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Abstract

This work presents a new approach for simulating the HHL linear systems of equations
solver algorithm with tensor networks. First, a novel HHL in the qudits formalism, the
generalization of qubits, is developed, and then its operations are transformed into an
equivalent classical HHL, taking advantage of the non-unitary operations that they can
apply. The main novelty of this proposal is to perform a classical simulation of the HHL
as efficiently as possible to benchmark the algorithm steps according to its input param-
eters and the input matrix. The algorithm is applied to three classical simple simulation
problems, comparing it with an exact inversion algorithm, and its performance is com-
pared against an implementation of the original HHL simulated in the Qiskit framework,
providing both codes. It is also applied to study the sensitivity of the HHL algorithm
with respect to its hyperparameter values, reporting the existence of saturation points
and maximal performance values. The results show that this approach can achieve a
promising performance in computational efficiency to simulate the HHL process with-
out quantum noise, providing a higher bound for its performance.
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1 Introduction

The solution of linear equation systems AX = b is a fundamental problem in many areas
of science and engineering. Classical methods for solving these equations, such as Gaussian
elimination and LU decomposition [1], have been widely used and optimized for decades [2,3].
However, as the size of the system grows, classical methods become computationally expensive
and inefficient. One of the most efficient classical methods is the conjugate gradient method
(CG) [4,5], which has a complexity of O (Nsxlog(%)) for a matrix N x N with a maximum

[Amax!

of s non-zero elements per row, Kk = -
min

error.

Quantum computers offer the potential to solve some challenging problems more effi-
ciently than classical computers. In particular, the HHL algorithm proposed by Harrow, Has-
sidim, and Lloyd in 2008 [6,7] is a method for solving linear equations that runs in polynomial
time, where the polynomial depends logarithmically on the size of the system. It is intended
for the calculation of the expectation values in O (log(N )s2k2/ 63), as it loses its advantage in

A being the eigenvalues of the matrix A and € the

the case of extracting the explicit solution, which is produced in time O (log(N)s2x?/¢). This
algorithm has three main hyperparameters: 7 the evolution time, which rescales the eigenval-
ues of the problem, n. which determines the precision in the eigenvalues, and C which rescales
the eigenvalue inversion step. The dependence of the algorithm performance with respect to
these three hyperparameters, even in the noise-free regime, is an important open question.

However, the current Noisy intermediate-scale quantum (NISQ) state of the quantum hard-
ware limits the testing of this algorithm, restricting its benchmarking to classical simulators.
For the HHL algorithm, the most feasible simulation framework is the statevector simula-
tion. This framework has several limitations, such as the exponential increase in the com-
putational resources required with respect to the number of qubits, which is approximately
(@] (N2 ()log(%)+N (E)Z) in the best possible case and O (N2 (5)log(%)+N (E)S) in the
most common situation (as proved in Sec. 2). This is due to the simulation of a n + n, qubit
circuit with a general Hamiltonian evolution and the n, steps of the quantum phase estima-
tion, n = [log, N] and n, = O(log,(x/€e)) being the number of clock qubits required for the
precision of the eigenvalues.

Recently, there has been growing interest in using qudits [8] and tensor networks [9,10] to
implement different quantum algorithms. Qudits are generalized qubits with more than 2 basis
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states. Tensor networks are classical representations of tensor algebra equations, providing an
efficient way to represent and manipulate certain types of high-dimensional systems, such as
quantum states with low entanglement [11], or compressing machine learning models [12,
13], enabling quick computations with classical computers [14-16]. The tensor networks
framework is also applied to circuit simulation [17], applying tensor compression, but it scales
exponentially with respect to the entanglement. Moreover, if it is applied directly without other
optimizations adapted specifically to the circuit simulated, the amount of resources can scale
even more, making it even slower than the statevector simulation.

In this paper, a novel approach is proposed for simulating the HHL linear systems of
equations solver algorithm using qudits and tensor networks, providing an efficient way to
test the higher bound in the possible performance of the algorithm. This algorithm runs in
O(Nk?/€? + N?k/e + k3/€3). It is demonstrated how this approach can be used to simu-
late the HHL performance with a large number of variables, and the runtime of this approach
is compared with existing quantum and classical methods for both solving linear systems of
equations and simulating the HHL algorithm classically. The main contributions of this work
are the following.

* The formulation of a qudit HHL algorithm.

* The formulation and implementation of a classical tensor network algorithm to classi-
cally simulate the best expected performance of the HHL algorithm.

* Comparison of this algorithm against well-known classical algorithms in different sce-
narios.

* A numerical analysis of the sensitivity of the HHL algorithm with respect to its hyperpa-
rameters.

These results show that this approach can achieve a promising performance in computa-
tional efficiency to simulate the HHL process without quantum noise. However, it does not
improve the performance of the state-of-the-art best-known linear solver algorithms, and it is
not intended to do so.

The paper is organized as follows. Initially, Sec. 2 presents a concise overview of clas-
sical algorithms designed to solve linear equations, as well as the HHL algorithm, omitting
detailed quantum computing concepts, and an innovative qudit algorithm in qudits that en-
hances the original HHL is introduced. Following this, Sec. 3 describes the classical tensor net-
work approach to simulate the optimal HHL performance and analyzes its complexity. Sec. 4
is devoted to comparing the novel algorithm with the conjugate gradient method, the tra-
ditional HHL, and the statevector simulation of the HHL. In the final section, in Sec. 5 the
algorithm is applied to three simulation problems, contrasting it with an exact inversion al-
gorithm, its performance is evaluated relative to an implementation of the HHL algorithm
simulated via the Qiskit framework, and its sensitivity of the HHL performance respect to its
hyperparameters. All code is available in the GitHub repository https://github.com/DOKOS-
TAYOS/Tensor Networks HHL algorithm.git, it can be openly tested online on the Streamlit
website https://tensornetworks-hhl-algorithm.streamlit.app/, and there is a brief spanish ex-
planation of the paper in the video Algoritmo HHL con Tensor Networks y qudits.

2 Background

There exist several algorithms to solve systems of linear equations, but only a few interesting
ones will be introduced. All of them solve the system of linear equations

-

AX =, (1

w


https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://github.com/DOKOS-TAYOS/Tensor_Networks_HHL_algorithm.git
https://tensornetworks-hhl-algorithm.streamlit.app/
https://www.youtube.com/watch?v=bxmZDIblxmI&list=PLL6OBevU4q9CfaXXw4aivzPFhNxmG6NpW&index=1
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where A is an invertible matrix N x N, X is the vector to be obtained, and b is another vector,
both of dimension N.

The first is Gaussian elimination, which consists of reducing the augmented matrix [A|b]
to a matrix of the row echelon through row addition operations and transforming it into a di-
agonal matrix with the required solutions. Its computational complexity is O(N?3). It is widely
used in small cases, but when matrices become too large, other methods are applied because of
its prohibitive cubic cost [18]. Another extended algorithm is the LU decomposition [1], which
can be viewed as another way to perform Gaussian elimination. It decomposes the matrix A
into two matrices L (lower triangular) and U (upper triangular) that satisfy A = LU. It has
the same complexity as Gaussian elimination. Following the same line, there is the Cholesky
decomposition [19], which consists of decomposing a Hermitian positive definite matrix A into
a lower triangular matrix L with real positive diagonal entries that satisfy A = LL*. Its com-
plexity is O(N?), but it has half the cost of LU decomposition. This method is widely used for
Monte Carlo simulation, but not in general inversion due to the Hermitian positive definite
matrix restriction.

In the field of iterative methods, the most simple one is the Jacobi algorithm [20]. First,
the matrix A is decomposed into three matrices D diagonal, L lower triangular, and U upper
triangular such that A= D + L + U. For the k-th iteration, the transformation

) = p=1 (b — (L + U)F®) 2)

is applied until it converges. Its complexity is O(N?) for each step in the dense case and can
take advantage of the sparsity of A, but the number of necessary steps is not well-known. For
this reason, it is used in large problem:s.

An improvement of this method is the Gauss-Seidel algorithm for positive definite matrices,
or strictly diagonally dominant matrices, with no zero diagonal elements. In this case, the
iteration is made with

i—1 n
k+1 1 k+1 k
xl(+):a— bi—zain§+)— Z ain§) . (3)
i j=1 j=itl

This method has the advantage in the storage, allowing one to rewrite the first iteration vector,
which enables to address larger problems, but it is much harder to implement in parallel.
Another iterative algorithm is the well-known conjugate gradient method [4] (CG) for large
sparse positive semidefinite matrices. Two non-zero vectors ¥ and w are conjugate with respect
to A if
VAW =0. @)

If a set P = {py,P1,---,Pn—_1} of mutually conjugate vectors with respect to A is defined, then
P forms a basis on RY and

=i
Il
=
L
R
sy
=
iR

AX = aiAﬁi. (5)

,..
Il
o
~
Il
o

Multiplying the problem by the left with ﬁjT

N—-1
Bl -b=PAY = ) a;p] AP; = a;P] Ap;, ©)
i=0
then .
B b
a;=——rH. 7
’ pIAp;
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So, a set P is needed, and then the a; values are computed. However, if good p; vectors are
chosen, it may not be necessary to compute all of them to solve the problem. So, the problem
will be solved approximately. The algorithm starts with an initial guess X, and has a function
to minimize

#Tax —%T .. (8)

Due to Vf(X) = AX — b, it takes B Po = b—AX,. 7; being the residual of the j-th step, and the

negative gradient of f in X;

To obtain a vector p; conjugate to the other ones, the transformation
2T
Apl
N Z BTAp ' (10)
i< ]

is applied, and X;,; = X; + a;p; is updated with
=T 7 - 2T =
B -(b-a%) BT
PTAP,  BlAB,

(11

until the residual is small enough.

Similar methods such as the generalized minimal residual method [21] and the biconjugate
gradient stabilized method [22] are based on similar ideas as improvements for more general
problems. All of these algorithms require matrix-vector multiplications, so their complexity
is at least linear in the dimension of the problem. However, these faster state-of-the-art al-
gorithms are only for specific problems, so they are presented only for extreme performance
comparison against the following HHL algorithm. This is the reason because the common use
libraries as NumPy or PyTorch make use of LU factorization for inversion problems to be able
to solve general problems.

In this context, the quantum linear solver algorithm HHL [6] provides a computational
advantage. Now, the standard HHL algorithm in qubits is introduced in order to better under-
stand the algorithm that will be formalized.

For this algorithm, n = [log, N'| qubits are needed to encode the vector b, n. clock qubits
to encode the possible eigenvalues of A and one auxiliary qubit for the inversion with respect
to these eigenvalues. The whole circuit can be summarized in Fig. 1a.

ancilla |0 >

0>
10>
0>
0>
0>
0>

(a) Quantum HHL in qubits with n =n, = 3. (b) Quantum HHL in qudits.

ancilla |0 >

clock

clock |0 >
state |0>

state

Figure 1: Comparison of HHL algorithm implementations.

The state b is encoded in the amplitudes of the n state qubits

2"—1 2"—1

b) = Z bili) = Z Bilui), (12)
i=0 i=0
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where b; are the normalized components of the vector b, |i) are the computational bases states
and |u;) the eigenvector associated with the eigenvalue A; of A. An operator b is applied to
initialize it. It is important to note that the difference between N and 2" will be completed with
zeros in the vector and a matrix proportional to the identity in A, wasting resources. Moreovet,
a method is needed to generate this state |b) or the b operator [23,24].

The second step is to calculate the evolution operator

U=¢eA", (13)

7 being a hyperparameter to rescale the eigenvalues for the next step and the matrix A’ = A if

A is Hermitian, and
0 A

0\ _ (b
-0

It is assumed that U can be calculated and implemented efficiently [25].

With this operator U presented, a Quantum Phase Estimation (QPE) [26] is performed to
encode the eigenvalues of A" in the clock qubits. Since there are n, qubits, u = 2" possible
values of eigenvalues can be encoded. For this reason, n, (and therefore u) is a hyperparameter
for resolution, since it has to be chosen based on the properties of the problem, usually the
conditional number of the matrix. Typically, n, = O(log,(x/€)), then u = O(x/€) [6].

Now, an inversion operator is applied, which rotates the probability of the auxiliary qubit
so that it is divided by the value of the eigenvalue encoded by the QPE.

The next step is to make a post-selection, keeping only the state if the auxiliary qubit
outputs a |1), followed by an inverse QPE to clean the eigenvalue qubits.

In the end, the result is the X state normalized in the amplitudes,

if it is not. In this case, the problem is

1 2“—1/5' =
|X)=x/§ A_iui>:x/’§x'i|l)> (16)

with a normalization constant N and omitting the ancilla and clock qubits.

To obtain the full state vector, one needs to obtain the probability distribution, which re-
quires measuring so many times that the computational advantage is lost. For this reason, the
HHL is intended to obtain the expectation value of some operator with respect to the solution,
or to introduce the solution state into another quantum subroutine.

The main problems of the algorithm are:

1. Large amount and waste of resources due to the difference between the size N of the
problem and the n qubits to encode it.

2. Circuit depth and errors introduced by the state preparation and the QPE, in addition to
the need for probabilistic post-selection.

3. X is not explicitly obtained and if it is extracted, it is obtained with a sign ambiguity for
each of its elements.

4. The preparation of state b may not be trivial, just as performing the inversion operator
or performing the U operator.
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To try to overcome the first two problems of the HHL, a qudit version of the algorithm is for-
malized. The main assumption for this algorithm is the existence of quantum computers that
implement the basic qudit gates as described in the paper [8]. This assumption is basic, since
our work is only theoretical, without going into all the technical difficulties of the hardware.
This section is simply a mathematical motivation for the last tensor network algorithm.

The first step is to encode the state bina single qudit. In case the qudit does not have
enough states available, the vector is encoded in a number of qudits that allows to encode it
in a way analogous to the case of qubits. In the following, it is assumed that only one qudit
with N basis states is needed in order to clearly explain the algorithm.

It is important to understand that the goal of this encoding is to reduce the physical amount
of quantum resources. It is needed to use a Hilbert space exponentially larger than each of
the Hilbert spaces of dimension 2 that would be used in the original case. However, it is
assumed that there are physical systems that have this number of states available, since this
is the basic premise of the work. An example would be to have a particle with a quantum
number with possible values —3/2,—1/2,1/2,3/2 instead of another particle with possible
values —1/2,1/2.

Moreover, this change in the space used for the encoding will not imply a loss of the com-
putational advantage of the original algorithm in the case of being able to realize the gates
expressed in the paper [8], since the unitary gate U is applied over the entire set of state qubits,
as if it were a matrix over an ordinary vector.

Now, a way to simulate the U = elA'T operator is needed, which depends on the particular
case to be solved. With this, the following circuit in Fig. 1b is performed. With a single qudit
of dimension yu = 2™ the QPE can be performed as in [8] and encode the u possible values
of the eigenvalue in its basis states. However, more qudits can be used. If 2 qudits are used
to encode the u values, each one will need to have dimension ,/u. This change in resources
from clock qubits to a clock qudit will not imply a loss of quantum advantage either, since the
algorithm will have the same number of possible eigenvalues.

The inverter is exactly the same as in the case of qubits, but instead of having a control-
noncontrol series, there is a control i that applies the rotation gate to the ancilla if there is a
value i in the qudit.

The post-selection is performed and if it outputs |1), the inverse QPE is performed to clear
the qudit of the eigenvalues.

With this, the number of SWAP gates needed is reduced and the QPE is performed with
a low number of gates. In addition, less resources are wasted, as the dimensionality of the
quantum system can be better adjusted with respect to the equation to be solved, without the
need to have extra elements at O to complete the 2" components, which requires an extra
qubit. Moreover, in the best-case scenario only two qudits and one qubit are needed, and in
the worst-case scenario the same resources as in the original HHL are needed.

The classical simulation of both algorithms can be performed with statevector simulators.
However, this simulation can be resource intensive with respect to the size of the problem. In
the case of qubits, n + n. + 1 qubits are required, so the storage of its statevector has a spa-
tial complexity of O (2(”+”6)), which in terms of N and « is O(N«/e). The state preparation
usually requires O (22") =0 (N 2) operations, due to the application of O (2") dense opera-
tions to a dense statevector [23,24], and then extended for the n + n, + 1 qubits with cost
O (2(”+”C)) = O (Nk/e€). However, it can also be initialized directly without other operations
and simply extended, reducing the cost of O (N 2) to O (N). However, the extension will not
be applied in this step, to make the QPE in a more efficient way.

The controlled part of QPE requires the application of n. controlled gates U’. In conven-
tional statevector simulators, which work with dense statevector operations, the m-th oper-
ation would require O (2(2””1)) operations, because the statevector is extended only to the
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clock qubits that are involved in every step, so the total n, steps require

O (ZC 2(2n+ﬁ1)) — O (2(2n+nc)) — O (NZK./G)
m=1

operations [6]. If the U gate is decomposed in O (log(N)s7) depth [27], requiring

O (2™ log(N)st) = O (Nx/elog(N)st).

232 Since T = O(x/€) [6], the computational complexity is O (N log(N)x?/e2s2). However,
233 the inverse QPE does not allow for iterative extension, so it always requires the computation
234 with all the statevector. This means that its computational complexity is O (2(2"+”c)nc) =0 (N 2k /elog(x/ e))
235 for the dense U and O (2”+"C n.log(N )51') =0 (N log(N)x?/e?log(x/ e)s) for the decomposed.
236 Inverse QFT requires the application of O (nf) operations, so the total computational com-
237 plexity of this step is O (2("+"c)nf) =0 (N x/elog?(x/ 6)), negligible with respect to the pre-
238 Vious ones.
239 The inversion circuit can be applied in two main ways. The first is the naive multicontrolled
240 rotations circuit without decomposition, which applies O (2") rotations to every possible value
241 of the eigenvalues, controlled by n, qubits. In conventional statevector simulators, this requires
22 O (2("21)) operations for each eigenvalue, resulting in O (20"73%)) = O (Nx3/€e®). However,
243 in optimized statevector simulators, the fact that these are controlled operations can be ex-
244 ploited to reduce the complexity per eigenvalue to O (2("*")), resulting in O (2(1+27)) = O (Nx2/€?).
225 The second way consists in the decomposition of each one of these multi-controlled rotations
246 into O (n.) one- and two-qubit gates, resulting in O (2(”+2nc)nc) =0 (N x2/e?log(x/ e)) oper-
247 ations.
All of this implies that the complete computational complexity for simulating the statevec-
tor output of the HHL with common statevector simulators has a computational complexity
of
O (NzK/E log(x/€) + Nk?/e? log(K/e)) ,

neglecting the decomposition and transpilation complexities. With optimized statevector sim-
ulators it can be improved to

O(NZK/EIOg(K/e) +NK2/62).

However, all of this process implies the usage of complex decomposition techniques, which
incorrectly implemented may increase the computational complexity of the simulation. In
regular implementations, without these complex techniques, the computational complexity
will remain

@) (N2K/e log(x/e) + NKS/ES).

248 Still, more can be done to solve the other problems, so the quantum-inspired technique of
249 tensor networks will tackle them, avoiding gate errors from quantum devices and extracting
250 X, and allowing for a more efficient simulation of the algorithm.

1 3 Tensor Networks Algorithm

252 To return the vector X directly, the qudit circuit is transformed into a tensor network. This
253 algorithm is called the tensor network HHL (TN HHL). Since in tensor networks normalization
254 s not necessary, the state |b) will not be normalized. As it is not a unit vector, the result state is
255 not normalized either, so it is not necessary to rescale it. Moreover, the state can be prepared
256 exactly in a single operation, defining the node b with dimension N.

8
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The QPE is performed by contracting the uniform superposition clock state with the Quan-
tum Fourier Transform (QFT) [28] in the QPE, so it is replaced by a matrix H[ u] with dimension
u x u for the u eigenvalues with elements

-ab

Hlplg, =™, 17)

without normalization.
The inverter is a non-unitary operator with dimension u x u for u eigenvalues whose non-

zero elements are o ek
il ={ 1 18)
= =jandifi> 3
in order to encode negative eigenvalues due to the cyclic property of the imaginary exponen-
tial. If more positive or more negative eigenvalues are necessary, the proportion of i values
that are translated as positive or negative eigenvalues must be changed.
The phase kickback operators can also be obtained exactly from U. This tensor P with

dimension N x u x N is
Pludijp = (U7) s (PLuI™), = (07, .- (19)

These tensors are contracted through their j index with the H[u] and H[u]™! tensors to per-
form QPE.
With these tensors, the result can be obtained by contraction of the tensor network in Fig.

2a )
1. X
D boPapcHyainvg H P ==, (20)

a,b,c,d.e,f T

with b,c,d,e,f €[0,u—1] and a,c,i € [0,N — 1], omitting [u], since it is the same for all the
tensors.

Figure 2: Tensor network equivalent to HHL. a) Original way. b) Efficient way.

It is assumed that contracting a tensor of N indexes of dimension n; with another of M in-

215 dexes of dimension m; through its first index has the usual computational cost of O (no I1

9

N—1,M—1
i,j=1,1

nimj).
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The computational complexity of contracting the tensors H[u]™! and inv[u] is (9( )
due to the sparsity of the tensor inv[u]. Contracting the resulting tensor w1th H [u] has a
complexity of O(,u?’). The contraction of b with P[u] has a complexity of O(N Z,u). The
contraction of the tensors resulting from the contraction of H[u]™, H[u] and inv[u] and
the contraction of b and P[u] has a computational complexity of C’)(N uz). And the final
contraction with P[u]™! has a complexity of O (N2u).

Therefore, the contraction of the tensor network has a computational complexity of
O(N2u+Np? + ud).

The construction of the tensors has a complexity:

e H[u] ! and H[pu ( 2)

o inv[u]: O(u).
b: O(N).

e P[u]and P[u]™*: O (uNg), since N x N matrices have to be multiplied up to u times.

Therefore, the computational complexity of the algorithm is O (N Su+Nu?+ ,uS).

The complexity of calculating U depends on the sparsity of the A’ matrix you use and
the method. In the case of having s non-zero elements per column, the complexity of this
multiplication is O(sN?log(w)), with w being a number related to the convergence of the
method used. However, this is highly dependent on the matrices used. For example, for a
tridiagonal matrix, it can be done in O(N?). The complexity of this term is additive to the
complexities of the rest of the algorithm (it is performed only once), and it is not the largest
one, so it will be omitted. The calculation of U™ requires the same complexity.

This increase in complexity due to the construction of the tensors P[u] and P[u]™! can be
avoided by defining a tensor W[u] that directly computes the contraction of both tensors with
the vector b. Its elements are

Wil = (bU™),. 1)

This tensor has dimension ¢ x u x N, and its construction requires multiplying up to m times
a vector with a matrix, which can be U or U™!. To construct each element, the algorithm can
take advantage of another previously calculated element. Instead of having to calculate U™/,
U is multiplied by the previously calculated vector bUT L or Ul is multiplied by Uit
Therefore, the complexity of creating the tensor is O (N Z,u).

So, the tensor network in Fig. 2 b has to be contracted, representing the equation

2
Xt
-

Z WopiHy invegHay = (22)

a,b,c,d

The complexity of contracting tensors H[u]™!, H[u], and inv{u] is the same as before. Con-
tracting this resulting tensor with W[ ] has a complexity of O (N ,uz). Therefore, the total com-
putational complexity is O (N 2u+Nu?+ s ) However, if the contraction of H[u], H[u]™!
and inv[u] is pre-calculated to be used every time, the O(u®) term could be avoided.
Moreover, it can be slightly improved in the case of u = 2 contracting the W[u] tensor with
the QFT circuits instead of dense tensors. This contraction consists of nf contractions of a ten-
sor with O (2("+2”0)) elements with a tensor of one or two qubits, with a resulting complexity
of O (N u? logz(u)). Then, it is contracted with the inv[u] tensor with complexity O (2("+2“C))
because it is diagonal, and finally with the other QFT circuit. This makes the algorithm re-
quire only O (N 2u+Nu? logz(,u)) operations, avoiding the cubic scaling. This is the TN HHL
W with QFT. Another possibility is to first multiply inv[u] with the two QFT circuits, each

10
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17 with complexity O (22%n?) = O (u?log®(u)), and a final contraction with W[u] with com-
s18 plexity O (2(”+2“6)) =0 (N ,uz). Then, the total complexity is O (N 2u+Np? + u? logz(,u)),
310 again avoiding the cubic term. This is the TN HHL inv with QFT.

320 The spatial complexity is O(Nu? + N2), being the first term associated with the tensor
321 W[u] and the second term associated with the matrix U.
322 The inverse of A’ can also be computed simply by erasing the b node from Fig. 2 a and

323 performing the contraction, increasing by N all complexities.

»« 4 Comparison of advantages and disadvantages

325 The computational complexities of these algorithms in tensor networks are compared in Table
326 1 against the relevant classical solvers CG and LU, the quantum HHL and the state-vector
327 simulations.

Algorithm Solution ¥ =A~'h Expectation value xT M X

CG O(Nsklog(1/e€)) O(Nsklog(1/€) + Ns'))

O ON?) ON?)

HHL - O(log(N)s*k?/€>)

Naive Statevector (Q(N2 (5)log(¥)+N (E)d) (NZ(K)log(K) +N(K)d)
Common Statevector (’)((Nz (§)+N(§)z log(g)) ((Nz( )+N( ) )log( ))
Optimized Statevector O(Nz(g)log(f)nLN(%)z) O( log (%) +N (%) )

TN HHL O(N2(5)+N (&) +(2)) O(N2(5)+N (&) +(2))

TN HHL W with QFT | O(N2(%)+N (£)"1og? (%)) O(N2(5)+N (%) 10g2(%))

TN HHL inv with QFT | O (N2(£)+N (£)"+ (%) 1og?(%)) O(Nz( )+N(5) +(5) 1082 (%))

Table 1: Computational times to obtain the solution of AX = b and compute an
expectation value (x|M|x). s and s” are the maximum number of non-zero elements
per row of the N x N matrices A and M.

28 4.1 Quantum, statevector and TN algorithms vs classical algorithms

320 The quantum HHL algorithm is faster in terms of N than the other algorithms for the com-
330 putation of the expectation value, but it is not an algorithm to extract the explicit solution.
331 The HHL statevector simulation is significantly slower than the CG, but it is faster than the
332 LU in situations where x /e is small enough. With more precision, if (g)log(g) < N. The
s33 TN HHL algorithms are also slower than the CG, but faster than the LU if (%) < N. These
334 are reasonable situations because it makes more sense to use the HHL algorithm in situations
335 where k/e ~ O (polylog(N)) [6]. However, the multiplicative constant in complexity keeps
336 these algorithms slower than the LU solver.

37 4.2 Quantum HHL vs Statevector HHL vs TN HHL

338 The quantum HHL is much faster than its classical simulations for the expectation value com-
330 putation. The faster statevector method is the Optimized, and the faster TN method is the
320 TN HHL inv with QFT. Both algorithms have similar complexities, but the TN is faster if
341 (E)log(%) < N2, which is a reasonable assumption. If the comparison is between the most

11
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342 naive simulators, the TN HHL is always faster than the naive statevector and is faster than the
343 common statevector if (g) /1/ log(g) < N, reasonable again.

w5 Experiments

sa5s  The effectiveness of the TN HHL algorithm is tested by solving three common simple problems
346 with the expected structure of the problems that are the target of the quantum HHL algorithm.
37 The forced harmonic oscillator, the forced damped oscillator, and the 2D static heat equation
sas  with sources are solved and compared against the solution provided by the PyTorch solver,
340 which makes use of the LU decomposition algorithm. Then, the performance of the TN HHL
ss0 is compared against a Qiskit implementation of the naive statevector HHL for random sparse
ss1  matrices. Finally, the sensitivity of the quality of the HHL solution is studied with respect to
352 their hyperparameter values, making use of the TN HHL.

353 It is important to note that the comparison is about the resolution with respect to the
354 system of linear equations, not with respect to the original differential equation itself. This is
355 because this method solves the discretization of the problem, so errors due to the discretization
ss6  itself should not be taken into account. In each experiment, the hyperparameters are tuned
357 by hand.

358 All experiments are performed in CPU, with an Intel(R) Core(TM) i7-14700HX 2.10 GHz
350 and 16 GB RAM.

ss0 5.1 Forced harmonic oscillator

361 This is the most simple problem with a complex structure. The differential equation to be
362 solved is
d’x k
—+—x=F(t 23
S+ X =F(0) (23)
xo =x(t =0); xp=x(t=T)

363 where F(t) is the external force dependent on time t. For experiments, a harmonic force
sea  F(t) = 9sin(0.4t) is chosen to be strong enough to modify the evolution of the system and
365 with a frequency that does not synchronize with the system frequency.

366 A discretization with n time steps is applied, i.e. Q = —2+%(A t)? and F;= (At)?95sin(0.4jAt).
Q10 0 0\ [x; F, —x,
1 Q1 0 O X9 F2
0 1 Q 0 O X3 — F3 (24)
0 0 O 1 Q) \x, F,—xr

367 The result of inverting this system gives us the result in Fig. 3. As hyperparameters of the
368 algorithm of the method, u = 2000 and 7 = 6000 are chosen.

369 The root mean square error of our tensor network from the exact inversion was 1.8 x 107>
370 and took 407 ms to run, compared to 244 us of the exact inversion method of PyTorch.
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207 PyTorch
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Figure 3: Solving the forced harmonic oscillator system with equation (24). In blue
the inversion performed with PyTorch and in red the inversion performed with the
tensor network. The parameters are k =5,m =7,xy =5,xr =3,At =0.5,T =50.

5.2 Forced damped oscillator

This is a slightly more complex problem than the previous one. The differential equation to
be solved is

d2—x+ d—x+£x—F(t) (25)
dee T Tmc T
xo = x(t =0); xp=x(t=T)

where F(t) is the external force dependent on time and y is the damp coefficient. As in Sec.
5.1, for the experiments, a harmonic force F(t) = 9sin(0.4t) is chosen.
A discretization with n time steps is applied

Bo By O - 0 O X1 F1—B-xo

B Bo By -+ O O |fx Fy

0 B- Bo ==+ 0 O ffx3]|= F3 (26)
0 0 0 - B Bo Xn Fp—Byxr

where f_=1— Y%, =1+ y% and o =—2+ %(At)z. This matrix is not hermitian, so
(14) is applied and (15) is the equation to solve.

The result of inverting this matrix gives us the result in Fig. 4. As hyperparameters of the
algorithm of the method, u = 2000 and T = 1.1 x 10* are chosen.

The relative root mean square error of our tensor network from the exact inversion was
6.1 x 1073 and took 1.19 seconds to run, compared to 167 us of the PyTorch method.
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t

Figure 4: Solving the forced damped oscillator system with equa-
tion (26). In blue the inversion performed with PyTorch and in red
the inversion performed with the tensor network. The parameters are

k=5m=7y=0.1,x=>5,x; =3,At =0.5,T = 50.

5.3 Static two dimensional heat equation with sources

This is a more complex problem than the two previous ones because of its bidimensional
structure and interactions. The differential equation to be solved is

d*u d%u
k|l —+—]=— 2
(dxz dyz) S(x,y) 27

Uyl = u(oa J’); Uyo = u(an .V)

Uy =u(x,0); uy,=ulx,Ly)

where S(x,y) is the external source dependent on position. For the experiments, a source
S(x,y)=10sin (271%) is chosen to influence the system but not saturate its dynamics.
X2y
The chosen discretization is

2
Ujpr ke F U1k + Uj g +Uj 1 — 4 = —(AX)"Sji (28)

The 2-dimensional space is flattened into a line, create the matrix, and obtain the following
result in Figs. 5a and 5b. As hyperparameters of the algorithm, y = 2000 and 7 = 100 are
chosen.

The root mean square error of our tensor network from the exact inversion was 10~* and
took 4.64 seconds to run, compared to 1.98 ms of the PyTorch method.

5.4 Comparison against original HHL

Now, the results of the TN HHL are compared against an implementation of the original HHL
algorithm in Qiskit, simulated in AerSimulator using the statevector backend. The experiments
consists in the resolution of 20 random sparse matrices of dimension 16 x 16, due to the storage
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(x,y) X
(a) Flattened view of the solution. In blue the (b) Bidimensional view of the solution.
inversion performed with PyTorch and in red the
inversion performed with the tensor network.
Figure 5: Solving the static two  dimensional heat equa-
tion with sources with equation (28). The parameters are

k=31 =5,Uy =3,U,; =4,u,=2Ax=05L,=10,L, = 10.

limitations of the statevector simulation. The matrices have a non-diagonal density of 25%,
with all their elements generated in the interval (—1,1), the same for the vectors b. After
their generation, the matrices are transformed to symmetric matrices and normalized by their
largest eigenvalue. For resolution, the values n, = 20, C = 1, 7 = 1 and 100000 shots are
chosen for original HHL and v = 100 are chosen for TN HHL, because they provide the best
results for all methods. The correct result is also obtained by the PyTorch inversion function.

In the tests, the mean root mean square error obtained for the TN HHL is 7.5 x 1073,
against 2.4 x 1072 for the original HHL. The mean root mean square error between the TN
HHL and the original HHL is 1.047. In almost all of the experiments, the TN HHL obtained a
better result than the original HHL. These results imply that the TN HHL avoids the errors of
the original HHL to obtain a better solution. The TN HHL computes extremely faster than the
naive statevector HHL simulation. The TN HHL needs 0.062 seconds per problem, compared
to 17.766 seconds for the statevector. This is a 285 times speedup. The same experiment was
intended with the matrix product state backend for tensor networks, but it is extremely slower
than the statevector one, and gives worst results.

5.5 Sensitivity to hyperparameter tuning

Finally, this algorithm can be applied to study the sensitivity of the HHL algorithm respect to
its hyperparameters 7 and n,. For this purpose, the same 20 random matrices are solved with
the TN HHL for different values of 7 and u = 2™. Fig. 6 shows the results of the RMSE of
the prepared vector X with respect to the PyTorch inversion, both normalized to keep that the
result of the HHL must be a normalized vector.

Fig. 6a shows that the RMSE converges in small values of 7 for all values of n., to the same
value. It also shows that small n. implies an increase in the RMSE, limited by normalization,
but for higher values it reduces until a minimum is reached for different values of 7. It seems
that every n, series follows the same convergence until they reach their saturation point, which
has a higher 7 and lower RMSE. Also, the saturation points seem to have a similar space from
the previous one (in logarithmic scale), but for n. > 10 they all have the same behavior. Fig. 6b
shows that the increase in the number of clock qubits always decreases or maintains the RMSE
until a saturation point. Again, the optimal amount of n,. is not the same for all values of 7,
but increases with it, which has a lower RMSE. Both results show that the HHL performance
is highly dependent on the hyperparameter values, but it may be predictable with regression
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(a) Mean RMSE against the T hyperparameter for (b) Mean RMSE against the n, hyperparameter
each value of n.. for each value of .

Figure 6: Comparison of Mean Root Mean Square Error (RMSE) against the hyper-
parameters of the HHL for random 16 x 16 matrices. Each point is the mean of the
RMSE of 20 matrices.

techniques.

6 Conclusions

This work shows that this algorithm offers a way to efficiently simulate the HHL performance
for solving systems of linear equations, invert matrices, and perform numerical simulations
based on it. It has also been shown that its scaling is remarkably good with the size of the
matrix to be inverted, while it can be realized on classical computers and accelerated with
GPUs. This work also reports the existence of saturation points for the performance in the
hyperparameters.

An advantage of this method is that it allows one to observe the best possible theoretical
result due to a quantum HHL, as it simulates what should happen without gate errors, post-
selection problems, or inaccuracies in statepreparation, providing a higher accuracy bound
for the exact algorithm. This allows for its theoretical study prior to applying it in real noisy
quantum devices or noisy simulators. However, the effective computational speed is remark-
ably low compared to methods already implemented in libraries such as PyTorch or Numpy
for the resolution of the equations itself.

Future research in this area might aim to improve the overall efficiency of the method by
leveraging the specific properties of the tensors used. For example, symmetry in the indices
for eigenvalues in the W{u] tensor may be applied to reduce the contraction complexity with
the other tensors. This can also be particularized to tailoring the approach to tridiagonal
matrices or adapting it for complex eigenvalues. Another possible line of research may be
optimizing the parallelization of calculations or incorporating tensor network compression
techniques to reduce runtime and storage requirements. Finally, an interesting line may be to
apply this algorithm to a deeper study of the saturation points reported and the determination
of a theoretical or empirical law that provides the optimal configuration of the HHL.
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