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Abstract

In the first-order formalism, the Einstein—Hilbert action can be modified by the
addition of a Holst term multiplied by the Barbero parameter «. This modification
breaks parity although it does not affect the equations of motion. We show that
the standard Komar charge is also modified by the addition of a topological term
multiplied by the Barbero parameter «. For the Killing vector that generates time
translations, the value of the Komar integral at infinity is modified by the addition
of a term proportional to the NUT charge N and the parity-breaking Barbero pa-
rameter. Thus, as in the standard Witten effect, a non-vanishing NUT charge N
induces a non-vanishing mass —aN.
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1. Introduction. The second-order Einstein—Hilbert (EH) action is the simplest non-
trivial diff-invariant action one can write for the gravitational field. It leads to equations
of second order in derivatives of the gravitational field (the Einstein equations) and it is
natural to ask if it can be modified adding other diff-invariant terms while preserving
the second-order degree of the equations of motion.

As Einstein himself soon discovered, the simplest modification that satisfies this
condition is the addition of the cosmological-constant term. As a matter of fact, in
d = 4 dimensions, the only other diff-invariant terms that one can add are either
topological (the Gauss—Bonnet and the Euler 4-forms) or boundary terms that do not
modify the equations of motion [1].

The first-order (Palatini [2]) formalism turns out to offer more possibilities because
one can use terms that would vanish for the Levi—Civita connection but do not vanish
off-shell, for a generic connection. In d = 4 dimensions, these are the Nieh-Yan [3, 4]
and Holst (H) [5] terms. The first is quadratic in torsion and vanishes for the torsion-
less Levi—Civita connection. The second is proportional to a term that becomes the
Bianchi identity of the Riemann curvature (i.e. when the connection is the Levi-Civita
connection). They differ by a total derivative.

Although, out of all these possible additions, only the cosmological term modifies
the Einstein equations, all of them give non-trivial contributions to the Noether-Wald
charge.’ In this letter we will only consider the H terms, not just for the sake of sim-
plicity, but because, as we are going to show, the H term is the analogue of the parity-
breaking, topological, 6-term, 0F A F, that one can add to the Maxwell Lagrangian
F A xF. As we are going to show, this similarity between the H term in gravity and the
6 term in electromagnetism implies that their presence also has similar effects.?

2. The Einstein—Hilbert and Holst terms. In the first-order formulation, the Vielbein 1-
form " = ¢",dx" and the Lorentz connection w® = w,"dx" = —w"" are independent
variables. The Lorentz curvature 2-form is in our conventions3

R = dw™ — W A w®. (1)

In differential-form language, the 4-dimensional first-order EH action can be writ-
ten in the form

Sgnle, w] = — e AN el ARy (w), (2)

167TGI(\?)/:M

'See Ref. [9] for a comprehensive and pedagogical review. On the other hand, using the “gravity as
a gauge theory of the Poincaré group” approach one can show that the list of terms one can add to the
first-order action in d = 4 dimensions that we have given above is exhaustive.

?Interestingly, the Host term can be supersymmetrized [6,8,7]. In the last of these references it was
also shown that, in the supergravity context, the NUT charge is associated to the supersymmetrization
of the Holst term.

30ur conventions are those of Ref. [12]. Notice that the Lorentz connection with the Minkowski

metric in tangent space 77,;. Thus, if its torsion T% = —De’ = — (de“ —wy Neb ) vanishes, it is the Levi—

Civita connection and the Lorentz curvature 2-form is equal to the Riemann tensor RW“b = Ryf7e" peb o
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where GI(\? ) is the 4-dimensional Newton constant and where we have defined

Rab = %eabcdRCd- (3)

Under an arbitrary variation of the Vielbein and connection

(55:/{EaAéea+EabA5w”b+d®}, (4)
where
E, = —2¢" ARy, (5a)
Eyp = _ScdabTC A edr (5b)
0= —%scdabec At A Sw™. (5¢0)

The equations of the Vielbein E, = 0 imply that the Einstein tensor vanishes. These
are not yet the standard Einstein equations. The equations of the connection E,, = 0
imply that the torsion vanishes.# Therefore, the connection is the Levi-Civita connec-
tion and, upon the use of this solution in the equations of the Vielbein, we recover the
Finstein equations.

The H action [5] was originally introduced to provide a Lagrangian origin for the
Hamiltonian variables introduced by Barbero in Ref. [13] to solve some of the problems
of Ashtekar’s variables [14,15]. It can be obtained by replacing in the EH R,; by Ry,

(Rab = - Rab)

SEH[eI w] = #(4) / e’ A eb N Rab(w)/ (8)
167Gy~ /M
and it leads to
E, = 2¢P A Ry, (9a)
E = 2T A ot (9b)
O =" NeP Adwy,. (9¢)

The equation of the connection has the same solution as in the EH action but, sub-
stituting into the Vielbein equations, these (and the whole H action) vanish identically

4In components, they read
ecdab Tief Mg " = 0. (6)

Contracting with e¢/&" they reduce to
Tieq"tal" = 0. 7)

Setting d = h we get T.; = 0 and substituting back into the above equation this result we get T = 0.



by virtue of the Bianchi identity>
e’ A Ry, = 0. (11)

As noticed in Ref. [11], the replacement R*’ — R interchanges equations of mo-
tion and Bianchi identities and can be seen as gravitational electric-magnetic duality
transformation. It also changes the parity of the action: the EH action is parity-even
while the Holst action is parity-odd. If the EH term is seen as the kinetic term of the
gravitational field, it is natural to regard the H term as the analog of the 0-term in the
Yang-Mills theory. They can only be defined in 4 dimensions.

In the first-order formalism we can combine these two actions, breaking parity,
introducing the so-called Barbero parameter a®

1

Sle,w] = ———
167{GI(3)

/ {—%sabcde“ AP AR 4 anjyp cqe” A el A RCd} : (13)

As we are going to see, this action leads, again, to the Einstein equations. However,
the H term will modify the definition of some of the conserved charges and our goal
is to find the Komar charge for this combined action. To this end, we are going to use
the standard techniques, summarized, for instance, in Ref. [16]

3. The Komar charge. Under a generic variation of the fields, the action Eq. (13)
transforms as

S = / {Ea A de” + Eg A S + dO (e, w, (5(0)} , (14)

where, defining
Xabed = _%gabcd + &Mabed, (15)

-1
and, ignoring the overall normalization factor (167IGZ(\L]l )> , the equations of motion
of the Vielbein and spin connection are

E, = —2X pcq¢” AR, (16a)
Eyp = ZXabchC A ed/ (16b)

while the presymplectic potential is given by

O(e,w,dw) = Xypege® A el A dw. (17)
5This identity follows trivially from the Ricci identity
[D, D]e* = —R%, A e, (10)
and from the absence of torsion.
®Notice that
Nabed = 3 (Nactlod — Nadllbe), = Naveac” A€’ AR = e" Ae’ ARy, (12)



The equation E;;, = 0 is solved by Tl A ebl = 07 which, as we have see, is solved,
in its turn, by T = 0 so that the connection is, again, Levi-Civita connection. If we
substitute this result into the Vielbein equations E,, the term coming from the H action
vanishes identically by virtue of the Bianchi identity Eq. (11) and we end up with the
usual Einstein equations.

The H term in the symplectic prepotential does not vanish, though, and it will
generate a new term in the Komar charge.

The action Eq. (13) is invariant under general coordinate transformations up to a
total derivative:

565 = — /Z(:L. (18)

The left-hand side of this equation can be computed particularizing the general varia-
tion of the action in Eq. (14)

(SCS = / {EaAéé’ea +Eab/\5§wab+d®(61w/5§w)}/ (19)

and using in it the transformations of the Vielbein and connection Jze” and (5§w”b.
As explained, for instance, in Ref. [17], these transformations must take into account
the induced (or compensating) local Lorentz transformations and, taking into account
the possible torsion of the connection as in Refs. [18-20],8 can be written in the form
Eq. (61) and (62), which we rewrite here for convenience

§§€a = — (Déa — ZQ'TIZ + Pgab€b> p (20a)
5§w”b = — (zgR“b + DPér“b> , (20b)

where Pg“b is a local Lorentz parameter given in Eq. (59) that we also write here for

convenience:
Pgub _ rD[qu] - CCTC[ab}. (21)

As shown in the Appendix, these definitions guarantee that, when ¢ is a Killing
vector k (i.e. it leaves the metric invariant) that also leaves the torsion field invariant,
the above transformations vanish identically.

We get

5:S = / {—gﬂ [DE,Z B AT + Ep A zaRbC} — Py [E“ Ae + DE®
(22)
+d [@(e, w,0zw) + EgG" + EabPér“b] } .

7Contracting it with ¢?**f on obtains a similar equation with different coefficients multiplying . 4
and &,p.7. The new equation can be combined with the old one to get that result.

8We review the derivation of these transformations for the current setting in the Appendix. We stress
that the connection in the covariant derivative D has torsion.



Then, we obtain two Noether identities:?

DE, — E;. A 1,T¢ + Epe A 1,RY = 0, (26a)
El A et! + DE? =0, (26b)

and an off-shell-closed 3-form current
J[E] = ©(e,w, 6zw) + Eal® + Egp P + 1¢L. (27)
The off-shell closure of J[¢] implies that it is locally exact

JI¢] = dQl¢], (28)

where
Q[&] = —Xpeae® N " P, (29)

is the Noether—Wald charge of this theory.
By construction

4Q[Z] = 2] = O(e,w, dpw) + Eal" + Eap P + 1L, (30)
and, on-shell and for a Killing vector k it is not difficult to see that it is on-shell closed*°

dQIk] =0, (32)

where = indicates an identity which may only be satisfied on-shell.

9Noether identities are guaranteed to be satisfied off-shell, but their proofs provide good tests of our
calculations and our understanding. Using the identities

De® + T° =0, (23a)
R A —DT* =0, (23b)
DR =, (230)

the first of these identities can be cast in the form
1 (zxcdgf:re Aet A RS ) —0, (24)
which is manifestly true. The second Noether identity is proportional to
2X (acde8b) € N R¥pef =0, (25)

which is also manifestly true.
°The Lagrangian is proportional trace of the Einstein equations

e" AN By = 2Xpeq” NP ARV = 2L, (31)

and, therefore, the Lagrangian and its inner product with k vanish on-shell.



Thus, in this case, we can identify

K[k] = —QIK] (33)

where K[k] is the on-shell-closed generalized Komar charge.**

This generalized Komar charge contains two pieces: the standard GR’s Komar
charge plus a term proportional to the Barbero parameter. The term proportional
to the Barbero parameter is a sort of magnetic dual of the standard Komar charge.

In order to show this, it is convenient to rewrite the terms appearing in it. First,
using the fact that the torsion vanishes on-shell, we rewrite Py, in terms of the com-
ponents of the exterior derivative of the 1-form dual to the Killing vector k = kydxt
as

Pray = Diaky) = 3(dk)ap, (34)
Then, the standard GR’s Komar charge coming from the EH action is

— Leqpeae® N e P = — xdk, (35)
while the term coming from the H action is
W apcqe” A e P = adk. (36)

Recovering the overall normalization, the total generalized Komar charge can be
written in the form given by Prabhu in Ref. [22]"

1

Kk = ———
167G}

{—*dfc—i—txdfc}. (37)

The first term in this expression is the standard on-shell (i.e. dynamically) closed
Komar charge 2-form of GR [29]. The second, new term is topologically closed and, if
integrated over 2-spheres it gives zero unless the expression dk is just the local form of
a closed but non-exact 2-form. The two terms are essentially identical to those whose

integrals give the electric and magnetic charges in electromagnetism xF and F with
F = dA locally.

4. Generalized Komar integrals and the Smarr formula of the Taub-NUT solution.
The integral over the 2-sphere at infinity S2, of standard Komar charge associated to
the Killing vector that generates time translations (in a stationary solution) gives M/2,
where M is the ADM mass. Since the second term in the generalized Komar charge
Eq. (37) is the magnetic dual of the standard Komar charge, it is natural to expect that

"'The fact that the generalized Komar charge is on-shell closed is often referred to as conservation,
but it is more appropriate to say that it satisfies (the analog of) a Gauss law. See the discussion in the
introduction of Ref. [21].

2the modification of teh Komar charge due to the Holst term has also been studied in Refs. [23—25].
See also Refs. [26—28].



its integral will, instead, give the magnetic dual of the ADM mass, which has been
customarily identified with the NUT charge. Thus, it is natural to test this Komar form
on the Lorentzian Taub-NUT solution [30,31], which can be cast in the form™3

ds? = A(r)(dt + A) = A (n)dr? = (2 + ) dO2,, (38a)
(r—r)r—r)

)\(7‘) = 72 + 12 ’ (38b)

A =2n(cosb+s) dg, (38¢)

ry = m=+ry, r(z) = m® + n?. (38d)

For s = 41,1, the solution has a Misner-string singularity [32] over the z > 0
and z < 0 axes, respectively, while for s = 0 there are Misner-string singularities in
both axes. The value of the parameter s can be changed by a change of coordinates.
However, solutions with a different value of s should not be considered as physically
equivalent because the coordinate transformations that relate them are large gauge
transformations.

Misner showed in Ref. [32] how to construct a singularity-free solution gluing the
singularity-free z > 0 region of the s = —1 solution to the the singularity-free z < 0
region of the s = +1 solution along the hypersurface z = 0, where the +(*) time
coordinates of the s = F1 solutions are related by the coordinate transformation

H) = 1) 4 ang, (39)

which, demands, by consistency, that the time coordinate is periodic with period 87n.
Thus, the price of removing the string singularities in this way is the introduction of
closed timelike curves among other pathologies.

It has recently been shown in Ref. [33] that the Misner-string singularities of the
original Taub-NUT solutions are actually very mild (they are transparent to free-falling
particles, for instance). This makes it possible to study their physics consistently. For
instance, it has been shown that taking the contributions of the strings into account, one
can arrive at a consistent thermodynamic description by Euclidean [34] or Lorentzian
[35] methods. Here we want to revisit the derivation of the Smarr formula of [35] using
the generalized Komar charge Eq. (37).

The Smarr formulae satisfied by the thermodynamic functions and charges of the
stationary black holes of a given theory can be derived by integrating the (on-shell van-
ishing) exterior derivative of the generalized Komar charge of the theory associated to

the Killing vector k that becomes null over the horizon k? 3 0, K[k] over a spacelike
hypersurface £3 connecting a section of the event horizon (preferably the bifurcation
surface BH in bifurcate horizons) to the sphere at spatial infinity SZ, and using Stokes
theorem [37—41]. Since, by construction, X3 = BHUSZ, taking into account the differ-
ent orientations of the two components of the boundary, we get a relation between two

3Here and in what follows we are setting GI(\A,L )= 1.



generalized Komar integrals:'4

0= [ aK[K :/BHK[k]—/S K[K]. (40)

2
)

In absence of H term (« = 0), the integral over the bifurcation surface is naturally
expressed in terms of thermodynamical properties of the horizon: temperature T and
entropy S in the case at hands (pure GR). The result is just ST. The integral at infinity
is naturally expressed in terms of the conserved charges associated to k: ADM mass M
and angular momentum J. The result is M /2 — ()] where () is the angular velocity of
the horizon.

Substituting in the above identity we get the standard & = 0 Smarr formula

M/2—QJ — ST = 0. (41)

As noticed in Ref. [35], in the s = £1,0 Taub-NUT spacetimes ((2 = | = 0), the
boundary of ¥3 contains additional contributions associated to the string singularities
and the Smarr formula™

o <=

where string + stands for the strings in the £z > 0 semiaxes, when they are present.

The integral over the string in the -z > 0 semiaxes are naturally expressed in terms
of the Misner potentials of the strings 1+ times a conjugate charge Ny (the Misner string
strength) and one arrives at the & = 0 Smarr formula [35]

K+ [ KK-[  KK=o, (42)
string+ string—

2
co

M/2—ST - Ny —¢p-N_ =0, (43)
that can be checked by using the explicit values of the variables
M=m, (44a)
§ = n(ri +n?), (44¢)
b = = ST (44d)
Ni= —%ﬁis)z- (44e)

'4The generalized Komar integral at infinity can actually be performed over any sphere of finite
radius. Since it satisfies a Gauss law, it gives the same value, which must be independent of that radius.

51t has been recently shown in Ref. [36] that, if we use instead Misner’s construction, the string
singularities unavoidably reappear in the spacelike hypersurfaces. Thus, we must always consider their
contribution.



The presence of the H term (« # 0) does not modify the Smarr formula Eq. (43)
because the standard homogeneity arguments tell us that there will not be a new term
proportional to a.1® The values of charges and thermodynamic potentials as functions
of the integration constants m and n may be modified, though. For instance, the ADM
mass will still be given by the integral

1
M= 8_7r/sgo K[K]. (45)

However, K[k| contains a new term and the relation between the ADM mass and the
parameter m in the solution Eq. (38) will differ by a term proportional to «. The same
will happen to other physical quantities of the Taub-NUT solution.

Since the term proportional to « in K[k| is closed by itself, we can simply compute
the integrals of that term over the same components of the boundary. The sum of these
contributions vanishes by itself (Stokes theorem) and the Smarr formula Eq. (43) will
be satisfied once again.

Let us first consider the integral at spatial infinity. We can use this integral as the
definition of the NUT charge N:

1
=% S%Odk. (46)

For k = 94, the integrand is the pullback of dk = Ndr A (dt + A) + AdA and, then,
at spatial infinity dk — dA. The integral of dA over the 2-sphere (at infinity or any-
where else) is identical to the integral of the electromagnetic field of a Dirac monopole
over a 2-sphere and it can be performed in the same fashion: if we use the Wu-Yang
description, we integrate 2nd [(cos 0 — 1)d¢| over the string-free 6 < 71/2 hemisphere
and that of 2nd [(cos 6 + 1)d¢| over the string-free 6 > 71/2 hemisphere and sum the
results. If we use the Dirac description, we integrate 2nd [(cos € — 1)d¢| over the whole
2-sphere minus the region 6 = 77 — € surrounding the string lying in the z < 0 semiaxis
or we integrate 2nd [(cos 0 + 1)d¢] over the whole 2-sphere minus the region 6 = €
surrounding the string lying in the z > 0 semiaxis or we integrate 2nd (cos 0 A d¢) over
the whole 2-sphere minus the regions § = € and 6 = 7 — € both strings and we let
€ — 0 in the result. Either way, we get

N =mn, (47)

so the ADM mass now becomes

M =m—an=m— aN. (48)

16There will be a term of the form @, in the right-hand side of the first law, though. The mechanism
is the same that, in theories containing scalar fields, leads to terms of the form X~d¢« [46].
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This result gives rise to a gravitational version of the Witten effect [42]: the Taub-
NUT solution with m = 0 has a non-vanishing ADM mass M = —aN."7
Let us now compute the other integrals.

The integral over the bifurcation sphere of dk vanishes identically because A %o

and dr 2 0; ,
— | dk=o0.
87 S (49)
When there is a string lying on the z > 0 semiaxis (s = +1), the contribution of
the string must be computed as the integral over the cone t = constant, § = € of the
pullback of dk = A'dr A (dt + A) + AdA, with A = 2n(cos6 + 1)de from r = ry to

r = oo:

1 .1
—/ dk = —/ [Ndr A A+ AdA]
1671 strinng 167 string+

1

" 16w

=i(cose—|—1)/ dA Ndg
87 string+ (50)
A=1 Q=27

n
- 1 / dA d
87 (cose+1) A=0 ¢=0 14

= Z(Cose—k 1)
n

— =
2

/ [A'2n(cos b + 1)dr Adg — 2nA sinfd6 A dg)|
string+

The same result is obtained when the string lies in the z < 0 semiaxis or when there
are two strings, if one takes into account correctly the orientation. Thus, the values of
the terms ¥+ Ny are shifted by an/2 and, since, due to their definition, ¥+ should not
be affected by the new term in the action, the change must be due to the change in the
value of NV5:

27tn3(1+5)2
Ny = —#—l—(xélnnz(l:l:s). (51)
+

As we have briefly mentioned before, now the entropy is a homogeneous function

S(M, N, «) and, although the Smarr formula does not acquire any terms proportional

to «, there will be a new term in the first law

OM = TS + 10N + p_0N_ + Dydu (52)

7A similar effect may be produced by the introduction of a topological Euler-density term in the
action [43]. The Euler-density term would be the analog of the f-term if the EH term was the analog of
the standard Yang-Mills kinetic terms, which is not, but it leads to similar results. The combined effect
of the H and Euler-density terms has been considered in [45,44].
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where the new chemical potential ®, is defined by

b, =T—.
(14 alx (53)
The calculation of that partial derivative is quite involved, since we must take into
account that both m and n are functions of the thermodynamical variables M, N’y and,
in particular, of a. Thus,
am _ (M —an) _ - (54)
oo o - o’ >4
and on/da can be found by taking a partial derivative with respect to « in both sides
of Eq. (51), using the above result and solving for dn/da. The final expression for ®,
is a complicated and not too illuminating function of m,n and a.

5. Discussion. In this paper we have shown that the strong parallelism existing be-
tween the Holst term in first-order gravity and the 6-term in Yang-Mills theories leads
to a gravitational analog of the Witten term sourced bow by the NUT charge, for which
there is a very natural definition Eq. (46) that strengthens its interpretation as a “mag-
netic mass.”

It would be interesting to apply these ideas to find a good definition of the topolog-
ical charge carried by the The Gross-Perry-Sorkin KK monopole (or Euclidean Taub-
NUT solution) [47,48]. Work in this direction is currently underway.

Acknowledgments. The work of JLV-F and TO has been supported in part by the
MCI, AEI, FEDER (UE) grants PID2021-125700NB-C21 (“Gravity, Supergravity and Su-
perstrings” (GRASS)) and IFT Centro de Excelencia Severo Ochoa CEX2020-001007-S.
The work of JLVC has been supported by the CSIC JAE-INTRO grant JAEINT-24-02806.
TO wishes to thank M.M. Fernandez for her permanent support.

Appendix Under an infinitesimal GCT generated by the vector field ¢ the metric trans-
forms as

5§g7/“/ = _‘CégﬂV = _(;papg}“/ - 2a(y‘:pgv)p' (55)
The partial derivatives can be replaced by the Levi-Civita covariant derivative,
which gives the standard expression

Segm = =2V, &y, (56)

but, when we use a metric-compatible but torsionful connection we arrive to the ex-
pression

5@‘8;41/ = _zv(ygv) + zépr(yv)/ (57)
and the Killing vector equation takes the form
V (k) = F To(uw) = 0. (58)
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In this context the momentum map associated to the vector ¢ tat enters in the
definition of the parameters of the compensating Lorentz transformations oz’ takes
the form

Pz oy = Do) — & Tefar)s (59)

and
Ugab = zérw”b — Pcab, (60)

where w? is the (torsionful) lorentz (spin) connection.
Following the general recipe, the transformation of the Vielbein under GCTs is given
by
5§€u = —ﬁéea + Ugabeb = — (’Déa — lgTa + Pérabeb) , (61)

and it is not difficult to see that it vanishes identically for Killing vectors because it is
proportional to the Killing vector equation (58).
Using the same rule we find

bw™ = — (1gR™ + D) . (62)

In the torsionless case, one can show that this expression vanishes identically for Killing
vectors because it is the integrability condition of the Killing vector equation or, equiv-
alently, of the condition dxe? = 0. In the torsionful case, the integrability condition of
Ore” = 0 with dge” given by Eq. (61) is

Dére" = — (%R + DP"y) A e” — §T°, (63)
where we have defined, following the general rule,™®
(SQ'TH = —ECTH + U'CabTb, (65)

where (Tg“b is the parameter of the compensating or induced local Lorentz transforma-
tion in Eq. (60).

Thus, éxe? = 0 implies Spw™ = 0 if 6, T% = 0. Since the torsion is an independent
tield, it is clearly necessary to demand its invariance as one of the conditions that
ensure that J; is a symmetry of all the fields of the theory. In other words: we must
demand Killing vectors which also leave the torsion field invariant.

18Observe that this rule is consistent with

Tyvu = Tyv‘oeﬂpr (64a)
0T = LTy, (64b)
oze" = —Lge" + Ug”beb. (64¢)

13



Finally, we notice that the same rule leads to a transformation of the curvature
consistent with the Palatini identity

8R™ = Dozw™ = —D (1gR™ + D), (66)

which vanishes identically for Killing vectors that leave invariant the torsion field.
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