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Abstract: We continue developing the freelance holography program, formulating gauge/gravity corre-
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boundary inside AdS and work out how this evolution is encoded in deformations of the holographic
effective boundary theory. Our analyses here extend the extensively studied TT̄-deformation by relaxing
the boundary conditions at asymptotic AdS or at the cutoff surface to be any arbitrary one (besides
Dirichlet). We discuss some of the implications of our general freelance holography setting.
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1 Introduction

AdS/CFT [1–3] is the best formulated example of holography [4–8] that establishes a duality between
a quantum gravitational bulk theory in an asymptotically AdS spacetime and a quantum field theory
(QFT) defined on its asymptotic timelike boundary. In its standard canonical form, this duality is
defined by imposing Dirichlet boundary conditions on the bulk fields at the AdS boundary. In the large-N
limit, where the bulk side reduces to a classical gravity theory, the duality reduces to the gauge/gravity
correspondence. In this limit, the possibility of having arbitrary boundary conditions on bulk fields has
been explored. It is well known that modifying bulk boundary conditions corresponds to introducing
multi-trace deformations in the boundary theory [9–11] (and for a systematic treatment of multi-trace
deformations see also [12–15] and also [16–33]). In [34], we presented a systematic analysis of formulating
gauge/gravity correspondence beyond the Dirichlet boundary conditions within the covariant phase space
formalism (CPSF) framework [35–38] (for review see [39–41]).

CPSF provides a systematic framework for studying the solution phase space of any theory with any
consistent set of boundary conditions. In a generic field theory, the solution phase space possesses a sym-
plectic form, typically composed of codimension-one and codimension-two integrals. The former involves
bulk modes, while the latter involves boundary modes, which are physical degrees of freedom residing ex-
clusively at the boundary and lacking bulk propagation. Importantly, the existence of boundary modes is
independent of the precise boundary conditions applied to bulk fields. This raises the question: what de-
termines the dynamics of these boundary modes? The answer is found in the interplay with the bulk field’s
boundary conditions. Specifically, boundary modes dynamically adjust to ensure the bulk fields adhere
to the imposed constraints. As a result, modifying the boundary conditions of the bulk fields necessarily
alters the dynamics of the boundary modes to maintain consistency. This interplay—where boundary
modes reorganize in response to changing bulk boundary conditions—provides a physical interpretation
of boundary multi-trace deformations.

In this paper, we explore whether holography remains valid at a finite radial cutoff in asymptotically
AdS spacetimes. This question has been studied in the context of AdS/CFT, particularly in lower dimen-
sions. In three-dimensional (3d) gravity, it has been formulated, with the answer being affirmative. As
shown in [42], achieving a holographic dual at a finite cutoff with Dirichlet boundary conditions requires
deforming the boundary theory by the TT̄ operator [43, 44]. This deformation, constructed from a specific
quadratic combination of the boundary energy-momentum tensor, exhibits remarkable properties, includ-
ing integrability [44, 45]. It also allows for exact computations of various quantities, such as the S-matrix
[46–48], the deformed Lagrangian [45, 49, 50], and the finite-volume energy spectrum [44, 45]. Moreover,
it preserves key features of the original theory, including modular invariance and the Cardy formula for
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entropy [51–53]. These properties ultimately stem from Zamolodchikov’s factorization formula for the TT̄
operator [43] (for a nice review, see [54]).

The question of holography at a finite cutoff in higher dimensions was explored in [55, 56], where
a higher-dimensional generalization of the TT̄ deformation was introduced. However, unlike its two-
dimensional (2d) counterpart, the higher-dimensional version lacks the factorization property, which only
emerges in the large-N limit.

In this paper, we use the covariant phase space formalism (CPSF) to develop further the TT̄ defor-
mation in arbitrary dimensions and to cases where the boundary conditions at finite cutoff can be chosen
arbitrarily. Our approach illustrates how one can start from the standard gauge/gravity correspondence
at asymptotic infinity and, through the tools of CPSF, systematically construct a holographic dual at
a finite radial cutoff. Previous constructions of finite-cutoff holography have been limited to Dirichlet
boundary conditions at the cutoff surface [42, 55, 56]. Here, we extend the framework by allowing for ar-
bitrary boundary conditions, thereby broadening the scope of the duality. This extension constitutes the
core of Freelance Holography II, which seeks to establish a more general class of finite-distance holographic
correspondences.

Gravity with a finite radial cutoff and Dirichlet boundary conditions is generally ill-defined [57–
64]. Thus, constructing a well-defined holographic dual at a finite distance necessitates modifying the
boundary conditions of the bulk fields. In this work, we provide a systematic framework for implementing
such modifications, extending holography beyond the standard Dirichlet setup. In particular, the TT̄
deformation allows us to map the conventional gauge/gravity correspondence—formulated with Dirichlet
boundary conditions at the asymptotic boundary—onto a holographic description at a finite cutoff with
Dirichlet conditions imposed at the cutoff surface [42, 55, 56]. In this work, we introduce a broader
class of deformations that enable transitions between holographic formulations with arbitrary boundary
conditions at different radii. As specific cases, we analyze setups with Dirichlet, Neumann, and conformal
boundary conditions.

In the literature, the TT̄ deformation has been interpreted in two distinct ways [42, 65]. The first
interpretation views it as a radial flow, where the AdS boundary moves inward, leading to a holographic
description with Dirichlet boundary conditions imposed at a finite cutoff surface [42]. The second inter-
pretation, in contrast, does not involve a radial evolution but instead treats the TT̄ deformation as a
modification of the bulk boundary conditions at the asymptotic AdS boundary [65]. In this paper, we
establish the equivalence of these two perspectives for our extended TT̄ framework, holding for arbitrary
boundary conditions on the bulk fields in arbitrary dimensions.

The main idea behind the Freelance Holography program is to employ freedoms (also called ambi-
guities) in the CPSF to set the boundary and boundary conditions free in the holographic framework.
In this paper, we leverage finite-cutoff holography to fix both bulk and boundary freedoms/ambiguities
systematically using the holographic duality. In particular, we demonstrate that the bulk Y -freedom is
conveniently determined in terms of the boundary symplectic potential, providing a more refined and
physically motivated formulation of the CPSF.

Finally, we introduce two classes of hydrodynamic deformations that map one hydrodynamic system
to another. The first class, extrinsic hydrodynamic deformations, encompasses deformations associated
with Dirichlet, Neumann, and conformal boundary conditions as special cases. In d = 2, we also show
that the radial evolving deformations (TT̄) admit hydrodynamical description.
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Outline of the Paper. Section 2 contains reviews of basic formulations we use: we introduce the
geometric setup, briefly review the covariant phase space formalism (CPSF), the gauge/gravity corre-
spondence, and Freelance Holography I [34]. In Section 3, starting from the standard gauge/gravity
correspondence, we construct holography at a finite cutoff with Dirichlet boundary conditions and derive
the corresponding effective boundary theory as a deformation of the asymptotic boundary theory. In
Section 4, we extend finite-cutoff holography to accommodate arbitrary boundary conditions. In Section
5, we explore interpolation between different boundary conditions at two distinct radial locations. A
special case involves interpolating between the asymptotic AdS boundary and an interior cutoff surface.
In Section 6, we examine examples from general relativity with various matter fields in different spacetime
dimensions and derive explicit forms of radial evolution deformations. In Section 7, we analyze transitions
between different boundaries with varying boundary conditions in pure general relativity across multiple
dimensions. In Section 8, we introduce two classes of hydrodynamic deformations and examine the TT̄
deformation in this context. In Section 9, we summarize our findings, discuss various aspects of Freelance
Holography, and outline potential future directions. In Appendices A and B, we provide technical details
and computations.

2 Review and the setup

In this section, we establish the foundational framework for our discussion by reviewing key concepts and
setting up the geometric and formal structure necessary for our analysis. We begin with a description of
the geometric setup, where we define a foliation of asymptotically AdS spacetime by a family of timelike
hypersurfaces. Next, we provide a concise review of the Covariant Phase Space Formalism (CPSF), which
serves as a crucial tool for analyzing the space of solutions with arbitrary boundary conditions. Follow-
ing this, we briefly revisit the fundamental principles of the gauge/gravity correspondence, outlining the
standard AdS/CFT dictionary and its large-N limit, where the duality simplifies to a classical gauge/-
gravity correspondence. This prepares us for the modifications introduced by our “Freelance Holography”
program. Finally, we summarize the key results from “Freelance Holography I” [34], where we extended
the gauge/gravity duality beyond the usual Dirichlet boundary conditions.

2.1 Geometric setup

Consider a (d + 1)-dimensional asymptotically AdS spacetime M with coordinates xµ and metric gµν .
We introduce a foliation of M by a family of codimension-one timelike hypersurfaces, denoted as Σr. For
brevity, we refer to the asymptotic timelike boundary of AdS, Σr=∞, simply as Σ.

To describe this setup, we decompose the spacetime coordinates as xµ = (xa, r), where a = 0, 1, . . . , d−
1. Here, xa are intrinsic coordinates on each hypersurface Σr, while r ∈ [0,∞] serves as a radial parameter
labeling the hypersurfaces, with r = ∞ representing the AdS causal boundary. This formulation allows
us to interpret r as a radial coordinate, with Σr corresponding to constant-r timelike slices of spacetime.

We define Mc as the portion of AdS spacetime with r ≤ rc and denote its boundary as Σc (a shorthand
for Σrc). Similarly, Mr refers to the region of asymptotically AdS space bounded by r, with Σr as its
corresponding boundary.

Using this foliation, one can naturally perform a radial (1 + d)-dimensional ADM decomposition—a
generalized Fefferman-Graham expansion—of the line element, which takes the standard form

ds2 = N2 dr2 + hab(dx
a + Ua dr)(dxb + U b dr) , (2.1)
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Figure 1: Portion of an asymptotically AdS spacetime bounded by r ≤ rc with a generic timelike boundary Σc. We
formulate physics in the shaded region Mc.

where N is the radial lapse function, Ua is the radial shift vector, and hab is the induced metric on the
codimension-one constant-r timelike hypersurface Σr. For later convenience, we introduce the conformally
rescaled induced metric as hab = r2γab. 1 The one-form normal to Σr and the associated induced metric
are given by

s = sµ dx
µ = N dr , hµν = gµν − sµsν . (2.3)

For later use, we introduce the extrinsic curvature of Σr, given by

Kαβ =
1

2
hµα h

ν
β Lshµν , with hµα = δµα − sµsα . (2.4)

Its explicit form is

Kab =
1

2N
Drhab , Dr := ∂r − LU , (2.5)

where LU denotes the Lie derivative along the shift vector Ua. For convenience, we introduce the following
shorthand notation for integrals:∫

M
:=

∫
M

dd+1x ,

∫
Σr

:=

∫
Σr

ddx ,

∫
∂Σr

:=

∫
∂Σr

dd−1x . (2.6)

With this notation, Stokes’ theorem takes the form∫
Mr

√
−g∇µX

µ =

∫
Σr

√
−g Xr =

∫
Σr

√
−h sµX

µ . (2.7)

Here, Xµ represents an arbitrary vector field in spacetime which we assume to be smooth over Mr, and
we have utilized the determinant relation

√
−g = N

√
−h.

2.2 Brief review of covariant phase space formalism

In this subsection, we provide a brief review of the covariant phase space formalism, which is presented
in terms of (p, q)-forms: p-forms over the spacetime and q-forms over the solution space. We use boldface

1The metric of the asymptotically AdS spacetime in the standard Fefferman-Graham coordinates is given by:

ds2 = ℓ2
dr2

r2
+ r2γ0

abdx
adxb + · · · , (2.2)

where ℓ is the AdS radius, and the ellipsis represents higher-order terms in the expansion.
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symbols to denote these (p, q)-forms. The Lagrangian of any D-dimensional theory, denoted by L, is a
top-form, specifically a (D, 0)-form. Thus, we have

dL = 0 , δL ⊜ dΘ , (2.8)

where ⊜ denotes on-shell equality, and d and δ represent exterior derivatives over spacetime and solution
space, respectively. The quantity Θ is the symplectic potential, a (D−1, 1)-form. Eq.(2.8) may be viewed
as the equation defining Θ. It may be promoted to a definition in which the Lagrangian of the theory
does not explicitly appear

dδΘ ⊜ 0 . (2.9)

That is, by definition, Θ is a (D− 1, 1)-form that is closed both on spacetime and on solution space. The
above can be “integrated” over the spacetime and the solution space, yielding a solution with “integration
constants”:

Θ = ΘD + δW + dY + dδZ , (2.10)

where ΘD is the specific solution satisfying dδΘD = δ dΘD⊜0, chosen to enforce the Dirichlet boundary
condition for the fields of the theory. Additionally, when the boundary on which this symplectic potential
is evaluated approaches the asymptotic boundary, we require ΘD to remain finite.2 The fields W, Y, and
Z are (D− 1, 0), (D− 2, 1), and (D− 2, 0)-forms, respectively, representing integration constants and the
three degrees of freedom that will be fixed by physical requirements [37, 40]. Z reflects the freedom in
defining Y and W and can be absorbed into either Y or W by redefining them as Y + δZ or W + dZ,
respectively; Z represents the δ-exact part of Y or the d-exact part of W.

The symplectic density ω, is a (D − 1, 2)-form closed on spacetime, dω ⊜ 0, defined as

ω := δΘ = δΘD + dδY . (2.11)

Integrating this symplectic density over a codimension-1 surface Σr yields the symplectic form Ω 3

Ω :=

∫
Σr

ω =

∫
Σr

δΘD +

∫
∂Σr

δY . (2.12)

The symplectic form Ω is a closed (2, 0)-form, satisfying δΩ = 0 and closedness of ω implies that Ω does
not depend on the integration surface Σr. Additionally, this form consists of contributions from both
codimension-1 and codimension-2 parts. Spacetimes with boundaries typically exhibit both bulk and
boundary modes, with the bulk modes appearing in the codimension-1 part of the symplectic form and
the boundary modes in the codimension-2 part [66, 67]. As (2.12) indicates, Ω does not depend on the
W and Z freedoms in the symplectic potential Θ, and the Y-freedom contributes to its codimension-2
part. To simplify the notation, we will omit the symbol ⊜ and use the standard equality sign = to denote
on-shell equalities as well.

2.3 Brief review of gauge/gravity correspondence

This subsection provides a concise review of the core elements of the AdS/CFT correspondence, focusing
on its foundational framework. We begin by discussing the AdS/CFT duality, often referred to as the

2These two conditions almost completely determine ΘD, leaving only a finite contribution undetermined. In Section 8,
we will explore this remaining freedom, which leads to intrinsic hydrodynamical deformations. In our construction, we adopt
a minimal scheme to fix the Dirichlet symplectic potential.

3Whenever the integrals are over differential forms, the measure is already incorporated into the definition of the form.

– 5 –



GKPW dictionary [2, 3, 68], which establishes a relationship between the partition functions of two
distinct d+1 dimensional bulk theory and d dimensional boundary theories. The duality asserts that the
partition functions of the boundary theory (CFT) and the bulk gravitational theory (AdS) are related as
follows

Zbdry
[
J i(x)

]
= Zbulk

[
J i(x)

]
. (2.13)

In the boundary theory, the partition function is given by

Zbdry
[
J i(x)

]
=

∫
Dϕ(x) exp

[
−SCFT[ϕ(x)]−

∫
Σ
ddx

√
−γOi(x)J i(x)

]
, (2.14)

where ϕ(x) is a generic field in the boundary CFT on Σ, and Oi(x) is a generic local gauge-invariant
operator with scaling dimension ∆ and J i(x) represents its coupling, which has scaling dimension d−∆.
The bulk theory partition function is

Zbulk
[
J i(x)

]
=

∫
Ji(x,r∞)=rd−∆

∞ J i(x)
DJ i(x, r) exp(−Sbulk) , (2.15)

where J i(x, r) represents the bulk field, and the boundary condition is imposed at r = r∞ (Σ) with
Dirichlet boundary conditions. The relation between the boundary and bulk quantities is given by:

J i(x) = r∆−d
∞ J i(x, r∞) . (2.16)

The scaling dimension ∆ of the operator Oi(x) is related to the mass m of the bulk field via ∆(∆− d) =

m2ℓ2. For non-scalar fields, the relation becomes ∆(∆ − d) = m2ℓ2 + f(s), where f(s) depends on the
spacetime dimension d and the Lorentz representation of the operator Oi [68].

Gauge/Gravity correspondence. In a special limit of the AdS/CFT duality, where the bulk gravi-
tational theory becomes classical (i.e., when l2PlR ≪ 1, where lPl is the Planck length and R is the typical
curvature radius of the background), and the boundary theory is in the planar limit with a large number
of degrees of freedom N ≫ 1, the duality simplifies. This regime is referred to as the gauge/gravity
correspondence. In this limit, the AdS/CFT duality reduces to:

Sbdry[ϕ
∗] +

∫
Σ

√
−γ J iOi[ϕ

∗] = Sbulk[J i(x)] , (2.17)

where ϕ∗ is the solution to the following saddle-point equation:

ϕ∗ = ϕ∗[J i] such that
δSbdry[ϕ

∗]

δϕ
+

∫
Σ

√
−γ J i δOi[ϕ

∗]

δϕ
= 0 . (2.18)

2.4 Brief review of Freelance Holography I

As reviewed in the previous subsection, the standard gauge/gravity correspondence is constructed based
on the Dirichlet boundary conditions for bulk fields at the AdS boundary, Σ. In [34], we extended this
correspondence to accommodate arbitrary boundary conditions at Σ. Witten proposed that, in the large-
N limit, changes in the boundary conditions of bulk fields correspond to a multi-trace deformation in the
boundary theory [9]; see also [11, 14, 15, 23, 24, 29, 69]. We provided a derivation of this proposal in [34].
In this subsection, we review this construction.

It is well known that adding a W -term to an action does not affect the bulk equations of motion, but
it can modify the bulk boundary conditions. In other words, boundary conditions on the bulk fields can
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be altered by introducing an additional boundary term, a W -term. One can show that this modification
on the bulk side corresponds, in the boundary theory, to a deformation of the form

Sbdry → S̄bdry = Sbdry +

∫
Σ

√
−γW[Oi] , (2.19)

where W[Oi] denotes a general multi-trace deformation of the boundary theory. This deformation is
related to the bulk W -term:

Wbulk[Oi,J i] =
√
−γ
(
W[Oi,J i]− J iOi

)
, (2.20)

where Wbulk := W r
bulk. For consistency, J i must satisfy the equation

J i =
δ(
√
−γW)

δ(
√
−γOi)

, δWbulk =

(
δ(
√
−γW)

δJ i
−
√
−γOi

)
δJ i . (2.21)

This is Witten’s prescription for bulk boundary conditions when turning on the multi-trace deformation
W[Oi] in the boundary theory [9].

CPS freedoms in gauge/gravity correspondence. One of the key results of in [34] was the complete
fixation of both bulk and boundary CPSF freedoms, as required by the gauge/gravity correspondence.
This was achieved through the variation of the fundamental duality relation (2.13)

δZbdry
[
J i(x)

]
= δZbulk

[
J i(x)

]
, (2.22)

which played a central role in the procedure. Using this relation, we impose the following conditions on
the boundary CPS freedoms (Wbdry,Ybdry,Zbdry):

1. Wbdry is fixed by/fixes the boundary conditions of the boundary theory, such as the Dirichlet
condition.

2. Assuming that ∂Σ is boundary-less, we set Ybdry and Zbdry to zero.

Next, we fix the bulk CPS freedoms (Wbulk,Ybulk,Zbulk) as follows:

1. Wbulk is fixed by the boundary conditions of the bulk theory. It is the generator of change of slicings
(canonical transformations) on the bulk solution space [70–75] and is associated with multi-trace
deformations of the boundary theory.

2. Zbulk is determined in terms of Wbdry by the following simple relation:

Zbulk = Wbdry . (2.23)

3. Finally, Ybulk is determined as

Ybulk = ΘD
bdry = Θbdry − δWbdry . (2.24)

In the following sections, we will extend these results to the cases where the boundary theory is defined
on a generic timelike codimension-one surface inside the bulk of AdS. Before doing so, however, we need
a holographic framework at finite distances, such as the relations in (2.13) and (2.22), to guide us.

– 7 –



3 Holography at finite distance with Dirichlet boundary condition

In this section, we systematically extend the gauge/gravity correspondence with Dirichlet boundary con-
ditions to a setting where gravity is confined to a subregion of AdS, bounded by a codimension-one surface
Σc, where the boundary theory resides. In our construction, both the bulk theories on M and Mc are
subject to Dirichlet boundary conditions. Building on this framework, we propose an extension that
elevates this correspondence to a full-fledged duality.

3.1 Bulk theory bounded to r ≤ rc region inside Σc

Consider a bulk theory in an asymptotically AdSd+1 spacetime, confined to the region Mr, with arbitrary
boundary conditions imposed on the boundary Σr. The action for this setup is given by

Sbulk =

∫
Mr

Lbulk , Lbulk = LD
bulk + ∂µW

µ
bulk , (3.1)

where, LD
bulk represents the bulk Lagrangian compatible with Dirichlet boundary conditions on Σr, while

Lbulk denotes the bulk Lagrangian corresponding to a different set of boundary conditions, specified by
the boundary Lagrangian Wµ

bulk. As discussed in the previous section, the boundary term serves to modify
the boundary conditions of the bulk theory to arbitrary ones. The on-shell variation of the Lagrangian is
then given by

δLbulk ⊜ ∂µΘ
µ
bulk , (3.2a)

Θµ
bulk := Θµ

D + δWµ
bulk + ∂νY

µν
bulk + ∂νδZ

µν
bulk , (3.2b)

where Θµ
D is the symplectic potential compatible with Dirichlet boundary conditions at Σr. The term

∂µΘ
µ
bulk can be expressed as follows

∂µΘ
µ
bulk = ∂rΘ

r
bulk + ∂aΘ

a
bulk = ∂r

(
Θr

bulk + ∂a

∫ r

dr′Θa
bulk

)
= ∂r

(
Θr

D + δWbulk + ∂aY
ra
bulk + ∂aδZ

ra
bulk + ∂a

∫ r

dr′Θa
bulk

)
,

(3.3)

where we have used the definition given in (3.2b). Next, we redefine the Y -term to include the last term
from the second line in the above equation,

Ȳ ra
bulk = Y ra

bulk +

∫ r

dr′Θa
bulk . (3.4)

This adjustment of Ybulk is consistent with the McNees-Zwikel prescription, which ensures finite surface
charges [76]. With this modification, where

∂µΘ
µ
bulk = ∂r

(
Θr

D + δWbulk + ∂aȲ
ra
bulk + ∂aδZ

ra
bulk
)
, (3.5)

integrating (3.2a) over the codimension-one hypersurface Σr and applying (3.5), we obtain

d

dr

∫
Σr

(
Θr

D + δWbulk + ∂aȲ
ra
bulk + ∂aδZ

ra
bulk
)
=

∫
Σr

δLbulk . (3.6)

Since W -freedom is the generator of canonical transformations, we have∫
Σr

(Θr
D + δWbulk) =

∫
Σr

√
−h Õi(x

a, r) δJ̃ i(xa, r) , (3.7)
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where J̃ i and Õi constitute a pair of canonical variables induced by the boundary term Wbulk on Σr.
Integrating (3.6) over r from r1 to r2 and using (3.7), yields

δ

∫ r2

r1

dr

∫
Σr

Lbulk =

∫
Σr2

√
−h Õi δJ̃

i −
∫
Σr1

√
−h Õi δJ̃

i

+

∫
∂Σr2

na

(
Ȳ ra

bulk + δZra
bulk
)
−
∫
∂Σr1

na

(
Ȳ ra

bulk + δZra
bulk
)
,

(3.8)

where na = ∂a(∂Σr) is a non-normalized vector orthogonal to ∂Σr. The left-hand side represents the
on-shell variation of the total action within the spacetime region enclosed by Σr1 and Σr2 . This equation
will play a central role in the discussions that follow.

3.2 Holography at finite cutoff with Dirichlet boundary conditions, bulk theory

Here, we develop holography in the large-N limit at a finite distance Σr, with Dirichlet boundary conditions
for the bulk fields. Specifically, we set Wµ

bulk = 0 on Σr in this subsection, and will introduce it in the
subsequent subsections.

Let us begin with the standard gauge/gravity correspondence under the Dirichlet boundary condition,
given by

Sbdry[ϕ
∗] +

∫
Σ

√
−γ J iOi[ϕ

∗] = Sbulk[J i] . (3.9)

As mentioned earlier, ϕ∗ is solution of (2.18) and thus depends on J i, i.e., ϕ∗ = ϕ∗[J i]. Consequently,
the left-hand side of the equation is also a function of J i. Next, we vary (3.9) with respect to J i while
incorporating the saddle point equation (2.18), yielding∫

Σ

√
−γOi δJ i +

∫
∂Σ

naΘ
a
bdry = δSbulk[J i] . (3.10)

The left-hand side of this equation originates from the boundary theory. Using the relations
√
−γ =

r−d
∞

√
−h and the holographic dictionary J i = rd−∆

∞ J i, Oi = r∆∞Oi, we can rewrite it as 4∫
Σ

√
−hOi δJ

i +

∫
∂Σ

naΘ
a
bdry = δSbulk[J

i; r∞] . (3.11)

Subtracting (3.8) for r2 = ∞ and r1 = rc (where r = rc is the codimension-one surface the dual boundary
theory resides) off (3.11), Oi δJ

i at r = ∞ drops out and we obtain an expression which only involves
Oi δJ

i at rc: ∫
Σc

√
−hOi δJ

i +

∫
∂Σc

na

(
Ȳ ra

bulk + δZra
bulk
)

= δ

[
Sbulk[J

i; r∞]−
∫ ∞

rc

dr

∫
Σr

LD
bulk

]
+

∫
∂Σ

na

(
Ȳ ra

bulk + δZra
bulk −Θa

bdry
)
,

(3.12)

where Σc denotes the constant r = rc surface. Recall that Θbdry can be decomposed as Θbdry = ΘD
bdry +

δWbdry. Thus, following the prescriptions of [34] along with (2.23) and (2.24), we observe that the last
integral of the second line of the above equation vanishes, resulting in∫

Σc

√
−hOi δJ

i +

∫
∂Σc

na

(
Ȳ ra

bulk + δZra
bulk
)
= δSbulk[J

i; rc] , (3.13)

4A subtlety arises when ∆ = d
2
+ n, with n ∈ Z. In this case, the standard relation between sources and expectation

values is modified due to the appearance of logarithmic terms in the asymptotic expansion of the bulk fields [77]. To account
for this, it is sufficient to redefine Oi by including appropriate coefficients of the logarithmic terms. In what follows, we
implicitly assume that this redefinition has been made. For an explicit example, see Appendix A of Freelance Holography I
[34].
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where Sbulk[J
i; rc] is the bulk on-shell action up to boundary Σc

Sbulk[J
i; rc] = Sbulk[J

i; r∞]−
∫ ∞

rc

dr

∫
Σr

LD
bulk =

∫ rc

0
dr

∫
Σr

LD
bulk

∣∣∣
on-shell

=

∫
Mc

LD
bulk

∣∣∣
on-shell

. (3.14)

We are now ready to develop holography at rc. To do this, we proceed by constructing it in parallel with
the standard gauge/gravity correspondence. As in the standard gauge/gravity framework, we assume the
existence of a quantum field theory defined on a cutoff surface Σc. We then construct its W -freedom and
symplectic potential in a manner analogous to the expressions in (2.23) and (2.24), yielding the following
relations

Zbulk = Wbdry and Ȳbulk = ΘD
bdry , on ∂Σc . (3.15)

From here, we obtain
Θa

bdry = Ȳ ra
bulk + δZra

bulk, on ∂Σc . (3.16)

Substituting this equation into (3.13), we obtain∫
Σc

√
−hOi δJ

i +

∫
∂Σc

naΘ
a
bdry = δSbulk[J

i; rc] . (3.17)

We then proceed in a way similar to the procedure used at infinity. We rescale the quantities defined on
Σc in (3.17) as follows [56]

J i = rd−∆
c J i(xa, rc) , Oi = r∆c Oi(x

a, rc) ,
√
−γ = r−d

c

√
−h(xa, rc) , (3.18)

and express the left-hand side of (3.17) in terms of these rescaled quantities intrinsic to Σc

δSbulk[J
i; rc] =

∫
Σc

√
−γOi δJ i +

∫
∂Σc

naΘ
a
bdry . (3.19)

Comparing the above with its counterpart at infinity, given by (3.11), we observe that the structure
remains identical, with two key differences: 1) Sbulk[J

i; rc] represents the on-shell bulk action up to the
cutoff rc, rather than extending to infinity. 2) The right-hand side of (3.19) involves integrals over the
cutoff surface Σc and its corner ∂Σc, instead of the asymptotic boundary of AdS, Σ, and its corner ∂Σ.

The argument above suggests the following expression for the gauge/gravity correspondence at a finite
cutoff:

Sc
bdry[ϕ

∗[J i]] +

∫
Σc

√
−γ J iOi[ϕ

∗[J i]] = Sbulk[J
i; rc] , (3.20)

where Sc
bdry is the effective action of the boundary theory on Σc, and ϕ∗[J i] is the solution to the saddle

point equation

ϕ∗ = ϕ∗[J i] such that
δSc

bdry[ϕ
∗]

δϕ
+

∫
Σc

√
−γ J i δOi[ϕ

∗]

δϕ
= 0 . (3.21)

In essence, equation (3.20) generalizes equation (3.9) to accommodate an arbitrary timelike boundary at
r = rc. The next step is to determine Sc

bdry, which will be addressed in the following subsection.
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3.3 Boundary theory at Σc as a deformation of the boundary theory at Σ

To complete the construction of holography at a finite distance, we need to explicitly determine the
effective boundary theory at Σc. In this subsection, we demonstrate that the effective boundary theory
at Σc is a quantum field theory (QFT) that arises as a deformation of the boundary theory at the AdS
boundary, Σ. We then derive the deformation flow equation, which relates the two boundary theories
at Σ and Σc. To achieve this, we explore their relationships using two different approaches. In the first
approach, we start with the correspondence at Σc given in (3.20), which is

Sc
bdry[ϕ

∗[J i]] +

∫
Σc

√
−γ J iOi[ϕ

∗[J i]] = Sbulk[J
i; rc] , (3.22)

where Sc
bdry[ϕ

∗[J i]] is the action of the boundary QFT defined on Σr. To proceed, we directly compare
equations (3.9) and (3.20) in order to examine the theories at finite rc and r∞, as follows

Sbulk[J
i; r∞]− Sbulk[J

i; rc] = Sbdry[J i]− Sc
bdry[J i] +

∫
Σ

√
−γ J iOi[J i]−

∫
Σc

√
−γ J iOi[J i] . (3.23)

Employing the following definitions,

Ŝbdry[J i] := Sbdry[J i] +

∫
Σ

√
−γ J iOi[J i] ,

Ŝc
bdry[J i] := Sc

bdry[J i] +

∫
Σc

√
−γ J iOi[J i] ,

(3.24)

and (3.14), the expression (3.23) simplifies to

Ŝc
bdry = Ŝbdry −

∫ ∞

rc

dr Sdeform(r) , Sdeform(r) :=

∫
Σr

LD
bulk

∣∣∣
on-shell

. (3.25)

Equivalently, we obtain the deformation flow equation:

d

dr
Ŝbdry(r) = Sdeform(r) , (3.26)

where Ŝbdry(r → ∞) = Ŝbdry and Ŝbdry(r → rc) = Ŝc
bdry. This represents the deformation flow equation,

where rc acts as the deformation parameter. In the following sections, we will derive the explicit form of
the deformation action for various cases. It is important to note that the deformation action in (3.25)
is initially defined in terms of bulk variables. In the following, we show how it can be systematically
rewritten in terms of boundary variables.

Geometric derivation. Now we present another derivation for the deformation flow equation (3.26),
using spacetime diffeomorphisms. The variation of the gravitational action under the generic diffeomor-
phisms ξ = ξµ∂µ is

δξSbulk(r) =

∫
Σr

√
−g sµ ξ

µ LD
bulk , (3.27)

where Sbulk(r) is the bulk action on Mr. If we focus on the generator that takes us in the radial direction,
ξ = ∂r, then we find

d

dr
Sbulk(r) =

∫
Σr

LD
bulk . (3.28)
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By evaluating this equation on-shell and using the saddle point approximation, Sbulk(r) = Ŝbdry(r), we
obtain

d

dr
Ŝbdry(r) =

∫
Σr

LD
bulk

∣∣∣
on-shell

= Sdeform , (3.29)

recovering (3.26).

To complete the discussion, we need to express Sdeform in terms of the boundary theory variables. In
this regard, we note that the on-shell variation of the gravitational action takes the following form

δξSbulk(r) ⊜
∫
Mr

∂µΘ
µ
bulk[δξJ

i] =

∫
Σr

√
−hOi δξJ

i +

∫
∂Σr

na

(
Ȳ ra

bulk[δξJ
i] + δξZ

ra
bulk
)
, (3.30)

where we have used (3.5). Taking ξ = ∂r and using (3.16), we get

d

dr
Sbulk(r) =

∫
Σr

√
−hOi ∂rJ

i +

∫
∂Σr

naΘ
a
bdry[∂rϕ

∗] . (3.31)

From this, we conclude that

Sdeform(rc) =

∫
Σc

√
−γOi r

d−∆
c ∂rc

(
r−d+∆
c J i

)
+

∫
∂Σc

naΘ
a
bdry[∂rcϕ

∗] , (3.32)

where we have used the rescaled quantities (3.18) to rewrite the bulk quantities in terms of boundary
variables. Also note that ∂rJ

i is related to the canonical momenta associated with J i over Σr, namely,
Oi. However, the explicit form of these deformations depends on the specific bulk theory, which we will
explore in more detail in the following sections.

We conclude this section by discussing tangential diffeomorphisms on Σr. For sµ ξµ = 0, (3.27) yields

δξŜbdry(r) = 0 . (3.33)

This implies that a subset of bulk diffeomorphisms, specifically those tangential to Σr, correspond to
symmetries of the boundary QFT action. From the bulk perspective, these diffeomorphisms generate
nonzero gravitational surface charges, rendering them physically relevant. A notable example is the
Brown-Henneaux diffeomorphisms [78], which belong to this class of tangential transformations. Since
the charges associated with tangential diffeomorphisms are captured by codimension-two integrals in the
bulk (often referred to as surface charges), they manifest as codimension-one integrals when viewed from
the boundary perspective. As a result, they correspond to global symmetries of the effective boundary
theory. From this, we deduce that for sµ ξ

µ = 0, the following must hold∫
Σc

√
−γOi LξJ i +

∫
∂Σc

na

(
Ȳ ra

bulk[δξJ
i] + δξZ

ra
bulk
)
= 0 . (3.34)

This equation must hold for any tangential diffeomorphism, and it allows us to derive the Ward identities
on the QFT side. In the following sections, we will examine several examples that illustrate this point.

AdS/QFT duality. At this stage, we have constructed holography at a finite distance in the large-N
limit, directly from the gauge/gravity correspondence at infinity. We now propose a conjectural holo-
graphic duality on Σc〈

exp

(∫
Σc

√
−γOi(x)J i(x)

)〉
QFT

= Zbulk

[
J i(x, rc) = r∆−d

c J i
]
. (3.35)
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This proposal is the same as the one introduced in [56]. In this framework, (3.20) naturally emerges
as the saddle-point approximation of the duality (3.35). Finally, we note that, similar to the standard
AdS/CFT prescription at the asymptotic boundary, we rescaled the bulk fields with appropriate powers
of rc as shown in (3.18). Although this rescaling is essential at infinity, it is not strictly necessary at a
finite cutoff, as discussed in [56]. However, we adopted this minimal rescaling at a finite distance to ensure
that, at the limit rc → ∞, we recover the standard results.

We close this section by emphasizing that (3.20) and (3.26) provide an effective “macroscopic” (coarse-
grained) description of the boundary QFT, i.e. the boundary QFT at a given cutoff in the saddle-
point approximation in the large N limit; this is the limit captured in the gauge/gravity correspondence
limit. The presumed QFT in the conjectured full-fledged duality (3.35) represents its corresponding UV
completion. For instance, in the context of the standard AdS/CFT correspondence, this would correspond
to the finite-cutoff version of the well-known N = 4 SYM theory.

4 Holography at finite distance with arbitrary boundary conditions

In the previous section, we developed holography at a finite distance with Dirichlet boundary conditions.
In this section, we extend the framework to arbitrary boundary conditions at an arbitrary cutoff rc. The
construction follows the same approach as in [34] (cf. subsection 2.4). We begin with

Sc
bdry[ϕ

∗[J i]] +

∫
Σc

√
−γ J iOi[ϕ

∗[J i]] = Sbulk[J
i; rc] , (4.1)

and introduce a multi-trace deformation by adding
∫
Σc

√
−γW[Oi[J i],J i] to both sides. This allows us

to rewrite the equation as
S̄c

bdry[ϕ
∗[J i]] = S̄bulk[J i; rc] , (4.2)

where following definitions are used

S̄c
bdry[ϕ] = Sc

bdry[ϕ] +

∫
Σc

√
−γW[Oi,J i] ,

S̄bulk[J i; rc] = Sbulk[J i; rc] +

∫
Σc

Wbulk[Oi,J i] ,

(4.3)

in which we introduced
Wbulk[Oi,J i] =

√
−γ
(
W[Oi,J i]− J iOi

)
. (4.4)

This demonstrates that multi-trace deformations of the boundary QFT correspond to Wbulk freedom in
the bulk theory. The consistency condition further implies

J i =
δ(
√
−γW)

δ(
√
−γOi)

. (4.5)

In summary, in subsection 3.2, we constructed a duality at the cutoff surface Σc with Dirichlet boundary
conditions for the bulk fields. In this subsection, leveraging the Wbulk freedom, we extend the holographic
framework to accommodate arbitrary boundary conditions on Σc. We demonstrated that achieving this
requires deforming the boundary QFT through multi-trace deformations induced by the Wbulk freedom.
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5 Interpolating boundary conditions between two boundaries

In section 3, we formulated holography at a finite distance with Dirichlet boundary conditions, and in
section 4, we extend this framework to arbitrary boundary conditions. Here, we develop the formulation
that allows us to interpolate between different boundary conditions at different radii, thereby completing
the program of Freelance Holography II. First, we analyze the interpolation between two arbitrary radii,
with the Dirichlet boundary condition applied to one of them. Subsequently, we extend this approach to
interpolation between two arbitrary boundary conditions.

5.1 Evolving from a given boundary condition

To explore the interpolation of boundary conditions between two infinitesimally close boundaries, Σr and
Σr+dr, as illustrated in Fig. 2. We start with (3.6) and (3.7),

d

dr

[∫
Σr

(√
−h Õi δJ̃

i
)
+

∫
∂Σr

na

(
Ȳ ra

bulk + δZra
bulk
)]

=

∫
Σr

δLbulk . (5.1)

The second term on the left-hand side is a corner term and is not essential to the discussion of boundary
conditions and boundary deformation. Thus, we omit its explicit form. From the equation above, we
obtain ∫

Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h Õi δJ̃

i + dr

∫
Σr

δLbulk + corner terms . (5.2)

To discuss the physical significance of the above equation, we first recall that setting δJ̃ i = 0 on Σr

or Σr+δr corresponds to imposing a particular type of boundary condition, depending on the employed
W -freedom. These boundary conditions can include Dirichlet, Neumann, conformal, or other conditions.
We can absorb the total variation term on the right-hand side of (5.2) into the first term and rewrite the
equation as ∫

Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h ˜̃Oi δ

˜̃J i + corner terms . (5.3)

This equation explicitly shows that the same type of boundary conditions cannot be imposed simultane-
ously at both infinitesimally close boundaries Σr+dr and Σr. In particular, if a specific boundary condition
is imposed at Σr+dr, such as δJ̃ i = 0, then the boundary conditions at Σr are not independent but are
instead automatically determined, δ ˜̃J i = 0,

√
−h ˜̃Oi

δ ˜̃J i

δOi
= dr

δLbulk

δOi
,

√
−h ˜̃Oi

δ ˜̃J i

δOi
=

√
−h Õi + dr

δLbulk

δJ i
. (5.4)

As a specific example, consider Σr → Σ and Σr+dr → Σc with dr < 0. The above demonstrates how the
boundary conditions should evolve as we move infinitesimally from the AdS boundary into the bulk. One
can rewrite (5.2) in the following form

∫
Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h Õi δJ̃

i + dr δSW
deform(r) =

∫
Σr

√
−h ˜̃Oi δ

˜̃J i , (5.5)

where we have omitted the corner terms and

SW
deform(r) =

∫
Σr

Lbulk =

∫
Σr

(
LD

bulk + ∂µW
µ
bulk
)
. (5.6)
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Σr+drΣr ↔
dr

Figure 2: Two infinitesimally close boundaries Σr and Σr+dr in asymptotically AdS spacetimes.

This represents the extension of (3.25) for the transition between two boundaries at different radii with
a given boundary condition. In the Dirichlet case, Wµ

bulk = 0, (5.6) reduces to (3.25).

This equation, in accord with TT̄-deformation literature [42, 65], admits two possible interpretations:

I. Radial evolution: Consider the first equality in (5.5). The term
∫
Σr

√
−h Õi δJ̃

i on the right-hand
side is consistent with the boundary condition δJ̃ i

∣∣
Σr

= 0. Adding the term dr δSW
deform results in

the symplectic potential on Σr+dr (left-hand side), which remains compatible with the boundary
condition δJ̃ i

∣∣
Σr+dr

= 0. This condition is of the same type as that imposed on Σr before the
addition of dr δSW

deform. Therefore, if we begin with a bulk symplectic potential of type X on Σ and
modify it by adding SW

deform, the resulting symplectic potential on Σr+dr will still satisfy the same
type of boundary condition X. Conversely, the first equality in (5.5) shows that as we move from
Σr+dr to Σr one can keep the same boundary conditions IFF δSW

deform vanishes at r.

II. Boundary condition evolution: We now consider the second equality in (5.5), which is an
equality of two integrals over Σr. The term

∫
Σr

√
−h Õi δJ̃

i represents the on-shell symplectic

potential on Σr, which is consistent with the boundary condition δ ˜̃J i
∣∣
Σr

= 0. By adding the term
δSW

deform, we introduce a new symplectic potential on Σr, incorporating a different type of boundary
condition. This implies that if we start with a symplectic potential on Σr satisfying boundary
condition type X and then modify it by adding δSW

deform, the resulting symplectic potential on Σr

will instead satisfy a different boundary condition, say type Y, which corresponds to δ ˜̃J i
∣∣
Σr

= 0.

We conclude this subsection with an important remark: In item I, we noted that δSW
deform interpolates

between symplectic potentials that satisfy the same boundary condition, X, on Σr and Σr+δr. The
distinction between different choices of boundary condition X becomes clear from the explicit form of
SW

deform in (5.6), where different boundary conditions correspond to different choices of the W -term.

5.2 Interpolating between two arbitrary boundary conditions at different radii

We now complete the freelance holography program by constructing the interpolation between symplectic
potentials at different radii for two arbitrary boundary conditions. In other words, we examine the
transition from a boundary condition of type X to one of type Y at different radial slices. Equation (5.5)
describes the transition between boundary conditions of the same type. To generalize it to arbitrary
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boundary conditions, we start from (5.5) and (5.6)∫
Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h Õi δJ̃

i + dr δ

∫
Σr

Lbulk , (5.7)

and rewrite it as follows∫
Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h Õi δJ̃

i + dr δ

∫
Σr

Lbulk + δ

∫
Σr

WY→X − δ

∫
Σr

WY→X . (5.8)

where we defined the boundary condition δJ̃ i = 0 as boundary condition type Y. Since W is the generator
of change of slicing, we obtain∫

Σr

√
−h Õi δJ̃

i + δ

∫
Σr

WY→X =

∫
Σr

√
−h ŌiδJ̄

i , (5.9)

in which we identified the condition δJ̄
i
= 0 as boundary condition type X. This equation shows that

WY→X acts as a generator that transforms the boundary condition from type Y to type X on Σr. Sub-
stituting (5.9) into (5.8), we arrive at∫

Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h ŌiδJ̄

i + dr δ

∫
Σr

Lbulk − δ

∫
Σr

WY→X . (5.10)

To simplify the interpretation of this equation, we define the following generator

SX→Y (Σr) = dr

∫
Σr

Lbulk +

∫
Σr

WX→Y , (5.11)

where we have used WX→Y = −WY→X . With this definition, (5.10) can be rewritten as

∫
Σr+dr

√
−h Õi δJ̃

i =

∫
Σr

√
−h ŌiδJ̄

i + δSX→Y (Σr) =

∫
Σr

√
−h ˜̃Oi δ

˜̃J i , (5.12)

where in the second equality, we have used (5.5). As in Section 5.1, this equation admits two interpreta-
tions:

I. Radial evolution: The first equality in (5.12) shows that SX→Y (Σr) governs the transition from
boundary condition type X on Σr to type Y on Σr+dr. Hence, SX→Y (Σr) serves as the generator
of the transition between two different radii, each with arbitrary boundary conditions.

II. Boundary condition evolution: The second equality suggests an alternative perspective, where
SX→Y (Σr) generates a transformation of boundary conditions over Σr, changing them from type X
to another type defined by δ ˜̃J i|Σr = 0.

6 Radial evolution from Dirichlet boundary condition, examples

In this section, we demonstrate how the general formulation discussed in Section 5.1 works in practice by
working out some different examples and explicitly identifying the form of the deformation that extends
holography from the AdS boundary with Dirichlet boundary conditions to a finite-cutoff boundary while
preserving Dirichlet boundary conditions. In the next section, we will explore transitions between different
boundary conditions.
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6.1 GR plus matter in various dimensions

In General Relativity with a negative cosmological constant, the bulk action associated with the Dirichlet
boundary condition on Σr is given by

S =

∫
Mr

LD
bulk =

1

2κ

∫
Mr

√
−g (R− 2Λ + 2κLM) +

1

κ

∫
Σr

(√
−hK + Lct

)
, (6.1)

where κ := 8πG, and LM denotes the matter Lagrangian. The final term includes the Gibbons-Hawking-
York (GHY) boundary term [79, 80] along with counterterms [81]. Notably, when the boundary is at a
finite distance, the on-shell action and other physical quantities remain finite, eliminating the need for
counterterms in a finite-cutoff formulation of holography. However, we include the counterterm Lagrangian
Lct to ensure a finite on-shell action in the asymptotic r → ∞ limit. Its explicit form depends on the
spacetime dimension [81],

d = 2 : Lct = −1

ℓ

√
−h ,

d = 3 : Lct = −2

ℓ

√
−h

(
1 +

ℓ2

4
R̂

)
,

d = 4 : Lct = −3

ℓ

√
−h

(
1 +

ℓ2

12
R̂

)
,

(6.2)

where R̂ is the Ricci scalar of hab and Λ = −d(d−1)
2ℓ2

. The resulting equations of motion are

Rµν −
1

2
Rgµν + Λgµν = κTµν , (6.3)

where Tµν denotes the matter energy-momentum tensor. The renormalized Brown-York energy-momentum
tensor (rBY-EMT), also known as the holographic energy-momentum tensor [81], for general relativity is
given as

T ab = T̊ ab + T ab
ct , (6.4)

where the standard Brown-York energy-momentum tensor (BY-EMT) T̊ ab [82] and the counterterm T ab
ct

are respectively defined through

T̊ ab :=
1

κ
(Kab −Khab) , T ab

ct := −1

κ

2√
−h

δLct

δhab
. (6.5)

The explicit form of EMT counterterm for various spacetime dimensions are as follows

d = 2 : κ T ab
ct =

1

ℓ
hab ,

d = 3 : κ T ab
ct =

2

ℓ
hab − ℓĜab ,

d = 4 : κ T ab
ct =

3

ℓ
hab − ℓ

2
Ĝab ,

(6.6)

where Ĝab is the Einstein tensor of hab. It is worth mentioning that the counter-term EMT, the choice
of the regularization scheme, is fixed upon two requirements: (1) invariance under diffeomorphism at
the boundary which implies divergence-free condition ∇̂aT ab

ct = 0; (2) respecting the Dirichlet boundary
condition. Among other things, these requirements imply that T ab

ct up to order ℓ (in an expansion in
powers of ℓ) is only a function of hab and Ĝab and not on Kab. Furthermore, the expressions in (6.6) are
exact in lower dimensions (d < 5), whereas in higher dimensions (d > 4), additional terms appear [83].
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Using our foliation (2.1), (1 + d)-decomposed Einstein equations in terms of the BY-EMT are

R̂− 2Λ + κ2T̊ ab T̊ab −
κ2 T̊ 2

d− 1
= −2κTss , (6.7a)

∇̂bT̊ b
a = Tsa , (6.7b)

κ

N
DrT̊ab − 2κ2 T̊ c

a T̊bc + κ2
T̊ T̊ab
d− 1

− κ2

(
T̊ ab T̊ab −

T̊ 2

d− 1

)
hab

+
∇̂a∇̂bN

N
− ∇̂c∇̂cN

N
hab − R̂ab = −κTab , (6.7c)

where ∇̂ and R̂ab are the covariant derivative and Ricci tensor associated with hab on Σr, respectively.
We also define the projected components of the matter energy-momentum tensor as Tss := sµsνTµν and
Tsa := sµTµa. While we expressed the Einstein equation in terms of the BY-EMT in (6.7), it can be
readily rewritten in terms of the rBY-EMT (6.4).

We now proceed to compute the deformation action (3.32), given by

Sdeform = −1

2

∫
Σr

√
−h T ab ∂rhab +

∑
i∈matter

∫
Σr

√
−hOi ∂rJ

i + corner terms . (6.8)

Since corner terms at ∂Σr do not affect the equations of motion of the boundary-deformed theory, hereafter
we will omit the contribution of these terms in the calculation of radial deformations. Using the definition
of the extrinsic curvature (2.5), along with (6.4) and (6.5), we obtain the following expression for the
deformation action

Sdeform =− κ

∫
Σr

√
−hN

[
OT T̄ − Tab

(
T ab

ct − Tct

d− 1
hab
)]

+

∫
Σr

√
−hUa Tsa +

∑
i∈matter

∫
Σr

√
−hOi ∂rJ

i .
(6.9)

The first line contains only the gravitational contributions to the deformation, while the second line
captures the matter contributions. The integrand in the first line reveals the higher-dimensional extension
of the well-known TT̄ deformation [55, 56], which takes the form

OT T̄ := T ab Tab −
T 2

d− 1
. (6.10)

In d = 2, (6.10) reduces to the usual TT̄ operator.

Next, we explore how the conjugate variables hab and T ab deform as we move in the radial direction.
The key insights come from two points: 1) the BY-EMT provides the deformation flow equation for the
induced metric, and 2) (6.7c) gives the deformation flow equation for the BY-EMT itself

1

N
Drhab = 2κ

(
T̊ab −

T̊
d− 1

γab

)
,

1

N
DrT̊ab = 2κT̊ c

a T̊bc − κ
T̊ T̊ab
d− 1

+ κ O̊T T̄ hab −
1

κ

∇̂a∇̂bN

N
+

1

κ

∇̂c∇̂cN

N
hab +

1

κ
R̂ab − Tab.

(6.11)

Here, O̊T T̄ = T̊ abT̊ab − T̊ 2

d−1 . Similar equations hold for the matter fields. These are first-order differential
equations with respect to the deformation parameter r. In the following, we present several explicit
examples of matter fields.
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6.2 Pure GR

As a first example, we examine pure General Relativity with LM = 0 and Tµν = 0. In this case, the
deformation action corresponds to the first line of (6.9)

d = 2 : Sdeform = −
∫
Σc

√
−hN

[
κOT T̄ +

T
ℓ

]
, (6.12a)

d = 3 : Sdeform = −
∫
Σc

√
−hN

[
κOT T̄ +

T
ℓ
+ ℓ R̂ab Tab −

ℓ

4
R̂ T

]
, (6.12b)

d = 4 : Sdeform = −
∫
Σc

√
−hN

[
κOT T̄ +

T
ℓ
+

ℓ

2
R̂ab Tab −

ℓ

12
R̂ T

]
. (6.12c)

These expressions illustrate the deformation action for pure GR in different spacetime dimensions. Our
expressions in (6.12) are written in terms of the renormalized Brown-York energy-momentum tensor (BY-
EMT), whereas those in [56] are expressed in terms of the (unrenormalized) BY-EMT. For instance, in
the d = 2 case, when written in terms of the BY-EMT, the deformation action takes the form

Sdeform = −
∫
Σc

√
−hN

[
κ O̊T T̄ − T̊

ℓ

]
. (6.13)

6.3 Einstein-Scalar

As a second example, we consider the Einstein-Scalar theory with the following matter Lagrangian

Lϕ = −1

2

(
gµν∇µϕ∇νϕ+m2ϕ2

)
− V (ϕ) , (6.14)

where the corresponding energy-momentum tensor is given by

Tµν = ∇µϕ∇νϕ+ L
ϕ
gµν . (6.15)

Similar to pure General Relativity, the boundary counterterms depend on the spacetime dimension and,
in this case, also on the mass of the scalar field [77]. The counterterm Lagrangian is given by

Lct = LGR
ct − κ

√
−h

(
d−∆

2
ϕ2 +

1

2(2∆− d− 2)
ϕ2hϕ+ · · ·

)
. (6.16)

Here, ∆ denotes the larger root of the equation ∆(∆− d) = m2, the ellipsis represents higher derivative
terms, and LGR

ct refers to the counterterms for pure General Relativity, as defined in (6.2). In the following,
we focus on the special case ∆ = d/2+1, where the coefficient of term ϕ2hϕ is replaced by 1

2 ln r [77] and
the series terminates; there is no ellipsis terms. Under this condition, the counterterm Lagrangian (6.16)
truncates to

Lct = LGR
ct − κ

2

√
−h

[(
d

2
− 1

)
ϕ2 + ln r ϕ2hϕ

]
. (6.17)

Now we are ready to compute the symplectic potential for this theory, which yields

ΘD(Σr) :=

∫
Σr

Θr
D = −

∫
Σr

√
−h

(
1

2
T ab δhab +Π δϕ

)
+ corner terms , (6.18)

where Π is the normalized canonical conjugate of the scalar field ϕ

Π = Π̊ + Πct , Π̊ = N−1Drϕ , Πct =

(
d

2
− 1

)
ϕ+ ln r2hϕ . (6.19)
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Using this setup, we can compute the deformation action

Sdeform = −
∫
Σc

√
−hN

[
κOT T̄ − κ Tab

(
T ab

ct − Tct

d− 1
hab
)
+Π2 −Πct(Π−N−1Ua∂aϕ)

]
. (6.20)

This expression defines the deformation action for the Einstein-scalar theory, incorporating both gravita-
tional and matter contributions. Finally, we note that in the special case where gravitational contributions
are turned off and Ua = 0, our result reduces to that of [56].

6.4 Einstein-Maxwell

As the third example, we study the Einstein-Maxwell theory, where the electromagnetic Lagrangian is
given by

LEM = −1

4
FµνF

µν , (6.21)

with the associated Maxwell energy-momentum tensor given by

Tµν = FµαFν
α + LEM gµν . (6.22)

The symplectic form of this theory is given by

ΘD(Σr) = −
∫
Σr

√
−h

(
1

2
T ab δhab +Πa δAa

)
+ corner terms , (6.23)

where Πa = N−1(Fr
a −U bFb

a) is the canonical conjugate of the gauge field Aa. Finally, the deformation
action is

Sdeform = −
∫
Σc

√
−hN

[
κOT T̄ − κ Tab

(
T ab

ct − Tct

d− 1
hab
)
+

(
Πa +

U b

2N
Fba

)
Πa

]
. (6.24)

This gives the deformation action for the Einstein-Maxwell theory, including both the gravitational and
gauge field contributions.

6.5 Einstein-Chern-Simon

As the next example, we consider the Abelian Einstein-Chern-Simons theory in d = 2n, with the following
Lagrangian

LACS = γ ϵρµ1ν1···µnνnAρFµ1ν1 · · ·Fµnνn , (6.25)

where γ is the coupling constant. The Chern-Simons term is a topological contribution, meaning it is
independent of the background metric. Consequently, its energy-momentum tensor vanishes, i.e., Tµν = 0.
Furthermore, the equation of motion enforces

ϵρµ1ν1···µnνnFµ1ν1 · · ·Fµnνn = 0 . (6.26)

As a result, the on-shell matter Lagrangian also vanishes, LACS = 0, leaving the deformation action with
only the gravitational contribution, as given by the first line of (6.9) for d = 2n.
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6.6 Radial deformation in Lovelock theories

As the final example in this section, we examine radial deformations in Lovelock theories. Lovelock
theories have second-order equations of motion, and the corresponding symplectic potential, consistent
with Dirichlet boundary conditions, takes the form

ΘD(Σr) = −1

2

∫
Σr

√
−h T ab δhab + corner terms , (6.27)

where T ab denotes the rBY-EMT for Lovelock theories. From (3.32) (neglecting corner terms as before),
we obtain the deformation action

Sdeform = −1

2

∫
Σr

√
−h T ab ∂rhab = −

∫
Σr

√
−hN Kab T ab . (6.28)

In the second equality, we have used ∇̂aT ab = 0 and have once again omitted corner terms. To proceed,
we express Kab in terms of T ab, which necessitates specifying the explicit form of the theory. As an
illustrative example in this theory, we consider the Einstein-Gauss-Bonnet Lagrangian

LD
bulk =

√
−g

2κ

[
R− 2Λ + α

(
R2 − 4RµνR

µν +RµναβRµναβ

)]
+

1

κ
(LGHY + Lct) , (6.29)

where the Gibbons-Hawking-York term, which is the boundary term guaranteeing the Dirichlet boundary
conditions, is given by [84, 85]

LGHY =
√
−h

[
K − 2α

3

(
K3 − 3KK(2) + 2K(3)

)
− 4αĜabK

ab

]
, (6.30)

where K(2) ≡ Ka
bK

b
a and K(3) ≡ Ka

bK
b
cK

c
a. The variation of the total action leads to [84]

Gµν + Λgµν + 2αHµν = 0 , (6.31)

where Hµν captures the contribution of the Gauss-Bonnet Lagrangian

Hµν = RRµν − 2RµαR
α
ν − 2RαβRµανβ +Rµ

αβδRναβδ −
1

4
gµν

(
R2 − 4RαβR

αβ +RαβδτRαβδτ

)
. (6.32)

For this theory, the rBY-EMT is given by

Tab = T̊ab + T ct
ab , T̊ab = T̊ EH

ab + αT̊ GB
ab , (6.33)

where T̊ EH
ab and T̊ ab

GB are as follows

T̊ EH
ab =

1

κ
(Kab −K hab) , (6.34)

T̊ GB
ab =

2

κ

[ (
R̂+K(2) −K2

)
Kab + 2

(
K Ĝab − 2Kc

(aR̂b)c +KKc
aKbc −Kc

aKcdK
d
b − R̂acbdK

cd
)

+

(
1

3
K3 −KK(2) +

2

3
K(3) + 2R̂abK

ab

)
hab

]
.

(6.35)

The dynamical equations are

R̂− 2Λ + κKabT̊ ab + α
(K4

3
− 2K2K(2) + (K(2))2 − 2K(4) +

8

3
KK(3)

+ R̂2 − 4R̂abR̂
ab + R̂abcdR̂abcd

)
= 0 , (6.36a)

∇̂aT̊ ab = 0 , (6.36b)

∂rT̊ab + · · · = 0 , (6.36c)
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where K(4) ≡ Ka
bK

b
cK

c
eK

e
a. The above equations are written in a specific gauge, where N = 1 and

Ua = 0. The ellipses in (6.36c) denote a lengthy expression that is not crucial for the subsequent analysis,
so we omit its explicit form. As mentioned earlier, the explicit form of the counterterms depends on
the spacetime dimension. In particular, the Gauss-Bonnet term in the Lagrangian is purely topological
for d < 4 and does not contribute to the equations of motion. For instance, in d = 4, the counterterm
Lagrangian is given by [85]

Lct = −
√
−h

[
3

ℓ

(
1 +

ℓ2

12
R̂

)
+

α

ℓ

(
− 1

ℓ2
+

3

4
R̂

)]
, (6.37)

where R̂ is the Ricci scalar associated with the induced metric hab. The corresponding counter energy-
momentum tensor is given by

κ T ab
ct =

1

ℓ

[
3hab − ℓ2

2
Ĝab − α

ℓ2

(
hab +

3

2
ℓ2Ĝab

)]
. (6.38)

It is important to emphasize that the BY-EMT in (6.33)-(6.35) is expressed in terms of the extrinsic
curvature. In principle, this equation can be inverted to express the extrinsic curvature as a function
of the BY-EMT and the induced metric, i.e., Kab = Kab[T̊cd;hcd]. Consequently, the right-hand side of
(6.28) can be interpreted as a function of the BY-EMT. However, as is evident from its form, the extrinsic
curvature is a highly nontrivial function of the BY-EMT. Here, we determine the explicit form of Sdeform

up to linear order in α

Sdeform = −
∫
Σr

√
−hN

{
O̊T T̄ + 2α

[
T̊ GB
ab T̊ ab

EH − 2d− 1

2d(d− 1)
T̊EHT̊GB − R̂ T̊ (2)

EH +
d+ 3

d(d− 1)
R̂ T̊ 2

EH

+ 4R̂a
b T̊ EH

ac T̊ bc
EH − 2(5d− 3)

d(d− 1)
T̊EH R̂abT̊ EH

ab + 2R̂acbd T̊ ab
EH T̊ cd

EH + T̊ (4)
EH − T̊ (2)

EH T̊ (2)
EH

− d+ 1

d(d− 1)2
T̊ 4

EH +
(2d2 + 3d− 3)

d(d− 1)2
T̊ 2

EHT̊
(2)

EH − 2(3d− 1)

d(d− 1)
T̊EHT̊ (3)

EH

]
+O(α2)

}
,

(6.39)

where

O̊T T̄ = T̊ ab
EH T̊ EH

ab − T̊ 2
EH

d− 1
, T̊ (2)

EH ≡ (T̊EH)
a
b (T̊EH)

b
a ,

T̊ (3)
EH ≡ (T̊EH)

a
b (T̊EH)

b
c(T̊EH)

c
a , T̊ (4)

EH ≡ (T̊EH)
a
b (T̊EH)

b
c(T̊EH)

c
e(T̊EH)

e
a .

(6.40)

We expressed Sdeform in terms of the BY-EMT, however, upon (6.33) it can also be rewritten in terms of
the rBY-EMT.

We conclude this section by emphasizing a key point. We have constructed deformation flow equations
for various examples, including (6.12), (6.20), (6.24), and (6.39). These deformation actions involve
operators of different scaling dimensions, among them the TT̄ operator, which is an irrelevant double-
trace deformation. We note that the irrelevant multi-trace operators can be analyzed in the gauge/gravity
correspondence limit we consider here. In other words, we interpret the boundary theory as an effective
action and consequently restrict our focus to effective large N limit. This effective field theory perspective
is consistently adopted throughout the paper for all boundary conditions considered.

7 Radial evolution of arbitrary boundary conditions

In Section 5.2, we constructed the boundary deformation procedure that facilitates the transition from
boundary condition X on Σr to boundary condition Y on Σr+dr. In this section, we present concrete
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examples of such transitions. Specifically, we consider the following cases:

X → Y, where X,Y ∈ {Dirichlet, Neumann, Conformal, Conformal Conjugate} . (7.1)

For simplicity, we focus on pure gravity without matter fields; however, incorporating matter fields is a
straightforward extension of the examples from the previous section. Throughout this section, we ignore
corner terms and consider only codimension-one contributions. We should note that our definition of
Neumann and conformal boundary conditions are as defined in [34] (cf. section 5 there), which is slightly
different than the one used in the literature.

7.1 Dirichlet to different boundary conditions

In this subsection, we examine the transition from Dirichlet boundary conditions at radius r1 to Dirichlet,
Neumann, Conformal, and Conformal Conjugate boundary conditions at radius r2.

Dirichlet to Dirichlet. The generator that governs the transition between different radii with distinct
boundary conditions is given by (5.11)

SX→Y = dr

∫
Σr

(LD
bulk + ∂rWbulk) +

∫
Σr

WX→Y . (7.2)

The Dirichlet boundary condition on Σr is defined as δhab
∣∣
Σr

= 0. For the Dirichlet-to-Dirichlet transition
(X ≡ D → Y ≡ D), we set

Wbulk = 0 , WD→D = 0 . (7.3)

As the result, we obtain (6.12), where

SD→D = dr

∫
Σr

LD
bulk = dr Sdeform . (7.4)

This type of transition corresponds to the seminal TT̄ deformation.

Dirichlet to Neumann. The Neumann boundary condition on Σr is defined as δ(
√
−h T ab)

∣∣
Σr

= 0.
For Dirichlet to Neumann transition, we choose

Wbulk = 0 , WD→N =
1

2

√
−h T . (7.5)

Therefore, the generator of the Dirichlet to Neumann transition is given by

SD→N = SD→D +
1

2

∫
Σr

√
−h T . (7.6)

Dirichlet to Conformal. The conformal boundary condition [59, 62–64, 86–90] on Σr is defined by
δgab

∣∣
Σr

= 0 and δT
∣∣
Σr

= 0, where the determinant-free boundary metric is given by gab := (−h)−1/dhab.
The Dirichlet-to-conformal transition provides

Wbulk = 0 , WD→C =
1

d

√
−h T . (7.7)

Hence,

SD→C = SD→D +
1

d

∫
Σr

√
−h T . (7.8)

– 23 –



Dirichlet to Conformal Conjugate. The conformal conjugate boundary conditions were first intro-
duced in [34]. These conditions are defined as δ(

√
−hTab)

∣∣
Σr

= 0 and δ
√
−h
∣∣
Σr

= 0, where Tab is the
rescaled, trace-free EMT

Tab := (−h)1/d
(
T ab − T

d
hab
)

.

This transition from Dirichlet to conformal conjugate occurs under the conditions

Wbulk = 0 , WD→CC = 0 , (7.9)

which match those of the Dirichlet case (7.3). Consequently, the deformation remains identical to (7.4).

7.2 Neumann to different boundary conditions

Here in this subsection, we study the transition from Neumann boundary conditions at radius r1 to
Neumann, Dirichlet, Conformal, and Conformal Conjugate boundary conditions at radius r2.

Neumann to Neumann. We are now considering the transition from Neumann to Neumann boundary
conditions. To implement this transition, we choose Wbulk and WN→N as follows

Wbulk =
1

2

√
−h T , WN→N = 0 . (7.10)

With this choice, the deformation action takes the form

SN→N = dr

∫
Σr

(
LD

bulk + ∂rWbulk
)
. (7.11)

To complete the derivation, we express ∂rWbulk in terms of boundary variables. The calculations are
straightforward; for details, see Appendix A. The boundary deformation action for different dimensions
is given by

d = 2 : SN→N = dr

∫
Σr

N
√
−h

[
−κ

2
OT T̄ − T

ℓ

]
,

d = 3 : SN→N = dr

∫
Σr

N
√
−h

[
−T
2ℓ

+
ℓ

2
R̂abT ab − ℓ

8
R̂T +

ℓ2

2
R̂abR̂

ab − 3ℓ2

16
R̂2

]
,

d = 4 : SN→N = dr

∫
Σr

N
√
−h

[
κ

2
OT T̄ +

ℓ

2
R̂abT ab +

ℓ

4
R̂T +

ℓ2

8
R̂abR̂

ab − ℓ2

24
R̂2

]
.

(7.12)

As seen from the second line of the above equation, the TT̄ operator does not appear in asymptotic
AdS4 bulk spacetime. This follows directly from the fact that in four dimensions, a well-defined action
principle with Neumann boundary conditions does not require the Gibbons-Hawking-York term [91]. More
precisely, the coefficient of OT T̄ in d+1 spacetime dimensions is given by d−3

2 , which is negative for d = 2,
zero for d = 3, and positive for all d > 3.

Neumann to Dirichlet. The transition from Neumann to Dirichlet boundary conditions is imple-
mented through the following choices

Wbulk =
1

2

√
−h T , WN→D = −1

2

√
−h T . (7.13)

As a result, the boundary deformation action takes the form

SN→D = SN→N − 1

2

∫
Σr

√
−h T . (7.14)
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Neumann to Conformal. For Neumann to Conformal transition, we choose

Wbulk =
1

2

√
−h T , WN→C = −d− 2

2d

√
−h T . (7.15)

Hence,

SN→C = SN→N − d− 2

2d

∫
Σr

√
−h T . (7.16)

Neumann to Conformal Conjugate. For this transition, the W terms must be chosen as in (7.13).
Consequently, the deformation action is given by (7.14).

7.3 Conformal to different boundary conditions

For the next case, we examine the transition from Conformal boundary conditions at radius r1 to Con-
formal, Dirichlet, Neumann, and Conformal Conjugate boundary conditions at radius r2.

Conformal to Conformal. We now consider the transition from Conformal to Conformal boundary
conditions. To implement this transition, we choose

Wbulk =
1

d

√
−h T , WC→C = 0 . (7.17)

This leads to the following boundary deformation action:

d = 2 : SC→C = dr

∫
Σr

N
√
−h

[
−κ

2
OT T̄ − T

ℓ

]
,

d = 3 : SC→C = dr

∫
Σr

N
√
−h

[
−κ

3
OT T̄ − 2T

3ℓ
+

ℓ2

3
R̂abR̂

ab − ℓ2

8
R̂2

]
,

d = 4 : SC→C = dr

∫
Σr

N
√
−h

[
−κ

4
OT T̄ + R̂ab T ab − T

2ℓ
+

ℓ2

16
R̂abR̂

ab − ℓ2

48
R̂2

]
.

(7.18)

The coefficient of OT T̄ in d+ 1 spacetime dimensions is −1
d , which remains negative in all dimensions.

Conformal to Dirichlet. To transition from Conformal to Dirichlet, we choose the following W -terms

Wbulk =
1

d

√
−h T , WC→D = −1

d

√
−h T . (7.19)

Thus, the boundary deformation action takes the form

SC→D = SC→C − 1

d

∫
Σr

√
−h T . (7.20)

Conformal to Neumann. To transition from Conformal to Neumann, we choose the following W -
terms

Wbulk =
1

d

√
−h T , WC→N =

d− 2

2d

√
−h T . (7.21)

As a result, the boundary deformation action becomes

SC→N = SC→C +
d− 2

2d

∫
Σr

√
−h T . (7.22)
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Conformal to Conformal Conjugate. This transition occurs with W terms (7.19). Consequently,
the boundary deformation remains the same as in (7.20).

We conclude this section by noting that the transition from Conformal Conjugate boundary condi-
tions to other boundary conditions follows the same procedure as in the Dirichlet case (see Section 7.1).
Therefore, we do not repeat it here. To clarify this point further, we recall that in [34], we demonstrated
that a given W -term corresponds to two distinct boundary conditions. While that analysis focused on
asymptotic infinity, the result is general and holds at any finite radius as well. By construction, these two
boundary conditions share the same W -terms and, consequently, the same boundary deformation action.

8 Hydrodynamic deformations

In this section, we investigate hydrodynamic deformations—transformations that map one hydrodynamic
system to another. We start with a phase space described by the canonical pair (hab,

√
−h T ab) and,

after the deformation, obtain a new canonical pair (h̃ab,
√

−h̃ T̃ ab). Both configurations preserve their
hydrodynamic interpretation, satisfying the conservation laws ∇̂aT ab = 0 and ∇̃aT̃ ab = 0, where ∇̂a and
∇̃a denote the covariant derivatives associated with hab and h̃ab, respectively.

We focus on two distinct classes of hydrodynamic deformations: 1. Extrinsic hydrodynamic defor-
mation: A one-function family of deformations characterized by an arbitrary function of the trace of the
EMT. 2. Intrinsic hydrodynamic deformation: A class of deformations defined in terms of an arbitrary
function of the intrinsic geometric variables of the boundary. The first class of deformations was initially
introduced in [92], with a special case examined in [63]. It was later explored in detail within the frame-
work of freelance holography [34]. The second class is often employed as a regularization procedure for
boundary variables.

8.1 Extrinsic hydrodynamic deformation

Consider the following one-function family of extrinsic deformations:

h̃ab = Ω−1hab , T̃ ab = Ω1+ d
2

[
T ab − 1

2
G(T )hab

]
, (8.1)

where Ω = Ω(T ) is an arbitrary function of the trace of the rBY-EMT. This function characterizes the
one-function family of hydrodynamic deformations. The function G(T ) is determined in terms of Ω as

G(T ) =
2

d

(
T − Ω−d/2

∫ T

0
Ωd/2 dT

)
. (8.2)

The Dirichlet symplectic potentials of the two hydrodynamic frames are related as

−1

2

∫
Σr

√
−h̃ T̃ ab δh̃ab = −1

2

∫
Σr

√
−h T ab δhab +

1

2
δ

(∫
Σr

√
−hG(T )

)
. (8.3)

This relation encapsulates how the symplectic structure transforms under the hydrodynamic deformations.

We would like to emphasize here a key point. In this paper, we introduced various deformations,
with a particular focus on TT̄-like deformations, which involve quadratic combinations of the EMT.
Additionally, we considered another class of deformations—those governed by an arbitrary function of
the trace of the EMT—which we explored in detail within the framework of freelance holography [34].
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The crucial insight we wish to highlight is that Einstein’s equations establish a connection between these
different types of deformations. To make this connection explicit, let us examine (6.7a)

R̂− 2Λ + κ2OT T̄ + κ2Oct
T T̄ − 2κ2

(
T abT ct

ab +
T Tct

d− 1

)
= 0 , (8.4)

where we have omitted matter fields and used the identity

O̊T T̄ = OT T̄ +Oct
T T̄ − 2

(
T abT ct

ab − T Tct

d− 1

)
,

where Oct
T T̄ := T ab

ct T ct
ab − T 2

ct
d−1 . Equation (8.4) establishes a relationship between linear and quadratic

combinations of the rBY-EMT. In the special case of d = 2, this relation simplifies to

κ2OT T̄ +
2κ

ℓ
T + R̂ = 0 , (8.5)

where we have used (6.6). For the higher-dimensional cases, see (A.7). This result implies that trace
deformations—governed by an arbitrary function of T —can alternatively be interpreted as deformations
involving an arbitrary function of OT T̄ , albeit with an additional curvature term R̂.

8.2 Intrinsic hydrodynamic deformations

In this subsection, we investigate another class of hydrodynamic deformations. We begin with the following
deformation of the Dirichlet symplectic potential, given by

−1

2

∫
Σr

√
−h T ab δhab + δ

∫
Σr

√
−hWint[hab, R̂abcd, ∇̂] , (8.6)

where Wint[hab, R̂abcd, ∇̂] is constructed purely from intrinsic boundary variables. Recall that

δ(
√
−hWint[hab, R̂abcd, ∇̂]) = −1

2

√
−h T ab

intδhab + corner terms , (8.7)

and that the Bianchi identity associated with Wint[hab, R̂abcd, ∇̂] guarantees the conservation of T ab
int , i.e.,

∇̂aT ab
int = 0 . (8.8)

Combining (8.7) with (8.6), we obtain

−1

2

∫
Σr

√
−h T ab δhab + δ

∫
Σr

√
−hWint[hab, R̂abcd, ∇̂] = −1

2

∫
Σr

√
−hTab δhab , (8.9)

where we define the modified stress tensor as

Tab := T ab + T ab
int , ∇̂aT

ab = 0 . (8.10)

From (8.9) and (8.10), it follows that the canonical pair (hab,
√
−hTab) retains a hydrodynamic interpre-

tation, still with Dirichlet boundary conditions δhab = 0 on Σr.
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8.3 Evolving radially among hydrodynamic frames

In the previous sections, we introduced radial evolving deformations (TT̄-like deformations) for transitions
between boundaries at different radii and with different boundary conditions. Now, we address the ques-
tion of whether these deformations are hydrodynamic in nature. Recall that we provided two distinct in-
terpretations for TT̄-like deformations. In the radial evolving picture, the answer to this question is clearly
affirmative. For example, in the Dirichlet-to-Dirichlet transition, we have a hydrodynamic frame on Σr

with (hab,
√
−h T ab)

∣∣
Σr

and evolve to another hydrodynamic frame on Σr+dr with (hab,
√
−h T ab)

∣∣
Σr+dr

.
Next, we ask whether the second interpretation also describes a hydrodynamic system. To explore this,
we present Dirichlet-to-Dirichlet boundary deformations in d = 2, with more general cases following as
extensions along similar lines.

In d = 2, the deformation action is given by (6.12a)

Sdeform = −
∫
Σr

√
−hN

[
κOT T̄ + ℓ−1 T

]
. (8.11)

Using (8.5), we now express OT T̄ in terms of R̂ and T . With this relation, we can rewrite the deformation
action as

Sdeform =

∫
Σr

√
−h

(
κ−1 R̂+

T
ℓ

)
, (8.12)

where we set N = 1. Varying Sdeform gives

δSdeform = −κ−1

∫
Σr

√
−h Ĝab δhab + δ

∫
Σr

√
−h ℓ−1 T . (8.13)

Rewriting (5.5) for the special case we are exploring here, we obtain

−1

2

∫
Σr

√
−h T ab δhab + dr δSdeform = −1

2

∫
Σr

√
−hTab δhab + dr δ

∫
Σr

√
−h ℓ−1T , (8.14)

where Tab is given by
Tab = T ab + 2dr κ−1Ĝab , T = T . (8.15)

(Note that in d = 2 Einstein tensor Ĝab is traceless.) Our final step is to absorb the last term in (8.14)
into the canonical term. Comparing with (8.3), we find G(T) = 2ℓ−1 drT. Thus, Ω(T) is given by

Ω(T) = Tα , α = 2ℓ−1 dr . (8.16)

Finally, we obtain

−1

2

∫
Σr

√
−h T ab δhab + dr δSdeform = −1

2

∫
Σr

√
−h̃ T̃ab δh̃ab , (8.17)

where

h̃ab = (1− α lnT)hab , T̃ab = Tab + α

(
2 lnTT ab − T

2
hab
)

. (8.18)

From this, we conclude that in d = 2, radially evolving deformations indeed admit a hydrodynamic
interpretation.
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9 Summary, discussion, and outlook

The central theme of the Freelance Holography program (Parts I and II) is to free holography from fixed
boundary and boundary conditions, employing the covariant phase space formalism (CPSF). In [34], we
extended the standard gauge/gravity duality to accommodate arbitrary boundary conditions for bulk
fields at the AdS asymptotic boundary. In this work, by introducing suitable boundary deformations, we
pushed the AdS boundary inward, formulating a holographic framework at a finite cutoff surface (any
arbitrary codimension-one timelike surface inside AdS) while allowing for arbitrary boundary conditions
at the cutoff.

Previous attempts at constructing holography at a finite distance have primarily focused on imposing
Dirichlet boundary conditions at the cutoff (within the TT̄ deformation setup) [42, 55, 56]. However, it is
important to note that defining holography at a finite distance with strict Dirichlet boundary conditions
is not well-posed [57–64]. Nonetheless, it has been argued that conformal boundary conditions can lead
to well-posed formulations [59, 62, 63, 93, 94].5 This suggests that developing holography beyond the
Dirichlet setup is not only natural but necessary. One of the central aims of this paper is to construct a
holographic framework at a finite cutoff that accommodates arbitrary boundary conditions. A detailed
classification of boundary conditions that lead to a well-posed theory is left for future work.

Another key objective of this program was to explore the freedoms inherent in the CPSF within
the context of holography. These freedoms emerge from the application of the Poincaré lemma in both
the spacetime and the field space. On a global level, they arise due to the presence of boundaries and
corners. Resolving these ambiguities requires additional physical input. At the same time, the AdS/CFT
dictionary establishes a correspondence between bulk and boundary theories, where the latter resides on
spacetime with one lower spatial dimension. This naturally raises the question of whether holography itself
provides a way to fix these freedoms. In the Freelance Holography program, we addressed these questions
affirmatively both at the asymptotic AdS boundary and at a finite cutoff surface, using holography to fix
the freedoms/ambiguities in both bulk and boundary descriptions.

We now highlight some subtle but important aspects of our framework. A key feature of the defor-
mations we consider is that they are not arbitrary, but are constrained by underlying Hamiltonian and
momentum constraints in the radial ADM decomposition. For instance, see (8.5) for d = 2, and (A.7) for
d = 3 and d = 4. As is evident from the explicit form of these constraints, they relate different types of
operators to one another. For example, the trace of the stress tensor—which corresponds to a marginal
operator—is dynamically linked to the T T̄ operator, which is formally irrelevant. In this respect, the
deformation flow in our setup differs significantly from standard deformation flows typically encountered
in quantum field theory. A more detailed analysis of this structure is deferred to future work.

Below, we highlight several promising directions for future research that we plan to explore:

Null boundaries. In this paper, we explored the radial transition from the timelike boundary of AdS
spacetimes to another timelike boundary at a finite distance. An intriguing question arises: What happens
if we continue moving the AdS boundary inward until it reaches a null boundary? Null boundaries are
particularly interesting and important as they include black hole horizons. Moreover, null boundary arises
in AdS space in Poincaré patch, the Poincaré horizon. If we can consistently deform the AdS boundary
theory to reach a null boundary, we obtain an effective boundary theory that resides on the black hole
horizon. This opens the door to investigating key problems such as the black hole membrane paradigm,

5See, however, [95] for a counter-argument.
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black hole microstates, and the black hole information problem. Moreover, we could extend this approach
further by moving the boundary inside the black hole and exploring questions related to the black hole
interior.

Interpolating between two finitely away boundaries. In this paper, we derived the explicit form
of the deformation action for an infinitesimal radial transition between two nearby boundaries. Extending
this to finite-distance transitions requires integrating the bulk dynamical equations (see (6.11) for general
relativity in various dimensions). However, a key point is that this integration only involves solving the
radial evolution of the bulk field equations. In d = 2, the radial dependence of bulk fields can generally
be solved exactly [65, 72, 75, 78, 96, 97]. In higher dimensions, however, exact solutions are only available
for special cases. Instead of relying on exact solutions, one can approach the problem perturbatively—an
approach that aligns with the construction of the solution space [77, 98].

Other asymptotes. In this paper, we focused on asymptotically AdS spacetimes and utilized the
gauge/gravity correspondence. In recent years, TT̄ deformations have provided new avenues for construct-
ing holography in spacetimes with different asymptotics, particularly in the context of asymptotically dS
spacetimes. The key idea is to start with AdS spacetime and use TT̄ deformations to evolve inward
until reaching a null boundary inside AdS. Since locally, one cannot distinguish between a cosmological
horizon and a black hole horizon, this suggests that the deformation effectively places the theory at a
cosmological horizon. From there, additional deformations—including those involving the cosmological
constant—can be used to transition toward asymptotically dS spacetimes [99–105]. While this approach
has been explored in the context of dS holography, the same idea is also applicable to asymptotically
flat spacetimes. Developing such a flat space holography framework and comparing its implications with
existing proposals [106–109] would be an interesting direction for future research.

Radial evolution as hydrodynamic deformation. In this paper, in addition to deformations gov-
erning radial evolution, we introduced two classes of hydrodynamic deformations—transformations that
map one hydrodynamic phase space to another. This raises a natural question: Are the deformations driv-
ing radial evolution inherently hydrodynamic? We explored this question in d = 2 and found a positive
answer. It would be interesting to extend this analysis to higher dimensions.
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A Detailed Calculations for Section 7

In this appendix, we present the detailed calculations related to Section 7. Our primary goal is to express
∂rT in terms of boundary variables.

We begin by noting that T consists of two parts

T = T̊ + Tct ,

then, we compute the radial derivative of each term separately. First, for T̊ , we obtain

∂r

(√
−h T̊

)
= N

√
−h

[
(d− 1)O̊T T̄ − d(d− 1)

ℓ2

]
+ total derivative terms. (A.1)
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This result follows from the rr-component of the Einstein field equations

DrT̊ = (d− 1)2̂N + (d− 1)N T̊abT̊ ab − d− 2

d− 1
N T̊ 2 − d(d− 1)

ℓ2
N. (A.2)

Next, we compute ∂r
(√

−h Tct
)
. The counterterm Tct depends on the spacetime dimension, as given

in Eq. (6.6)

d = 2 : κ Tct =
2

ℓ
, d = 3 : κ Tct =

6

ℓ
+

ℓ

2
R̂, d = 4 : κ Tct =

12

ℓ
+

ℓ

2
R̂. (A.3)

Now, we compute the radial derivative for each case separately. Straightforward calculations yield:

d = 2 : ∂r

(√
−h Tct

)
= −2ℓ−1N

√
−hT̊ + total derivative terms,

d = 3 : ∂r

(√
−h Tct

)
= −N

√
−h

[
ℓR̂abT̊ ab +

12− ℓ2R̂

4ℓ
T̊

]
+ total derivative terms,

d = 4 : ∂r

(√
−h Tct

)
= −N

√
−h

[
ℓR̂abT̊ ab +

24− ℓ2R̂

6ℓ
T̊

]
+ total derivative terms.

(A.4)

Where, we have used the condition ∇̂aT̊ ab = 0. Combining Eqs. (A.1) and (A.3), we obtain:

d = 2 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−h

[
O̊T T̄ − 2T̊

ℓ
− 2

ℓ2

]
,

d = 3 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−h

[
2O̊T T̄ − 6

ℓ2
− ℓR̂abT̊ ab − 12− ℓ2R̂

4ℓ
T̊

]
,

d = 4 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−h

[
3O̊T T̄ − 12

ℓ2
− ℓR̂abT̊ ab − 24− ℓ2R̂

6ℓ
T̊

]
.

(A.5)

Finally, rewriting these expressions in terms of the rBY-EMT, we obtain the final result:

d = 2 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−hOT T̄ ,

d = 3 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−h

[
2OT T̄ +

T
ℓ
− 3

4
ℓR̂T + ℓ2R̂abR̂

ab − 3

8
ℓ2R̂2 + 3ℓR̂abT ab

]
,

d = 4 :

∫
Σr

∂r(
√
−h T ) =

∫
Σr

N
√
−h

[
3OT T̄ +

2T
ℓ

+
ℓ

3
R̂T +

ℓ2

4
R̂abR̂

ab − ℓ2

12
R̂2 + 2ℓR̂abT ab

]
.

(A.6)

We conclude this section by noting that the constraint equations (6.7a), expressed in terms of the
rBY energy-momentum tensor, are given by

d = 3 : κ2OT T̄ + 2κ
T
ℓ
+ 2κ ℓR̂ab T ab − 1

2
κ ℓR̂ T + ℓ2

(
R̂ab R̂

ab − 3

8
R̂2

)
= 0 ,

d = 4 : κ2OT T̄ + 2κ
T
ℓ
+ κ ℓR̂ab T ab − 1

6
κ ℓR̂ T +

ℓ2

12

(
3R̂ab R̂

ab − R̂2
)
= 0 .

(A.7)

It is interesting to note that the last terms in parentheses in the equations above are related to higher
curvature terms in New Massive Gravity (NMG) [110] and critical gravity actions [111], respectively. We
will explore this observation in more detail in future work.
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B Radial transformations

This section shows how different components of the covariant spin 0, 1, and 2 fields in the radial ADM
decompositions transform under diffeomorphisms. Take ξ = ξµ∂µ = ξ ∂r + ξ̄a∂a to be a generic diffeomor-
phism, then a scalar, a one-form, and a metric transform respectively as:

Scalar field. For a scalar field, Φ, we have

δξΦ = LξΦ = ξ ∂rΦ+ Lξ̄Φ . (B.1)

One-form field. Also, for a one-form field, Aµ dx
µ = ϕ dr +Aa dx

a, we find

δξϕ = ∂r(ϕ ξ) + Lξ̄ϕ+Aa∂r ξ̄
a , (B.2a)

δξAa = ξ ∂rAa + Lξ̄Aa + ϕ∂aξ . (B.2b)

Metric. The components of the metric (2.1) transform as follows

δξN = ∂r(N ξ) + Lξ̄N −N Ua∂aξ , (B.3a)

δξU
a = ∂r(ξ̄

a + ξ Ua) +N2hab∂bξ + Lξ̄U
a − UaLUξ , (B.3b)

δξhab = Lξ̄hab + ξ ∂rhab + 2U(a∂b)ξ . (B.3c)

Radial transformation. For the case ξ = ∂r, the variations are given by

δ∂rΦ = ∂rΦ , δ∂rAµ = ∂rAµ , δ∂rgµν = ∂rgµν . (B.4)
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