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Abstract

We present a new approach for solving systems of linear equations with tensor networks
based on the quantum HHL algorithm. We first develop a novel HHL in the qudits formal-
ism, the generalization of qubits, and then transform its operations into an equivalent
classical HHL, taking advantage of the non-unitary operations that they can apply. The
main novelty of this proposal is to perform a classical simulation as efficiently as possible
of the HHL to benchmark the algorithm steps according to its input parameters and the
input matrix. We apply this algorithm to three simulation problems, comparing it with
an exact inversion algorithm, and we compare its performance against an implementa-
tion of the original HHL simulated in the Qiskit framework, providing both codes. Our
results show that our approach can achieve a promising performance in computational
efficiency to simulate HHL process without quantum noise, providing a lower bound.
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1 Introduction19

The solution of linear equation systems Ax⃗ = b⃗ is a fundamental problem in many areas20

of science and engineering. Classical methods for solving these equations, such as Gaussian21

elimination and LU decomposition [1], have been widely used and optimized for decades [2,3].22

However, as the size of the system grows, classical methods become computationally expensive23

and inefficient. One of the most efficient classical methods is the conjugate gradient method24

(CG) [4, 5], which has a complexity of O
�

Nsκ log
�1
ε

��

for a matrix N × N with a maximum25

of s non-zero elements per row, κ ≡ λmax
λmin

, being λ the eigenvalues of the matrix A and ε the26

error.27

Quantum computers offer the potential to solve some challenging problems more effi-28

ciently than classical computers. In particular, the HHL algorithm proposed by Harrow, Has-29

sidim, and Lloyd in 2008 [6,7] is a method for solving linear equations that runs in polynomial30

time, where the polynomial depends logarithmically on the size of the system. However, it is31

intended for the calculation of the expectation values in O
�

log(N)s2κ2/ε
�

, since it loses its32

advantage in the case of extracting the explicit solution.33

Recently, there has been growing interest in using qudits [8] and tensor networks [9,10] to34

implement different quantum algorithms. Qudits are generalized qubits with more than 2 basis35

states. Tensor networks are classical representations of tensor algebra equations, providing an36

efficient way to represent and manipulate certain types of high-dimensional systems, such as37

quantum states with low entanglement [11], or compressing machine learning models [12,13],38

enabling quick computations with classical computers [14,15].39

In this paper, we propose a novel approach for solving linear equations using qudits and40

tensor networks. We demonstrate how this approach can be used to efficiently solve systems41

of linear equations with a large number of variables, and we compare the performance of our42

approach with existing quantum and classical methods. The main contributions of this work43

are the following.44

• The formulation of a qudit HHL algorithm.45

• The formulation and implementation of a classical tensor network algorithm to classi-46

cally simulate the best expected performance of the HHL algorithm.47

• Comparison of this algorithm against the conjugate gradient method in different scenar-48

ios.49

Our results show that our approach can achieve a promising performance in computational50

efficiency to simulate the HHL process without quantum noise and solving systems of linear51
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equations. However, it does not improve the performance of the state-of-the-art best-known52

linear solver algorithm, and it is not intended to do so.53

The paper is organized as follows. Initially, in Sec. 2, we present a concise overview of54

classical algorithms designed to solve linear equations, as well as the HHL algorithm, omit-55

ting detailed quantum computing concepts. Subsequently, in Sec. 3, we introduce an in-56

novative qudit algorithm that enhances the original HHL. Following this, Sec. 4 describes57

the classical tensor network approach to simulate the optimal HHL performance and ana-58

lyze its complexity. Sec. 5 is devoted to comparing our novel algorithm with the conjugate59

gradient method and traditional HHL. In the final section, Sec. 6, we apply the algorithm60

to three simulation problems, contrasting it with an exact inversion algorithm, and evalu-61

ate its performance relative to an implementation of the HHL algorithm simulated via the62

Qiskit framework. All code is available in the GitHub repository https://github.com/DOKOS-63

TAYOS/Tensor_Networks_HHL_algorithm.git and there is a brief spanish explanation of the64

paper in the video Algoritmo HHL con Tensor Networks y qudits.65

2 Background66

There exist several algorithms for solving systems of linear equations, but we will introduce67

only a few interesting ones. All of them solve the system of linear equations68

Ax⃗ = b⃗, (1)

where A is an invertible matrix N×N , x⃗ is the vector we want to obtain and b⃗ is another vector,69

both of dimension N .70

The first is Gaussian elimination, which consists of reducing the augmented matrix [A|b]71

to a matrix of the row echelon through row addition operations and transforming it into a72

diagonal matrix with the required solutions. Its computational complexity is O(N3). It is73

widely used in small cases, but when matrices become too large, other methods are applied74

because of its prohibitive cubic cost. Another extended algorithm is the LU decomposition [1],75

which can be viewed as another way to perform Gaussian elimination. It decomposes the76

matrix A into two matrices L (lower triangular) and U (upper triangular) that satisfy A= LU . It77

has the same complexity as Gaussian elimination. Following the same line, there is the Cholesky78

decomposition [16], which consists of decomposing a Hermitian positive definite matrix A into a79

lower triangular matrix L with real positive diagonal entries that satisfy A= LL∗. Its complexity80

is O(n3), but it has half the cost of LU decomposition. This method is widely used for Monte81

Carlo simulation.82

In the field of iterative methods, the most simple one is the Jacobi algorithm [17]. First,83

we decompose the matrix A into three matrices D diagonal, L lower triangular, and U upper84

triangular such that A= D+ L + U . Then, we apply for the k-th iteration85

x⃗ (k+1) = D−1
�

b⃗− (L + U) x⃗ (k)
�

(2)

until it converges. Its complexity is O(N2) for each step in the dense case and can take advan-86

tage of the sparsity of A. For this reason, it is used in large problems.87

An improvement of this method is the Gauss-Seidel algorithm for definite positive matrices,88

or strictly diagonally dominant matrices, with no zero diagonal elements. In this case, the89

iteration is made with90

x (k+1)
i =

1
aii

 

bi −
i−1
∑

j=1

ai j x
(k+1)
j −

n
∑

j=i+1

ai j x
(k)
j

!

. (3)

3

https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://www.youtube.com/watch?v=bxmZDIblxmI&list=PLL6OBevU4q9CfaXXw4aivzPFhNxmG6NpW&index=1


SciPost Physics Lecture Notes Submission

This method has the advantage in the storage, allowing one to rewrite the first iteration vector,91

which enables to address larger problems, but it is much harder to implement in parallel.92

Another iterative algorithm is the well-known conjugate gradient method [4] for large93

sparse positive semidefinite matrices. Two non-zero vectors v⃗ and w⃗ are conjugate with respect94

to A if95

v⃗T Aw⃗= 0. (4)

If we define a set P = {p⃗0, p⃗1, . . . , p⃗N−1} of mutually conjugate vectors with respect to A, then96

P forms a base on RN and97

x⃗ =
N−1
∑

i=0

αi p⃗i =⇒ Ax⃗ =
N−1
∑

i=0

αiAp⃗i . (5)

Multiplying the problem by the left with p⃗T
j98

p⃗T
j · b⃗ = p⃗T

j Ax⃗ =
N−1
∑

i=0

αi p⃗
T
j Ap⃗i = α j p⃗

T
j Ap⃗ j , (6)

then99

α j =
p⃗T

j · b⃗

p⃗T
j Ap⃗ j

. (7)

So, we need to obtain a set P and then compute the α j values. However, if we choose good p⃗i100

vectors, we may not need to compute all of them to solve the problem. So, we will solve the101

problem approximately. We have an initial guess x⃗0, and we define a function to minimize102

f ( x⃗) =
1
2

x⃗ T Ax⃗ − x⃗ T · b⃗. (8)

Due to ∇ f ( x⃗) = Ax⃗ − b⃗, we take p⃗0 = b⃗− Ax⃗0. Being r⃗ j the residual of the j-th step, and the103

negative gradient of f in x⃗ j104

r⃗ j = b⃗− Ax⃗ j . (9)

To obtain a vector p⃗ j conjugate to the other ones, we apply105

p⃗ j = r⃗ j −
∑

i< j

r⃗T
j Ap⃗i

p⃗T
i Ap⃗i

p⃗i , (10)

and we update x⃗ j+1 = x⃗ j +α j p⃗ j with106

α j =
p⃗T

j ·
�

b⃗− Ax⃗ j

�

p⃗T
j Ap⃗ j

=
p⃗T

j · r⃗ j

p⃗T
j Ap⃗ j

(11)

until the residual is small enough.107

Similar methods such as the generalized minimal residual method [18] and the biconjugate108

gradient stabilized method [19] are based on similar ideas as improvements for more general109

problems. All of these algorithms require matrix-vector multiplications, so their complexity is110

at least linear in the dimension of the problem.111

In this context, the quantum linear solver algorithm HHL [6] provides a computational112

advantage. Now, we briefly introduce the standard HHL algorithm in qubits in order to better113

understand the algorithm we will formalize.114
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b

QPE

inv

QPE

|0⟩ancilla

|0⟩
clock

|0⟩
|0⟩

|0⟩
state

|0⟩
|0⟩

-1

|0⟩
|0⟩
|0⟩

|x⟩

|1⟩

Figure 1: Quantum HHL in qubits with n= nc = 3.

For this algorithm, we need n = ⌈log2 N⌉ qubits to encode the vector b⃗, nc clock qubits to115

encode the possible eigenvalues of A and one auxiliary qubit for the inversion with respect to116

these eigenvalues. The whole circuit can be summarized in Fig. 1.117

We encode the state b⃗ in the amplitudes of the n state qubits118

|b〉=
2n−1
∑

i=0

bi|i〉=
2n−1
∑

i=0

βi|ui〉, (12)

where bi are the normalized components of the vector b⃗, |i〉 are the computational bases119

states and |ui〉 the eigenvector associated with the eigenvalue λi of A. We use an operator b to120

initialize it. It is important to note that the difference between N and 2n will be completed with121

zeros in the vector and a matrix proportional to the identity in A, wasting resources. Moreover,122

we need a method to generate this state |b〉 or the b operator [20].123

The second thing we do is calculate the evolution operator124

U = eiA′τ, (13)

being τ a hyperparameter to rescale the eigenvalues for the next step and the matrix A′ = A if125

A is Hermitian, and126

A′ =

�

0 A
A† 0

�

(14)

if it is not. In this case, the problem is127

A′
�

0
x⃗

�

=

�

b⃗
0

�

. (15)

We assume that U can be calculated and implemented efficiently [21].128

With this operator U presented, we perform a Quantum Phase Estimation (QPE) [22] to129

encode the eigenvalues of A′ in the clock qubits. Since we have nc qubits, we can encode the130
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µ = 2nc possible values of eigenvalues. For this reason, nc (and therefore µ) is a hyperpa-131

rameter for resolution, since we will have to choose it based on the properties of the problem,132

usually the conditional number of the matrix.133

Now we apply an inversion operator, which rotates the probability of the auxiliary qubit134

so that it is divided by the value of the eigenvalue encoded by the QPE.135

The next step is to make a post-selection, keeping only the state if the auxiliary qubit136

outputs a |1〉, followed by an inverse QPE to clean the eigenvalue qubits.137

In the end, we have the x⃗-state normalized in the amplitudes,138

|x〉=
1
N

2n−1
∑

i=0

βi

λi
|ui〉=

1
N

2n−1
∑

i=0

x i|i〉, (16)

with a normalization constant N and omitting the ancilla and clock qubits.139

To obtain the full state vector, we first have to obtain the probability distribution, which140

requires measuring so many times that the computational advantage is lost. For this reason,141

the HHL is intended to obtain the expectation value of some operator with respect to the142

solution, or to introduce the solution state into another quantum subroutine.143

The main problems of the algorithm are:144

1. Large amount and waste of resources due to the difference between the size N of the145

problem and the n qubits to encode it.146

2. Circuit depth and errors introduced by the state preparation and the QPE, in addition to147

the need for probabilistic post-selection.148

3. We do not get x⃗ directly, and if we extract it, we get it with a sign ambiguity for each of149

its elements.150

4. The preparation of state b⃗ may not be trivial, just like performing the inversion operator151

or performing the U operator.152

3 Qudit quantum algorithm153

To try to overcome the first two problems of the HHL, we formalize a qudit version of the154

algorithm. To do so, we assume that there are quantum computers that implement the basic155

qudit gates as described in the paper [8]. This assumption is basic, since our work is only156

theoretical, without going into all the technical difficulties of the hardware. This section is157

simply a mathematical motivation for the last tensor network algorithm.158

The first thing we do is encode the state b⃗ in a single qudit. In case the qudit does not159

have enough states available, we encode it in a number of qudits that allows us to encode it160

in a way analogous to the case of qubits. In the following, we assume that we only need one161

qudit with N basis states in order to clearly explain the algorithm.162

It is important to understand that the goal of this encoding is to reduce the physical amount163

of quantum resources. We have to use a Hilbert space exponentially larger than each of the164

Hilbert spaces of dimension 2 that would be used in the original case. However, we have to165

consider that there are physical systems that have this number of states available, since this166

is the basic premise of the work. An example would be to have a particle with a quantum167

number with possible values −3/2,−1/2,1/2, 3/2 instead of another particle with possible168

values −1/2,1/2.169

Moreover, this change in the space used for the encoding will not imply a loss of the com-170

putational advantage of the original algorithm in the case of being able to realize the gates171

6
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expressed in the paper [8], since the unitary gate U is applied over the entire set of state qubits,172

as if it were a matrix over an ordinary vector.173

Now we need a way to simulate the U = eiA′τ operator, which depends on the particular174

case we are dealing with.175

With this, we make the following circuit in Fig. 2.

b
QPE

inv

QPE

|0⟩ancilla

clock |0⟩

state |0⟩
-1 |0⟩

|x⟩

|1⟩

Figure 2: Quantum HHL in qudits.

176

With a single qudit of dimension µ = 2nc we can do the QPE as in [8] and encode the µ177

possible values of the eigenvalue in its basis states. However, we could use more qudits. If we178

use 2 qudits to encode µ values, each one will need to have dimension
p
µ. This change in179

resources from clock qubits to a clock qudit will not imply a loss of quantum advantage either,180

since we will have the same number of possible eigenvalues.181

The inverter is exactly the same as in the case of qubits, but instead of having a control-182

noncontrol series, we have a control i that applies the rotation gate to the ancilla if we have183

the value i in the qudit.184

We do the post-selection and if we get |1〉, we perform the inverse QPE to clear the qudit185

of the eigenvalues.186

With this, we can see that we reduce the number of SWAP gates needed and the QPE187

is performed with a low number of gates. Also, we waste less resources, as we can better188

adjust the dimensionality of the quantum system with respect to the equation to be solved,189

without the need to have extra elements at 0 to complete the 2n components, requiring an190

extra qubit. Moreover, in the best-case scenario we only need two qudits and one qubit, and191

in the worst-case scenario we need the same resources as in the original HHL.192

Still, we could do more to solve the other problems, so let us try to tackle them with193

the quantum-inspired technique of tensor networks, avoiding gate errors from the quantum194

devices and extracting the x⃗ .195
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4 Tensor Networks Algorithm196

We will transform the qudit circuit into a tensor network, so that it returns the vector x⃗ directly.197

This algorithm is called the tensor network HHL (TN HHL). Since in tensor networks we do198

not need normalization, we will not normalize the state |b〉. As it is not a unit vector, the199

result state is not normalized either, so we do not have to rescale it. Moreover, the state can200

be prepared exactly in a single operation, defining the node b⃗ with dimension N .201

The QPE is performed by contracting the uniform superposition clock state with the Quan-202

tum Fourier Transform (QFT) [23] in the QPE, so we have a matrix H[µ] with dimension µ×µ203

for µ eigenvalues with elements204

H[µ]ab = e2πi ab
c , (17)

without normalization.205

The inverter is a non-unitary operator with dimension µ×µ for µ eigenvalues whose non-206

zero elements are207

inv[µ]i, j =

�

1/i if i = j ̸= 0 and if i ≤ µ2
1

i−µ if i = j and if i > µ
2

(18)

in order to encode negative eigenvalues due to the cyclic property of the imaginary exponen-208

tial. If we want more positive or more negative eigenvalues, we must change the proportion209

of i values that are translated as positive or negative eigenvalues.210

The phase kickback operators can also be obtained exactly from U . This tensor P with211

dimension N ×µ× N is212

P[µ]i, j,k =
�

U j
�

i,k ;
�

P[µ]−1
�

i, j,k =
�

�

U−1
� j�

k,i
. (19)

These tensors are contracted through their j index with the H[µ] and H[µ]−1 tensors to per-213

form QPE.214

With these tensors, we can get our result by contraction of the tensor network in Fig. 3 a)215

∑

a,b,c,d,e, f

baPabcH
−1
bd invdeHe f P−1

c f i =
x iµ

2

τ
, (20)

with b, c, d, e, f ∈ [0,µ−1] and a, c, i ∈ [0, N −1], omitting [µ], since it is the same for all the216

tensors.217

We assume that contracting a tensor of N indexes of dimension ni with another of M in-218

dexes of dimension m j through its first index has the usual computational cost of O
�

n0
∏N−1,M−1

i, j=1,1 nim j

�

.219

The computational complexity of contracting the tensors H[µ]−1 and inv[µ] is O
�

µ2
�

,220

due to the sparsity of the tensor inv[µ]. Contracting the resulting tensor with H[µ] has a221

complexity of O
�

µ3
�

. The contraction of b⃗ with P[µ] has a complexity of O
�

µN2
�

. The222

contraction of the tensors resulting from the contraction of H[µ]−1, H[µ] and inv[µ] and223

the contraction of b⃗ and P[µ] has a computational complexity of O
�

µ2N
�

. And the final224

contraction with P[µ]−1 has a complexity of O
�

µN2
�

.225

Therefore, the contraction of the tensor network has a computational complexity of O
�

µmax
�

µ2,µN , N2
��

.226

The construction of the tensors has a complexity:227

• H[µ]−1 and H[µ]: O
�

µ2
�

.228

• inv[µ]: O (µ).229

• b⃗: O (N).230

• P[µ] and P[µ]−1: O
�

µN3
�

, since we have to multiply up to µ times N × N matrices.231

8
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P[μ]

H[μ] inv[μ] H[μ]

P[μ]b |x⟩
-1

-1

μ

μ μ

μ

NN

N

H[μ]

inv[μ]

H[μ]

W[μ] |x⟩

-1

μ

μ μ

μ

N

a)

b)

Figure 3: Tensor network equivalent to HHL. a) Original way. b) Eficient way.

Therefore, the computational complexity of the algorithm is O
�

µmax
�

µ2,µN , N3
��

.232

The complexity of calculating U depends on the sparsity of the A′ matrix you use and233

the method. In the case of having n non-zero elements per column, the complexity of this234

multiplication is O(nN2 log(ω)), with ω being a number related to the convergence of the235

method used. However, this is highly dependent on the matrices used. For example, for a236

tridiagonal matrix, we can do it in O(N2). Because of the complexity of adding this term to237

the complexities we are working with, we will omit it. The calculation of U−1 requires the238

same complexity.239

We can avoid this increase in complexity by building the tensors P[µ] and P[µ]−1 by defin-240

ing a tensor W [µ] that does the same as the contraction of both tensors with the vector b⃗. Its241

elements are242

W [µ]i jk =
�

b⃗U i− j
�

k . (21)

This tensor has dimension µ×µ× N , and its construction requires multiplying up to m times243

a vector with a matrix, which can be U or U−1. To construct each element, we can take244

advantage of another previously calculated element. Instead of having to calculate U i− j , we245

multiply U by the previously calculated vector b⃗U i− j−1 or multiply U−1 by b⃗U i− j+1. Therefore,246

the complexity of creating the tensor is O
�

µN2
�

.247

So, we have to contract the tensor network in Fig. 3 b)248

∑

a,b,c,d

WabiH
−1
ac invcd Hd b =

x iµ
2

τ
. (22)

The complexity of contracting tensors H[µ]−1, H[µ], and inv[µ] is the same as before. Con-249

tracting this resulting tensor with W [µ] has a complexity of O
�

µ2N
�

. Therefore, the total250

computational complexity is O
�

µmax
�

µ2,µN , N2
��

. However, if we precalculate the contrac-251

tion of H[µ], H[µ]−1 and inv[µ] to use it every time, we could avoid the O(µ3) term.252

The memory cost is O(N max(µ2, N)), being the first term associated with the tensor W [µ]253

and the second term associated with the matrix U .254

We can also compute the inverse of A′ just by erasing the b node from Fig. 3 a) and255

performing the contraction, at a cost O
�

µmax
�

µ2,µN2, N3
��

.256

9
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5 Comparison of advantages and disadvantages257

We will compare the advantages and disadvantages of this algorithm in tensor networks against258

the conjugate gradient and quantum HHL in Table 1. We assume µ = O(κ). µ also depends259

on the error bounds we want. The higher µ implies lower error bounds if we properly adjust260

the τ hyperparameter. However, we are not able to determine this scaling, but it should have261

a scaling similar to that in the original HHL. It could be studied in future work.262

Notice that we have not made use of the properties of the sparse matrices, as in the CG or263

the original HHL.

Algorithm Inversion A−1 Solution x⃗ = A−1 b⃗ Expectation value x⃗ T M x⃗
CG - O(Nsκ log(1/ε)) O(N max(sκ log(1/ε), s′))
HHL - - O(log(N)s2κ2/ε)
TN HHL O(N2κ2) +O(N3κ) +O(κ3) O(Nκ2) +O(N2κ) +O(κ3) O(max(N2κ, Nκ2,κ3, Ns′))

Table 1: Computational times to invert a N × N matrix A, obtain the solution of
Ax⃗ = b⃗ and compute an expectation value 〈x |M |x〉. s is the maximum number of
non-zero elements per row of A and s′ is the maximum number of non-zero elements
per row of M.

264

5.1 TN HHL vs CG265

We can see that our algorithm is slower than the CG. However, TN HHL can invert the matrix266

A. Moreover, both algorithms benefit from efficient matrix product algorithms. Also, if we267

have the eigenvalues, in the TN HHL we can change H[µ] and W [µ] to use less resources by268

using µ= nλ, being nλ the number of eigenvalues.269

5.2 TN HHL vs HHL270

The advantages of this TN HHL method over traditional quantum HHL are as follows:271

1. We do not waste resources, the QFT is a simple matrix, and we do not need SWAP gates.272

2. We can directly obtain the solution or some of its elements, and we can get the right273

signs from our solutions. In addition, we can obtain the inverse matrix.274

3. We do not have to generate a complicated circuit for the initialization of the state and275

the time evolution of the phase kickback. We also do not have the errors introduced by276

the quantum gates.277

4. We do not need the post-selection.278

5. We do not use quantum resources.279

However, when it comes to computing the expectation value, it is indeed significantly less280

efficient in complexity.281

6 Experiments282

We will test the effectiveness of the method by performing numerical simulations. We will283

solve the forced harmonic oscillator, the forced damped oscillator, and the 2D static heat equa-284

tion with sources. Then, we will compare the performance of the TN HHL against our Qiskit285

implementation of the original HHL for random sparse matrices.286
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It is important to note that we are going to compare the resolution with respect to the287

system of linear equations, not with respect to the original differential equation itself. This is288

because this method solves the discretization we have made of the problem, so errors due to the289

discretization itself should not be taken into account. In each experiment, the hyperparameters290

are tuned by hand.291

All experiments are performed in CPU, with an Intel(R) Core(TM) i7-14700HX 2.10 GHz292

and 16 GB RAM.293

6.1 Forced harmonic oscillator294

The differential equation we want to solve is295

d2 x
d t2
+

k
m

x = F(t) (23)

x0 = x(t = 0); xT = x(t = T )

where F(t) is the external force dependent on time. For the experiments, we use a force296

F(t) = C sin(νt).297

We use discretization with n time steps, i.e. Ω= −2+ k
m(∆t)2 and F j = (∆t)2C sin(ν j∆t).298













Ω 1 0 · · · 0 0
1 Ω 1 · · · 0 0
0 1 Ω · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 Ω

























x1
x2
x3
...

xn













=













F1 − x0
F2
F3
...

Fn − xT













(24)

The result of inverting this system gives us the result in Fig. 4. As hyperparameters of the299

algorithm of the method, we use µ= 2000 and τ= 6000.300

The root mean square error of our tensor network from the exact inversion was 6.4×10−6
301

and took 350 ms to run, compared to 249 µs of the exact inversion method of PyTorch.302

6.2 Forced damped oscillator303

The differential equation we want to solve is304

d2 x
d t2
+ γ

d x
d t
+

k
m

x = F(t) (25)

x0 = x(t = 0); xT = x(t = T )

where F(t) is the external force dependent on time and γ is the damp coefficient. As in Ssec.305

6.1, for the experiments we use a force F(t) = C sin(νt).306

We use discretization with n time steps307













β0 β+ 0 · · · 0 0
β− β0 β+ · · · 0 0
0 β− β0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · β− β0

























x1
x2
x3
...

xn













=













F1 − β−x0
F2
F3
...

Fn − β+xT













(26)

where β− = 1− γ∆t
2 , β+ = 1+ γ∆t

2 and β0 = −2+ k
m(∆t)2. This matrix is not hermitian, so308

we apply (14) and solve (15).309

The result of inverting this matrix gives us the result in Fig. 5. As hyperparameters of the310

algorithm of the method, we use µ= 2000 and τ= 1.1× 104.311

The relative root mean square error of our tensor network from the exact inversion was312

5.7× 10−3 and took 1.26 seconds to run, compared to 183 µs of the Tensorflow method.313
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Figure 4: Solving the forced harmonic oscillator system with equation (24). In blue
the inversion performed with PyTorch and in red the inversion performed with the
tensor network.

6.3 Static two dimensional heat equation with sources314

The differential equation we want to solve is315

k

�

d2u
d x2

+
d2u
d y2

�

= −S(x , y) (27)

ux1 = u(0, y); ux2 = u(Lx , y)

uy1 = u(x , 0); uy2 = u(x , L y)

where S(x , y) is the external source dependent on position. For the experiments, we used a316

source S(x , y) = 10sin
�

2π x y
Lx L y

�

and k = 1.317

We use discretization318

u j+1,k + u j−1,k + u j,k+1 + u j,k−1 − 4u jk = −(∆x)2S jk (28)

We convert the 2-dimensional space into a line, create the matrix and obtain the following319

result in Figs. 6 and 7. As hyperparameters of the algorithm, we use µ= 2000 and τ= 100.320

The root mean square error of our tensor network from the exact inversion was 10−4 and321

took 4.64 seconds to run, compared to 1.98 ms of the PyTorch method.322

6.4 Comparison against original HHL323

Now, we are going to compare the results of our TN HHL against an implementation of the324

original HHL algorithm in Qiskit, simulated in AerSimulator. We will generate 20 random325

sparse matrices of dimension 16× 16, which implies 4 state qubits, and use hyperparameters326

nc = 20, C = 1, t = 1 for original HHL and t = 100 for TN HHL, because they provide the327

best results for every method. we will check which method obtains the best result for every328

matrix. The correct result is also obtained by the PyTorch inversion function. The matrices329
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Figure 5: Solving the forced damped oscillator system with equation (26). In blue
the inversion performed with PyTorch and in red the inversion performed with the
tensor network.

have a non-diagonal density of 25%, with all their elements generated in the interval (−1,1),330

the same for the vectors b⃗. After their generation, the matrices are transformed to symmetric331

matrices and normalized by their largest eigenvalue.332

In the tests, we have obtained a mean root mean square error for the TN HHL of 7.5×10−3,333

against 2.4×10−2 of the original HHL. The mean root mean square error between the TN HHL334

and the original HHL is 1.047. In almost all of the experiments, the TN HHL obtained a better335

result than the original HHL. These results imply that the TN HHL avoids the errors of the336

original HHL to obtain a better solution. The TN HHL computes extremely faster than the337

original HHL, but this is due to our inefficient implementation of the original HHL.338

7 Conclusions339

We have seen that our algorithm offers a way to invert matrices, solve linear equations, and340

perform numerical simulations based on it. We have also observed that its scaling is remarkably341

good with the size of the matrix to be inverted, while it can be realized on classical computers342

and accelerated with GPUs.343

An advantage of this method is that it allows one to observe the best possible theoretical344

result due to a quantum HHL, as it simulates what should happen without gate errors, post-345

selection problems, or inaccuracies in state creation, providing a lower bound.346

However, we have observed that the effective computational speed is remarkably low com-347

pared to methods already implemented in libraries such as PyTorch or Numpy, mainly due to348

the creation time of the tensors.349

Future research in this area might aim to enhance the overall efficiency of the method350

by leveraging the specific properties of the used tensors, optimizing the parallelization of cal-351

culations, incorporating tensor network compression techniques, tailoring the approach to352
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Figure 6: Solving the static two dimensional heat equation with sources with equa-
tion (28). In blue the inversion performed with PyTorch and in red the inversion
performed with the tensor network.

tridiagonal matrices, or adapting it for complex eigenvalues.353
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