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Abstract

We present an experimental test of Kubo formula performed on a nonlinear quantum
conductor, a Superconductor-Insulator-Superconductor tunnel junction, driven far from
equilibrium by a DC voltage bias. We implement the proposal of Lesovik & Loosen [1] and
demonstrate experimentally that it is possible to extract both the emission and absorp-
tion noise of the conductor by measuring the power it exchanges with a linear detection
circuit whose occupation is tuned close to vacuum levels. We then compare their differ-
ence to the real part of the admittance which is independently measured by coherent
reflectometry, finding that Kubo formula holds within experimental accuracy. Last, we
show theoretically that the spectral density of power exchanged between a quantum con-
ductor and its linear detection circuit follows a Lesovik & Loosen like formula, even in
the presence of strong detection back-action. This result applies as long as the conductor
is in the good current source limit and the detection circuit is not singular.
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1 Introduction32

The current flowing through a quantum conductor fluctuates even when the circuit is at rest33

[2, 3]. Contrary to classical stochastic signals such as thermal noise [4, 5], shot-noise [6]34

or 1/ f [7] noise, the noise arising from quantum fluctuations is non-causal and the power35

spectral density (PSD) it conveys is different at positive and negative frequencies [2, 8, 9].36

Remarkably, Kubo formula [10] expressed in frequency (Fourier) space relates such frequency37

asymmetry in the noise PSD to the dissipative linear response of the conductor when driven by38

a small classical external bias. Initially derived for weakly perturbed systems, Kubo formula39

has been experimentally tested [11] by measuring the thermal equilibrium fluctuations of40

linear RF resonators using a photon–assisted tunneling spectrometer [12–16]. Yet, variational41

predictions of the response of quantum systems to linear external drives [17,18] show that the42

structure of Kubo formula holds even when the system is nonlinear and is driven arbitrarily43

far from equilibrium.44

Here we provide an experimental test for Kubo formula by measuring both the current fluc-45

tuations and the admittance of a nonlinear quantum conductor: a superconducting-insulator-46

superconducting (SIS) tunnel junction, driven far from equilibrium by a DC voltage bias. We47

implement the proposal of Lesovik and Loosen [1, 19] and demonstrate experimentally that48

it is possible to extract both the positive and negative frequency components of the PSD of49

the SIS junction current fluctuations, by measuring the electromagnetic power it exchanges50

with a linear detection circuit whose occupation is tuned close to vacuum level. The differ-51

ence of the two PSD obtained this way is then compared to the real part of the conductor’s52

admittance which is independently measured by standard RF coherent reflectometry, demon-53

strating that Kubo formula holds within our experimental accuracy. Our results clarify that54

i) non-symmetrized current correlations can be extracted from real valued measurement out-55

puts performed on different experimental situations, but also that ii) Kubo relation holds for56
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strongly nonlinear conductors driven far from equilibrium. We finally show that the approach57

of Lesovik and Loosen can be generalized to describe the physics of quantum conductors in58

possibly strong interaction with their detection circuit, provided the conductors acts as a good59

current sources to the circuit. In this scenario, Kubo formula connects the power dissipated60

within the conductor to its linear response, accounting for its Joule effect.61

2 Non–symmetrized current fluctuations from power exchanges62

2.1 Physical principle63

Previous attempts at measuring both the positive and negative frequency PSD of the non–64

equilibrium current fluctuations flowing through nonlinear conductors observed that they are65

markedly different [11, 20]. However, the symmetric schemes used to couple the measured66

conductor to its spectrometer imprinted too much detection back-action to the measured con-67

ductor via photon–assisted transport effects, preventing the authors from extracting quantita-68

tive values. In order to avoid such back-action we will follow a different approach, initially69

proposed by Lesovik and Loosen [1,19,21], based on the measurement of the power exchanged70

between the quantum conductor and a linearly coupled harmonic oscillator. We consider the71

case shown in Fig. 1 (a) where a quantum conductor with current operator Î(t) is coupled72

to a linear detection circuit of impedance Zdet via the QED coupling ĤQED = ÎΦ̂, where the73

electromagnetic flux Φ̂(t) =
∫ t
−∞ d t ′V̂ (t ′) is related to the voltage operator V̂ at the coupling74

node . As shown in Appendix A, the spectral density of power exchanged with the detection75

circuit ∆P around the detection frequency f0 in a vanishing detection bandwidth ∆ f can be76

computed to lowest order in this coupling giving:77

∆P
∆ f
=

SV V ( f0)SI I(− f0)− SV V (− f0)SI I( f0)
hf0

, (1)

where SXX( f ) =
∫

dτe2iπ f τ〈X̂ (t + τ)X̂ (t)〉 are the PSD of the non-symmetrized time–78

correlation functions of observables X̂ . The expectation values entering in (1) are taken in the79

interaction picture. This lower order expression is well justified when the impedance of the80

quantum conductor is way larger the detection circuit impedance [21]. In this limit the quan-81

tum conductor imposes its current fluctuations on the detection impedance (current source82

limit) while the detection impedance imposes its voltage fluctuations on the quantum conduc-83

tor at the coupling node (voltage source limit). The quantum conductor and the detection84

impedance behave both as sources and loads of fluctuations with respect to their surrounding85

circuit, explaining the symmetric role played by the spectral densities SI I and SV V in Eq. (1).86

This expression also shows that, with our choice of Fourier transform convention, negative87

frequency fluctuations trigger the emission of power into the coupled circuit while positive88

fluctuations trigger the absorption from it, justifying the name of emission and absorption89

noise [1, 13, 19]. For a linear detection circuit with negligible bandwidth ∆ f around f0, its90

voltage PSD can be expressed in terms of the corresponding photon occupation n= 〈a†a〉 [2,8],91

simplifying equation (1) as follows:92

∆P
∆ f
= 2 Re Zdet( f0) [(1+ n)SI I(− f0)− nSI I( f0)] , (2)

which is the result originally obtained by Lesovik and Loosen [1]. The two positive terms93

describe spontaneous and stimulated emission of electromagnetic power into the detection94

impedance, while the last negative term describes stimulated absorption from it. The ex-95

changed power thus contains a linear yet non-symmetric combination of the current fluctu-96
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Figure 1: (a) A quantum conductor with current operator Î is galvanically coupled to
a linear circuit with impedance Zdet . The minimal QED coupling reads ĤQED = ÎΦ̂,

where Φ̂ is the electromagnetic flux Φ̂(t) =
∫ t
−∞ d t ′V̂ (t ′) defined at the coupling

node and V̂ the corresponding voltage. (b) Scheme of the circuit used to test Kubo
formula. The quantum conductor to be measured is a SIS junction (in green) con-
nected to the circuit via a bias tee. Its inductive port is used to DC-voltage bias
and measure it. The capacitive port is used to couple it to a RF detection circuit via a
660 MHz bandwidth cavity filter centered at f0 = 6.8 GHz (in blue) whose impedance
is vanishing out of the coupled band. The photon occupation of this narrow band de-
tection impedance can be externally tuned by the RF shot–noise emitted by a 50Ω
matched DC–biased NIN junction (in orange) coupled non-reciprocally to the cavity
via a 18dB isolation circulator. The noise power contained in the cavity filter is routed
with a pair of circulators to a cryogenic amplifier and detected at room temperature
with a square law detector (red diode symbol). A−20dB directional coupler inserted
after the cavity filter is used to shine a heavily attenuated RF tone generated by a VNA
at the input of the SIS junction. The reflected signal is routed to the VNA detection
port after amplification in order to measure the SIS admittance. (c) dI/dV (VSIS)
curve of the SIS junction obtained from the dV/dI measured in a three point config-
uration at its 50Ω shunted input. The tunneling resistance obtained is RT = 6.7 kΩ
and the superconducting gap is 2∆= 400 µeV.
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ations at its origin. Therefore, measuring the exchanged power at different calibrated occu-97

pations n provides a protocol to separately extract the emission ( f < 0) and the absorption98

( f > 0) noise of the quantum conductor. Notably, the power exchanged with a detection99

circuit with vanishing occupation n= 0 is directly proportional to the emission noise [22].100

2.2 Experimental implementation101

Figure 1 (b) shows a simplified scheme of the circuit we use to measure such power exchanges.102

An SIS junction (in green) is connected to an RF resonator (implemented as a cavity filter in103

blue) in a dilution refrigerator of base temperature T ≃ 15mK. The junction is obtained from104

thermal oxidation of aluminum thin films, evaporated using the double–angle evaporation105

technique [23], in a superconducting quantum interference device (SQUID) [24] geometry of106

two nominally identical junctions with a total parallel tunneling resistance RT = 6.7 kΩ. The107

coupled resonator is a commercial third–order cavity filter, with center frequency f0 = 6.8 GHz108

and bandwidth ∆ f = 660 MHz. It is 50Ω matched in the coupled bandwidth while having109

vanishing impedance at other frequencies. As a result of the strong impedance mismatch110

Zdet/RT ≃ 1/100, the SIS junction acts as a current source to the detection circuit. Although111

vanishing at the base temperature, the photon occupation n in the detection bandwidth can112

be externally tuned with the help of an additional noise source: a Normal–Insulator–Normal113

tunnel (NIN) junction (in orange). The NIN junction is made similarly from aluminum thin114

films, but is placed in the close vicinity (≃ mm) of a neodymium magnet and shows no trace115

of superconducting features. The NIN junction is used as a calibrated [25–27] source of in-116

coherent [28–30] RF shot-noise power, tuning the resonator occupation. The NIN junction of117

resistance RN IN = 41.8 Ω is nearly optimally matched to the 50 Ω RF circuit which couples it118

non–reciprocally to the cavity filter via a RF circulator. The RF power leaking out from the119

cavity filter is guided via two circulators to an amplification chain with noise level of about120

2.9 K and is measured at room temperature with a calibrated square law detector (in red).121

Both junctions are DC biased via the inductive port of the bias tees used to connect them to122

the detection circuit. The SIS junction is shunted to a cold 50 Ω resistor in order to obtain a123

stable DC voltage biasing scheme, while the NIN junction is current biased. In all measure-124

ments shown in the article, a magnetic field of about 15mT is applied to the SIS junction in125

order to i) frustrate the SQUID making its direct supercurrent negligible [24] and ii) provide126

some superconducting depairing [31] in order to smoothen the quasiparticle BCS peak which127

efficiently removes the back-bending instability of the voltage polarisation at biases close to128

twice the superconducting gap∆ (see e.g. Appendix A in [32]). The corresponding non-linear129

DC conductance dI/dV (VSIS) is shown in Figure 1 (c), it is obtained from measuring in three130

point via low–pass filtered lines the differential resistance of its parallel composition with the131

50 Ω biasing resistor as explained in Appendix E. It mainly displays features of quasiparti-132

cle tunneling showing a DC current transport gap at eVSIS = 2∆ = 400 µeV, with negligible133

contribution from the Josephson effect.134

2.3 Experimental results135

Figure 2 shows the power exchanged between the SIS junction and the detection circuit via136

the cavity filter of frequency f0 = 6.8 GHz, as a function of the SIS voltage bias VSIS for a137

given voltage bias VN IN applied to the NIN junction. It is defined as the difference between138

the power measured by the square law detector (red diode symbol in Figure 1 (b)) at finite139

SIS bias VSIS and the power measured at zero SIS bias:140

∆Pexch = P(VSIS , VN IN )− P(VSIS = 0, VN IN ). (3)
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Figure 2: Power exchanged between the SIS junction and its linear detec-
tion circuit within the coupled bandwidth ∆ f = 660 MHz around frequency
f0 = 6.8 GHz. It is defined by Eq. 3 and is normalized by the amplification chain
noise kBTamp∆ f = P(VSIS = VN IN = 0) (roughly 2.9 K noise temperature). At
zero NIN bias, the exchanged power is always positive: the SIS junction can only
emit into the detection circuit. The onset for this spontaneous emission is found at
eVSIS = 2∆ + hf0, where hf0 = 28 µeV is the energy quantum of the cavity filter.
At finite NIN voltage bias VN IN , the linear circuit is driven out of equilibrium by the
incoherent radiation emitted by the NIN junction providing it with finite photon oc-
cupation. In this case the exchanged power can also be negative, meaning the SIS
junction is absorbing some power from the detection circuit. The onset for this power
absorption is eVSIS = 2∆− hf0, while the exchanged power becomes positive again
after the emission threshold.
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For each curve, the exchanged power is shown normalized with respect to the amplification141

chain noise P(VSIS = 0, VN IN = 0) = kBTamp∆ f correcting for slow gain drifts of the room–142

temperature detection chain. Let us stress that each of the power measurements on the right–143

hand side of Eq. (3) corresponds to the RF noise being rectified by the square law detector, and144

according to quantum network theory [33] it is proportional to the symmetrized PSD of the145

voltage fluctuations at the input of the detector, see e.g. [34] or the Appendix B. However their146

difference describes how much the photon occupation changes when the RF field interacts with147

the SIS junction at finite VSIS bias with respect to the zero bias VSIS = 0 case where the SIS148

junction acts as an open circuit leaving the photon occupation untouched. The corresponding149

changes in the power measured in the detection circuit are precisely what is predicted by Eqs.150

(1) and (2), as we will now demonstrate experimentally.151

At zero NIN bias, the detection circuit has a vanishing equilibrium photon occupation in152

the coupled bandwidth. In this case, we observe a strictly positive power exchange meaning153

that the SIS junction is emitting energy into the cavity. We also observe a marked SIS bias154

onset for such power emission at |eVSIS| = 2∆+ hf0, which is in agreement with microscopic155

predictions [35, 36] and measurements [11, 20] of the SIS junction emission noise. Note156

that inelastic tunneling effects [22, 37–39] are made negligible by construction thanks to the157

small impedance of the detection circuit Zdet = 50 Ω ≪ h/e2. At finite voltage biases VNIN158

applied to the NIN junction, the incoherent radiation it emits into the circuit increases the159

resonator’s occupation n(VNIN). In this case, we observe a negative dip of exchanged power160

in the SIS voltage range 2∆ − hf0 < |eVSIS| < 2∆ + hf0 meaning that the SIS junction is161

absorbing energy from the resonator. The lower bound |eVSIS| = 2∆ − hf0 corresponds to162

the onset of absorption noise in SIS junction in agreement with microscopic theory [35,36].163

Since the SIS junction cannot emit RF power when |eVSIS|< 2∆+ hf0, the observed negative164

dip should be proportional to its absorption noise only and to the occupation number. Indeed,165

the amplitude of this dip is seen to increase with the applied NIN voltage which increases the166

occupation number in the coupled bandwidth.167

These observations are in qualitative agreement with Eq. (2), we now use it to quantita-168

tively extract both the emission Pem and absorption noise Pabs power of the SIS junction. The169

protocol is the following; first we identify the emission noise as the noise power exchanged170

at zero NIN voltage and then we invert Eq. (2) to isolate the absorption noise contribution at171

finite NIN voltage:172

Pem =∆Pexch(VSIS , VN IN = 0) (4)

Pabs =

�

1+ n(VN IN )
�

Pem −∆Pexch(VSIS , VN IN )

n(VN IN )
(5)

This protocol requires to calibrate the occupation number within the cavity filter. In order173

to do so, we exploit the noise–power emitted by both SIS and NIN junctions in the classical174

limit |eV | ≫ hf0, where the emitted current shot-noise has a white PSD whose integrated175

power increases with the applied DC bias IDC according to a Schottky formula δI2 = 2eIDC∆ f176

see e.g. [25–27,40]. Thanks to such known noise sources, we can calibrate the attenuation of177

the different RF paths of our detection chain and infer the occupation of the cavity filter as a178

function of the NIN bias n(VN IN ) as detailed in the Appendix D. Figure 3 shows the emission179

and the absorption noise power of the SIS junction extracted by this procedure as a function180

of the SIS bias voltage. It is remarkable that all absorption noise curves constructed from181

data measured at different, yet finite, photon occupations collapse into the same curve and182

depend only on VSIS , validating the protocol. Most importantly it shows that Lesovik and183

Loosen’s [1] formula Eq. (2) accurately describes the power exchanges between the junction184

and its detection circuit in the current source limit Zdet/RT ≪ 1. The obtained emission and185
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Figure 3: Emission and absorption noise power at frequency f0 = 6.8 GHz of the SIS
junction extracted from the power exchanges shown in Figure 2 exploiting Eq. (2)
and the protocol described in the article: The emission power is directly obtained
from the zero occupation (VN IN = 0) measurement according to Eqs. (4), while
the absorption noise is obtained using Eq. (5) for all the power exchanges mea-
sured at finite occupation n(VN IN ) (VN IN ̸= 0). All absorption noise curves measured
at different NIN biases collapse on the same shape. The black dashed curve is ob-
tained by applying ±2hf0 = 56 µeV horizontal offsets to the emission power curve
at negative/positive biases, which according to Rogovin and Scalapino [35] should
reproduce the absorption noise in the kBT ≪ eVSIS limit.

absorption noise powers have a shape similar to the I(V ) curves of SIS junctions [36,41], but186

with a voltage shift of −hf0/e and hf0/e correspondingly. This is a general property of weakly187

coupled (tunneling) conductors for which it is possible to derive non-equilibrium fluctuation188

dissipation relations [35, 38, 42, 43] relating the current fluctuations or the finite frequency189

admittance to the DC I(V ) curve.190

We stress, that despite our calibration efforts, the data shown in Figure 3 is obtained with an191

additional correction to the calibrated occupation of 20% (0.8 dB) to obtain a better agreement192

with microscopic predictions as shown in more detail in Appendix D. This discrepancy most193

probably arises from the small yet finite spurious wave reflections at the input of the several194

RF components placed between the SIS and the NIN junctions which are not accounted by our195

calibration procedure.196

3 Experimental test of Kubo formula197

Having measured the emission and absorption current PSD we are now in a position to test198

Kubo formula [10]. The frequency (Fourier) space representation of Kubo formula relates199

the linear response to an external coherent drive V (t) = δVac cos(2π f t) as defined in Eq.200

(6) to the spontaneous fluctuations already present when δVac = 0. More specifically, the201

difference between the absorption and emission noise spectral densities of current fluctuations202

is predicted to be proportional to the in-phase response of the quantum conductor Eq. (7),203

while the out-of-phase response is obtained from it according to Kramers-Kronig relations Eq.204

(8):205
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densities shown in Figure 3 using Kubo formula Eq. (7). It is compared to the real
(orange line) and imaginary (green line) parts of the admittance independently mea-
sured by coherent reflectometry with a Vector Network Analyser YV NA using Eq. (9).
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δI(t)
δVac

= Re Y ( f ) cos(2π f t) + Im Y ( f ) sin(2π f t) (6)

Re Y ( f ) =
SI I( f )− SI I(− f )

2hf
(7)

Im Y ( f ) = −
2
π
P
∫ ∞

0

d f ′
f Re Y ( f ′)
f ′2 − f 2

. (8)

Initially derived for systems sitting close to equilibrium, Svirskii and co-workers [17] stressed206

that the same structure remains valid for arbitrary stationary out-of-equilibrium situations,207

albeit the correlation functions must then be computed in the non-equilibrium steady state208

(see [18] for a generalization to nonstationary drives).209

In order to test Kubo formula Eq. (7), we need to measure the linear response of the con-210

ductor to a single–tone excitation while driven far from equilibrium by the DC bias. As shown211

in Figure 1 (b), we inserted for this purpose a −20 dB directional coupler in the detection212

chain. It is used to send a single tone excitation via the coupled port while the reflected signal213

is routed via the detection chain back to the Vector Network Analyser (VNA), which measures214

the in-phase and out-of-phase amplitudes of the signal reflected by the junction according to215

its linear response Eq. (6). The −5 dBm power level delivered by the VNA is lowered by 80 dB216

with matched attenuators thermally anchored at the different stages of the dilution fridge.217

After the directional coupler, this results in an excitation level of about −105 dBm= 1.2 µV at218

the input of the SIS junction. This level is low enough to prevent nonlinear photon-assisted219

transport effects [12, 44] eδVrms/hf ≃ 4%. Of course, one needs to calibrate the gain of the220

measurement chain (in both amplitude and phase) in order to extract the response of the junc-221

tion quantitatively. Our calibration procedure, detailed in the Appendix C, assumes that i) for222

the largest applied bias (VSIS = −600 µV) the SIS junction acts, as predicted from BCS theory,223
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essentially as a plain resistor with an effective resistance slightly different from the tunneling224

resistance 6.7 kΩ/1.1 , ii) the junction behaves as an open circuit when DC biased in about225

the middle of the transport gap VSIS = −225 µV, and iii) the detection impedance seen by226

the junction does not depend on the junction’s admittance. With these assumptions, we can227

extract the SIS junction admittance from its measured reflection coefficient Γ ( f ):228

YV NA( f )Zdet( f ) =
1− Γ ( f )
1+ Γ ( f )

. (9)

Figure 4 shows the real (in orange) and imaginary (in green) parts of the admittance YV NA229

extracted from this method, averaged over 13 frequency values equally distributed between230

f = 6.5 GHz and f = 7.1 GHz with 50 MHz steps, fully covering the coupled bandwidth of231

the cavity filter. This averaged admittance is compared to the real part of the admittance232

YKubo as dictated by Kubo formula (7) using the emission and absorption noise measurements233

performed on the 6.5− 7.1 GHz coupled bandwidth shown in Figure 3, namely234

4hf Re Zdet Re YKubo =
Pabs − Pem

kBTamp∆ f

kBTamp

α
.

The first term on the right–hand side is simply the difference between the absorption and235

the emission noise shown in Figure 3, whereas the second term is the noise power of the236

detection chain kBTamp referred to the output of the SIS junction via a power attenuation237

coefficient α = 0.717 calibrated in the Appendix D. Note that according to our calibration238

procedure we have by construction Re YV NA(−600 µV) = Re YBCS(−600 µV) but also that239

Im YV NA(−600 µV) = 0. Nevertheless the curves agree throughout the probed voltage range240

where the admittance varies by a factor of ≃ 6 validating the experimental protocols. Most241

importantly the agreement obtained between Re YKubo and Re YV NA confirms experimentally242

the validity of Kubo formula Eq. (7) for a strongly nonlinear conductor driven far from equi-243

librium.244

4 Joule heating and Kubo formula245

The original derivation of Lesovik and Loosen formula Eq. (2) assumes a weak coupling be-246

tween the conductor and the resonator. Therefore, the current-correlation functions appearing247

in Eq. (2) are meant to be taken in the noninteracting limit as detailed in the Appendix A.248

However experiments [22, 38, 45] measuring the power emitted by tunnel junctions inter-249

acting strongly with a linear detection circuit, giving rise to strong back-action effects (aka250

Dynamical Coulomb blockade [37]) , showed that Eq. (2) could still be used in the vanish-251

ing occupation limit in agreement with perturbative calculations with respect to the tunelling252

hamiltonian [21, 45]. In this case, the current-correlation functions describing the emitted253

power were those computed including the strong back-action effects arising from the environ-254

ment.255

Here we show that, owing to the linearity of the electromagnetic detection circuit, we can256

generalize Eq. (2) in order to take into account strong back-action effects. This new derivation257

computes the spectral density of power exchanged within a vanishingly small bandwidth, it258

is valid provided i) the detection circuit is not singular and ii) there is a strong impedance259

mismatch such that the conductor is in the current source limit. The key point is that both the260

electromagnetic environment Hamiltonian and the electromagnetic flux Φ̂ appearing in the261

QED coupling can be linearly expanded in terms of the electromagnetic modes described by262

the bosonic fields â( f ):263

10
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ĤEM =

∫ +∞

0

d f h f (â†( f )â( f ) + 1/2) =

∫ +∞

0

d f ĥ( f )

Φ̂=

∫ +∞

0

d f

√

√h Re Z( f )
2π2 f

(â( f ) + â†( f )) =

∫ +∞

0

d f φ̂( f ).

One can single out a detection mode of frequency f0 with vanishing detection bandwidth264

∆ f / f0≪ 1 from the full electromagnetic environment:265

ĤEM = Ĥ\EM + ĥ( f0)∆ f

Φ̂= Φ̂\ + φ̂( f0)∆ f .

If the electromagnetic environment has a continuous detection impedance Re Zdet( f )which266

is characteristic of open quantum systems, and its state has non-singular dynamics in the vicin-267

ity of the detection mode 〈ĥ( f0 +∆ f )〉 ≃ 〈ĥ( f0)〉, then whatever correlation function of the268

truncated field Φ̂\ computed within the dynamics dictated by the truncated Hamiltonian Ĥ\EM269

will tend to those of the full Hamiltonian in the vanishing detection bandwidth limit, e.g.:270

lim
∆ f / f0→0

〈Φ̂\(t)Φ̂\(0)〉Ĥ\EM
= 〈Φ̂(t)Φ̂(0)〉ĤEM

. (10)

By singularizing the detection mode of frequency f0 from the full Hamiltonian271

Ĥ = Ĥconductor + Ĥ\EM + ÎΦ̂\ +∆ f (ĥ( f0) + Îφ̂( f0))

= HI +∆ f (ĥ( f0) + Îφ̂( f0)), (11)

it is apparent that in the vanishing detection bandwidth limit its coupling to the quantum272

conductor can be treated as a perturbation to an interaction picture Hamiltonian HI which273

takes into account the (possibly strong) interaction between the quantum conductor and the274

rest of the electromagnetic environment. Note however, that such expansion is strictly valid275

only if larger order terms are parametrically smaller and thus that Re Yconductor( f0)Re Z( f0)≪ 1276

[21]. It follows then that in this limit the spectral density of power exchanged between the277

quantum conductor and its detection mode, defined as SP( f ) = lim∆ f→0
∆P
∆ f , follows a Lesovik278

& Loosen formula :279

SP( f , n( f ))
2Re Zdet( f )

= (1+ n( f ))S\I I(− f )− n( f )S\I I( f )

= SI I(− f )− 2 Re Y ( f )hf n( f ).

In the second equality we exploited the fact that the current correlations computed in the
interaction picture provided by ĤI : S\I I( f ) tend to those computed using the full Hamiltonian
Eq. (11) in the vanishing detection bandwidth limit. We also exploited Kubo formula [10,17,
18] to factorize the terms proportional to the occupation number. It follows that the power
exchanged due to the presence of a finite occupation n reads:

SP( f , n)− SP( f , 0) = −4 ReZdet( f )Re Y ( f )hf n,

11
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which demonstrates that, whatever complicated dynamics results from the full QED coupling,280

the conductor dissipates the energy hf n( f ) contained within a narrow band ∆ f around fre-281

quency f of its detection circuit at a rate given by the real part of the conductor’s admit-282

tance. In other words combining both Kubo and Lesovik & Loosen’s formulas accounts for the283

Joule power dissipated within the conductor, in the limit where the external circuit behaves284

as a voltage source to the conductor. Note also that if the conductor is driven in an out-of-285

equilibrium state such that its admittance becomes negative, then the net exchanged power286

SP( f , n)− SP( f , 0) becomes positive and the conductor acts as an amplifier. In this case, Kubo287

relation describes the gain of the system in the linear response regime [46].288

5 Conclusion289

Summing up, we presented an experimental test of Kubo formula Eq. (7) for a nonlinear290

conductor driven far from equilibrium by a stationary voltage bias. We first demonstrated that291

both emission and absorption current noises of the conductor can be extracted from the power292

it exchanges with a narrow–band linear detection circuit with a calibrated occupation (close to293

vacuum levels), in agreement with Lesovik and Loosen’s formula Eq. (2). The circuit was de-294

signed in the strong impedance mismatch limit (Re Y Zdet ≪ 1) such that the energy exchanges295

can be described by such a simple formula. This result demonstrates that non–symmetrized296

correlation functions can be extracted from the comparison of power measurements performed297

in different experimental conditions. We then measured the conductor’s admittance through298

phase–sensitive reflectometry measurements performed in the linear response regime. The299

real part of the admittance obtained this way could be compared to the difference between300

the absorption and the emission noise measured from power exchanges. We found that Kubo301

formula Eq. (7) agrees with our data within our experimental accuracy, even though the con-302

ductor has a strongly nonlinear I(V ) characteristic and is driven far from equilibrium. Last,303

we argued that Lesovik and Loosen formula Eq. (2) describes quite generically the spectral304

density of power exchanged between the conductor and its surrounding circuit even in the305

presence of strong detection backaction effects, provided the circuit is not singular and the306

conductor is in the good current source limit with respect to its detection circuit. Such condi-307

tions on the environment dynamics apply thus quite generally to open linear detection circuits.308

However, if the conductor and its detection circuit are not strongly impedance mismatched,309

a sizeable voltage drop develops at the input of the conductor proportional to the current it310

injects into the detection circuit. As a consequence, the (nonlinear) conductor becomes part311

of its own environment and Lesovik and Loosen formula looses its validity. Even though exact312

results [47–49] exist describing particular circuits [50,51] or self-consistent gaussian approx-313

imation schemes can be devised [52], we are not aware of a simple general way of handling314

the corresponding nonlinear out-of-equilibrium physics to be solved self-consistently.315
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A Perturbative computation of power exchanges325

We consider a quantum conductor with current operator Î having stationary dynamics dictated326

by a Hamiltonian Ĥcond . It is coupled to a linear detection circuit described by ĤEM . The327

Hamiltonian of the coupled system is:328

Ĥ = Ĥcond. + ĤEM + ÎΦ̂,

with Φ̂ the electromagnetic flux at the coupling node such that Φ̂ =
∫ t
−∞ V̂ (t ′)d t ′ and V̂ the329

corresponding voltage. We wish to compute how much does this coupling change the energy330

initially present in the linear circuit. The power conveyed into it is by definition:331

P̂EM =
dĤEM

d t
=

i
h
[Ĥ, ĤEM ] = − Î V̂ ,

where we exploited [Ĥcond., ĤEM ] = [ Î , ĤEM ] = 0 and i
h[ĤEM , Φ̂] = V̂ . Developing it to lowest332

order in the coupling ÎΦ̂ we obtain:333

P̂EM ≃ − ÎI V̂I −
i
ħh

∫ t

−∞
d t ′[ ÎI(t

′)Φ̂I(t
′), ÎI(t)V̂I(t)], (A.1)

where X̂ I(t) denotes the time dependence of observable X̂ in the uncoupled interaction picture.334

A.1 Stationary EM states335

Taking the expectation value of Eq. (A.1), the first term vanishes since 〈V̂I〉= 0 for the thermal336

stationary states considered in the present work. The remaining term can be recast with the337

help of the current SI I and voltage SV V spectral densities 〈 Î(t + τ) Î(t)〉 =
∫

d f SI I( f )e−2iπ f τ
338

and 〈Φ̂(t +τ)V̂ (t)〉=
∫

d f SV V ( f )
−2iπ f e−2iπ f τ since they simply factorize in the interaction picture:339

〈P̂EM 〉 ≃
2
ħh

Im

∫ 0

−∞
dτ〈 Î(t +τ) Î(t)〉〈Φ̂(t +τ)V̂ (t)〉

≃
∫ +∞

−∞
d f

SI I(− f )SV V ( f )
hf

≃
∫ +∞

0

d f
SI I(− f )SV V ( f )− SI I( f )SV V (− f )

hf

This last equation becomes Eq. (1) in the vanishing detection bandwidth limit. Since for sta-340

tionary states one can simply express voltage spectral densities in terms of photon occupation341

numbers n( f ) = 〈â†( f )â( f )〉:342

SV V ( f ) = 2hf Re Z( f )(1+ n( f ))

SV V (− f ) = 2hf Re Z( f )n( f ),

one obtains Eq. (2). The perturbative expansion Eq. (A.1) giving rise to such simple formulas343

neglects higher order terms in the QED coupling ÎΦ̂. As these terms scale as powers of the344

product of the detection impedance and the conductor’s admittance [21], Eq. (2) is only valid345

in the limit where the conductor acts as a good current source to its detection circuit.346
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A.2 AC bias347

For the sake of completeness we discuss as well the case of a small AC bias being applied by348

the detection circuit. We take the detection circuit to be set in a single tone displaced state349

with frequency f0 such that 〈V̂I(t)〉 = Vac cos(2π f0 t). Again the expectation value of the first350

term in Eq. (A.1) vanishes, such as its time average:351

〈 ÎI V̂I〉= lim
T→∞

1
T

∫ T/2

−T/2
d t〈 ÎI(t)〉〈V̂I(t)〉= 0

The voltage spectral density now displays an explicit time dependence. Averaging it over the352

driving period generates a singular contribution at the driving frequency:353

SV V ( f , t) = 2hf Re Z( f ) +
V 2

ac

4
δ( f − f0)

SV V (− f , t) =
V 2

ac

4
δ( f − f0).

Taking the time average of the expectation value of Eq. (A.1) and exploiting Kubo formula we354

obtain the power being exchanged on average between the conductor and its linear circuit :355

P̂EM = −Re Y ( f0)
V 2

ac

2
+

∫ +∞

0

d f 2Re Z( f )SI I(− f ).

This expression shows that the Joule effect within the conductor (the power it dissipates from
the driving tone) is proportional to the real part of its admittance, namely:

P̂EM (Vac)− P̂EM (Vac = 0) = −Re Y ( f0)
V 2

ac

2
.

B Thermal noise characterization356

In this section we show the thermal characterization of the amplifier used to perform the RF357

power measurements, demonstrating that the rectified voltages measured by the square-law358

detector are proportional to the symmetrized voltage noise propagating in the lines. In Figure359

B.1 we plot the RF noise power rectified by our square law detector in the coupled bandwidth360

of the cavity filter as a function of the mixing chamber plate temperature. Note that all dissipa-361

tive conductors (50Ωmatch of the circulator, NIN junction) connected to the detection line are362

thermally anchored to the mixing chamber plate. For these measurements, all voltages applied363

to the tunnel junctions are set to zero, and the mixing chamber plate temperature is set within364

the percent level by a PID controller acting on a heating resistor while monitoring the temper-365

ature. Data shown in figure B.1 is the power recorded after waiting for about 50 minutes at366

a given stable temperature below 800 mK and about 20 minutes above 1 K. The conversion367

between the measured rectified voltage and the noise temperature kB Tnoise, giving the units of368

the vertical axis, is extracted from the linear fit to the classical Johnson-Nyquist noise power369

per unit bandwidth predicted for a matched detection impedance: kB Tnoise = kB T + kB Tamp370

(shown as an orange line).371

According to quantum network theory [33], the voltage rectified by a square-law detector372

should be proportional to the symmetrized spectral density of voltage fluctuations at its input373

on top of the noise added by the setup. In the case of thermal radiation, the symmetrized374
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Figure B.1: Noise temperature measured in the coupled bandwidth with the square–
law detector as a function of the temperature set to the mixing chamber plate. The
noise temperature units are extracted from fitting its linear evolution to Johnson-
Nyquist formula and thus assume a perfect matching between the line and the am-
plifier. The data is then compared to the Callen-Welton noise prediction.

voltage fluctuations across a circuit of impedance Z( f ) in an open-circuit configuration are375

given by Callen-Welton noise [8]:376

SV V ( f ) + SV V (− f ) = 2hf Re Z( f )
�

2
ehf /kB T − 1

+ 1
�

= 2hf Re Z( f ) coth(hf /2kB T ).

The linear cryogenic amplifier used to detect the radiation is matched to the Re Z( f )≃ 50 Ω377

circuit guiding it, causing a 1/2 voltage division at the amplifier input with respect to the above378

open-circuit prediction. The noise temperature referred to this matched input thus reads:379

kBTnoise =
1
4

SV V ( f ) + SV V (− f )
Re Z( f )

+ kBTamp

=
hf
2

coth(hf /2kB T ) + kBTamp. (B.1)

where kBTamp is the noise added by the cryogenic amplifier [53], since it dominates the noise380

added by the setup owing to the large gain ≃ 40dB of the first amplification stage. The good381

agreement between Callen-Welton noise Eq. (B.1) and the data shown in Figure B.1 demon-382

strates that the voltage rectified by the square–law detector is indeed proportional to the sym-383

metrized voltage fluctuations at its input. Notably, the difference between Johnson-Nyquist384

noise and the data in the kBT ≪ hf limit is given by the noise power of zero–point motion385
hf0
2kB
= 163 mK.386

However, the added noise obtained by this procedure (Tamp = 2.95 K) is 1.6 dB larger387

than expected from the amplifier specification sheet. This might be explained by an effective388

line impedance Z( f ) seen at the input of the amplifier larger than its nominal 50 Ω input, or389

simply by a non-optimal biasing of the amplifier.390
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Figure C.1: (a) Admittances obtained by calibrating the gain of the chain G( f ) and
assuming a constant 50 Ω detection impedance. (b) Admittances obtained by fur-
ther assuming that the detection impedance is frequency dependent. The latter is
calibrated assuming the admittance is purely real at VSIS = −225 µV with the value
given by BCS prediction : Re Y (eVSIS = 3∆, hf /∆ = 0.14) ≃ 1.1/RT . (c) Impact of
the phase calibration on the admittance measured at fmeas = 7.05 GHz. Few degrees
strongly modify the shape of the coherence peak, yet average to the shape expected
from BCS predictions. (d) Real (blue) and imaginary (orange) parts of the detection
impedance obtained by imposing that the admittance measured at VSIS = −600 µV
matches BCS predictions. An oscillatory pattern with period ∆ f ≃ 400 MHz (25 cm
standing wave) seems to develop on the real part around an average of 74 Ω.

C Admittance measurement details391

C.1 Experimental protocol392

Here we provide further details on the admittance measurements obtained from phase–sensitive393

reflectometry performed with a Vector Network Analyzer. Since the SIS junction and the detec-394

tion line are strongly impedance mismatched, the signal reflected by the junction overwhelms395

the -20dB coherent leak of the coupler used to drive the circuit which can be neglected. We396

thus assume that the signal measured by the VNA can simply be cast in terms of the (complex)397

gain of the chain G( f ) and the reflection coefficient Γ ( f , VSIS) at the input of the SIS junction,398

namely:399

S21( f , VSIS) =
Vout( f )
Vin( f )

= G( f )Γ ( f , VSIS).

Our calibration procedure assumes that, at the probed frequencies f ∈ [6.5 , 7.1]GHz, the400

16



SciPost Physics Submission

SIS junctions acts as an open circuit in the middle of its transport gap Γ ( f , VSIS = −225 µV) = 1.401

Therefore the trace recorded by the VNA at this value characterizes the gain of the chain, from402

which we can deduce the reflection coefficient:403

Γ ( f , VSIS) =
S21( f , VSIS)

S21( f , VSIS = 225 µV)
.

From the reflection coefficient obtained this way, we extract the product YSIS( f )Zdet( f ) using404

Eq. (9).405

If we first assume that the detection impedance is simply Zdet = 50 Ω, as nominally in-406

tended by making use of 50 Ω matched cables and RF-elements, we obtain the admittances407

shown in Figure C.1 (a). The strong variations observed among these curves show that there408

are standing waves unaccounted by this simple approach.409

To progress further we note that, the junction being strongly mismatched to the detec-410

tion line, its reflection coefficient is essentially unity. We can thus assume that the standing411

wave patterns on the detection circuit do not depend on the precise value of the SIS junc-412

tion admittance. However, we need to calibrate the corresponding frequency–dependent de-413

tection impedance Zdet( f ). In order to do so, we assume that the junction admittance at414

the largest bias measured (eVSIS = 3∆) bias is real with a value given by the BCS predic-415

tions Re Y (eVSIS = 3∆, hf /∆ = 0.14) ≃ 1.1/RT we detail in the next subsection. The real416

(blue) and imaginary (orange) parts of the calibrated detection impedance are shown in Fig-417

ure C.1 (d). The real part shows an oscillating pattern compatible with a 25 cm electric length418

standing–wave which is about the physical distance between the sample and the bias tee. The419

average detection impedance plotted as dashed lines is essentially real Zavg.
det = 74+ i1.8 Ω.420

The admittances obtained by using this calibrated detection impedance in Eq. (9) are shown421

in Figure C.1 (b). All curves measured at different frequencies collapse a the largest bias by422

construction and their overall shape is now much more similar, which seems to validate our423

approach.424

However, there remains a systematic difference among the admittances measured within425

the coherence peak eVSIS ≃ 2∆. To understand this effect, we focus on biases close to eVSIS = 2∆426

for the curve measured at fmeas. = 7.05 GHz which is shown in Figure C.1 (c). The curve ob-427

tained from our calibration is compared to the ones obtained from the same calibration but428

adding a small phase factor e2iπ∆φ to the gain. We observe the shape Re Y around eVSIS = 2∆429

is extremely sensitive to phase estimation errors, which could be expected since the imaginary430

part peaks quite sharply at this bias. Nevertheless the deviations at small positive and nega-431

tive phases compensate each other. The data shown as a dashed line in Figure C.1 (b) is the432

average of the admittances measured at the 13 different frequencies shown in the same plot.433

The averaging ensemble seems to be large enough to compensate our small phase calibration434

errors. The data YV NA reported in Figure 4 of the main text is this averaged admittance.435

C.2 BCS prediction436

The experimental protocol is based on BCS predictions of the admittance at eVSIS = 3∆. In437

order to compute it, we exploit the non-equilibrium fluctuation-dissipation relations of tunnel438

junctions [35,38,43] linking the real part of the admittance to the DC I(V ) curve:439

ReYBCS(VSIS , f ) =
IBCS(VSIS + hf /e)− IBCS(VSIS − hf /e)

2hf
.

Here ISIS(VSIS) is the DC current voltage of a SIS tunnel junction predicted from BCS theory.440

In the zero temperature and zero depairing limit it can be computed from special functions441

17



SciPost Physics Submission

600 400 200 0 200 400 600

VSIS (μV)

0.00

0.05

0.10

0.15

0.20

P/
k B

T
a
m

p
f

VNIN :
0.0 V
60.1 V
80.2 V
100.2 V
120.3 V
160.4 V
280.7 V
401.0 V
481.2 V

Figure D.1: Excess power∆P = P(VSIS , VN IN )−kBTamp∆ f normalized by the noise–
power of the amplification chain kBTamp∆ f = P(VSIS = VN IN = 0). The data shown
in the main text Figure 2 is obtained by these curves substracting the reference value
at VSIS∗= −225 µV: ∆Pech(VSIS , VN IN ) =∆P(VSIS , VN IN )−∆P(V ∗SIS , VN IN ).

[37,54]:442

ISIS(VSIS) =
∆

eRT

�

2x E(x)−
1
x

K(m)
�

for x > 1

where m = 1 − 1/x2 with x = eV/2∆ and where K(m) and E(m) are the complete elliptic443

integrals of the first and second kind.444

The imaginary part of YBCS is computed by numerically integrating the Kramers-Kroning445

relation linking it to the real part:446

Im YBCS(V, f ) =
1
π
P
∫

d f ′
Re YBCS(V, f )

f − f ′
.

The curves shown as dashed lines in Figure 4 and the value Re YCBS ≃ 1.1/RT at VSIS = −600 µV447

and f = 6.8 GHz are obtained by evaluating these expressions at hf /∆ = 0.14 and taking448

∆= 200 µeV.449

D Power measurements and calibrations450

D.1 Raw excess power data451

For the sake of completeness, we show in Figure D.1 the raw data at the origin of Figure 2 in452

the main text. This raw data∆P/kBTamp∆ f is the excess power with respect to the noise of the453

amplification chain ∆P = P(VSIS , VN IN )− kBTamp∆ f with kBTamp∆ f = P(VSIS = VN IN = 0).454

We always normalize power measurements to the noise of the chain to correct for the small455

thermal drifts of the gain of the room–temperature RF amplification stage. The gain drifts are456

such that the measured kBTamp∆ f drifts by about 1% over an hour; however power measure-457

ments are recorded every few seconds. The working hypothesis made, that whereas the room458

temperature gain drifts the noise Tamp at its origin remains stable, is justified by the fact our459

recorded data is much more stable than the kBTamp∆ f /100 level as can be clearly seen in460

Figure D.1 or D.2.461

The raw data shown in Figure D.1 shows that even though the NIN junction strongly pop-462

ulates the line at large VN IN biases, the excess power remains constant for |eVSIS| < 2∆− hf0463
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until the radiation can interact with BCS excitations. The only deviation from this trend is a464

small contribution, barely visible at the shown scale, of the AC Josephson effect at the cou-465

pled bandwidth 2eVSIS ≃ hf0 = 28 µeV. Such small Josephson radiation peaks develop since466

we did not manage to fully cancel the Josepshon coupling despite the application of the small467

magnetic field within the squid loop. Nevertheless, the raw data shows that for whatever value468

of VSIS such that hf0 < |eVSIS|< 2∆−hf0 the SIS junction is not interacting with the radiation469

in the line. We arbitrarily chose the value V ∗SIS = −225 µV within this window as a reference470

for this non-interacting situation.471

The exchanged power shown if Figure 2 of the main text is obtained from the excess power
shown in Figure D.1 by substracting this reference point :

∆Pexch

kBTamp
=
∆P(VSIS , VN IN )

kBTamp
−
∆P(V ∗SIS , VN IN )

kBTamp
.

D.2 Occupation calibration472

In this section we describe the protocol used to calibrate the photon population reaching the473

SIS junction. It relies on calibrating the noise power measured by the detection chain when it474

is emitted by the shot-noise of the tunnel junctions in the normal state.475

D.2.1 Power attenuation coefficient of the detection chain476

The first step in our calibration procedure is to calibrate the power attenuation coefficient477

relating the power at the output of the tunnel junctions to the power reaching the input of the478

cryogenic amplifier.479

Since normal tunnel junctions have bias independent admittances in the RF domain (namely,
Y (V, f ) = Y (0, f )), there is no difference in their emission and absorption excess noises

∆SI I(V, f ) =∆SI I(V,− f ),

defined as ∆SI I(V,± f ) = SI I(V,± f )− SI I(0,± f ). Both are therefore equal to the excess sym-480

metrized noise (∆SI I(V, f ) +∆SI I(V,− f ))/2 as well. Because of this, one can safely use the481

excess noise of normal tunnel junctions to calibrate the gain of the detection chain between482

the junction and the amplifier [25–27,40] without the need to worry about a proper theory of483

power detection.484

We further assume that the normal tunnel junctions behave as linear conductors. This485

is a good approximation for circuits with an impedance lower than the resistance quantum486

[21,55], which is the case of our experiment since the impedance to ground is shunted by the487

50 Ω detection circuit. With this approximation the detected excess power is that of a current488

source of noise power δI2 = (∆SI I(V, f ) +∆SI I(V,− f ))∆ f = 2∆SI I(V, f )∆ f in parallel with489

both the tunnel junction output impedance RT and the input detection impedance Zdet .490

This approximation gives the classical result for the excess power coupled to the detection491

circuit:492

∆P(V, f )
kBTamp∆ f

= α
(1− |Γ |2)RTδI2(V, f )

4kBTamp∆ f

= α
(1− |Γ |2)RT∆SI I(V, f )

2kBTamp
(D.1)

In this expression, α accounts for the power attenuation between the source and the amplifier.493

The terms (1 − |Γ |2) is the RF power transmission coefficient between the noise source and494

its detection circuit defined via the reflexion coefficient Γ = (RT − Zdet)/(RT + Zdet). Finally,495

19



SciPost Physics Submission

400 200 0 200 400

VNIN ( V)

0.00

0.05

0.10

0.15

0.20

P(
V
N
IN

)/
k B
T
a
m
p
f

VSIS= 0
VSIS= 225 V
NIN= 0.231 fit

600 400 200 0 200 400 600

VSIS ( V)

0.000

0.005

0.010

0.015

0.020

0.025

P(
V
S
IS
)/
k B
T
a
m
p
f

B=0T
B=5T
SIS= 0.717 fit

(a) (b)

Figure D.2: (a): shot–noise excess–power P(VN IN )− kBTamp∆ f of the NIN junction
when it is not interacting with the SIS junction. The data measured at VSIS = 0
(blue squares) and VSIS = −225 µV (orange circles) is indistinguishable: the blue
circles were made larger (3pt) than the orange (2pt) for the curve to be visible.
Both curves are well fitted by standard shot–noise theory of normal tunnel junction
Eq. (D.1) calibrating for the attenuation coefficient αN IN = 0.231. (b): shot–noise
excess–power of the SIS junction P(VSIS)− kBTamp∆ f when there is no bias applied
to the NIN junction (zero incomming mode population in the line). Blue squares is
the excess–power measured in the superconducting regime (already shown in Figure
D.1 for VN IN = 0). Orange circles is the excess–power in the normal state reached
upon applying 5.56T to the junction. The curve measured in the normal state is well
fitted by the standard shot–noise theory of tunnel junctions Eq. (D.1) calibrating for
the attenuation coefficient αN IN = 0.717.

∆SI I(V, f ) is the finite frequency excess noise power of the tunnel junction (with a negligible496

energy dependence in the electronic scattering amplitudes) [56]:497

RT∆SI I(V, f ) =
∑

±

hf ± eV
e(hf ±eV )/kBT − 1

−
2hf

ehf /kBT − 1
,

Note that the detection bandwidth cancels in Eq. (D.1) since we neglect any frequency de-498

pendence of the spectral densities in the coupled bandwidth ∆ f / f0 ≃ 0.1. Let us stress the499

consistency of Eq. (D.1) with Lesovik and Loosen formula Eq. (2) in the main text. Indeed,500

when evaluated in the classical source regime SI I( f ) = SI I(− f ), Lesovik and Loosen formula501

reduces to the classical expression Eq. (D.1) taken in the strong impedance mismatch limit502

1− |Γ |2 ≃ 4Re Zdet
RT

where Lesovik and Loosen formula applies.503

Figure D.2 (a) shows the excess power of the NIN junction measured for VSIS = 0 (blue504

squares) and VSIS = −225 µV (orange circles), namely in biases for which the radiation is505

not coupled to the quasiparticles of the SIS junction (see Figure D.1 and the corresponding506

discussion in the precedent subsection). Both curves are indistinguishable and can be fitted by507

Eq. (D.1) giving an RF attenuation coefficient αN IN = 0.231 assuming a detection impedance508

Zdet = 50 Ω, a tunneling resistance RN IN
T = 41.8 Ω as measured independently, an added noise509

temperature by the chain of Tamp = 2.9 K and an electronic temperature of Telec. = 30 mK510

accounting for the thermal rounding around eV = hf0 = 28 µeV.511

Figure D.2 (b) shows the excess power of the SIS junction measured in the superconducting512

state (as already shown in Figure D.1 for VSIS = 0) in blue squares. It is compared to the513

excess–power measured in the normal state (orange circles) reached upon applying a magnetic514

field B = 5.56 T larger than the critical field of Aluminum ≃ 200 mT. The curve measured in515
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Figure D.3: (a) Excess–noise power taken from Figure D.1 at VSIS = −225 µV (blue
dots), compared to the curve fitting the data shown in Figure D.2 (a) (orange curve).
Both are measurements of the same quantity, but measured 3 days apart. Their agree-
ment demonstrates the stability of the added noise by the cryogenic amplifier. (b)
Calibrated photon occupation at the input of the SIS junction when it is not inter-
acting with the superconducting quasiparticles eVSIS = −225 µV. It is obtained by
assuming that the corresponding microwave power is perfectly reflected by the SIS
junction, and attenuated by the power attenuation factor αSIS calibrated in Figure
D.2 (b).

the normal state can be fitted by Eq. (D.1) giving a RF attenuation coefficient αN IN = 0.717516

assuming a detection impedance Zdet = 50 Ω, a tunneling resistance measured independently517

in Appendix E RSIS
T = 6712 Ω, an added noise temperature by the chain of Tamp = 2.9 K518

and an electronic temperature of Telec. = 30 mK accounting for the thermal rounding around519

eV = hf . It can be appreciated that the noise power emitted in the superconducting state520

tends to the one emitted in the normal state for biases larger than 2∆, yet the slopes at the521

largest measured bias are still different. This is typical of superconducting tunnel junctions522

where transport features associated to the coherence peak of the BCS density of states peak523

decay (algebraically) slowly for energies larger than the gap. For the same reason, the value524

taken by the real part of the admittance at eVSIS = 3∆ used in the admittance calibration is525

similar, but not exactly the same, as the DC tunneling resistance.526

D.2.2 Calibration of the photon population527

With these calibrations in hand, we can now predict the occupation number n(VN IN ) of the528

radiation seen by the SIS junction in the coupled bandwidth. We first tune the SIS junction529

bias to V ∗SIS = −225 µV such that the radiation is not interacting with the superconducting530

quasiparticles (see discussion on the raw excess power data). The excess noise power detected531

∆P(VN IN , V ∗SIS) is then corrected for the power attenuation coefficient between the SIS junction532

and the amplifier αSIS . We evaluate the corresponding photon population as :533

n(VSIS) =
∆P(VN IN , V ∗SIS)

kBTamp∆ f

kBTamp

αSIShf0
. (D.2)

The occupation number resulting from this calibration is shown in Figure D.3 (b) as a534

function of the NIN voltage bias.535

We would like to stress that the first term on the right–hand side of Eq. (D.2) is the excess–536

power data shown in Figure D.1 taken at the value V ∗SIS = −225 µV. One can further see that537
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Figure D.4: Comparison of emission (VN IN = 0) and absorption (VN IN ̸= 0) noise
curves obtained through the methodology explained in the main text, but changing
the population of the RF modes by an overall scale factor. (a) the population is
as dictated by the photon population section n(VN IN ) = ncal(VN IN ) and shown in
Figure D.3 (b). (b) the population is scaled 1.2 factor n(VN IN ) = 1.2 ncal(VN IN ). (c)
the population is scaled 1.4 factor n(VN IN = 1.4 ncal(VN IN ). The black dashed line is
the absorption noise curve predicted from the emission noise curve via Rogovin and
Scalapino predictions [35]. This prediction is thus insensitive to overall scale factors
in the population.

the noise added by the line and the power attenuation coefficient appear through the ratio538
kBTamp
αSIS

. The precise value used for kBTamp will not change the calibration of the occupation539

procedure as soon as it is the same used to calibrate the power attenuation coefficient via540

Eq. (D.1). The important point is that the noise referred to the input of the amplifier of541

the line remains stable. Figure D.3 (a) demonstrates the stability of the chain by comparing542

measurements performed 3 days apart: The blue dots are the excess power measured at VSIS∗543

for the set of data shown in Figure D.1, and used for the calibration of the occupation number544

shown in Figure D.3 (b) exploiting Eq.(D.2). The excess noise is compared to the orange545

curve that was obtained by fitting the data shown in Figure D.2 (a) measured 3 days later.546

Both curves agree within a one–percent range factor demonstrating the stability of the added547

noise temperature of the amplifier.548

D.2.3 Ad-hoc population correction549

Despite our calibration efforts, and as explained in the main text, we had to correct the pop-550

ulation by a factor of 1.2 (0.8 dB). Our occupation number calibration procedure neglects551

spurious wave reflexion in the path between the NIN and the SIS junctions. Yet as shown552

in the admittance calibration section Appendix C, our coherent reflectometry measurements553

showed non–negligible standing wave effects arising from such reflexions. Unfortunately, we554

cannot exploit these measurements since the corresponding propagation paths are not the555

same.556

Figure D.4 (a) shows the emission and absorption noise power extracted from the ex-557

changed power measurements using the methodology explained in the main text, but using558

now the photon occupation as dictated from the calibration shown in Figure D.3 (b). The559

absorption noise curves are compared to the black dashed line predicted from the measured560

emission noise via Rogovin and Scalapino relations [35]. In the large bias limit eV ≫ kBT561

they take the simple form:562

Pabs(V, f ) = Pem(V + sign(V )2hf /e, f ),
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Figure D.5: Differential resistance dV/dI of the NIN tunnel junction measured as a
function of the DC current IN IN feeding it. It displays a variation smaller than 1%
in the measured range (about ±600 µV). The black dashed line is the average value
we use to convert DC current into DC bias and to predict the shot–noise it emits.

where sign(V ) is the function returning the sign of variable V . Although initially derived for563

superconducting tunnel junctions from microscopic considerations [35], such relations gener-564

ically hold [38, 43, 57] for tunneling conductors if co-tunneling effects [42] and tunneling565

dwell–time [58] are negligible. This prediction is immune to any calibration error: it only as-566

sumes that the exchanged noise–power measured when there is no incoming field in the line567

is given by the emission noise. The data shown in Figure D.4 (a) gives an overall fair agree-568

ment between the absorption noise we would predict from Rogovin and Scalapino formula and569

the absorption noise extracted from our protocol. We observe nevertheless a 10% overshoot570

around the coherence peak which hints to a calibration error. Figure D.4 (b) shows that an571

overall scale correction of 20% in the calibration gives an excellent agreement, whereas Fig-572

ure D.4 (c) shows that a scale correction of 40% decreases the agreement. The data shown in573

Figure 3 of the main text corresponds to this 20% scale correction to the calibrated population.574

We would like to stress that an error in population calibration changes the shape of the575

absorption noise extracted from the exchanged power via Eqs. (4) and (5) in the main text as576

manifest in Figure D.4. However, the difference Pabs − Pem used to build the real part of the577

admittance via Kubo formula only depends on n(VN IN ) via a global scale factor. This is the very578

meaning of Kubo relation: i) when the admittance is positive it describes Joule heating, namely579

the magnitude of the power dissipated in the conductor is proportional to the external power580

n and to the difference of absorption and emission noise. ii) If the admittance is negative then581

the difference Pabs−Pem is negative as well, and Kubo relation describes the gain of the system582

in the linear regime [46].583

E DC characterization584

The patient and careful reader having reached this part of the appendices will have realized585

that our calibration methods are based on the knowledge of the DC resistance of the tunnel586

junctions which determines both the RF coupling to the detection circuit but also the magni-587

tude of the RF shot–noise used to calibrate the lines.588
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Figure E.1: (a) Differential resistance dV/dI of the SIS tunnel junction in parallel of
its shunting resistor measured as a function of the DC current ISIS feeding them. (b)
Differential conductance dI/dV of the SIS junction as a function of the DC voltage
applied VSIS . It is obtained by taking the inverse of the differential resistance and
substracting the background conductance 1/51.5 Ω shown as a dashed line in (a).
The SIS voltage is obtained by numerical integration of the curve in (a).

E.1 NIN junction589

The NIN junction is current–biased via a 1 MΩ polarization resistor set at room temperature590

with a low frequency single tone of frequency 10 Hz and amplitude such that the rms voltage591

fluctuations at the input of the junctions are about 1 µVrms on top of the DC current bias. The592

polarization line is low–pass filtered with second–order RC filters thermally anchored at the MC593

chamber stage. The voltage drop at the input of the junctions is measured via synchronous594

lock-in detection. The resulting dV/dI(I) is shown as a blue curve in Figure D.5 giving an595

average resistance RN IN = 41.7 Ω shown as a dashed line.596

E.2 SIS junction597

E.2.1 Voltage polarization setup598

The calibration of the SIS tunnel junction is more engaged since we use a 50 Ω thin film resistor599

to convert the polarization current into a polarization voltage VSIS at the junction input, as600

shown in Figure 1 of the main text.601

Figure E.1 (a) shows the differential resistance dV/dI in blue of the parallel composition602

of the SIS and its shunting resistor. It shows a marked superconducting behaviour on top603

of a background resistance Rshunt = 51.5 Ω (black dashed line). The curve is numerically604

integrated to obtain the applied DC bias VSIS . The SIS differential conductance is obtained605

by inverting the differential resistance and substracting a constant background conductance606
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Figure E.2: Blue curve: Temperature evolution of the SIS junction conductance
G = (dV/dI)−1 normalized by its room temperature value. This measurement was
performed during a dedicated run where the shunting resistor was removed. The
mixing chamber chamber temperature is recorded on the Cernox thermometer pro-
vided by the vendor of the dilution fridge. The black curve is the expected [59]
G(T ) = G0(1+ (T/T0)2) evolution.

1/Rshunt . It is shown in Figure E.1 (b), where superconducting coherence peaks are manifest607

at eVSIS = ±400 µV.608

The background conductance within the superconducting transport gap is nevertheless609

slightly non-linear even though it is not related to the physics of the SIS junction: i) we ob-610

serve a similar behaviour at strong magnetic fields applied to the SIS where superconducting611

features are absent, and ii) we do not observe any dissipative behaviour in the energy ex-612

changes within the gap besides the Josephson peaks. Because of this non-linear background,613

the precise value of the tunneling resistance obtained by this DC characterization is strongly614

impacted by experimental biases: A difference in the fourth digit of the shunting resistance615

gives a 10% difference of the resulting tunneling resistance. This is due to the extremely unfa-616

vorable current division ratio of the voltage polarization scheme. On the other side, the voltage617

obtained by numerical integration of the dV/dI(I) curve agrees within the 1% range with the618

voltage given by Rshunt ISIS . For these reasons we do not make any quantitative claim from619

these measurements other the than the value of the superconducting gap ∆ and the values of620

the onset of emission and absorption noises at |eVSIS|= 2∆± hf0.621

E.2.2 Current polarization setup622

In order to have an independent estimate of the tunneling resistance of the SIS junction, we623

performed a dedicated run where the shunting resistance was removed. This way, the SIS624

junction is directly current biased and the corresponding voltage drop is measured in a 3 point625

measurement similar to the one performed on the NIN junction.626

Figure E.2 shows as a blue curve the conductance of the SIS junction G = (dV/dI)−1 as a627

function of the mixing chamber temperature measured by the Cernox thermometer provided628

by the dilution fridge vendor. The tunneling conductance is normalized to its room tempera-629

ture value. We measured a ≃ 13% decrease in the tunneling conductance between the room630

temperature measurement and the one performed at 1 K. On top of it, the temperature depen-631

dence of the tunneling conductance is very well described by the expected [59] temperature632

evolution G(T ) = G0(1+ (T/T0)2) used to build the black curve. Because of this agreement633

(giving an uncertainty within 1% for the low temperature value) and the way better accuracy634

in terms of the DC measurement, we use this evolution with the temperature as a calibration635

of the tunneling conductance.636

Just before the cooldown leading to all data shown in this article (besides Figure E.2),637
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we measured at room temperature a DC resistance of 5940 Ω. Applying the 13% increase638

expected from the temperature dependence shown in E.2 we obtain the value RT = 6712 Ω639

which is used throughout the article.640
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