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Quantum field theories can exhibit various generalized symmetry structures, among which

higher-group symmetries and non-invertible symmetry defects are particularly prominent.

In this work, we explore a new general scenario in which these two structures are inter-

twined. This phenomenon arises in four dimensions when gauging one of multiple U(1)

0-form symmetries in the presence of mixed ’t Hooft anomalies. We illustrate this with

two distinct models that flow to an IR gapless phase and a gapped phase, respectively, and

examine how this symmetry structure manifests in each case. Additionally, we investigate

a five-dimensional model where a similar structure exists intrinsically. Our main tool is a

symmetry TQFT in one higher dimension, formulated using non-compact gauge fields and

having infinitely many topological operators. We carefully determine its boundary condi-

tions and provide a detailed discussion on various dressing choices for its bulk topological

operators.
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1. Introduction

One of the most commonplace processes in quantum field theory is the dynamical

gauging of an ordinary (zero-form) U(1)(0) global symmetry, which involves introducing a

new degree of freedom — a photon. Despite its simplicity, in recent years, there has been

a renewed understanding of certain physical consequences arising from such gauging in

the presence of other global symmetries, which modify the conservation law of the U(1)(0)
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symmetry current. The two main examples discussed in the literature are:

1) 2-group Global Symmetries [1–8]: In this case, the theory obtained after dynami-

cally gauging U(1)(0) develops an emergent one-form [9] U(1)(1) global symmetry that

mixes with (at least) another zero-form symmetry G
(0)
A in the system, leading to un-

conventional Ward identities that constrain the allowed patterns of spontaneous G
(0)
A

symmetry breaking [4].

2) Non-invertible Global Symmetries [10–16]: Here, the theory arising after dy-

namical gauging retains an ordinary global symmetry which, however, becomes non-

invertible. A primary example of this phenomenon is the axial symmetry in massless

QED [17,18], see [19] for recent updates.1

The goal of this work is to discuss a natural extension of both ideas, which we dub

generalized Abelian symmetry structure. Specifically, we aim to explore what occurs in

models where both phenomena 1) and 2) coexist. Our interest in this question stems from

the observation that many models with continuous generalized symmetries, across various

spacetime dimensions, exhibit both of these unexpected features [27–33].

On a more technical level, we address several related questions. In the original analysis

of [4], one of the key assumptions for introducing continuous 2-group global symmetries is

precisely the absence of non-conservation laws that would lead to the phenomenon described

in point 2) above. At the same time, in a theory with a non-invertible continuous global

symmetry, it is unclear how to define background gauge fields for such a symmetry, thus

complicating the discussion of the phenomenon in 1).

In order to relax the assumption from [4] and incorporate non-invertible global sym-

metries, we will adopt the framework of Symmetry TFT [9, 34–40], which was recently

extended to discuss U(1)(0) global symmetries in [41–43] (see also [44] for continuous non-

Abelian global symmetries). This framework will need to be suitably modified, as we will

describe in the main body of this work. Due to its general nature, we believe that this

approach will also be valuable for future studies on U(1) gaugings in other contexts.

After introducing in Section 2 the Symmetry TFT framework for generalized Abelian

symmetry structures, we will examine a few simple and explicit models that exhibit these

features in Section 3. Our analysis will focus on two four-dimensional models, where we

will investigate the fate of the symmetry structure under RG flow. First, we will consider

1Alternative formulations of the non-invertible axial symmetry have been proposed in [20, 21]. In string
theory, both U(1) and non-invertible axial symmetry defects have been discussed in [22]. See also [23–26] for
further updates.
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a model that flows to an IR gapless phase where all the symmetry structure is sponta-

neously broken. Next, we will examine a model that flows to a gapped phase, where the

unbroken symmetry structure is encoded by a topological quantum field theory at low en-

ergy. To emphasize that these structures are not limited to four-dimensional physics or

the gauging of anomalous symmetries, we will also discuss in Section 4 a toy model in five

spacetime dimensions, where the photon’s kinetic term is supplemented by a Chern-Simons

interaction.

The appendices contain some background material, and some technical complementary

details.

Notation and Conventions

Throughout this work, depending on the context, for a given object O the notation O(p)

is used to denote either a p-form, a p-dimensional manifold or a p-dimensional homology

cycle. Moreover, we adopt the following convention for denoting R vs U(1) and background

vs dynamical fields:

font type lower case upper case

serif p-form R dynamical field : f (p) p-form U(1) dynamical field : F (p)

mathsf p-form R background field: f(p) p-form U(1) background field: F(p)

2. Generalized Abelian Symmetry Structures

In this section we present what we believe to be the most general structure in four

dimensions involving two continuous Abelian 0-form and 1-form global symmetries. These

symmetries mix in a 2-group-like structure; however, the 0-form symmetry is non-invertible.

We begin by reviewing how this structure is obtained from a theory with two U(1) 0-form

symmetries with mixed ’t Hooft anomalies, and dynamically gauging one of them. We

then proceed to describe this symmetry structure using a five-dimensional Symmetry TFT,

demonstrating how it encodes all aspects of the higher symmetry structure through an

appropriate choice of topological boundary conditions. We also clarify that some bulk

topological operators need to be made genuine, while others can still be non-genuine but

attached to the boundary in a cylinder-like structure.

2.1. Abelian Symmetries and their Gaugings in Four Dimensions

The simplest examples of symmetry structures explored in this work can all be con-

structed from four-dimensional QFTs admitting the following Abelian 0-form global sym-
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metries,

U(1)
(0)
A × U(1)

(0)
C , (2.1)

where A(1) and C(1) are U(1) background gauge fields whose corresponding field strengths

are F
(2)
A and F

(2)
C . The complete set of ’t Hooft anomalies that only involve U(1)

(0)
A and

U(1)
(0)
C is captured by a six-form anomaly polynomial (involving F

(2)
A and F

(2)
C ) which is

reported in Appendix A.

Our interest here lies in obtaining a complete characterization of the symmetry struc-

ture that emerges upon gauging the symmetry U(1)
(0)
C in (2.1). This is obtained by pro-

moting C(1) and its field strength F
(1)
C to dynamical U(1) gauge fields:

C(1) → C(1) , F
(1)
C → F

(1)
C , (2.2)

and performing the functional integral over the orbits of C(1). Such gauging procedure is

only possible if kC3 = 0, that is, if the cubic U(1)
(0)
C ’t Hooft anomaly vanishes. Now,

the non-conservation equation for the current j
(1)
A associated with the symmetry U(1)

(0)
A is

given by:

d ∗ j(1)A = − i

4π2

(
kA3

6
F
(2)
A ∧ F

(2)
A +

kA2
C

2
F
(2)
A ∧ F

(2)
C +

kAC2

2
F
(2)
C ∧ F

(2)
C

)
. (2.3)

Upon gauging, the background field strength F
(1)
C becomes an operator F

(1)
C and therefore

the terms proportional to kA2
C and kAC2 produce operator-valued shifts of the background

effective action and can no longer be thought of as ’t Hooft anomalies. In the remainder of

this section we will describe how to correctly take into account the effects of these terms

and how they affect the resulting symmetry structure of the theory.

Let us first analyze the term

d ∗ j(1)A ⊃ −
ikA2

C

8π2 F
(2)
A ∧ F (2)

C . (2.4)

Note that, when F
(2)
A = 0, the right-hand side of the above equation vanishes and the U(1)

(0)
A

current j
(1)
A is conserved and satisfies d∗j(1)A = 0 at separated points. However, the presence

of F
(2)
C introduces an operator-valued shift of the background effective action which must

be cancelled. The modern understanding of the equation (2.4) is that it introduces an

Abelian 2-group global symmetry [4]:

U(1)
(0)
A ×− 1

2
k
A
2
C

U(1)
(1)
C , (2.5)
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where −1
2
kA2

C takes integer values and is typically referred to as 2-group structure con-

stant.2 The symmetry group U(1)
(1)
C is associated with the magnetic 1-form global symme-

try with conserved current

j
(2)
C =

i

2π
∗ F (2)

C . (2.6)

A theory is said to possess an Abelian 2-group global symmetry (2.5) if it is invariant

under the combined background gauge field transformations:

A(1) → A(1) + dλ
(0)
A , C(2) → C(2) + dλ

(1)
C −

kA2
C

4π
dλ

(0)
A ∧ A(1) . (2.7)

where C(2) is a U(1) 2-form background gauge field for the U(1)
(1)
C symmetry. The basic idea

is that the gauge transformation of C(2) can be modified to require that C(2) shifts under

a U(1)
(0)
A background transformation to exactly remove the operator-valued shift induced

by (2.4).3 Abelian continuous 2-groups appear in standard four-dimensional QFTs, as

exemplified already in [4, 45–47].

Let us now repeat the previous analysis for the term proportional to kAC2 in (2.3):

d ∗ j(1)A ⊃ −
ikAC2

8π2 F
(2)
C ∧ F (2)

C . (2.8)

This term gives rise to an ABJ anomaly for the U(1)
(0)
A current whose conservation is

now violated even in absence of background fields. The traditional interpretation of this

phenomenon is that the continuous U(1)
(0)
A is not a global symmetry of the quantum theory,

only the discrete subgroup Zk
AC

2
is preserved. Indeed, one of the basic assumptions in the

study of Abelian 2-group symmetries (2.5) is that the symmetry U(1)
(0)
A is free of ABJ

anomalies, i.e. kAC2 = 0.

The understanding of the ABJ anomaly (2.8) has changed dramatically in recent years.

These developments are tied to the interpretation of symmetries in terms of topological

defects [9] and the discovery of non-invertible global symmetries in d > 2 [15, 16, 48].

Following [17, 18], a symmetry suffering from an anomaly (2.8) can be associated with

codimension 1 topological defects Dα(Π
(3)) implementing U(1)

(0)
A rotations of angle α ∈

2The general quantization condition on k
A
3 , k

A
2
C
, k

AC
2 is discussed in Appendix A.

3By a shift in the definition of λ
(1)
C , the second gauge transformation can also be written as C(2) →

C(2) + dλ′(1)
C +

k
A
2
C

4π λ
(0)
A F

(2)
A .
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[0, 2π) which however do not obey the group multiplication law

Dα(Π
(3))×D−α(Π

(3)) = CU(1)(Π
(3)) ̸= 1 , (2.9)

where CU(1)(Π
(3)) is a condensation defect [49, 50] for the U(1)

(1)
C magnetic symmetry. To

define these operators we follow [19]. The explicit expressions of Dα(Π
(3)) and CU(1)(Π

(3))

can be compactly written as follows:

Dα(Π
(3)) = exp

(
−
∫
Π

(3)
α ∗ j(1)A + T αk

AC
2 [F

(2)
C ](Π(3))

)
, D0(Π

(3)) = CU(1)(Π
(3)) , (2.10)

where T αk
AC

2 [F
(2)
C ](Π(3)) is a three-dimensional mixed U(1)/R topological BF theory coupled

to the dynamical field strength F
(2)
C whose action is

T αk
AC

2 [F
(2)
C ](Π(3)) =

i

2π

∫
Π

(3)
−
αkAC2

4π
c(1) ∧ dc(1) + Φ(1) ∧ (dc(1) + F

(2)
C ) . (2.11)

The fields c(1) and Φ(1) are dynamical connections taking values in R and in U(1), respec-

tively, which live on Π(3) (here and below, we sometimes omit to write explicitly the path

integral over the fields localized on the defect). This TQFT can be interpreted as the

boundary theory obtained after successively gauging the full U(1)
(1)
C symmetry (with flat

connection) and its Pontryagin dual symmetry Z(1)
C = Û(1)

(1)

C (with torsion proportional

to αkAC2) on a four-dimensional manifold whose boundary is Π(3). As a consequence, the

operators Dα act non-invertibly on all line operators charged under the U(1)
(1)
C symmetry.

More precisely, when Dα is moved across a magnetic ’t Hooft line operator Hq of U(1)
(1)
C

charge q ∈ Z, the line operator becomes non-genuine:

Hq(γ
(1)) exp

(
iqαkAC2

2π

∫
Σ

(2)
γ

F
(2)
C

)
, (2.12)

where ∂Σ(2)
γ ⊂ γ(1)∪Π(3). On the other hand, Dα acts invertibly on local operators charged

under U(1)
(0)
A .

Armed with such a renewed interpretation of Abelian symmetries subject to the ABJ

anomaly (2.8), our goal is to examine the general symmetry structure that emerges af-

ter gauging (2.2) in a theory where both coefficients kA2
C and kAC2 are non-vanishing. To

perform this analysis we face a number of technical complications that need to be ad-

dressed. First, a symmetry obeying the non-invertible fusion rule (2.9) does not simply
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admit a standard coupling to a background gauge field, which takes values in the (invert-

ible) group U(1)
(0)
A . A related issue is that the term proportional to kA3 , which is a ’t Hooft

anomaly for the U(1)
(0)
A symmetry and is unaffected by the gauging (2.2), must now be

interpreted differently as the symmetry becomes non-invertible. Finally, unlike the discus-

sion on non-invertible symmetries, most of the literature on (continuous) Abelian 2-group

global symmetries, as in (2.5), is presented in terms of background gauge fields rather than

in terms of topological symmetry defects and their fusion rules.4

2.2. Symmetry TFT Analysis

The primary tool used for describing a four-dimensional theory with anomalous U(1)
(0)
A ×

U(1)
(0)
C symmetry is the following five-dimensional Symmetry TFT action:

S5 =
i

2π

∫
X

(5)
−b(3) ∧ dA(1) − b̃(3) ∧ dC(1) +

kAC2

4π
A(1) ∧ dC(1) ∧ dC(1)

+
kA2

C

4π
C(1) ∧ dA(1) ∧ dA(1) +

kA3

12π
A(1) ∧ dA(1) ∧ dA(1) ,

(2.13)

where b(3) and b̃(3) are dynamical R gauge fields while A(1) and C(1) are U(1) dynamical

gauge fields. The coefficients kAC2 , kA2
C, kA3 are all integers and kAC2 , kA2

C must have the

same parity, see appendix A for further details. This action has been introduced in [41,42],

which we will follow closely.

As discussed in the previous section, if the U(1)
(0)
C symmetry is anomaly free it can be

dynamically gauged in the four-dimensional physical theory living at the boundary ∂X(5).

Gauging the U(1)
(0)
C symmetry5 gives rise to a new symmetry TFT where we perform the

substitution: b̃
(3) → dC(2) ,

dC(1) → f (2) .
(2.14)

According to our convention, the field C(2) is a two-form U(1) gauge field while f (2) is a

4For discrete 2-groups, see [6] for an approach in terms of topological defects.
5We emphasize that this gauging procedure renders the gauge field fully dynamical. This stands in

contrast to gauging with flat connections, which is a topological manipulation that can be entirely encoded
in changing the topological boundary conditions for the symmetry TFT. See [51,52] for some recent examples
of the latter procedure.
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two-form R gauge field, and both are dynamical. The resulting Symmetry TFT is:

S5 =
i

2π

∫
X

(5)
−b(3) ∧ dA(1) − f (2) ∧ dC(2) +

kAC2

4π
A(1) ∧ f (2) ∧ f (2)

+
kA2

C

4π
f (2) ∧ A(1) ∧ dA(1) +

kA3

12π
A(1) ∧ dA(1) ∧ dA(1) .

(2.15)

This action is invariant under the following gauge transformations:

f (2) → f (2) + dλ
(1)
f , A(1) → A(1) + dλ

(0)
A ,

b(3) → b(3) + dλ
(2)
b +

kAC2

2π
f (2) ∧ λ(1)f +

kAC2

4π
dλ

(1)
f ∧ λ(1)f +

kA2
C

4π
λ
(1)
f ∧ dA(1) ,

C(2) → C(2) + dλ
(1)
C +

kAC2

2π
λ
(0)
A (f (2) + dλ

(1)
f ) +

kAC2

2π
λ
(1)
f ∧ A(1) −

kA2
C

4π
dλ

(0)
A ∧ A(1) .

(2.16)

The gauge transformation of C(2) is well-defined under composition of gauge transforma-

tions only if kA2
C ∈ 2Z. Recalling that kA2

C and kAC2 must have the same parity, see

Appendix A, the constraint on kA2
C also implies that kAC2 ∈ 2Z. Note also that the term

proportional to kAC2 does not spoil the quantization of
∫
dC(2) because it is real valued.

Let us now describe all the gauge invariant topological operators characterizing the

symmetry TFT. For this, we consider the equations of motion, which can be written in the

following way:

dA(1) = 0 ,

db(3) −
kAC2

4π
f (2) ∧ f (2) = 0 ,

dC(2) −
kAC2

2π
f (2) ∧ A(1) = 0 ,

df (2) = 0 ,

(2.17)

where some equations have been used to simplify the others. From the above equations,
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we define the following four gauge-invariant topological operators:

Wn(γ
(1)) = exp

(
in

∫
γ
(1)
A(1)

)
, (2.18)

Vα(Π
(3),Ω(4)) = exp

(
iα

2π

∫
Π

(3)
b(3) − iα

8π2

∫
Ω

(4)
f (2) ∧

(
kAC2f (2) + kA2

CdA
(1)
))

, (2.19)

Tm(Σ
(2),Ω(3)) = exp

(
im

∫
Σ

(2)
C(2) − im

4π

∫
Ω

(3)
A(1) ∧

(
2kAC2f (2) + kA2

C dA(1)
))

, (2.20)

Uβ(Σ
(2)) = exp

(
iβ

2π

∫
Σ

(2)
f (2)

)
. (2.21)

Following the terminology of [53], the operators Wn and Uβ are genuine topological oper-

ators while Vα and Tm are, in general, non-genuine. Let us briefly address why there are

terms appearing in (2.19) and (2.20) that are trivialized by the equations of motion. When

kAC2 = 0, the inclusion of these terms ensures that the topological operators remain gauge

invariant off-shell, albeit at the cost of rendering them non-genuine. Note however that,

when kAC2 ̸= 0, the gauge invariance of (2.19) and (2.20) is only guaranteed on-shell. This

implies that correlation functions with multiple operator insertions involving Vα and Tm

may require the presence of other non-gauge invariant operators to define a globally gauge

invariant configuration, as we will see instantly.

The operators above have the following expected action on each other:〈
Wn(γ

(1))Vα(Π
(3),Ω(4))

〉
= exp

(
inαLink(γ(1),Π(3))

)
, (2.22)〈

Tm(Σ
(2)
1 ,Ω(3))Uβ(Σ

(2)
2 )
〉
= exp

(
imβ Link(Σ

(2)
1 ,Σ

(2)
2 )
)
, (2.23)

where Link(M (p),M (q)) denotes a 2-component link (defined in Appendix B) between the

manifolds M (p) and M (q). When M (p) and M (q) are even-dimensional (as for T and U), it

is antisymmetric.

We also have non-standard relations when some operators cross each other. Due to

the cubic interaction terms proportional to kAC2 in (2.15), the operators Tm and Vα satisfy:〈
Vα(Π

(3)
1 ,Ω

(4)
1 )Tm(Σ

(2),Ω
(3)
2 )
〉
=
〈
Vα(Π̃

(3)
1 , Ω̃

(4)
1 )Tm(Σ

(2),Ω
(3)
2 )Umαk

AC
2
(Ω̃

(4)
1 ∩ Ω

(3)
2 )
〉
, (2.24)〈

Tn(Σ
(2)
1 ,Ω

(3)
1 )Tm(Σ

(2)
2 ,Ω

(3)
2 )
〉
=
〈
Tn(Σ̃

(2)
1 , Ω̃

(3)
2 )Tm(Σ

(2)
2 ,Ω

(3)
2 )Wnmk

AC
2
(Ω̃

(3)
1 ∩ Ω

(3)
2 )
〉
, (2.25)

where on the left hand side we assumed that Ω1 ∩ Ω2 = 0. On the right-hand side,

we used a superscript ∼ to describe manifolds obtained from a smooth deformation of the
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corresponding manifolds appearing on the left-hand side. In (2.24) and (2.25), the operators

Umαk
AC

2
and Wnmk

AC
2
are typically defined on open manifolds terminating on Vα and Tm and

are therefore not gauge invariant. However, the presence of these open operators exactly

cancels the non-trivial off-shell gauge transformations of (2.19) and (2.20). Therefore, the

correlation functions are gauge-invariant despite involving manifestly non gauge-invariant

operators.

Finally, cubic interaction terms proportional to kA2
C and kA3 both give rise to non-

trivial phases in correlation functions involving insertions of three operators. For instance

we have〈
Vα1

(Π
(3)
1 )Vα2

(Π
(3)
2 )Tm(Σ

(2))
〉
= exp

(
ik̂A2

Cα1α2mLink(Π
(3)
1 ,Π

(3)
2 ,Σ(2))1

)
, (2.26)

where k̂A ≡ 1
4π
kA2

C and Link(Π
(3)
1 ,Π

(3)
2 ,Σ(2))1 is the triple linking number of type 1.6 (For

the definition of generalized linking numbers, see appendix B.) By a similar argument, we

also have that〈
Vα1

(Π
(3)
1 )Vα2

(Π
(3)
2 )Vα3

(Π
(3)
3 )
〉
= exp

(
ikA3

4π2 α1α2α3 Link(Π
(3)
1 ,Π

(3)
2 ,Π

(3)
3 )2

)
, (2.28)

where Π
(3)
1 ,Π

(3)
2 ,Π

(3)
3 are contractible 3-manifolds and Link(Π

(3)
1 ,Π

(3)
2 ,Π

(3)
3 )2 is the triple

linking number of type 2.

From (2.22) and (2.23) one gathers that V2π acts trivially on all Wn operators, and

similarly U2π acts trivially on Tm operators. For U2π, this trivial action extends to all

operators, and hence it can be recognized as the identity operator, implying that β is a

2π-periodic parameter. For V2π, there is a subtlety. While (2.24) is still compatible with

it being the identity, the relations (2.26) and (2.28) imply that V2π can still implement

a non-trivial action on Tm or other Vα operators whenever kA2
C ̸= 0 and kA3 ̸= 0. As a

consequence, the parameter α of Vα is truly 2π-periodic if and only if kA2
C = kA3 = 0,

otherwise the symmetry of the bulk theory generated by Vα is R.

6More explicitly, the phase on the right-hand-side can be written as

exp

(
imα1α2k̂A2

C

∫
δ(2)(Ω(3)) ∧

(
δ(1)(Ω

(4)
1 ) ∧ dδ(1)(Ω

(4)
2 ) + δ(1)(Ω

(4)
2 ) ∧ dδ(1)(Ω

(4)
1 )
))

. (2.27)
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2.3. Boundary Conditions and Genuine Operators

Within the standard symmetry TFT framework, the collection of topological operators

(2.18)-(2.21), along with appropriate boundary conditions on the dynamical 5d bulk fields,

will generate both topological symmetry operators and non-topological charged operators in

the boundary four-dimensional theory that enjoys the generalized Abelian global symmetry

structure which we are describing. This section aims to outline this process. We will

consistently examine the 5d Symmetry TFT (2.15) on a five-manifold X(5) featuring two

distinct boundaries: one, denoted as MP , where the physical theory resides, and the

other, denoted as MT , where we impose the topological boundary conditions for the bulk

dynamical fields.

The set of operators that can terminate on MT is determined by a choice of topological

boundary conditions. Once the Symmetry TFT bulk is shrunk, a charged operator of

the boundary physical theory on MP is typically considered genuine if it is attached to

a genuine bulk operator that can terminate on MT . We will actually slightly relax this

condition, by allowing in the configuration above also for non-genuine bulk operators whose

non-genuine part trivializes on MT .

To impose consistent boundary conditions on MT , two operators that can terminate

topologically on MT must act trivially on each other. Therefore, the allowed boundary

conditions are constrained by the relations (2.22)-(2.28). To ensure that the symmetries

of the physical theory are faithful, we must require that any operator acting trivially on

all operators terminating on MT must itself be able to terminate on MT . Consequently,

the operators allowed to terminate on MT must constitute a maximal set of mutually

transparent operators: these operators form a Lagrangian algebra of the TQFT.

Let us now suppose that M ∈ Z is the minimal non-trivial charge at which TM can

terminate on MT . From (2.23) it follows that U2π/M acts trivially on TM , so U2π/M must

also be trivialized on MT . Likewise, suppose that N ∈ Z is the minimal non-trivial charge

at which WN can terminate on MT . Then, by (2.22), also V2π/N must be trivial on MT .

Two operators terminating on MT may generate new operators through (2.24) and (2.25).

These new operators must be trivialized by the boundary conditions on MT implying that

M and N must satisfy the following constraint:

M2

N
kAC2 ∈ Z . (2.29)

Finally, to trivialize the triple linking relations (2.26) and (2.28) with insertions of V2π/N

11



and TM operators, we require the additional constraints:

M

N2kA2
C ∈ 2Z ,

1

N3kA3 ∈ Z .
(2.30)

From a boundary four-dimensional theory perspective, taking |N | ≠ 1 corresponds to gaug-

ing a Z(0)
N subgroup of the U(1)

(0)
A symmetry. Likewise, taking |M | ≠ 1 corresponds to

gauging a Z(1)
M subgroup of the magnetic U(1)

(1)
C symmetry. In what follows, we will solely

consider the particular case where N =M = 1, i.e., we do not gauge any discrete subgroup

of the U(1)
(0)
A and U(1)

(1)
C symmetries.

2.3.1. U(1)
(0)
A × U(1)

(0)
C without Mixed Anomalies

Let us first consider a four-dimensional theory with global symmetry U(1)
(0)
A ×U(1)

(0)
C

without mixed anomalies. In this case, gauging U(1)
(0)
C in four dimensions leads to a

five-dimensional Symmetry TFT obtained from (2.15) by setting kAC2 = kA2
C = 0:

S5 =
i

2π

∫
−b(3) ∧ dA(1) − f (2) ∧ dC(2) +

kA3

12π
A(1) ∧ dA(1) ∧ dA(1) . (2.31)

In this case, the bulk operators defined in (2.18)–(2.21) are all genuine operators. Boundary

conditions trivializing the operators W1 and T1 when they lie on MT must implement∫
γ
(1)⊂MT

A(1) ∈ 2πZ ,
∫
Σ

(2)⊂MT

C(2) ∈ 2πZ . (2.32)

One way to achieve this is by inserting the following boundary action on MT :

SMT
=

i

2π

∫
MT

A(1) ∧ dΦ̃(2) + C(2) ∧ dA(1)
f , (2.33)

where Φ̃(2) and A
(1)
f are U(1) gauge fields defined on MT . It is the sum over their fluxes

that yields the quantization of the holonomies in (2.32). They can also be seen as edge

modes for b(3) and f (2) respectively. Indeed, considering the terms proportional to δA(1)

and δC(2) in the boundary variation of the total action:

δ(S5 + SMT
)|MT

= 0 , (2.34)
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we find the following boundary equations of motion:

b(3)|MT
= dΦ̃(2) , f (2)|MT

= dA
(1)
f . (2.35)

Consistently with the Lagrangian algebra discussed above, these equations imply that pre-

cisely V2πn and U2πm are also trivialized when they lie on MT for all n,m ∈ Z.
Alternatively, the quantization conditions (2.32) can be implemented by introducing

U(1) edge modes for A(1) and C(2) as follows

A(1)|MT
= dΦ(0) , C(2)|MT

= dA
(1)
C . (2.36)

To make these edge modes appear explicitly in the boundary action, we can replace (2.33)

with the following action:

SMT
=

i

2π

∫
MT

b(3) ∧
(
dΦ(0) − A(1)

)
− f (2) ∧

(
dA

(1)
C − C(2)

)
. (2.37)

In this formulation, the sum over the fluxes of the edge modes implies that V2πn and U2πm

are trivial on MT . Of course, we have also the option of choosing a different presentation

of the boundary actions in each of the two sectors, which so far do not communicate.

The topological boundary can be constructed as the boundary of a half gauging. From

this construction, it is clear that this boundary should be gauge invariant. This means

that the gauge transformation of SMT
should cancel the boundary terms arising from the

transformation of the bulk action S5. This is true if we consider the following gauge

transformations for the edge modes:

b(3) → b(3) + dλ
(2)
b , f (2) → f (2) + dλ

(1)
f ,

A(1) → A(1) + dλ
(0)
A , C(2) → C(2) + dλ

(1)
C ,

Φ̃(2) → Φ̃(2) + dλ
(1)

Φ̃
+ λ

(2)
b , A

(1)
f → A

(1)
f + dλ

(0)
Af

+ λ
(1)
f ,

Φ(0) → Φ(0) + 2πnΦ + λ
(0)
A , A

(1)
C → A

(1)
C + dλ

(0)
AC

+ λ
(1)
C .

(2.38)

The boundary constraints (2.35) and (2.36) are invariant under these gauge transformations.

2.3.2. Non-Invertible U(1)
(0)
A Symmetry

In this subsection we will analyze a four dimensional theory in which the U(1)
(0)
A ×

U(1)
(0)
C global symmetry has a non-vanishing ’t Hooft anomaly coefficient kAC2 ̸= 0 while

13



kA2
C = 0. As discussed in section 2.1, gauging U(1)

(0)
C in such a theory will give rise to

an ABJ anomaly for the U(1)
(0)
A symmetry. Although the Symmetry TFT in this case is

a straightforward generalization of the theory presented in [19], here we provide additional

technical details that were not included in the above reference but are crucial for the further

generalizations discussed here.

Contrarily to the anomaly-free case, the bulk operators Tm and Vα defined in (2.20) and

(2.19) respectively are now non-genuine operators. We expect Tm to terminate on genuine

line operators charged under the U(1)
(1)
C symmetry of the physical theory but this is only

possible if Tm is itself a genuine operator, since the non-genuine part in (2.20) cannot be

trivialized by topological boundary conditions. Likewise, we want Vα to be identified to a

genuine symmetry operators of the U(1)
(0)
A symmetry. In both cases, these operators can

be rendered genuine by stacking them with a suitable TQFT.

Let us first consider Tm operators. A genuine version of these operators can be defined

as follows:

Tm(Σ
(2)) = exp

(
im

∫
Σ

(2)
C(2) + T

mk
AC

2

2d [A(1), f (2)]

)
, (2.39)

where T2d is a 2d U(1)/R mixed BF theory coupled to the bulk fields A(1) and f (2):

T p
2d[A

(1), f (2)] =
i

2π

∫
Σ

(2)
ϕ(1) ∧ dΥ(0) + pΥ(0)f (2) + ϕ(1) ∧ A(1) . (2.40)

Here, Υ(0) and ϕ(1) are respectively a dynamical U(1) scalar and a one-form R gauge field.7

The genuine operator Tm is gauge invariant if, alongside the bulk transformations (2.16),

we consider the following non-trivial gauge transformations for Υ(0) and ϕ(1):

Υ(0) → Υ(0) + 2πnΥ − λ
(0)
A , ϕ(1) → ϕ(1) + dλ

(0)
ϕ −mkAC2λ

(1)
f , (2.41)

where nΥ ∈ Z. In particular, the action (2.40) is invariant under large gauge transformation

of Υ(0) because the bulk equations of motion imply
∫
f (2) ∈ 2πZ.

This 2d TQFT possesses non-genuine topological operators:

exp

(
i
β

2π

∫
γ
(1)
ϕ(1) + i

β

2π
mkAC2

∫
Σ

(2)
γ

f (2)

)
, exp

(
in(Υ(0)(Pf )−Υ(0)(Pi)) + in

∫ Pf

Pi

A(1)

)
,

(2.42)

7This choice of TQFT is not unique. We could for example insert the coefficient p in the third term of
(2.40) instead of the second one, as considered in [19]. However, the present choice of TQFT leads to a simple
’t Hooft line in the physical theory.
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with ∂Σ(2)
γ = γ(1). The non-genuine parts of these operators are open bulk Uβ and Wn

operators that typically extend outside of Σ(2), and that by this mechanism can end topo-

logically on Tm for any β ∈ R and n ∈ Z, as required for consistency with (2.24) and

(2.25).

Let us now consider the topological operator Vα(Π
(3),Ω(4)) from (2.19). Its non-genuine

part involves the term:

− iα

8π2kAC2

∫
Ω

(4)
f (2) ∧ f (2) . (2.43)

Since f (2) satisfies the quantization condition
∫
f (2) ∈ 2πZ, when Ω(4) is a closed spin 4-

manifold, Vα(Π
(3),Ω(4)) does not depend on Ω(4) provided αkAC2 ∈ 2πZ. For these values of

α, Vα implements an invertible Z(0)
k
AC

2
symmetry on the physical boundary. For all the other

values of α, the integral (2.43) can be replaced by a 3d TQFT supported on Π(3) = ∂Ω(4)

whose action is [19]:

T αk
AC

2 [f (2)](Π(3)) =
i

2π

∫
Π

(3)
−
αkAC2

4π
c(1) ∧ dc(1) + Φ(1)(dc(1) + f (2)) , (2.44)

where c(1) is a R gauge field while Φ(1) is a U(1) gauge field. Assigning to the latter the

following gauge transformations:

c(1) → c(1) + dλ(0)c − λ
(1)
f , Φ(1) → Φ(1) + dλ

(0)
Φ −

αkAC2

2π
λ
(1)
f , (2.45)

we can then define the following genuine, topological and gauge invariant operators:

Vα(Π
(3)) = exp

(
iα

2π

∫
Π

(3)
b(3) + T αk

AC
2 [f (2)]

)
. (2.46)

The above operators closely resemble to, and indeed allow us to recover, the non-invertible

symmetry defects Dα(Π
(3)) of the four dimensional physical theory, as described in (2.10).

Using the definitions of genuine topological operators given in equations (2.39) and

(2.46), we can analyze the mutual action of T and V and compare the results with the

non-trivial relations (2.24)–(2.25). Note for instance that open Uβ operators can end on

Vα defects by embodying the non-genuine part of a line operator for Φ(1) in the 3d TQFT,

see Appendix C for further details.

With the genuine bulk operators now properly defined, we can turn our attention

to the topological boundary conditions. First of all, to account for the additional cubic

interaction term in the bulk action, the boundary conditions discussed in Section 2.3.1 need
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to be modified. For this purpose we introduce the following boundary action:

SMT
=

i

2π

∫
MT

b(3) ∧ (dΦ(0) − A(1)) + C(2) ∧ dA(1)
f −

kAC2

4π
Φ(0)dA

(1)
f ∧ dA(1)

f . (2.47)

The boundary equations of motion, including the sum over fluxes of the edge modes, lead

to the following expressions for the bulk fields when restricted on the boundary MT :

A(1)|MT
= dΦ(0) , b(3)|MT

= dΦ̃(2) +
kAC2

4π
A

(1)
f ∧ dA(1)

f ,

C(2)|MT
= dA

(1)
C +

kAC2

2π
Φ(0) ∧ dA(2)

f , f (2)|MT
= dA

(1)
f .

(2.48)

The edge modes must now also have kAC2-dependent terms in their gauge transformations:

Φ(0) → Φ(0) + 2πnΦ + λ
(0)
A , Φ̃(2) → Φ̃(2) + dλ

(1)

Φ̃
+ λ

(2)
b −

kAC2

4π
λ
(1)
f ∧ A(1)

f ,

A
(1)
C → A

(1)
C + dλ

(0)
AC

+ λ
(1)
C −

kAC2

2π
Φ(0)λ

(1)
f − nΦkAC2A

(1)
f , A

(1)
f → A

(1)
f + dλ

(0)
Af

+ λ
(1)
f .

(2.49)

With these gauge transformations, the transformation of the boundary action cancels the

boundary terms arising from the transformation of the bulk action, taking into account the

relations (2.48).

The boundary condition on A(1) allows W1 = exp(i
∫
A(1)) to terminate topologically

on MT . In order to see that also all Tm can terminate topologically on MT , we have to

consider not only the non-trivial boundary condition (2.48) on C(2), but also the fact that

the 2d TQFT defined on Tm(Σ
(2)) has appropriate boundary conditions. Taking ∂Σ(2) ⊂

MT , we select the boundary conditions that trivialize all the local operators of the TQFT

T2d, namely ∫
(ϕ(1) +mkAC2A

(1)
f ) ∈ 2πZ , Υ(0) + Φ(0) ∈ 2πZ , (2.50)

where we have used the edge modes on MT to write fully gauge invariant combinations.

The fact that all exp
(
in(Υ(0) + Φ(0))

)
operators are trivial on ∂Σ(2) is a required feature

since we want the Tm operators to define simple line operators of the physical theory

after slab compactification. In particular, any local topological operator living on this line

operator should be a multiple of the identity.

It is then possible to find an expression for the topological junction operator between

Tm(Σ
(2)) and MT imposing the boundary conditions (2.50) on the dynamical fields of the
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operator Tm:

exp

(
im

∫
∂Σ

(2)
A

(1)
C +

i

2π

∫
∂Σ

(2)
(Υ(0) + Φ(0))(mkAC2A

(1)
f − dΨ(0))

)
, (2.51)

where Ψ(0) is an edge mode for ϕ(1).

2.3.3. U(1)
(0)
A × U(1)

(0)
C with 2-Group Coefficient

Let us now instead focus on a four dimensional theory whose U(1)
(0)
A × U(1)

(0)
C global

symmetries have a non-vanishing ’t Hooft anomaly coefficient kA2
C ̸= 0 while kAC2 = 0. As

discussed in section 2.1, gauging U(1)
(0)
C in such a theory will give rise to a 2-group global

symmetry.

Consider first how to impose the topological boundary conditions in presence of a

non-vanishing kA2
C. We do so by introducing the following boundary action on MT :

SMT
=

i

2π

∫
MT

b(3) ∧ (dΦ(0) − A(1)) +

(
C(2) +

kA2
C

4π
dΦ(0) ∧ A(1)

)
∧ dA(1)

f , (2.52)

so that the bulk fields end up satisfying the following simple boundary constraints (we are

using kA2
C ∈ 2Z):

A(1)|MT
= dΦ(0) , b(3)|MT

= dΦ̃(2) ,

C(2)|MT
= dA

(1)
C , f (2)|MT

= dA
(1)
f .

(2.53)

These boundary conditions are gauge invariant provided that we consider the associated

gauge transformations for the edge modes:

Φ(0) → Φ(0) + 2πnΦ + λ
(0)
A , Φ̃(2) → Φ̃(2) + dλ

(1)

Φ̃
+ λ

(2)
b ,

A
(1)
f → A

(1)
f + dλ

(0)
Af

+ λ
(1)
f , A

(1)
C → A

(1)
C + dλ

(0)
AC

+ λ
(1)
C −

kA2
C

4π
λ
(0)
A dΦ(0) .

(2.54)

Turning to the definition of the extended operators of this theory, let us start with Vα. We

could define genuine bulk operators by stacking them with a TQFT as in the previous case.

However, in the present physical theory, the Vα operators implement a U(1)
(0)
A symmetry

which is invertible, since kAC2 = 0. Now, bulk Vα operators stacked with a TQFT are

non-invertible, and they would fail to reproduce the desired invertible U(1)
(0)
A operators of

the physical theory even when brought to the boundary. We then propose not requiring

Vα to be genuine throughout the entire bulk, but only on the topological boundary MT .
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Vα(Π
(3),Ω(4))
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(3))

M Mp
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Dβ(Π
(3)
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Dα(Π
(3)
1 )

U kαβ
2π

(Σ
(2)
Π )

Vβ

Vα

U kαβ
2π

Figure 1: On the left: insertion of a Vα(Π
(3),Ω(4)) operator in the bulk. The 4-dimensional

manifold Ω(4) can be opened on MT . After a slab compactification, Vα(Π
(3),Ω(4)) becomes

a genuine invertible Dα(Π
(3)) 0-form symmetry operator of the physical theory.

In fact, the boundary conditions (2.53) imply that, when the non-genuine part of Vα

lies on MT , it becomes trivial: ∫
Ω

(4)⊂MT

f (2) ∧ dA(1) = 0 , (2.55)

for any (open or closed) Ω(4) ⊂ MT . Using the above condition, Ω(4) appearing in the

definition of Vα can be opened on MT for any α ∈ R. In particular, if we choose ∂Ω(4) =

Π
(3)
MT

with Π
(3)
MT

⊂ MT , we can consider

Vα(Π
(3)
MT

) = exp

(
iα

2π

∫
Π

(3)
MT

b(3)
)
, (2.56)

which is a genuine topological operator. More generally, bulk Vα(Π
(3)) operators can be

attached to open cylinders of topology Π(3)×I, where I denotes a closed interval, terminat-

ing on MT .
8 As discussed above, these operators are non-genuine in the bulk but become

genuine at the topological boundary MT , see Fig. 1.

A very similar story applies to the operators Tm defined in (2.20) which are non-genuine

in the bulk. Their non-genuine part becomes trivial on the boundary:∫
Ω̃

(3)⊂MT

A(1) ∧ dA(1) = 0 , (2.57)

8This is similar to the symmetry TFT of 3d Chern-Simons where bulk line operators are attached to
cylinders ending on the boundary [54].
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by virtue of the condition A(1) = dΦ(0) on MT . Furthermore, the junction operator between

this non-genuine part and MT is trivial. Being genuine, they can further open by attaching

on a line operator of the edge mode A
(1)
C :

exp

(
im

∫
∂Σ

(2)
A

(1)
C

)
. (2.58)

Note that in principle, we could as well consider Tm operators that are genuine also

in the bulk, by replacing their non-genuine part by a T
m
2
k
A
2
C

2d [A(1), dA(1)] 2d TQFT on

Σ(2).9 Provided we properly take care of the boundary conditions of the TQFT degrees

of freedom, along the lines of the previous section, then these operators also give rise to

simple ’t Hooft lines on the boundary theory after slab compactification.

2.3.4. Most General U(1)
(0)
A × U(1)

(0)
C Symmetry Structure

We now finalize our analysis of the most general symmetry structures appearing in four

dimensional QFTs with U(1)
(0)
A × U(1)

(0)
C global symmetries and consider the case where

both ’t Hooft anomaly coefficients kA2
C and kAC2 are not equal to zero.

To impose the topological boundary conditions on MT , we introduce a topological

action including both cubic terms in (2.47) and (2.52):

SMT
=

i

2π

∫
MT

b(3)∧(dΦ(0)−A(1))+

(
C(2) +

kA2
C

4π
dΦ(0) ∧ A(1)

)
∧dA(1)

f −
kAC2

4π
Φ(0)dA

(1)
f ∧dA(1)

f .

(2.59)

The boundary conditions imposed by this action are:

A(1)|MT
= dΦ(0) , b(3)|MT

= dΦ̃(2) +
kAC2

4π
A

(1)
f ∧ dA(1)

f ,

C(2)|MT
= dA

(1)
C +

kAC2

2π
Φ(0) ∧ dA(2)

f , f (2)|MT
= dA

(1)
f ,

(2.60)

whose associated edge modes gauge transformations are given by

Φ(0) → Φ(0) + 2πnΦ + λ
(0)
A , A

(1)
f → A

(1)
f + dλ

(0)
Af

+ λ
(1)
f ,

Φ̃(2) → Φ̃(2) + dλ
(1)

Φ̃
+ λ

(2)
b −

kAC2

4π
λ
(1)
f ∧ A(1)

f ,

A
(1)
C → A

(1)
C + dλ

(0)
AC

+ λ
(1)
C −

kA2
C

4π
λ
(0)
A dΦ(0) − nΦkAC2A

(1)
f −

kAC2

2π
Φ(0)λ

(1)
f .

(2.61)

9For instance, we need to do this if we want to wrap them around a 2-cycle which is not a boundary. In
this case, the operators of the 2d TQFT will play a crucial role to reproduce the relations (2.26).
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With these transformations, the boundary term arising from the variation of the bulk action

is canceled by the transformation of the action (2.59).

Concerning the operators of the theory, we see that in this general case the non-genuine

sector of the Vα operators (2.19) consists of two terms. The term proportional to kAC2 can

be removed by introducing the 3d TQFT T α[f (2)] exactly as described in subsection 2.3.2,

with the consequence of making them non-invertible. The remaining term, proportional to

kA2
C, can be opened on MT without introducing another TQFT, as in subsection 2.3.3.

The Vα operators are then both non-invertible and non-genuine, as they are attached to

MT through a cylinder:

Vα(Π
(3),Ω(4)) = exp

(
iα

2π

∫
Π

(3)
b(3) + T αk

AC
2 [f (2)]− iα

8π2kA2
C

∫
Ω

(4)
f (2) ∧ dA(1)

)
, (2.62)

where ∂Ω(4) = Π(3) ∪ Π
(3)
MT

, with Π
(3)
MT

⊂ MT .

Looking at (2.20), we see that also the non-genuine part of Tm consists of two terms.

One option is to do as for Vα, and define operators which are both dressed by a TQFT

and non-genuine. However in this case, it is perhaps simpler to define a completely genuine

version of these operators, since both terms can be replaced by a single 2d TQFT. This

theory can be expressed as follows,

T ml
2d

[
A(1),

kA2
C

2l
dA(1) +

kAC2

l
f (2)
]
=

i

2π

∫
Σ

(2)
ϕ(1) ∧ dΥ(0) +mΥ(0)

(
kA2

C

2
dA(1) + kAC2f (2)

)
+ ϕ(1) ∧ A(1) ,

(2.63)

where l ≡ gcd(1
2
kA2

C, kAC2) appears because∫
Σ

(2)

(
kA2

C

2
dA(1) + kAC2f (2)

)
∈ 2πlZ , (2.64)

for any closed 2-manifold Σ(2). Clearly, when kAC2 = 0 or kA2
C = 0, we recover T

m
2
k
A
2
C

2d [A(1), dA(1)]

and T
mk

AC
2

2d [A(1), f (2)] respectively.

The various relations among these Vα and Tm operators can be argued, as in the

previous sections, to reproduce relations equivalent to (2.24)–(2.26). As for the boundary

conditions on the dynamical fields of T ml
2d on MT , they can be obtained with the same

arguments as in Section 2.3.2. In particular, the line operator living at the junction between

Tm and MT is still (2.51).
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2.4. Scheme Dependence of the Anomaly Coefficients

A peculiar feature of four-dimensional theories with an Abelian 2-group global symme-

try as in (2.5) is that their cubic ’t Hooft anomaly coefficient kA3 is not completely scheme

independent [4]. Thanks to the symmetry TFT introduced in (2.15), we can easily analyze

how the anomaly coefficients can be further shifted in the presence of a non-trivial ABJ

coefficient kAC2 .

The basic idea is that, under a field redefinition:

f (2) → f (2) + ℓdA(1) , (2.65)

with ℓ ∈ Z, the action (2.15) acquires the additional terms

i

2π

∫
X

(5)
−ℓdA(1) ∧ dC(2) +

2ℓkAC2

4π
f (2) ∧ A(1) ∧ dA(1) +

3ℓ(ℓkAC2 + kA2
C)

12π
A(1) ∧ dA(1) ∧ dA(1) ,

(2.66)

The first term is a total derivative whose integral over closed manifolds is always in 2πiZ,
it is therefore trivial in the bulk. The remaining terms induce the following shifts of the

anomaly coefficients:

kA2
C → kA2

C + 2ℓkAC2 , kA3 → kA3 + 3ℓ(ℓkAC2 + kA2
C) . (2.67)

Since kA2
C and kAC2 have the same parity (see Appendix A), the term 3ℓ(ℓkAC2 + kA2

C) is

always an integer multiple of 6. Moreover, 2ℓkAC2 is always even, therefore the shift of kA2
C

does not change its parity and it still satisfies kA2
C = kAC2 mod 2.

Note that the shifts (2.67) highlight a new effect which was absent in theories with only

2-group global symmetry, namely that the presence of a non-invertible symmetry can induce

a 2-group coefficient. From the physical theory perspective, this can be seen as redefining

transformations of parameter α of U(1)
(0)
A as a combination of a U(1)

(0)
A transformation and

a gauge transformation of the U(1)
(0)
C gauge symmetry of parameter lα. The charges qAi

becomes qAi + lqCi and the anomaly coefficients computed with the new charges are

k′
AC

2 = kAC2 , k′
A
2
C
= kA2

C + 2ℓkAC2 , k′
A
3 = kA3 + 3ℓ(ℓkAC2 + kA2

C) , (2.68)

where we used kC3 = 0.
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3. Examples

In this section, we explore the generalized Abelian symmetry structure of the four-

dimensional theories described in Section 2 by examining a few simple and explicit models.

We will follow a strategy inspired by [4], namely we first consider a so called “parent” theory

denoted by T1 with U(1)
(0)
A ×U(1)

(0)
C global symmetry and non-vanishing ’t Hooft anomaly

coefficients kA2
C and kAC2 to produce a “daughter” theory T2 obtained from gauging the

U(1)
(0)
C symmetry. We will then discuss how to deform the theory T2 while preserving the

generalized symmetry structure, to understand how T2 evolves under the RG flow. We first

consider a gapless example corresponding to a vacuum where all the symmetry structure is

spontaneously broken, and then a gapped example where the unbroken symmetry structure

is encoded by a topologically ordered low-energy phase.

3.1. Gapless Example

It turns out that for both our examples, we can start with a parent theory T1 consisting

of four fermions and a scalar. The key point is to assign appropriate charges under U(1)
(0)
A ×

U(1)
(0)
C such that kA2

C and kAC2 are non-zero, while retaining kC3 = 0. This is necessary to

obtain the daughter theory T2. The scalar field then has a charge under U(1)
(0)
A in order to

break the symmetry and gap the fermions through Yukawa couplings, after it condenses.

As for its charge under U(1)
(0)
C , it has to vanish in our first example, since we want the

U(1)C photon to remain massless after condensation of the scalar.

Therefore, we consider a parent theory T1 consisting of Nf = 4 massless Weyl fermions

ψi
α and a complex scalar field ϕ transforming under U(1)

(0)
C × U(1)

(0)
A with the following

charges:

Field ψ1
α ψ2

α ψ3
α ψ4

α ϕ

U(1)
(0)
A qA1 = 3 qA2 = 4 qA3 = 5 qA4 = −6 qAϕ = 1

U(1)
(0)
C qC1 = 1 qC2 = −1 qC3 = 1 qC4 = −1 qCϕ = 0
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The relevant ’t Hooft anomaly coefficients in T1 (see appendix A for details) are:10

kC3 = kA3 = 0 ,

kAC2 = 3 + 4 + 5− 6 = 6 ,

kA2
C = 9− 16 + 25− 36 = −18 .

(3.1)

Since the kC3 anomaly vanishes we are allowed to gauge U(1)
(0)
C → U(1)

(0)
C to obtain the

daughter theory T2 which is a simple example of chiral Abelian gauge theory possessing

the generalized symmetry structure that we introduced in section 2.

We are interested in analyzing the dynamics of T2 by deforming the model with the

scalar field ϕ. As long as ϕ has a mass term such that it does not acquire a VEV, T2 is IR

free. Moreover, its magnetic 1-form symmetry current j
(2)
C defined in (2.6) decouples and

the theory flows to a model in which the entire generalized Abelian symmetry structure is

unbroken, though realized rather trivially. We will not be interested in this phase.

A more interesting scenario can be obtained by adding a Goldstone-like potential for ϕ

together with Yukawa couplings between ϕ and the fermions. When ϕ acquires a vacuum

expectation value ⟨ϕ⟩ = v, the Yukawa interactions can be used to give mass to all the

fermions. The VEV also spontaneously breaks the U(1)
(0)
A symmetry in T1, so that the

phase of ϕ will become a Goldstone boson.

Given the above charges, a symmetry-preserving Yukawa interaction is for instance

LY = λ12ϕ
7
ψ1ψ2 + λ34 ϕψ

3ψ4 + (c.c.) . (3.2)

Other choices are possible but they will not affect our discussion. We should also not be

concerned by the high dimension of one of the terms appearing above, as this toy model

is not intended to be UV complete.

When the scalar field ϕ acquires a VEV, thus spontaneously breaking the U(1)
(0)
A

symmetry in T1, the terms in (3.2) give a mass to all the fermions. The U(1)
(0)
C symmetry

on the other hand remains unbroken. The IR of T1 is thus described by a Nambu-Goldstone

boson for U(1)
(0)
A together with suitable terms to match both kA2

C and kAC2 anomalies.

To obtain T2 we now need to gauge U(1)
(0)
C → U(1)

(0)
C and obtain a model, known as

Goldstone-Maxwell, describing the spontaneously broken abelian symmetry structure that

we identified in this work.11

10This theory also has a k
AP

2 mixed anomaly [4], we will not be concerned by it here.
11Similar theories, with k

AC
2 = 0, have also been discussed in the context of axion physics [45–47].
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The Goldstone-Maxwell model can be obtained directly from the Symmetry TFT by

choosing appropriate boundary conditions, not only at the topological boundary, but also

at the physical one. For this, we will explicitly write boundary actions on MP and MT

imposing boundary conditions on the dynamical bulk fields. Performing a slab compactifi-

cation leads to the physical theory corresponding to this symmetry TFT setup. The choice

of boundary action on MP is strongly informed by the discussions in [55], though with a

slightly different perspective, that we will comment upon at the end of this section.

Let us recall the bulk action of the symmetry TFT which is given by (2.15) where we

set kA3 = 0:

S5 =
i

2π

∫
X

(5)
−b(3) ∧ dA(1) − f (2) ∧ dC(2) +

kAC2

4π
A(1) ∧ f (2) ∧ f (2)

+
kA2

C

4π
f (2) ∧ A(1) ∧ dA(1) .

(3.3)

We then introduce on MT the topological boundary action (2.59) allowing the operators

W1, T1, V2π and U2π to terminate topologically on this boundary.

On the physical boundary, the gauge degrees of freedom of the bulk fields can become

dynamical. This implies that the gauge transformations of the bulk should be interpreted

as global transformations on this boundary. In particular, we want gauge transformations

of A(1) and C(2) to respectively become global U(1)
(0)
A and U(1)

(1)
C transformations. On

the other hand, the gauge transformations of b(3) and f (2) are not associated to global

symmetries of the model described above. We will therefore fix the gauge of b(3) and f (2)

on MP and consider only gauge transformations where λ
(2)
b and λ

(1)
f vanish on MP . On

MP , we consider the following boundary action:

SMP
=
R2

4π

∫
MP

(
A(1) − A(1)

)
∧ ∗
(
A(1) − A(1)

)
+

∫
MP

i

2π

[
C(2) − C(2) +

kA2
C

4π
A(1) ∧ A(1)

]
∧ dY (1) +

1

2e2
dY (1) ∧ ∗dY (1) ,

(3.4)

where Y (1) is an edge mode on MP , while A(1) and C(2) are background gauge fields also

defined there. The background fields A(1) and C(2) allow us to consider non-trivial gauge

transformations of A(1) and C(2) on MP . We consider the following gauge transformations

for the boundary fields:

Y (1) → Y (1) + dλ
(0)
Y , A(1) → A(1) + dλ

(0)
A , C(2) → C(2) + dλ

(1)
C −

kA2
C

4π
dλ

(0)
A ∧ A(1) . (3.5)
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However, when kAC2 ̸= 0 introducing background fields is not enough to obtain gauge

invariance on MP . Indeed one gets

δ(SMP
+ S5)|MP

=
−ikAC2

8π2

∫
MP

λ
(0)
A f (2) ∧ (f (2) − 2dY (1)) . (3.6)

The boundary MP is gauge invariant only if this additional term is in 2πZ. This implies

that we need to restrict the gauge transformations to parameters satisfying kAC2λ
(0)
A ∈ 2πZ,

meaning we can only consider gauge transformations for a Z(0)
k
AC

2
subgroup of U(1)

(0)
A . This

is not a surprise, since we only expect a well-defined coupling to a background gauge field

for invertible symmetry transformations, which is precisely the case for Z(0)
k
AC

2
⊂ U(1)

(0)
A .

We will nevertheless continue to use general λ
(0)
A in the following, as they help unveil also

the non-invertible part of the symmetry structure.

The boundary action (3.4) imposes the following conformal boundary conditions:

b(3) −
kA2

C

4π
f (2) ∧ (A(1) − A(1)) = −iR2 ∗ (A(1) − A(1)) ,

d

[
C(2) − C(2) +

kA2
C

4π
A(1) ∧ A(1) − i

2π

e2
∗ dY (1)

]
= 0 , f (2) = dY (1) .

(3.7)

These boundary conditions are gauge invariant, provided the following subtlety. In the

expression between brackets the following term does not cancel:

δC(2) ⊃
kAC2

2π
λ
(0)
A f (2) = nf (2) , (3.8)

where we used kAC2λ
(0)
A = n ∈ Z. Since the boundary condition imposes df (2) = 0, this

extra term is eventually annihilated by the exterior derivative.

Now, the constraint on C(2) can be solved as follows:

C(2) − C(2) +
kA2

C

4π
A(1) ∧ A(1) − i2π

e2
∗ dY (1) = dỸ (1) . (3.9)

The term
k
AC

2

2π
λ
(0)
A f (2) arising from the gauge transformation of C(2) is not annihilated by an

exterior derivative anymore, so that gauge invariance of (3.9) requires the following gauge

transformation for Ỹ (1):

Ỹ (1) → Ỹ (1) + dλ
(0)

Ỹ
+
kAC2

2π
λ
(0)
A Y (1) . (3.10)

25



Since both Y (1) and Ỹ (1) are U(1) fields, this gauge transformation is only well defined if

kAC2λ
(0)
A ∈ 2πZ, i.e., if we only consider transformations belonging to the Z(0)

k
AC

2
(invertible)

subgroup of U(1)
(0)
A .

Let us now shrink the bulk to get an on-shell action which is given by SGM = SMP
−

SMT
.12 Using the expressions (2.59) and (3.4), and substituting all the bulk fields with

edge modes, we get

SGM =
R2

4π

∫ (
dΦ(0) − A(1)

)
∧ ∗
(
dΦ(0) − A(1)

)
+

1

2e2

∫
dA

(1)
f ∧ ∗dA(1)

f

+
ikAC2

8π2

∫
Φ(0) ∧ dA(1)

f ∧ dA(1)
f +

ikA2
C

8π2

∫
A(1) ∧ dΦ(0) ∧ dA(1)

f − i

2π

∫
C(2) ∧ dA(1)

f ,

(3.11)

where we have further identified dA
(1)
f = dY (1) since they are both equated to f (2).

The first three terms in SGM correspond to the action of the Goldstone-Maxwell model

and the last two are couplings to background fields. Note that the Goldstone-Maxwell

theory possesses more symmetries than the ones described by the symmetry TFT.13 Indeed

the theory (3.11) has an emergent U(1)(2)w winding symmetry whose current is ∗ 1
2π
dΦ(0) and

an emergent electric U(1)(1)e symmetry due to the dynamical U(1) gauge field A
(1)
f . When

kAC2 ̸= 0, the latter symmetry is non-invertible.

Let us conclude this section with some comments on the differences and similarities

between [55] and our approach. First, in order to describe a holographic duality between

a bulk and a boundary theory, the work [55] introduces only a single boundary component

and performs the gauging of a Lagrangian algebra inside the bulk. This procedure is

equivalent to the slab compactification described in our work. Indeed, instead of gauging

the Lagrangian algebra in the full bulk, we can first consider (half-)gauging in a subregion

of the bulk. Gauging a Lagrangian algebra in a TQFT trivializes the TQFT, therefore, the

half-gauging procedure creates a topological boundary between the bulk TQFT and a trivial

theory. Such boundary corresponds to the topological boundary MT in the symmetry TFT

setup. The slab compactification corresponds to superimposing such topological boundary

with the physical one, which can be interpreted as gauging the Lagrangian algebra of the

full bulk, as described in [55].

We also note that, to study the 4d U(1)
(0)
A chiral anomaly, the authors of [55] freeze

12Here we are taking into account the opposite orientation of the two boundaries of the slab.
13The symmetry TFT of Goldstone-Maxwell can be obtained from (2.15) by replacing the U(1) fields A(1)

and C(2) by R fields a(1) and c(2).
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the gauge transformation of this symmetry by setting λ
(0)
A = 0 at the boundary. However,

when kAC2 ̸= 1, we expect the physical theory to exhibit an invertible Z(0)
k
AC

2
symmetry with

well-defined gauge transformations. Introducing the edge modes Y (1) and Ỹ (1), as we did

in (3.4) and (3.9), allows us to preserve the Z(0)
k
AC

2
gauge transformations. The necessity of

introducing these edge modes can be related to the Witten effect, as explained in the next

subsection. Note that when kAC2 = 0, the edge modes are not required and can consistently

be integrated out. In this case, we recover the action used in [55] to analyze a 4d theory

with higher-group symmetry.

3.1.1. Comments on ’t Hooft Line Operators

In this subsection, we point out a subtlety concerning the ’t Hooft lines in the Goldstone-

Maxwell theory (3.11), and how our symmetry TFT set up provides the simplest fix.

Let us consider the insertion of a ’t Hooft line Hm(γ
(1)). By definition, a ’t Hooft

line of charge m is an operator imposing
∫
Σ

(2) dA
(1)
f = 2πm when integrated on a 2-cycle

with linking number one with γ(1). Such operator can be defined as the boundary of the

following operator:

Hm(γ
(1)) = exp

(
2πm

∫
Σ

(2)
γ

∗j(2)e

)
, (3.12)

where ∂Σ(2)
γ = γ(1) and ∗j(2)e is the current of the U(1)(1)e symmetry shifting A

(1)
f by a closed

1-form.14 Extracting j(2)e from (3.11), we therefore have

Hm(γ
(1)) = exp

(
−2πm

e2

∫
Σ

(2)
γ

∗dA(1)
f + im

∫
Σ

(2)
γ

(
C(2) +

kA2
C

4π
dΦ(0) ∧ A(1) −

kAC2

2π
Φ(0) ∧ dA(1)

f

))
.

(3.13)

From the above expression, it is easy to check that ’t Hooft lines are not invariant

under the gauge transformation Φ(0) → Φ(0) + 2πnΦ, rather they transform as

Hm(γ
(1)) → Hm(γ

(1)) exp

(
−imnΦkAC2

∫
γ
(1)
A

(1)
f

)
. (3.14)

This fact was observed in [29] (see also [56]), where, in order to get a gauge invariant

operator, it was suggested to insert a quantum mechanics (QM) on the t’Hooft line to

compensate the phase.

14Despite involving Σ(2)
γ in its definition, Hm(γ) is a genuine operator. Indeed, if Σ(2) is closed, the operator

(3.12) implements a U(1)(1)e transformation of parameter 2πm. It is therefore trivial.
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From our symmetry TFT perspective, this QM arises from the stacking of Tm with the

two-dimensional TQFT T2d, as in (2.39) and (2.40). Let us reconsider the slab compactifi-

cation for T2d: the topological boundary conditions on MT are imposed by the boundary

action appearing in (2.51).15 On MP , as for the whole theory, we can choose to impose

the following conformal boundary condition:

∗Υ(0) = iLϕ(1) , (3.16)

with L a parameter with the dimension of length. This boundary condition can be imposed

by inserting the following action at the junction between Tm and MP

1

4πL

∫
γ
(1)

Υ(0) ∧ ∗Υ(0) . (3.17)

After superimposing the two boundaries, the ’t Hooft line is stacked with the following

theory:
1

4πL

∫
γ
(1)

Υ(0) ∧ ∗Υ(0) +
i

2π

∫
γ
(1)

(
Υ(0) + Φ(0)

)(
mkAC2Af − dΨ(0)

)
. (3.18)

Integrating out Υ(0) gives∫
γ
(1)

L

4π

(
dΨ(0) −mkAC2A

(1)
f

)
∧∗
(
dΨ(0) −mkAC2A

(1)
f

)
− i

2π
Φ(0)

(
dΨ(0) −mkAC2Af

)
, (3.19)

reproducing precisely the QM dressing proposed in [29], that leads to a simple ’t Hooft

line. The shift Φ(0) → Φ(0)+2πnΦ inserts a Wilson line of charge mnΦkAC2 on the ’t Hooft

line canceling the one obtained in (3.14). This implies that the ’t Hooft line coupled with

the QM is invariant under the shift Φ(0) → Φ(0) + 2πnΦ and is therefore gauge invariant.

Note finally that both the expression (3.13) and the boundary term (3.17) are not invariant

under gauge transformations of parameter λ
(0)
A . However, in the physical theory, this is a

transformation of a global symmetry, not a gauge transformation, so that it needs not be

cancelled.

15To cancel the gauge transformation of Hm, this action must be inserted with the appropriate orientation.
Using the boundary conditions on MT and MP , the expression (3.13) can be written as

Hm(γ(1)) = exp

(
im

∫
γ
(1)

A
(1)
C − Ỹ (1)

)
. (3.15)

Comparing the A
(1)
C dependent part with the junction operator (2.51), this allows us to select the correct sign

for the boundary action. Note that this expression for the ’t Hooft line requires (3.10) to have the correct
global symmetry transformation.

28



3.2. Gapped Example

We now move to study a different example where the scalar Higgs field ϕ is charged

under the U(1)C gauge symmetry of T2. As we will see, this drastically changes the IR

dynamics and leads to a gapped phase described by a topological quantum field theory.

Let us consider the following family of theories:

Field ψ1
α ψ2

α ψ3
α ψ4

α ϕ

U(1)
(0)
A qA1 = a qA2 = b qA3 = −a qA4 = −b qAϕ = b− a

U(1)
(0)
C qC1 = x qC2 = −x qC3 = y qC4 = −y qCϕ = y − x

where a, b, x, y are all integer numbers. The ’t Hooft anomaly coefficients following from

this charge assignment are:

kC3 = kA3 = 0 ,

kAC2 = −(b+ a)(y + x)(y − x) ,

kA2
C = −(b+ a)(b− a)(y + x) .

(3.20)

Note that they satisfy the relation

kA2
C =

qAϕ

qCϕ
kAC2 , (3.21)

which we will use below.

These theories allow the following symmetry-preserving Yukawa interactions:

LY = λ14ϕψ
1ψ4 + λ23ϕψ

2ψ3 + (c.c.) . (3.22)

As in the previous section, when ϕ acquires a VEV ⟨ϕ⟩ = v, a real massless boson remains

in the ungauged theory T1, while the Yukawa interactions give a mass to all fermions

in the theory. After going to T2 by gauging, since qCϕ ̸= 0, the Goldstone boson is not

invariant under transformations of the U(1)C gauge symmetry. The U(1)C gauge symmetry

is therefore Higgsed to a Z
q
C
ϕ
gauge symmetry. All dynamical fields in the theory are

massive, so that we conclude that the T2 theory is gapped and the non-trivial anomaly

matching in the IR must be realized by a Z
q
C
ϕ
TQFT with unbroken Abelian symmetry

29



structure.16

To obtain a TQFT as a physical theory upon shrinking the bulk of the Symmetry TFT,

we need to consider topological boundary conditions on both boundaries. For simplicity,

we restrict our study to the case where qAϕ = 1.

On MT , we already discussed topological boundary conditions around equation (2.60).

For later convenience, we will not implement them using the boundary action (2.59) but

with an equivalent action (based on (2.33)) where the edge mode Φ̃(2) appears explicitly:

SMT
=
i

2π

∫
MT

A(1) ∧
(
dΦ̃(2) +

kAC2

4π
A

(1)
f ∧ dA(1)

f

)
+ C(2) ∧ dA(1)

f . (3.23)

The boundary conditions imposed by this action are:17

b(3) = dΦ̃(2) +
kA2

C

4π
A(1) ∧ dA(1)

f +
kAC2

4π
A

(1)
f ∧ dA(1)

f , f (2) = dA
(1)
f . (3.24)

These boundary conditions are gauge invariant if we consider:

Φ̃(2) → Φ̃(2) + dλ
(1)

Φ̃
+ λ

(2)
b −

kAC2

4π
λ
(1)
f ∧ A(1)

f −
kA2

C

4π

(
λ
(1)
f ∧ A(1) + λ

(0)
A d(A

(1)
f + λ

(1)
f )
)
,

A
(1)
f → A

(1)
f + dλ

(0)
Af

+ λ
(1)
f .

(3.25)

Moreover, the transformation of the action SMT
exactly cancels the boundary terms arising

from the gauge transformation of the bulk action.

On the physical boundary MP , we should introduce an action resembling (3.4) but

which is nevertheless topological. The action (3.4) can be equivalently written as

SMP
=

∫
MP

i

2π

(
A(1) − A(1)

)
∧ dX(2) +

1

4πR2dX
(2) ∧ ∗dX(2)

+

∫
MP

i

2π

[
C(2) − C(2) +

kA2
C

4π
A(1) ∧ A(1)

]
∧ dY (1) +

1

2e2
dY (1) ∧ ∗dY (1) .

(3.26)

We can then replace the two non-topological kinetic terms for the edge modes X(2) and

16Note that the VEV of ϕ does not break the global symmetry arising from a transformations under U(1)
(0)
A

that is compensated by a gauge transformation in U(1)
(0)
C . Another comment is that if qCϕ = 1, then the IR

is trivially gapped.
17Note that these boundary conditions are simply related to the one discussed in equation (2.60) through

a field redefinition of Φ̃(2).
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Y (1) with a topological BF term implementing the fact that we expect a Z
q
C
ϕ
gauge theory

in this gapped vacuum:

SMP
=

i

2π

∫
MP

(A(1)−A(1))∧dX(2)−qCϕX(2)∧dY (1)+

(
C(2) − C(2) +

kA2
C

4π
A(1) ∧ A(1)

)
∧dY (1) .

(3.27)

This action imposes the following boundary conditions:

f (2) = dY (1) , b(3) = dX(2) +
kA2

C

4π
(A(1) − A(1)) ∧ dY (1) . (3.28)

The boundary condition on C(2) can be written as follow:

C(2) − C(2) +
kA2

C

4π
A(1) ∧ A(1) = dỸ (1) + qCϕX

(2) (3.29)

As in the gapless case, this constraint requires a non-trivial gauge transformation for Ỹ (1)

when kAC2 ̸= 0:

Ỹ (1) → Ỹ (1) + dλ
(0)

Ỹ
− qCϕλ

(1)
X +

kAC2

2π
λ
(0)
A Y (1) , (3.30)

since both fields are U(1), this shift requires kAC2λ
(0)
A ∈ 2πZ, as in the gapless case.

As in the previous section, we fix the gauge of b(3) and f (2) on MP . This action and

the boundary conditions are therefore gauge invariant if we consider the following gauge

transformations for X(2) and Y (1):

X(2) → X(2) + dλ
(1)
X , Y (1) → Y (1) + dλ

(0)
Y . (3.31)

Upon shrinking the five dimensional bulk, we get the following action:

SMP
− SMT

=
i

2π

∫
(A(1) − A(1)) ∧ dX(2) − qCϕX

(2) ∧ dY (1) + (C(2) − C(2) +
kA2

C

4π
A(1) ∧ A(1)) ∧ dY (1)

− i

2π

∫
A(1) ∧

(
dΦ̃(2) +

kAC2

4π
A

(1)
f ∧ dA(1)

f

)
+ C(2) ∧ dA(1)

f .

(3.32)

After integrating out A(1) and C(2), we get immediately

SBF = − i

2π

∫
A(1) ∧ dX(2) + qCϕX

(2) ∧ dY (1) + C(2) ∧ dY (1) . (3.33)
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Using the equations of motion, and the relation kAC2 = qCϕkA2
C that descends from (3.21),

we can equivalently write the action in terms of the other edge modes Φ̃(2) and A
(1)
f :

SBF =− i

2π

∫
A(1) ∧ dΦ̃(2) + qCϕ Φ̃

(2) ∧ dA(1)
f + C(2) ∧ dA(1)

f . (3.34)

In both its variants, this is the characteristic four-dimensional BF action of a Z(0)

q
C
ϕ

gauge

theory coupled to the background fields A(1) and C(2). The above action obtained from the

symmetry TFT coincide with the one obtained in [4] when kAC2 = 0.

The anomaly and generalized Abelian symmetry structure of (3.33) and (3.34) are

hidden inside the non-trivial gauge transformations of their background and dynamical

fields. Indeed, let us first consider the following gauge transformation:

C(2) → C(2) + dλ
(1)
C −

kA2
C

4π
dλ

(0)
A ∧ A(1) . (3.35)

Using the above transformation in (3.33), together with the standard ones for the other

fields, we get

SBF → SBF −
ikA2

C

8π2

∫
λ
(0)
A ∧ dA(1) ∧ dY (1) . (3.36)

This is exactly the anomaly that leads to a 2-group, related to the conservation equation

(2.4). Taking now the expression (3.34) for the same theory, and recalling that also Φ̃(2)

still has a non-trivial transformation after setting λ
(1)
f = 0 = λ

(2)
b :

Φ̃(2) → Φ̃(2) + dλ
(1)

Φ̃
−
kA2

C

4π
λ
(0)
A ∧ dA(1)

f , (3.37)

we see that the action transforms as

SBF → SBF +
ikAC2

8π2

∫
λ
(0)
A ∧ dA(1)

f ∧ dA(1)
f , (3.38)

where we have used again the relation kAC2 = qCϕkA2
C. This is now exactly what one expects

in a theory with an ABJ anomaly, as in (2.8).

At first, it would seem that this theory has a different anomaly according to the

variables in which one decides to write it. However as we already stressed, these two

variants are equivalent. In fact, in this very simple topological theory, the two types of

anomalies are two ways to see the same effect. Indeed, the equations of motion of X(2), or
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of Φ̃(2), imply that

dA(1) = −qCϕdY (1) = −qCϕdA
(1)
f . (3.39)

It is then straightforward to see that the two anomalies are equivalent on-shell.

Finally, we would like to stress that (as in the gapless example) the non-invariance

of the theory under a gauge transformation with parameter λ
(0)
A implies that A(1) cannot

be interpreted as a conventional background gauge field for U(1)
(0)
A . It can however be

rightfully considered as a background Z(0)
k
AC

2
gauge field.

4. A Toy Model in Five Dimensions

In this section, we examine another example of a theory that exhibits both non-

invertible and higher-group symmetries. This theory is remarkably simple, defined in five

dimensions, with a single (vector) gauge field and one non-trivial topological interaction.

We will observe that it reproduces many of the key features we encountered earlier in our

four-dimensional discussion. One advantage of this example is that its symmetry struc-

ture exists inherently, without the need for any gauging. As in the four-dimensional case,

we will frame much of our analysis in terms of a six-dimensional Symmetry TFT and its

associated boundary conditions.

4.1. Maxwell-Chern–Simons Theory

Let us consider the following 5-dimensional Maxwell theory in Euclidean signature, to

which we add a cubic Chern-Simons-like interaction term:

S[A(1)] =
1

2

∫
dA(1) ∧ ∗dA(1) − ik

24π2

∫
A(1) ∧ dA(1) ∧ dA(1) . (4.1)

Note that the U(1) Chern–Simons term can be written as

kCS5[A
(1)] = −2π · k

6(2π)3

∫
Y

(6)
F (2) ∧ F (2) ∧ F (2) , (4.2)

where F (2) = dA(1) and ∂Y (6) =M (5). On generic Y (6), k must be an integer multiple of 6.

If Y (6) is spin and its first Pontryagin class, p1, is equal to zero, the quantization condition

can be relaxed and k ∈ Z. Unless otherwise stated we will always assume that Y (6) is a

spin manifold with p1 = 0.

When k = 0, the theory is invariant under a U(1)(1)e electric global symmetry whose
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transformations act on A(1) as

A(1) → A(1) + λ(1)e , (4.3)

with λ(1)e a closed 1-form. The conserved current associated with this symmetry is

J (2)
e = −dA(1) . (4.4)

When k ̸= 0, the conservation law of this current becomes

d ∗ J (2)
e = − ik

8π2dA
(1) ∧ dA(1) . (4.5)

The presence of the cubic interaction term breaks the electric 1-form symmetry U(1)(1)e to

Z(1)
k,e whose associated symmetry defect can be defined as

Dα(Π
(3)) = exp

(
−α
∫
Π

(3)
∗J (2)

e − iαk

8π2

∫
Π

(3)
A(1) ∧ dA(1)

)
, (4.6)

where Π(3) is a closed three-manifold and the range of the angle α is restricted to αk ∈ 2πZ.
The electric 1-form symmetry has a ’t Hooft anomaly obstructing its gauging whose

inflow action is given by [57]:

S6[B
(2)
e ] = − ik

24π2

∫
Y

(6)
B(2)
e ∧ B(2)

e ∧ B(2)
e , (4.7)

where B(2)
e is a background field for Z(1)

k,e whose background gauge transformation is B(2)
e →

B(2)
e + dλ(1)e .

The theory also possesses a U(1)(2)m topological symmetry whose conserved current is

J (3)
m =

i

2π
∗ dA(1) , (4.8)

and whose associated symmetry defect is

Uα(Σ
(2)) = exp

(
iα

2π

∫
Σ

(2)
dA(1)

)
, (4.9)

with α ∈ [0, 2π). Note that the conservation law of magnetic 3-form current is not affected

by the Chern–Simons interaction. The right-hand side of the anomalous conservation law

(4.5) only involves the current of the U(1)(2)m symmetry.

This situation is similar to the case kAC2 ̸= 0 considered in Section 2 and the U(1)(1)e
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symmetry can be fully restored. This is achieved by topologically higher-gauging the mag-

netic 2-form symmetry and interpreting it as a fully-fledged U(1)(1)e non-invertible 1-form

global symmetry, in a simple adaptation of the results of [19]. The non-invertible U(1)(1)e

topological operators are thus defined by

Dα(Π
(3)) = exp

(
−α
∫
Π

(3)
∗Je + T kα[dA(1)]

)
, (4.10)

where T α is the TQFT introduced in Section 2.1. The parameter α now takes values in

[0, 2π).18

One can further notice that five-dimensional Maxwell-Chern–Simons theory exhibits a

higher-group global symmetry structure [28]. In what follows we will couple the magnetic

symmetry to a corresponding 3-form background gauge field denoted by B(3)
m . The most

general higher-group invariant action coupled to all background gauge fields is given by:

S6[A
(1),B(2)

e ,B(3)
m ] ⊃− ik

24π2

∫
Y

(6)
(dA(1) − B(2)

e ) ∧ (dA(1) − B(2)
e ) ∧ (dA(1) − B(2)

e )

− ik

24π2

∫
Y

(6)
B(2)
e ∧ B(2)

e ∧ B(2)
e +

i

2π

∫
Y

(6)
H(4) ∧ (dA(1) − B(2)

e ) .

The above action is independent of the choice of Y (6) if we postulate the following expression

for the field strength H(4):

H(4) = dB(3)
m +

k

4π
B(2)
e ∧ B(2)

e . (4.11)

For this quantity to be gauge invariant, we must impose the following gauge transforma-

tions: B(2)
e → B(2)

e + dλ(1)e ,

B(3)
m → B(3)

m + dλ(2)m − k
2π
λ(1)e ∧ B(2)

e − k
4π
λ(1)e ∧ dλ(1)e ,

(4.12)

where we have used the fact that dB(2)
e = 0, since B(2)

e is a flat background. The symmetries,

Z(1)
k,e and U(1)(2)m therefore constitute a non-trivial higher-group.

Finally, the theory admits a codimension-1 symmetry defect associated with the con-

served current

J
(1)
I = ∗ i

8π2F
(2) ∧ F (2) , (4.13)

for an ordinary 0-form global symmetry U(1)
(0)
I whose charged objects are 5d instanton

18A precursor of this analysis already appeared in [28]. Indeed, when α = 2πM
N ∈ 2πQ with gcd(kM,N) =

1, one can alternatively use the AN,kM [dA(1)] theory [58] instead of T αk[dA(1)].
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operators. Furthermore we can always activate a background field B
(1)
I for U(1)

(0)
I subject

to the gauge transformation B
(1)
I → B

(1)
I + dλ

(0)
I . However, the U(1)

(0)
I symmetry does not

act faithfully on the pure Maxwell-CS theory we are considering since the 5d CS term

implies that a (probe) instanton operator is not gauge invariant. For this reason, we will

only have limited interest on the role of U(1)
(0)
I .19

4.2. Symmetry TFT Analysis

In this section we introduce a symmetry TFT to reproduce the generalized Abelian

symmetry structure appearing in five-dimensional Maxwell-Chern–Simons (4.1). Let us

start by writing down a six-dimensional action of the form:

S6 =
i

2π

∫
X

(6)
−b(3) ∧ da(2) + k

12π
a(2) ∧ a(2) ∧ a(2) , (4.14)

where both a(2) and b(3) are R gauge fields and k ∈ R. When k = 0, this theory corresponds

to the symmetry TFT for a U(1)(1) × U(1)(2) symmetry with mixed anomaly [41], i.e., it

describes Maxwell theory in five dimensions.

The action (4.14) is invariant under the following gauge transformations:

a(2) → a(2) + dλ(1)a ,

b(3) → b(3) + dλ
(2)
b +

k

2π
λ(1)a ∧ a(2) + k

4π
λ(1)a ∧ dλ(1)a .

(4.15)

Since both a(2) and b(3) are R gauge fields, they can be freely rescaled. In particular, when

k ̸= 0, we can always choose a rescaling such that k is set to 1. Therefore, we conclude

that its value in the bulk is unphysical and in particular, not quantized. Nevertheless, we

will keep a non-trivial k because it will map to the Chern-Simons level appearing at the

physical boundary, whose quantization will be fixed by the boundary conditions.

Let us now define the topological operators of the theory by analyzing first the bulk

equations of motion:

da(2) = 0 , db(3) − k

4π
a(2) ∧ a(2) = 0 . (4.16)

19Instanton operators and the U(1)
(0)
I symmetry play a crucial role in the study of global symmetry

enhancements in 5d supersymmetric gauge theories, see [59,60] and references therein for further details.
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From each of these equations, we can define a topological gauge-invariant operator:

Vα(Π
(3),Ω(4)) = exp

(
iα

2π

(∫
Π

b(3) − k

4π

∫
Ω

a(2) ∧ a(2)
))

, (4.17)

Uβ(Σ
(2)) = exp

(
iβ

2π

∫
Σ

a(2)
)
. (4.18)

These operators act on each other through linking:

〈
Vα(Π

(3),Ω(4))Uβ(Σ
(2))
〉
= exp

(
iαβ

2π
Link(Π(3),Σ(2))

)
. (4.19)

From this relation, we see that Vα and Uβ are non-trivial topological operators when α, β ̸=
0, therefore α and β take value in R and are not periodic parameters. Due to the cubic

interaction term, we also have the relation〈
Vα(Π

(3)
1 ,Ω

(4)
1 )Vβ(Π

(3)
2 ,Ω

(4)
2 )
〉
=
〈
Vα(Π̃

(3)
1 , Ω̃

(4)
1 )Vβ(Π

(3)
2 ,Ω

(4)
2 )U kαβ

2π
(Ω̃

(4)
1 ∩ Ω

(4)
2 )
〉
, (4.20)

where we assumed that Ω
(4)
1 ∩ Ω

(4)
2 = 0 and we used Π̃

(1)
1 and Ω̃

(4)
1 to denote manifolds

obtained by continuously deforming Π(1) and Ω(4).20

Note that the operators Vα defined above are non-genuine. As we did in the four-

dimensional example, we might want to define their genuine counterpart. However, in the

present example, the role played by bulk operators in the boundary theory will strongly

depend on the boundary conditions. We will then assess the possibility of making the Vα

operators genuine after we have discussed the boundary conditions.

4.3. Boundary Conditions and Slab Compactification

To define first topological boundary conditions on MT , we must select a maximal set of

mutually transparent operators. The operators in this set can then terminate topologically

at the boundary, meaning that they are trivialized by the boundary conditions.

Let us first quickly discuss what happens for k = 0. Looking at (4.19), we see that

Vα and Uβ act trivially on each other when αr−1 ∈ 2πZ and βr ∈ 2πZ, for any r ∈ R.
Therefore, choosing a value of r is equivalent to choosing a boundary condition. Rescaling

the real bulk fields also changes the value of this parameter. In what follows, we will

assume that r = 1 to avoid clutter. As we discussed below (4.15), note that this choice of

20Note that Ω̃
(4)
1 ∩ Ω

(4)
2 can be non-trivial even if Π̃

(3)
1 = Π

(3)
1 . In general, Ω̃

(4)
1 ∩ Ω

(4)
2 is an open manifold

terminating on Π̃
(3)
1 and Π

(3)
2 .
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normalization fixes the value k of the cubic interaction coupling in the bulk. We will now

see that such k is quantized and corresponds to the Chern-Simons level of the physical

boundary theory.

When k ̸= 0, due to (4.20), bulk Vα operators may not be transparent to themselves.

More specifically, V2π is transparent to itself if and only if k ∈ Z:〈
V2π(Π

(3)
1 ,Ω

(4)
1 )V2π(Π

(3)
2 ,Ω

(4)
2 )
〉
=
〈
V2π(Π̃

(3)
1 , Ω̃

(4)
1 )V2π(Π

(3)
2 ,Ω

(4)
2 )U2πk(Ω

(4)
2 ∩ Ω̃

(4)
1 )
〉
. (4.21)

The operator generated by two V2π operators is U2πk, which is trivialized on MT by the

boundary conditions if k ∈ Z. Therefore, the quantization condition on the boundary

Chern-Simons level is enforced by the consistency of the symmetry TFT boundary condi-

tions.

Let us now consider the following boundary conditions for a(2) and b(2):

a(2)|MT
= dA(1) , b(3)|MT

= dÃ(2) +
k

4π
A(1) ∧ dA(1) , (4.22)

where A(1) and Ã(2) are U(1) gauge fields. Taking inspiration from (2.47), these boundary

conditions can be imposed by adding the following boundary action on MT :

SMT
=

i

2π

∫
b(3) ∧ (dA(1) − a(2))− k

12π
A(1) ∧ dA(1) ∧ dA(1) . (4.23)

The boundary conditions are gauge invariant if we consider

A(1) → A(1)+dλ
(0)
A +λ(1)a , Ã(2) → Ã(2)+dλ

(1)

Ã
− k

4π
(λ

(0)
A dA(1)+λ(1)a ∧A(1)+λ

(0)
A dλ(1)a ) , (4.24)

and the gauge transformation of (4.23) cancels the boundary term arising from the bulk

action.

Let us now consider the conditions at the physical boundary MP . The action of the

physical theory can be obtained by considering the following boundary action on MP :

SMP
= −1

2

∫
a(2) ∧ ∗a(2) . (4.25)

This choice imposes conformal boundary conditions:

b(3) = −2πi ∗ a(2) . (4.26)
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When the two boundaries MP and MT are superimposed, we get a 5-dimensional the-

ory whose action is given by the difference of the boundary actions (4.23) and (4.25).

Expressing the bulk fields in terms of the edge modes, we then get

S =
1

2

∫
dA(1) ∧ ∗dA(1) − ik

24π2

∫
A(1) ∧ dA(1) ∧ dA(1) , (4.27)

which reproduces exactly the action of the theory we started with in (4.1).

4.4. Operators from the Symmetry TFT to the Physical Theory

We now discuss how the bulk operators Vα (4.17) and Uβ (4.18) reproduce both the

symmetry defects and the charged operators of the boundary theory, given the topological

boundary conditions we have imposed. Notably, we must address the fact that Vα is non-

genuine in the bulk, while we expect both the symmetry defects and the charged operators

to which it reduces on the boundary to be genuine.

Before addressing this issue, let us consider the simpler case of Uβ. The boundary

condition on a(2) from (4.22) implies that∫
Σ

(2)
a(2) ∈ 2πZ , (4.28)

over any closed surface Σ(2) ⊂ MT , thus making U2π trivial on MT . As a consequence,

Uβ satisfies Uβ = Uβ+2π and implements a U(1)(2) symmetry in the physical theory. At

the same time, the bulk operators U2πn with n ∈ Z can terminate on MT because of

the boundary conditions, and attach to the (non-topological) Wilson lines of the physical

theory on MP .

As for the Vα operators, consider first the non-genuine bulk operators when αk ∈ 2πZ.
Their 4-dimensional part can be opened on MT

V2πn/k(Π
(3),Π

(3)
MT

,Ω(4)) = exp

(
in

k

∫
Π

(3)
b(3) − in

4π

∫
Ω

(4)
a(2) ∧ a(2) − in

4π

∫
Π

(3)
MT

A(1) ∧ dA(1)

)
,

(4.29)

where Π
(3)
MT

⊂ MT and ∂Ω(4) = Π(3) ∪ Π
(3)
MT

. Indeed, only for αk = 2πn a correctly

quantized Chern-Simons term can act as a junction with MT . In the above configuration

the bulk operator is anchored to the boundary via a cylinder, similar to what was described

in Section 2.3. For α ∈ 2πZ, the operator, when pushed completely to the boundary, is

trivialized by the boundary conditions (4.22) on b(3).
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When αk /∈ 2πZ, we can define a gauge invariant operator by stacking a TQFT instead

of the Chern-Simons term at the junction with MT . Since dA(1) has quantized integrals

on MT , we can safely use the T α[dA(1)] theory:

Vα(Π
(3),Π

(3)
MT

,Ω(4)) = exp

(
iα

2π

∫
Π

(3)
b(3) − iαk

8π2

∫
Ω

(4)
a(2) ∧ a(2) + T αk[dA(1)](Π

(3)
MT

)

)
,

(4.30)

where we have emphasized that the TQFT is defined on Π
(3)
MT

⊂ MT . This operator

is well defined for any values of α ∈ R and reproduces (4.10) when the symmetry TFT

bulk is shrunk, using (4.26). Since V2π is trivial on the boundary, we also have that

Vα = Vα+2π after slab compactification, so that these operators generate a non-invertible

U(1)(1) symmetry.

When considering cylinder operators, equation (4.20) is slightly modified to take into

account the presence of a boundary. For example, if Vβ is a non-invertible operator (4.30),

we get〈
Vα(Π

(3)
1 ,Π

(3)
MT1

,Ω
(4)
1 )Vβ(Π

(3)
2 ,Π

(3)
MT2

,Ω
(4)
2 )
〉

=

〈
Vα(Π̃

(3)
1 , Π̃

(3)
MT1

, Ω̃
(4)
1 )Vβ(Π

(3)
2 ,Π

(3)
MT2

,Ω
(4)
2 )U kαβ

2π
(Ω

(4)
2 ∩ Ω̃

(4)
1 ) exp

−iα
2π

∫
Π

(3)
MT2

∩Π̃(3)
MT1

Φ
(1)
2

〉 ,

(4.31)

where Φ
(1)
2 is a dynamical field of the T βk TQFT defining Vβ. The operator U kαβ

2π
above is

defined on a surface that terminates on MT through a junction, which is a topological line.

Furthermore, we can shrink the topological line by noticing that it is possible to define a

surface Σ
(2)
MT2

⊂ Π
(3)
MT2

satisfying ∂Σ
(2)
MT2

= Π
(3)
MT2

∩ Π̃
(3)
MT1

, to obtain

〈
Vα(Π̃

(3)
1 , Π̃

(3)
MT1

, Ω̃
(4)
1 )Vβ(Π

(3)
2 ,Π

(3)
MT2

,Ω
(4)
2 )U kαβ

2π

(
(Ω

(4)
2 ∩ Ω̃

(4)
1 ) ∪ Σ

(2)
MT2

)〉
. (4.32)

A similar reasoning can be repeated for the invertible operator (4.29) and also leads to

the above expression. Eventually, the U kαβ
2π

operator generated at the intersection of two

cylinders does not terminate on MT but partially lies on it, as represented in the left hand

side of Figure 2.

From the physical theory perspective, the relation (4.32) implies that when two opera-

tors Dα and Dβ intersect each other, they generate an open U kαβ
2π

operator terminating on
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MT MP

Physical theory

Dβ

Dα

U kαβ
2π

U kαβ
2π

Vβ

Vα

Figure 2: When two cylinder operators Vα and Vβ intersect each other, an open U kαβ
2π

is

generated. In the physical theory, this implies that open 2-form symmetry operators are
generated at intersections of 1-form symmetry operators. This is a consequence of the
non-trivial higher-group-like structure of the theory.

their intersection: 〈
Dα(Π

(3)
1 )Dβ(Π

(3)
2 )
〉
=
〈
Dα(Π̃

(3)
1 )Dβ(Π

(3)
2 )U kαβ

2π
(Σ

(2)
Π )
〉
, (4.33)

where ∂Σ
(2)
Π = Π̃

(3)
1 ∩ Π

(3)
2 . The correspondence between (4.32) and (4.33) is represented

in Figure 2. This relation follows from the non-trivial higher-group-like structure of the

theory, which enables open 2-form symmetry operators to be generated at the intersections

of 1-form symmetry operators. A key step in deriving these relations is the use of cylinder

operators instead of genuine bulk operators. Only the intersections of non-genuine Vα

operators have the correct dimensionality to reproduce (4.33).

Finally, let us consider which bulk operators terminate on the magnetic ’t Hooft sur-

faces of the five-dimensional physical theory. We expect the operators V2πm to end on ’t

Hooft surfaces with charge m ∈ Z. However, if we want them to end on the topological

boundary, we must first define a genuine version of the bulk operators V2πm. Since a(2)

does not have quantized fluxes in the bulk, we cannot use the T α TQFT. Instead, we can

use a very similar TQFT, defined as follows (see [19]):

T̂ 2πmk[a(2)](Π(3)) =
i

2π

∫
Π

(3)
−mk

2
C(1) ∧ dC(1) + ϕ(1)(dC(1) + a(2)) , (4.34)

where C(1) and ϕ(1) are respectively U(1) and R gauge fields. Note that this TQFT requires
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mk ∈ Z. The genuine bulk operators are then

V2πm(Π
(3)) = exp

(
im

∫
Π

(3)
b(3) + T̂ 2πmk[a(2)](Π(3))

)
. (4.35)

These operators are gauge invariant provided that C(1) and ϕ(1) transform under bulk gauge

transformations as

C(1) → C(1) + dλ
(0)
C − λ(1)a , ϕ(1) → ϕ(1) + dλ

(0)
ϕ −mkλ(1)a . (4.36)

In order to see that such operators do indeed become ’t Hooft surfaces after slab

compactification, we need to impose boundary conditions on both MT and MP also for

the TQFT fields. Mimicking (2.50), we can impose∫
(ϕ(1) +mkA(1)) ∈ 2πZ ,

∫
(C(1) + A(1)) ∈ 2πZ , (4.37)

through the following boundary action:

i

2π

∫
dΨ(0) ∧ (C(1) + A(1))− mk

2
A(1) ∧ C(1) . (4.38)

However, this action can only define consistent boundary conditions if mk ∈ 2Z. Indeed,

the boundary constraints involve two edge modes, Ψ(0) and Φ(0) satisfying

C(1) + A(1) = dΦ(0) , ϕ(1) +
mk

2
(A(1) − C(1)) = dΨ(0) . (4.39)

Requiring the gauge invariance of these constraints imposes:

Φ(0) → Φ(0) + 2πnΦ + λ
(0)
C + λ

(0)
A , Ψ(0) → Ψ(0) + 2πnΨ + λ

(0)
ϕ +

mk

2

(
λ
(0)
A − λ

(0)
C

)
. (4.40)

Since λ
(0)
A and λ

(0)
C are both U(1) 0-forms, the gauge transformation of Ψ(0) is actually well

defined only if mk ∈ 2Z. When mk is odd, the TQFT (4.34) depends on the spin structure

of Π(3) and has fermionic lines [41], and imposing topological boundary conditions is more

subtle. Here for simplicity we are treating explicitly only the simpler case where mk is

even.

On MP one further introduces the term

1

4πL2

∫
C(1) ∧ ∗C(1) , (4.41)
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to finally get after slab compactification on Π(3)

∫
L2

4π

(
dΨ(0) − mk

2
A(1)

)
∧ ∗
(
dΨ(0) − mk

2
A(1)

)
+

i

2π
dΨ(0) ∧ A(1) . (4.42)

Magnetic surfaces of the physical theory obtained after the slab compactification will be

dressed by this QFT.21 This dressing is necessary to define a gauge invariant operator when

k ̸= 0. Indeed, similarly to the definition of ’t Hooft lines in the Goldstone Maxwell theory,

(3.12), magnetic surfaces in the physical theory can be defined as the boundary of an open

symmetry operator of the electric symmetry:

Hm(Σ
(2)) = exp

(
−2πm

∫
Π

(3)
Σ

∗dA(1) +
imk

4π

∫
Π

(3)
Σ

A(1) ∧ dA(1)

)
, (4.43)

with ∂Π
(3)
Σ = Σ(2). Under a gauge transformation of parameter λ

(0)
A , the magnetic surface

defined with the formula above transforms as

Hm(Σ
(2)) → Hm(Σ

(2)) exp

(
−imk

4π

∫
Σ

(2)
dλ

(0)
A ∧ A(1)

)
. (4.44)

This non-trivial transformation is exactly canceled by the transformation of the QFT (4.42).
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A. Generalities on U(1)
(0)
A × U(1)

(0)
C ’t Hooft Anomalies

In this work we follow for the anomalies the conventions of [4]. In particular we have

that the anomaly functional A is captured by:

A = 2πi

∫
I(d) , dI(d) = δI(d+1) , dI(d+1) = I(d+2) , (A.1)

21This QFT describes a compact boson, with A(1) acting as a background field for a linear combination of
its momentum and winding symmetries.
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where I(d+1) and I(d+2) are local expressions in the background fields while I(d) also depends

on background gauge parameters.

Let us consider a four-dimensional theory with global symmetries:

U(1)
(0)
A × U(1)

(0)
C . (A.2)

We will focus on ’t Hooft anomalies that are completely encoded by the following 6-form

anomaly polynomial:

I(6) =
1

(2π)3

(
kA3

6
F
(2)
A ∧ F

(2)
A ∧ F

(2)
A +

kA2
C

2!
F
(2)
A ∧ F

(2)
A ∧ F

(2)
C

+
kAC2

2!
F
(2)
A ∧ F

(2)
C ∧ F

(2)
C +

k
C

3

6
F
(2)
C ∧ F

(2)
C ∧ F (2)

C

)
.

(A.3)

The anomaly coefficients are given by:

k
A

3
,C

3 =
∑
i

(qiA,C)
3 , kA2

C =
∑
i

(qiA)
2qiC , kAC2 =

∑
i

qiA(q
i
C)

2 , (A.4)

where the sum runs over free fermions carrying the above charges. These coefficients obey

the following quantization conditions:

kA3 = 6lA + nA , k
C

3 = 6lC + nC , kA2
C = 2p+ r , kAC2 = 2p̃+ r , (A.5)

where lA,C , nA,C , p, p̃, r ∈ Z. Note that r appears in both kA2
C and kAC2 , in a theory leading

to a 2-group this is important since requiring that kAC2 = 0 implies that kA2
C ∈ 2Z.

As we are interested in gauging the symmetry U(1)
(0)
C we need to ensure that d ∗j(1)C = 0

which is identical to require that AC = 0. It turns out that this completely fixes the

anomaly of the U(1)
(0)
A symmetry to be:

AA =
i

4π2

∫
M4

λ
(0)
A

(
kA3

6
F
(2)
A ∧ F

(2)
A +

kA2
C

2
F
(2)
A ∧ F

(2)
C +

kAC2

2
F
(2)
C ∧ F

(2)
C

)
. (A.6)

The above anomaly functional implies the non-conservation equation appearing in (2.3).
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B. Linking Invariants

In this work we follow the conventions on linking invariants from [61]. Let us consider a

set of N manifolds M
(pi)
i , i = 1, 2, ..., N , of dimensions pi in a spacetime that for simplicity

we take to be S(d). For N = 2, the 2-component link between M
(p1)
1 and M

(p2)
2 is defined

as

Link(M
(p1)
1 ,M

(p2)
2 ) :=

∫
S
(d)
δ(M̂

(p1+1)
1 )dδ(M̂

(p2+1)
2 ) , (B.1)

where M̂
(pi+1)
i is a (pi + 1)-dimensional manifold satisfying ∂M̂pi+1

i = Mpi
i and δ(M̂

(pi+1)
i )

denotes its Poincaré dual. Note that the above integral is non-trivial if and only if the

integrand is a d-form requiring:

p1 + p2 + 1 = d . (B.2)

The generalization to N > 2 of the above story is the N -component linking of type k

defined as:

Link(M
(p1)
1 , ...,M

(pN )
N )k :=

∫
S
(d)
δ(M̂

(p1+1)
1 ) . . . δ(M̂

(pN−k+1)

N−k )dδ(M̂
(pN−k+1+1)

N−k+1 ) . . . dδ(M̂
(pN+1)
N ) .

(B.3)

As before, the integrand must be a d-form, therefore:

N−k∑
i=1

(pi + 1) +
N∑

j=N−k+1

pj = (N − 1)d . (B.4)

C. Mutual Action of Non-invertible V and T

The genuine operators Tm and Vα, defined in (2.39) and (2.46) can be written as follow:

Vα(Π
(3)) = Vα(Π

(3),Ω(4))Vα(Π
(3),Ω(4)) , Tm(Σ

(2)) = Tm(Σ
(2),Ω(3))Tm(Σ

(2),Ω(3)) , (C.1)

where Vα(Π
(3),Ω(4)) and Tm(Σ

(2),Ω(3)) are the non-genuine operators defined in (2.19) and

(2.20). The non-genuine operators Vα(Π
(3),Ω(4)) and Tm(Σ

(2),Ω(3)) are the TQFTs used

in (2.46) and (2.39) respectively, with appropriate anomaly inflow actions:

Vα(Π
(3),Ω(4)) = exp

(
T α(Π(3)) +

iα

8π2

∫
Ω

(4)
f (2) ∧ f (2)

)
,

Tm(Σ
(2),Ω(3)) = exp

(
T

mk
AC

2

2d (Σ(2)) +
imkAC2

2π

∫
Ω

(3)
A(1) ∧ f (2)

)
.

(C.2)
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Note that the anomaly inflow action of the TQFT exactly cancel the non-genuine part of

the non-genuine V and T . According to relation (C.1), the mutual action of genuine V

and T can be obtained from the mutual action of the 4 non-genuine operators appearing

in the right hand side. The mutual action of non-genuine V and T is given by (2.24). The

mutual action of T and V is trivial since the operators involved in the gauging defining

the first TQFT are not charged under the symmetries gauged to define the second one.

We now consider the action of non-genuine V and T on T and V. These are respectively

given by:〈
Vα(Π

(3),Ω(4))Tm(Σ
(2),Ω(3))

〉
=

〈
Vα(Π̃

(3), Ω̃(4))Tm(Σ
(2),Ω(3))×

U−αmk
AC

2
(Ω̃(4) ∩ Ω(3)) exp

(
iα

2π

∫
Σ

(2)∩Ω̃(4)
ϕ(1)

)〉
,

(C.3)

〈
Tm(Σ

(2),Ω(3))Vα(Π
(3),Ω(4))

〉
=

〈
Tm(Σ

(2),Ω(3))Vα(Π
(3),Ω(4))×

U−αmk
AC

2
(Ω̃(4) ∩ Ω(3)) exp

(
−im

∫
Ω

(3)∩Π̃(3)
Φ(1)

)〉
,

(C.4)

The action of the non-genuine operators Vα and Tm on the anomaly inflow actions

of the TQFTs is responsible for the presence U−αmk
AC

2
on the right hand side of these

relations. These operators are the orientation reversal of the surface operator generated

in (2.24). This is due to the fact that the anomaly inflow actions of the TQFTs are the

orientation reversal of the non-genuine part of (2.19) and (2.20). From relations and (2.24),

(C.3) and (C.4), we directly obtain the following relation:

〈
Vα(Π

(3))Tm(Σ
(2))
〉
=

〈
Vα(Π̃

(3))Tm(Σ
(2))U−mαk

AC
2
(Ω̃(4) ∩ Ω(3))×

exp

(
iα

2π

∫
Σ

(2)∩Ω̃(4)
ϕ(1)

)
exp

(
−im

∫
Ω

(3)∩Π̃(3)
Φ(1)

)〉
.

(C.5)

The genuine operators Vα and Tm satisfy a similar relation as their non-genuine counter-

part in (2.24). There are, however, two differences between (2.24) and (C.5). First, the

two Umαk
AC

2
operators appearing on the right hand side of both relations have opposite

orientations. Indeed, we get two U−mαk
AC

2
operators from relations (C.3) and (C.4). One

of them cancels the operator appearing in (2.24) while the other one remains in (C.5). The

second difference is that the open Umαk
AC

2
terminates topologically on Vα and Tm through
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line operators of their respective TQFT. The presence of these topological junction oper-

ators is needed to guarantee that the left hand side of (C.5) is independent of the choice

of Ω̃(4) and Ω(3). From the physical theory perspective, relation (C.5) implies that when a

non-invertible operator crosses a ’t Hooft line, the ’t Hooft line gets attached to an open

magnetic symmetry operator.
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[6] F. Benini, C. Córdova, and P.-S. Hsin, “On 2-Group Global Symmetries and their

Anomalies,” JHEP 03 (2019) 118, arXiv:1803.09336 [hep-th].

[7] J. C. Baez and A. D. Lauda, “Higher-Dimensional Algebra V: 2-Groups,”

arXiv:math/0307200.

[8] J. Baez and U. Schreiber, “Higher gauge theory: 2-connections on 2-bundles,”

arXiv:hep-th/0412325.

[9] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, “Generalized Global

Symmetries,” JHEP 02 (2015) 172, arXiv:1412.5148 [hep-th].

[10] E. P. Verlinde, “Fusion Rules and Modular Transformations in 2D Conformal Field

Theory,” Nucl. Phys. B 300 (1988) 360–376.

[11] V. B. Petkova and J. B. Zuber, “Generalized twisted partition functions,” Phys. Lett.

B 504 (2001) 157–164, arXiv:hep-th/0011021.

[12] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang, and X. Yin, “Topological Defect

Lines and Renormalization Group Flows in Two Dimensions,” JHEP 01 (2019) 026,

arXiv:1802.04445 [hep-th].

47

http://dx.doi.org/10.1007/978-3-319-59939-7_5
http://arxiv.org/abs/1309.4721
http://dx.doi.org/10.1002/prop.201500048
http://dx.doi.org/10.1002/prop.201500048
http://arxiv.org/abs/1508.04770
http://dx.doi.org/10.21468/SciPostPhys.8.1.015
http://arxiv.org/abs/1712.09542
http://dx.doi.org/10.1007/JHEP02(2019)184
http://arxiv.org/abs/1802.04790
http://dx.doi.org/10.1007/JHEP10(2018)049
http://arxiv.org/abs/1802.10104
http://dx.doi.org/10.1007/JHEP03(2019)118
http://arxiv.org/abs/1803.09336
http://arxiv.org/abs/math/0307200
http://arxiv.org/abs/hep-th/0412325
http://dx.doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
http://dx.doi.org/10.1016/0550-3213(88)90603-7
http://dx.doi.org/10.1016/S0370-2693(01)00276-3
http://dx.doi.org/10.1016/S0370-2693(01)00276-3
http://arxiv.org/abs/hep-th/0011021
http://dx.doi.org/10.1007/JHEP01(2019)026
http://arxiv.org/abs/1802.04445


[13] R. Thorngren and Y. Wang, “Fusion category symmetry. Part I. Anomaly in-flow

and gapped phases,” JHEP 04 (2024) 132, arXiv:1912.02817 [hep-th].

[14] Z. Komargodski, K. Ohmori, K. Roumpedakis, and S. Seifnashri, “Symmetries and

strings of adjoint QCD2,” JHEP 03 (2021) 103, arXiv:2008.07567 [hep-th].

[15] Y. Choi, C. Cordova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, “Noninvertible duality

defects in 3+1 dimensions,” Phys. Rev. D 105 (2022) 125016, arXiv:2111.01139

[hep-th].

[16] J. Kaidi, K. Ohmori, and Y. Zheng, “Kramers-Wannier-like Duality Defects in

(3+1)D Gauge Theories,” Phys. Rev. Lett. 128 (2022) 111601, arXiv:2111.01141

[hep-th].

[17] Y. Choi, H. T. Lam, and S.-H. Shao, “Noninvertible Global Symmetries in the

Standard Model,” Phys. Rev. Lett. 129 (2022) 161601, arXiv:2205.05086 [hep-th].
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[36] F. Apruzzi, F. Bonetti, I. Garćıa Etxebarria, S. S. Hosseini, and S. Schafer-Nameki,

“Symmetry TFTs from String Theory,” Commun. Math. Phys. 402 (2023) 895–949,

arXiv:2112.02092 [hep-th].

[37] D. S. Freed, G. W. Moore, and C. Teleman, “Topological symmetry in quantum field

theory,” arXiv:2209.07471 [hep-th].

[38] J. Kaidi, K. Ohmori, and Y. Zheng, “Symmetry TFTs for Non-invertible Defects,”

Commun. Math. Phys. 404 no. 2, (2023) 1021–1124, arXiv:2209.11062 [hep-th].

[39] A. Antinucci, F. Benini, C. Copetti, G. Galati, and G. Rizi, “The holography of

non-invertible self-duality symmetries,” arXiv:2210.09146 [hep-th].

[40] L. Bhardwaj and S. Schafer-Nameki, “Generalized Charges, Part II: Non-Invertible

Symmetries and the Symmetry TFT,” arXiv:2305.17159 [hep-th].

[41] A. Antinucci and F. Benini, “Anomalies and gauging of U(1) symmetries,” Phys.

Rev. B 111 no. 2, (2025) 024110, arXiv:2401.10165 [hep-th].

49

http://dx.doi.org/10.1007/JHEP05(2023)164
http://arxiv.org/abs/2206.14093
http://dx.doi.org/10.21468/SciPostPhys.14.4.067
http://arxiv.org/abs/2207.02831
http://arxiv.org/abs/2207.02831
http://dx.doi.org/10.1007/JHEP09(2023)067
http://dx.doi.org/10.1007/JHEP09(2023)067
http://arxiv.org/abs/2212.04499
http://arxiv.org/abs/2212.05001
http://arxiv.org/abs/2305.18282
http://dx.doi.org/10.21468/SciPostPhys.17.6.168
http://arxiv.org/abs/2407.20340
http://arxiv.org/abs/2411.09685
http://dx.doi.org/10.1016/j.nuclphysb.2017.06.023
http://arxiv.org/abs/1702.00673
http://dx.doi.org/10.1007/JHEP02(2021)132
http://arxiv.org/abs/2008.05960
http://dx.doi.org/10.1007/s00220-023-04737-2
http://arxiv.org/abs/2112.02092
http://arxiv.org/abs/2209.07471
http://dx.doi.org/10.1007/s00220-023-04859-7
http://arxiv.org/abs/2209.11062
http://arxiv.org/abs/2210.09146
http://arxiv.org/abs/2305.17159
http://dx.doi.org/10.1103/PhysRevB.111.024110
http://dx.doi.org/10.1103/PhysRevB.111.024110
http://arxiv.org/abs/2401.10165


[42] T. D. Brennan and Z. Sun, “A SymTFT for continuous symmetries,” JHEP 12

(2024) 100, arXiv:2401.06128 [hep-th].

[43] F. Apruzzi, F. Bedogna, and N. Dondi, “SymTh for non-finite symmetries,”

arXiv:2402.14813 [hep-th].

[44] F. Bonetti, M. Del Zotto, and R. Minasian, “SymTFTs for Continuous non-Abelian

Symmetries,” arXiv:2402.12347 [hep-th].

[45] Y. Hidaka, M. Nitta, and R. Yokokura, “Higher-form symmetries and 3-group in

axion electrodynamics,” Phys. Lett. B 808 (2020) 135672, arXiv:2006.12532

[hep-th].

[46] Y. Hidaka, M. Nitta, and R. Yokokura, “Global 3-group symmetry and ’t Hooft

anomalies in axion electrodynamics,” JHEP 01 (2021) 173, arXiv:2009.14368

[hep-th].

[47] T. D. Brennan and C. Cordova, “Axions, higher-groups, and emergent symmetry,”

JHEP 02 (2022) 145, arXiv:2011.09600 [hep-th].

[48] Y. Choi, C. Cordova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, “Non-invertible

Condensation, Duality, and Triality Defects in 3+1 Dimensions,” Commun. Math.

Phys. 402 (2023) 489–542, arXiv:2204.09025 [hep-th].

[49] D. Gaiotto and T. Johnson-Freyd, “Condensations in higher categories,”

arXiv:1905.09566 [math.CT].

[50] K. Roumpedakis, S. Seifnashri, and S.-H. Shao, “Higher Gauging and Non-invertible

Condensation Defects,” Commun. Math. Phys. 401 (2023) 3043–3107,

arXiv:2204.02407 [hep-th].

[51] R. Argurio, A. Collinucci, G. Galati, O. Hulik, and E. Paznokas, “Non-Invertible

T-duality at Any Radius via Non-Compact SymTFT,” arXiv:2409.11822 [hep-th].

[52] E. Paznokas, “Non-Invertible SO(2) Symmetry of 4d Maxwell from Continuous

Gaugings,” arXiv:2501.14419 [hep-th].

[53] A. Kapustin and N. Seiberg, “Coupling a QFT to a TQFT and Duality,” JHEP 04

(2014) 001, arXiv:1401.0740 [hep-th].

[54] R. Argurio, F. Benini, M. Bertolini, G. Galati, and P. Niro, “On the symmetry TFT

of Yang-Mills-Chern-Simons theory,” JHEP 07 (2024) 130, arXiv:2404.06601

[hep-th].

[55] A. Antinucci, F. Benini, and G. Rizi, “Holographic Duals of Symmetry Broken

Phases,” Fortsch. Phys. 72 no. 12, (2024) 2400172, arXiv:2408.01418 [hep-th].

50

http://dx.doi.org/10.1007/JHEP12(2024)100
http://dx.doi.org/10.1007/JHEP12(2024)100
http://arxiv.org/abs/2401.06128
http://arxiv.org/abs/2402.14813
http://arxiv.org/abs/2402.12347
http://dx.doi.org/10.1016/j.physletb.2020.135672
http://arxiv.org/abs/2006.12532
http://arxiv.org/abs/2006.12532
http://dx.doi.org/10.1007/JHEP01(2021)173
http://arxiv.org/abs/2009.14368
http://arxiv.org/abs/2009.14368
http://dx.doi.org/10.1007/JHEP02(2022)145
http://arxiv.org/abs/2011.09600
http://dx.doi.org/10.1007/s00220-023-04727-4
http://dx.doi.org/10.1007/s00220-023-04727-4
http://arxiv.org/abs/2204.09025
http://arxiv.org/abs/1905.09566
http://dx.doi.org/10.1007/s00220-023-04706-9
http://arxiv.org/abs/2204.02407
http://arxiv.org/abs/2409.11822
http://arxiv.org/abs/2501.14419
http://dx.doi.org/10.1007/JHEP04(2014)001
http://dx.doi.org/10.1007/JHEP04(2014)001
http://arxiv.org/abs/1401.0740
http://dx.doi.org/10.1007/JHEP07(2024)130
http://arxiv.org/abs/2404.06601
http://arxiv.org/abs/2404.06601
http://dx.doi.org/10.1002/prop.202400172
http://arxiv.org/abs/2408.01418
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