derived directly. Thus to connect any two of these boundaries we must gauge a Za x Zz symmetry without
discrete torsion, where one of the Zss is a magnetic symmetry.
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3.7 Boundary Club Sandwich: Gapless Phases

General Boundary SymTFT description In the presence of categorical symmetries,
(141)d gapless phases, describing critical points between two gapped phases, have a SymTFT
description as well. More precisely, we can construct associated KT transformations, which
transform a phase transition for a symmetry S’ to one for a larger symmetry S. In this
way, only S’ acts on the gapless degrees of freedom. This setup, also known as the “club
sandwich” is defined by a symmetry and a physical boundary, as well as an interface between
the topological order 3(S) and 3(S’). This is given in terms of a condensable —but not
Lagrangian— algebra A in the Drinfeld center Z(S):

3(8")

BSym A %phys
s T (3.153)

Gapless SPT (gSPT) phases are of particular interest. These are gapless phases, with a

unique ground state on a circle on which only " acts faithfully on the gapless degrees of

freedom. They are characterized by condensable algebras Agspr, such that
AgspT N ES =1. (3.154)

If a gSPT cannot be deformed to an SPT phase without breaking the symmetry, it is called
an igSPT. These are particularly interesting gapless phases, as they correspond to symmetry-

protected critical points. There are examples with group and non-invertible symmetries

, as well as in higher dimensions . Typically such phases are reached via RG

flow from a UV, S-symmetric theory VY

. If we keep in mind such picture, it is natural to ask
how the boundary condition multiplets B in the UV are mapped to &’-symmetric multiplets
BM' This is not a trivial problem. Indeed, even for flows between unitary minimal models,

the complete map between boundary conditions between the UV and IR is only understood

for certain RG flows [87}89).
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Club-Sandwich with Boundary. Adding boundaries to the club sandwich is described as
follows: again there is a Q2 charge that characterizes the boundary condition of the SymTFT:

M Q: 1 Q5 M

3(810w)

BSym A %phys

s T (3.155)
and M is again a module category. The 8’-symmetric boundary condition is instead described
by a l-charge Q5. The interface Z is a trivalent junction between Q2, Q5 and A. Given Q2
and A, not all the charges Q) are allowed to appear in the IR. To this end consider the parallel

fusion:

@ A Q5 (3.156)

The integer n%Qz counts the number of independent boundary interfaces Z, and the allowed

!

choices of QY are those for which ngQQQ is non-vanishing. The club sandwich has an equivalent

description in terms of the gapped boundary condition via the folding trick:

Q 7 Q@ Q2'Q2 7z

.S(T-

where £ 4 is a Lagrangian algebra of the folded topological order 3(S) ® 3(S’), which is a lift

(3.157)

of the algebra A (see for details). In particular in Z is a module category for this folded
setup, describing the interface between two gapped boundary conditions £4 and Q2 & Q_’2
The physical properties of Z, allow for instance the determination of the mapping between
boundary conditions and boundary changing operators from the UV, S-symmetric theory, into
the IR.
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Mapping between BC: UV to IR Consider an S-symmetric gapless RG flow. Typically
the faithfully acting symmetry in the IR fits in a group extension

1—Spap —S— 8 — 1, (3.158)

where S is the full symmetry of the UV theory—which for simplicity we take to be a group—
and &’ the quotient acting on the gapless sector. This picture can be extended to arbitrary
fusion categories using the SymTFT picture we introduce below.

We now consider a UV, S-symmetric boundary condition BY" associated to a S module
category M. Its image in the S’-symmetric theory can be extracted by pushing the Z interface
of onto M. The interface Z thus provides a map between the set of UV boundary
conditions BYY and the set of IR boundary conditions B/%, in much the same way as the
bulk interface A provides a map between S and S’-symmetric QFTs. In typical RG flows,
the set of IR boundary conditions is strictly smaller than the set of UV boundary conditions,
so the map Z is not injective. We will see, however, that the opposite phenomenon can also
take place: a single UV boundary condition can become non-simple in the IR and decompose
into a multiplet under S’. This in particular happens if the RG flow describes an intrinsically
gapless SPT (igSPT) phase. This can arise if the group extension is non-trivial. We
will give an explicit example of this phenomenon, together with its physical interpretation, in

the examples below.

Example: gSPT and gSSB for Z, — Zs. A standard and simple example is to consider
S =74 and 8’ = Zy, with a trivial t Hooft anomaly, where we will denote the Z, symmetry
generator as P and Zy symmetry generator as P’. This is achieved by condensing the bulk
algebras

Az=1@e*, or A,2=1lem?, (3.159)

while fixing the symmetry boundary
Logm=Lrg=1l0ecdc’@c’. (3.160)

Condensing the algebra A,2 is equivalent to describing a Zy gSSB phase for the Z4 symmetry
whereas condensing the algebra A,,,2 amounts to depicting a gSPT phase [44,45].
Let us determine the fate of the regular Z4 module category under RG flow. For this we

must choose

Q2 = Lreg , (3.161)
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Figure 15: Boundary SymTFTs for Zs-symmetric irreducible (non-intrinsic) gapless phases.
Diagram a) denotes Z, gSSB phase with two universes while diagrams b) denotes Z, gSPT
phase.

and the two possible maps are determined by the IR multiples given by the choice of either

condensing A2 or A,,2:
»Creg ® A€2 = 2./4@’ y Ereg ® Am2 = Ae’ B (3-162)

where the factor of 2 tells us there are two inequivalent choices of interface for Z, in contrast
to Z which only has one.

Starting with A2, the bulk theory splits into two Zg-symmetric universes (+) and (-)
in the IR, exchanged by the Z4 symmetry line P ~ m (projection of m on L.cg), denoting a
gSSB phase. In each of these universes we have a doublet of boundary conditions for the Zy
symmetry P’ which is a projection of the bulk line m’ on L. or equivalently of m? on Lreg,
P’ ~m/ ~m? The map T, : Myeg - M., is described by

%1' _ %1’ %m’ _ %mQ ,
( ,)+ ( ,)+ \ (3.163)
(BY)- =", (B")-=B",
with the symmetry action
P: (B, > (BY). - (B™), - (B")_ > (B8Y),,
(B )~ (B )-~>(B" )~ (B")-~> (B )+ (3.164)

PP=pP: (BY), o (B, (B) o (B")..
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Figure 16: Boundary SymTFT for the Z4-symmetric intrinsically gapless phase (igSPT).

We can clearly see that M. ~ (Mz,), ® (Mgz,)_ with P? = P’ being the natural action on the

Zs module category (Mz, ). and P providing a map between the two copies of Mz, .
Considering instead A,,2, the Zs symmetry line P’ acts trivially in the IR of the single

universe describing a gSPT phase and the regular representations map between each other

through 7, : Myeg > M, as
B =BleBs™, B =8B"eB" (3.165)
with P symmetry action exchanging the two boundary conditions as
P: (BY) o (3™). (3.166)

We can thus see that ./\/l;7 ~ Mgz, with P providing the natural action on the Zs module

category.

Example: igSPT for Zs — Z%. An enticing example of the splitting of boundary conditions
along RG flows comes by considering a flow from a Z4-symmetric system to a Z5-symmetric
one with nontrivial ’t Hooft anomaly, implementing the non-trivial Z4 igSPT. In this case the
condensable algebra is A = 1 ® e?>m? and 3(S’) is the double semion model, whose nontrivial
lines we again denote (as in section by s and s, respectively. This model has a unique
gapped boundary condition: Lgs = 1+s5. The symmetry boundary for Zy is Lyeg = loede’ded
and we choose the boundary Qs to be the singlet Lyec = 1@maem?®m?. The module category
M is then given by Vec, with a single boundary state B°. Then

ﬁQIQ =1®ss
2, 2 3,3 3,3 2 2 (3.167)
La=1de m”® (em”+e’m)sd (em+e’m”)sd® (e +m”)ss,
or, in the folded picture
L g,ua7 = (lemem?em®)(1®s3). (3.168)
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The intersection between £ 4N EQ = 1®m?s5 gives rise to a module category Mz, of two

2®6§
indecomposable objects, describing a doublet of boundary conditions B! and B7" in the IR.

Explicitly, the map Z depicted in Fig. is then 7 : Vec - Mz, where
B0 =Bl @B (3.169)

with the UV P’ = P? line responsible for the splitting. This set of ideas can be developed
in fuller generality and hopefully allow to address interesting physical boundary RG flows
between (141)d symmetric CFTs. A prime candidate are current-current deformations of

WZW models, whose rich phenomenology has been studied using integrability methods [90].

An explanation for the splitting The splitting of BC can be given an enticing physical
interpretation in our setup. Consider, in the UV, a symmetry line Df , S €8},, ending on the
singlet BC, thus defining a topological junction ‘PEV' We now assume that S € Sgap, so that
it does not act on the gapless IR degrees of freedom. Under RG flow the topological junction

@(S]V is mapped to a (possibly trivial) topological local boundary operator gpr:

S S
UV Puv ~r IR PIR

S st B (3.170)
We conclude that, from the IR perspective, the boundary condition ‘BéR can split in many
universes, depending on whether or not ‘P?R is trivial. The precise functor I}]}g implementing
the mapping can be extracted from the SymTFT by studying the interface Z described above,
and in particular its number of indecomposable components. In the case of an igSPT we have
shown that the interface Z has two components, even if the original module cateogy has a
single simple object. Indeed, as the IR symmetry S’ has no Fiber Functor, we expect that
BM must split. This is a consequence of the fact that an anomalous symmetry does not
admit an invariant BC [4891]. This immediately follows from the SymTFT picture, as for
anomalous symmetries the module category M Rgx 7 cannot have a single object due to the

S’ ’t Hooft anomaly.

4 (141)d Lattice Models with Boundary Conditions

(1+1)d lattice models with fusion category symmetries S provide a UV description of cate-

gorical phases. The anyon chain models [67-75] provide a systematic way to construct such
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lattice models with any fusion category symmetry S. In particular, the anyon chain allows for
a systematic construction of Hamiltonians, whose ground states realize S-symmetric phases
— gapped and gapless [75]. Here we discuss how they can be extended to construct lattice
models with boundary conditions transforming in arbitrary 1-charges of S.

Let us first review the construction of the anyonic chain with periodic boundary conditions
following [75], which we will then extend to anyonic chain on a segment. The construction
begins with an input fusion category CIE and an input module category M of C such that the
dual fusion category formed by C-endofunctors of M, C},, is the symmetry fusion category S

that one wants to consider, i.e.
S=Cyy.- (4.1)

One moreover chooses an arbitrary object p € C that is not necessarily simple. The data
so far fixes the Hilbert space of the model, with a canonical basis specified by all possible

configurations of the form

(4.2)

my M2 omg M2 Hotomyg FLmy

where m; run over arbitrary simple objects of M and p,, 1 Tun over arbitrary morphisms in
a fixed basis of Hom(m;,p ® m;;1) € M. As the system is on a circle, the m; on the left is
identified with the one on the right.

The Hamiltonian of the (1+1)d system is specified by choosing a morphism

h: p@p—>p®p, (4.3)

which acts on two adjacent sites as

(4.4)

mi_1 ML

)

mi Hicl mi

The full Hamiltonian is obtained by summing over the above map over all pairs of sites.

12This is not the symmetry category!
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In the pictures of the model drawn above, C acts on M from the top. Correspondingly, S
acts on M from the bottom. That is, the action of a symmetry s € S on the Hilbert space of

the model is obtained simply by fusing the s line into (m;, p1;,1) in the figure below
2

p p P p

mi /’% mo /’% /’/_7% my, /’% m1

The fact that the action of symmetry commutes with the Hamiltonian is encoded in the fact

that they act on M from the opposite (bottom and top respectively) directions.

Boundary Conditions. We can include boundary conditions by defining the model on a
segment rather than a circle. Let us say we want to have a BC transforming in 1-charge Q% on
the left, and a BC transforming in 1-charge Qf on the right. These correspond respectively to
some module categories My and Mg of §. In particular, let us say that we want to construct
a BC corresponding to a (not necessarily simple) object my € My on the left and a BC
corresponding to a (not necessarily simple) object mp € Mg on the right. The construction

involves choosing (not necessarily simple) objects
preMy,  preMp, (4.6)
where M/ for x € {L, R} is the module category for S)y, whose dual category is C, i.e.
(Si e = C- (4.7)
Then the Hilbert space of the model is generated by configurations of the form
preM)  p p P preEMpy
(4.8)

mpeMyp o omy HEomg Ho Helmy tp mpe Mg

where my, and mp “stretch to infinity” in the above figure. pr and pgr are 2-morphisms in
the 2-category Mod(S) formed by module categories of S, which physically is the 2-category
formed by topological BCs of the 3d SymTFT 3(S).
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To describe the Hamiltonian, we need to choose boundary pieces h;, and hr of the Hamil-

tonian along with the bulk piece h discussed above. These are
hp: pL®p—>pL®phr : p®pr—>pOpR, (4.9)

which should be viewed as 2-morphisms in Mod(S).
The S symmetry acts from below, and modifies (my, mg), thus changing this model with
BCs to another model with BCs, where all the input data remains the same except for the

modification of my, and mpg.
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