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We present an extension of the dynamical cluster approximation (DCA) that incorporates Rashba
spin–orbit coupling (SOC) to investigate the interplay between disorder, spin–orbit interaction, and
nonlocal spatial correlations in disordered two-dimensional systems. By analyzing the average den-
sity of states, momentum-resolved self-energy, and return probability, we demonstrate how Rashba
SOC and nonlocal correlations jointly modify single-particle properties and spin-dependent interfer-
ence. The method captures key features of the symplectic universality class, including SOC-induced
delocalization signatures at finite times. We benchmark the DCA results against those obtained
from the numerically exact kernel polynomial method, finding good agreement. This validates the
computationally efficient, mean-field-based DCA framework as a robust tool for exploring disorder,
spin–orbit coupling, and nonlocal correlation effects in low-dimensional systems, and paves the way
for simulating multiorbital and strongly correlated systems that were previously inaccessible due to
computational limitations.

I. INTRODUCTION

Understanding how disorder influences electronic
transport remains a foundational challenge in condensed
matter physics, particularly in low-dimensional systems
where quantum interference plays a dominant role [1–
4]. In such systems, electron scattering from spatially
distributed impurities can suppress diffusive motion en-
tirely, leading to Anderson localization [5]. The mech-
anism is rooted in coherent backscattering, where con-
structive interference between time-reversed paths en-
hances the probability of electron return [1, 5, 6]. In
three dimensions, this interference leads to a disorder-
driven metal–insulator transition at a finite critical dis-
order strength [5]. In contrast, for systems in two or
fewer dimensions (d ≤ 2), all electronic states become
localized even at infinitesimal disorder, as described by
single-parameter scaling theory [7]. As a result, 2D dis-
ordered systems without additional symmetry-breaking
fields fall within the orthogonal universality class and do
not exhibit a true Anderson transition [7–12].

The inclusion of spin–orbit coupling (SOC), however,
alters this picture by breaking spin-rotational symme-
try while preserving time-reversal symmetry [1, 13–15].
This leads to the suppression of coherent interference
and drives the system into the symplectic universality
class, thereby restoring the possibility of an Anderson
transition in 2D [8, 16–19]. Crucially, this shift from
the orthogonal to the symplectic universality class is
the same physics responsible for weak-antilocalization:
Rashba SOC suppresses coherent backscattering by lock-
ing spin to momentum. As we will show via both the av-
erage density of states and the time-resolved return prob-
ability, our DCA–SOC framework not only captures spec-
tral shifts, but quantitatively reveals this crossover in in-
terference behavior. The interplay between SOC and dis-
order has also been linked to other phenomena, including
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the anomalous Hall effect (AHE) driven by skew scatter-
ing [20] and the emergence of spin-orbit torques [21, 22].
In two-dimensional systems, such as Ga1−xMnxAs and
other materials with Rashba SOC [23–25], broken inver-
sion symmetry introduces new scaling behavior in con-
ductivity and modifies carrier dynamics [26–32].

While numerous studies have employed numerically ex-
act methods such as the exact diagonalization, trans-
fer matrix method, and kernel polynomial method
(KPM) [16–18, 30, 33, 34] to investigate electron local-
ization in 2D disordered systems with SOC, dynamical
mean-field theory (DMFT)-based approaches remain less
explored. In particular, incorporating nonlocal spatial
correlations, which are essential for capturing coherent
backscattering effects, is a necessary step toward devel-
oping a mean-field framework capable of addressing local-
ization physics. Cluster extensions of DMFT, such as the
dynamical cluster approximation (DCA) [35, 36], offer a
route toward this goal by incorporating short-range non-
local correlations. Unlike single-site methods such as the
coherent potential approximation (CPA) [37, 38], DCA
restores lattice symmetries and captures momentum-
dependent corrections. DCA has been benchmarked
against numerically exact methods and shown to pro-
vide qualitatively and quantitatively accurate results at
significantly lower computational cost [39–41].

In this work, we extend the dynamical cluster approx-
imation [35, 36] to incorporate Rashba spin–orbit cou-
pling [23], enabling the study of its interplay with dis-
order on a two-dimensional square lattice. While nu-
merically exact approaches such as the kernel polyno-
mial method [42] have proven effective in characterizing
disordered systems with SOC, their computational cost
can be prohibitive for large system sizes or multiorbital
models. The DCA-based framework developed here of-
fers a computationally efficient alternative that systemat-
ically captures nonlocal spatial correlations and is read-
ily extensible to more realistic material-specific Hamilto-
nians [43–45]. We compute single-particle observables,
including the average density of states (ADOS) and
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self-energy, for both single-site and finite-size clusters.
Our results demonstrate that Rashba spin–orbit coupling
suppresses disorder-induced momentum dependence in
the self-energy, thereby reducing the spatial variation in
quasiparticle scattering rates. We can probe the onset of
localization through the return probability, which serves
as a dynamic diagnostic of localization behavior. At fi-
nite times, the inclusion of SOC reduces return probabil-
ities, indicating SOC-induced delocalization. However,
in the infinite-time limit, the system remains delocalized
for all disorder strengths, consistent with the mean-field
nature of DCA, which does not capture true Anderson
localization [35]. Finally, we benchmark the ADOS com-
puted within DCA against those obtained from KPM,
and find excellent agreement across a range of disorder
strengths. This confirms that the extended DCA–SOC
framework provides a numerically efficient and physically
robust platform for studying the effects of disorder and
spin–orbit coupling in low-dimensional systems.

The rest of the manuscript is organized as follows. In
Sec. II, we introduce the disordered 2D lattice model
with Rashba spin–orbit coupling and outline the dy-
namical cluster approximation framework extended to
capture spin-resolved and nonlocal disorder effects. In
Sec. III, we present a comprehensive analysis of the
single-particle properties, including the average density
of states, momentum-resolved self-energy, and return
probability, to investigate the interplay between SOC,
disorder, and spatial correlations. We further bench-
mark the DCA results against those obtained from the
kernel polynomial method, demonstrating both the ac-
curacy and computational advantages of our approach.
In Sec. IV, we summarize our findings and outline future
directions, including the integration of a typical medium
framework for capturing Anderson localization and the
incorporation of realistic, material-specific Hamiltonians
to enable quantitative studies of disordered spin-orbit-
coupled systems.

II. METHOD

We study the Anderson model on a square lattice in
the presence of Rashba spin–orbit coupling. The total
Hamiltonian is given by

Ĥ = −
∑

⟨i,j⟩,σ

t
(
ĉ†iσ ĉjσ +H.c.

)
+
∑
i,σ

Viĉ
†
iσ ĉiσ + ĤSO, (1)

where ĉ†iσ (ĉiσ) is the creation (annihilation) operator for
an electron at site i with spin σ, and t is the hopping
amplitude between nearest-neighbor sites ⟨i, j⟩. We set
4t = 1 as the unit of energy throughout. The on-site
disorder potential Vi is randomly sampled from a binary
distribution,

P (Vi) =
1

2
δ(Vi +W ) +

1

2
δ(Vi −W ), (2)

where W characterizes the disorder strength.
The Rashba SOC term in momentum space is given by

ĤSO =
∑
k

αSO(k)ĉ
†
k↑ĉk↓ + α∗

SO(k)ĉ
†
k↓ĉk↑, (3)

where αSO(k) = α(sin (ky) + i sin (kx)), and α is the

Rashba SOC strength. Here, ĉ†kσ (ĉkσ) creates (annihi-
lates) an electron with momentum k and spin σ. We
employ the dynamical cluster approximation to treat
disorder and SOC within a nonlocal mean-field frame-
work [35, 36]. In DCA, the original lattice is mapped onto
a finite-size cluster with Nc sites and periodic bound-
ary conditions, embedded in a self-consistently deter-
mined effective medium. The first Brillouin zone is parti-
tioned into Nc momentum patches, each centered at clus-
ter momentum K, with internal momenta k̃ such that
k = K + k̃ [36]. Due to the presence of Rashba SOC,
spin degeneracy is lifted, and the Hamiltonian becomes
a 2× 2 matrix in the spin space. The resulting two-band
problem has the spin-dependent dispersion,

εSO(k) =

[
εk αSO(k)

α∗
SO(k) εk

]
, (4)

where εk = −2t(cos (kx) + cos (ky)) is the bare tight-
binding dispersion.
The DCA self-consistency loop proceeds as follows:

1. Initialization: An initial guess for the hybridiza-
tion function Γ0(K, ω) is constructed using prior
knowledge of the self-energy Σ0(K, ω) and the clus-
ter Green’s function Gc

0(K, ω):

Γ0(K, ω) = ωI− ε̄SO(K)−Σ0(K, ω)−Gc
0(K, ω)−1, (5)

where I is the 2× 2 identity matrix and ε̄SO(K) =
Nc

N

∑
k̃ εSO(K + k̃) is the coarse-grained disper-

sion. If no prior information is available, we set
Γ0(K, ω) = 0.

2. Cluster-excluded Green’s function: The
cluster-excluded Green’s function is computed as

G(K, ω) =
[
ωI− ε̄SO(K)− Γ0(K, ω)

]−1

. (6)

This is Fourier transformed to real space as

G(Xi,Xj , ω) =
1

Nc

∑
K

G(K, ω)eiK·(Xi−Xj).

3. Disorder sampling: Disorder configurations V
are generated stochastically. For each realization,
the cluster Green’s function is computed via the
Dyson equation:

Gc(Xi,Xj , V, ω) =
[
G(Xi,Xj , ω)

−1 − V
]−1

. (7)

Averaging over many configurations gives the
disorder-averaged cluster Green’s function
Gc(Xi,Xj , ω) = ⟨Gc(Xi,Xj , V, ω)⟩. This is
then Fourier transformed to momentum space to
obtain Gc(K, ω).
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4. Coarse-grained Green’s function: The coarse- grained lattice Green’s function is calculated as

Ḡ(K, ω) =
Nc

N

∑
k̃

1

Gc(K, ω)−1 + Γ0(K, ω)− εSO(K+ k̃) + ε̄SO(K)
. (8)

5. Hybridization function update: The hy-
bridization function is updated as:

Γn(K, ω) = Γo(K, ω) + ξ
[
Gc(K, ω)−1 − Ḡ(K, ω)−1

]
,
(9)

where the subscripts “n” and “o” denote “new” and
“old,” respectively, and ξ is the mixing parameter.
The self-consistency loop is iterated until conver-
gence is achieved, i.e., Γn = Γo within a desired
accuracy, which also implies Gc = Ḡ.

We emphasize that the DCA-SOC method provides a
systematic, causal, and self-consistent framework for in-
corporating nonlocal correlations in disordered systems
with spin–orbit coupling. In the limit of Nc = 1, it re-
duces to the coherent potential approximation for disor-
dered lattices with Rashba spin splitting. As Nc → ∞, it
converges to a numerically exact solution [35, 36]. Sim-
ilarly, in the limit α → 0, the formulation recovers the
standard DCA for disordered systems without SOC.

III. RESULTS AND DISCUSSION

To explore the interplay between Rashba spin–orbit
coupling and disorder in low-dimensional systems, we
study a 2D square lattice with binary on-site disorder
using the dynamical cluster approximation. The inclu-
sion of Rashba SOC introduces spin-momentum locking,
while disorder induces momentum- and site-dependent
scattering, together providing a platform to investigate
localization physics in the presence of spin–orbit inter-
actions. Unless otherwise stated, all results are shown
for a fixed SOC strength of α = 0.25 and are compared
to the SOC-free case (α = 0). To capture the effects of
spatial correlations, we performed DCA calculations for
a finite cluster size of Nc = 32 and contrast them with
the results from the single-site limit (Nc = 1), which cor-
responds to the CPA [37, 38, 46]. This comparison allows
us to systematically assess the role of nonlocal correla-
tions in shaping the spectral and transport properties of
the disordered system.

A. Spectral Properties: Density of States and
Self-Energy

To characterize the influence of Rashba SOC and non-
local spatial correlations on the electronic structure, we

FIG. 1. ADOS computed using DCA for disordered two-
dimensional electronic systems without Rashba SOC (left
panels) and with SOC at α = 0.25 (right panels). Panels
(a)–(f) compare results for Nc = 1 (CPA, solid curves) and
Nc = 32 (dashed curves) at increasing disorder strengths:
W = 0.20 ((a), (b)), W = 0.50 ((c), (d)), and W = 1.00 ((e),
(f)).

examine spectral properties including the average den-
sity of states and the momentum-resolved self-energy.
The ADOS provides a global view of the spectral weight
distribution, while the self-energy captures quasiparti-
cle lifetimes and the momentum dependence introduced
by disorder. Together, these observables allow us to as-
sess the suppression or enhancement of localization ef-
fects across disorder and SOC strengths.

The average density of states is calculated according to
Eq. (S1) in the Supplemental Material (SM) [47], and pre-
sented in Figure 1 for both α = 0 and α = 0.25 across dif-
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ferent disorder strengths. At weak disorder (W = 0.20),
the ADOS curves for Nc = 1 and Nc = 32 overlap,
indicating minimal nonlocal corrections in this regime.
As disorder increases, the ADOS near the band center,
ω = 0, begins to decrease and eventually splits into two
subbands due to the binary disorder distribution [37, 38].
A complete gap forms between the subbands at suffi-
ciently high W . In the presence of SOC, similar trends
are observed at small W , but additional features emerge
at the band edges. Importantly, Rashba SOC mitigates
the impact of disorder: at larger W , the disorder-induced
gap develops more slowly, and the central ADOS remains
higher compared to the α = 0 case. This trend, more pro-
nounced for Nc = 32, underscores the combined role of
SOC and nonlocal spatial correlations in preserving spec-
tral weight near the Fermi level and suppressing localiza-
tion. At strong disorder (W = 1.0), the ADOS exhibits
softened tails around the band edges in the presence of
SOC, especially for Nc = 32, due to impurity-induced
states captured by the nonlocal correlations. Figure S1
shows the ADOS evolution as a function of SOC strength
α for W = 0.50 and 1.0 [47]. Increasing α reduces
the disorder-induced gap, particularly for Nc = 32. At
stronger disorder (W = 1.0), increasing α progressively
reduces the ADOS gap, which nearly vanishes for α = 0.5
when nonlocal correlations are included. These observa-
tions reinforce that the delocalizing influence of Rashba
SOC becomes more pronounced in the presence of non-
local correlations captured by finite-cluster DCA.

To elucidate the influence of Rashba SOC on quasi-
particle scattering, we examine the imaginary part of
the self-energy computed from Eq. (S2) [47]. Figure 2
displays ImΣ(K, ω) at representative disorder strengths
W = 0.20 and W = 0.80 for both α = 0 and α = 0.25,
evaluated at three high-symmetry momenta: K = (0, 0),
(π, 0), and (π, π). At weak disorder (W = 0.20), the
self-energy is nearly momentum-independent for both
Nc = 1 and Nc = 32, indicating minimal nonlocal ef-
fects. In contrast, at stronger disorder (W = 0.80),
significant K-dependence emerges in the Nc = 32 re-
sults, while the Nc = 1 case remains featureless, high-
lighting the importance of spatial correlations captured
by DCA [35]. This momentum variation correlates
with the disorder-induced spectral broadening observed
in the ADOS. Importantly, the inclusion of SOC re-
duces the K-dependent spread of the self-energy for
Nc = 32, as shown in Figure 2(d), indicating that SOC
suppresses spatial inhomogeneity in quasiparticle scat-
tering. From the interference-picture perspective, the
momentum-dependent broadening of ImΣ(K) without
SOC is exactly the signature of anisotropic backscat-
tering rates. Rashba SOC mixes spin channels, averag-
ing out those anisotropies and thereby reducing ∆[ImΣ]
across the Brillouin zone, quantifying how spin–orbit in-
teractions homogenize the scattering landscape. A sys-
tematic reduction in the momentum-dependence of the
self-energy with increasing α is further illustrated in Fig-
ure S2 [47].

FIG. 2. Imaginary part of the self-energy, ImΣ(K, ω)), com-
puted using DCA for disordered two-dimensional systems
without Rashba SOC (left panels) and with SOC at α = 0.25
(right panels). Panels (a) and (b) show results for weak dis-
order (W = 0.20) at Nc = 1 (CPA) and Nc = 32, evaluated
at high-symmetry momenta K = (0, 0), (π, 0), and (π, π).
Panels (c) and (d) show the corresponding results at stronger
disorder (W = 0.80).

B. Return Probability and Delocalization
Dynamics

Anderson localization is expected in one- and two-
dimensional systems for arbitrarily weak disorder [7];
however, spin–orbit coupling can suppress localization
and promote delocalization by breaking spin-rotational
symmetry while preserving time-reversal invariance [1, 8,
17]. To probe this interplay between disorder and SOC,
we compute the return probability P (t), the probability
that an electron remains at its initial site at time t, fol-
lowing Eq. (S3) [47]. Figure 3(a) shows P (t) at W = 0.50
for both Nc = 1 and Nc = 32.

For single-site calculations (Nc = 1), P (t) decays
rapidly to zero, independent of SOC, indicating delo-
calized behavior due to the lack of spatial correlations
in the single-site system. In contrast, for Nc = 32, the
inclusion of nonlocal correlations significantly slows the
decay of P (t) for α = 0, consistent with precursor to
localization [35]. When Rashba SOC is introduced, the
decay rate of P (t) becomes faster, a direct, time-domain
signature of weak-antilocalization. In the language of
universality classes, the more rapid suppression of the
return probability at finite times signals the system’s
shift into the symplectic class, where destructive inter-
ference of time-reversed paths dominates. As shown in
Figure 3(b), this behavior persists across a range of dis-
order strengths. The systematic suppression of P (t) with
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FIG. 3. Return probability P (t) as a function of time at fixed
disorder strength W = 0.50 for Nc = 1 (black curves) and
Nc = 32 (red curves), with Rashba SOC (α = 0.25, solid)
and without SOC (α = 0, dashed). (b) Return probability
for fixed cluster size Nc = 32 at W = 0.10 (black), W =
0.50 (red), and W = 1.00 (green), again comparing cases
with (solid) and without (dashed) SOC. The inset shows the
extrapolated infinite-time return probability P (t → ∞) =
p(η → 0).

increasing α reinforces the delocalizing effect of SOC in
the presence of disorder. Our DCA-SOC framework not
only provides an efficient route to compute single-particle
observables but also enables access to the physics of spin-
dependent quantum interference in disordered systems.
Specifically, by capturing nonlocal correlations and spin-
momentum locking, the method allows us to resolve how
Rashba SOC promotes delocalization through the sup-
pression of coherent backscattering. This is a hallmark
of the symplectic universality class in two dimensions,
which is otherwise inaccessible to local approximations
like CPA. The reduction in momentum-dependent self-
energy and the enhanced spectral weight near the Fermi
level reflect the suppression of quantum interference and
the emergence of SOC-stabilized diffusive transport chan-
nels.

To assess the long-time behavior, we compute the
infinite-time return probability P (t → ∞) = p(η → 0),
defined in Eq. (S4) [47]. The extrapolation of p(η) to zero
across all disorder and SOC strengths confirms that the
system remains delocalized within the DCA framework.
This behavior is consistent with the known limitations of
mean-field approaches that lack an explicit order param-
eter for localization, including DCA [35, 40]. As a result,
such methods cannot capture the Anderson transition,
even at high disorder. Further evidence is provided by
the imaginary part of the hybridization function (Fig-
ure S3) [47], which remains finite for all W and increases
with SOC, indicating persistent coupling to the effective
medium and reinforcing the absence of true localization
within this framework.

FIG. 4. Benchmarking of ADOS computed using DCA for
cluster sizes Nc = 1 and Nc = 32 against results obtained
from the KPM for disordered two-dimensional systems with
Rashba SOC (α = 0.25) at various disorder strengths. KPM
calculations were performed on a 300×300 square lattice with
periodic boundary conditions using 1024 Chebyshev moments
and 103 disorder realizations for statistical averaging.

C. Benchmarking Against Kernel Polynomial
Method

To assess the accuracy of the extended DCA frame-
work, we benchmark our results against the kernel poly-
nomial method (KPM), a numerically exact approach
based on Chebyshev polynomial expansion [42]. The An-
derson model with Rashba SOC is implemented using
the kwant package [48], and the KPM calculations are
performed on 300 × 300 lattices with 103 disorder real-
izations. Figure 4 presents a comparison of the ADOS
computed using DCA (Nc = 1 and 32) and KPM across
a range of disorder strengths. For Nc = 32, the DCA
results closely match those of the KPM in both weak
and strong disorder regimes. Minor spectral features in
the KPM data near ω ≈ ±1 arise from Gibbs oscilla-
tions due to truncation of the polynomial expansion [42].
From a computational standpoint, the DCA calculation
with Nc = 32 and 2 × 103 disorder realizations com-
pletes in approximately 4 hours, compared to over 30
hours for the corresponding KPM simulations. These
results demonstrate that the DCA–SOC framework of-
fers a computationally efficient and scalable alternative
to numerically exact methods while reliably capturing
key spectral features. Moreover, its mean-field structure
provides a natural platform for incorporating spin–orbit
coupling, disorder, and strong electronic correlations on
equal footing in future studies.
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IV. CONCLUSION

We have extended the dynamical cluster approxima-
tion to incorporate Rashba spin–orbit coupling, enabling
the study of disordered two-dimensional systems with
nontrivial spin dynamics. Using this framework, we an-
alyzed the electronic features characterized by the den-
sity of states, self-energy, and return probability to as-
sess the interplay between disorder, SOC, and nonlo-
cal spatial correlations. Our results reveal that Rashba
SOC mitigates disorder effects: it suppresses the momen-
tum dependence of the self-energy and delays the forma-
tion of disorder-induced subband splitting in the ADOS.
These effects become more pronounced for larger clus-
ters (Nc = 32), highlighting the importance of nonlocal
correlations. With increasing SOC strength, we observe
a systematic enhancement of spectral weight near the
Fermi level, indicative of SOC-driven delocalization. The
return probability further supports this trend at finite
times. However, in the long-time limit, the system re-
mains delocalized regardless of disorder strength, reflect-
ing the inability of DCA, as a mean-field theory lacking
an appropriate order parameter to capture Anderson lo-
calization. While DCA provides a computationally effi-
cient and accurate framework for studying single-particle
spectral properties, it does not account for the critical
behavior associated with the Anderson localization tran-
sition (ALT). This limitation can be overcome by typ-
ical medium extensions of the DCA, such as the typi-
cal medium dynamical cluster approximation (TMDCA),

which has been shown to successfully describe the crit-
icality of ALT in both single-band and multiband sys-
tems [40, 41, 49]. Our results establish that the devel-
oped method enables a direct window into the physics of
spin-dependent quantum interference and the symplectic
class in disordered 2D systems, phenomena that emerge
only through the interplay of nonlocal correlations and
spin-momentum locking. Building on this foundation,
future work will focus on developing a TMDCA frame-
work incorporating Rashba SOC, enabling quantitative
analysis of localization transitions in spin–orbit coupled
strongly disordered systems. Beyond localization thresh-
olds, the present DCA–SOC approach already enables
access to spin-transport signatures—such as spin-Hall
and spin-relaxation effects—through its self-energy and
hybridization functions. Even though the infinite-time
limit remains delocalized in mean-field, the finite-time
and momentum-resolved observables we compute carry
the full imprint of symplectic-class physics and weak-
antilocalization, laying the groundwork for future trans-
port calculations.
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[12] B. Hetényi, Scaling of the bulk polarization in extended
and localized phases of a quasiperiodic model, Phys. Rev.
B 110, 125124 (2024).

[13] S. Hikami, A. I. Larkin, and Y. Nagaoka, ”Spin-Orbit
Interaction and Magnetoresistance in the Two Dimen-
sional Random System”, Progress of Theoretical Physics
63, 707 (1980).

[14] J. Bellissard, D. R. Grempel, F. Martinelli, and E. Scop-
pola, ”Localization of electrons with spin-orbit or mag-
netic interactions in a two-dimensional disordered crys-
tal”, Phys. Rev. B 33, 641 (1986).

[15] A. Kawabata, ”On the Metal-Insulator Transition in
Two-Dimensional Electron Systems with Spin-Orbit
Coupling”, Journal of the Physical Society of Japan 57,
1717 (1988).

https://doi.org/10.1103/RevModPhys.57.287
https://doi.org/10.1088/0034-4885/56/12/001
https://doi.org/10.1088/0034-4885/56/12/001
https://doi.org/https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1103/PhysRevLett.42.673
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1103/PhysRevLett.108.095701
https://doi.org/10.1103/PhysRevLett.108.095701
https://doi.org/10.1038/s41467-020-18652-w
https://doi.org/10.1038/s41467-020-18652-w
https://doi.org/10.1103/PhysRevB.104.214207
https://doi.org/10.1103/PhysRevB.104.214207
https://doi.org/10.1103/PhysRevB.110.125124
https://doi.org/10.1103/PhysRevB.110.125124
https://doi.org/10.1143/PTP.63.707
https://doi.org/10.1143/PTP.63.707
https://doi.org/10.1103/PhysRevB.33.641
https://doi.org/10.1143/JPSJ.57.1717
https://doi.org/10.1143/JPSJ.57.1717


7

[16] U. Fastenrath, ”Localization properties of 2D systems
with spin-orbit coupling: new numerical results”, Phys-
ica A: Statistical Mechanics and its Applications 189, 27
(1992).

[17] Y. Asada, K. Slevin, and T. Ohtsuki, ”Anderson Transi-
tion in Two-Dimensional Systems with Spin-Orbit Cou-
pling”, Phys. Rev. Lett. 89, 256601 (2002).

[18] Y. Asada, K. Slevin, and T. Ohtsuki, ”Numerical estima-
tion of the β function in two-dimensional systems with
spin-orbit coupling”, Phys. Rev. B 70, 035115 (2004).

[19] G. Orso, ”Anderson Transition of Cold Atoms with Syn-
thetic Spin-Orbit Coupling in Two-Dimensional Speckle
Potentials”, Phys. Rev. Lett. 118, 105301 (2017).

[20] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and
N. P. Ong, ”Anomalous Hall effect”, Rev. Mod. Phys.
82, 1539 (2010).

[21] H. Kurebayashi, J. Sinova, D. Fang, A. C. Irvine, T. D.
Skinner, J. Wunderlich, V. Novák, R. P. Campion, B. L.
Gallagher, E. K. Vehstedt, L. P. Zârbo, K. Výborný, A. J.
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I. SINGLE-PARTICLE PROPERTIES AND
RETURN PROBABILITY

In our work, to investigate the interplay between disor-
der and Rashba spin-orbit coupling (SOC) on a 2D square
lattice, we compute single-particle properties such as the
average density of states (ADOS), the self-energy, as well
as the return probability using DCA [1]. In this section,
we present the necessary mathematical expressions of the
quantities from the self-consistency procedures.

The total average density of states (ADOS) is calcu-
lated by taking the trace of the imaginary part of the
cluster Green’s function, as

ρctot(ω) = Tr
{
ρc(ω)

}
= Tr

{
− 1

Nc

∑
K

1

π
ImGc(K, ω)

}

= − 1

πNc

∑
K

[ImGc
↑↑(K, ω) + ImGc

↓↓(K, ω)],

(S1)
where, Gc

↑↑(K, ω) and Gc
↓↓(K, ω) represent the cluster

Green’s function projected to the spin-up and the spin-
down electrons respectively.

The disorder self-energy Σ is extracted using the Dyson
equation as

Σ(K, ω) = G(K, ω)−1 −Gc(K, ω)−1

= ωI− ε̄SO(K)− Γn(K, ω)−Gc(K, ω)−1,
(S2)

where G(K, ω) is the cluster-excluded Green’s function
(the Green’s function before dressing the disorder).

The return probability, P (t) is a measure of the prob-
ability that an electron remains at a given site at time
t [2, 3]. By summing over all sites, we calculate P (t) as

P (t) =

〈
1

Nc

∑
l

∣∣∣∣12(Gc
↑↑(Xl,Xl, t) +Gc

↓↓(Xl,Xl, t))

∣∣∣∣2
〉
,

(S3)
Here, the “1/2” is for normalizing over spin species,
so that it preserves P (t = 0) = 1. Gc

↑↑(Xl,Xl, t)
is Fourier transformed from the frequency-dependent
Green’s function Gc

↑↑(Xl,Xl, ω), so as Gc
↓↓(Xl,Xl, t)

from Gc
↓↓(Xl,Xl, ω). It can be shown that in the limit of
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infinite time, P (t → ∞), is represented by p(η) at η → 0:

P (∞) = lim
η→0

p(η)

= lim
η→0

−2iη

Nc

∑
l

∫ +∞

−∞
dωdω′

〈
Āl(ω)Āl(ω

′)

ω − ω′ − 2iη

〉
,

(S4)
where

Āl(ω) = − 1

2π
[Im(Gc

↑↑(Xl,Xl, ω)) + Im(Gc
↓↓(Xl,Xl, ω))]

(S5)
is the spectral function calculated from the cluster
Green’s function for each disorder configuration. Again,
“1/2” in Eq. (S5) normalizes over spin species.

II. VARIOUS STRENGTHS OF RASHBA
SPIN-ORBIT COUPLING

In the main text, we investigate the role of Rashba
SOC in the 2D disordered system for a fixed SOC
strength of α = 0.25 and various disorder strengths,
and compare the results to those calculated without SOC
(α = 0). In this Supplemental Material, to understand
the interplay of disorder and SOC, we present additional
results on the average density of states and self-energy
calculated for various SOC strengths: α = 0 (absence
of SOC), 0.125, 0.25, 0.375, and 0.50 at two disorder
strengths, W = 0.50 (intermediate disorder), and 1.00
(strong disorder). As in the main text, to understand the
implications of nonlocal spatial correlations, we present
our results for two cluster sizes, Nc = 1 which restores
the coherent potential approximation (CPA) results [4–
6], and a finite-size cluster of Nc = 32.
The ADOS for different SOC strengths at two repre-

sentative disorder values, W = 0.50, and 1.00 are shown
in Figure S1. As discussed in the main text, the role
of spatial correlation is important in disordered systems
and therefore ADOS for Nc = 32 show emerging fea-
tures compared to those for Nc = 1. At W = 0.50, as
α increases, the spectral weight at ω = 0 systematically
begins to increase and eventually the ADOS becomes flat-
tened at α = 0.50, indicating that the Rashba SOC miti-
gates the effect of disorder. At strong disorder (W = 1.0)
where ADOS has already opened a gap at the band center
for α = 0, continuously increasing α leads to reduction
in the band gap. For Nc = 32 where spatial correlations
are included, the gap almost vanishes at α = 0.50. These
observations again support the delocalizing effect driven
by SOC in the disordered 2D system.
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FIG. S1. The average density of states (ADOS) calculated using DCA for different values of α: α = 0 (no SOC, (a), (f)),
α = 0.125 ((b), (g)), α = 0.25 ((c), (h)), α = 0.375 ((d), (i)), and α = 0.50 ((e), (j)), and two disorder strength: W = 0.50
(intermediate disorder strength, in (a)-(e)), and W = 1.00 (large disorder strength, in (f)-(j)). We note that panels (a), (c),
(f), and (h) restores panels (c), (d), (e), and (f) of Figure 1 in the main text, respectively.

The imaginary part of the self-energy for different SOC
strengths at two disorder values, W = 0.20 (weak disor-
der), and 0.80 (strong disorder) are shown in Figure S2.
To understand the momentum dependence of the self-
energy, we calculate ImΣ(K, ω)) at three high-symmetry
momenta: K = (0, 0), (π, 0), and (π, π). For W = 0.20,
the self-energy shows very small momentum dependence
at α = 0, and such behavior becomes much weaker as α
increases; eventually, all the self-energy curves are almost
on top of each other at α = 0.50. While the variations of
the self-energy with respect to various momenta is greater
at W = 0.80 in the absence of SOC, and increase of SOC
strength from zero to strong value systematically reduces
the momentum dependence. Therefore, we again con-
firm via investigating the self-energy at different SOC
strengths that Rashba SOC suppresses the momentum-
dependence of the self-energy by reducing the impurity
scattering rates.

III. HYBRIDIZATION FUNCTION

The hybridization function Γ(K, ω) couples the cluster
to the host, serving as an effective hopping [1, 7]. The
hybridization function is extracted as

Γ(K, ω) = ωI− ε̄SO(K)− Σ(K, ω)−Gc(K, ω)−1. (S6)

The delocalization dynamics can be further understood
by investigating the hybridization function as well as the
return probability which is discussed in the main text. To
elucidate the delocalization effect of Rashba SOC in the
disordered 2D system, we compute the imaginary part
of the hybridization function, integrated over cluster mo-
mentum,

∑
K ImΓ(K, ω), at three disorder strengths of

W = 0.20, 0.50, and 0.80, and at three SOC strengths of
α = 0 (absence of SOC), 0.25, and 0.50, for Nc = 1 and
Nc = 32. We note that since the hybridization function
falls with increasing cluster sizes [7], it becomes much
smaller for Nc = 32 overall compared to that for Nc = 1.
In the absence of SOC, a stronger disorder does not sup-
press the hybridization function; instead, it opens a gap
at ω = 0 which becomes wider as W increases. This be-
havior with respect to increasing W is consistent to that
of the ADOS, and the fact that the hybridization function
remains finite over the range of frequency where ADOS
is finite indicates the absence of localization in 2D, SOC-
free disordered system within DCA regardless of the dis-
order strength. Furthermore, introducing Rashba SOC
leads to an increase of the hybridization function for all
disorder strength. This leads to an increase of effective
hopping between the cluster and the host and can be
understood by how Rashba SOC contributes to the bare
dispersion relation as in Eq. (4) from the main text.
It supports the delocalizing influence of Rashba SOC in
the disordered system. We emphasize that the feature of
opening a gap at ω = 0 in the hybridization function for
α = 0.25 and 0.50 (panels (b) and (c) in Figure S3) is
consistent to that observed in ADOS.
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FIG. S2. The imaginary part of self-energy ImΣ(K, ω) for different values of α: α = 0 (no SOC, (a), (f)), α = 0.125 ((b), (g)),
α = 0.25 ((c), (h)), α = 0.375 ((d), (i)), and α = 0.50 ((e), (j)). The top panels ((a)-(e)) show the self-energy at W = 0.20
(weak disorder), and the bottom panels ((f)-(j)) show the self-energy at W = 0.80 (stronger disorder). We note that panels
(a), (c), (f), and (h) restores panels (a), (b), (c), and (d) of Figure 2 in the main text, respectively.

FIG. S3. The imaginary part of hybridization function integrated over momentum Im(Γ(ω)) for different disorder strength:
W = 0.20 (weak disorder), 0.50 (intermediate disorder), and 0.80 (strong disorder), and different SOC strength: α = 0 (absence
of SOC, panel (a)), 0.25 (panel (b)), and 0.50 (panel (c)), for Nc = 1 and 32.
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