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ABSTRACT: We introduce a new two-dimensional string theory defined by cou-
pling two copies of Liouville CFT with complex central charge ¢ = 13 £+ i\ on the
worldsheet. This string theory defines a novel, consistent and controllable model
of two-dimensional quantum gravity. We use the exact solution of the worldsheet
theory to derive stringent constraints on the analytic structure of the string ampli-
tudes as a function of the vertex operator momenta. Together with other worldsheet
constraints, this allows us to completely pin down the string amplitudes without
explicitly computing the moduli space integrals. We focus on the case of the sphere
four-point amplitude and torus one-point amplitude as worked examples. This is the
first in a series of papers on the complex Liouville string: three subsequent papers
will elucidate the holographic duality with a two-matrix integral, discuss worldsheet
boundaries and non-perturbative effects, and connect the theory to de Sitter quan-
tum gravity.
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1 Introduction

The landscape of vacua of string theory is a wild, largely uncontrolled terrain (see
e.g. [1-4]). The situation with two target space dimensions is under comparatively
much stronger theoretical control; this simplified setting provides fruitful ground for
exploration of difficult problems like the construction of controllable cosmological
backgrounds in string theory (a recent discussion appears in [5]) and provides an
arena in which one can make progress on the question of the non-perturbative defi-
nition of string theory by deriving new holographic dualities. More ambitiously, one
might hope to classify the landscape of consistent two-dimensional string theories
from more basic physical principles.

In recent years our understanding of the gravitational path integral has bene-
fited from the study of AdS, Jackiw-Teitelboim (JT) gravity [6-9], which has been
understood to be dual to a double-scaled random matrix integral [10, 11]. This novel
holographic duality has recently been embedded in two-dimensional string theory,
with JT gravity emerging as a semiclassical limit of the worldsheet theory of the
(2,p) minimal string [12] and of the Virasoro minimal string [13]. This implants
the holographic duality between JT gravity and random matrix theory in an older
paradigm of dualities between two-dimensional string theories and matrix integrals,
with the new conceptual ingredient being the interpretation of the random matrix as
the Hamiltonian of a dual quantum system. It is tempting to explore the question
of whether a similar stringy realization of dS, quantum gravity could exist.

The landscape of minimal string theories. In charting the two-dimensional
string landscape, the paradigm that has emerged features a two-dimensional string
theory defined by coupling some matter CFT to Liouville CFT together with the
be-ghosts on the worldsheet

matter CFT Liouville CFT be-ghosts
S S ;
C=Cpy c=26—c¢, c=—26

(1.1)

which admits an equivalent description in terms of a matrix integral.



An important class of examples that has been well-explored in the literature
is furnished by taking the matter CFT to be a Virasoro minimal model [14-20].
In the case of a (2,p) minimal model, there is significant evidence that the (2,p)
minimal string is dual to a double-scaled matrix integral. It has been argued that
the worldsheet theory reduces to JT gravity in the p — oo limit in which ¢,, - —oc0
[12], although this limit has not been fully understood. On the other hand, the
more general (p, q) minimal string is conjecturally dual to a double-scaled two-matriz
integral [21, 22].

An irrational analog of the (2,p) minimal string, the Virasoro minimal string,
was recently introduced in [13]. This model is defined by coupling Liouville CEFT
with central charge ¢ > 25 to “timelike Liouville CFT” [23-25] with central charge
26 — ¢ < 1 on the worldsheet, and was shown to be equivalent to a double-scaled
matrix integral (aspects of the matrix integral were studied further in [26-28]). The
matrix integral is fully determined at the level of perturbation theory by its lead-
ing density of eigenvalues, which is given by the universal Cardy density of states
in compact 2d CF'T of central charge c. The string amplitudes of the theory —
referred to as quantum volumes ngzl(ipl, ...,ipp) — were shown to be finite-degree
polynomials in the external momenta p; that label the on-shell vertex operators. The
worldsheet theory admits a semiclassical description in terms of two-dimensional dila-
ton gravity with a sinh potential for the dilaton, which in the semiclassical ¢ — oo
limit is equivalent to JT gravity. Indeed, in this limit the quantum volumes reduce
to the Weil-Petersson volumes of the moduli space of Riemann surfaces. The loop
equations/topological recursion of the matrix integral [29] translate into a recursion
relation for the quantum volumes that is a deformation of Mirzakhani’s recursion
relation for the Weil-Petersson volumes [30].

At this point we ask: what other kinds of physics is the two-dimensional string
landscape capable of hosting? And what is the nature of the dual descriptions? As
we will show in a series of papers [31-34] starting with this one, the two-dimensional
string landscape contains a multitude of further lessons. This paper is an expanded
version of the corresponding section of [35].

A new minimal string. The main purpose of the present paper is to explore
a new two-dimensional string theory that we will refer to as the complex Liouwville
string. It is defined at the level of the worldsheet CFT by coupling two copies of
Liouville CFT with complex central charge that may loosely be regarded as complex
conjugates of one another:

Liouville CFT (Liouville CFT)* be-ghosts

1.2
¢t =134\ © ¢ =13 -1\ © c=-26" (1.2)

where A € R,. The Virasoro minimal string and the complex Liouville string may be
thought of as irrational cousins of the (2, p) and (p, ¢) minimal string theories, respec-



tively. They are in some sense even simpler theories than their more conventional
minimal string counterparts because the string amplitudes are analytic functions of
both the central charge and the external momenta. They hence provide tractable
testing grounds in which to explore fundamental aspects of string theory, particularly
holographic duality and non-perturbative effects.

Bootstrapping string amplitudes. The main observables of the theory are string
amplitudes Agf,)1 (p1,...,pn), which are defined by integrating worldsheet correlation
functions over the moduli space of Riemann surfaces. In contrast to the Virasoro
minimal string, we will see that the string amplitudes are not simply polynomials
in the external momenta p;. Nevertheless, we can leverage the exact solution of the
worldsheet CFT (1.2) [36-38] to deduce the analytic structure of the string ampli-
tudes viewed as analytic functions of the external momenta. In particular, we will

see that the string amplitudes exhibit

e An infinite set of poles associated with resonances of the Liouville CE'T corre-
lation functions.

e An infinite series of discontinuities that arise when the moduli integral that
defines the string amplitudes ceases to converge upon analytic continuation in
the external momenta.

This places extremely strong constraints on the string amplitudes. There are yet
further constraints from the worldsheet definition of the string amplitude, including
a “dilaton equation” that relates the string amplitudes with one of the external
momenta tuned to a special value to lower-point amplitudes. This allows us to initiate
a bootstrap program that harnesses the analytic structure and other worldsheet
considerations to pin down the string amplitudes without directly evaluating the
moduli space integral. Remarkably, we will see that the quantum volumes ng)l of
the Virasoro minimal string play a role as building blocks of the string amplitudes
Agf%. This technique seems powerful and may be further developed in its own right
— it is conceptually similar to the S-matrix bootstrap, but with some input from
the worldsheet formulation incorporated.

Solutions for low (g,n). In this paper we will investigate in particular the case
of the sphere four-point amplitude Ag;)l in great detail. In this case there are even
more powerful constraints, including an SO(8) triality symmetry that follows from a
property of the Liouville four-point function, and “higher equations of motion” that
generalize the dilaton equation [39, 40]. We will see that remarkably, the solution
to these constraints is unique, up to a mild assumption on the asymptotic growth
of the amplitude. Moreover, due to a relation between the relevant moduli spaces
and properties of Liouville CFT data and conformal blocks [41], the torus one-point
amplitude Agb% may be recovered as a special case of the sphere four-point amplitude.



Collectively, this analysis culminates in the following solutions for the sphere three-
point, torus one-point, and sphere four-point amplitudes, respectively:

2L 20(—1)™ sin(2wmbp, ) sin(2mrmbps ) sin(2rmbps)
(b) o 1 3
ap3(p) = Z sin(xmb?) , (1.4a)
m=1
(b) > (—1)mb sin(?wmbpl) V(b) . 1
= _— 1.4b
a(b)( - i QbQVE(fi(ipl, ipa, ips, ipy) szl sin(27rmbp;)
0.41P — sin(rmb?)?

Z (—1)™* ™2 gin(27wm4bpy ) sin(27wmybpy ) sin(2mmabps) sin(2wmabpy)

S 72 sin(mm4b?) sin(mwmeqb?)
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Vglﬁ and V((f‘)1 are the analytic continuation of the Virasoro minimal string quantum
volumes, which are given by the following polynomials [13]

b) /- 1 fc—13
Viim) = (S ) (15)
® . . c—=13 5 5 5
VO,4<Zp17Zp277’p372p4) - 24 _p]_ _p2 _p3 _p4 . (16)

Much of this paper will be devoted to explaining the equality between the string
amplitudes Agg, Aglﬁ, and Aé’jﬁ and the proposals listed in (1.4). In the latter two
cases we are able to perform the integral over moduli space directly and hence verify
the proposals (1.4¢) and (1.4b) to a high degree of numerical precision (whereas

(1.4a) can be deduced analytically from the structure constants of the worldsheet

CFT).

A dual two-matrix integral. Like the other examples discussed above, the com-
plex Liouville string also admits a dual matrix integral description. In a companion
paper [31], we will argue that the complex Liouville string may be reformulated as
a double-scaled two-matriz integral. The perturbative expansion of this matrix in-
tegral is fully fixed by the geometry of its spectral curve, which exhibits infinitely
many nodal singularities and branch points. The topological recursion of the matrix
integral [29, 42, 43] leads to a recursion relation for the string amplitudes Agle akin

'Here b labels the central charge of one of the Liouville CFTs by the usual relation
c=1+6(b+b"172, (1.3)

while the momenta p; label the on-shell vertex operators in a way that we will make precise in the
following section.



to Mirzakhani’s recursion relation for the Weil-Petersson volumes [30] (and its defor-
mation for the quantum volumes of the Virasoro minimal string), which fully solves
the theory at the level of string perturbation theory.

Low-dimensional de Sitter quantum gravity. Like the Virasoro minimal string,
the worldsheet theory of the complex Liouville string admits a semiclassical refor-
mulation in terms of two-dimensional dilaton gravity via a field redefinition from the
Lagrangian description of Liouville CFT. In particular we will see that we land on
a model with a sine potential for the dilaton (rather than the sinh potential that
arose in the Virasoro minimal string). Intriguingly, this model admits both AdSs
and dSy vacua as classical solutions. Hence the complex Liouville string provides a
fully rigorous and well-defined model of 2d quantum gravity that includes de Sitter
solutions. For now we defer further discussion of the path integral description of the
model to another companion paper [33].

Moreover, as will be discussed in [34], the string amplitudes AS,’BL may be inter-
preted as late-time cosmological correlators of massive particles in three-dimensional
Einstein gravity with positive cosmological constant. This establishes a novel holo-
graphic duality between the dual matrix integral and cosmological correlators in dSs.

Outline of the paper. The rest of this paper is organized as follows. We begin by
introducing the worldsheet CF'T and the definition of the string amplitudes in section
2. We discuss some simple properties satisfied by the general string amplitudes
and explicitly evaluate the sphere two- and three-point amplitudes. In section 3
we explore in great detail the properties of the sphere four-point amplitude. We
demonstrate in particular that the amplitude exhibits an infinite set of poles and
discontinuities as a function of the external momenta, which greatly constrain the
analytic form of the amplitude. In section 4 we describe a technique that allows us to
evaluate the string amplitudes when one of the external momenta is tuned to special
degenerate values, which constitute further constraints on the string amplitudes. The
technique hinges on a relation known as higher equations of motion [39] between such
degenerate vertex operators and total derivatives of logarithmic operators built out of
the ground ring of the worldsheet CFT, which allows us to localize the moduli integral
that defines the string amplitude to the boundary of moduli space. In section 5 we
show that our bootstrapped proposals for the sphere four-point and torus one-point
amplitudes in (1.4) satisfy all constraints on the string amplitudes that we derived
from the worldsheet. Moreover these solutions are unique given a mild assumption
on the asymptotic growth of the amplitudes. Finally in section 6 we directly evaluate
the moduli integral that defines the sphere four-point amplitude and show that it
agrees with the proposal (1.4c¢) to a high degree of numerical precision. Appendices
A, B and C collect some further details and computations.



2 Definition of the worldsheet theory

2.1 Unitarity and spectrum

As already mentioned in the introduction, we consider a worldsheet theory of two
coupled Liouville theories of central charges ¢ = ¢ = 13 + i\ and ¢= = 13 — i),
A € R,. We will now be more precise from an axiomatic point of view what is meant
by this theory.

Liouville theory and its analytic continuation. Liouville theory may be for-
mulated in terms of the following classical action for a scalar field ¢

1 o -
Sle] = — /E d*z/g (g 10000 + QR + 47we2b“”> : (2.1)

T 4r
Here p is a dimensionful parameter of the theory that can be absorbed in the string
coupling by shifting ¢. The parameters ) and b are related, rendering Liouville
theory a two-dimensional conformal field theory with central charge

c=1+6Q*, Q=b'+b. (2.2)

For real b € (0,1] the central charge carves out the positive real axis ¢ > 25. In
this work we are instead interested in the case of complex central charge, with a
particular emphasis placed on the case

c=cte€13+iR,, b=0bt€eiR. (2.3)

This renders the Liouville action (2.1) complex-valued and thus the definition of
the theory from the path integral becomes unclear. However, it can be defined
axiomatically by analytically continuing the OPE data away from real b [44] while
preserving crossing symmetry of the correlation functions. The only shortcoming
of Liouville theory at complex central charge is the non-existence of an Hermitian
inner product, since the reality conditions on the Virasoro algebra L! = L_, are
incompatible with a complex central charge.

The worldsheet theory (1.2) combines the complex Liouville theory (2.3) with
the complex conjugate theory rendering the combined theory real valued. The reality
conditions on the fields are such that the Liouville fields ¢ (2.1) are complex and the
second Liouville field is the complex conjugate of the first.

Although we have introduced the worldsheet theory in terms of the Liouville La-
grangian, in what follows we will treat Liouville theory solely as a non-perturbatively
well-defined conformal field theory defined by analytic continuation of the OPE data,
and postpone a path integral perspective to [33].



Reality conditions. Let us explain axiomatically how the combination of the two
Liouville theories salvages the existence of a (non-unitary) inner product. Let us
denote the Virasoro generators of the two Liouville theories by L} and L. The
total worldsheet stress-tensor is hence given by

Ln,=L)+L, . (2.4)

The reality conditions on the Liouville fields imply that we should have the following
reality condition on these Virasoro generators:

(LY =1L~ . (2.5)

This in particular ensures that the total stress-tensor (2.4) is real. Compatibility of
the Virasoro algebra with the hermitian adjoint tells us that (¢*)* = ¢~ and forces
the central charges to have the stated form. We also remark that the form of the
central charge equivalently can be written as

E=14+6(05) 7" +6%)°, (5’ eiR (2.6)

with
b~ = —ib". (2.7)

We hence choose bt € ¢"R and b~ € e~ ¥R. The global Virasoro modes Lg ., and
Ly 4+, now combine to form a PSL(2, C) Mébius symmetry (contrary to the PSL(2, R)
Mébius symmetry that we encounter in a generic 2d CFT).

Vertex operators. At the level of the spectrum, primary vertex operators are
labelled by two conformal weights h™ and h~ associated with primaries of the two
Liouville CFTs. Since (L{)" = Ly, we must have that (h*)* = h~. Together with
the on-shell condition h* + h~ = 1 of string theory, we hence find that

Re(h™) = Re(h™) = ~. (2.8)

In other words, physical vertex operators are precisely the Virasoro analogue of the
principal continuous representations with respect to the PSL(2, C) Mobius subgroup.
As usual in Liouville theory, it is convenient to parametrize the conformal weights
via their Liouville parameters,

ct—1 ﬁ:)2

W= = =

(2.9)

Here we adopt a convention for the Liouville momenta such that the spectrum of
ordinary Liouville theory would be supported on the imaginary line, p € {R.? In

2We use a lower case letter to distinguish it from the convention use in our previous paper [13],
where P = ip.



our case, the reality conditions that we discussed instead imply that the Liouville
momenta take the form

(p*)? € iR (2.10)
with

p~ = xip" (2.11)
as the physical state condition, i.e. the Liouville momenta are rotated by 45 degrees
in the complex plane. We will usually assume that

ptee R, p €eiR, (2.12)

since the opposite choice is obtained by exchanging the two theories, see eq. (2.25)
below. We can also state this by saying that

brpt eR, bp eR. (2.13)

On-shell primary vertex operators are products of primaries in the two Liouville
theories,

ViV (2) (2.14)

but recall that V;ﬁ and V- themselves are not real. We similarly will write b = b™
in what follows.

Global conformal transformations. We let LT, and L~; act as usual as 0,
derivative on the first and second factor of the vertex operator (2.14). Because we
Wick rotated the worldsheet signature to Euclidean signature, this does not respect
the reality conditions of the algebra as usual in 2d CFT.? However, from this point
on the computation of worldsheet correlators proceeds in the standard way. Namely,
we evaluate correlators in each Liouville CFT component by analytic continuation in
the central charge from the unitary regime, which is defined with a Hermitian bilinear
form. We provide some more details on the reality condition of the worldsheet theory
in appendix A, where we in particular prove a no-ghost theorem. Remarkably, phys-
ical vertex operators precisely transform in unitary principal series representations
of the PSL(2, C) Md&bius subgroup of the first or second theory. The inner product is
simply the L2-inner product and thus integrated vertex operators may be thought of
as computing the norm of the states in the principal series representation. We refer
to [45] and appendix A for more details of PSL(2, C) representation theory. It will
not be needed in the rest of the paper.

3This actually performs a double Wick rotation — both on the worldsheet and in spacetime. We
explain this in more detail in appendix A.



2.2 Definition of the string amplitudes

Structure constants. Aside from the norm on the Hilbert space, the worldsheet
theory is given by a direct product of two Liouville theories. Correlation functions of
local operators in the worldsheet CF'T are fixed entirely by their structure constants.
The structure constants of Liouville CFT are well-known and are given by the DOZZ
formula [36, 37]. The DOZZ formula can be derived without the knowledge of the
reality conditions, for example by considering a certain degenerate case of crossing
symmetry [46]. This means that the structure constants of each factor should still
be given by the DOZZ formula, which takes the form

[,(2Q)T(§ £ p1 £ po £ p3)

Cy(p1,p2,p3) = \/51}(@)3 H?:1 GED . (2.15)

We chose the same normalization for the Liouville CF'T vertex operators V), as in [13],
since in these conventions the three-point structure constant (2.15) is conveniently
reflection-symmetric. Additionally, the function that appears in the OPE measure
in these conventions reads

pu(p) = 4v/2sin(2mbp) sin(27b~'p) (2.16)

Four-point amplitude. We can hence readily compute the four-point function in
Liouville CFT,

VOV (VHOV (00)) = i / dp py(0)
0
X Ob(pl,pz,p)(lb(pg,p4,p)féf’i(p;pIZ)féf’Z(p;pIZ*) . (2.17)

Here we have used the short-hand notation p = (p1,p2,ps,ps). After using that
b- = —ib= (b")* and p~ = ip™ = (pT)*, we can also write the four-point function
of on-shell vertex operators that appears in the string amplitude manifestly as an
absolute value squared,

(Vo (0)V, (2) Vs (D5 (00)) (Vi (0)V,, (2)V,,

7 P2 ip3

(1)V;,,(c0))
eiﬁioo b b 2
2’/ dp pb(p)Cb(pl,pz,p)Cb(pg,m,p)ﬁiﬁ(p;pIZ)fé,i(p;p\Z*) . (218)
0

The integration contour ei%R>o is not the standard integration contour of Liouville
theory, where one would integrate over the line iR.,. We rotated it because it
corresponds to the spectrum of the theory (2.12). By considering the poles of the
DOZZ structure constants, one can easily see that the poles are well-separated from
the contour of integration and hence there is no need for any additional discrete
contributions to the conformal block decomposition.



This definition of the worldsheet theory allows us to define string amplitudes,
which we denote by Aé% (p1,-..,pn), by integrating the correlators over moduli space.
For example, in the case of the four-punctured sphere, we set

)

4
MmmwwwﬂﬁﬂM@vkmm@m@mmmmw.@m
j=1

Here, C’g;) describes the a priori arbitrary normalization of the string path integral
on the sphere, while the so-called leg-factors N,(p) correspond to a change of nor-
malization of the vertex operators. It turns out to be convenient to set them to

N N i
Nolp) = 8v2m sin(wb?) sin(wb=2) p ' (2:20a)
c¥) = 327t (Sin(?fj)_s?_(gw)) . (2.20D)

This is entirely conventional, but will lead to nicer expressions for the string am-
plitudes and makes the map to the dual matrix integral discussed in [31] simpler.
Notice in particular that the leg factor is odd under reflection p — —p and hence all
string amplitudes will be odd functions under reflection of the individual Liouville
momenta. Similarly, for the one-point function on the torus, we set

Alm) = 5 N5m) [ eI 0D (221)

The factor of % originates from the Z, automorphism of the torus. There is no

need to include an additional factor C’é@ , since the CFT torus partition function
is unambiguous. The factor |27n(7)?|* is the ghost contribution in a particular
normalization.

General amplitudes. We can similarly define any perturbative string amplitude
/—\gf,)I by integrating the worldsheet correlators over the moduli space. This requires
us to appropriately include the standard string theory be-ghosts,’

39—3+n n
AL (p) = CT) /M < 1T Bk:Bk;Hij> , (2.22)
g,n = Zg,n

where the V, = ¢t (p)V,"V,, are vertex operators representing on-shell closed string
states, By and By are the holomorphic and anti-holomorphic b-ghost insertions as-
sociated with the moduli of X ,,, and C’ébg) are normalization constants of the string

4Throughout this paper we use tildes rather than bars in order to denote anti-holomorphic
partners in order to avoid confusion with complex conjugation.

— 10 —



path integral on a genus g Riemann surface ¥,. The correlator is taken in the full
worldsheet theory including the ghosts.

We should remark that those integrals are absolutely convergent and hence our
string theory is perturbatively completely well-defined. Indeed, there are potential
divergences in the integral (2.19) as, say, z — 0. By using the known behaviour
of the Liouville correlators in this limit [47, eq. (3.13)], we see that the integrand
behaves as |z|72(—log |z|)™® as z — 0, which ensures that the integral is convergent.
A similar analysis can be carried out for any (g, n).

Let us comment on the physical reason for this somewhat unusual property in
string theory. Normally, the worldsheet spectrum before imposing physical state
conditions contains both states with total conformal weight h < 1 and A > 1, which
in particular means that the worldsheet OPEs can have singular behaviour as say
one puncture approaches another. This is very important since divergences in the
moduli space integral produce physical singularities such as poles and branch cuts
in string amplitudes. In the present case, all conformal weights are of the form
h € 1+iR, which means that the integrals are all barely convergent. In the Virasoro
minimal string [13], one also gets an absolutely convergent integral, but one is forced
to consider an ‘internal spectrum’ appearing in the OPE expansion that is different
from the ‘external spectrum’ that one uses to define physical vertex operators [48].

Sum over genera. Of course we sum over all genera in the full theory. We set
AP (Spip) =D el mSAl) (p) (2.23)
g=0

Motivated by the connection of the worldsheet theory to 2d dilaton gravity, we denote
the string coupling constant by g = e™0. This sum is asymptotic and we will discuss
the resurgence properties and non-perturbative effects elsewhere [32].

Analytic continuation. We defined the string amplitudes for b € e%R, p; €
e~ TRR. However, one can easily define analytic continuations outside of this physical
regime by disregarding the reality conditions. The analytic structure of the string
amplitudes will be a very important clue about their closed-form expressions. When
analytically continuing, we need to preserve ¢ +c¢~ = 26 and h™+h~ = 1 for physical
vertex operators, since this is needed to get well-defined integrals over moduli space.
However, we can take bt and p* essentially arbitrary as long as b~ = —ib' and
p~ = ipT in the definition of the four-point function (2.17) on the worldsheet (or
any other worldsheet correlation function). The equation (2.17) remains valid, but
the right-hand-side of (2.18) and hence the integrands of (2.19) and (2.21) are no
longer an absolute value squared. In a vicinity of the physical spectrum, convergence
of the integral (2.19) is unaffected by analytic continuation and thus we obtain an
analytic function. As we shall discuss in section 3.1, the global analytic structure

- 11 -



is quite intricate and A(()Ifi(pl, D2, P3, P4) has in particular various poles coming from
resonances in the Liouville correlators and branch cuts coming from divergences in
the integral over moduli space.

2.3 Simple properties

Let us discuss a few immediate properties of the string amplitudes as defined in sec-
tion 2.2, see in particular (2.19) for the definition of the sphere four-point amplitude.
Although in this section we mostly focus on the sphere four-point amplitude Agz,
these simple properties can be stated for the general string amplitudes Agf,)l. We
discuss less obvious properties in section 3.

Oddness in p. While the Liouville structure constant Cy(p1, p2, p3) is even under
reflection, e.g. Cy(p1,p2,p3) = Cy(—p1, D2, p3), the leg factor Ny(p) is odd. As a
result, the string amplitudes are also odd under reflection. This is perhaps unfamiliar
since all CFT quantities depend only on p?, but it will turn out to be a convenient
convention. We will usually assume that bp € R, for external states.

Duality and swap symmetry. The worldsheet theory only depends on the central
charge and thus we have the symmetry under b — —b and b — b~!. Since the path
integral normalization is also invariant under these replacements, the only possible
non-invariance comes from the leg factors N,(p) given in (2.20a). We obtain

A (p H Nb O.(p) = AL\ (p) | (2.24a)
M ! pj (b) n A (b)

A = (—1)"A . 2.24b

jl_[l -/\[b p] 977L(p) ( ) g,n(p) ( )

In the second equation, we inserted the correct value of the ratio of the leg factors,
(2.20a). In particular, the second invariance looks very innocent from a worldsheet
point of view, but it is not manifest in the proposed solutions (1.4) and will be highly
non-trivial on the matrix integral side that we will discuss in [31]. We call it duality
symmetry since it comes from the b — b~! duality of Liouville theory.

Finally, we can exchange the two Liouville theories on the worldsheet, which
amounts to replacing b — —ib and p — ip. We obtain

—ib Zp N
H No(05) ] AP (p) = (—i)"AL)(p) - (2.25)
j=1 J

We call this symmetry swap symmetry, since it comes from exchanging the two
theories.
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Trivial zeros. By definition, the leg factors AV, (p) have a simple zero when p = me

or p = 5 for m € Z. Thus we have

Aél,)q)q,(plzm?bap%)pn):Agl?q)@(pl :%7]?27""])71):0 ) me. (226)
We call these zeros the trivial zeros. The trivial zeros at p; = 57 are actually manifest

in our claimed formulas (1.4¢) and (1.4b) for the four-point function and the one-point
function on the torus. The other series of trivial zeros follows by swap symmetry
which however is obscured in that representation.

2.4 Three-point function

We will now explicitly evaluate the three-point function of the theory. We show
four equivalent formulas, each of which is useful to exhibit different properties of the
answer.

The three-point function is one of the simplest observables in the theory, as it
requires no integration over moduli space. Hence it is simply given up to leg pole
factors and overall normalization by the product of DOZZ structure constants in the
partner Liouville CFTs

3
Agj;,(pl,p%pg) =) (H-/\/b(py)) Co(p1, 2, p3)C—in(ip1, ip2, ip3) - (2.27)
=1

From this expression it is already clear that the three-point function has a somewhat
interesting analytic structure. In particular, the DOZZ structure constant C}, exhibits
infinitely many simple poles at the following values of its arguments

1 1
Cy(p1,p2,p3): poles at £ py £ po = p3 = <m+ 5) b+ (TH— 5) b=, m,n € Zsy.

(2.28)
Combining with the poles of the partner DOZZ structure constant we learn that the
three-point function is characterized by poles and zeros at

1 1
AL)(prsp2, ps) © poles at pi £ pa £ py = (r + 5) b+ (s + 5) bl rscZ
Agj%(pl,pQ,pg) : zeros at 2p; = b+ sb’t, rseZ, (2.29)

where 2p; = 0 is a single zero. In fact, as previously noted by [24], this combination of
DOZZ structure constants simplifies drastically. Indeed, making use of the following
shift identities satisfied by the Barnes double gamma function I', that appears in the
definition of the structure constant (2.15)

V2rb3
['(bz)

V2rb e

Pz +b) = T 12)

(=), Tyz+b7) = L), (2:30)

one can show that the product of structure constants together with the leg factors
that appears is a doubly-periodic function of the Liouville momenta p;.
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Theta-function representation. The result is that the three-point function can
be written simply as follows

ibn(0%)° TT;—, 91(2bp;1b%)
203(bp1 & bpy £ bps|b?)

b
A((),Z)S(p17p27p3> = (231)
Here 9; are the Jacobi theta functions, n is the Dedekind eta function and the +
signs in the argument of the theta functions are meant to denote a product over
all possible sign combinations. We see that the three-point function is an elliptic
function, with

=0 € H? (2.32)
playing the role of the torus modular parameter.” To work out the prefactor in (2.31)

requires a bit more work and can be done with the help of the identity [24]

_ miz2

e 2 93(0[b?)
V3(bz|b?)

Ty(B 4 )0 (ST 4 ) = (2.33)
This representation (2.31) exhibits the poles (2.29) via the zeros of the theta func-
tions. This representation also makes the three symmetries (2.24a), (2.24b) and
(2.25) essentially manifest. The combination of swapping and duality preserves
b? € H? and acts as a modular S-transformation. Indeed, making use of the trans-
formation properties of the theta functions under modular S-transform we see that

ASE) iy, ipa, ips) = —i AU (1, pa, ps) (2.34)

which is the combination of (2.24b) and (2.25). In the following we will explain
various rewritings of (2.31) making one or more properties of the Aélg manifest.

Infinite sum representation. A useful expression is given by

b — 01090
Ay peps) =5 D " 23 (2.35)

+ e2mib(01p1+o2patospstb(k+3)) |

k=0 o01,02,03=%

This expression has the benefit of making the poles (2.29) manifest and converges
everywhere in the complex p; plane, assuming Im(b%) > 0. It is also double periodic:
shifts of any of the momenta p; — p; + sb™!, s € Z are obvious since they lead to

2mio ;s

e = 1. Invariance under p; — p; + b is slightly more difficult to see. We have

A(()l,):)%(pl + bap2ap3)

®We note in passing that, in a particular parameterization, the right-hand side of (2.31) has also
recently appeared as the boundary two-point function in double-scaled SYK [49-51]. In [51] it was
interpreted in terms of the two-point function in two copies of Liouville CFT with central charges
adding up to 26 subject to FZZT conformal boundary conditions.
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o0
D> o Z > o
2 1_|_827rzb(p1+02p2+05p5+b k-i- 1+82mb p1+02p2+03p3+b(k+ )

k=1 o09,03=+% k——l 02,03=%
b 09073 b 0203
= A(b) y V25 Y )
0,3(p1 D2 p3) 2 02§i 14+ eZﬂib(p1+a2p2+U3p3+g) 2 02221 14 e2m‘b(—p1—02p2—03p3—g
b
b b
- Aé,;<p1;p2ap3) 3 Z 0203 = Aé,;(plap%pB) : (2.36)
o2,03=%

This establishes double periodicity of (2.35). Finally (2.35) is antisymmetric in all
of the momenta, leading for integers r, s to

rb s b rb s
A(()f)i ( 9 + %JE,PB) = _A[(),Z)ﬁ <_§ - %71727293)

b _ rb s
= _A[(),% <Tb+ sb™! — 3~ %7]027]03)

rb s
0,3 <§ + %7}927193) : (2.37)

We thus obtain the zeros in (2.29). Consequently the ratio of Aé{’% as defined in (2.31)
and in (2.35) has no poles and is doubly periodic, and hence reduces to a momentum
independent constant. This constant we determine by matching the residue at the
poles (2.29), both of which are equal to ;=. This implies the equivalence of (2.35)
and (2.31).

Second infinite sum representation. The three-point function (2.31) can also
be written in terms of the following infinite sum

b = 2b(—1)™ sin(2mmbp, ) sin(2rmbps) sin(2rmbps)
A((J%(php%p:;) = Z sin(wmb?) .

(2.38)
m=1
In writing this expression we have assumed that | Im(20(p; & ps & p3))| < Im(b?) so
that the sum converges. It in particular converges in the main case of interest in
this paper for which b* € iR, bp; € R. This is the form that we introduced in the
introduction (1.4a) and which will most directly generalize to other (g,n).
To see the relation between (2.35) and (2.38) we write the sines in (2.38) as
exponentials and expand the geometric series in the denominator. Then performing
the sum over m leads to (2.35)

. 3
2mimb 325y o5p;

i (—1)™ H?Zl sin(27r77‘prJ _ Z Z 1 T102073€ =
sin(wme) e7r7,mb2 _ e—ﬂimbz)

m=101,02,03=%

ii Z (—1)"o10903€ 2mimb(3°3-1 o9 +b(k+3))

m=0 k=0 o1,02,03=%

N 010203
Z Z 1+ eQﬂb(mm+02p2+o3p3+b(k+%)) : (239)

k=0 o01,02,03==%

»-blr—‘

»-lklk—‘
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Contour integral representation. Finally we can rewrite (2.38) as the following
contour integral,

) sin(4m sin(4m sin(4m

. sin(27bp) sin(2wb~1p)

Here the contour v runs around the ray of poles p = %mb, m € Z~g in the first
quadrant as shown in figure 1. However the contour can be made to run around
any of the four rays of poles at p = j:%mbjEl using oddness of the integrand under
p — —p and the vanishing of the residue at p = 0. This makes the three symmetries
(2.24a), (2.24b) and (2.25) manifest.

i x 7 g

Y

x

Figure 1: The contour v in the integral representation (2.40) of the three-point
amplitude A((f% (p1, P2, p3) runs around the ray of poles located at p = mb/2, m € Z~,.
Deforming the contour such that it picks up the residues from this set of poles results
in the infinite sum representation (2.38) of the three-point amplitude.

Double infinite sum representation. Finally, we note that the three-point am-
plitude can be written in terms of the following sum over simple poles

1 01090
Agg(l’hp%p:a) =3 Z Z — 23 . (241)

0101 + 09ps + 033 — mb — nb1
m, T’LGZ“F% 01’02703::|: 1p1 2p2 3p3

After summing over the three signs, the sum over m and n is absolutely convergent.
This expression is manifestly doubly-periodic, odd under reflection of the momenta,
and exhibits the poles (2.29). Since it is an elliptic function with the correct poles
and residues it can only differ from the exact answer by a constant, which would
conflict with oddness of the amplitude under reflection of the momenta. This shows
that the sphere three-point amplitude A[(f% is in some sense the simplest possible
function consistent with the poles (2.29).

2.5 Two-point function

Dividing by the Mo6bius group. Another very important ingredient is the two-
point function A((f% (p1,p2). As usual in string theory, this is a bit of a subtle object
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since there is an infinite Mobius group that compensates for the fact that the world-
sheet two-point function has two delta-functions. The prescription how to deal with
this was explained in [52] in the context of AdS; string theory and in [53] for flat
space amplitudes, but is more general. The correct answer is to cancel one delta-
function in worldsheet conformal weight space with the infinite volume of the Mobius
group (up to a constant factor, whose value is more subtle to determine). Thus the
two-point function is

A(b) (P1 pz) _ C’él;) M(pl)M<p2) 5(]71 - p2)2
e vol oy (p{)po-(pr)
5(291 - p2)2

p? vol

1
h

Y

where we suppressed numerical constants and used that the conformal weight is
quadratic in the Liouville momenta.

Integration measure. This means that the natural measure in spacetime for the
integration over a complete set of physical string states is —2pdp.® This is the same
measure as in the Virasoro minimal string [13]. The minus sign appears because
we are considering lowercase p. In other words, if we would consider the theory
as a gauge theory analogously to treating JT-gravity in the SL(2,R) BF' theory
formalism, we would have

?
AD) (1, P2, p3, pa) ~ /(—2290119) ALY (D1, D2, D) A (D3, pa, D) (2.43)

)

since one would simply insert a complete set of states at the neck of the pair of pants
decomposition. However, in a theory of quantum gravity, this formula is incorrect
since it does not take the gauging of large diffeomorphisms on the worldsheet (map-
ping class group) into account. Indeed, since Agj%(pl, P2, p3) is a periodic function,
the integral over p diverges. However, this measure still plays an important role just
like in JT-gravity, for example for the gluing of asymptotic trumpets. In fact, we
will see in [31] that there is a suitable version of this formula that does hold in the
full worldsheet theory.

3 Properties of Ag”%

Our goal will be to determine the string amplitudes Agle explicitly. It is not possible
with current technology to analytically compute them from their definition (2.19),

5The normalization is not clear at this point, but will follow once we have analyzed the four-point
function in detail. We chose our conventions so that this coincides with 2P dP with P = ip, which
is the measure that appears in [13].
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since there are no analytically tractable expressions for the conformal blocks, etc.
Instead, our strategy will be to derive various properties that they satisfy and from
there show that under mild assumptions these fix the result uniquely. We will also
numerically check below that our solution (1.4c¢) is indeed correct.

3.1 Analytic structure

The string amplitudes Agb,,)l(pl, ...,pn) as defined by the integral of Liouville CFT
correlators over the moduli space of Riemann surfaces converge in the main case of
interest in this paper (b* € iR, bp; € R). However the condition on the central charge
may be relaxed (provided that b? € H?) and the string amplitudes may naturally be

extended to analytic functions of the momenta py, ..., p, as explained in section 2.2.
We now explain the analytic structure of the analytic continuation of Agf% (P1y- -y Pn)-

The function is characterized by an infinite set of poles in addition to infinitely many
branch cuts that arise because the integral over moduli space can cease to converge
as the momenta are varied away from the physical spectrum. We will explain the
example of the sphere four-point amplitude A((ﬁ (p1, ..., p4) defined in (2.19) in detail
here in order to illustrate the mechanism. The general case proceeds similarly and
we will mention the general results at the end. These analyticity properties place
powerful constraints on the string amplitudes, and indeed we will see that subject
to some mild assumptions one may bootstrap the string amplitudes from them, see
section 5.6.

Discrete contributions. The correlation functions in the worldsheet Liouville
CFTs are computed by the conformal block expansion; the example of the sphere
four-point function is given in (2.17). For more general amplitudes Agle, one per-
forms a pair of pants decomposition of the surface ¥/, and inserts a complete set of
states on the internal cuffs. What remains is a product of CFT structure constants
multiplying the conformal blocks corresponding to the particular pair of pants de-
composition integrated over the complete sets of states running along the internal
cuffs. We can take the Liouville momenta p of these internal states to be integrated
along the vertical contour p € iR.” In Liouville CFT the structure constants are
given by the DOZZ formula Cy(p1, p2, ps3) (2.15), which is characterized by the lat-
tices of simple poles specified in (2.28). For sufficiently small momenta bp; these poles
are well-separated from the contour of integration in the conformal block expansion.
However, as one varies the external Liouville momenta the poles of the DOZZ for-
mula in the internal Liouville momenta may cross the contours of integration, leading
to additional discrete contributions to the conformal block decomposition associated
with the residues of the poles.

"We could rotate the contour to the 45-degree line as described around (2.18), but the discussion
that follows is simpler with the vertical contour.
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For concreteness we discuss the sphere four-point function in Liouville CF'T that
appears in the sphere four-point amplitude (2.19). Consider in particular the family
of poles in the internal Liouville momentum p at®

1 1
p:p*:iplip2+(m+§>b+<n+§>b_l, m,n € Ly . (31)

There is a similar family of poles for any pair of external momenta p; and p;. These
poles extend infinitely to the right in the complex p plane. However, as we vary p;
and py it may be that some of these poles cross the contour of integration. This
happens whenever

Re(ps) < 0. (3.2)

Deforming the contour of integration around this pole leads to a contribution of
—271 times the residue of the integrand of the conformal block expansion, as shown
in figure 2a:”

VOV (2 2V DV (00))
> -2r Y Res (n(p)Culpr. 2, 0)Culp.pa pa) F) il Fodpipl2)) - (33)

—P*

Re(p+)<0

Combining with the partner Liouville correlator, all together the sphere four-point
amplitude receives discrete contributions whenever any of the following holds

1 1

1 1

Re (:izpz' +tp; — <m + 5) b— (n + 5) bl) >0, (3.4b)
1 1,

I { £p; £ p; = (m+ 5 )b+ (n+g |07 ) >0, (3.4c)
1 1N,

Im ( £p; £p; + m+§ b— n+§ b <0, m,n€Zs, (3.4d)

for any pair of external momenta p;, p;.

Poles. The singularities of the DOZZ structure constants can also generate poles
of the Liouville worldsheet correlation functions and hence of the string amplitudes
when distinct poles of the structure constants pinch the contour of integration in the
conformal block decomposition as shown in figure 2b. In the case of the sphere four-
point function, the resulting poles of the Liouville correlation function are located
at

tp EpEpstpi=(m+Db+(n+ Db, myne Zs, (3.5)

8Here the two + signs are not correlated; they correspond to four families of poles.

9We assume here that the integral over the internal momentum is as in (2.17). There is a second
pole at p = —p, and either p, or —p, crosses the contour. Since both give identical contributions,
we will continue with the contribution from the pole at p..

— 19 —



Py xRy Py »

e % X X <
P« @ a
D+« ‘
1R 1R 1R 1R
(a) Poles crossing the contour. (b) Poles pinching the contour.

Figure 2: As the external Liouville momenta p; are analytically continued, it may
happen that poles of the conformal block expansion cross the contour of integration
over internal Liouville momenta as in figure 2a. When this happens the Liouville
correlation function picks up additional discrete contributions associated with the
residues of the poles that have crossed the OPE contour as in equation (3.3). It may
also happen that singularities of the conformal block expansion pinch the contour of
integration as in figure 2b, leading to poles of the full Liouville correlation function.

for all choices of signs on the left-hand side. These poles are well-known to arise in
the Coulomb gas formalism and are associated with saturation of the Liouville back-
ground charge @, see e.g. [54, 55]. Combining with the poles of the partner Liouville
correlator, this leads to poles in the sphere four-point amplitude Agjﬂt(pl,pg,pg, D4)
when

prEpyEpsEpi=rb+sb, 18 €Ly, (3.6)

for all choices of signs.

This discussion straightforwardly generalizes to more complicated observables.
Again the poles are due to singularities of the DOZZ structure constants pinching
the contours of integration of intermediate Liouville momenta. The Liouville CFT n-
point function on a genus-g Riemann surface exhibits poles when viewed as a function
of the external momenta for

:I:plzl:pzj:--d:pn:(29—2—1—71)%—1—7”()—4—561, (3.7)

with r,s € Z-o for any choices of signs. Combining with the poles of the part-

ner Liouville correlator, this leads to poles in the genus-g n-point string amplitude
/—\E,If)l(pl, ., pp) for

n 20 —2+n

prEpet---Ep, =rb+sbt, T,S€Z+§, |T|,|s|>gT

Discontinuities. The Liouville correlators defined with the extra discrete contri-
butions associated with poles of the DOZZ structure constants crossing the OPE

. (3.8)

contour are perfectly sensible, but they do not necessarily give convergent contri-
butions to the string amplitude when combined with the other Liouville correlator
and integrated over moduli space. In the case that they lead to divergent contribu-
tions, we must define the amplitude via analytic continuation from a region where
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the integral converges. We will see that this generates branch cuts in the string
amplitudes.

Consider the discrete contributions to the four-point function enumerated in (3.3)
associated with the poles (3.1) crossing the contour of integration in the conformal
block expansion. In particular, the poles p, for which in addition to (3.2)

Re(p?) > 0 (3.9)

contribute residues to (3.3) that diverge when integrated over cross-ratio space due
to singular behaviour in the degenerating locus z — 0. Let us henceforth consider the
contribution of a single discrete pole at p = p, to the sphere four-point amplitude,
starting from the regime that Re(p?) < 0 so that the moduli integral converges.
In particular, consider the isolated contribution of this discrete pole to the string
amplitude associated with a unit disk D? centered around the OPE limit z = 0'°

DP=DPx

4
AYL(p1, P2, 3, 1) D —27CY) (HNb(pj)) / dQZ{ReS p5(p)Co(p1, P2, ) Ch(P3, Pas P)
D2

=1

dp~ _ L o

X Tpfib(p )Cfib(zplazp%p )Cfib(lp:a;lmap )
iR

x || 72200 (1 4 Oz, z))} . (3.10)

In order to discuss the analytic continuation to the regime Re(p?) > 0, we need to
commute the integral over z with the integral over the internal Liouville momentum
p~ in the partner Liouville CFT. This is allowed since by assumption Re(p?) < 0,
and so the z integral in the neighborhood of the degeneration limit converges. The
integration over the neighborhood of the degenerating locus generates poles in p~ at
+ip,, since
2 12-wi27) — T

/DQd 217 e (3.11)
Since we have so far assumed Re(p,) < 0 and Re(p?) < 0, the resulting poles in p~
do not lie on the contour of integration.

This allows us to discuss the analytic continuation of p; and py to the wedge of
divergence defined by Re(p,) < 0, Re(p?) > 0. We may analytically continue into this
wedge either from above or below. Importantly, the side of the p~ contour that the
resulting poles at p~ = =+ip, lie on is determined by sign of the imaginary part of p,;
in other words, by whether we analytically continue p, into the wedge of divergence
from above or below, as illustrated in figure 3. Hence there is a discontinuity in the
string amplitude at p, = 0 determined by the residue of the p~ integral at p~ = +ip,.

10The radius of the disk is immaterial for the purposes of this discussion.
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This gives the following for the discontinuity of the sphere four-point amplitude

. * 3 l *
DlscAébfl( ) = —27%iCY) (H/\/ o(Dj ) polp )p u(ip:) Res (G (p1, p2, p)Co (3, s, p)

p+=0
X C_p(ip1, ipa, ips)C—ip(ips, ipa, ipy)

p (D) p—in (D) 1 b
- _277-32 ( ) ( Res (AO%(plap%p)A((),%(p?np%p))

P+ Ny(p.)2CS
= 8mip, Res <A0 %(pl,pz,p)Agf%(ps,m,p)) : (3.12)

This analysis carries through for any pair of external momenta p; and p; associated
with a pole p, (as in (3.4) that has crossed the OPE contour in either of the worldsheet
Liouville CFT correlators and leads to a divergent contribution to the moduli integral
in the appropriate OPE degeneration limit at z = 0, 1 or oco.

[P+ : P

Figure 3: On the left, the blue region denotes the wedge of divergence Re(p,) < 0,
Re(p?) > 0 for which the discrete contribution associated with the pole p, gives a
divergent contribution to the sphere four-point amplitude Agj}l. The analytic contin-
uation of the string amplitude depends on whether p, is continued into the wedge of
divergence from above or from below. The difference comes from a residue contri-
bution associated with the pole at p_ = ip, crossing the integration contour of the
intermediate Liouville momentum p_ (depicted in the right figure). This leads to the
discontinuity (3.12) of the string amplitude.

To summarize, the region of analyticity of the sphere four-point amplitude where
the moduli integral converges is given by the complement of the union of the following
regions, each of which carves out a series of 90 degree wedges in the p; = p; plane

Re(p.) < 0 and Re(p?) pe=dp; £p; +rb+sbt, (3.13a)
Re(p,) > 0 and Re(p?) pe=dp;£p; —rb—sb7, (3.13Db)
Im(p,) > 0 and Re(p?) <0, pe=dp;£p; —rb+sb7, (3.13¢)
Im(p,) < 0 and Re(p?) pe=tpitp;+rb—sb", (3.13d)

where r,s € Z>o + %, for all choices of the signs. In the case that b € G%R, this is
a non-compact region that in particular includes the lines bp; € R. The reason for
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this is that all of the poles with r > % or s > % lie within or on the boundary of the
wedge associated with r = s = % In the more general situation that b* € H? away
from the positive imaginary axis this defines a compact region in the p; & p; plane
as shown in figure 4.

Im(p; £ p;) Im(p; £ p;)

L{ Re(p; +p;)

Re(p; £p;)

%e% (b) b= %e%

Figure 4: In each case (b* € iR on the left, b* ¢ iR on the right), the unshaded region
is the region in the parameter space of the Liouville momenta where the moduli space
integral converges. The four families of dots represent the poles p, of the integrand of
the conformal block decomposition with respect to the internal Liouville momenta,
with the left and right families associated to one Liouville correlator and the top and
bottom corresponding to the other.

Cancellation of discontinuities associated with subleading terms in the
OPE. A priori, one might have suspected the existence of infinitely many additional
branch cuts associated with subleading terms in the conformal block expansion of the
Liouville CF'T correlators. On the other hand, these putative discontinuities would
be due to the exchange of Virasoro descendants of Liouville primary operators in
the OPE; the latter are not in the BRST cohomology of the worldsheet theory and
hence are not expected to contribute to qualitative features of physical observables.
We will spare the reader the computation, but one can explicitly verify that these
terms do not contribute additional discontinuities due to a cancellation originating
from structural properties of the conformal block expansion.

General formula. We have seen in the example of the sphere four-point amplitude
that the discontinuity is given by the residue of the product of sphere three-point
string amplitudes associated with the particular degeneration of the surface that
gives a divergent contribution to the moduli integral. This is a feature that gener-
alizes straightforwardly to more complicated observables; indeed one can similarly
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Figure 5: Left: The separating divisor D 112y = Dy g3}, right: the non-separating
divisor Dj,,.

compute the discontinuity of A% in terms of the residue of lower-point functions.
The discontinuities originate from the boundary divisors of moduli space. They
come in two types: separating divisors which are labelled by D;; for 0 < h < g
and I C {1,2,...,n} and divide the surface into two parts'’ as in figure 5 and the
non-separating divisor D;,. that yields a surface of lower genus with two nodal points.
The role of z in the above argument is played by a local coordinate ¢ in moduli space
that describes the normal direction to the boundary divisor. We obtain

. . b b
Disc Al (p) = 2mi| Res ) 20 AY )41 (P P)AY e (Pre D)
h=0,...,
TN
stable

+ RGS 2pA§]b_)17n+2(p7p7p) . (314)

P=1p«

There is an extra factor of % with respect to (3.12) since we are overcounting all
divisors by a factor of 2 on the right-hand side (and the divisor D, has an auto-
morphism of order 2 by which we need to divide). The appearing p, is such that
the residue on the right-hand side is non-vanishing and hence runs over all poles of
the simpler amplitudes as given in (3.8). For the non-separating divisor, the pole is
located at %p* because Ag)_)lm +2(P,p,p) has two p-insertions.

There are in general also sequential discontinuities originating from higher codi-
mension boundaries in moduli space, but we will not work them out since they can

be obtained by recursively applying (3.14).

3.2 Dilaton equation

We will next derive a general property that is obeyed by any Agle(pl, ..., pn) and
hence we will explain the general derivation. We consider A;?ZL +1(P1s - Pny1) and
consider the analytic continuation in p, ;. We will then take the limit

14 b=l —b
i1 — =Q = :
Pnia 2@ 9

(3.15)

HThere is also a stability condition that requires |I| > 2 when h = 0 and |I¢| > 2 when h = g.
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This corresponds to the vertex operator built out of the marginal operator in one of
the Liouville CFTs and the identity in the other. We claim that

pn+1‘>§

i AL (i) = = (10202403 B )AL ) 316)
j=1

We refer to this equation as the dilaton equation. There is a similar equation when
we specify p,y1 — %Q, which is obtained by the swap symmetry (2.25). We recall
that the spectrum was such that bp; € R. The appearance of the function \/p?
requires some explanation. For (3.16) to be rigorously true, we need to assume that
Re(p?) > 0 since the moduli space integral is only convergent in that case. In this
case, the choice of the branch of the square root is unambiguous and is given by
the principal branch. However, by analytic continuation, we can extend the region
of validity and we write the answer in the form \/p? without precisely specifying

where the branch cut is located.'> The case of ¢ = 0, n = 4 is also a special case of
the higher equations of motion that we discuss in section 4.3. We will now explain
a different derivation of (3.16) than the derivation using the ground ring operators
that will be introduced in section 4.1.

Reduction to the Liouville dilaton equation. For p, | = %, the operator in
the second Liouville theory becomes the identity. This means that the integral over
the location of the (n + 1) vertex operator is only dependent on the first Liouville
theory and we can consider independently the integral

[ (G0 Vi )V ) (318)
2

over the last vertex operator of the first Liouville theory. This is the marginal

operator of Liouville theory.

Path integral argument. There is a simple path integral argument to evaluate

(3.18). The point is that insertions of V" P act as p-derivatives, where p is the cosmo-
2

logical constant of Liouville theory appearing in the action (2.1). The KPZ scaling

argument [56] shows that the u-dependence of the correlator takes the universal form
(3 (i3 29-24m)  Thus we have

[ i i) Vit Vi enn)

2

12Tn literature about the minimal string [40], the function |z|ge is used instead of vz2. Tt is

defined as

(3.17)

z, Re(x)>0,
|2|re =
—z, Re(z)<0.

For Re(x?) > 0 it agrees with v/22, but we prefer to write V2 in the following since the imaginary
axis is not a natural choice of branch cut for this function.
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o (meL 622(2g—2+n))<VI:(z1)---th(zn)). (3.19)

The case distinction for p; in (3.17) appears because the path integral derivation is
only valid for Re(p;) < 0, which is the Seiberg bound [57]. The other case can be
inferred by reflection symmetry under p; — —p;. This demonstrates (3.16) up to a
constant hidden in the normalization of the path integral.

Normalization. Thus it only remains to work out the constant appearing on the
RHS of (3.16). We do this by carefully computing the non-analytic terms in (3.16).
We already know that the analytic terms will then follow by the path integral ar-
gument. The non-analytic terms can be worked out similarly to what we explained
in section 3.1. They come from the limit where z,.; collides with one of the other
vertex operators. We can look at the OPE, which takes the form

Vi)V (0) ~ i /O dp’ po(p) Co(3Q.p,p)|2*T=#" =DV E(0) . (3.20)

The factor of i comes from the Jacobian to imaginary p’ and an additional minus
sign from the convention of py(p). We can now integrate over a the unit disk in z (or
any vicinity of the origin), which gives

[ po(0) Co(2Q,p.p)
/ &2 Vi (), (0) ~ i /0 dp’ 2 p2_b(2p,)2 V:H(0) . (3.21)

The non-analytic term comes from the pole at p’ = =£p crossing the contour, which
will pick up the residue at p’ = p. We may hence put everywhere p’ = p except in
the denominator and compute for the non-analytic piece including the leg factor

A R 100 C lA7 ’
N [ e Vi 0 ~ i) [ ay AOLAES D

= . (3.22)

This confirms the normalization of (3.16).

3.3 Triality symmetry

We will now discuss an additional special symmetry of Agﬂ(pl,pg, ps, p4) that does
not directly generalize to higher g and n.

The Liouville four-point function enjoys an additional symmetry. To make it
manifest, one has to consider a different normalization of the vertex operators. Con-

sider
—27r7,p]

pr b2 ()(p17p27p37p4) y (323)
s

4
b
Aé,i/(plvp%pfﬁ?pll H 191
7=1
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which would simply come from a normalization of the structure constants of the form

Cy(p1,p2,p3) = Fb(% +p£p2£ps), (3.24)

i.e. only the numerator of (2.15) and a trivial leg factor (2.20a). Agj}l’(pl,pg,pg,m)
satisfies

b b
Aé A)LI(P17P27P37P4) = Aé,z)xl(pl - %p1234>p2 - %P12347P3 - %p1234ap4 - %p1234) , (3.25)

)

where piogq = >, p;. This is precisely the action of the SO(8) triality symmetry on
the four weights of an SO(8) representation. This property has a physical origin in
the AGT correspondence [58]. The Liouville four-point function in this normalization
can be mapped to the partition function of N' = 2 SYM with four hypermultiplets
on the squashed four-sphere Sj. This theory is well-known to have SO(8) flavour
symmetry, and S-duality acts by outer automorphisms on the matter fields [59]. S-
duality corresponds to the Mobius transformation z —+ 1 — 2z and z — % on the level
of the moduli, which can be absorbed into a redefinition of the integration variable
z. Hence A(()Iji/ (p1, P2, P3, p4) Will be invariant.

One can also give a direct derivation of this fact in 2d CFT, but it is somewhat
non-trivial. We refer to [60, 61] for further details.

3.4 Relation between A((f;)l and Afi

The moduli space My 4 can be realized as a 12-fold cover of the moduli space M ;.
This follows by noting that every torus admits a two-fold covering map to the sphere
that is branched over four points, which is known as the pillow map in the physics
literature [62].

For a special choice of the four momenta, one can also relate the integrands of
Agbi and A((fi. The value of b has to be modified because of the double covering.
Using known relations of the conformal blocks and of the structure constants, we
derive the relation

Ua(bps [0%)

A® () — AV (pL b b by
ie) 12b905(0]62)04(0[62) 95 (bps [6?) bk

(3.26)

The details of this computation can be found in appendix C.1. Thus in principle Agbi

. . b) .
is determined once A(()zl is known.

3.5 AY), Al and A}

Computing low-point functions is subtle because of the residual Mobius group on the
worldsheet.
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The two-point function revisited. The two-point function was already dis-
cussed in section 2.5. It is the inverse of the measure —2pdp, i.e. to first approxima-
tion

1
A((Jl:%(pl,pQ) = _2—1915(171 —p2) . (3.27)

This measure will be further demonstrated to be the relevant one in [31, 32]. One
needs to be slightly careful about the meaning of the delta-function in the complex

plane, since this formula doesn’t look particularly analytic. One way to define it is
1

27ip?

27i6(p) = lim._o ((p—ie)~' — (p+ie)™"). Thus it can be realized as a limiting value

to remember the appearance of the delta function as the discontinuity of ie.
of an analytic function. With this understanding, the correct expression is obtained
by imposing antisymmetry under p; — —p; and ps — —po, which gives

1
AL (D1, ps) = —2—p2<5(p1 —p2) + 2—p25(p1 + p2) (3.28)
1 1

This still gives the correct measure on the line py, ps € e’%R%), where the physical
spectrum is supported.

Curiously, one might think that one can derive (3.28) by applying the dilaton
equation (3.16) to A(()l?:),,. This almost works, but would predict a lattice of delta
functions supported at p; & p» = mb + nb~! for m, n € Z and predict an additional
factor of % We are in particular unsure about the factor of %, which could be related
to a similar numerical mismatch found in [63] when applying the dilaton equation
to compute the bosonic string sphere partition function in AdS3. This suggests also
that the expression below for Aéb& (p) should be taken with a grain of salt.

Ag”%. It is now relatively simple to apply the dilaton equation again to (3.28) to
infer lower-point amplitudes. Their worldsheet definition becomes more and more
subtle, but we essentially take the dilaton equation to define them, a perspective
that was repeatedly taken in the literature [13, 63]. It is simplest to use the dilaton
equation in the form

AL (D =13Q)+ AL (pp=1Q) = (29 — 2+ n)AL)(p) (3.29)

which is obtained by combining (3.16) with its image under swap symmetry. We
recall that Q = b~! — b. Thus plugging in n = 1 and g = 0 gives

AL (D) = b AN (0, 1Q) + b7IA ) (p, 1Q)
1
= ——(0(p+3Q) — 3(p — 3Q))

2(1+ b2)

+ 5 O+ Q) — 3= 3Q) (330
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We chose b € e%i]R>0 and this choice is important to get the relative signs right.
Consequently, this answer breaks the b — ™! duality symmetry and the b — —b
symmetry since they don’t preserve the phase of b.

This equation tells us in particular that the one-point function does not have
any support on the physical spectrum and the one-point functions in string theory
of generic operators vanish.

Sphere partition function. Finally we obtain the sphere partition function di-
rectly from the dilaton equation starting from (3.30). We get

Al = = (AN (3Q) + AV (1Q)) = oo . (3.31)

Torus partition function. For the torus partition function, we can similarly apply
the dilaton equation to Agb} (p1). Recalling that Agl”i(pl) has a pole at p; = 3@ and
that the Euler characteristic on the right-hand side vanishes gives

00 =0-A" (3.32)

which means that Aglf()) = 00 is also divergent. This can be also directly seen from
the worldsheet theory because the Liouville torus paritition functions are divergent.

4 Ground ring and higher equations of motion

In the context of the minimal string, there is a known strategy to evaluate string
diagrams for low values of (g,n) directly [40]. The method relies on writing the
corresponding correlators as total derivatives of a logarithmic correlator on moduli
space which localizes the integral to the boundary of moduli space. The logarithmic
fields are logarithmic counterparts of the ground ring operators — physical operators
at zero ghost number [21, 64, 65]. For the minimal string, this is quite subtle since
physical vertex operators have null vectors and these null vectors do not generically
decouple. This is the reason why a certain analytic continuation to a ‘generalized
minimal model’ has to be performed.

We will now show that this method works much more straightforwardly for the
complex Liouville string. Since physical states are parametrized by a continuum,
the subtle phenomena mentioned above do not appear. We will first review the
ground ring construction. It is essentially independent of the matter theory under
consideration. In the present case, the higher equations of motion do not give the
full result for the string amplitudes, but only their values when one external vertex

operator is specified to a degenerate value. '*

13The analysis of the ground ring in the Virasoro minimal string [13] is more subtle, due to the
well-known fact that correlation functions of degenerate representations in timelike Liouville CFT
are not simply obtained from those of generic representations by analytic continuation.
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4.1 Ground ring

BRST operator. It is most convenient to describe the ground ring in the BRST
formalism of the worldsheet theory. Recall that the BRST operator takes the form

= zim «(TT+T +37%) (4.1)
with 7% and T~ the energy momentum tensors of the two Liouville theories and
Teh = —2(bdc) — (Obc) the energy momentum tensor of the ghost theory. Similarly,
we can construct the right-moving BRST charge Q.

The physical vertex operators that we considered above had ghost number 1 and
were of the form

Vo (2) = Ny(p) V"V,

ip ) (42)
and the combined Liouville vertex operator was discussed around eq. (2.14). We also
included the leg factor A,(p) in this definition. However, it is clear that this list
is incomplete. For example the identity vertex operator is clearly BRST closed. It
forms the first of an infinite series of BRST closed vertex operators at ghost number

zero — the ground ring.

Ground ring operators. Ground ring operators will be denoted by O,,, with
m € Zsy, and n € Z>,. They take the form

_WA/’I)(me_%),H 7:[ V+ . V- )
mnTtmnV,,_ mb

Bm,n 3 oy p=ile

Opan = (4.3)

) -

=B

Here H,, ., is an expression involving the modes of T, T~ b and ¢ of ghost number
0, so that we get a level mn — 1 descendant. To fix the normalization of the vertex
operators, we stipulate that H,,,, starts with the unit-normalized term

Honn = (LT 4 (4.4)

By.n is a normalization constant that will be introduced below, see eq. (4.14).

The appearing Liouville momenta are the degenerate Liouville momenta. In
particular, both V' and V'~ with these choices of Liouville momenta possess a level
mn null vector. One may verify that the total conformal weight of these vertex
operators is 0.

Examples. To make the present discussion more concrete, let us explicitly discuss
the first operators in the series. Obviously, O ; is the identity vertex operator which
gives the first ground ring operator. Thus let us concentrate on the next example
Os1. The operator Hsy; takes the form [39]

Hoy =Lt — LT, +b*(be)_y , (4.5)
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and similarly with 7:[2,1. It is simple to check that Oq; as defined in (4.3) is closed.
In practice, we did these computations with the help of the Mathematica package
OPEdefs [66]. We similarly explicitly constructed O,,, explicitly for mn < 6 in
Mathematica. The operator Hs; takes for example the form

Hsy = (LT))? — LT L7, + (L7))* +2b%(26% + 1) LT, + 26%(20* — 1) L7,
—20%(2b% — 1)(be) 1 LT, — 20*(26* + 1)(bc) 1 L=, . (4.6)

In this case, there is also a BRST exact term Qb_, one could add and we made an
arbitrary choice. The higher operators become very quickly quite complicated.

Properties. Since the operators O,, ,, are of ghost number 0, we can insert them in
the full worldsheet correlators (including the ghosts) without spoiling ghost number
conservation. Notice that derivatives 00O, ,, are BRST exact. This follows from the
simple manipulation

aC)m,n - Lt_ofom,n - {Q; b}Om,n = Q(bom,n) 3 (47)

where we used that the total stress tensor is BRST exact with primitive b and O,,,,
is closed. This means that up to BRST exact terms, correlation functions involving
ground ring operators O,,, are independent of the location of the ground ring op-
erator. This in particular implies that we can consider the OPE, O, ,,(2)Op .0 (0),
which up to BRST exact terms cannot depend on the separation z. By ghost number
conservation, the appearing terms must again be of ghost number zero and thus the
only non-trivial operators in BRST cohomology are again ground ring operators. In
other words, ground ring operators form a ring, which explains their name.

It is simple to work out the ring structure. Clearly, the identity operator O,
is the identity of the ring. The remaining ring relations are severely limited by
associativity and the fusion rules of the degenerate vertex operators. Up to the
choice of By, in (4.3) that we have not specified so far, we must have

m+m’—1 n+n’—1
Om,n(z)Om/,n/(O) = Z Z Om//m//(O) + BRST exact . (48)

m”§|m—m’|+1 n"§|n—n’\+1

Here the notation = means that the summation index increases in steps of two. We
checked directly in Mathematica that this equation holds with unit coefficients with
the definition of B,,,, as in (4.14), at least for mn < 6. There does not seem to be a
proof available that demonstrates this analytically.

More importantly than the ring structure itself will be the fact that the ordinary
physical vertex operators as given in (4.2) must form modules of the ground ring
operators. Up to the normalization on which we comment below, their form is
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again severely limited by the knowledge of degenerate Virasoro fusion rules and
associativity of the action. We have

=

m—1 n—
Omn(2)V(0) = > V2,2 (0) + BRST exact . (4.9)

r

[
[

—_

1-ms=1—-n

This assumes that we chose p generically since if p corresponds to a degenerate value,
some of the terms appearing on the right hand side may be forbidden. This is not a
severe restriction in our case, since p can take continuous values, but is at the origin of
the subtleties that appear in the ordinary minimal string [67]. For degenerate values
of p as they appear in the minimal string, one has to modify the higher equations
of motion that we will explain below by hand to account for this [68]. We again
checked in Mathematica that (4.9) holds with unit coefficients, at least up to levels
mn < 6.1

4.2 Logarithmic operators and higher equations of motion

We now describe logarithmic analogues of O,,,, and their appearance in the higher
equations of motion.

Liouville theory. Let us start by considering ordinary Liouville theory, say the
first factor in the worldsheet theory. This was first discussed in [39]. We can consider
the operators

V. (4.10)

2

These are not primary operators. In terms of states, we have Ly|p) = (% —p?) Ip)

and hence for the state |p)’ corresponding to V),

L =5 o (E =) ) = (L2 ol (@1
p

Hence Ly does not act diagonally which is the hallmark of a logarithmic field. We
can straightforwardly define correlation functions of V) by taking derivatives of cor-
relation functions in Liouville theory with ordinary primary vertex operators.

In the following we will be interested in V) where p takes a degenerate value.
Recall that in this case V), has a level mn null vector and hence there is an operator
D, » made out of Virasoro modes that annihilates the primary vertex operator

DV =0, (4.12)

n
2 T2

14The appearance of unit coefficients is the main motivation from the worldsheet for the choice
of leg factors (2.20a).
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and similarly for the right-moving modes. We normalize D,, ,, so that it starts with
the term L™]'. The remarkable observation of [39] was that'®

Vo

_n
2 2b

_ p-1 » 1+
= B Do DV

—mb, n -
=73 T35

(4.13)

Here B,,, is a constant that we determine below (and is somewhat magically the
same constant that we included in the definition of the ground ring operators in
(4.3)).

It is simple to verify that the right-hand-side transforms like a primary field.
The main reason for this is that the logarithmic terms do not matter for this since
they are shared between the left- and right-movers, but we applied both D,,,, and
[Dmm. Thus the logarithmic terms produced by acting with left-moving Virasoro
modes will be proportional to Dy WV

B T

constraint. One can then compute B,,, explicitly by inserting this into a three-

which vanishes from the null-vector

point function. As explained in [39], the action of the operators D,,,, and Dmm on
the three-point function can be computed from the knowledge of the fusion rules.
The result is

m—1 n—1 rb s \2
b2 i1z ,n(plim_?_z_b) 10
By =—"" —n = Cy(pypr,p2) - (4.14)
Cb(? - %7p1)p2> 28}9 p:meJr%

This can be evaluated more explicitly, but the expression is not particularly illuminat-
ing [39]. Importantly, one can however check that the right-hand-side is independent
of p; and ps. The relation (4.13) is the quantum analogue of the infinite number of
conservation equations of Liouville theory, reflecting its integrable structure. In par-

2" 2b
to the ordinary equation of motion.

ticular, V;:b . is just the Liouville field ¢ and thus the case m = n = 1 corresponds

Logarithmic ground ring operators. We will now define logarithmic ground
ring operators O,F and O, . They are not BRST closed and are thus not physical
operators. Nonetheless, they will be the corresponding analogues of the logarithmic
operators V;* in the full worldsheet theory. We define them in the obvious way
analogous to (4.3) as

mb n
o TN - %) S -
o, = B MooV S WV (4.15)

and similarly the vertex operator of the second Liouville theory becomes logarithmic
for O ..

15This holds in flat space. In curved space, there is a correction involving the Riemann scalar. It
can be fully fixed by imposing that the right-hand side of (4.13) transforms correctly under Weyl
rescalings.
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Higher equations of motion. If we act with QQ on the logarithmic ground

ring operators, we do not get zero. However, we are guaranteed that QQO% , Is a
BRST-closed operator since Q2 = Q% = (. This operator can only be V- mb_n . We
can fix the normalization by looking at the leading term of H,,,, which we fixed
in (4.4). The action of the BRST operator (4.1) in particular gives the term ¢;L7,.

Comparing with the normalization of D,, ,, gives

- TN ( — R -
QQU,F = — (%5~ 31) oDt DF V' L VT ..+ BRST exact
7 Bm,n ’ Mop=tr gy p=iy —g)
= -7 N,(% - 2) &V WV s+ BRST exact
-2 2b - 2 2b
=TV m BRST exact . (4.16)

Here we used the Liouville higher equation of motion (4.13). This also shows why it
was a good idea to include the normalization factors in (4.3). Similarly, we have

mb n
TN -

1 .
Bn p="g0 gy TR TIN T p=i(TE — 2)

Q00 = + BRST exact

- m,n 7 %
B By Np(22 + 2 Vp:%%% + BRST exact

= =TV mb 0+ BRST exact (4.17)

2b

where B, , is By, with b — —ib replaced since it comes from the second Liouville
factor. The last equality is simple to check with the explicit formulas given in [39].
The extra ¢ comes essentially from the fact that we defined the logarithmic operator
in the second theory by a derivative in p~, which differs from p* derivatives by a
factor of 1.

OPE of the logarithmic ground ring operators. The last ingredient that we
need for the application of the higher equations of motion to the string diagrams is
the OPE of O%n with a standard physical vertex operator (4.2). O;in is not BRST
closed, and thus this OPE is much more complicated. Since Oﬁin is a logarithmic
field, there will be in particular a logarithmic term in the OPE and this is the only
term that is relevant for our purposes. Even though Oﬁn is not BRST closed, the

field appearing in the logarithmic term has to be BRST closed. This follows from
the higher equations of motion. We have

QQ(O4F (2)Vp(0)) = =7 Vome , 5 (2)V(0) (4.18)

which does not contain a logarithmic term and hence the logarithmic term appearing
in the O}, (2)V,(0) OPE has to be BRST closed. Since the ghost number of the
appearing operators is 1, and in view of the degenerate Virasoro fusion rules the only
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possibility is that

O Z Z Crion(P)Vpsry s (0)log [2* + ... (4.19)

2 2
r=1-ms=1-n

where ... contains both BRST-exact terms and non-logarithmic terms and C7;5,(p)

are the structure constants. They can be computed as follows. The logarithmic
1

53 /
ground ring operators (4.15) hits the exponent of the position dependence |z| of the

term can only appear when the derivative in the definition of the logarithmic
non-logarithmic OPE. The remaining structure constant is then exactly the same
as in the OPE of O,,,, with V), and thus CJ;% (p) is given by the derivative of the
z-exponent. Thus we pick out a discrete term in the OPE of the primary fields,
which gives rise to a z-dependence

|Z’72(%27(p/)2)72(%2,p2)+2(%2,(p,p/+%(r+m)b+%(s+n)b—1)2) 7 (4.20)
where p’ is the momentum of the Liouville vertex operator before specifying to p’ =
mb 4+ 2 With these choices, the momentum p—p'+ 1 (r+m)b+1(s+n)b™" appearing
in the OPE will simplify to p + =2 ”b + o after speaallzmg p'. The operator H,, n?—[m n
leads to further z-dependence, but it is independent of p’. We thus simply have to
take a p’ derivative and put p’ = me + 55, which leads to

rb s mb n
crs Pt Tttty 4.21

This cannot be the full answer since it would break reflection symmetry in p. In fact
there is a second discrete term with momentum p+p’ + 5(r —m)b+ 3 (s —n)b~! that
could also have contributed to the logarithm and it would give rise to

Q&@Z—@+L+—)+—+—. (4.22)

To decide which one is the correct answer, we should note that the computation
of the logarithmic term is in general ill-defined. Indeed, the OPE can contain a
continuum of operators and it is not clear how we would separate the logarithmic
term. This only works in special circumstances when the continuum of operators
appears with positive exponents. In other words, to get an unambiguous answer, we
must require that the discrete term that we considered appears indeed in the OPE
(i.e. the corresponding pole crossed the OPE contour) and is more singular than the
continuum. For the discrete term p — p’ + %(r +m)b + %(s +n)b~!, the contour is
crossed (for p' close to 22 + 2) when

Re(p—p/ +3(r+mb+3(s+nh™) =Re(p+ 3 +5) <0, (4.23)
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while the inequality is reversed for the other discrete contribution. For both contri-
butions, they are separated from the continuum when

Re(p+2+5) >0. (4.24)
Thus we finally obtain
rb  s\2 mb n
s =— —+ = — + = 4.2
Crin() \/(p+ 2 +2b) T Ty (4.25)

provided that Re (p+%b+§))2 > (. The reasoning of the square root of the square was
explained below eq. (3.16). When Re (p + %b + %)2 < 0, the answer is in principle
undefined. One can of course analytically continue (4.25), but the branch of the
square root is then ambiguous.

4.3 Higher equations of motion for Agz

We now explain the technology towards the analytic computation of A((ﬁ. We consider

the case when py = %b — 55- Then we can write

AL (D1, pay p3, pa = T — 1)
— —Cég) /d2Z <Vp1 (Zl)vm(ZQ)VP3(Z3)E_16_1V mb_ n (Z>>

Pa="%5" "3

1 - ~
=_C@ / A2z (Vp (21) Vo (22) Vo (23)6_16_1Q Q0L (2))

- _% ég)/d% (Vo1 (21) Vo (22) Viy (23){ Q, [171}{Q, 6,1}(9%”(2»
= _%Cé’;) /dQZ <Vp1(Zl)Vp2(Z2)Vp3(23)85(9:;n(z)> , (4.26)

The minus sign is necessary since we have to anticommute b_, with ¢; to turn the
last vertex operator back to the form of (2.19). Thus, the integrand is at this point
a total derivative and reduces to boundary contributions from z; and co (where we
have a curvature singularity).

Contribution from z;. The contribution from 2;, 25 and z3 is dictated by the
logarithmic term in the OPE between O and the primary V, . We go to polar

m,n

coordinates around z;. Then

/dQZ 00f = % X 27 X /drrl&u(r&«f) = —g lir%rﬁrf (4.27)
. r T

Thus, for a logarithmic dependence f ~ logr?, we get —7 times the prefactor of the
logarithm. Thus the boundary contribution from z; is equal to
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82 Z Z CTS p1+“’+5(Zl)vpz(’z?)vm(zfi»

r—l—m s—l—n

m—1 n—1
) . n rb $\2
:Aé,%<p1+(2) + 55+, P2, ps) Z Z (2 2_5_\/(]91+_+2b>)'

2 2
r=1—-m s=

1—-n

We used that the three-point function happens to be double-periodic and thus the
shifts in p; all lead to identical results and only depend on the parity of m and
n mod Z. In principle, this only holds when the logarithmic contribution is well-
separated from the continuum, see (4.24), however we will suppress this condition,
which leads to ambiguities of the sign.

Contribution from oo. The higher equations of motion only hold with a flat
background metric, see footnote 15. Thus we also get a boundary contribution from
z = oo. It can be read off from the anomalous transformation behaviour under
conformal transformation behaviour. We have

O, (2) ~ (mb + nb MO p.n(2) log|z|? (4.29)

as z — o0o. We can evaluate the contribution similarly as above by going to polar
coordinates. Since the insertion of O,,,(z) is position-independent, we get for the
contribution at infinity,

— O (mb + b~ ) (V1 (21)Va(22) Vs (23) O (00))
= —(mb+nbymn AV (pr + S 4l by p) L (4.30)

Here we used again double-periodicity of the three-point function, which gives mn
identical terms in the OPE. Finally, we get

b m n b
Ag),é)l<p17p27p3ap4 = Tb - %) = Aé,%(l)l + (m ) + W?p%p?)

3: g )

mn(mb+ nb~1) Z <
= i

(4.31)

2 7

ms

Notice that the case m = n = 1 reproduces the dilaton equation (3.16). Notice also
that combining the higher equations of motion with triality symmetry (3.25) maps
these special values to the residues of the poles of A(()lji.

4.4 Higher equations of motion for Agi

Let us similarly derive the higher equations of the once-punctured torus. This is
actually redundant, since they can be obtained directly from the higher equations of



motion of the four-punctured sphere, together with the relation (3.26). We anyway
explain the direct derivation from the worldsheet for completeness. Partial results
were already obtained in [69] for the minimal string, which we initially follow closely.
We have

AN =% - 5) = _2(217r)2 /fdzT (B6()V, s O))-
_ (er)g | & (6b(2)QQO, (0))-
_ _(2;)3 /f a7 (Qb(2)Qb(:) 0L, (0)),
_ (271)3 /f 27 (T(2)T(2) OLF . (0)) . (4:32)

Here, we used that we need to insert one pair of b-ghosts in the correlation function
to saturate the ghost zero modes. To connect with (2.21), we use that

(b(2)e(w)b(2)e(w)), = (27)*n(7)[* (4.33)

in the ghost CFT. We then used the higher equations of motion and the fact that
Qb="T.

Virasoro Ward identities. We next apply the Virasoro Ward identities. Let us
rederive them since they are potentially subtle in the presence of a logarithmic field.

To warm up, let us first show that the one-point function (O,,,(0)) is indepen-
dent of 7. We have

271 %(Om,n(o)p = /0 1 dz (T(2)Opmn)~
~ | 5 0,105 (eI7) (T(2)0m(0),
= Res 9. log 01 (z|7) (T(2)Omn(0))~
= (L 50, (0)), . (4.34)

Here, F' is the boundary of the fundamental domain of the torus (which can be taken
to be the parallelogram spanned by the four points 0, 1, 7 and 7 + 1). We used
the quasiperiodicity properties of 0, log ¥, (z|7) and then deformed the contour. We
finally use that the OPE of T'(z) with O,,,(0) does not contain a second order pole
(since Oy, ,, has vanishing conformal weight) and the first order pole is proportional to
a total derivative which vanishes on the torus due to translation invariance. However,
we have

<L720m,n(0>>‘r = <Q(bf20m,n(0))>f =0 (4-35)
since it is BRST exact.
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We now repeat the same manipulations for the logarithmic partner. It proceeds
the same way and we have

o2
o107

(2m)? (O n(0))7 = (L2 L 20, (0)) = (T(2)T(2) O, (0))- . (4.36)

In the process, we encounter again the OPE of T'(z) with O/ = which now also

m,n’

contains O, ,, in the second order pole due to the logarithmic structure. But because
we have both a 7 and a 7-derivative, this term eventually does not contribute.

This is precisely the correlator appearing the integral (4.32) and we hence get a
total derivative over moduli space:

1 02

b mi n
Al =15 =) = —5- | @752 (000, (4.37)

We now collect the different contributions from the boundary of moduli space. We
use the standard fundamental domain F. The contributions from the vertical lines
Ret = % and Ret = —% cancel, since the integrand is periodic in 7 — 7 + 1.

Contribution from the unit arc. The fundamental domain has an arc of the
unit circle as a boundary. Since we can map the left part of the arc to the right part,
they partially cancel out. In fact, we have the transformation property

1
(O (0)) -1 = (O 1(0))7 = 5 (mb +nb") log |7[* (O n(0))- (4.38)
which follows from taking a derivative of the corresponding relation
(@(0))_1 = |7[**(2(0)), (4.39)

of a one-point function of a primary field. We go to polar coordinates and compute'®
s [0 2 2 (0O + (00O

= _Z/O de ((OH_ ( )>irei‘7’ + <O;7—;n(0)>“"e 1<f>)|r 1

LT o 0N
- 4/0 d¢ ar(<0m,n(0>>zre’¢ + <Om,n<0)>zr*1e’¢

_ (mb + ’n,bil) log 7”71 <Om,n(0>>7) ‘T:I
mb—+nb~! [%
- @@ d Omn T
/0 6 (O n(0))

4
7 (mb+nb1)
24
16The factor of 1 comes from % =1A,.
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Thus, it remains to compute the one-point function (O, ). We can do it by inserting
a complete set of states, just as we would do in the computation of the one-point
function on the torus when we expand in terms of conformal blocks. In the limit
Im 7 — 0o, we only have to keep primary states (and the conformal blocks trivialize).
Since O, 5, is not part of the physical spectrum of Liouville theory, we have to deform
the contour. We hence pick up some number of discrete terms. Because of the OPE
(4.8), we have'”

D lOma D) = 3 S 01V s) (a.41)

2 2
r=1-ms=1—n

If m and n are both odd, the right-hand-side contains the norm (V,|V,). In this case
(Opn) diverges. Indeed, these values correspond to the poles of Agb% So we will
assume that either m or n is even. Then the right-hand-side of (4.41) vanishes. The
only way to get around this conclusion is if

p=—(p+ 5+ 2) (4.42)

for some 7 or s. This is impossible for purely imaginary p and thus only the discrete
terms in the complete sum over states can contribute. The appearance of discrete
contributions is analyzed as in section 3.1 for the four-point function. The result is
that we get the additional discrete contributions for
kb ¢
4 4

where k runs from 1 —m to m — 1 in steps of 2 and ¢ runs from 1 —n to n —1 in steps

p= (4.43)

of 2. They precisely satisfy (4.42) for r = k and s = ¢. Each of them contributes —1
t0 (Om.n) (since the leg factor (2.20a) is odd under reflection). We get an additional
factor of 3 since (k,¢) — (—k, —{) corresponds to the identical state (which by our
convention we only count once). Thus we have simply'®

(Onn(0))r = —%mn (4.44)

and thus the unit arc contributes

1 mn(mb+nb")
32 3

(4.45)

b
to Agi

1"We use this notation since (V,| is has ghost number 2 and is the field ¢tV placed at infinity.
This is necessary to saturate the ghost number.

18The overall normalization of this expression may be easily checked directly for Os 1, where we
gave the explicit form of the operator Hs 1 in (4.5). Since we have to saturate the ghost numbers,
only the last term in (4.5) contributes.
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Contribution from 7 = 200. We get another contribution from the cusp. Going
to Cartesian coordinates, it reads

—— x lim i(O%(O)) : (4.46)

where 75 = Im 7. This selects the logarithmic part of the correlator that grows lin-
early in 75. We can compute it by using essentially the same logic as in the derivative
of the logarithmic ground ring OPE (4.25). Let p’ denote again the momentum of the
vertex operator in the first Liouville theory before we take the derivative %8%,. The
role of z in (4.19) is played by the local coordinate ¢ = ¢*™". The leading behaviour
of the one-point block is given by ]q|2(QT2_p12nt), where piy is the internal Liouville
momentum of the first Liouville theory, which takes the form
P (k+m)b (+n P (k—m)b (—n

P P . 1.4
Pt = =5 g O ot T T (4.47)

. Thus a discrete term contributes to the to the logarithmic part of (O, ,(0)) as

Ty
2

TTo

(kb + Eb_l) or — 7

(kb+¢b7h) (4.48)

depending on which discrete term we pick up.
Similarly to the discussion around (4.25), the first term is to be taken when

L _p’ (k+m)b (+n kb ¢
Re(pmt)—Re( st Re( =+ ) <0. (4.49)

while the second term is the correct choice for the reverse inequality. The result is
only unambiguous when additionally Re (% + ﬁ)Q > () since otherwise the logarith-
mic term cannot be separated from the continuum and the limit (4.46). We will omit
this condition in the following. Finally, we get a factor of % since the contributions
corresponding to (r,s) and (—r, —s) are equivalent. Plugging this behaviour into

(4.46) gives the following contribution from the cusp

1

. (rb + sb=1)? (4.50)

[\]

Summary. Combining (4.45) and (4.50), we hence finally derived

m—1 n—1
" " 1 2 mn(mb+nb1)
Al (=15 = 5) = 3—2[ SN b+ svt) - ; (451)

2 2
r=l—-ms=1-n

Recall that we had to assume that either m or n is even, since otherwise the result
is divergent. One can rederive this result by combining (3.26) and (4.31).

— 41 —



5 Explicit checks of the proposal

In this section, we will check that our conjectured answer (1.4c¢) satisfies all the prop-
erties that we derived. In order to avoid confusions, we will denote the string am-
plitudes as defined through the worldsheet integral (2.19), (2.21) by Agf% (P1y--+yDn)
and our conjectured formulas (1.4b), (1.4c) by agf}l(pl, ...,Pn)- Thus we want to

demonstrate that
a’l (p)=Al)(p),  for (g,n)=(0,4), (1,1). (5.1)

We do this by checking that a((ﬁ(p) and aglg(p) satisfies all the properties we de-
rived for /—\gz(p). Let us also remind the reader that we already demonstrated that

a(()l,)% (p) = A(()lj;)),(p), see section 2.4.

5.1 Analytic continuation

The formula eq. (1.4c) only converges in a neighborhood of the physical kinematics
bp € R. To explore the analytic structure of (1.4c), we hence first have to discuss
the analytic continuation. We will thus first derive a formula that converges for any
complex p; and is the analytic continuation of (1.4c). For completeness we present
it here again

= 252\/(%2@?1,@'}92;2'?3,@'174) Hj;l sin(27wmbp,)
sin(rmb?)?

b
ay)(p) =

b
m=1
oo

B Z (—=1)™+™2 gin(2mmybpy ) sin(27wm, bps) sin(2wmabps) sin(2wmabpy)

S 72 sin(mwmyb?) sin(mmyb?)

1 5m175m2
— 2 . 5.2
X ((m1 Sy — ma)? + 2 perms (5.2)

Single sum. Let us first give the analytic continuation of the second term in (5.2).
We have

2mimb S, 0313

i H?:l sin(2mmbp;) 1 i Z 01090304 €
« sin(mmb?)? Y= (emimt® — g-mimb?)2

m=
1 oo o
T4 Z z: § kooao30, 2™ =1 03P Hkb)

m=1 k=0 o1,...,04=%
1Y Y e 53)
o 4 N 6*27‘"”’(2?:1 o;pj+kb) _ 1 ’ '

Here we assumed that Im(5?) > 0 to expand the sines in the denominator and perform

the geometric sum from the second to the third line. The resulting expression is now
everywhere convergent and has various poles that we will further analyze below.
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Double sum. Let us repeat a similar rewriting for the other terms in (5.2) involving
double sums. We can focus on the first permutation. We obtain

i H?zl sin(2wmybp;) Hj:?) sin(27wmabp;) ( 1 1 — Smyms
( 2

. (=1)mtme sin(mrmg b?) sin(mmab?) mi+mg)?  (my —ms)
mi,ma=

1 o0
iy oy
mi,mao=101,...,04=%
y < 1 1= [ )
(my+mg)?2  (mg —my)?

4

mi,ma2=1kq,ko=0071,...,00=%

% e?mbmg(z?:?) cr]-p]-—l—(kg—l—%)b) < 1 B 1— 5m1,m2 )
(m1+mg)? (Mg —my)?

01020304 (—1)ma+mz g2mibms Xy o5pi+ma 32— 03p;)

(efrimle _ e*ﬂ‘im1b2)(eﬂ‘im2b2 _ e*ﬂimsz)

1 & Li, o2mib(35 1 7jpj+(k1+3)b)
= —— E E 01090304 ( )
4 2mb(zj 10§D5— Z] 3 05p;+(k1—k2)b)

k1,k2=001,...,04=%

-1
Lis (— o2mib(5 1 opi+(kitg )
— e_27”b(2j:1 oipi+(ki+ka+1)b) 1:| + ({17 2} — {3,4})

Z Z 001020304 L12( o2mib(e 354 Ujpj+(k1+%)b)>

,27rzb J 10']p]+0'(k1+ )+k2+ )b) 1

kl,k‘g 00,01,...,00=%

+ ({1,2} « {3,4}) . (5.4)

We performed the sum over m; and mqy by using the definition of the dilogarithm. To
go to the last line, we renamed o0; — —o; and 09 — —05 in the first term. This sum
is again absolutely convergent for arbitrary complex momenta and hence provides
the desired analytic continuation. As expected, the expression has branch cuts due
to the presence of the dilogarithm.

Summary. To summarize, we can write the conjectured four-point function (5.2)
equivalently in the form (assuming Im(b?) > 0)

i Z koyo90304 Véljz)l(ipla ip2, ip3, iPa)

(b)
aO 4<p17p2ap3ap4 6—27"%(2?:1 o;pj+kb) 1

k=0 o1,...,04=%
27Tib(0(0jpj+ﬂem)+(k1+%)b))

1 001020304 ng( —e
 4n2 Z Z Z o 2mib(5_y 0P+ (0 (ki+3)+ha+5)b)

1<j<l<4 k1,ko=00,01,...,04==% —1

, (5.9)

which in particular defines its analytic continuation to arbitrary complex momenta.
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Poles. From the representation, the location of the poles and branch points is
manifest. The single-sum term has poles when

4
> ojp;=—kb+nb! (5.6)
=1

with k € Z>, and n € Z. The double sum term has the same pole, except for the
term with ¢ = —1 and k; = ko that seemingly also has a pole at 2?21 ojp; =nb~ L.
However, it is simple to see that the numerator cancels out and the residue vanishes.
This was obvious from the representation (5.2) that we started with since the infinite
sums are absolutely convergent for Z?Zl o;p; = nb~! and p; close enough to the
origin. Finally, also the pole with n = 0 in (5.6) cancels out, which will follow
directly once we establish the duality symmetry that exchanges b — b~!. Thus we
see that a((fl)l(p) leads to the correct poles as in (3.8).

Branch cuts and discontinuities. The location of the branch cuts is also easy
to read off from (5.5). They clearly originate from the dilogarithm. We recognize
that we can perform the sum over ks in the second term of (5.5) by recognizing the
form (2.35) of the three-point function. This leads to

Dot 1
aéi(p1;p2,p3,p4)( = 27T2 Z Z Z oj0 ng 27rzb(a‘]p]+ ép[J’»(kJrQ)b))
1<j<<4 k=0 0j,00=%
b
X a[()%(ber + UJpJ + O-Zp€7pm7pn) 3 (57)

for the second term in (5.5) that captures the discontinuity. Here {j,¢,m,n} =
{1,2,3,4}, so m and n are the other two indices not equal to j and /.

Recalling that the dilogarithm has a branch point at z = 1, we see that the
expression has branch points at

pe=0pj+ope+(r+ib+(s+3)b =0, (5.8)

as required from our general discussion in section 3.1. The discontinuity follows
directly from the discontinuity of the dilogarithm, Disc,—; Liy(2) = —2milog(z). The
discontinuity at p, is then
b .
Disc al}(p) = 8ip, Res (a03(p1, P2, P)a0,3(p, 3, pa) + 2 perms) . (5.9)

px=0
We also added the discontinuities corresponding to the other two ways of pairing up
(p1, 2, P3, p4). This confirms (3.12).
agbi One can of course repeat the same exercise for the one-point function on the
torus, which leads to the result
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UV1 1 Zpl)
p1 - bz Z —2mib(o1p1+(k+1)b) +1

k=0 o1=+ ©
16 sz Z o le 2m’b(o1p1+(k+%)b)) ) (510)
™

k=0 o1==+

One can repeat the same analysis as above and confirm that

Disgaﬂ(pl) = 2mip, Res aoz)),(p p.p1) (5.11)

Px= p=3p~

where p, runs over all possible poles of agf% (p, p,p1). This matches with the prediction
of (3.14).

5.2 Duality and swap symmetries

We next establish the three symmetries (2.24a), (2.25) and (2.24b) of the claimed
solution (1.4c) as well as (1.4b).

Simple symmetries. The b — —b symmetry and swap symmetry as in (2.24a)
and (2.25) are essentially manifest in the proposed expressions (1.4), since all the
terms transform in a simple way. Thus we will focus on the duality symmetry. We
use essentially the same argument as for the three-point function that we explained
in section 2.4.

agb:)l Let us warm up with the one-point function on the torus. We can write it as

®) _ i d sin(4mpp;) 1 8_7r2 2_bz+lf2 19
211(p1) 647r2/7 b sin(27bp) sin(27b~1p) pQ+ 3\ 4 - (512)

The contour is the same as in figure 1. The integrand has the property that the

residue at p = 0 vanishes. As in the corresponding formula for the three-point func-
tion (2.40), the integrand is antisymmetric in p and we may hence freely change the
integration contour to go around any of the four quadrants in figure 1. This inte-
gral representation hence makes the symmetry under exchange b <+ b~! essentially
manifest.

agl)1 Let us next repeat the same logic for ag;)l. This requires a double contour

integral. Let us note that we can write

o0

ab4(p) Z Res L)+ > Z Rgf Res gy(p,p') (5.13)

p= /— m2
m=—oo? mMo=—00 M1=—00,
mi1#£ma

where

27h Vfﬁ(z’p) cos(2mb™1p) szl sin(47pp;)
sin(27bp)? sin(27b~1p) ’

folp) = (5.14a)
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sin(4mpp, ) sin(4mpps) sin(4mp’ps) sin(4mp’ps)
2 sin(27bp) sin(27b—1p) sin(27bp’) sin(2wbp’) (p — p’')?

9(p,p') = — + 2 perms .

(5.14b)

We now use that the sum over all residues vanishes to rewrite this infinite sum as a
sum over all the other residues. We obtain

agi(p) = Z Res folp Z Z Res Res 96(p, ')
i

m*—oo mo=—00 M1=—09,

mi#ma

Z Reg Rey (D, 1) Z Res Res g,(p, ) (5.15)
m=—oo P me—oo’ =5 pP=15;
L (o]

—ais ')+ D {Res Res g»(p,»') — Res Res gy(p,p)
m—=—00 2b pP==3 P =75

— Res fi-1(p) + Res fb(p)] (5.16)

P=3 pP==5"

After symmetrizing the residue in p and p’, one can check that

1
Res fo(p) — 2( Res Res + Res Res )gb(p,p’)

/mb

p_ b= 2 p p - 2 p_i
_ Ry 2L00002bR) — 07 cot(mbp)) [Ty sin(dmeny) o
- p—mb sin(2mwbp)? sin(27b~1p)? ’ .

which shows that the remaining terms cancel since the sum over the residues of this
function vanishes.

5.3 Triality symmetry

Let us next establish triality symmetry as discussed in section 3.3. We give the idea
how to show this. If we pretend again for a moment that we have a gauge theory at
our hand, we could write

ayy(p1, D2, D3, Pa) ~ /(—2pdp) ayy(p1, 2, D)as s (s, pay ) (5.18)

but as remarked before, this integral is divergent. Let us proceed anyway. Using
the theta-function representation of the three-point function (2.31), we see that this
integral is of the form

o2 Sjo1p? (ib 77(52)3191 (21)p|bz)) 2

bp & bpy == bp|b?)U3(bp =+ bps & bp4|b2)( 7 )
5.19

where we stripped of the same factor as in (3.23). The numerator is not relevant here,

Agfi’(pl,p%pg,m)~/(—2pdp) o

but we notice that the form of the denominator makes the desired triality symmetry
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manifest. While the actual four-point function (1.4c) is not literally obtained by
integrating a product of three-point functions, it is close enough and this argument
can be made rigorous. We spell out the details in appendix C.2.

5.4 Higher equations of motion

Let us next demonstrate that a((] , and a1 ) as given by (1.4c) and (1.4b) satisfy the

higher equations of motion (4.31) and (4.51). For agz, this implies in particular that
the dilaton equation (3.16) is satisfied.

agb?1 We use the form (5.5) since we will need a((ﬁ outside the region of convergence
of (1.4c). Let us recall that the higher equations of motion are somewhat ambigu-
ous since we arbitrarily chose a branch of the function \/ﬁ for most of the terms.
Thus we will allow ourselves to be somewhat liberal in the choice of branches in our
verification.

The non-analytic terms come from the dilogarithm in the second term of (5.5),
for which we use the form (5.7). Since the three-point function with a degenerate
argument vanishes, only terms with ¢ = 4 can be non-zero. Thus

o0

3
0,0 . wib(o o mb_ n 1
a(()lj4)1<p1,p2,p3, me - ZZ Z 2;22 Lis ( e2mib(ojpjt+oa("5" — 35 )+(k+2)b))

j=1 k=0 o0j,04=%

X aé’;(b_'—g_l + O;P; + 0'4(%17 - %),pj’apj”) ) (520)

where {j,7',7"} = {1,2,3}. We can use ellipticity of the three-point function to
simplify

agf;)),(b% +oipj+oa(Z — &), pyr,pjr) = ajag% (p1 + w + 2L pa,ps)  (5.21)

regardless of the value of j. We see that the sum over k is effectively shifted by %
up or down, depending on the sign of o4. Because of the overall o, this means that
most terms cancel out identically and we obtain

i Z Z Ll 27rzb0'J(pJ )+7rin)
J:

O'J—

b . .
ag,é)l(plap%p?n 717 — 2_b)(2) _

7‘:1 —-m

X a(();,(]h 4 (L ) + W7p27p3) , (5.22)

To understand how to continue, let us first consider the case of the dilaton equation
where m = n = 1. We have to compute the following sum over dilogarithms:

2
Liz(e*™) + Lip(e>™") = —% — §(log(—e2’”bp))2 : (5.23)

Here we used a standard identity of the dilogarithm. This can clearly be simplified,
but we have to be careful about the choice of branch of the logarithm. To motivate
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the correct choice for the dilaton equation, imagine that p is small, so that —e>™®?
is close to —1. For Re(p?) > 0, the principal branch choice of the logarithm gives
|

2
— % — 5 (log(=e"™)* = T 4 2?27 /p? (5.24)

while for other values of p we assume that this result holds by analytic continuation.
Similarly, (5.22) can be simplified further for general m and n. For higher values
of n, the correct branch choice for the logarithm is instead

Li2((_1)n—1627ribp> + Li2((_1)n—le—27ribp)

3 _
n7r6 m + 2m2h%p? — ZWQbZ V(p+ )% (5.25)

sln

The reason for this choice is that the right hand side equals (5.23) as long as bp is

at most of order 5. It however is sensitive to the existence of all the branch cuts at

2. Using this in eq. (5.22) yields

26
m—1 2,2 2
(b) mb _ n\(2) _ 1 n"mT —m 272 b2
a0,4<p17p27p37 P} Qb) — 27T2bjzl 22 (—6 +27T b (p] )
— 2% Z \/ pj > ) ()(p +( L +77P2,p3) . (5.26)
sZ1-n
The contribution of the first term in (5.5) when py = %b — 35 1s simpler to work out

since it does not have branch cuts. We obtain

ayy(p1, P2, p3, L — YD = bV (ipr, ipa, ips, i(22 — 2 ))als (pr+ TS 4 1L by )
(5.27)
Taking (5.26) and (5.27) together gives
b b m—
A((),4)1<p17p2>p37 2 _) A(()i)’)(pl + {m-L)b 1)b + 2 2b 7p27p3)

3
" [mn(mb +nb! Z

This matches indeed with (4.31).

agbi The computation is essentially identical. Starting from (5.10) and applying

Z <pz+ —+ 2b)1 . (5.28)

r—l m521 n

the same logic gives

m—1 n-1
o 1 2 mn(mb+nb?
aﬁ(m =5 —g) = 32 [ Z Z V (10 +sb71)" — ( 3 )] - (5:29)

2 2
r=l—-ms=1-n
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5.5 Relation between ag;)1 and aglﬁ

Finally, we verify that (3.26) is satisfied by the explicit functions (1.4b) and (1.4c).
For this it is convenient to use the expressions (5.5) and (5.10). The two terms satisfy
the relation (3.26) separately. We show this in three steps. We first show that the
discontinuous parts of the left- and right-hand side of (3.26) agree (which is easy).
The hard step is to show that the residues of the poles agree. This shows that the
left-hand side and the right-hand side differ by at most a polynomial, which in turn
has to vanish because of the trivial zeros of the amplitude. We spell out the details
in appendix C.3.

5.6 Uniqueness

One may ask whether all the constraints that we derived admit (1.4c¢) and (1.4b) as
unique solutions. We will discuss this for A(()I;)L. We can look at the difference

BY)(p) = Ay (p) — al)(p) - (5.30)

)

B(()l’)i (p) has the following properties:

1. Bél;)1 is an entire function in the momenta p. Indeed, we have shown that both
functions have identical discontinuities and poles and thus the difference is
meromorphic. The poles also cancel since as remarked after eq. (4.31), the
residues are fixed by triality symmetry and the higher equations of motion,
which are satisfied by both Agj}l and agz. Thus they cancel in the difference.

2. Bé’j}l vanishes when p; = %’ + o5 for any r, s € Z and any j = 1,...,4. This
follows from the trivial zeros, together with the higher equations of motion.

3. B(()ljfl is triality symmetric in the sense of (3.25).

4. Bgf}l is permutation symmetric and odd in all momenta and satisfies the various
dualities (2.24a), (2.24b) and (2.25).

Functions satisfying these constraints exist. To construct them, it is more useful to
look at the triality symmetric normalization (3.23)

4
B(()Ifi'(pl,pz,ps,m) = H W B(()l,)z)l(plap2>p3ap4) . (5.31)
7

.
Il
-

The theta-function cancels all the zeros of Bgz (p), while the Gaussian is necessary to

preserve the b-duality symmetry. Thus B((f?l’ (p1, D2, p3, p4) could be any even entire
function in the momenta that is invariant under the discrete symmetries. The sim-
plest nontrivial choice is clearly 1, but we could choose e.g. also V(()l?i(ipl, ipa, iP3,1P4)-
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Growth at infinity. However, there is a good reason to suspect that such solutions
are not allowed. Such functions grow much faster at infinity than the solution that we
found. Indeed, due to the quasi-periodicity of the theta-function, we have (assuming
beeTRs)

Bébi(pl,pz,panm) ~ O(1) o2 L= lesl? : (5.32)

)

where O(1) is at best constant when we choose Bfﬁ’ (p1, D2, p3,p4) = 1. This is hence
very rapidly growing near infinity.
In contrast, our proposed solution a(()lffl (p) given by (1.4c¢) grows only polynomially

fast. We can see this by noticing that, for ¢ # j
i AT (b i b
AN (p) = (A)°agi(p) = 0. (5.33)
Here A} is the discrete difference operator in the i-th momentum, for example

ALf(prse ) = Fpr+ 5o ) = o1 = %) (5.34)

(5.33) holds of course also with b replaced by % This implies recursively that ag;)1

grows like a quadratic polynomial near infinity (as long as we avoid the poles).

Generalized ellipticity. It seems very natural to us to assume (5.33). Indeed,
this is the natural analogue of the ellipticity of the three-point function that we
observed. In particular, the three-point function does not grow at infinity. Thus it
seems very unnatural to us that the four-point function should grow as fast as (5.32).
Under this assumption, our bootstrap problem has then a unique solution given by
(1.4c). It seems possible to us that one can fill this gap and turn our arguments into
a complete proof, but we have not managed to do so.'’

. : . (b)
6 Direct numerical evaluation of Ag}
In this section, we present results for the direct numerical evaluation of the sphere
four-point amplitude A((fi (p1, P2, P3, p4) providing further strong evidence for the an-
alytic expression (1.4c). We will follow a similar strategy of numerical integration as
described in [5, 13, 70]. We restrict our attention to this case, since Ag{’i (p1) follows
from this computation via the relation (3.26).

6.1 Method

As explained in [71, 72], we may use crossing symmetry of the Liouville CFT four-
point functions in order to restrict the moduli integration from z € C to the compact

19We notice also that the property (5.33) also holds true in the Virasoro minimal string [13],
where the analogues of the amplitudes AS,’L are just polynomials of order 2(3g — 3 + n) in p;.
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region R = {z € C | |1 — z| < 1,Re(2) < 1}. Thus, the sphere four-point takes the
form,

4

AV (D1, P2, p3. ) = O T Noly) / &2z [(VH )V (2) V(D) (00)) |

j=1 R

+ (5 perms. of {1,2,3}). (6.1)

where the correlator is given in (2.18) and the leg factors and the normalization are
given in (2.20a) and (2.20b). The five permutations correspond to the integral over
the complement of R.

It is more convenient [13] to perform a change of variables from the cross-ratio
z to upper half plane, via

K(1-2)

"TTRE

11 da(t)\"
,  where K(z2) =2F1(5,5,1]2), z= . (6.2)
Ua(t)
With this change of variables the region R C C is mapped to the fundamental domain
of the complex t-plane, Fyy = {t € C | |[¢| > 1,|Re(t)| < 3}. Furthermore, in terms
of elliptic Virasoro conformal blocks "ngi(pj; plq) defined through the elliptic nome
it
q=e™ by

b .2 2 2 2 N2 2 2 2 42 2 b
Fot (s pla) = (16q) 7" 0 (t) @ HPHHE g, (1)~ @R g, (1)@ PR 200 (s plg)
(6.3)
the sphere four point amplitude takes the slightly simpler form,

4
AS V(1. p2, p3, pa) = 72CE [ No(py) / d*t x / dp”* / dp~ [] oo (@)
j=1 Foy iR)() iR20 o=+
o 0 O o .o O — )2 7 ., 0 7 o, . 0|=
X Cyo (7, 95, 07) Coe (95, 95, 07) 160 2 1D (07: 07 |0V HEY (07 97 [7)
+ (5 perms. of {1,2,3}) , (6.4)

where we recall that we write pj = p; and b = b, with p; =1ip; and b~ = —ib.

The elliptic conformal blocks Hgfl)l(pj;p|q) admit a series expansion in powers
of ¢ = e'™, which starts at one, and whose coefficients may be computed with
Zamolodchikov’s elliptic recursion relation [73, 74] (see for example, [13, appendix
C.2] whose conventions we follow in this paper).

With the string four-point amplitude written in the form (6.4), we can proceed
with the following strategy for numerical integration. First, we divide the fundamen-
tal domain Fy into two regions: (I) t € Fy with ¢y < t5*, where we write t = t; + its.
In this region I, we numerically integrate (6.4) directly. (II) ¢t € Fy with to > 5.
In this region II, for sufficiently large t5'** we can approximate the elliptic conformal
blocks by its leading term 7—[((){)31 (pj;plg) ~ 1. We then switch the order of integrations,

first performing the integral over region II of the complex t-plane analytically, and
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then performing the remaining integrals over the intermediate Liouville momenta p™
and p~ numerically?’. For the numerical results presented below, we used a cutoff
of ' = 5. Additionally, in the present paper we use a more efficient numerical
implementation of the function I'y(z), which was derived in [75] and is reviewed in

Appendix B, compared to the one used in [13].

6.2 Results

For the direct numerical evaluation of the four-point string diagram (6.4) we will
make the following choices for the external momenta of the asymptotic closed string
states and for the Liouville parameter b,

€ in _im

(a‘) b= ;64 ) {plap27p37p4} = {%7 |p2|7%a %1} xXe 4, |p2| € (Oa %) ) (653‘)
€ i3n _im _im _im _im

(b) b= %e B8, {p17p27p37p4} = {%e ", |p2|e 6 7%6 5 7%16 4 } ) |p2| S (0, %) .

(6.5b)

Note that choice (6.5a) corresponds to the case in which the moduli integrand of
the sphere four-point amplitude is simply the absolute value squared of a single copy
of Liouville CFT with parameter b. On the other hand, choice (6.5b) assigns generic
phases for the Liouville parameter b and for the external Liouville momenta p;, and
therefore the amplitude is complex-valued.

Figure 6 shows the numerical results for the four-point sphere string diagram
(6.4) for the choice of external closed string momenta (6.5), computed with the
strategy outlined above. We find that the numerical results demonstrate a remarkable
agreement with the exact form for the string four-point diagram (1.4c). The largest

discrepancy between the numerical results in the data sets (6.5) and the exact result
(1.4¢) is of order 1072 %.
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A More details on the worldsheet theory

The worldsheet theory under consideration is an interesting theory that pushes the
boundaries of the usual CFT axioms in interesting ways. We will now explain in
more detail the implication of the perhaps unusual reality conditions.

A.1 The global generators

Let us begin by considering the left-moving global generators
LL,O ) Lil,o . (A-l)

which defines an sl(2,C) algebra.
The global conformal group is PSL(2,C) — its generators are given by the diagonal

They satisfy the reality condition (L)1 = L,
combination of the Virasoro generators, L,, = L} + L. and their reality conditions
are the standard ones as in any CFT. Together with the right-movers, the theory
hence has a global PSL(2,C) x PSL(2,C) symmetry in Lorentzian signature which
extends the PSL(2,R) x PSL(2,R) global conformal symmetry.

Some PSL(2,C) representation theory. To continue, we have to recall some
PSL(2, C) representation theory. The group PSL(2,C) admits three classes of repre-
sentations: principal series, complementary series and finite-dimensional representa-
tions. PSL(2,C) acts on the complex plane by fractional linear transformations. We
can hence define the action

R N R ) 2

on a function f on the complex plane. Here j and j are the two spins characterizing
the representations. Well-definedness of the representation imposes j — j € Z. For
j 4+ 7 € 1 +iR, the representation is unitary with respect to the standard L2-inner
product, which is the principal series. For % < j = J < 1, the representation is also
unitary with respect to a modified inner product, which is the complementary series.
For j = —4 € %Zgo and J = —% € %Zgo, the representation can be truncated to
polynomials of degree n in z and degree n in z, which gives the finite-dimensional
representations.

Notably, contrary to PSL(2,R), PSL(2,C) does not possess discrete series rep-
resentation. This is obvious from the fact that the Weyl reflection is an inner auto-
morphism of PSL(2, C) but the discrete series is not invariant under Weyl reflection.
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Thus if we take the theory at face value in Lorentzian signature, we run into
immediate trouble. Since PSL(2,C) does not possess highest weight representations,
there cannot be primary states in the spectrum.

Wick rotation. We think of the worldsheet theory as a 2d theory of gravity of
which we want to compute Euclidean gravity partition functions. We are thus in-
terested in the theory in worldsheet Euclidean signature. As in any CFT, Wick
rotating the theory does not change the reality conditions on the conformal gener-
ators since they act on the Hilbert space which is unaffected by the Wick rotation.
However, it does change how they act on the fields. In an ordinary Wick rotated
2d CFT, L_, acts as 0, while L_; acts as ds. Even though L_; and L_; are not
related by the hermitian adjoint, 0, and d; are complex conjugates.”’ Such a Wick
rotation cannot work in the standard way in this CFT, since we already have an
PSL(2,C) x PSL(2,C) Moebius symmetry in Lorentzian signature. The only way to
do this is to perform a double Wick rotation, which redefines

PSL(2,C) x PSL(2,C) — PSL(2,R)* — PSL(2,C) x PSL(2,C) . (A.3)

We can think of the first operation as a Wick rotation in target space. The two
copies of PSL(2,C) that we end up with are different than the ones above and are
generated by L, L, and L, L, respectively.

This means that we can get away by defining the action of L} and L as usual in
product of two 2d CFTs. For a factorized vertex operator of the form (2.14), we can
hence let L*, as a z-derivative on the first factor and L~, as a z-derivative on the
second factor. This ensures in particular that L_; acts as 0, on the total expression.
This means also that we can define primary states and primary vertex operators as
usual since these concepts do not make use of the hermitian adjoint of the Virasoro
algebra.

A.2 Unitarity and no-ghost theorem

An obviously interesting question is whether this theory is unitary with respect to
this modified inner product. Unsurprising it is only unitary after passing to the
BRST cohomology of the worldsheet theory.

Unitarity. Consider a highest weight state |h*,h~). Since (L{)" = L;, we have
(h™)* = h~ and thus we label the highest weight state by |h) = |hT = h,h™ = h*).

2IThe reality conditions that would truly come from Euclidean signature would relate the hermi-
tian adjoint of a left-moving mode to a right-moving mode and read indeed L = —L,,. This is only
compatible with the conformal algebra provided that ¢* = —¢, where c¢ is the central charge of the
left-moving algebra and ¢ the central charge of the right-moving algebra. Such a reality condition
is relevant e.g. for the dual CFT description of dSs.
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The level-1 Kac-matrix reads

~ ((RILTLE|RY (h|LyLZ4|h)\ (0 2h*
M= <<hrL1+Ltlrh> <h|L1+L:11h>) - (2h o) | (A4)

The eigenvalues are 2|h| and —2|h| and thus there is one positive norm state and
one negative norm state. This is as we would like it to be in string theory, since it
means that in a target space interpretation, there is one spatial dimension and one
temporal dimension. Similarly, the level-2 Kac-Matrix is obtained by computing the
outer product of the five states

Lty , LY Lth), L), L-,L7y|h), Lt ,L7|h). (A.5)
It reads .
0 0 S +4h* 6h* 0
0 0 6h*  4h*(2h* +1) 0
My=|<S+4h  6h 0 0 0 (A.6)
6h  4h(2h+1) 0 0 0
0 0 0 0 4|h)?

It is a hermitian matrix and thus has as required only real eigenvalues, but it is
not positive definite and hence there are again negative norm states. This structure
persists at higher levels: the Kac-matrices are hermitian but cannot be positive
definite due to their block diagonal structure.

Null states. One may ask whether representations with this norm have null states.
The answer is the same as for the ordinary null-state condition. The determinant
of the Kac-matrices discussed above factorizes into a product of ordinary Virasoro
Kac-matrices and in particular the condition for null-vectors is equivalent. This can
also be seen by noting that null-states form themselves modules under the algebra.
The module of null-descendants has a primary state known as the singular vector
which is annihilated by positive modes of L} and L, . The existence of the singular
vector is independent of the norm we use and hence leads to the same conditions.
Thus the representation does not have null states unless h = % —p? with p = %b +3
with r, s € Z-1, which leads to two linearly independent singular vectors at level rs.

No-ghost theorem. In string theory using old covariant quantization, only states
|v) with
(Ln = 6n,0)[0) = (Ln — dno)[¥) =0, n =0 (A7)

are physical, where L, = L + L. We also assume that b* € iR as is necessary for
the definition of the worldsheet theory. The mass-shell condition implies

2Re(h) + N =1, (A.8)
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where N € Z is the descendant level of the state. For h # hy, 4, any physical state
is BRST-equivalent to a primary state. This can for example be seen by computing
the torus partition function of the combined worldsheet 4+ ghost system. Roughly
speaking the be-ghosts remove two oscillator degrees worth of freedom and thus
reduce everything to primary states. For h = h, ), we have

2Re(hys) =1—1s, (A.9)

and thus we can potentially have an extra physical state at level N = rs. This extra
state is however precisely the null-state that we discussed above and thus decouples
from the spectrum.

We conclude that up to BRST-equivalence, the only normalizable physical states
are primary states with 2Re(h) = 1 as claimed in section 2.1.%

A.3 Conformal blocks

Correlation functions of this theory may essentially be defined as usual. The defini-
tion of conformal blocks is independent of the norm that one chooses on the Hilbert
space, since they may for example be defined as a holomorphic sections of a certain
line bundle over Teichmiiller space [76].% This notion makes no mention of the norm
and thus we can define conformal blocks in both theories as usual. Similarly we can
define three-point functions as normal which tells us that the correlation functions
can be computed as in eq. (2.17).

B Numerical implementation of I'y(x)

In the numerical evaluation of Agj}l (p1, P2, P3, p4) In section 6, we will make use of an
efficient implementation of a single-product formula for the Barnes double gamma
function T'y(z), derived in [75], and that we briefly review here.

Following [75], we define the coefficients

A(1) = < log(2mT) + %log(T) —7C(7) , (B.1)
B(t) = —7log(t) — 7*D(7) , (B.2)

where the so-called gamma modular forms can be expanded as

B m—1 1 m BZ ,7_871 (—1)
C(ry =) olkr) + - log(v/2m) = ) — v () | (B.3)
k=1 £=0 )

22The ground ring operators discussed in section 4.1 define further non-normalizable physical
states at ghost number 0. Since they crucially involve the ghosts, they cannot easily be described
in old coveriant quantization.

Z3This is especially well-known for conformal blocks with a degenerate external field which sat-
isfy the BPZ differential equation [77] on the four-punctured sphere. The derivation of the BPZ
differential equation does not need a reality condition.
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)= mZ Z BQT,“ ¥ O(mr) | (B.4)

=0
where (™ (2) = f’f,;l log I'(2) denotes the polygamma function (and ¢ (z) = () (z),
(=Y (2) = logT'(2)), and By are the Bernoulli numbers. Here m is a cutoff. Using

m = 10 is more than enough to get good numerical results. Further, define the
polynomials P,(z; 7) via the recursion

n+1\ (1+7)k?2 -1 7k+2
P, - = P,_i(z;7) . B.
(z37) = Z(k+2> n—k+1)(n—k+2) Wz 7) (B-5)

With these definitions, we can implement the product formula of [75, Theorem 1]
and write the three-point coefficients as**

log Cy(p1, P2, p3) Z logTy™ (5(b+07") + 01p1 + 0aps + 03p3)
j= 1 2 3
3
— Z Z logly™ (b+b~" + 20p;)
j=1 o=+
1
+ logly™ (2(b+b7")) — 3loglp™ (b+b7") — 3 log(2), (B.6)

where the function logl';"™(z) is the logarithm of I', up to an additive z-independent
constant that cancels between the numerator and denominator in the definition of
Cy(p1, p2, p3), and is computed as

logly™(2) = %Zlog(%r) + Z(QT_Z) log(b) + log I'(2b) — 2b " A(b?) — %(zb1)2B(b2)
N
-> (log I'(mb®) —log T'(2b + mb?) + zbyp(mb®) + %(zb)Qw(l)(me))
m=1

—(Zb)3z 1 (_b )77 Pk(Zbﬂb)

£ Nk k(k+1)(k+2) (B7)

where the positive integers N and M are cutoffs for the product formula. It is also
convenient numerically to use the Mathematica function LogGamma for the numeri-
cal evaluation of the logarithm of the Gamma function. For the numerical results
presented in section 6.2, we find it sufficient to take the cutoff value m = 10 in (B.3)
and (B.4), and M = 10, and N = 30 in (B.7).

C Some computations

In this appendix we perform some of the computations that were referenced in the
main part of this paper.

24Tt is numerically more stable to compute the logarithm of the three-point functions since this
avoids large cancellations.
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C.1 Expressing A through A(b)
We derive eq. (3.26).
A relation between the OPE densities. One can first relate the OPE densities

appearing in the Liouville four-point function on the sphere and the Liouville one-
point function on the torus as follows,

P\/b(\/_p) Cfb (ib \/_b \/_P> O\/b ({b»\/il% %)

2 [y (2 +£p1+ )
) (% + pl)
where R, is independent of the momenta and given by

g b(ane) e TRTOPI L0 | m e
= 52 (2 + 202)2 202/ Ty(3)?

— Ry ¥ 216p2 2p?

po(p) Co(p, p,p1) » (C.1)

(C.2)

A similar expression appeared in [41]. This can be demonstrated straightforwardly
by the taking the ratio of the left- and right-hand side, using the doubling formula
for the double Gamma-function (see e.g. [13, eq. (C.6)]) and using the shift equation
repeatedly.

Worldsheet integrand. In the sphere four point function of the Liouville string
we combine (C.1) with the expression for the b — b~ theory. It follows from (2.33)
that

(C.3)

COS
&+ pf) U4(bp1|b?)

Q 1 Q- -
Dy (5 £p1+ 55) Do (7 £pr + %) _ oo Ua(bpa[b?) <7Tp1>
Ty (£ £pi) Ty ( b

where we used (2.11).
In particular we obtain for p; = /2 and consequently p; = iQ)/2,

b5/2¢ —%(1‘*‘,%2)

_a [w : Q 2
g T g G ) e

The Jacobi-theta function vanishes for z = @)/2 — ¢, but expanding to order € gives

a factor of n(b*)3. We similarly evaluate the residue of T'y(¢) from the shift equation
to obtain

Fb (_%)2 F_ib (—ﬁ)Q . 81;72 b5e_T(1+ +b2) n<b2)3
Ty ()" Toa(i) s (giz) 0, (09)0?)

(C.5)
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where (1) denotes the Dedekind n-function which satisfies the relation 2n(7)% =
92(0]7)93(0]7)94(0|7) and we used T'y(b) = bI,(b~1). To evaluate the moduli space
integral we additionally need the relation between the Virasoro conformal blocks,
which is simply [41, 78]

V2 V2b V2b p
Hglg(ﬂﬂ):?—[a{gb( TR ,ﬁ;ﬁp‘q). (C.6)

Assembling the result. We can now combine all the integredients. Accounting
for the leg factors (2.20a) and the normalization C’ég) for the sphere and C’ébg =1 for
the torus leads to the relation

v [ b b b p ) b o) AD) o
) ) y T = - ) ) 7
0 (355 a5 ) = <l ALk ) ©7)

where

Nﬂb(ﬁi)?’j\/@(%%(ﬁb) 2 3(bpa|V?) COS<7TP1>

Ny(p1) ¥ (2m)2 04(bpa|0?) b
93 (bp1|b?)
94(bpy [6?)

The 672 is due to the fact that we map the fundamental domain in the cross ratio

k(b,p1) = 2 x 67*Ry Ry X

= 120093(0|b%)94(0[b*) x (C.8)

z-plane, = {z € C|Rez < %, |1 — z| < 1}, of the sphere four-point diagram, to the

fundamental domain Fy = {t € C| — 1 < Ret < 1,|{| > 1} in the complex ¢-plane

via the change of variables

K(1-2z)
K(z)

see the discussion around (6.4). The 2 = (1/2)? is the Jacobian when we go from

an integration over v/2p on the sphere to p on the torus in (C.1) and similarly for

t=i (C.9)

the second Liouville theory. We also used some standard theta-function identities to
simplify the result.

C.2 Verifying triality symmetry of the four-point function

We demonstrate the triality symmetry of (1.4c). The two contributions are separately

triality symmetric.

First term. Let us start with the first one. Obviously V(()Zji(ip) is triality symmetric.
Thus it suffices to consider

> 2b? H?:1 sin(2wmbp;)

Z sin(rmb?)?

_ i /1 a(bp) 20(—1)™ sin(2mmy bpy ) sin(27wm4 bps) sin(2wm, bp)
- mi,ma=10 P Sin(ﬂ'mlb2)
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2b(—1)"2 sin(2mwmabps) sin(2mmabpy ) sin(2wmabp)
sin(mmsqb?)

1
:/ d(bp)a? (p1: P2, p) 3(()1?:)’,(1337174,]9) ) (C.10)
0

X

where we used that the integral over p projects to m; = ms. Since the precise form
of the measure did not enter the argument in section 3.3, we can continue like there
to see that this term has the correct triality symmetry.

Second term. For the second term, we can use a similar trick. Observe that we
can write it as

e_WTioo 0o Cvm o ) '
/ (—2pdp) [ Z 2b(—1)™ sin(27wm4bpy ) sin(27wmybps ) sin(2wm4 bp)
0

= sin(mm4b?)

" 2b(—1)™2 sin(2mwmebps) sin(2mmabpy ) sin(27wmabp)
sin(mmsb?)
2b2 HJ L sm(27rmbpj)}

sin(rmb?)?

20° H?:1 sin(2mmbp;)

sin(mmb?)?

e 400
b
= / (— 2pdp){ 3 (p1, P2 ) aé,%(p3,p4,p)—
0

(C.11)

The integral is not convergent, but can be made sense of by decomposing all sine
factors into exponentials and rotating the contour for each term slightly into the
complex direction to get something convergent.”” This only fails when m; = ma»
and we subtract the problematic terms. The subtracted term is identical to the first
term that we considered above and hence triality symmetric. We can then continue
with the argument as in section 3.3 to conclude that this contribution is also triality
symmetric.

(b)

C.3 Verifying the relation between a; 3 and a(b)

In this appendix, we spell out the strategy outlined in section 5.5.

Discontinuous piece. Let us first check the discontinuous piece in the form (5.7).
Some of the appearing three-point functions vanish and the expression simplifies to

(V2b) (p b b b () _ T2 P+ (244K +02)b)
40,4 (x/li’ 227 2v2 2\/5) - 2\/_7T2bz ZiUW?Ll? o )
k=0 01,02

(V20)( b b b 1 o bo
a5 (va e vs Twvm T Ve Tave) - (C12)

25 Alternatively, we can include a regulating term e~*%?, which for ¢ > 0 renders the integral
convergent. The limit € — 0 is then well-defined.
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By matching poles and zeros, one can verify that

g1p1 b193(0, b2)194<0’ b2)193(bp1, 62)

(V2b)( b b b o 1 bos ) — _
(2\@7 272’ \/§+ 2\/§b+ NG + 2\}) 09 \/5194({)])17()2) . (ClS)

0,3

One can then combine the sum over k£ and o5 into a single sum by setting 2k + H% =
k" € Z-o. Thus we have

a(fb)(l’_1 b b L)(z) 3 93(0,0%)04(0,6%)d3(bpy, b?)
04 \V2r2v2' 2v27 2v2) T 42 V4(bp1, b?)
=001=%
B 12b193(0, b*)04(0, b%) 95 (b, b)

1 (p)® 14
04(bp1, 0%) ai(p)®,  (C.14)

where we matched to the second term of (5.10).

Meromorphic piece. We can similarly compute from the first piece of (5.5)

(V2b) (pr b b b\ 2y/®)( 3kay0y
404 (\/15’ 2v/27 227 2\/) = 12b Vl 1(1p1 Z Z [ —2mib(o1p1+b(2k+2)) _
k=0 o1,090=%

k’O’lO'Q
e_zmb(crlp1+b(2k+3ﬂ)) 1

1

(2k + 1)(=1)ko

2 (b 1

= 126°Vy 1 (ip1) Z Z o—2mib(o1p1+bk+3)) _ 1 (C.15)
k=0 o1=%

where we combined equal terms appropriately in the last line. Notice that the poles

of this infinite sum are precisely compensated by the zeros of ¥4(bpy,b*). Thus all

poles in the right-hand side of (3.26) are generated by the zeros of ¥3(bp, b*). The
residue is for r, s € Z + 4

Res Va(bpa|b?) a(\fb)(p_1 b b L)(Q)
p1= rb+sb 1 12[)’[93(0|b2)’l94(0|b2>193(bp1|b2) V27 2¢/27 2¢/27 22
_D04(r0? + sB*)V 171(2(7“17 +sb71))
- 193(0|62)194(O]b2)
2k + 1) (=) gy
X  Res
p1=rbt+sb—1 193 bp1|b2 kZO ; —2mib? k+01r+ )+1

VO (i(rb + sb 92(0|b?) (2k + 1)(—1)k+!

_ 1,1(( ‘ )) 2 ‘ Z Z + 1+a ozl ’ (C.16)
271 193(0“)2)194 0’[)2 b2 3 0 o1 727rzb2(k+ ) +1

where we used the periodicity properties of the theta-functions and that the infinite
sum only depends on r via (—1)". Let us finally simplify the infinite sum. We have

k+1

(2k 4+ 1)( o1 1 o= 4k(=1)*¢"
Z Z *27sz2(k:+ +‘71) n - 5 + ; k

k=0 o1=% 1 1+q
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_ % _ i i4k<_1)r62m’k(r‘r+é)
k=

1 r=1
I 1 (=1)"
o m 2 (rr +m)?
r=1 mGZ-&—%
1 (=1
= — — C.17
272 C(rm4+m)? (C-17)
T€L, mEL+ 5

where 7 = b?. This is a twisted version of the Eisenstein series Fy(7). Because of the
(—1)", the sum is actually convergent and defines a modular form of weight 2 under
the congruence subgroup

To(4) = { (Z Z) € PSL(2,7)

which has index 6 inside PSL(2,7Z). Let us recall the Sturm bound [79], which is the

integer
km
— | =1 1
ES S (©19)

where m = [PSL(2,7Z) : T'y(4)] = 6 and k = 2 is the weight. This integer tells us that
we only need to check the agreement of two modular forms in I'g(4) of weight 2 to

¢ =0 mod 4} : (C.18)

first order in q. We are then guaranteed that all other orders agree as a consequence
of the finite-dimensionality of the space of modular forms.?® We thus find that

Ok + D))oy 1
Z —27rzb2(k+ +01) +1 - 5193(7—) 194(7—) . (020)

Indeed, the right-hand side can also be verified to be a modular form under I'y(4) of
weight 2 and has the same first two terms of the g-expansion.
Going back to (C.16) and using also that 7(7)* = $95(0]7)93(0]7)94(0|7), we get

b

pL b b b
V27 2v27 2727 2v2

Res V4(bp:[0?) a0/
pi—rbish 112b193(0|62)194(0|62) 5(bpy[2) "0

) (2)

b
-, R ali0 (©.2)

This shows that all the residues agree.

261n the present case, the space of modular forms is 2-dimensional.
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Finishing the argument. It then also quickly follows that (C.7) is satisfied by
a(()l’)i and aglﬁ. Indeed, both the left- and the right-hand side grow only polynomially
for large momenta as discussed around eq. (5.33). Thus the left-hand side minus the
right-hand side could at most be a polynomial in p;. However, both the left-hand
side and the right-hand side of (3.26) vanish for p; = %, m € Z, which proves their
equality.
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