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Research Article, SciPost Physics
Dear Editor,

We sincerely thank you for considering our manuscript entitled “Spin-Orbit Photonics in a
Fized Cawity: Harnessing Bogoliubov Modes of a Bose—Einstein Condensate” for publication
in SciPost Physics, and for forwarding the referee reports to us. We are also grateful to the
referees for their thoughtful evaluations, insightful suggestions, and constructive feedback.

Their comments have significantly contributed to improving the quality and clarity of
our manuscript. We deeply appreciate their efforts in helping us strengthen our work.

In the revised version of the manuscript, we have addressed all of their concerns compre-
hensively. We believe that the updated manuscript now meets the standards for publication
in SciPost Physics, and we respectfully submit it for your further consideration.

Below we provide detailed, point-by-point responses to all referees’ comments. We also
wish to inform you that, in the revised manuscript, Ghaisud Din is listed as the first
author, with the consent of all co-authors, in recognition of his substantial contribution
to the revision. Referees’ comments are shown in indented blue font, and our responses
are provided in non-indented black font. All major changes in the revised manuscript are
marked in bold for clarity.

We also appreciate your efforts in handling our manuscript, and we look forward to
receiving your final decision.

Thank you.

On behalf of all authors.

Response to Referee 1

The authors Muqaddar Abbas et al. study in the theoretical work with the ti-
tle “Spin-Orbit Photonics in a Fixed Cavity: Harnessing Bogoliubov Modes of a
Bose—Einstein Condensate” the photonic spin-Hall effect modified by an optome-
chanical system. In particular, they investigate the linear response theory of a
driven cavity that couples to a mechanical mode of a Bose-Einstein condenstate
and use the result for the susceptibility to obtain reflection coefficients and spin-
dependent displacements of incident electric field with different polarizations.

They visualize their results for various experimentally realistic parameters and
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highlight how the spin-selective scattering can be modified by changing model

parameters.

We thank the reviewer for the careful and concise summary of our work. We fully agree
with this description and appreciate the clear understanding of the main contributions of
our study.

In my opinion this is an interesting and timely work and the combination of the photonic

spin hall effect with optomechanical cavities in this specific situation is also novel. That said
I believe that the needed acceptance criteria for SciPost Physics Core are potentially fulfilled.
The main weakness, in my opinion, are several short comings in explaining the derivations
and the results. This is why I can only fully recommend this draft for publication after the
points below have been clarified.
We thank the reviewer for the positive and encouraging comments on our work. We appre-
ciate the constructive feedback regarding the clarity of derivations and results, and we have
addressed all the points raised to improve the presentation and explanations in the revised
manuscript.

(1) When the authors introduce the pump they do not specify the polarization nor the
angle. Regarding Fig. 1, I believe the angle is 0. Could the authors add this information?
We thank the reviewer for pointing this out. The pump polarization and angle are indeed
zero in our calculations.

We have now added this clarification in the revised manuscript text (paragraph introducing
the pump), Section II paragraph 1 last three lines on page 2, and updated the caption of
Fig. 1.

(2) In Sec. II there are several quantities undefined or defined much later. In general I
would recommend that the authors should massively improve Sec. II because at the moment
it is hard to follow and almost impossible to reproduce. It would help if the authors spend
more time in explaining the equations. For instance: (a) it is unclear where the transfer
matrix formalism is used. (b) the permitivity is only defined later in the section (c) all Y,
and p,, are not defined as far as I can see. (d) Can the authors give a formula for the total
field outside of the cavity incoming and reflected. I think that would make it clearer what
R and R, are. (e) It is also not really clear for me that once I have x, how would I calculate

Ry and R,? With the transfer matrix or the formulas (3) and (4)7
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We thank the reviewer for this constructive and detailed comment. In the revised
manuscript, we have substantially revised Sec. II-—expanding Sec. II.A and Sec. II.B—on
pp- 2-3 to enhance clarity and reproducibility. Our point-by-point response is provided
below also

(a) Use of the transfer-matrix formalism. We now state explicitly where it is used: Sec. II
introduces the layer transfer matrices in Eq. (1) and forms the total matrix in Eq. (2) by
multiplying the individual layer matrices. The reflection amplitudes are then obtained from
the elements of the total matrix via Eqgs. (3)—(4), which is where the formalism directly
yields R; and R,,.

(b)Definition of the permittivity. The permittivity of the BEC layer is now defined at the
start of Sec. II, immediately after introducing the transfer matrix in Eq. (1). In particular,
once the susceptibility y is computed, the effective permittivity used in the transfer matrices
is

e =14+ x.
(c)Definitions of ¥, and p,.,. These quantities are now defined at first use. Specifically,

if the total transfer matrix for s (TE) polarization is

_ [ Y11 Y12
Yy = )
Y21 Y22

then y,,, denotes its (m,n) element. Analogously, for p (TM) polarization we write

P11 P12
p )

P21 P22

with p,., the corresponding elements. The text now states these definitions explicitly.
(d)Total field outside the cavity and meaning of R, R,,.
We place the first mirror M; at z = 0 and work in the half-space z < 0 (outside the
cavity). Decompose the incident plane wave at angle 0; into TE/TM (s/p) components,
with unit polarization vectors €, and e,. Let kj = (k, k,,0) be the in—plane wave vector

and k,o > 0 the longitudinal component in the external medium (eg).

Einc(r) = By(E, &, + B, &) e'®imith0a ¢y = (2,y,0). (1)
The reflected field in the same half-space is

E.oi(r) = Eo(R, E &, + R, E, &) ¢ *imi—k=02), (2)
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Hence, the total external field just outside the cavity is

Etotput(r) - Einc(r) + Eref(r) (3)

which makes explicit that R, (TE) multiplies the s—component and R, (TM) multiplies the
p—component of the reflected wave.
In our transfer-matrix model, R, and R, are obtained from the total matrix y = M; M;M;

(elements Yy, ), yielding the TE/TM Fresnel coefficients

Gs(Y11 + Y12G3s) — (q3s5Y22 + Yo1) ()
Q1s(Y11 + Y12q3s) + (@3sY22 + y21)

R — P1m (Y11 + Y12D3m) — (P3mY22 + Ya1) (5)
P Pim (Y11 + Y12D3m) + (P3mYaz + Yo1)

Ry =

with g;s = 4 /eikd — kﬁ and p;, = qis/e; (the TM counterparts). The intracavity BEC enters
through es(w) = 1+ x(w), so that R, and R, inherit their frequency and angle dependence
from .

For completeness, in the circular basis é+ = (&, £ 4¢,)/v/2, the reflected o* fields are
simply the projection of E, onto e4; the Gaussian—beam expression used to analyze the
PSHE (our Eq. (1)) follows directly from this decomposition.

(e)How to compute R, and R, once x is known. First update the BEC-layer permittivity
via e = 1 4+ x. Then build the layer matrices M; [Eq. (1)] with this eq, form the total
matrix y = M, MyM; [Eq. (2)], and finally evaluate the reflection amplitudes directly from
the elements of y using Egs. (3)—(4). The revised text now includes a short, step-by-step
description of this workflow.

We believe these changes greatly improve the readability of the section and thank the
reviewer for these useful suggestions.

(3) In Sec. IIT when the authors introduce the optomechanical system it would be nice
to include a few more details. For instance: (a) spontaneous emission is neglected because
of far detuning? (b) What about the polarization of the light in the cavity? Where is the
magnetic field? Why is it okay to only consider one cavity mode? Why only one internal
state of the BEC? (c) There is a damping rate for the mechanical mode introduced? Where
does that come from? (d) What about ultra-cold collisions? (e) There is a detuning A,
introduced and I do not understand why? Is it related to A,?

We thank the reviewer for the suggestions to clarify the optomechanical model in Sec. III.

We address each sub-point below and indicate explicitly how we have revised the manuscript.



1
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2 (a) Neglecting spontaneous emission: The probe and pump lasers are far-detuned from the
3 atomic resonance, which ensures that the population of the excited states remains negligible.
us  As a result, spontaneous emission can be safely neglected, and the excited electronic states

us are adiabatically eliminated. Manuscript update: Added in Sec. III:

116 “The lasers are far-detuned from the atomic resonance, ensuring that sponta-

17 neous emission is negligible and the excited electronic states can be adiabatically

118 eliminated.”

119 (b) Polarization, magnetic field, and cavity mode: We consider a single linearly polarized

120 cavity mode along the z-axis. The magnetic field component is included implicitly but does
121 not influence the one-dimensional optomechanical dynamics. Only one internal state of the
12 BEC is considered because other hyperfine states are far-detuned and thus remain negligibly
123 populated. The single-mode approximation is justified as the cavity is operated in a regime
12« where the mode spacing exceeds both the cavity linewidth and the mechanical frequency.

125 Manuscript update: Added in Sec. III:

126 “We consider a single linearly polarized cavity mode along the z-axis. The

127 magnetic field component is implicitly included but does not affect the one-

128 dimensional optomechanical dynamics. Only one internal state of the BEC is

129 considered, as other hyperfine states are far-detuned and thus negligibly popu-

130 lated.”

131 (c) Mechanical damping rate: The mechanical mode experiences damping at a rate 7,,,

12 which accounts for decoherence due to atomic collisions and residual coupling to the thermal

133 environment. Manuscript update: Added in Sec. III:

134 “The mechanical mode is assigned a damping rate ,,, which accounts for deco-

135 herence due to atomic collisions and residual coupling to the thermal environ-

136 ment.”

137 (d)Ultra-cold collisions: Collisional interactions among the ultra-cold atoms modify the

s effective mechanical frequency via mean-field contributions. These interactions are incorpo-
130 rated into the system parameters used in our simulations. Manuscript update: Added in

140 Sec. IIT:
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“Ultra-cold atomic collisions are incorporated in the effective mechanical fre-
quency via mean-field interactions, which are captured in the system parameters

used in our simulations.”

(e)Detuning A,: The detuning A, corresponds to the effective probe detuning relative
to the mechanical Bogoliubov mode frequency w;,, defined as A, = 6 — w,,. This arises
naturally in the resolved-sideband regime. Manuscript update: Added in Sec. II after
Eq. (25) on page 4:

“In the resolved sideband regime, where w,, > k, the effective probe detuning
is A, = 0 — wy,, which corresponds to the detuning reduced by the mechanical

Bogoliubov mode frequency.”

We have added clarifications regarding detuning and spontaneous emission, cavity polariza-
tion, single-mode approximation, mechanical damping, ultra-cold collisions, and the defini-
tion of A,. All additions are placed in Sec. III immediately after introducing the relevant
components of the system on page 4 second and third paragraph, improving both clarity
and completeness.

(4) T found some small things in Sec. IV that are unclear (maybe there are more) (a)
the authors write photonic PSHE but so far they used photonic SHE. Maybe use PSHE
everywhere? (b) There is a Figure 7?7 7. I believe it should be 37 (c) I did not find the
definition of A,?

We thank the reviewer for pointing out these unclear points in Sec. IV.

(a) the authors write photonic PSHE but so far they used photonic SHE. Maybe use
PSHE everywhere? We agree with the reviewer and have now used the notation “PSHE”
(photonic spin Hall effect) consistently throughout the manuscript.

(b)There is a Figure ?? 7. I believe it should be 3?7  The reference “Figure 77”7 was
indeed a typographical error and has been corrected to “Figure 3” in the revised version.

(c)I did not find the definition of A,? The definition of the detuning A, has now been
added in Sec. II when it first appears after equation (25) and is referenced in Sec. IV for
clarity.

We thank the reviewer again for these helpful suggestions.

(5) Regarding the description of Figure 3 and 4. There are a few things that are unclear

to me. (a) I do not understand the sentence |...] indicating a baseline scenario where spin-
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dependent reflection is balanced. Why is it balanced? Also do the authors always choose
A = w,, here? Is that needed for the symmetry in A,? (b) I also did not understand]...|
becomes increasingly negative, a pronounced asymmetry develops in the angular profile of
the ration. [...] sharply increases near resonance , showing enhanced [...]. What is meant by
asymmetry? Just that there is a peak in 7 What means near resonance? I was thinking
about a frequency but maybe the authors are refering to 7 (c) In the description of Fig.4
the authors write [...] a symmetric Lorentzian-like peak is observed [...]. T do not see any
Lorentzian-like peak in Fig. 4. What are the authors refering to? (d) The authors later
write [...]the probe detuning becomes increasingly negative [...] the magnitude of the SHE
shift increases, but the peak structure becomes increasingly asymmetric and broadened.|...]”
I am confused by this statement. What peaks should I be looking at? The peaks in 6
become sharper for more negative A,, correct? Also the peaks are very asymmetric from
the beginning for all A,. Sorry for my confusion, probably this is just a misunderstanding.

We thank the reviewer for these thoughtful questions regarding the description of Figs. 3
and 4. We have revised the corresponding text to clarify the physical meaning and to remove
any ambiguity. In particular,

(a)l do not understand the sentence |...] indicating a baseline scenario where spin-
dependent reflection is balanced. Why is it balanced? Also do the authors always choose
A = w,, here? Is that needed for the symmetry in A7

We have removed the phrase “indicating a baseline scenario where spin-dependent reflec-
tion is balanced” and replaced it with a clearer description of the initial reference point. We
now explicitly state that the case A = w,, is used throughout Fig. 3 in order to provide a
symmetric reference point in the probe detuning, corresponding to the resolved—sideband
condition in which the probe is tuned to the mechanical resonance.

Response to points (b)—(d):

We thank the referee for these helpful questions. Our original wording was indeed am-
biguous and we have revised the text to improve clarity. Below we clarify the intended
meaning and indicate the specific changes made in the manuscript.

(b)I also did not understand|...] becomes increasingly negative, a pronounced asymmetry
develops in the angular profile of the ration. [...] sharply increases near resonance , showing
enhanced [...]. What is meant by asymmetry? Just that there is a peak in §7 What means

near resonance? I was thinking about a frequency but maybe the authors are refering to 67
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Meaning of “asymmetry” and “near resonance”: By “asymmetry” we do not refer to the
mere presence of a peak in the #;—dependence, but to the fact that, as the probe detuning
becomes more negative, the shape of the peak is no longer symmetric with respect to its
maximum. Specifically, the slope for #; < 60.2° becomes steeper than that for 6; > 60.2°.
The term “near resonance” was intended to indicate that the pronounced change in the
SHE shift occurs close to the critical incident angle 6; ~ 60.2°, where the cavity-BEC
hybrid mode is resonant with the probe. To avoid confusion with frequency resonance, we
now write “close to the critical incident angle #; ~ 60.2°” throughout the manuscript.

We have updated the manuscript for A, = 0, the angular dependence of the SHE shift
displays a symmetric peak centered around the critical incident angle 6; ~ 60.2°. As the
probe detuning becomes more negative, this peak becomes increasingly asymmetric, with a
steeper rise for 6; < 60.2° and a slower decay for 6; > 60.2°.

(c¢)In the description of Fig.4 the authors write [...] a symmetric Lorentzian-like peak
is observed [...]. I do not see any Lorentzian-like peak in Fig. 4. What are the au-
thors refering to? Meaning of “Lorentzian-like peak” in Fig. 4: We agree with the referee
that the term “Lorentzian—like” may be misleading. What we intended to describe is that
the peak is approximately symmetric for A, = 0. To avoid ambiguity, we have removed
“Lorentzian-like” and replaced it with “symmetric peak”.

We have updated the manuscript “When A, = 0 (red dashed line), a symmetric peak is 0b-
served, which reflects strong spin—dependent angular deflection due to enhanced light—-matter
interaction at zero detuning.”

(d)The authors later write [...]the probe detuning becomes increasingly negative [...] the
magnitude of the SHE shift increases, but the peak structure becomes increasingly asymmet-
ric and broadened.[...]” T am confused by this statement. What peaks should I be looking
at? The peaks in 6 become sharper for more negative A, correct? Also the peaks are very
asymmetric from the beginning for all A,. Sorry for my confusion, probably this is just a
misunderstanding.

The “peak structure” refers to the maximum in the SHE shift as a function of the incident
angle. While it is correct that this peak becomes sharper as A, becomes more negative,
its shape also becomes increasingly asymmetric, as described in (b). We have therefore
rephrased the text to avoid suggesting that the peak is broadened.

We have updated the manuscript “As the probe detuning becomes more negative (A, < 0),
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the magnitude of the SHE shift increases and the angular peak becomes steeper, while its
profile gradually develops an asymmetry with respect to the critical incident angle.”

We hope that these clarifications resolve the referee’s concerns. The revised passage in
the manuscript now reads: “In Figure 4(a), the normalized PSHE shift exhibits a clear
peak at the critical incident angle 6; ~ 60.2°. For A, = 0, this peak is symmetric. As the
probe detuning becomes increasingly negative, its magnitude grows and the peak becomes
progressively asymmetric, with a steeper rise for 6; < 60.2° than for 6; > 60.2°. This
behaviour reflects the detuning-induced modification of the optomechanical dispersion and
the corresponding variation of the spin—orbit coupling strength.”

We believe these revisions improve the clarity of the description of Figs. 3 and 4 and we
thank the reviewer for pointing out these ambiguities.

(6) Regarding Fig. 5 I have a very minor question. I was wondering why the authors
choose A, = —0.12w,,? In the caption I read that this corresponds to the maximum photonic
SHE. Is that obvious and parameter independent? I mean does this value not depend on
Gpc?

We thank the reviewer for this insightful question. In Fig. 5 we choose the value
A, = —0.12w,, because, for the parameter set used in this figure, this value corresponds ap-
proximately to the maximum of the photonic SHE shift. We agree that this is not parameter
independent — in particular, the position of the maximum also depends on the coupling
strength Gpo. We have added a sentence in the revised caption to clarify that the choice
A, = —0.12w, is made for the specific parameter set of Fig. 5 and that the exact value of
the maximal PSHE shift may shift as Gg¢ is varied.

We sincerely thank the reviewer for their positive assessment of our manuscript. We
have carefully revised the manuscript in accordance with the suggested modifications and
performed a thorough proofreading to improve clarity, consistency, and presentation. We
believe the revised version meets the publication standards and respectfully submit it for

final consideration.
Response to Referee 2

The manuscript discusses the photonic spin Hall effect in a BEC confined within a cavity.
As theoretically studied by Risch et al and experimentally shown by Esslinger et al. a the

coupling of the cavity field with the BEC Bogoliubov modes mimics an optomechanical
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coupling. Such dynamics modulates the photonic spin Hall effect and can be detected by
mesuring the field susceptibility. The problem is of timely interest and the result obtained
are as far as I can judge correct and new.

We thank the reviewer for the positive assessment and for highlighting the optomechani-
cal analogy in cavity-BEC systems. In the revision, we have added to the fifth paragraph of
the Introduction page 1 (final lines) the sentence: “In cavity-BEC platforms, the coupling
between the quantized cavity field and Bogoliubov excitations maps onto an effective optome-
chanical interaction, as established in theory and reviewed in Ref. [1]. Seminal experiments
by the Esslinger group confirmed this paradigm, revealing cavity-enhanced backaction and
many-body dynamics [2, 3].” We further clarify how the Bogoliubov-mode-induced suscep-
tibility x modifies e = 1 + x, which feeds into the transfer-matrix calculation of R, and
thus the PSHE displacement 6,5 (Secs. II.A-II.C). We also note that y is experimentally
accessible in our readout (y = E7, Sec. III). Finally, Sec. I1.D articulates the novelty: un-
like passive platforms, our cavity-BEC architecture provides coherently tunable PSHE via
Bogoliubov-mode control.

The manuscript could be published once the authors have expanded section two. The
physics of the photonic spin Hall effect is too sketchy and this makes the manuscript difficult
to follow. The desctiption of the effective Bogoliubov modes is somehow clearer — at least
to me as I am familiar with the BEC in cavity dynamics. In general the physicalo setup is
rather poorly described. They should furthermore put in a clearer perspective the novelty
of their research and of their approach.

We thank the reviewer for the constructive feedback. We have revised the manuscript
accordingly, with a particular focus on expanding Section II to clarify the physics of the
photonic spin Hall effect (PSHE) and the physical configuration. Concretely, we:

(1) Expanded Section II into four parts: II.A Photonic spin Hall effect: physical picture
and working formulae, II.B Physical configuration (geometry and conventions), II1.C From
susceptibility to Fresnel coefficients and PSHE, and I1.D Perspective and novelty. (2) Kept
the original bold statements in Section II exactly as in the previous version, as requested by
the authors’ internal constraints. (3) Upgraded the Fig. 1 caption to label beams, angles, and
polarization bases; and added Table 1 listing symbols/parameters (values/units match those
used in simulations). (4) Added explicit links from the BEC susceptibility x to e; = 1 + ¥,
the transfer-matrix calculation of R, and R,, and the PSHE displacement 6,.. (5) Polished
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20 wording, defined symbols at first use, and corrected minor typographical errors.

;0 1. “Expand Section two; the physics of the photonic spin Hall effect is too sketchy.”

301 Response. We substantially expanded Section II to make the PSHE physics self-
;2 contained before the transfer-matrix results. We now provide an intuitive explanation of
53 how the Fresnel coefficients R, and R, lead to spin-dependent centroid shifts, and state the
3¢ assumptions (paraxial, small-shift limit) explicitly.

305 Changes in the manuscript.

306 e Added Subsection II.A explaining PSHE and presenting the standard working expres-

307 sions used in our study and summarized them in Table 1.

308 e Stated the small-displacement and paraxial assumptions adjacent to the equations.

0 2. “The description of the effective Bogoliubov modes is clearer, but the physical

310 setup is poorly described.”

311 Response. We clarified the optical geometry, polarization conventions, and how the

a2 pump/probe fields are used in the model. We also made the figure caption more informative.

=

313 Changes in the manuscript.

314 e Added Subsection II.B detailing the Physical configuration (geometry and conven-

31 tions).

316 e Upgraded Fig. 1 caption to label 6y,., TE/TM axes, circular bases o+, and pump/probe
317 paths.

318 e Added Table 1 listing symbols, definitions, and units/nominal values (matching the

310 simulations).
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3. “Put in a clearer perspective the novelty of their research and of their

approach.”

Response. We now explicitly position our contribution relative to prior PSHE work.
We stress that, unlike passive interfaces or metasurfaces, our cavity-BEC platform pro-
vides a coherently tunable route to control PSHE through the Bogoliubov-mode-mediated
susceptibility .

Changes in the manuscript.

e Added Subsection II1.D (Perspective and novelty) highlighting how tuning x modifies
€2 = 1 + x, thereby reshaping R, and the angular dispersion that set ..

4. “Link between the BEC susceptibility and the optical response.”

Response. We made the modeling chain explicit: y — €3 = 1 + x — layer matrix M,
— total matrix y — Rs, R, — Ops.

Changes in the manuscript.

(1)Added Subsection I1.C From susceptibility to Fresnel coefficients and PSHE to bridge
Section II with the susceptibility derived in the following section.

(2) Section II restructured into II.A-II.D with added context and explicit symbol defini-
tions. (3) Fig. 1 caption expanded; Table 1 added. (4) Preserved the authors’ original bold
text in Section II verbatim.

We hope the revisions address the concerns and thank you for the positive

assessment regarding publication upon revision.
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Spin-Orbit Photonics in a Fixed Cavity: Harnessing Bogoliubov Modes of a

Bose—Einstein Condensate

Ghaisud Din,! Mugaddar Abbas,"* and Pei Zhang®

! Ministry of Education Key Laboratory for Nonequilibrium Synthesis and Modulation of Condensed Matter,

Shaanzi Province Key Laboratory of Quantum Information and Quantum Optoelectronic Devices,
School of Physics, Xi’an Jiaotong University, Xi’an 710049, China

We present a theoretical investigation of spin-orbit photonics within a fixed mirror cavity sys-
tem containing a Bose-Einstein condensate (BEC), in which the Bogoliubov excitation modes of
the condensate are treated as effective mechanical oscillators. By embedding the condensate in
a single-mode optical cavity, we explore the emergence and modulation of the photonic spin Hall
effect (PSHE) through the spin-dependent transverse shifts of a weak probe field. The optical re-
sponse—encoded in the real and imaginary components of the output field susceptibility—is system-
atically analyzed as a function of the condensate—cavity coupling strength, revealing a controllable
enhancement or suppression of the spin-orbit interaction. Our model captures how the interplay
between collective BEC excitations and cavity photon dynamics induces nontrivial modifications in
spin-dependent light propagation. Notably, we uncover that the Bogoliubov mode coupling acts as
a tunable channel for mediating spin angular momentum transfer within the cavity, offering a novel

route for engineering compact, quantum-coherent spin-orbit photonic devices.

I. INTRODUCTION

The photonic spin Hall effect (PSHE) is a prominent
manifestation of spin—orbit coupling (SOC) in optical
systems, giving rise to a polarization-dependent lateral
displacement of light at material interfaces [1]. This spa-
tial splitting occurs due to the intrinsic interaction be-
tween the spin angular momentum of photons (associated
with polarization) and their orbital trajectory, parallel-
ing the spin Hall effect in electronic systems [2]. In such a
photonic analogue, variations in the refractive index em-
ulate the role of an electric field, producing a transverse
shift that depends on the circular polarization compo-
nents of the incident beam [1, 3, 4].

The theoretical basis for the PSHE was first established
by Onoda et al. [1], with subsequent advancements con-
tributed by Bliokh and co-authors, who offered a deeper
understanding through conservation laws and geometric
phase considerations [3]. Experimental verification was
achieved in 2008 by Hosten and Kwiat via weak measure-
ment protocols, enabling direct observation of the tiny
polarization-induced beam shifts [5].

At its core, the PSHE arises from the conservation
of total angular momentum in light—-matter interactions,
serving as a vital probe of spin—orbit phenomena in struc-
tured and inhomogeneous media [2, 6]. Techniques such
as weak value amplification have proven highly effective
in detecting the subtle spin-dependent displacements,
significantly boosting the sensitivity of optical measure-
ments [7, 8]. The broad utility of this effect has made it a
cornerstone for numerous applications, ranging from pre-
cision metrology and quantum photonic devices to high-
resolution optical imaging and sensor development [9-
11].

* muqaddarabbas@xjtu.edu.cn
T zhangpei@mail.ustc.edu.cn

Recent advancements in light—matter interaction have
laid the foundation for the development of highly con-
trollable quantum optical platforms, enabling precise
manipulation of photonic and atomic degrees of free-
dom [12-15]. Within this context, Bose-Einstein conden-
sate (BECs) have emerged as exemplary quantum many-
body systems, exhibiting macroscopic coherence and dis-
tinct superfluid properties that set them apart from con-
ventional phases of matter [16]. The experimental real-
ization of BECs in ultracold dilute gases has catalyzed
major progress in quantum optics and quantum simula-
tion [17, 18], offering deep insights into quantum phase
transitions, long-range coherence, and collective excita-
tions [19-21].

The integration of BECs with high-finesse optical
cavities has opened new frontiers for investigating hy-
brid quantum systems, where the collective motion of
ultracold atoms strongly couples to quantized cavity
modes [22, 23]. These platforms allow the exploration
of self-organized phases [24], cavity-mediated superra-
diance [25], and nontrivial optical nonlinearities in the
few-photon regime [26]. Notably, the condensate’s low-
energy excitation spectrum—particularly the Bogoliubov
modes—exhibits behavior analogous to mechanical os-
cillators [27-29]. These quasi-particle excitations, being
sensitive to cavity field fluctuations, introduce a new op-
tomechanical degree of freedom that is both tunable and
coherent. In cavity—BEC platforms, the coupling
between the quantized cavity field and Bogoli-
ubov excitations maps onto an effective optome-
chanical interaction, as established in theory and
reviewed in Ref. [22]. Seminal experiments by the
Esslinger group confirmed this paradigm, reveal-
ing cavity-enhanced backaction and many-body
dynamics [16, 24].

Consequently, the BEC can be viewed not only as
a quantum fluid but also as a dynamic mechanical el-
ement in cavity optomechanics. This dual nature en-
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ables light-induced manipulation of condensate excita-
tions and reciprocal modulation of the intracavity field.
The bidirectional coupling between the BEC and the pho-
tonic field has been corroborated by theoretical and ex-
perimental investigations, revealing significant modifica-
tions to the system’s optical susceptibility and quantum
noise characteristics [16, 30]. In this work, we harness
these properties to study spin-orbit photonic phenom-
ena—specifically, the PSHE—within a static cavity-BEC
system, wherein Bogoliubov modes serve as mechanically
active channels for mediating spin-dependent light prop-
agation.

In this work, we theoretically investigate a hybrid cav-
ity quantum electrodynamics system in which a BEC,
confined within a fixed-mirror optical cavity, serves as
an effective mechanical oscillator via its Bogoliubov ex-
citation modes. Our focus lies in exploring how the
spin—orbit interaction of light, manifested through the
PSHE, is influenced by the dynamical coupling between
the quantized intracavity field and the collective modes
of the condensate. By analyzing the real and imaginary
parts of the output probe field susceptibility, we charac-
terize the spin-dependent light shifts induced by this cou-
pling and elucidate the conditions under which spin-orbit
photonic effects can be enhanced or suppressed. The role
of the effective optomechanical interaction strength is ex-
amined in detail, revealing its impact on the PSHE signa-
ture. This study provides new insight into the coherent
control of spin—orbit photonic phenomena using quantum
fluids of light and matter, offering potential avenues for
the realization of tunable, compact spin-sensitive pho-
tonic devices based on atomic condensates.

II. Theoretical Model and Physical Configuration

We consider a hybrid optical system consisting of a
BEC of N ultracold 8"Rb atoms confined inside an op-
tical resonator, as shown in Fig. 1. A weak probe laser
field, incident at an angle 6;,. on the partially reflective
mirror Mj, interrogates the system. The probe beam
has both transverse electric (TE) and transverse mag-
netic (TM) polarization components, with frequency wp
and power Pp. The electric field amplitude is given by

|Ep| = ’/2;5:, where k denotes the cavity decay rate.

Additionally, the cavity is coherently driven by a pump
laser of frequency wi, and power Py, with amplitude
Bul = /2R
normally incident pump with zero-degree polar-
ization angle.

In all simulations, we consider a

Upon reflection, the orthogonal circular polarization
components of the probe field undergo a spatial separa-
tion transverse to the plane of incidence, indicative of the
PSHE, as illustrated in Fig. 1. To make the manuscript
self-contained, we first summarize the physical picture of
the photonic spin Hall effect and how it connects to our
transfer-matrix model and to the BEC-induced suscep-
tibility.

II.A Photonic spin Hall effect: physical picture and
working formulae

The PSHE in reflection originates from a spin—orbit
interaction of light: the complex Fresnel coefficients
R,(0,¢;) and Rp(0,¢;) impart different amplitudes and
phases to the TE and TM components that make up
a linearly polarized input. In the circular basis eL =
(etg + iern)/V2, this imbalance produces opposite,
small centroid shifts for the o* components at nonzero
incidence angle 6;,.. The effect is most transparently con-
trolled by the ratio Rs/R, and by the angular dispersion
89im In Rp.

For a spatially localized Gaussian probe beam, the
electric field amplitudes of the reflected left- and right-
handed circularly polarized components are:

w Rl
gfft(xrvyrazr) = erXp |:_wy:|
2ix, OR, _ 2y, cotd
X{Rp_ kw 06 kw (B + By)|

(1)

The transverse spatial shift of each spin component due
to the PSHE is calculated as:

_ fy|5;t(x7’ Yr, Zr)|2 dxrdyr
B f |5,r:,t (x”" yT'? Z7) |2 dedy7 '

(2)

Opt

Substituting Eq. (1) into Eq. (2) yields the spin-
dependent displacement:

klwg Re {1 + gp] cot 6;
5p:|: =+ PN (3)

2
k2wE + “91516?” + ‘(1 + 5;;) cot

The shift d,4 and 6,— represent the left- and right-
circular polarization, respectively, with equal magnitude
but opposite direction due to symmetry.

Equation (3) shows explicitly how the PSHE scales
with the Fresnel ratio R,/ R, and the angular derivative
Op, In R,,. In our platform, both are tunable because R,
depend on the intracavity permittivity es = 14 y, which
is shaped by the BEC (Sec. III).

II.B Physical configuration (geometry and
conventions)

We next state the optical geometry and modeling
conventions used throughout. The probe (wp, Pp) im-
pinges on M; at 6, and is decomposed into TE (s)
and TM (p) components relative to the plane of in-
cidence; left/right circular components are defined by
e+ = (erg + iemy)/v2. The pump (wp, P) drives
the cavity mode coherently. We employ the standard
transfer—-matrix formalism to derive the electro-
magnetic response of the cavity.

To model this interaction, we use the transfer matrix
formalism for the i layer of the three-layer system [31,



32]:

cos(k) )
iqis sin(k?) cos(kl) )’

where k! = d;\/€;k2 — k2sin? 6 is the longitudinal wave
vector component in the 7" layer of thickness d;, and
Gs = V€k? —k2sin? 0 characterizes the TE polariza-
tion. The permittivity of the intracavity BEC
medium, ¢y, is crucial in determining the shift,
where ¢; = 1+ x and Y is the effective susceptibil-
ity. To compute y, we use the quantum Langevin
formalism and input-output theory [33], with x
proportional to the steady-state output field am-
plitude, i.e., x = Er. In the next section, we
derive the susceptibility by solving the coupled
quantum equations of motion for the intracavity
medium system dynamics.

The complete transfer matrix for the multilayer system
is given by:

y(k:mwp) = Mls(kwawpvdl) M2s(k5:cawp7d2)
X Msg(kz, wp, ds).

Mi(kxawpadi) = (

(5)

Based on the total transfer matrix formalism given in
Eq.(5), the TE-polarized reflection coefficient of the
probe field is given by

R. — q1s(Y11 + y1203s) — (@35Y22 + Y21)
) q1s(Y11 + y12035) + (@35Y22 + Y21)

(6)

Similarly, the TM-polarized reflection coefficient of the
probe field is obtained by replacing ;s with p;m,, and is
given by

R — Pim (Y11 + Y1203m) — (P3m¥Y22 + Y21) 7)
P pim (Y11 + vi2psm) + (P3mye2 + yo1)

where p;, = qe"_"‘ corresponds to the TM counter-
k2

part of the transverse wave vector in the i*" layer.
Note that y(k;,wp) in Eq. (5) denotes the total
transfer matrix and y,,, in Egs. (6)—(7) correspond
to its (m,n) element for the TE and TM polariza-
tions, respectively. Once the susceptibility x has
been evaluated, the reflection coefficients R, and
R, follow directly from the above equations in
combination with the transfer-matrix relations.

II.C From susceptibility to Fresnel coefficients and
PSHE

The BEC modifies the intracavity response through
ea(w) = 1 4 x(w), which enters the layer matrix My in
Eq. (4) and hence the total matrix y in Eq. (5). Conse-
quently, Rs and R, in Eqgs. (6)—(7) become explicit func-
tionals of x(w) (and of the pump/probe conditions). Be-
cause the PSHE shift §,1 [Eq. (3)] depends on the ratio
R,/R, and on 0O, In R,, tuning the BEC—cavity param-
eters provides a coherent, in situ handle to control the
magnitude and sign of the spin-dependent displacement.

TABLE I. Symbols and parameters used. Nominal values
match those used in the simulations (see figure captions).

Symbol Meaning Notes/Units
Wm Bogoliubov mode frequency 27 x 15.2kHz
K Cavity intensity decay rate 0.05wm

wo Probe waist at reflection plane 50

A wavelength 780 nm

x = Er Intracavity susceptibility (Sec. III) complex

€2 Intracavity permittivity 1+ x

R, R, Fresnel reflection (TE/TM) Egs. (6)—(7)
Gis, pim TE/TM transverse factors Dim = Qis /€
Ymn Elements of total transfer matrix Eq. (5)

Op+ PSHE transverse shift Eq. (3)

II.D Perspective and novelty

Conventional PSHE platforms (planar interfaces,
metasurfaces, weak-measurement schemes) are typically
passive. In contrast, our cavity-BEC architecture offers
a coherently tunable route to PSHE: the Bogoliubov-
mode-mediated susceptibility x reshapes es, thereby
engineering R, , and the angular dispersion that en-
ter Eq. (3). This coupling enables operating regimes
and dynamical control (via pump/probe settings and
BEC-cavity parameters) that are not accessible in pas-
sive optics, providing a clear perspective on the novelty
of our approach.

Assumptions and wvalidity. Our analysis uses the
paraxial, small-displacement approximation for a Gaus-
sian probe; material dispersion is captured by x(w)
derived in Sec. III. Under the parameters considered,
higher-order spatial and nonparaxial corrections are neg-
ligible.

ITI. System Hamiltonian and Dynamics of a
BEC-Cavity Coupled System

We examine a hybrid quantum setup consisting of a
BEC coupled to a single-mode optical cavity. The system
is governed by the total Hamiltonian:

n d?

_ i 2 t

H = /dx\I/ (x) [—%@ + Vext(x) + AUg cos™(kz) a'a
v(

%) + hwa a'a + ihEp(afe Lt — g ™L?)

+ ihEp(aTefi“’Pt — aei“Pt)

) (8)
Here, U'(z) and G denote the creation operators for
the atomic field and the cavity photons, respectively. The
cavity supports a standing-wave mode with spatial pro-
file cos(kx), where the wave number is k = 2w/A. The
dispersive light shift is quantified by Uy = g3/A,, with
go the single—photon atom-—cavity coupling and A, the
atom—cavity detuning. Coherent drives at angular fre-
quencies wy, and wp enter through the (complex) ampli-

tudes Ey, and Ep.
Moving into the rotating frame at w; and applying
the Bogoliubov approximation for atomic excitations, the
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FIG. 1. A schematic of the cavity setup comprises a
Bose-Einstein condensate (BEC) of N ®"Rb atoms together
with an optical parametric amplifier (OPA). Red arrows in-
dicate the probe field entering and exiting through the left
mirror M; at an incidence angle 6i,.. The pump field is
applied at normal incidence with zero polarization
angle (incident angle = 0°, polarization = 0°). d,4
and Jd,— denote the transverse shifts of the reflected probe
light corresponding to left- and right-circular polarizations,
respectively. Both cavity mirrors, M; and My, are kept fixed.

Hamiltonian simplifies to:

H = hA, afa+ B, bl + igpe aTa(b + bT)
+ihEr(a" —a) + ihEp (aTe—iét _ aei‘;t) ,

9)

where A, = w, + U%N — wy, includes the mean-field shift

from N atoms, w,, = 4wec is the Bogoliubov mode fre-
quency with wyee = hk?/2m, and gy, = %\/N/Z rep-
resents the effective optomechanical coupling. The fi-
nal two terms represent the interaction between the cav-
ity and the external driving fields: the pump and probe
lasers, characterized by a detuning § = wp — wy, between
the pump and probe frequencies.

Including dissipation and the accompanying quantum
fluctuations, the dynamics of the cavity and mechanical
modes are governed by the Heisenberg-Langevin equa-
tions:

a=—(iAs +K)a—igp.a(b+ bT) + Ep + Epe ™t

(10)
+ \/ﬂaina (11)
b= —(iwm+’ym)b—igbcaTa+ \/29m &, (12)

where k and 7,, denote the damping rates of the cavity

and the mechanical resonator, respectively, and a;, and

é are the corresponding input—noise operators.
Expanding around steady-state values a = a4+ da, b =

B + 6b, and retaining only first-order fluctuations yields:
64 = — (iA + k) da — iGpc (6b + 0b') + Ep e, (13)
0b = — (i, + Ym) 0b — iGpc da’ — iGhe da, (14)

with Gpc = gie|a| and A = A, — gpe(B + B*) is the

effective detuning.
The steady-state intracavity amplitudes are given by:

EL(H — ZA)
- Bl iR (15)
Z'gbc‘Oé|2
= — — . 1
P Wi + Tm ( 6)

To study the probe response, we adopt the ansatz:

da(t) = da_e " + fa e, (17)
5b(t) = 6b_e~ " 4 §b, ™. (18)

Substituting into Eqs. (13)-(14) and solving alge-
braically, the total cavity output field reads:

Eou(t) + Epe” " + E;, = V2k aft), (19)
where the output probe signal is decomposed as:

Eout(t) = B + ESD Epe + B Epe™. (20)

out out out

The probe transmission is then characterized by:

B _ V2ka_

= -1 21
out EP 9 ( )
By = Y2Ra (22)

Ep

where a_ is the intracavity response to the probe field,
obtained as:

; (23)

with:

A= Ep |2iGhc wm + (m — 1) (i = i(2p + 2wim)
(k= (A + 2wn)) |, (24)

B=—(k—iA,) [ — 230 wm + (Y — i1

(i Ym + Ap 4 2wm) (i 5+ Ay + 2w | +2G36
(—ik — Ap — 2wp,) Wy - (25)

In the resolved sideband regime, where w,, >
and the effective detuning is set to A = w,,, the
term A, = § —w,, in the previous expression corre-
sponds to the effective probe detuning reduced by
the mechanical Bogoliubov mode frequency w,,,



FIG. 2. (a) Intracavity BEC response: dispersion (solid) and absorption (dashed) versus probe detuning A,. Parameters:
Wm /27 = 15.2 kHz, v /27 = 0.21 kHz, wyec /27 = 3.8 kHz, A = 780 nm, L = 1.25 x 107* m, Gpc = 0.05wm, and cavity decay
= 0.05wmn.

(b) Angular dependence of the Fresnel reflection magnitudes |Rs| and |R,| as functions of the incidence angle 6;, evaluated
at resonant detuning A, = 0. The remaining parameters are €¢ = 1, €1 = €3 = 2.22, €2 = 1 + Ep, mirror thicknesses

di =0.1x10%mand do = 0.4 x 107 m.

i.e., A, = § —wy,. The transmission of the probe Er ef-
fectively serves as the susceptibility x of the intra-cavity
medium, that is, x = x, + ix; = Er. DBoth real and
imaginary parts of x determine the phase and absorp-
tion response of the system, respectively, and can be
accessed via homodyne detection techniques. Sponta-
neous emission is neglected due to the large atom-
cavity detuning, we assume a single linear polar-
ization of the cavity field and consider a scalar
(single—component) BEC. The damping rate of
the Bogoliubov mechanical mode is introduced
phenomenologically to account for residual de-
cay of the collective excitation, and inter-atomic
collisions are neglected in the weakly interacting
regime.

IV. RESULTS AND DISCUSSION

Unless stated otherwise, we adopt experimentally real-
istic parameters [34, 35]: wy /27 = 15.2kHz, v, /27 =
0.21kHz, wyec/2m = 3.8kHz, A = 780nm, and L =
1.25 x 107*m. For the PSHE analysis we further set
€0 = 1, e = e3 = 2.22, with mirror-layer thicknesses
di =0.2pum and do = 5 um.

We operate in the far—off-resonant (dispersive)
regime, so that spontaneous emission is negligible
and the electronically excited states can be adia-
batically eliminated. The analysis is restricted to
a single, linearly polarized cavity mode aligned
with the z—axis. The associated magnetic field is
treated implicitly and does not alter the strictly
one—dimensional optomechanical motion. Ultra-
cold atom—atom collisions are included at the
mean—field level, leading to a renormalization of
the effective mechanical frequency; this shift is
absorbed into the parameter set used in our sim-

ulations.

Only a single internal state of the BEC is
considered, since other hyperfine states are far-
detuned and remain negligibly populated. The
mechanical mode is further characterized by a
damping rate 7,,, which accounts for decoherence
arising from atomic collisions as well as residual
coupling to the thermal environment.

Figure 2 summarizes the optical response of the
BEC-cavity platform. In panel (a) we display the disper-
sive part (solid; Re x) and the absorptive part (dashed;
Im x) as functions of the probe detuning A,. The curves
are computed with experimentally accessible parameters:
wm/27 = 15.2 kHz, /27 = 0.21 kHz, wyec/27 =
3.8 kHz, and a cavity length L = 1.25 x 10~* m. The
light—matter coupling and cavity loss are set to Gpc =
0.05 wy, and k = 0.05 wy,, respectively.

The dispersion curve exhibits a steep slope in the vicin-
ity of A, = 0, signifying strong group velocity dispersion
indicative of slow-light effects. This region corresponds to
a rapid variation of the refractive index, a consequence
of coherent interference within the hybrid cavity-BEC
system. Meanwhile, the absorption profile displays a
pronounced transparency window near resonance, sug-
gesting the presence of an electromagnetically induced
transparency (EIT)-like phenomenon. This feature stems
from destructive interference between competing excita-
tion pathways in the coupled light-matter system, which
precisely suppresses absorption at resonance.

In panel (b), we analyze the angular dependence of the
Fresnel reflection magnitudes |R| and |R,| at resonant
probe detuning A, = 0. The dielectric environment com-
prises layers with permittivities g = 1, €1 = €3 = 2.22,
and es = 1+ Ep, where Ep represents a tunable external
control parameter. The multilayer stack includes mirror
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FIG. 3. The amplitude ratio |R;|/|Rp| is shown as a function of the incidence angle ; for four probe detunings: (a) A, = 0, (b)
Ap = —0.05wm, (c¢) Ap = —0.10wm, and (d) Ap = —0.12 wr,. Unless specified otherwise, the parameters are wm /27 = 15.2 kHz,
Ym /27w = 0.21 kHz, wrec/2m = 3.8 kHz, A = 780 nm, L = 1.25 x 1074 m, Gec = 0.05wWm, kK = 0.05wm, €0 =1, €1 = €3 = 2.22,

€2 = 1 4+ Ep, with mirror-layer thicknesses di = 0.1 yum and d2 = 0.4 um.

thicknesses d; = 0.1 x 107% m and dy = 0.4 x 1076 m.

The results show that |R,| displays a dip around the
Brewster angle, a classical effect arising from zero re-
flectivity for p-polarized light at a specific angle of inci-
dence. In contrast, |R,| remains finite and comparatively
flat across the angular spectrum, reflecting its insensitiv-
ity to such Brewster-angle effects. The sharp angular
contrast between the two polarizations establishes a fa-
vorable condition for spin-dependent optical phenomena,
such as the photonic PSHE, where the angular separation
of spin components is maximized.

These findings confirm that the system supports
tunable dispersion and polarization-selective reflection,
essential for tailoring light propagation, enhancing
light—matter interactions, and enabling spin-dependent
optical control. The tunability via A, and 6;, along with
the engineered dielectric environment, underscores the
potential of this platform for applications in slow-light
devices, precision sensing, and spin-resolved photonic in-
terfaces.

To quantify the polarization sensitivity, we eval-
uate the ratio of reflection amplitudes |R;|/|R,| for

s— and p—polarized light as a function of the in-
cidence angle 0; for several probe detunings A,
(see Fig. 3). The calculations employ experimen-
tally accessible values: wy, /27 = 15.2 kHz, v, /27 =
0.21 kHz, wyee/2m = 3.8 kHz, and A\ = 780 nm. The
optical cavity parameters are L = 1.25 x 10~* m,
Gac = 0.05wm, and k = 0.05w,,. The stratified di-
electric is specified by ¢y = 1, ¢; = €3 = 2.22, and
¢ = 1+ Er, where Er represents a tunable con-
tribution set by an external control. The layer
thicknesses are fixed at d; = 0.1 x 107% m and
dy = 0.4 x 1075 m.

Figure 3(a)—(d) correspond to detuning values
A, =0, —0.05wm, —0.lwm, and —0.12wy,, respec-
tively. For A, = 0, the ratio |R,|/|R,| exhibits
a moderate angular variation around 6; =~ 60.2°,
which serves as the reference case where nei-
ther polarization component is preferentially en-
hanced or suppressed. As the detuning becomes
increasingly negative, the angular profile of the
ratio becomes noticeably asymmetric. Specifi-
cally, for A, = —0.05wm,, the ratio increases rapidly
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FIG. 4. (a) Normalized PSHE displacement 0, /X versus incidence angle ; for four probe detunings: A, = 0 (red, dashed),
Ap = —0.05wm (purple, solid), A, = —0.10wy, (light gray, dashed), and A, = —0.12wy, (pink, dash—dot). (b) Density map of
dp+ /A in the (6;, Ap) plane. Unless stated otherwise, parameters are wr, /27 = 15.2 kHz, v /27 = 0.21 kHz, wrec /27 = 3.8 kHz,
A=780nm, L =1.25x10"* m, Gac = 0.05wm, k = 0.05wm, €0 = 1, €1 = €3 = 2.22, €3 = 1+ FEr, and mirror-layer thicknesses
di = 0.1 pm, do = 0.4 pm.
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FIG. 5. Density plot of the normalized PSHE shift, d,+ /A, as a function of the incident angle 6; and the cavity-BEC coupling
strength Ggc, for two dissipation regimes: (a) when the cavity dissipation rate k equals the BEC dissipation rate s, i.e.,
K/2m = ym /27 = 0.21 kHz, and (b) when the cavity dissipation rate exceeds that of the BEC, i.e., Kk = 0.5wn, and v /27 =
0.21 kHz. The remaining parameters are: probe detuning A, = —0.12w,, (corresponding to the maximum PSHE), mechanical
frequency wp /27 = 15.2 kHz, recoil frequency wrec/2m = 3.8 kHz, wavelength A = 780 nm, cavity length L = 1.25 x 107% m,
dielectric constants €9 = 1, €1 = €3 = 2.22, ¢ = 1 + Er, mirror thicknesses d; = 0.1 X 10 °mand ds =0.4 x 107 m.

This behavior is associated

for incident angles slightly below the reference
value and decreases more gradually afterwards.

For larger detuning values, e.g. A, = —0.10wp,
and —0.12wy,, the maximum value of |R,|/|R,| in-
creases further, and the angular region where the
enhancement occurs becomes narrower around

the critical angle.
with the detuning—induced modification of the
optical susceptibility, which enhances the cou-
pling of the probe field to spin—polarized modes
of the cavity-BEC hybrid system.

These results demonstrate that probe detun-



ing provides a powerful control parameter for tai-
loring the polarization—dependent reflection. By
tuning A,, one can selectively enhance or sup-
press a given polarization component over a nar-
row angular range, which may be exploited for
polarization—resolved optical filtering and sensing
devices.

Figure 4 examines the behavior of the normal-
ized PSHE shift, d,/), as a function of the inci-
dent angle 6;, with particular emphasis on the role
of probe detuning A,. Panel (a) shows four rep-
resentative curves for different detuning values,
while panel (b) displays a density map of 6, /X in
the (6;,A,) plane.

In Fig. 4(a), the PSHE shift has a pronounced
maximum at the critical incident angle 6; ~ 60.2°.
The magnitude and the shape of this maximum
are strongly influenced by the probe detuning.
For A, = 0, the angular profile is almost sym-
metric. As the detuning is made negative, the
magnitude of the peak increases and the profile
becomes asymmetric, with a steeper increase on
the low—angle side and a slower decay on the
high—angle side. This evolution is a signature
of the dispersive response of the optomechanical
system, since detuning modifies the effective re-
fractive index and the corresponding spin—orbit
coupling strength.

Panel (b) illustrates how ¢, /A varies across a
range of incident angles and detuning values. A
distinct sign inversion occurs in the vicinity of the
critical angle and zero detuning, highlighting the
transition from negative to positive PSHE shift.
The blue and red regions in the density plot cor-
respond to opposite transverse shifts of the two
circularly—polarized components, and their evo-
lution with detuning reflects the interference be-
tween these components. The resulting dip—peak
pattern indicates that the spin sensitivity is max-
imal close to the critical incident angle.

These findings show that the PSHE can be
tuned efficiently by adjusting the probe de-
tuning, providing a promising route towards
spin—selective photonic devices, such as tun-
able polarization—dependent beam deflectors and
quantum optical sensors.

Figure 5 displays density maps of the normalized PSHE
shift d,4 /A as functions of the incidence angle ¢; and the
BEC—cavity coupling Ggc, evaluated under two distinct
dissipation conditions. These regimes are differentiated
by the relative sizes of the cavity decay rate x and the
mechanical BEC damping ~,,. All panels are generated
using experimentally realistic parameters specified in the
caption.

In panel (a), the condition /27 = ~,, /27 = 0.21 kHz
is considered, which signifies balanced dissipation rates
for the cavity and the BEC. Under this symmetric dissi-
pation regime, a pronounced peak in the PSHE shift ap-

pears around 6; ~ 59°, particularly for weak to moderate
coupling strengths (Gpc/wm < 10). This behavior is at-
tributed to the resonant enhancement of the light—-matter
interaction, where the PSHE is maximized due to effi-
cient momentum transfer at the interface. The sharp
color gradient near this angular region also highlights a
strong angular sensitivity of the shift, making the system
favorable for precision sensing applications.

In contrast, panel (b) presents the scenario where the
cavity dissipation dominates (k = 0.5w.,, while ~,, /27 =
0.21 kHz remains fixed). In this case, the overall magni-
tude of the normalized PSHE shift increases compared to
panel (a), with broader regions of significant positive val-
ues. The peak region shifts slightly to larger incident an-
gles, and the PSHE becomes less sharply localized in both
angle and coupling strength. The enhancement in this
regime arises due to increased photonic leakage, which fa-
cilitates more efficient extraction of spin-dependent com-
ponents of light, thus amplifying the observable PSHE.
However, the trade-off is a reduction in the quality fac-
tor of the cavity, which could limit coherence in certain
quantum applications.

The comparison between panels (a) and (b) empha-
sizes the critical role of cavity dissipation in tailoring the
PSHE. Specifically, by engineering the relative magni-
tudes of x and 7,,, one can modulate the strength and
angular profile of the PSHE shift. This tunability is vi-
tal for designing reconfigurable photonic devices based
on spin—orbit interaction, such as polarization-resolved
sensors or optical switches.

Overall, the results confirm that optimal control of dis-
sipation parameters and light—-matter coupling enables
precise manipulation of spin-dependent photonic trans-
port, with potential applications in chiral quantum optics
and topological photonics.

V. CONCLUSION

We have theoretically examined spin-orbit photonic
phenomena in a fixed-mirror optical cavity system cou-
pled to a BEC, where Bogoliubov excitation modes func-
tion as effective mechanical resonators. By embedding
the BEC within a single-mode cavity, our model uncov-
ers how spin-dependent light—-matter interactions man-
ifest as PSHE shifts of a weak probe beam, which are
highly sensitive to system parameters.

The analysis reveals strong dispersive and absorptive
responses around specific probe detunings, evidencing
the role of the BEC—cavity interaction in modifying the
system’s optical transparency. The angular dependence
of the Fresnel coeflicients further supports the emergence
of spin-selective scattering near the Brewster angle, es-
tablishing the angle-dependent origin of the PSHE.

Through systematic exploration of the ratio |R,|/|R,|
and the corresponding PSHE shift 4,4 /A, we demon-
strate that the magnitude and sign of the transverse spin-
dependent shift are strongly modulated by the probe field
detuning. A critical enhancement of the PSHE occurs
near resonance, highlighting the cavity-assisted control



over the spin—orbit interaction channel. Additionally, the
parameter regimes in which spin-orbit effects are max-
imized are clearly visualized through two-dimensional
contour mappings.

Further insights establish how cavity dissipation gov-
erns the SHE response. In particular, under equal dissi-
pation conditions for the cavity and the BEC (k = i),
the shift profile becomes sharper and more localized,
while higher cavity losses smooth out the transverse spin
shift features. This illustrates the tunability of the spin—
orbit effect via dissipative engineering.

Overall, our findings confirm that the interplay be-
tween Bogoliubov collective excitations and cavity pho-

ton dynamics not only mediates angular momentum ex-
change but also enables fine control over spin-dependent
light steering. The BEC—cavity platform thus serves as a
promising medium for developing reconfigurable, minia-
turized spin—orbit photonic devices with potential appli-
cations in optical sensing, nonreciprocal signal process-
ing, and quantum information routing.
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