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Quantum field theories can exhibit various generalized symmetry structures, among which
higher-group symmetries and non-invertible symmetry defects are particularly prominent.
In this work, we explore a new general scenario in which these two structures are inter-
twined. This phenomenon arises in four dimensions when gauging one of multiple U(1)
O-form symmetries in the presence of mixed 't Hooft anomalies. We illustrate this with
two distinct models that flow to an IR gapless phase and a gapped phase, respectively, and
examine how this symmetry structure manifests in each case. Additionally, we investigate
a five-dimensional model where a similar structure exists intrinsically. Our main tool is a
symmetry TQFT in one higher dimension, formulated using non-compact gauge fields and
having infinitely many topological operators. We carefully determine its boundary condi-
tions and provide a detailed discussion on various dressing choices for its bulk topological

operators.
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One of the most commonplace processes in quantum field theory is the dynamical

gauging of an ordinary (zero-form) U(1)!

0 global symmetry, which involves introducing a

new degree of freedom — a photon. Despite its simplicity, in recent years, there has been

a renewed understanding of certain physical consequences arising from such gauging in

the presence of other global symmetries, which modify the conservation law of the U (1)(0)



symmetry current. The two main examples discussed in the literature are:

1) 2-group Global Symmetries [1-8]: In this case, the theory obtained after dynami-
cally gauging U (1)(0) develops an emergent one-form [9] U (1)(1) global symmetry that
mixes with (at least) another zero-form symmetry G(AO) in the system, leading to un-
conventional Ward identities that constrain the allowed patterns of spontaneous G(AO)

symmetry breaking [4].

2) Non-invertible Global Symmetries [10-16]: Here, the theory arising after dy-
namical gauging retains an ordinary global symmetry which, however, becomes non-
invertible. A primary example of this phenomenon is the axial symmetry in massless
QED [17,18], see [19] for recent updates.'

The goal of this work is to discuss a natural extension of both ideas, which we dub
generalized Abelian symmetry structure. Specifically, we aim to explore what occurs in
models where both phenomena 1) and 2) coexist. Our interest in this question stems from
the observation that many models with continuous generalized symmetries, across various
spacetime dimensions, exhibit both of these unexpected features [27-33].

On a more technical level, we address several related questions. In the original analysis
of [4], one of the key assumptions for introducing continuous 2-group global symmetries is
precisely the absence of non-conservation laws that would lead to the phenomenon described
in point 2) above. At the same time, in a theory with a non-invertible continuous global
symmetry, it is unclear how to define background gauge fields for such a symmetry, thus
complicating the discussion of the phenomenon in 1).

In order to relax the assumption from [4] and incorporate non-invertible global sym-
metries, we will adopt the framework of Symmetry TFT [9,34-40], which was recently
extended to discuss U(1)” global symmetries in [41-43] (see also [44] for continuous non-
Abelian global symmetries). This framework will need to be suitably modified, as we will
describe in the main body of this work. Due to its general nature, we believe that this
approach will also be valuable for future studies on U(1) gaugings in other contexts.

After introducing in Section 2 the Symmetry TFT framework for generalized Abelian
symmetry structures, we will examine a few simple and explicit models that exhibit these
features in Section 3. Our analysis will focus on two four-dimensional models, where we

will investigate the fate of the symmetry structure under RG flow. First, we will consider

! Alternative formulations of the non-invertible axial symmetry have been proposed in [20,21]. In string
theory, both U(1) and non-invertible axial symmetry defects have been discussed in [22]. See also [23-26] for
further updates.



a model that flows to an IR gapless phase where all the symmetry structure is sponta-
neously broken. Next, we will examine a model that flows to a gapped phase, where the
unbroken symmetry structure is encoded by a topological quantum field theory at low en-
ergy. To emphasize that these structures are not limited to four-dimensional physics or
the gauging of anomalous symmetries, we will also discuss in Section 4 a toy model in five
spacetime dimensions, where the photon’s kinetic term is supplemented by a Chern-Simons
interaction.

The appendices contain some background material, and some technical complementary
details.

Notation and Conventions

Throughout this work, depending on the context, for a given object O the notation o)
is used to denote either a p-form, a p-dimensional manifold or a p-dimensional homology
cycle. Moreover, we adopt the following convention for denoting R vs U(1) and background

vs dynamical fields:

font type ‘ lower case ‘ upper case
serif p-form R dynamical field : f® | p-form U (1) dynamical field : F®
mathsf | p-form R background field: f® | p-form U(1) background field: F¥

2. Generalized Abelian Symmetry Structures

In this section we present what we believe to be the most general structure in four
dimensions involving two continuous Abelian O-form and 1-form global symmetries. These
symmetries mix in a 2-group-like structure; however, the O-form symmetry is non-invertible.
We begin by reviewing how this structure is obtained from a theory with two U(1) 0-form
symmetries with mixed 't Hooft anomalies, and dynamically gauging one of them. We
then proceed to describe this symmetry structure using a five-dimensional Symmetry TFT,
demonstrating how it encodes all aspects of the higher symmetry structure through an
appropriate choice of topological boundary conditions. We also clarify that some bulk
topological operators need to be made genuine, while others can still be non-genuine but

attached to the boundary in a cylinder-like structure.

2.1. Abelian Symmetries and their Gaugings in Four Dimensions

The simplest examples of symmetry structures explored in this work can all be con-

structed from four-dimensional QFTs admitting the following Abelian 0-form global sym-



metries,

U x U1, (2.1)

where A and CY are U (1) background gauge fields whose corresponding field strengths
are Ff) and F(CQ). The complete set of 't Hooft anomalies that only involve U (1)(AO) and
U (1)(C0) is captured by a six-form anomaly polynomial (involving Ff) and F(CZ)) which is
reported in Appendix A.

Our interest here lies in obtaining a complete characterization of the symmetry struc-
ture that emerges upon gauging the symmetry U (1)(CO) in (2.1). This is obtained by pro-

moting CV and its field strength F(Cl) to dynamical U(1) gauge fields:
o g B Oy (2.2)

and performing the functional integral over the orbits of ¢, Such gauging procedure is
only possible if ks = 0, that is, if the cubic U (1)(CO) 't Hooft anomaly vanishes. Now,
the non-conservation equation for the current j,gl) associated with the symmetry U (1)9 is

given by:

dxj = —4%2 (%Ff) NFD + %Ff) NFE + %F?) A F?) . (2.3)
Upon gauging, the background field strength F(Cl) becomes an operator Fc(’l) and therefore
the terms proportional to k,2. and k,.2 produce operator-valued shifts of the background
effective action and can no longer be thought of as 't Hooft anomalies. In the remainder of
this section we will describe how to correctly take into account the effects of these terms
and how they affect the resulting symmetry structure of the theory.

Let us first analyze the term
(1) hec o) o)

Note that, when Ff) = 0, the right-hand side of the above equation vanishes and the U (1)20)
current jg) is conserved and satisfies dx j/g\l) = 0 at separated points. However, the presence
of Fg) introduces an operator-valued shift of the background effective action which must
be cancelled. The modern understanding of the equation (2.4) is that it introduces an

Abelian 2-group global symmetry [4]:

U x_1,, UM, (2.5)

27A%C



where _%kA2C takes integer values and is typically referred to as 2-group structure con-
stant.? The symmetry group U (1)(Cl) is associated with the magnetic 1-form global symme-
try with conserved current

(2) _ 1 @)
i =g x FE. (2.6)

A theory is said to possess an Abelian 2-group global symmetry (2.5) if it is invariant

under the combined background gauge field transformations:
1)y A L gy © @ L, c® . O _ Fac 0 ) A0
AV — AV 4 dN, C = CY +dA\e’ — ?d)\A ANAY . (2.7)

where C? isa U (1) 2-form background gauge field for the U(1) (Cl) symmetry. The basic idea
is that the gauge transformation of C? can be modified to require that C? shifts under
a U (1),(3) background transformation to exactly remove the operator-valued shift induced
by (2.4).3 Abelian continuous 2-groups appear in standard four-dimensional QFTs, as
exemplified already in [4,45-47].
Let us now repeat the previous analysis for the term proportional to k> in (2.3):
) ka2 0 )

This term gives rise to an ABJ anomaly for the U (l)ff) current whose conservation is
now violated even in absence of background fields. The traditional interpretation of this
phenomenon is that the continuous U (1)9 is not a global symmetry of the quantum theory,

only the discrete subgroup Z; , is preserved. Indeed, one of the basic assumptions in the
AC

study of Abelian 2-group symmetries (2.5) is that the symmetry U (1)55) is free of ABJ
anomalies, i.e. ky.2 = 0.

The understanding of the ABJ anomaly (2.8) has changed dramatically in recent years.
These developments are tied to the interpretation of symmetries in terms of topological
defects [9] and the discovery of non-invertible global symmetries in d > 2 [15, 16, 48].
Following [17,18], a symmetry suffering from an anomaly (2.8) can be associated with

(0)
A

codimension 1 topological defects D, (II®) implementing U(1)"Y rotations of angle a €

2The general quantization condition on ks, k knc2 is discussed in Appendix A.

AZCo
3By a shift in the definition of )\él), the second gauge transformation can also be written as c®
k
C@ 4 and + L\ p®,



[0,27) which however do not obey the group multiplication law
Da<H(5)> X D—a(H(d)) = CU(l)(H(S)) 7é 17 (29)

where CU(I)(H(S)) is a condensation defect [49,50] for the U(1 )c magnetic symmetry. To
define these operators we follow [19]. The explicit expressions of D, (II®) and Cyy(II ®))

can be compactly written as follows:
D, (%) = exp (— [ aril e [Féz)](ﬂ(?”)) D) = Cuy (1), (210)
m

where T*%ac? [Fg)] (H(?’)) is a three-dimensional mixed U(1)/R topological BF theory coupled
to the dynamical field strength Fg) whose action is

ak, 2 [ @) @)y — a2 (1) 0D e A (gD 4 @
F7|(ITY) = — ——==c"/ Ad A (d FS7). 2.11
AR = - [ —TAL n @ 100 n @+ FE). (2)
The fields ¢V and ®") are dynamical connections taking values in R and in U(1), respec-
tively, which live on e (here and below, we sometimes omit to write explicitly the path
integral over the fields localized on the defect). This TQFT can be interpreted as the
boundary theory obtained after successively gaugmg the full Ul ) W symmetry (with flat

connection) and its Pontryagin dual symmetry Z =U ( ) (with torsion proportional
to ak,c2) on a four-dimensional manifold whose boundary is %, As a consequence the
operators D, act non-invertibly on all line operators charged under the U (1) symmetry.
More precisely, when D, is moved across a magnetic 't Hooft line operator H, of U(1 )Cl)

charge q € Z, the line operator becomes non-genuine:

iqak, 2
g (4O e Ac/ F@ 2.12
(v )exp< e SR (2.12)

where 82&2) C ’y(l) UII®. On the other hand, D, acts invertibly on local operators charged
under U (1)(AO)

Armed with such a renewed interpretation of Abelian symmetries subject to the ABJ
anomaly (2.8), our goal is to examine the general symmetry structure that emerges af-
ter gauging (2.2) in a theory where both coefficients k,>. and k,.> are non-vanishing. To
perform this analysis we face a number of technical complications that need to be ad-

dressed. First, a symmetry obeying the non-invertible fusion rule (2.9) does not simply



admit a standard coupling to a background gauge field, which takes values in the (invert-
ible) group U (1),&0). A related issue is that the term proportional to k,s, which is a 't Hooft
anomaly for the U (1)(AO) symmetry and is unaffected by the gauging (2.2), must now be
interpreted differently as the symmetry becomes non-invertible. Finally, unlike the discus-
sion on non-invertible symmetries, most of the literature on (continuous) Abelian 2-group
global symmetries, as in (2.5), is presented in terms of background gauge fields rather than

in terms of topological symmetry defects and their fusion rules.*

2.2. Symmetry TFT Analysis

The primary tool used for describing a four-dimensional theory with anomalous U (1)2?) X

U (1)(CO) symmetry is the following five-dimensional Symmetry TFT action:
S, :L/ A dAD B A go® + Rac? AY A dcD A ac™
21 Jx® AT
(2.13)
1 ERe ) gA® g ga® 400 0 a0 5 ga®
4 127 ’
where b and 5 are dynamical R gauge fields while AW and ¢ are U (1) dynamical
gauge fields. The coefficients k,.2, k2, k,s are all integers and k,.2,k,2- must have the
same parity, see appendix A for further details. This action has been introduced in [41,42],
which we will follow closely.

As discussed in the previous section, if the U (1)(CO) symmetry is anomaly free it can be
dynamically gauged in the four-dimensional physical theory living at the boundary 90X ®),
Gauging the U (1)(CO) symmetry® gives rise to a new symmetry TFT where we perform the
substitution:

9y ac®

(2.14)
dc — @,

According to our convention, the field C? is a two-form U (1) gauge field while f(2) is a

*For discrete 2-groups, see [6] for an approach in terms of topological defects.

®We emphasize that this gauging procedure renders the gauge field fully dynamical. This stands in
contrast to gauging with flat connections, which is a topological manipulation that can be entirely encoded
in changing the topological boundary conditions for the symmetry TFT. See [51,52] for some recent examples
of the latter procedure.



two-form R gauge field, and both are dynamical. The resulting Symmetry TFT is:

So= [ A gaD @ ge® y Fac 40 g )
> o 5 ® 4
k . (2.15)
+ TAC D A AW A GAD 4 ZAZ AW A gAD A gAY
47 127
This action is invariant under the following gauge transformations:
g gaug
FO = @, AD AW LD
b L 4 p@ 4 Fac @ 0 Fae o o ey g
b 27 ! 4o 7 ! 4 T ’ (2.16)

C® = C® 1 arl) + %/\f)( F@ i) + %A?) AAD - ’Z\ldxﬁ? AAY,
™ ™ ™

The gauge transformation of C? is well-defined under composition of gauge transforma-
tions only if k,2. € 2Z. Recalling that k,>. and k,.> must have the same parity, see
Appendix A, the constraint on k,2. also implies that k,.» € 2Z. Note also that the term
proportional to k,-2 does not spoil the quantization of Ik dC? because it is real valued.
Let us now describe all the gauge invariant topological operators characterizing the
symmetry TFT. For this, we consider the equations of motion, which can be written in the

following way:
dA" =0,
a® % £ FO Zg
T (2.17)
do® _ Fact ;) 5 40 _ ¢
2m

df® =0,

where some equations have been used to simplify the others. From the above equations,



we define the following four gauge-invariant topological operators:

W, (v") = exp <m /(1) A(l)) : (2.18)
v

V, (™, W) = exp (@ / b — 255 [ DA (g +k:A2CdA(1)>) S (219)
II

©) 872 Jo@

2 @)y _ : (2) _ im () ( F@ g (1))
T,,(3, Q") = exp (zm/z(z)(}’ ym Q(3>A N\ 2kpc2 f F kpec dA . (2.20)

Us(2?) = exp (g /E " f<2>) . (2.21)

Following the terminology of [53], the operators W,, and Uz are genuine topological oper-
ators while V,, and T,, are, in general, non-genuine. Let us briefly address why there are
terms appearing in (2.19) and (2.20) that are trivialized by the equations of motion. When
kac2 = 0, the inclusion of these terms ensures that the topological operators remain gauge
invariant off-shell, albeit at the cost of rendering them non-genuine. Note however that,
when k,.2 # 0, the gauge invariance of (2.19) and (2.20) is only guaranteed on-shell. This
implies that correlation functions with multiple operator insertions involving V, and T,
may require the presence of other non-gauge invariant operators to define a globally gauge
invariant configuration, as we will see instantly.

The operators above have the following expected action on each other:

<Wn(7(1))Va(H(3), Q(4))> = exp (@'noz Link(fy(l), H(?’))> , (2.22)
(T (52,00 U,(28) ) = exp (imBLink(=, 2)) | (2.23)

where Link(M®, M?) denotes a 2-component link (defined in Appendix B) between the
manifolds M® and M@, When M® and M@ are even-dimensional (as for T and U), it
is antisymmetric.

We also have non-standard relations when some operators cross each other. Due to

the cubic interaction terms proportional to k,.2 in (2.15), the operators T, and V, satisfy:

(VoI QT (52, 08 ) = (Vo ([, BT, (50, 9 U, (7 005 ), (2.24)

(T2, 9PN T, (=0, 0)) = (T,EP, 8T, (58, 0 W, (O 0 0F)) | (2.25)

where on the left hand side we assumed that €; N €y = 0. On the right-hand side,

we used a superscript ~ to describe manifolds obtained from a smooth deformation of the



corresponding manifolds appearing on the left-hand side. In (2.24) and (2.25), the operators

UmakAcg
are therefore not gauge invariant. However, the presence of these open operators exactly

and W, , are typically defined on open manifolds terminating on V,, and T, and
AC

cancels the non-trivial off-shell gauge transformations of (2.19) and (2.20). Therefore, the
correlation functions are gauge-invariant despite involving manifestly non gauge-invariant
operators.

Finally, cubic interaction terms proportional to k,:- and k,s both give rise to non-
trivial phases in correlation functions involving insertions of three operators. For instance
we have

<Va1(H§3))Va2(H§3))Tm(E(2))> = exp (zEAgcalagm Link(11®, 1%, 2@))1) . (2.26)
where ky = kp2c and Link(Hgg),Hg?)), >3, is the triple linking number of type 1.° (For
the definition of generalized linking numbers, see appendix B.) By a similar argument, we
also have that

(Vo PV, (M)W, (1) ) = exp (TTA;%@Q% Link(H§3),H;3),Hg3))2> . (2)
where Hg3),Hgg),H§3) are contractible 3-manifolds and Link(H§3),H§3),H§3))2 is the triple
linking number of type 2.

From (2.22) and (2.23) one gathers that V5, acts trivially on all W, operators, and
similarly U,, acts trivially on 7T,, operators. For U,,, this trivial action extends to all
operators, and hence it can be recognized as the identity operator, implying that 3 is a
2m-periodic parameter. For V,_, there is a subtlety. While (2.24) is still compatible with
it being the identity, the relations (2.26) and (2.28) imply that V,, can still implement
a non-trivial action on T), or other V, operators whenever k,2. # 0 and k,s # 0. As a

consequence, the parameter a of V,, is truly 2m-periodic if and only if k2 = ks = 0,

otherwise the symmetry of the bulk theory generated by V,, is R.

*More explicitly, the phase on the right-hand-side can be written as

exp (ima1a2EA2c / 5P QP A (6(1)(9(14)) A dsM(Q5Y) + 61 () A d5<1>(§z§4>))) . (2.27)

10



2.3. Boundary Conditions and Genuine Operators

Within the standard symmetry TFT framework, the collection of topological operators
(2.18)-(2.21), along with appropriate boundary conditions on the dynamical 5d bulk fields,
will generate both topological symmetry operators and non-topological charged operators in
the boundary four-dimensional theory that enjoys the generalized Abelian global symmetry
structure which we are describing. This section aims to outline this process. We will
consistently examine the 5d Symmetry TFT (2.15) on a five-manifold X ®) featuring two
distinct boundaries: one, denoted as Mp, where the physical theory resides, and the
other, denoted as M, where we impose the topological boundary conditions for the bulk
dynamical fields.

The set of operators that can terminate on M is determined by a choice of topological
boundary conditions. Once the Symmetry TFT bulk is shrunk, a charged operator of
the boundary physical theory on Mp is typically considered genuine if it is attached to
a genuine bulk operator that can terminate on My, We will actually slightly relax this
condition, by allowing in the configuration above also for non-genuine bulk operators whose
non-genuine part trivializes on M.

To impose consistent boundary conditions on M, two operators that can terminate
topologically on M, must act trivially on each other. Therefore, the allowed boundary
conditions are constrained by the relations (2.22)-(2.28). To ensure that the symmetries
of the physical theory are faithful, we must require that any operator acting trivially on
all operators terminating on My must itself be able to terminate on M. Consequently,
the operators allowed to terminate on M, must constitute a maximal set of mutually
transparent operators: these operators form a Lagrangian algebra of the TQFT.

Let us now suppose that M € 7Z is the minimal non-trivial charge at which T), can
terminate on Myp. From (2.23) it follows that U,/ acts trivially on Ty, so Usy/ps must
also be trivialized on M. Likewise, suppose that N € Z is the minimal non-trivial charge
at which Wy can terminate on My. Then, by (2.22), also V5,5 must be trivial on M.
Two operators terminating on My may generate new operators through (2.24) and (2.25).
These new operators must be trivialized by the boundary conditions on M, implying that
M and N must satisfy the following constraint:

M2
~hac € 2. (2.29)

Finally, to trivialize the triple linking relations (2.26) and (2.28) with insertions of V5. /y

11



and T), operators, we require the additional constraints:

M

WkAQC S QZ,
1 (2.30)

FkAS 6 Z .

From a boundary four-dimensional theory perspective, taking |N| # 1 corresponds to gaug-
ing a ZN subgroup of the U(1 ) symmetry Likewise, taking |M| # 1 corresponds to
gauging a Ay M subgroup of the magnetic U(1 ) symmetry. In what follows, we will solely
consider the particular case where N = M =1, i.e., we do not gauge any discrete subgroup
of the U(1 )5\0) and U(1 ) @) symmetries.

2.3.1. U(1 )(A?) x U(1 )C without Mixed Anomalies

Let us first consider a four-dimensional theory with global symmetry U (1)&” x U (1)(CO)
without mixed anomalies. In this case, gauging U (1)&0) in four dimensions leads to a

five-dimensional Symmetry TFT obtained from (2.15) by setting k,> = k2 = 0:
Sy = QL / —b® A dAY — fO A dC® 4 fziAm AdAD A dAW | (2.31)
T T

In this case, the bulk operators defined in (2.18)—(2.21) are all genuine operators. Boundary

conditions trivializing the operators W, and T; when they lie on M, must implement

/ AW e 277, / Cc? ez, (2.32)
’Y(UCMT Z<2)CMT

One way to achieve this is by inserting the following boundary action on Mg:

Spty = o= | AD A aD® 4+ 0O A gAY (2.33)

T 21

where ®® and A( ) are U (1) gauge fields defined on M. It is the sum over their fluxes
that yields the quantization of the holonomies in (2.32). They can also be seen as edge
modes for ¥ and f(2) respectively. Indeed, considering the terms proportional to 54w

and 6C? in the boundary variation of the total action:

6(Ss + Smp)lm, =0, (2.34)

12



we find the following boundary equations of motion:
09y, = dOP Oy, = dAl. (2.35)

Consistently with the Lagrangian algebra discussed above, these equations imply that pre-
cisely V,,,, and U,,,, are also trivialized when they lie on M for all n,m € Z.

Alternatively, the quantization conditions (2.32) can be implemented by introducing
U(1) edge modes for A" and C® as follows

AWy, =do®, |, =dAY) . (2.36)

To make these edge modes appear explicitly in the boundary action, we can replace (2.33)

with the following action:

Sy = 5= » b A (d® — V) — O A (dAD - ) (2.37)
In this formulation, the sum over the fluxes of the edge modes implies that V,,,, and U,,,,
are trivial on M. Of course, we have also the option of choosing a different presentation
of the boundary actions in each of the two sectors, which so far do not communicate.
The topological boundary can be constructed as the boundary of a half gauging. From
this construction, it is clear that this boundary should be gauge invariant. This means
that the gauge transformation of Sy, should cancel the boundary terms arising from the
transformation of the bulk action S;. This is true if we consider the following gauge

transformations for the edge modes:

b 5 b® P, P P an?,

AV AW L)Y 0?5 @y any,

$ 3@ 4L O 4@ M) AW, 3O, 3O
P = O+ dAyT + AT Ap? = At HdNy + A7
@ - @@ 4 2mng, + 27, AY = AD + ) + 28

(2.38)

The boundary constraints (2.35) and (2.36) are invariant under these gauge transformations.

2.3.2. Non-Invertible U(l)ff) Symmetry

In this subsection we will analyze a four dimensional theory in which the U (1)&0) X

U (1)(CO) global symmetry has a non-vanishing 't Hooft anomaly coefficient k,.» # 0 while

13



k2
an ABJ anomaly for the U(1 ) symmetry. Although the Symmetry TFT in this case is

a2c = 0. As discussed in section 2.1, gauging U (1)(0) in such a theory will give rise to

a straightforward generalization of the theory presented in [19], here we provide additional
technical details that were not included in the above reference but are crucial for the further
generalizations discussed here.

Contrarily to the anomaly-free case, the bulk operators T}, and V,, defined in (2.20) and
(2.19) respectively are now non-genuine operators. We expect 7}, to terminate on genuine
line operators charged under the U(1 ) ) symmetry of the physical theory but this is only
possible if T,, is itself a genuine operator, since the non-genuine part in (2.20) cannot be
trivialized by topological boundary conditions Likewise, we want V,, to be identified to a
genuine symmetry operators of the U(1 ) A symmetry. In both cases, these operators can
be rendered genuine by stacking them with a suitable TQFT.

Let us first consider T), operators. A genuine version of these operators can be defined

as follows:

Tm(E(Q)) = exp (im /2(2) c? 4 7;7;]6“2 [A(l), f(2)]) , (2.39)

where 754 is a 2d U(1)/R mixed BF theory coupled to the bulk fields AW and ¥

TEIAW, f@) = oM AdTO 4 pr@ & 1 M A 4D (2.40)

o 52

Here, T@ and gb(l) are respectively a dynamical U(1) scalar and a one-form R gauge field.”
The genuine operator T, is gauge invariant if, alongside the bulk transformations (2.16),

we consider the following non-trivial gauge transformations for T and gzﬁ(l)
TO 5 YO pomny =AY, 60 = 6+ d\) — mE, A (2.41)

where ny € Z. In particular, the action (2.40) is invariant under large gauge transformation
of T because the bulk equations of motion imply [ f @ ¢ onZ.
This 2d TQFT possesses non-genuine topological operators:

P
exXp ( = P iy /m ! (2)) . exp (mmm(pf) ~YOPY) 4 in /P ifA(”) ,
(2.42)

"This choice of TQFT is not unique. We could for example insert the coefficient p in the third term of
(2.40) instead of the second one, as considered in [19]. However, the present choice of TQFT leads to a simple
't Hooft line in the physical theory.
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with 82,%2) = ’y(l). The non-genuine parts of these operators are open bulk Uz and W,
operators that typically extend outside of 2(2), and that by this mechanism can end topo-
logically on T,, for any € R and n € Z, as required for consistency with (2.24) and
(2.25).
Let us now consider the topological operator V, (II®), Q™) from (2.19). Its non-genuine
part involves the term:
ia
_87T2 AC @

FON @ (2.43)

Since f(z) satisfies the quantization condition [ f(2) € 277, when 0@ is a closed spin 4-

manifold, Va(H(3), 9(4)) does not depend on QW provided ak,.> € 27Z. For these values of
(0)
AC

values of «, the integral (2.43) can be replaced by a 3d TQFT supported on n® = o0

whose action is [19]:

a, V, implements an invertible Z; "~ symmetry on the physical boundary. For all the other

ak Q[f(Q)]( ) ¢ / —%C(l) A dC(l) + (I)(l)(dc(l) + f(Q))’ (244)
o n® 4m
where ¢V is a R gauge field while oW is a U (1) gauge field. Assigning to the latter the

following gauge transformations:

k
o 0 =P, oW o oW an) - TACKD, (2.45)
m

we can then define the following genuine, topological and gauge invariant operators:

V,(IT®)) = exp (;i /(3) + T2 [f(Z)]) : (2.46)
1

The above operators closely resemble to, and indeed allow us to recover, the non-invertible
symmetry defects DQ(H(B)) of the four dimensional physical theory, as described in (2.10).

Using the definitions of genuine topological operators given in equations (2.39) and
(2.46), we can analyze the mutual action of 7" and V' and compare the results with the
non-trivial relations (2.24)-(2.25). Note for instance that open Ug operators can end on
V,, defects by embodying the non-genuine part of a line operator for &M in the 3d TQFT,
see Appendix C for further details.

With the genuine bulk operators now properly defined, we can turn our attention
to the topological boundary conditions. First of all, to account for the additional cubic

interaction term in the bulk action, the boundary conditions discussed in Section 2.3.1 need
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to be modified. For this purpose we introduce the following boundary action:

i ke
S b A (d2® — AV) + P ndAY) — ACeWdAD ndAY . (247)

T o Moy
The boundary equations of motion, including the sum over fluxes of the edge modes, lead

to the following expressions for the bulk fields when restricted on the boundary M:

~ k-2
1 _ 0 3 o 2 AC (1) (1)
A = o™ ) —d@()‘FEAf NdAG”
k (2.48)
Oy = AD B paP g —a)

The edge modes must now also have k,2-dependent terms in their gauge transformations:

~o o~ k
O = 0O 4 21y + A}, 32 - 3 4 dAl) 4 AP — —L/ECZ AD A AL,
s

k
ALY = AD +ax)) + A — ACOND — gk, oAl AW AW x4+ AP

2m
(2.49)

With these gauge transformations, the transformation of the boundary action cancels the
boundary terms arising from the transformation of the bulk action, taking into account the
relations (2.48).

The boundary condition on AW allows Wy = exp(i [ A(l)) to terminate topologically
on My. In order to see that also all T, can terminate topologically on M, we have to
consider not only the non-trivial boundary condition (2.48) on C® but also the fact that
the 2d TQFT defined on Tm(Z(Q)) has appropriate boundary conditions. Taking ox® c
M, we select the boundary conditions that trivialize all the local operators of the TQFT
Taq, namely

/ (M + mhp2AV) € 202, T 4+ 0O € 217, (2.50)

where we have used the edge modes on My to write fully gauge invariant combinations.
The fact that all exp <in(T(0) + CI>(0))) operators are trivial on Y@ is a required feature
since we want the T, operators to define simple line operators of the physical theory
after slab compactification. In particular, any local topological operator living on this line
operator should be a multiple of the identity.

It is then possible to find an expression for the topological junction operator between

T, m(2(2)) and M imposing the boundary conditions (2.50) on the dynamical fields of the
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operator T,,:

, M, © | 30 1 050
exp (2m o An —|—27T 82<2>(T + @) (mkp2 Ay’ — d¥ )), (2.51)

(0)

where U is an edge mode for ¢(1).

2.3.5. U(l)f) X U(l)(co) with 2-Group Coefficient

Let us now instead focus on a four dimensional theory whose U (1)(A0) x U (1)(CO) global

symmetries have a non-vanishing 't Hooft anomaly coefficient k,>. # 0 while k> = 0. As
discussed in section 2.1, gauging U (1)(CO) in such a theory will give rise to a 2-group global
symmetry.

Consider first how to impose the topological boundary conditions in presence of a
non-vanishing k,2-.. We do so by introducing the following boundary action on My:

l

ko
s, b A (d® — AV + (C<2> + 240 A(l)) ndAD (2.52)

T o My
so that the bulk fields end up satisfying the following simple boundary constraints (we are

using k2. € 27Z):

AD = a0® | ), = dB®

@) O @ W (2:53)
C |, =dAL [Py, = dAD.

These boundary conditions are gauge invariant provided that we consider the associated

gauge transformations for the edge modes:
O — o + 210y + 27, 0P — 0@ 4 A 4+ AP
i (2.54)
AD 5 AP 1 axQ 420, AT - AD +d) +AE - —fCAg”dq)(O) .
T

Turning to the definition of the extended operators of this theory, let us start with V. We
could define genuine bulk operators by stacking them with a TQFT as in the previous case.

0)

However, in the present physical theory, the V,, operators implement a U (1)5\ symmetry

which is invertible, since k,.» = 0. Now, bulk V, operators stacked with a TQFT are
non-invertible, and they would fail to reproduce the desired invertible U (1)9) operators of
the physical theory even when brought to the boundary. We then propose not requiring

V., to be genuine throughout the entire bulk, but only on the topological boundary M.
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Physical theory

Figure 1: On the left: insertion of a VQ(H(?’), 9(4)) operator in the bulk. The 4-dimensional
manifold Q¥ can be opened on M. After a slab compactification, Va(H(3), 9(4)) becomes
a genuine invertible DQ(H(?’)) O-form symmetry operator of the physical theory.

In fact, the boundary conditions (2.53) imply that, when the non-genuine part of V,

lies on M, it becomes trivial:
(2) 1 _
/QWCMT Y NdAY =0, (2.55)

for any (open or closed) 0% ¢ My. Using the above condition, oW appearing in the
definition of V,, can be opened on My for any a € R. In particular, if we choose onW =

Hga)T with HS\?T C My, we can consider

3 1o}
V() = exp (g L b“”) , (2.56)
T

which is a genuine topological operator. More generally, bulk Va(H(?’)) operators can be

@ x 1 , where I denotes a closed interval, terminat-

attached to open cylinders of topology IT
ing on M8 As discussed above, these operators are non-genuine in the bulk but become
genuine at the topological boundary M, see Fig. 1.

A very similar story applies to the operators 7;, defined in (2.20) which are non-genuine

in the bulk. Their non-genuine part becomes trivial on the boundary:

/ AV A dAW =0 (2.57)
a®cmp

8This is similar to the symmetry TFT of 3d Chern-Simons where bulk line operators are attached to
cylinders ending on the boundary [54].
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by virtue of the condition AW = 4o opn M. Furthermore, the junction operator between
this non-genuine part and My is trivial. Being genuine, they can further open by attaching

on a line operator of the edge mode A(Cl):

exp (zm/ Ag)> . (2.58)
on®

Note that in principle, we could as well consider T,, operators that are genuine also
in the bulk, by replacing their non-genuine part by a ’TjkAQC[A(l),dA(D] 2d TQFT on
@2 Provided we properly take care of the boundary conditions of the TQFT degrees
of freedom, along the lines of the previous section, then these operators also give rise to

simple 't Hooft lines on the boundary theory after slab compactification.

2.8.4. Most General U(l)go) X U(l)(co) Symmetry Structure

We now finalize our analysis of the most general symmetry structures appearing in four
dimensional QFTs with U (1)(AO) x U (1)(CO) global symmetries and consider the case where
both 't Hooft anomaly coefficients k2. and k,.2 are not equal to zero.

To impose the topological boundary conditions on My, we introduce a topological
action including both cubic terms in (2.47) and (2.52):

l

k2 k-2
S = B3N (dd©@ — 4® C? L 2AC 50 A AW Y AgAW _TAC O g AD A g 4D
Mr = or My ( )+ * 4dr P dn ! !
(2.59)
The boundary conditions imposed by this action are:
~ k
AWy, = a6, = dB 4+ ASAD A A,
L T (2.60)
1 2 2 1
OO\, = dAG) + 2S00 ndAP [Py, = dAY,
whose associated edge modes gauge transformations are given by
O = @0t 2mng + AV, AP = AP 4 ax ] + AP,
~ ~ k-2
(2) (2) 1) (2) AC” (1) (1
O\ — O +d)\$ + A, —?)\f /\Af , (2.61)
k2 k, 2
1) 1) (0) 1) A*C 4 (0) 75(0 (1) AC? 5(0)y (1)
Ap) = A + ANy + 00 — N de ) — ngky2 AV — 2ol

9For instance, we need to do this if we want to wrap them around a 2-cycle which is not a boundary. In
this case, the operators of the 2d TQFT will play a crucial role to reproduce the relations (2.26).
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With these transformations, the boundary term arising from the variation of the bulk action
is canceled by the transformation of the action (2.59).

Concerning the operators of the theory, we see that in this general case the non-genuine
sector of the V,, operators (2.19) consists of two terms. The term proportional to k,.> can
be removed by introducing the 3d TQFT T°[f (2)] exactly as described in subsection 2.3.2,
with the consequence of making them non-invertible. The remaining term, proportional to
Fpzcs
The V,, operators are then both non-invertible and non-genuine, as they are attached to

can be opened on My without introducing another TQFT, as in subsection 2.3.3.

M through a cylinder:

V(% QW) = exp (% /H o b 4 T [P — %/{ZA% " i AdA<1>> . (2.62)
where QW =11 U HE{Z)T, with HB{?T C M.

Looking at (2.20), we see that also the non-genuine part of 7,, consists of two terms.
One option is to do as for V,, and define operators which are both dressed by a TQFT
and non-genuine. However in this case, it is perhaps simpler to define a completely genuine
version of these operators, since both terms can be replaced by a single 2d TQFT. This

theory can be expressed as follows,

Tog! [A“) Fae g0 B f<2>] .
2 " 21 l (2.63)
. I )
% " ¢(1) /\dT(O) —|—mT(O) ( A;CCZA(I) +kAC2f(2)) +¢(1) /\A(l)’
b
where [ = gcd(%k:Azc, k,c2) appears because
kL2
/ (&M” + g f<2>> € 27lZ (2.64)
5(2) 2

for any closed 2-manifold »®@. Clearly, when k,.2 = 0 or k,2. = 0, we recover ’TQd%kAQC[A(l), dA(l)]
and 7;7(;]6“2 [A(l), f (2)] respectively.

The various relations among these V,, and T,, operators can be argued, as in the
previous sections, to reproduce relations equivalent to (2.24)-(2.26). As for the boundary
conditions on the dynamical fields of 757 on My, they can be obtained with the same

arguments as in Section 2.3.2. In particular, the line operator living at the junction between
T,, and M is still (2.51).
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2.4. Scheme Dependence of the Anomaly Coefficients

A peculiar feature of four-dimensional theories with an Abelian 2-group global symme-
try as in (2.5) is that their cubic 't Hooft anomaly coefficient k,s is not completely scheme
independent [4]. Thanks to the symmetry TFT introduced in (2.15), we can easily analyze
how the anomaly coefficients can be further shifted in the presence of a non-trivial ABJ
coefficient k,.2.

The basic idea is that, under a field redefinition:
£ 5 @ 4 opg A (2.65)

with ¢ € Z, the action (2.15) acquires the additional terms

BK(EkAcz + kAzc)
127

i

AW A dAD A gAD |
(2.66)

The first term is a total derivative whose integral over closed manifolds is always in 27iZ,

2k, 2
— [ —tdAV A dC®) 4 oA A AW A gAD
2m Jx® AT

it is therefore trivial in the bulk. The remaining terms induce the following shifts of the
anomaly coefficients:

kpze — kpzc + 20k kys = kps 4+ 30(lkyc2 + kp2c) (2.67)

AC?
Since k2. and k,.2» have the same parity (see Appendix A), the term 3(({k,2 + kjy2() is
always an integer multiple of 6. Moreover, 2¢k,> is always even, therefore the shift of £,z
does not change its parity and it still satisfies k 2 = k,2 mod 2.

Note that the shifts (2.67) highlight a new effect which was absent in theories with only
2-group global symmetry, namely that the presence of a non-invertible symmetry can induce
a 2-group coefficient. From the physical theory perspective, this can be seen as redefining

transformations of parameter o of U (1),&0) as a combination of a U (1)58) transformation and

a gauge transformation of the U (1)(00) gauge symmetry of parameter la. The charges ¢;
becomes ¢ + lqic and the anomaly coefficients computed with the new charges are
/

Ky =k

AC2 5 k/AQC = kAQC + 2£]€AC2 , klAs = kAs + 3€(€/€AC2 + kAQC) , (268)

where we used k:cs = 0.
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3. Examples

In this section, we explore the generalized Abelian symmetry structure of the four-
dimensional theories described in Section 2 by examining a few simple and explicit models.
We will follow a strategy inspired by [4], namely we first consider a so called “parent” theory
denoted by T} with U (1)&0) x U (1)20) global symmetry and non-vanishing 't Hooft anomaly
coefficients k,2- and k,.2 to produce a “daughter” theory T, obtained from gauging the
U (1)(CO) symmetry. We will then discuss how to deform the theory 7, while preserving the
generalized symmetry structure, to understand how 75 evolves under the RG flow. We first
consider a gapless example corresponding to a vacuum where all the symmetry structure is
spontaneously broken, and then a gapped example where the unbroken symmetry structure

is encoded by a topologically ordered low-energy phase.

3.1. Gapless Example

It turns out that for both our examples, we can start with a parent theory T} consisting
of four fermions and a scalar. The key point is to assign appropriate charges under U (1)2?) X
U (1)(CO) such that k2. and k,.> are non-zero, while retaining ks = 0. This is necessary to
obtain the daughter theory 75. The scalar field then has a charge under U (1)58) in order to
break the symmetry and gap the fermions through Yukawa couplings, after it condenses.
As for its charge under U (1)(CO), it has to vanish in our first example, since we want the
U(1)c photon to remain massless after condensation of the scalar.

Therefore, we consider a parent theory T} consisting of Ny = 4 massless Weyl fermions
Yl and a complex scalar field ¢ transforming under U (1)(CO) x U (1)58) with the following

charges:
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The relevant 't Hooft anomaly coefficients in 7} (see appendix A for details) are:'"

ks = kys =0,
kp2 =3+4+5-6=6, (3.1)
kpec=9—16+25—36=—18 .

Since the ks anomaly vanishes we are allowed to gauge U (1)(CO) —U (1)(69) to obtain the
daughter theory T, which is a simple example of chiral Abelian gauge theory possessing
the generalized symmetry structure that we introduced in section 2.

We are interested in analyzing the dynamics of 75 by deforming the model with the
scalar field ¢. As long as ¢ has a mass term such that it does not acquire a VEV, T; is IR
free. Moreover, its magnetic 1-form symmetry current jg) defined in (2.6) decouples and
the theory flows to a model in which the entire generalized Abelian symmetry structure is
unbroken, though realized rather trivially. We will not be interested in this phase.

A more interesting scenario can be obtained by adding a Goldstone-like potential for ¢
together with Yukawa couplings between ¢ and the fermions. When ¢ acquires a vacuum
expectation value (¢) = v, the Yukawa interactions can be used to give mass to all the
fermions. The VEV also spontaneously breaks the U (1)53) symmetry in T}, so that the
phase of ¢ will become a Goldstone boson.

Given the above charges, a symmetry-preserving Yukawa interaction is for instance

Ly = Aod D+ Agy S + (c.c). (3.2)

Other choices are possible but they will not affect our discussion. We should also not be
concerned by the high dimension of one of the terms appearing above, as this toy model
is not intended to be UV complete.

When the scalar field ¢ acquires a VEV, thus spontaneously breaking the U (1)53)
symmetry in 7}, the terms in (3.2) give a mass to all the fermions. The U (1)20) symmetry
on the other hand remains unbroken. The IR of T} is thus described by a Nambu-Goldstone
boson for U (1)9 together with suitable terms to match both k,2. and k,.> anomalies.
To obtain 7, we now need to gauge U (1)(CO) — U (1)(00) and obtain a model, known as
Goldstone-Maxwell, describing the spontaneously broken abelian symmetry structure that

we identified in this work.'!

""This theory also has a K 52 mixed anomaly [4], we will not be concerned by it here.

"Similar theories, with knc2 = 0, have also been discussed in the context of axion physics [45-47].
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The Goldstone-Maxwell model can be obtained directly from the Symmetry TFT by
choosing appropriate boundary conditions, not only at the topological boundary, but also
at the physical one. For this, we will explicitly write boundary actions on Mp and M
imposing boundary conditions on the dynamical bulk fields. Performing a slab compactifi-
cation leads to the physical theory corresponding to this symmetry TFT setup. The choice
of boundary action on Mp is strongly informed by the discussions in [55], though with a
slightly different perspective, that we will comment upon at the end of this section.

Let us recall the bulk action of the symmetry TFT which is given by (2.15) where we
set ks = 0:

l

Sy _b(3) A dA(l) _ f(2) A d0(2) + IZACQ A(l) A f(2) A f(2)
T

21 [y

33
Fazc o) o () (1) 3
+ 4—f AN AY ANdAYY .
T

We then introduce on My the topological boundary action (2.59) allowing the operators
Wi, Ty, V5, and U,, to terminate topologically on this boundary.

On the physical boundary, the gauge degrees of freedom of the bulk fields can become
dynamical. This implies that the gauge transformations of the bulk should be interpreted
as global transformations on this boundary. In particular, we want gauge transformations
of AM and C® to respectively become global U(l)(AO) and U(l)(cl) transformations. On
the other hand, the gauge transformations of b® and f(2) are not associated to global
symmetries of the model described above. We will therefore fix the gauge of b® and f @
on Mp and consider only gauge transformations where /\l()z) and >\§c1) vanish on Mp. On

M p, we consider the following boundary action:

2
Sty = (A® =AY Ax (A —AD)
P An
Mro (3.4)
+ / = [C’(Z) —C@ 4 —kA2CA(1) A A(l)] Ady® 4 deY(l) AxdY D
Mp 2T 47 %
where Y is an edge mode on Mp, while AM and C? are background gauge fields also
defined there. The background fields AY and C? allow us to consider non-trivial gauge
transformations of AY and C® on M p. We consider the following gauge transformations

for the boundary fields:

k
YO 5y®O e anO AO S AO L O c® L c® - 2—?&9 AAD | (3.5)
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However, when k,.. # 0 introducing background fields is not enough to obtain gauge

invariance on M p. Indeed one gets
—ik 2
3(Spi, + S5)lm, = —2C / ADFO A (FP = 2ay W), (3.6)
8m Mp

The boundary Mp is gauge invariant only if this additional term is in 27Z. This implies
that we need to restrict the gauge transformations to parameters satisfying kACz)\g)) € 217,
meaning we can only consider gauge transformations for a Z,(CO)2 subgroup of U (1)/&0). This
is not a surprise, since we only expect a well-defined couplingActo a background gauge field

for invertible symmetry transformations, which is precisely the case for Z/I(CO)2 cU (1)(A0).
AC

We will nevertheless continue to use general )&D in the following, as they help unveil also
the non-invertible part of the symmetry structure.

The boundary action (3.4) imposes the following conformal boundary conditions:

5 kfc FO N (AD Z ADY Z LiR2 4 (4D _ AD)Y,
m (3.7)

2

dlc® —c® 4 —kaA“) NAY — i wdyW =0, @ =ayvW.
T e

These boundary conditions are gauge invariant, provided the following subtlety. In the

expression between brackets the following term does not cancel:

k
50 o S: )\Ef)f(g) _ nf(2) ’ (3.8)

where we used kAcz)\ff) =n € Z. Since the boundary condition imposes df(2) = 0, this
extra term is eventually annihilated by the exterior derivative.
Now, the constraint on C® can be solved as follows:
k2 127 ad
C® - ACAW A AD 20 gy = gy (3.9)
47T 62
k
The term ’2*—;2)\(2) f @) arising from the gauge transformation of C'® is not annihilated by an
exterior derivative anymore, so that gauge invariance of (3.9) requires the following gauge

transformation for Y

. i
YO =y 4 and + 2Py (3.10)
™

25



Since both Y and YW are U (1) fields, this gauge transformation is only well defined if
LN )\(X) € 2rZ, i.e., if we only consider transformations belonging to the Z'(“(j\)c? (invertible)
subgroup of U (1)(A0).

Let us now shrink the bulk to get an on-shell action which is given by Sqgy = Spy, —
S MT'12 Using the expressions (2.59) and (3.4), and substituting all the bulk fields with
edge modes, we get

R’ 1
Sam =7~ (a0® = AD) A« (a0 — AV + o / dAD A xd ALY

4+ Cac / OO A dAD A dAD 4 Dok / AD 2O pdAY - / C A dAY,

8 8 ™
(3.11)

where we have further identified dAS}) = dY'™W since they are both equated to f@.

The first three terms in Sqy; correspond to the action of the Goldstone-Maxwell model
and the last two are couplings to background fields. Note that the Goldstone-Maxwell
theory possesses more symmetries than the ones described by the symmetry TFT.* Indeed
the theory (3.11) has an emergent U(1){? winding symmetry whose current is *%a@(o) and
an emergent electric U(1)"Y symmetry due to the dynamical U(1) gauge field Agcl). When
ka2 # 0, the latter symmetry is non-invertible.

Let us conclude this section with some comments on the differences and similarities
between [55] and our approach. First, in order to describe a holographic duality between
a bulk and a boundary theory, the work [55] introduces only a single boundary component
and performs the gauging of a Lagrangian algebra inside the bulk. This procedure is
equivalent to the slab compactification described in our work. Indeed, instead of gauging
the Lagrangian algebra in the full bulk, we can first consider (half-)gauging in a subregion
of the bulk. Gauging a Lagrangian algebra in a TQFT trivializes the TQFT, therefore, the
half-gauging procedure creates a topological boundary between the bulk TQFT and a trivial
theory. Such boundary corresponds to the topological boundary M in the symmetry TEFT
setup. The slab compactification corresponds to superimposing such topological boundary
with the physical one, which can be interpreted as gauging the Lagrangian algebra of the
full bulk, as described in [55].

We also note that, to study the 4d U (1)(A0) chiral anomaly, the authors of [55] freeze

2Here we are taking into account the opposite orientation of the two boundaries of the slab.
¥ The symmetry TFT of Goldstone-Maxwell can be obtained from (2.15) by replacing the U(1) fields AW
and C? by R fields a and ¢@.
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the gauge transformation of this symmetry by setting /\(f) = ( at the boundary. However,

when k,-> # 1, we expect the physical theory to exhibit an invertible Z o symmetry with

Well—deﬁned gauge transformations. Introducing the edge modes yW and yt , as we did
in (3.4) and (3.9), allows us to preserve the 220)2 gauge transformations. The necessity of
introducing these edge modes can be related toAsche Witten effect, as explained in the next
subsection. Note that when %k, = 0, the edge modes are not required and can consistently
be integrated out. In this case, we recover the action used in [55] to analyze a 4d theory

with higher-group symmetry.

3.1.1. Comments on 't Hooft Line Operators

In this subsection, we point out a subtlety concerning the 't Hooft lines in the Goldstone-
Maxwell theory (3.11), and how our symmetry TFT set up provides the simplest fix.

Let us consider the insertion of a 't Hooft line Hm(y(l)). By definition, a 't Hooft
line of charge m is an operator imposing fz 2) dA(l) = 2mm when integrated on a 2-cycle

with linking number one with fy . Such operator can be defined as the boundary of the

H,,(vV) = exp (27Tm / " *j§2>> , (3.12)
P

following operator:

v

where 82(72) = 'y(l) and *jf) is the current of the U(l)gl)

1-form."* Extracting jéQ) from (3.11), we therefore have

symmetry shifting A;l) by a closed

2mm k-2
H,(v"V) = S / / A e A AW — 2@ A dAl)
m(7) exp( o2 £ D im ) 2m !
(3.13)

From the above expression, it is easy to check that 't Hooft lines are not invariant

)

under the gauge transformation d© - @ 4 2mng, rather they transform as

H,,(v'") = H,,(vV) exp (—imn¢,kAcz / N A}”) . (3.14)
ol

This fact was observed in [29] (see also [56]), where, in order to get a gauge invariant
operator, it was suggested to insert a quantum mechanics (QM) on the t'Hooft line to

compensate the phase.

14Despite involving 22 in its definition, H,, () is a genuine operator. Indeed, if »@ g closed, the operator

5
(3.12) implements a U (1)( ) transformation of parameter 2wm. It is therefore trivial.
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From our symmetry TFT perspective, this QM arises from the stacking of T, with the
two-dimensional TQFT Ty,, as in (2.39) and (2.40). Let us reconsider the slab compactifi-
cation for 7Ty,: the topological boundary conditions on My are imposed by the boundary
action appearing in (2.51).15 On Mp, as for the whole theory, we can choose to impose

the following conformal boundary condition:
« YO =L (3.16)

with L a parameter with the dimension of length. This boundary condition can be imposed

by inserting the following action at the junction between T,, and Mp

1

— [ YOO 3.17
4mlL ), * ( )
After superimposing the two boundaries, the 't Hooft line is stacked with the following

theory:
1

y= TO A @ 4 ° (T(O) +q)(o)> (mkAC2Af _d‘IJ(O)> . (3.18)
v

27 4@

Integrating out T gives

L 0 (1) 0 M\ ¢ 20 0
/m - (dqﬂ ) — k2 AS )/\* (d\I/( ) — kAl )—%qﬂ ) (d\I/( ) —mkAchf) . (3.19)
Y

reproducing precisely the QM dressing proposed in [29], that leads to a simple 't Hooft
line. The shift ®© — © + 2mng inserts a Wilson line of charge mngk,2 on the 't Hooft
line canceling the one obtained in (3.14). This implies that the 't Hooft line coupled with
the QM is invariant under the shift o0 5 9@ 4 2mng and is therefore gauge invariant.
Note finally that both the expression (3.13) and the boundary term (3.17) are not invariant
under gauge transformations of parameter )\f). However, in the physical theory, this is a
transformation of a global symmetry, not a gauge transformation, so that it needs not be

cancelled.

5To cancel the gauge transformation of H,,, this action must be inserted with the appropriate orientation.
Using the boundary conditions on My and M p, the expression (3.13) can be written as

H,,(v") = exp (Z'm/m AL — 17“)) . (3.15)
Y

Comparing the Ag) dependent part with the junction operator (2.51), this allows us to select the correct sign
for the boundary action. Note that this expression for the 't Hooft line requires (3.10) to have the correct
global symmetry transformation.
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3.2. Gapped Example

We now move to study a different example where the scalar Higgs field ¢ is charged
under the U(1)s gauge symmetry of T,. As we will see, this drastically changes the IR
dynamics and leads to a gapped phase described by a topological quantum field theory.

Let us consider the following family of theories:

Field | 4, v v Y ¢

U(l)f) QIA:a QQA:b Q3A:—G q£:—b qg‘:b_a

0
U |ai=a |ds=—2| ¢5=y |di=—y |G =y—=

where a,b,x,y are all integer numbers. The 't Hooft anomaly coefficients following from

this charge assignment are:

kes =k =0,
kpcz = —(0+a)(y+x)(y— =), (3.20)
kpoe=—(b+a)(b—a)(y+m) .

Note that they satisfy the relation

k Face (3.21)

A’c — "C
4y
which we will use below.

These theories allow the following symmetry-preserving Yukawa interactions:

Ly = A "+ Aoy + (c.c). (3.22)

As in the previous section, when ¢ acquires a VEV (¢) = v, a real massless boson remains
in the ungauged theory 7T}, while the Yukawa interactions give a mass to all fermions
in the theory. After going to 7T, by gauging, since q(% # 0, the Goldstone boson is not
invariant under transformations of the U(1)s gauge symmetry. The U(1)o gauge symmetry
is therefore Higgsed to a qu gauge symmetry. All dynamical fields in the theory are
massive, so that we conclude that the T, theory is gapped and the non-trivial anomaly

matching in the IR must be realized by a Zq; TQFT with unbroken Abelian symmetry
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structure.

To obtain a TQFT as a physical theory upon shrinking the bulk of the Symmetry TFT,
we need to consider topological boundary conditions on both boundaries. For simplicity,
we restrict our study to the case where qg = 1.

On M, we already discussed topological boundary conditions around equation (2.60).
For later convenience, we will not implement them using the boundary action (2.59) but
with an equivalent action (based on (2.33)) where the edge mode ®® appears explicitly:

i

T
Sy, 40 A (dq)@) T AP A dA}”) +C® A dAY (3.23)

T _27T M

The boundary conditions imposed by this action are:'’

~ kp2 k-2
®B) _ 52 A’C (1) (1) AC” A(1) (1) @ _ 740

These boundary conditions are gauge invariant if we consider:

= Fiac? "
0 50 4 @ 4@ _ Fac \00 40 Eate (30 5 40 L 30y 40 4 O
B = 8+ dr) + P — AP A AP — 2K (G A A 2D d(AP +2))

AP = AP +axd) + 2
(3.25)

Moreover, the transformation of the action Sy, exactly cancels the boundary terms arising
from the gauge transformation of the bulk action.
On the physical boundary Mp, we should introduce an action resembling (3.4) but

which is nevertheless topological. The action (3.4) can be equivalently written as

S, = / - (A“) - A<1)> AdX® 4 L SAX® A xdX
Mp 2T 4T R

. (3.26)

+ / — [C@) _c® 4 e pm 4 A0 4 gy 4 %dY“) Axdy® .
M e

21 47
P

We can then replace the two non-topological kinetic terms for the edge modes X @ and

“Note that the VEV of ¢ does not break the global symmetry arising from a transformations under U (1)5{])
that is compensated by a gauge transformation in U (1)29). Another comment is that if qg =1, then the IR
is trivially gapped.

"Note that these boundary conditions are simply related to the one discussed in equation (2.60) through

a field redefinition of &%

30



YW with a topological BF term implementing the fact that we expect a qu gauge theory
in this gapped vacuum:

1

s,, (AD - AV AdX D — S XD Ady D) <O<z> CN ’Zﬁ A A A(l)) Ay
i

P o
(3.27)
This action imposes the following boundary conditions:
k2

@ — gy ™ p® = gx® 4 BAC (40 _ AWy A gy D) 3.28
i , A ) (325)

The boundary condition on C'* can be written as follow:
c® —c® 4 —kaA“) AAD = gy ® 4 (S x@ (3.29)

T

As in the gapless case, this constraint requires a non-trivial gauge transformation for Yy
when £, # 0:

_ k
YO 5 VO 4 - g5ap + S—:Af)ym , (3.30)

since both fields are U(1), this shift requires kAcz/\f) € 2nZ, as in the gapless case.
As in the previous section, we fix the gauge of b® and f @ on M p. This action and
the boundary conditions are therefore gauge invariant if we consider the following gauge

transformations for X® and Y.
X® 5 xO 4P v® 5 y® g n0 (3.31)

Upon shrinking the five dimensional bulk, we get the following action:

Spty — Sty :% (AY — Ay A dX® — gSXO A ay W 4 (0 — 4 ki CAW A AWy A gy ™
/ A ( kAC “AC AW A dAS ) +C@ A dAY
(3.32)
After integrating out AW and ¢?, we get immediately
Spp = —% / AD A dXD 4 SXDAdY D 4 P Ady ™. (3.33)
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Using the equations of motion, and the relation k,.> = qgk:AzC that descends from (3.21),

we can equivalently write the action in terms of the other edge modes ®? and AS}):
Spp = — QL / AV A dD? + g5 A dAY + P aaall. (3.34)
T

In both its variants, this is the characteristic four-dimensional BF action of a Z(%) gauge
d¢

theory coupled to the background fields AY and C®. The above action obtained from the
symmetry TFT coincide with the one obtained in [4] when k.2 = 0.

The anomaly and generalized Abelian symmetry structure of (3.33) and (3.34) are
hidden inside the non-trivial gauge transformations of their background and dynamical

fields. Indeed, let us first consider the following gauge transformation:
k 2
1 0
C(z) — C(2) + d)\g) — —2‘ Cd)\(q) A A(l) . (3.35)

Using the above transformation in (3.33), together with the standard ones for the other

fields, we get
ik
S — Spr — Z8L2C / AD A dAD A gy D (3.36)
Y

This is exactly the anomaly that leads to a 2-group, related to the conservation equation
(2.4). Taking now the expression (3.34) for the same theory, and recalling that also &
still has a non-trivial transformation after setting )\S}) =0= )\1(72):

_ ko
3% — ) any — AP ndA, (3.37)

we see that the action transforms as

ik, 2
Spr — Spp + 28A§ / AP A dAY A dAY (3.38)
Y5

where we have used again the relation k,.» = qg kp2c. This is now exactly what one expects
in a theory with an ABJ anomaly, as in (2.8).

At first, it would seem that this theory has a different anomaly according to the
variables in which one decides to write it. However as we already stressed, these two
variants are equivalent. In fact, in this very simple topological theory, the two types of

anomalies are two ways to see the same effect. Indeed, the equations of motion of X (2), or
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of 5(2), imply that
dAY = —q5dy ") = —¢SdAS). (3.39)

It is then straightforward to see that the two anomalies are equivalent on-shell.

Finally, we would like to stress that (as in the gapless example) the non-invariance
of the theory under a gauge transformation with parameter )\Ef) implies that AY cannot
be interpreted as a conventional background gauge field for U (1)55). It can however be

rightfully considered as a background Z,S?CQ gauge field.

4. A Toy Model in Five Dimensions

In this section, we examine another example of a theory that exhibits both non-
invertible and higher-group symmetries. This theory is remarkably simple, defined in five
dimensions, with a single (vector) gauge field and one non-trivial topological interaction.
We will observe that it reproduces many of the key features we encountered earlier in our
four-dimensional discussion. One advantage of this example is that its symmetry struc-
ture exists inherently, without the need for any gauging. As in the four-dimensional case,
we will frame much of our analysis in terms of a six-dimensional Symmetry TFT and its

associated boundary conditions.

4.1. Maxwell-Chern—Simons Theory

Let us consider the following 5-dimensional Maxwell theory in Euclidean signature, to

which we add a cubic Chern-Simons-like interaction term:

. .
2 247>

Note that the U(1) Chern—Simons term can be written as

k
kCSs[AY] = —27 - —— / FONFO A F@ (4.2)
6(2m)° Jy©
where F® = AW and 0Y®© = M®. On generic Y. k must be an integer multiple of 6.
If v© is spin and its first Pontryagin class, p;, is equal to zero, the quantization condition
can be relaxed and k € Z. Unless otherwise stated we will always assume that Y is a

spin manifold with p; = 0.

When k = 0, the theory is invariant under a U (l)él) electric global symmetry whose
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transformations act on A(l) as
AW o AW L \D (4.3)

with )\S) a closed 1-form. The conserved current associated with this symmetry is
J® = —qAW (4.4)

When k # 0, the conservation law of this current becomes

vk

~ 8r?

dx J? = dAW A dAY (4.5)
The presence of the cubic interaction term breaks the electric 1-form symmetry U (1)21) to

Z,(:g whose associated symmetry defect can be defined as

ok
D, (II®)) = exp (—a / «JO - 22 / A<1>AdA<1>) , (4.6)
H(B) 87T H(B)

where II® is a closed three-manifold and the range of the angle « is restricted to ak € 27Z.
The electric 1-form symmetry has a 't Hooft anomaly obstructing its gauging whose

inflow action is given by [57]:

ik
S8 =i [ BY B ABY. (4.7)

where B£2) is a background field for Zgg whose background gauge transformation is BEZ) —

BZ + dxlV.
The theory also possesses a U (1)53) topological symmetry whose conserved current is

J® = 2i « dAD (4.8)
T

and whose associated symmetry defect is

Un(2?) = ol g 4.9
) =exp (5 [ aa0). (19)
with a € [0,27). Note that the conservation law of magnetic 3-form current is not affected
by the Chern—Simons interaction. The right-hand side of the anomalous conservation law
(4.5) only involves the current of the U(1)? symmetry.

This situation is similar to the case k .2 # 0 considered in Section 2 and the U (D
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symmetry can be fully restored. This is achieved by topologically higher-gauging the mag-
netic 2-form symmetry and interpreting it as a fully-fledged U (1)&1) non-invertible 1-form
global symmetry, in a simple adaptation of the results of [19]. The non-invertible U/ (1)
topological operators are thus defined by

D) = exp (—a [ w4704 ) (410)
I 3

where 7% is the TQFT introduced in Section 2.1. The parameter o now takes values in
[0,27)."8

One can further notice that five-dimensional Maxwell-Chern-Simons theory exhibits a
higher-group global symmetry structure [28]. In what follows we will couple the magnetic
symmetry to a corresponding 3-form background gauge field denoted by Bg). The most

general higher-group invariant action coupled to all background gauge fields is given by:

S [A(l) B(2) B(3)] S5 ik / (dA(l) _ B(Z)) A (dA(l) _ B(Q)) A (dA(l) _ B(2)>
6 y Pe »Pm Y(6> e e e

247°
" .

-2 / B® AB® AB® + / H® A (dAY —BY) .
2471 Jy® 21 Jy©

The above action is independent of the choice of Y © if we postulate the following expression

for the field strength H®:
k

H® = aBY + —B® ABY . (4.11)
4
For this quantity to be gauge invariant, we must impose the following gauge transforma-
tions:
BY — B +d\l",

(4.12)
BY — BY +dAY — LA ABP — EAD ANV,

where we have used the fact that dBéQ) = 0, since B,(f) is a flat background. The symmetries,
Zgg and U(1)? therefore constitute a non-trivial higher-group.

Finally, the theory admits a codimension-1 symmetry defect associated with the con-
served current

I =« F@ A RO (4.13)
8

for an ordinary O-form global symmetry U (1)30) whose charged objects are 5d instanton

18 A precursor of this analysis already appeared in [28]. Indeed, when oo = QW% € 2rQ with ged(kM, N) =
1, one can alternatively use the AN*[dA™")] theory [58] instead of T**[dA™)].
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operators. Furthermore we can always activate a background field Bgl) for U (1)50)

subject
to the gauge transformation B(Il) — Bgl) + d)\(lo). However, the U (1)(10) symmetry does not
act faithfully on the pure Maxwell-CS theory we are considering since the 5d CS term
implies that a (probe) instanton operator is not gauge invariant. For this reason, we will

only have limited interest on the role of U (1)50).19

4.2. Symmetry TFT Analysis

In this section we introduce a symmetry TFT to reproduce the generalized Abelian
symmetry structure appearing in five-dimensional Maxwell-Chern—Simons (4.1). Let us
start by writing down a six-dimensional action of the form:

Sg = a —b® A da® + ia(2) Aa? Aa® (4.14)
07 o Jy® 127 ’
where both ¥ and b® are R gauge fields and k£ € R. When k£ = 0, this theory corresponds
to the symmetry TFT for a U(1)™ x U(1)® symmetry with mixed anomaly [41], i.e., it
describes Maxwell theory in five dimensions.

The action (4.14) is invariant under the following gauge transformations:

a® = a® 4 d)\gl) ,
" . (4.15)
b = 0@ 1 dA? + AW Aa® ¢+ AP A
b 2 ¢ 4= “

Since both a® and v are R gauge fields, they can be freely rescaled. In particular, when
k # 0, we can always choose a rescaling such that k is set to 1. Therefore, we conclude
that its value in the bulk is unphysical and in particular, not quantized. Nevertheless, we
will keep a non-trivial k£ because it will map to the Chern-Simons level appearing at the
physical boundary, whose quantization will be fixed by the boundary conditions.

Let us now define the topological operators of the theory by analyzing first the bulk

equations of motion:

da® =0, db® - 4ﬁa<2> Na® =0, (4.16)
m

YInstanton operators and the U (1)(10) symmetry play a crucial role in the study of global symmetry

enhancements in 5d supersymmetric gauge theories, see [59,60] and references therein for further details.
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From each of these equations, we can define a topological gauge-invariant operator:

' k
V,(I®, QW) = exp | 2 / e — = / @) A g 417
0,0 e (52 ([0 [ pa®)) (a.17)

Uﬁ(E(Q)) = exp (g/za@)) . (4.18)

These operators act on each other through linking:
3 Q@ @ _ 10 ® @
VL, (IT, ) Ug(35') ) = exp 2—L1nk(H DI I (4.19)
™

From this relation, we see that V,, and Us are non-trivial topological operators when «, 3 #
0, therefore @ and 3 take value in R and are not periodic parameters. Due to the cubic
interaction term, we also have the relation

(V@ 2"y, af")) = (v, ([0, AV, 08 Ui (B0 0 06")) L (4.20)
where we assumed that QYL) N QgL) = 0 and we used ﬁﬁ” and ?ZYL) to denote manifolds
obtained by continuously deforming I and QW2

Note that the operators V, defined above are non-genuine. As we did in the four-
dimensional example, we might want to define their genuine counterpart. However, in the
present example, the role played by bulk operators in the boundary theory will strongly
depend on the boundary conditions. We will then assess the possibility of making the V,

operators genuine after we have discussed the boundary conditions.

4.3. Boundary Conditions and Slab Compactification

To define first topological boundary conditions on M4, we must select a maximal set of
mutually transparent operators. The operators in this set can then terminate topologically
at the boundary, meaning that they are trivialized by the boundary conditions.

Let us first quickly discuss what happens for £ = 0. Looking at (4.19), we see that
V, and Up act trivially on each other when ar™t € 2nZ and Br € 2rZ, for any r € R.
Therefore, choosing a value of r is equivalent to choosing a boundary condition. Rescaling
the real bulk fields also changes the value of this parameter. In what follows, we will

assume that r =1 to avoid clutter. As we discussed below (4.15), note that this choice of

*’Note that §~2§4) N Qé4) can be non-trivial even if 1:[53) = H§3). In general, (254) N le) is an open manifold

terminating on ﬁgS) and Hés).
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normalization fixes the value k of the cubic interaction coupling in the bulk. We will now
see that such k is quantized and corresponds to the Chern-Simons level of the physical
boundary theory.

When k # 0, due to (4.20), bulk V,, operators may not be transparent to themselves.
More specifically, V5. is transparent to itself if and only if k € Z:

(Var (I, Q) Vo (19, ) ) = (Var (1, 00 Voo (), 04Uy (@) N 7)) (4.21)

The operator generated by two V,,. operators is U,,., which is trivialized on M4 by the
boundary conditions if £ € Z. Therefore, the quantization condition on the boundary
Chern-Simons level is enforced by the consistency of the symmetry TFT boundary condi-
tions.

Let us now consider the following boundary conditions for a? and b?:

— dA® 4 A0 5 qa® : (4.22)

a(2)|MT —dAW : b(3)’MT yo

where A" and A® are U(1) gauge fields. Taking inspiration from (2.47), these boundary

conditions can be imposed by adding the following boundary action on My:

i k
g = o / b A (dAY = a®) = Z- A A dAD A dAD. (4.23)

The boundary conditions are gauge invariant if we consider

- - k
AW 5 AO+a DA AP o AP 4 anD - I ADZAD L ADAAD L ADgA DY | (4.24)

4mr
and the gauge transformation of (4.23) cancels the boundary term arising from the bulk
action.

Let us now consider the conditions at the physical boundary Mp. The action of the

physical theory can be obtained by considering the following boundary action on Mp:

1
S, = —5/(1(2) A xa® (4.25)

This choice imposes conformal boundary conditions:

b3 = —27i % a? (4.26)
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When the two boundaries Mp and My, are superimposed, we get a 5-dimensional the-
ory whose action is given by the difference of the boundary actions (4.23) and (4.25).
Expressing the bulk fields in terms of the edge modes, we then get

. .
S =3 / dAW A xdAD — 211“ - / AW AdAY A dAD (4.27)
7

which reproduces exactly the action of the theory we started with in (4.1).

4.4. Operators from the Symmetry TFT to the Physical Theory

We now discuss how the bulk operators V,, (4.17) and Uy (4.18) reproduce both the
symmetry defects and the charged operators of the boundary theory, given the topological
boundary conditions we have imposed. Notably, we must address the fact that V,, is non-
genuine in the bulk, while we expect both the symmetry defects and the charged operators
to which it reduces on the boundary to be genuine.

Before addressing this issue, let us consider the simpler case of Uz. The boundary

condition on a® from (4.22) implies that
/ a® e 2n7, (4.28)
e

over any closed surface »® < M, thus making U,, trivial on M. As a consequence,
Uy satisfies Ug = Ugio, and implements a U (1)(2) symmetry in the physical theory. At
the same time, the bulk operators U,,, with n € Z can terminate on My, because of
the boundary conditions, and attach to the (non-topological) Wilson lines of the physical
theory on Mp.

As for the V,, operators, consider first the non-genuine bulk operators when ak € 27Z.

Their 4-dimensional part can be opened on M

v m® gy — @/ b(g)_i_”/ @) 0 _ 1 AW A g4®
2k (I07, T, ) = exp e ar Jgo @ am Ju® 7
T
(4.29)

where HSEI)T C My and 9QW = 1I® U HS@T. Indeed, only for ak = 27n a correctly
quantized Chern-Simons term can act as a junction with M. In the above configuration
the bulk operator is anchored to the boundary via a cylinder, similar to what was described
in Section 2.3. For a € 2nZ, the operator, when pushed completely to the boundary, is
trivialized by the boundary conditions (4.22) on b®.
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When ak ¢ 277, we can define a gauge invariant operator by stacking a TQFT instead
of the Chern-Simons term at the junction with My. Since dA" has quantized integrals
on My, we can safely use the T%[dAY)] theory:

V,(m® 11§} a®W) = exp (% /H o 0= ?‘7’; " a® na? + T“k[dA(l)](Hf’A)T)) ,
(4.30)
where we have emphasized that the TQFT is defined on H(/a)T C Mgy, This operator
is well defined for any values of & € R and reproduces (4.10) when the symmetry TFT
bulk is shrunk, using (4.26). Since V,, is trivial on the boundary, we also have that
Vo, = V..o, after slab compactification, so that these operators generate a non-invertible
U(1)" symmetry.
When considering cylinder operators, equation (4.20) is slightly modified to take into
account the presence of a boundary. For example, if Vj; is a non-invertible operator (4.30),

we get

3 3 4 3 3 4
<Va(Hg )7 HE\/[)T17Q(1 ))Vﬁ(Hé )7 HE\/[)T27Q(2 ))>

<) =g~ - —ia
S R e oy Pl )
1 2 o |fﬂ—[(3)
Ty

27 27T
MTI

where CDS) is a dynamical field of the 7% TQFT defining V. The operator Ukes above is
27T
defined on a surface that terminates on My through a junction, which is a topological line.
Furthermore, we can shrink the topological line by noticing that it is possible to define a
2 3 e 2 3 ~(3 :
surface 25\/?@, C H5\4)T2 satisfying 82&4) = H&A)Tz N HS\A)TI’ to obtain

Ty

2

7(3) (3 A4 3 3 4 4 4 2
(Vo (@, 1, 0, i), o) (@ 0P usf ). @82)

A similar reasoning can be repeated for the invertible operator (4.29) and also leads to
the above expression. Eventually, the Urs operator generated at the intersection of two
cylinders does not terminate on M, but E)%rtially lies on it, as represented in the left hand
side of Figure 2.

From the physical theory perspective, the relation (4.32) implies that when two opera-

tors D, and Dg intersect each other, they generate an open Ukas operator terminating on
27
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Physical theory

Dy

Figure 2: When two cylinder operators V,, and Vj intersect each other, an open Ukas is
2w

generated. In the physical theory, this implies that open 2-form symmetry operators are
generated at intersections of 1-form symmetry operators. This is a consequence of the
non-trivial higher-group-like structure of the theory.

their intersection:
(PP Dy 1)) = (Do ([P, )V (517)) (4.33)

where 82%2) = ﬁ§3) N H§3). The correspondence between (4.32) and (4.33) is represented
in Figure 2. This relation follows from the non-trivial higher-group-like structure of the
theory, which enables open 2-form symmetry operators to be generated at the intersections
of 1-form symmetry operators. A key step in deriving these relations is the use of cylinder
operators instead of genuine bulk operators. Only the intersections of non-genuine V,
operators have the correct dimensionality to reproduce (4.33).

Finally, let us consider which bulk operators terminate on the magnetic 't Hooft sur-
faces of the five-dimensional physical theory. We expect the operators V;,,, to end on 't
Hooft surfaces with charge m € Z. However, if we want them to end on the topological
boundary, we must first define a genuine version of the bulk operators V,,,,. Since a®
does not have quantized fluxes in the bulk, we cannot use the 7% TQFT. Instead, we can

use a very similar TQFT, defined as follows (see [19]):

T a®)m®) = 21 / N —mchm AdCW + ¢V (dCW +a®), (4.34)
T Ju

where OV and (b(l) are respectively U(1) and R gauge fields. Note that this TQFT requires
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mk € Z. The genuine bulk operators are then

%Wm(H(S)) = exXp <Zm/
IT

( )b(?’) + ?2””’“[@(”](11(3))) . (4.35)
3
These operators are gauge invariant provided that C M and gb(l) transform under bulk gauge

transformations as
OO = W a2, ¢ W el (4.36)

In order to see that such operators do indeed become 't Hooft surfaces after slab
compactification, we need to impose boundary conditions on both M, and Mp also for
the TQFT fields. Mimicking (2.50), we can impose

/ (6D + mkAW) € 212, / (CV +AY) € 272, (4.37)

through the following boundary action:

mk

[ aw© A (C 4 AWy — 7,4(1) ACH (4.38)

27
However, this action can only define consistent boundary conditions if mk € 27Z. Indeed,

the boundary constraints involve two edge modes, U@ and o© satisfying

4 AY = qo® 0 4 %’“(A“) — oWy =qu® (4.39)

Requiring the gauge invariance of these constraints imposes:

k
@ — 0 4 2mng + AL + A, T 5 0O 4 omn, + 2 + mT (A(j) - /\(C°)> . (4.40)
Since )\Ef) and )\(CO) are both U(1) 0-forms, the gauge transformation of v g actually well
defined only if mk € 2Z. When mk is odd, the TQFT (4.34) depends on the spin structure
of II® and has fermionic lines [41], and imposing topological boundary conditions is more
subtle. Here for simplicity we are treating explicitly only the simpler case where mk is
even.

On Mp one further introduces the term

1
g /C(”A*C(”, (4.41)
7

42



to finally get after slab compactification on n®

2 .
/ i— (d\p(‘” - m?kA“)) A (d\IJ(O) - mTkA“)) + Qidqﬂo) AAD (4.42)
m m

Magnetic surfaces of the physical theory obtained after the slab compactification will be
dressed by this QFT.*' This dressing is necessary to define a gauge invariant operator when
k # 0. Indeed, similarly to the definition of 't Hooft lines in the Goldstone Maxwell theory,
(3.12), magnetic surfaces in the physical theory can be defined as the boundary of an open

symmetry operator of the electric symmetry:

mk
H,,(2®) = exp —27Tm/ «d AW + m/ AV A AW (4.43)
e dm Jn®

with 8H§’ ) = 2@ Under a gauge transformation of parameter )\ff), the magnetic surface

defined with the formula above transforms as
imk
H,(2?) = H,,(£?)exp <—ﬂ / L A A<1>) . (4.44)
b

This non-trivial transformation is exactly canceled by the transformation of the QFT (4.42).
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A. Generalities on U(l)f) X U(l)g)) 't Hooft Anomalies

In this work we follow for the anomalies the conventions of [4]. In particular we have

that the anomaly functional A is captured by:

A =2ri / 7@ gz @ = sz g7ty — gd+D) (A1)

*1This QFT describes a compact boson, with AW acting as a background field for a linear combination of
its momentum and winding symmetries.
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@ also depends

where ZY and 72 are local expressions in the background fields while 7
on background gauge parameters.

Let us consider a four-dimensional theory with global symmetries:
0 0
vy x v, (A.2)

We will focus on 't Hooft anomalies that are completely encoded by the following 6-form

anomaly polynomial:

1 (ks i p2

6) _ AE@)  E@) ) E@ | TACE@) ) £(@) ) (@)

z _(%)3( o Fa AR AR + SR AR AFC
(A.3)

ko2 [

() A @) A E@) (2 \ @ A @

+ g‘c Fa' AFS AFE + gFC ANFE A FE )

The anomaly coefficients are given by:

A 7

kpos =Y (@1e)’ kaee =Y (@00, kae = dalae)?, (A.4)

where the sum runs over free fermions carrying the above charges. These coefficients obey

the following quantization conditions:
kys =6ly+ny, kg=06lc+ne, kpec=2p+r, kye=2p+r, (A.5)

where 4 ¢, 4 c,p,p,7 € Z. Note that r appears in both k,2- and k,.2, in a theory leading
to a 2-group this is important since requiring that k,-2 = 0 implies that k,:. € 2Z.

As we are interested in gauging the symmetry U (1)(CO) we need to ensure that d x jél) =0
which is identical to require that A = 0. It turns out that this completely fixes the
anomaly of the U (1)53) symmetry to be:

Ap = ﬁ AL (%Ff) NFR R AR 4+ SR A F<§>> . (A.6)
7™ JIm,

The above anomaly functional implies the non-conservation equation appearing in (2.3).
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B. Linking Invariants

In this work we follow the conventions on linking invariants from [61]. Let us consider a
set of N manifolds Ml-(p i), 1 =1,2,..., N, of dimensions p; in a spacetime that for simplicity
we take to be S, For N = 2, the 2-component link between M and M{? is defined

as
Link(Ml(pl),Mém)) — /(d) (M} p1+1))d5( p2+1)>7 (B.1)
S

where ]/\Zi(p 1 is a (p; + 1)-dimensional manifold satisfying 8]\/Zip = M and 6(M, M® pitl)y

denotes its Poincaré dual. Note that the above integral is non-trivial if and only if the
integrand is a d-form requiring;:
ptptl=d. (B.2)

The generalization to N > 2 of the above story is the N-component linking of type £
defined as:

Link(M{", o M) = [ SQEMY) SO as(M ™) - as ).
(B.3)

As before, the integrand must be a d-form, therefore:

N—k N
P+ + > p=({N-1d (B.4)
i=1 j=N—-k+1

C. Mutual Action of Non-invertible V and T

The genuine operators T,,, and V,,, defined in (2.39) and (2.46) can be written as follow:
v,(m®) =v,m® aWyv,m® o), 1,5%) =71, o971, 5%,0), (C1)

where V,(IT®, QW) and T,,(2®,Q®) are the non-genuine operators defined in (2.19) and
(2.20). The non-genuine operators V, (I Q™) and T,,(5®, Q%)) are the TQFTs used

in (2.46) and (2.39) respectively, with appropriate anomaly inflow actions:

Vv, (1%, %) = exp (T%H‘”) g f<2>) ,
87T o® (C.2)
imkae [ 40 f<2)) |

2) o@3) _ »n(2)
r:[‘m(2 7Q ) = exp <7;d ( ) + o Q(B)
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Note that the anomaly inflow action of the TQFT exactly cancel the non-genuine part of
the non-genuine V' and 7. According to relation (C.1), the mutual action of genuine V'
and T can be obtained from the mutual action of the 4 non-genuine operators appearing
in the right hand side. The mutual action of non-genuine V' and 7' is given by (2.24). The
mutual action of T and V is trivial since the operators involved in the gauging defining
the first TQFT are not charged under the symmetries gauged to define the second one.
We now consider the action of non-genuine V' and 7" on T and V. These are respectively

given by:

(V. 00T, (22,09 ) =( V. (. BT (2, 0)

) (C.3)
O (3) o 1)
-t @8 000 (32 [ o) ),

(C.4)

o) (3) . (1)
U,amkACQ QY N Q) exp ( m /Q<3)ﬁﬁ(3) ) > >,

The action of the non-genuine operators V., and 7,, on the anomaly inflow actions
of the TQFTs is responsible for the presence U,amkAcz on the right hand side of these
relations. These operators are the orientation reversal of the surface operator generated
in (2.24). This is due to the fact that the anomaly inflow actions of the TQFTs are the
orientation reversal of the non-genuine part of (2.19) and (2.20). From relations and (2.24),
(C.3) and (C.4), we directly obtain the following relation:

(V)T (52)) = (Val BT (SN o Y 0929
A

i 1) _ / o0
P <27r /z(2>mﬁ<4> ¢ ap T NORIE! ’

(C.5)

The genuine operators V,, and T, satisfy a similar relation as their non-genuine counter-
part in (2.24). There are, however, two differences between (2.24) and (C.5). First, the
two U, , operators appearing on the right hand side of both relations have opposite
orientatioilcs. Indeed, we get two U_,,,x , operators from relations (C.3) and (C.4). One
of them cancels the operator appearing iﬁ (2.24) while the other one remains in (C.5). The

second difference is that the open U, terminates topologically on V,, and T, through

ak
Ac?
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line operators of their respective TQFT. The presence of these topological junction oper-
ators is needed to guarantee that the left hand side of (C.5) is independent of the choice
of QW and O®. From the physical theory perspective, relation (C.5) implies that when a
non-invertible operator crosses a 't Hooft line, the 't Hooft line gets attached to an open

magnetic symmetry operator.
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