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Abstract

The quantum phase transitions of a three-level Tavis-Cummings model in theΞ-configuration
driven by one-mode electromagnetic field in a QED cavity are studied for Na = 1, 2, and
4 systems. Although the groundstate expectation value of usual observables, such as the
number of photons and the population at the lowest and most excited levels, can be used
to determine the quantum phase transitions of the system in the parameter space, it is
shown that expectation values of quadratic Casimir invariants of the subsystems show
more details, which are corroborated using the fidelity between neighbouring states.
Additionally the entropy of entanglement is calculated to determine the correlations be-
tween matter and radiation. All the calculations show that increasing the intensity of the
driving electromagnetic field shrinks the region in the parameter space where matter and
radiation are decoupled until it dissapears.
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1 Introduction12

Understanding the interaction between matter and electromagnetic radiation at classical and13

quantum levels has been of fundamental importance in physics and more nowadays due to14

its potential applications in quantum information theory. To study these systems in quantum15

optics, Dicke [1] introduced a model in which matter is described as a set of two-level atoms16

and light as a quantized electromagnetic field inside a cavity. This model transitions from a17

normal mode, where the Na atoms radiate individually, to a superradiant phase, where the18

system’s radiation goes proportional to N 2
a when the field-matter intensity interaction crosses19

a critical value [2]. The Dicke model presents the problem that the number of states involved20

in the groundstate grows in an ever-increasing rate with the intensity of the field-matter inter-21

action. If the rotating-wave approximation is applied to the Dicke model, a significantly more22

amenable system is obtained called the Tavis-Cummings model [3,4].23

24

Quantum phase transitions (QPTs) are phenomena observed in matter-radiation systems [5–25

9]. These transitions occur at zero temperature when some physical parameter varies and26

passes a critical point, and the system shows a non-analytical behavior associated with a dis-27

continuity in a groundstate property [10, 11]. The study of QPT’s is of great interest in the28

analysis of a variety of quantum systems, such as gases [12], the Ising model [13], Bose-29

Einstein condensation in an optical cavity [14–16], superconducting systems [17, 18], cold30

trapped atoms [19], quantum interference [20,21], resonance fluorescence [22–25], etc. Dis-31

cernment and classifying the nature of nonequilibrium phase transitions in driven-dissipative32

systems has been a topic of active research [26,27].33

34

A modification of the two-level Tavis-Cummings model, where a drive of the electromag-35

netic (EM) mode is implemented, has been considered [28]. In this article a QPT takes place36

when the driving is detuned from the energy levels difference and the frequency of the EM37

mode; this transition appears near the first avoided crossing of the groundstate of the model.38

The model was modified to include a second drive, this time on an ensemble of two-level39

systems, such that the critical coupling strength can be reduced to observe the QPT in a real-40

istic system [29]. Simulating the Tavis-Cummings model with a circuit-QED system has been41

a focus of research and exploration [30]. The modeling of the matter-field interaction has42

been extended to consider three-level atoms [31]. The phase transitions of two- and three-43

level atom systems have been studied thermodynamically using the Green function [32]. The44

quantum phase transitions for the three-level Λ-configuration interacting with two EM modes45

were established using the Holstein-Primakov realization of the su(3) algebra in the thermo-46

dynamic limit [33], and for all the three-level configurations interacting with one-mode EM47

field using coherent states [34,35].48

49

In this paper we will consider a generalisation of the Tavis-Cumming model to three-level50

systems in the Ξ-configuration interacting with one EM mode of in a quantum QED cavity51

when the system is driven by an external field. The work is organized as follows. Section52

II contains a description of the generalised Tavis-Cummings model. In section III, the model53

is restricted to the Ξ-configuration, and the section IV show the expectation value of some54

system observables in the groundstate (the energy, the number of photons, the populations in55

the lowest and the highest states) are plotted to exhibit the QPTs in the model. Then we show56

that the expectation value of the Quadratic Casimir Invariants show the QPTs more clearly. In57

the section V we show that the correlation between radiation and matter also exhibits these58

QPTs. A summary and some concluding remarks are given in section VI.59

60
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2 The three-level generalised Tavis-Cummings model61

The three-level generalized Tavis-Cummings model for Na systems interacting with the one-62

mode electromagnetic field in the Ξ-configuration is given by [34,35]63

64

H= Ων+
3
∑

i=1

ωi Aii −
1
p

Na

3
∑

i< j

µi j (Ai j a† +A ji a) , (1)

where ℏ= 1 is considered, ωi , i = 1, 2, 3, denotes the energies of the atomic levels, µi j is the65

intensity of the electromagnetic mode interaction between the atomic levels with energies ωi66

and ω j , a† and a are the photon creation and annihilation operators in the field mode with67

frequency Ω, ν= a†a denotes the photon number operator, Ai j =
∑Na

n=1 A(n)i j , i, j = 1, 2, 3, are68

generators of the U(3) group, which are collective operators which annihilate systems at level69

ω j and create systems at levelωi (A(n)i j annihilates a n-th system in levelω j and creates a n-th70

system in level ωi), and obey the commutation relations71

[Ai j ,Akl] = δ jkAil −δilAk j , i, j, k, l = 1, 2, 3 . (2)

The factor 1/
p

Na in the interaction term is introduced so that parameters µi j are intensive.72

In reference [28], an external electromagnetic forcing of intensity χ and frequency ω is intro-73

duced to the Dicke model. We will add a similar term to our Hamiltonian in Eq. (1) but multi-74

plied by
p

Na so that χ is an intensive parameter. The Hamiltonian for the Ξ-configuration is75

76

HΞ = Ωa†a+
3
∑

j=1

ω j A j j

−
1
p

Na

�

µ12

�

A12 a† +A21 a
�

+µ23

�

A23 a† +A32 a
�	

+
p

Na χ
�

e−iω ta† + eiω ta
�

.

The model considered can be depicted as in Figure (1).77

78

The temporal dependence can be eliminated through the unitary tranformation79

U(t) = ei t (αa†a+β A11+γA22+δA33), (3)

if the real constants α, β , γ, and δ are chosen as80

α=ω , β = γ−ω , δ = γ+ω . (4)

The evolution equation for the transformed state |φ(t)〉 is81

i
d
d t
|φ(t)〉=
�

U(t)HΞU†(t) +
�

i
d
d t

U(t)
�

U†(t)
�

|φ(t)〉. (5)

82

Then the new Hamiltonian is83

H(N)Ξ = U(t)HΞU†(t) + i
�

d
d t

U(t)
�

U†(t)

= (Ω−ω) a†a+ (ω1 +ω− γ) A11 + (ω2 − γ) A22 + (ω3 −ω− γ) A33

−
1
p

Na

�

µ12

�

A12 a† +A21 a
�

+µ23

�

A23 a† +A32 a
�	

+
p

Na χ
�

a† + a
�

. (6)
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Figure 1: Scheme of Ξ-configuration system interacting with one-mode Ω of a quan-
tum electromagnetic cavity and forced with an electromagnetic field of frequencyω.
The interaction with the EM field can induce an atom to go to a higher energy state,
absorbing a photon of energy Ω, or pass to a lower energy state, producing a photon
of energy Ω. Because an external forcing field of frequency ω is applied, this new
field can also result in this process.

In this Hamiltonian, the EM field frequency of the cavity is decreased by the driving force fre-84

quency, and the first and third atomic levels energies, ω1 and ω3, approach the middle-level85

energy ω2. It is convenient to remove the term a† + a in Eq. (6) to have a better conver-86

gence when determining the lowest energy states of the system because increasing the num-87

ber of photons decreases the energy [28]. To this end we apply the displacement operator88

D(α) = exp(αa† − α∗ a) to the previous Hamiltonian. Thus selecting α = −
p

Na χ/(Ω −ω)89

the transformed Hamiltonian is90

eHΞ = D(α)H(N)Ξ D†(α)

= (Ω−ω) a†a+ (ω1 +ω− γ) A11 + (ω2 − γ) A22 + (ω3 −ω− γ) A33

−
1
p

Na

�

µ12

�

A12 a† +A21 a
�

+µ23

�

A23 a† +A32 a
�	

+
χ

Ω−ω
{µ13 (A13 +A31) +µ23 (A23 +A32)} − Na

χ2

Ω−ω
, (7)

with γ arbitrary, which we will choose γ= 0. This Hamiltonian excludes the case whenω= Ω,91

but this can be studied using the previous expression (6).92

Proceeding in the same manner for the Λ and V configurations we obtain93

eHΛ = (Ω−ω) a†a+ (ω1 +ω−δ) A11 + (ω2 +ω−δ) A22 + (ω3 −δ) A33

−
1
p

Na

�

µ13

�

A13 a† +A31 a
�

+µ23

�

A23 a† +A32 a
�	

+
χ

Ω−ω
{µ13 (A13 +A31) +µ23 (A23 +A32)} − Na

χ2

Ω−ω
, (8)

eHV = (Ω−ω) a†a+ (ω1 − β) A11 + (ω2 +ω− β) A22 + (ω3 −ω− β) A33

−
1
p

Na

�

µ12

�

A12 a† +A21 a
�

+µ13

�

A13 a† +A31 a
�	

+
χ

Ω−ω
{µ12 (A12 +A21) +µ13 (A13 +A31)} − Na

χ2

Ω−ω
. (9)

In these expressions, β and δ are arbitrary.94
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3 Determination of the groundstate95

We shall consider completely symmetric states for the three-level system. This allows us con-96

sidering the u(3)-algebra Jordan-Schwinger map97

A jk = b†
j bk , j, k = 1, 2, 3 , (10)

where the creation and annihilation operators satisfy the independent harmonic oscillator com-98

mutation relations99

�

b j , b†
k

�

= δ jk 1 , (11)
�

b j , bk

�

= 0 =
�

b†
j , b†

k

�

j, k = 1, 2, 3 .

Thus a basis for the three-level systems is100

{|n1 , n2 , n3〉 } , n j = 0, 1, 2, . . . , j = 1, 2, 3 . (12)

These states are eigenstates of A j j ,101

A j j |n1 , n2 , n3〉= n j |n1 , n2 , n3〉 , (13)

and n j is the number of systems in the j-level. Thus for a system of Na three-level states the102

basis103
�

|Na, 0, 0〉, |Na − 1, 1, 0〉, |Na − 1, 0, 1〉, |Na − 2, 2, 0〉, . . . , |0, 0, Na〉
	

, (14)

contains (Na + 1)(Na + 2)/2 states. Hence we will use a basis for the matter-radiation system104

of the form105

{|ν ; n1, n2, n3〉 ≡ |ν〉 ⊗ |n1 , n2 , n3〉} . (15)

In this expression, states |ν〉 are the eigenstates of photon number operator ν. The matrix106

elements of the Hamiltonian in Eq. (7) in this basis are107

〈ν; n1, n2, n3| eHΞ |ν; n′1, n′2, n′3〉

= δνν′ δn1 n′1
δn2 n′2

δn3 n′3

��

Ω−ω
�

ν+
�

ω1 +ω
�

n1

+ω2 n2 +
�

ω3 −ω
�

n3 − Na
χ2

Ω−ω

�

−
1
p

Na

�

µ12δn3,n′3

�q

ν′(n′2 + 1)n′1δν,ν′−1δn1, n′1−1δn2, n′2+1

+
q

(ν′ + 1) (n′1 + 1)n′2δν,ν′+1δn1, n′1+1δn2, n′2−1

�

+µ23δn1, n′1

�q

ν′(n′3 + 1)n′2δν,ν′−1δn2, n′2−1δn3, n′3+1

+
q

(ν′ + 1) (n′2 + 1)n′3δν,ν′+1δn2, n′2+1δn3, n′3−1

��

+
χ

Ω−ω
δνν′
�

µ12δn3, n′3

�q

(n′2 + 1)n′1δn2, n′2+1δn1, n′1−1

+
q

(n′1 + 1)n′2δn1, n′1+1δn2, n′2−1

�

+µ23δn1, n′1

�q

(n′3 + 1)n′2δn3, n′3+1δn2, n′2−1

+
q

(n′2 + 1)n′3δn2, n′2+1δn3, n′3−1

��

.

When considering the Tavis-Cumming model generalised to three-level system in theΞ-configuration,108

the number of excitations operator109

M= a†a+A22 + 2A33 , (16)

5
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is a conserved quantity. From the relation110

M |ν; n1, n2, n3〉= (ν+ n2 + 2 n3) |ν; n1, n2, n3〉 , (17)

we observe that M = ν+n2+2 n3 is a constant of this system. This is not the case anymore for111

Hamiltonian eHΞ because of the driving force in the model. For example Ai,i+1, with i = 1, 2;112

annhilates an atom in level i + 1 and creates on in level i, changing the value of M . Thus, to113

obtain the lowest state of energy of the Hamiltonian, it is natural to consider a basis up to a114

maximum number of excitations. Comparing the fidelity between the groundstates obtained115

in the diagonalisation for a consecutive maximum number of excitations, we can obtain a116

groundstate up to a predetermined accuracy. In our calculations we chose 10−15, and obtained117

that Mmax = 90 was the minimum number of excitations to consider for up to Na = 4 particles.118

Therefore the groundstate can be written as119

|ψ〉gs =
Mmax
∑

M=0

∑

ν, n3=0

C (gs)
M νn3
|ν; Na −M + ν+ n3, M − ν− 2 n3, n3〉 , (18)

where we must sum over all the values for ν and n3 such that Na − M + ν + n3 ≥ 0 and120

M − ν− 2 n3 ≥ 0, and the coefficients C (gs)
M νn3

are complex numbers. The number of elements121

of the basis used was 270 for Na = 1, 534 for Na = 2, and 1305 for Na = 4.122

123

4 Expectation values in the groundstate124

The groundstate energy per particle of Hamiltonian eHΞ is shown in Figure 2 for Na = 4 particles125

and various values of driven amplitude χ. It is observed that there is a region around the origin126

where the surface is approximately flat, i.e., the variation is slight; this region can be identified127

with the so-called normal region (the red region in the plots in Figure 2), where the matter128

and radiation are decoupled. The curve separating the normal and superradiant regions in the129

parameter space is called separatrix. When the amplitude of χ increases, the normal region130

contracts, and the energy values are more negative. This results in a smoother transition to the131

superradiant region, where the coupling between matter and radiation causes the system to132

bond more tightly. The groundstate energy behaves similarly for Na = 1 and Na = 2 particles.133

(a) (b) (c)

Figure 2: Groundstate energy for Na = 4 for various values of the amplitude of the
driven force χ. The other parameters are ω1 = 0, ω2 = 1, ω3 = 2, ω = 0.2, Ω = 1,
and the space was truncated up to M = 90 excitations. The values of the driven
force amplitude considered are χ=0.01, χ=1.00, and χ=2.00 in columns (a), (b),
and (c), respectively. A contraction of the normal region and a smoother change
in the surface when passing from the normal region to the superradiant region are
observed when the value of drive intebnsity χ is increased.

6
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In Figure 3, the expectation value per particle of the photon number operator in the ground-134

state 〈ν〉gs, for Na = 1, 2, 4 particles, with an external driven field amplitude value of χ = 0.01,135

are displayed. It is observed that the normal region grows, and the curve that delimits it be-136

comes more blurred. For 〈ν〉gs, well-delimited areas are displayed where the number of pho-137

tons is constant, but this effect smooths when the number of particles increases. Since the138

number of particles is low (Na ≤ 4), the expectation value of the number of excitations is139

similar to that of the photon number for the plotted parameters.140

(a) (b) (c)

Figure 3: Expectation value of the photon number operator per particle 〈ν〉gs/Na for
Na = 1, 2, 4 in (a), (b) and (c), respectively. The same parameters are used as in
Figure 2, but the driven intensity is χ = 0.01 for all the plots. It can be seen that the
normal region grows as the number of particles Na increases. In contrast, the normal
region’s curve loses definition in the region where the phase transition is of second
order for χ = 0.

The expectation value of the population level i, 〈Aii〉gs, also reflects where are located the141

normal and superradiant regions in the parameter space.142

143

Figure 4 displays the expectation value of the population in the first level, 〈A11〉gs, for144

Na = 1, 2, 4 (a), (b) and (c) respectively, when the amplitude of the driven field is χ = 0.01.145

An abrupt change is observed when we pass from the normal region to the superradiant one146

for small values of µ12 and large values µ23. As we increase the number of particles Na, the147

normal region grows when µ23 increases. A smoother but gradual change is observed in the148

behavior of the superradiant region when changing µ12. The number of steps in the curve149

increases in the superradiant region as the number of particles in the system increases. The150

region with the largest population, i.e., the maximum values of 〈A11〉gs, is obtained for values151

of µ23 larger than µ12. For large values of µ23 when moving in increasing µ12 direction, a152

remarkably smooth transition is observed, while a very abrupt change is observed moving in153

µ23 direction with small values of µ12.

(a) (b) (c)

Figure 4: Expectation value of 〈A11〉gs for Na = 1, 2, 4 particles, in (a), (b) and (c),
respectively, are shown, keeping χ = 0.01. The other parameters are the same as
in Figure 2. The normal region grows when the number of particles is increased. A
smoother contour of the normal region is also observed.

154

7
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The expectation value 〈A22〉gs shows a behavior similar to that of 〈A11〉gs, showing a well-155

defined normal region that expanded with an increase in particles. However the normal region156

for 〈A11〉gs corresponds to the area with the highest population at that level, while the normal157

region for 〈A22〉gs and 〈A33〉gs corresponds to the area with the lowest population at those158

levels. The expectation value 〈A33〉gs exhibits a behavior similar to 〈A22〉gs, but fails in de-159

termining the phase transition in the region where the model with χ = 0 has a second order160

phase. This is because the interaction between the first and second levels dominates around161

this neighborhood. Figure 6 illustrates the expectation value of the photon number operator,

(a) (b) (c)

Figure 5: Expectation value of 〈A33〉gs for Na = 1, 2, 4 particles, in (a), (b) and (c),
respectively, are shown, keeping χ = 0.01. The other parameters are the same as
in Figure 2. The separatrix from the normal region to the superradiant region that
we observe in the plots for the expectation values of the population in the first and
second levels is not detected because the interaction between them is so strong that
the influence of the third level is negligible.

162

per particle, for the groundstate 〈ν〉gs, for Na = 4, when χ = 0.3, χ = 0.6 and χ = 1, in163

columns (a), (b) and (c), respectively. For χ = 2, results were found close to the results for164

χ = 1. The deep blue region in the plots indicates the normal region, where the mean value165

of the photon number is nearly zero. The normal region contracts with increasing external166

forcing χ, and the curve that delimits the normal region becomes less defined. The minimum167

values for 〈ν〉gs are in the normal region and the maximum values are found for high values168

of µ12 and µ23. Similar results for Na = 1, 2 were obtained. Figure 7 displays the expectation

(a) (b) (c)

Figure 6: The expectation value of the number of photons per particle 〈ν〉gs/Na are
shown for Na = 4 and χ = 0.3, 0.6, 1 in columns (a), (b) and (c), respectively. The
parameters used for these calculations are the same as in Figure 2. The normal region
area is smaller when χ increases, although this fact is unclear in the last plot.

169

value of 〈A11〉gs for Na = 4, with an external field amplitude value of χ = 0.3, 0.6, 1 shown170

in (a), (b) and (c) respectively. For values larger than µ12, there is an observed normal region171

with an abrupt and well-defined change. The normal region continuously decreases towards172

µ12 and µ23 as the value of χ increases. A smoother change in the behavior of the superra-173

diant region is observed, with an analogous behavior for the number of particles Na = 1, 2.174

The maximum values of 〈A11〉gs are found for small values of µ12 and µ23, which correspond175

to the region with the largest population. A slight halo of higher values is also observed in the176

8
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contour of the normal region. For large values of µ23 moving in µ12, very smooth transitions177

are observed, while very abrupt changes are observed moving in µ23 for small values in µ12.178

Similar results are obtained for the case of 1 and 2 particles. The plots for 〈A22〉gs, with χ=

(a) (b) (c)

Figure 7: In the visualization, we can see the expectation value 〈A11〉gs in a 2D view
for Na = 4 particles, for χ= 0.3, 0.6, 1 in (a), (b) and (c) respectively, per particle
unit. The parameters used here are the same as in Figure 2. We observe that as the
value of the external field χ increases, a contraction is observed in the normal region.

179

0.3, 0.6, 1, show similar behaviour of the normal and superradiant regions in the parameter180

space of the plots for 〈A11〉gs in the sense that when one takes maximum values, the other takes181

minimum values and vice versa. In both cases, it is noted that the normal region is compressed182

with an increase in the value of χ.183

184

Due to the behaviour of 〈A33〉gs it is convenient to search for another observables whose185

expectation value shows the separatrix in the parameter space with more detail. Because in186

the Ξ-configuration the interaction is mediated between levels 1−2 and 2−3, it seems appro-187

priate to use operators that relate this subsystems.188

189

When µ23 = 0, the system is a forced TC two-level Hamiltonian. When µ23 starts to in-190

crease, this behaviour is modified so that previously conserved quantities will change.191

192

To reinforce the results obtained in the calculation of the expected values shown previ-193

ously, which indicated when a quantum phase transition occurs, the fidelity between neigh-194

boring states was calculated [36]. To this effect the fidelity between adjacent states varying195

µ12 keeping µ23 constant was obtained; the same process was done varying µ23 keeping µ12196

constant; and finally the geometric mean of the values was evaluated.197

Figure 8 displays the overlap calculation. It can be noted that since the states are eigenstates198

of the entire system, the fidelity is generally close to 1, but presents minima which determine199

points in the separatrix signaling discontinuous or continuous transitions [37]. We can ob-200

serve in the image that the normal region, the region in the graphs in deep red, is reduced as201

the value of the amplitude of the external field increases, in accordance with the previously202

obtained results.203

204

We have seen that the expectation values in the groundstate of the usual observables of205

the system have a remarkable behaviour in the regions where a quantum phase transition206

occurs. This response to the separatrix of the system can be better determined if we use the207

expectation value of the Casimir operator associated to subsystems associated to levels 1− 2208

and 2− 3. The generators relating levels j and k, with ωk ≥ ω j , give rise to a su(2) algebra209

9
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(a) (b) (c)

(d) (e) (f)

Figure 8: The fidelity shows the results for Na = 4 and
χ = 0.001, 0.005, 0.01, 0.3, 0.6 ,1.0, in columns (a), (b), (c), (d), (e), and
(f), respectively. We can observe that by increasing the value of the amplitude of the
external field χ the normal region that corresponded to small values of µ12 and µ23
becomes compacted until it finally disappears.

making the identification210

J( jk)z ≡
1
2

�

Akk −A j j

�

, J( jk)+ ≡ Ak j , J( jk)− ≡ A jk , j < k . (19)

Thus the quadratic Casimir of i − j subsystem is211

〈Ci j〉gs =
1
4
〈A2

ii +A2
j j − 2AiiA j j + 2A jiAi j + 2Ai jA ji〉gs. (20)

The large values this operator occur when one of the interaction parameters µ12 or µ23 is212

more important in the interaction than the other.213

214

The subsystem i − j is the main responsible for the behaviour of the total system in the215

regions where the expectation value of its corresponding Casimir operator Ci j has maximum216

value.217

218

In Figure 9 the expectation value of the quadratic Casimir invariant of first and second lev-219

els 〈C12〉gs is shown (top) and for the second and third levels 〈C23〉gs (bottom) is displayed for220

χ = 0.01 and Na = 1, 2,4 in (a), (b) and (c) respectively. These invariants show where each221

subsystem is more important. For 〈C12〉gs, the entire yellow and red region is the most impor-222

tant, corresponding to small values for µ23. On the contrary, the region of minor importance223

for this subsystem is the deep blue region corresponding to high values of µ23 and small values224

of µ12. For 〈C23〉gs, the region of greatest importance lies in the region of least importance for225

〈C12〉gs. That is, for high values of µ23 and small values of µ12. For both invariants, it can be226

seen that for one particle, the system has very well-defined regions for the different values the227

subsystem takes. These jumps smooth out as the number of particles increases.228

229

The plots for 〈C12〉gs and 〈C23〉gs for χ= 0.3, 0.6 and 1, also show the normal region and230

the transitions from the normal region to the superradiant region. These results are similar231

to those obtained for 〈A11〉gs. Additionally, it is important to note that for subsystem 1 − 2,232

the most significant region corresponds to small values of µ23 and any value of µ12. For the233
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(a) (b) (c)

(d) (e) (f)

Figure 9: The expectation value of quadratic Casimir operators 〈C12〉gs (top), and
〈C23〉gs (bottom), for χ = 0.01 and Na = 1, 2, 4 ((a), (b) and (c) respectively).
The same parameters are used as in Figure 2. These invariants show where each
subsystem is more important.

subsystem 2−3, the large values region is in the area of small values for 〈C12〉gs, and viceversa.234

The plots show that 〈C12〉gs is more useful than 〈C23〉gs to determine the separatrix of the235

system because also exhibits regions in the superradiant region where there is a change in the236

groundstate, i.e., the expectation value of 〈C12〉gs gives a very good characterization of the237

normal and superradiant regions.238

5 Entanglement239

The correlation between radiation and matter also exhibits a distinctive behaviour around240

the separatrix. To this end we calculate the entropy of entanglement, i.e., the Von Neumann241

entropy of the reduced density matrix operator; this quantity measures the entanglement be-242

tween the matter and radiation subsystems.243

244

Figure 10 shows the results for χ = 0.01 and Na = 1, 2, 4 in (a), (b) and (c) respectively.245

We observe how the blue region, which corresponds to the least significant entanglement,246

grows in the µ23 direction as the number of particles increases, remaining constant in the µ12247

direction. We can also note that as Na increases, the region of largest entanglement becomes248

smoother and flatter. The system becomes less entangled as the number of particles increases.249

Figure 11 displays the entropy of entanglement for Na = 4 and the intensity of the exter-250

nal field χ = 0.3, 0.6, 1 in columns (a), (b) and (c) respectively. It can be seen that the less251

entangled region in blue has been reduced significantly and is reduced even further as the252

value of χ increases. It is noted a point which has a very high value; this corresponds to the253

triple-point that has been reported previously for the Ξ-configuration [38]. Here we can ob-254

serve how the blue region, which corresponds to the least significant entanglement, decreases255

as χ increases. It is important to note that the maximum values reached for entropy in each256

case, i.e., the most significant entanglement, generally decrease as the external force increases.257

258

Although both regions (with greater and lesser entanglement) decrease as χ increases,259

the ratio between the regions shows an increase in the area of greatest entanglement. It is260
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(a) (b) (c)

Figure 10: The entropy of entanglement shows the results for Na = 1, 2, 4 with
χ = 0.01 in columns (a), (b) and (c) respectively. We observe that the blue region,
which corresponds to the less significant entanglement, increases when Na increases.

concluded that the system becomes increasingly entangled as the external force increases,261

which coincides with the results obtained with the two-level Dicke model.262

(a) (b) (c)

Figure 11: The entropy of entanglement shows the results for Na = 4 and χ = 0.3,
0.6 and 1, in columns (a), (b) and (c), respectively. It is important to take into
account the maximum entropy values reached in each case. The ratio between the
reduction in the region of least entanglement (blue region) and the reduction in
the region of greatest entanglement (red region) generally shows an increase in the
area of greatest entanglement. It is concluded that the system becomes increasingly
entangled as the external force increases.

6 Conclusions263

We considered a generalized three-level Tavis-Cummings model in the Ξ-configuration and a264

one-mode electromagnetic field driven by an electromagnetic field. We demonstrated that this265

model exhibits quantum phase transitions by calculating the expectation value of the number266

of photons and the population in the lowest and highest energy levels for Na = 1, 2, 4 particles.267

We observed that the location of the phase transitions are challenging to determine in this268

form when the number of particles increases. We showed that the Casimir operator of the269

SU(2) algebras associated with subsystem 1− 2 levels can remedy this. This results is shown270

in agreement with the fidelity between neighbouring states. We observe that the entropy of271

entanglement, which determines the regions in the parameter space where the system presents272

entanglement, can be used to determine the normal region; it also allows to distinguish a point273

in the plots where the behaviour of the observables exhibites an anomaly which is associated to274

the triple point present in the Ξ-configuration [38]. All the plots show that when the intensity275

of the driven force increases, the normal region decreases, which can be used to observe the276

quantum phase transition in a system described by the model.277

12



SciPost Physics Core Submission

Acknowledgments278

The authors thank to O. Castaños, E. Nahmad-Achar, S. Cordero and V. Romero-Rochín for279

their valuable comments.280

References281

[1] R. H. Dicke, Coherence in spontaneous radiation processes, Phys. Rev. 93, 99 (1954),282

doi:10.1103/PhysRev.93.99.283

[2] K. Hepp and E. H. Lieb, On the superradiant phase transition for molecules in a284

quantized radiation field: the dicke maser model, Ann. Phys. N. Y. 76, 360 (1973),285

doi:10.1016/0003-4916(73)90039-0.286

[3] M. Tavis and F. W. Cummings, Exact solution for an n-molecule radiation-field hamiltonian,287

Phys. Rev. 170, 379 (1968), doi:10.1103/PhysRev.170.379.288

[4] M. Tavis and F. W. Cummings, Approximate solutions for an n-molecule-radiation-field289

hamiltonian, Phys. Rev. 188, 692 (1969), doi:10.1103/PhysRev.188.692.290

[5] S. Sachdev, Quantum Phase Transitions, Cambridge University Press (2011).291

[6] M. Greiner, O. Mandel, T. Esslinger, T. Haensch and I. Bloch, Quantum phase transition292

from a superfluid to a mott insulator in a gas of ultracold atoms, Nature 415, 39 (2002),293

doi:10.1038/415039a.294

[7] A. D. Greentree, C. Tahan, J. H. Cole and L. C. L. Hollenberg, Quantum phase transitions295

of light, Nature Phys. 2(12), 856 (2006), doi:10.1038/nphys466.296

[8] M. Hartmann, F. Brandao and M. Plenio, Strongly interacting polaritons in coupled arrays297

of cavities, Nature Phys. 2, 849–855 (2006), doi:10.1038/nphys462.298

[9] I. Borzenets, D. Liu, H. Zheng, Y. Bomze, A. Smirnov, H. Baranger and G. Finkelstein,299

Quantum phase transition in a resonant level coupled to interacting leads, Nature 488, 61300

(2012), doi:10.1038/nature11265.301

[10] P. Kirton, M. Roses, J. Keeling and E. Dalla Torre, Introduction to the dicke model: From302

equilibrium to nonequilibrium, and vice versa (adv. quantum technol. 1-2/2019), Ad-303

vanced Quantum Technologies 2, 1800043 (2019), doi:10.1002/qute.201970013.304

[11] M. M. Roses and E. G. Dalla Torre, Dicke model, Plos One 15(9), 1 (2020),305

doi:10.1371/journal.pone.0235197.306

[12] M. Benedict, A. Ermolaev, V. Malyshev, I. Sokolov and E. Trifonov, Super-radiance: Mul-307

tiatomic Coherent Emission, doi:10.1201/9780203737880 (1996).308

[13] M. Heyl, A. Polkovnikov and S. Kehrein, Dynamical quantum phase transi-309

tions in the transverse-field ising model, Phys. Rev. Lett. 110, 135704 (2013),310

doi:10.1103/PhysRevLett.110.135704.311

[14] J. Klinder, H. Keßler, M. Wolke, L. Mathey and A. Hemmerich, Dynamical phase transition312

in the open dicke model, Proceedings of the National Academy of Sciences 112(11), 3290313

(2015), doi:10.1073/pnas.1417132112.314

13

https://doi.org/10.1103/PhysRev.93.99
https://doi.org/10.1016/0003-4916(73)90039-0
https://doi.org/10.1103/PhysRev.170.379
https://doi.org/10.1103/PhysRev.188.692
https://doi.org/10.1038/415039a
https://doi.org/10.1038/nphys466
https://doi.org/10.1038/nphys462
https://doi.org/10.1038/nature11265
https://doi.org/10.1002/qute.201970013
https://doi.org/10.1371/journal.pone.0235197
https://doi.org/10.1201/9780203737880
https://doi.org/10.1103/PhysRevLett.110.135704
https://doi.org/10.1073/pnas.1417132112


SciPost Physics Core Submission

[15] H. Zhu and Z. H. Wang, Quantum phase transition of bose einstein condensation in optical315

cavity with nonlinear interaction, International Journal of Theoretical Physics 55, 183316

(2016), doi:10.1007/s10773-015-2648-5.317

[16] F. Brennecke, R. Mottl, K. Baumann, R. Landig, T. Donner and T. Esslinger, Real-time318

observation of fluctuations at the driven-dissipative dicke phase transition, Proceedings319

of the National Academy of Sciences of the United States of America 110(29), 11763320

(2013), doi:10.1073/pnas.1306993110.321

[17] H. Ian, Y.-x. Liu and F. Nori, Excitation spectrum for an inhomogeneously dipole-322

field-coupled superconducting qubit chain, Phys. Rev. A 85, 053833 (2012),323

doi:10.1103/PhysRevA.85.053833.324

[18] J. M. Fink, R. Bianchetti, M. Baur, M. Göppl, L. Steffen, S. Filipp, P. J. Leek, A. Blais and325

A. Wallraff, Dressed collective qubit states and the tavis-cummings model in circuit qed,326

Phys. Rev. Lett. 103, 083601 (2009), doi:10.1103/PhysRevLett.103.083601.327

[19] M. Bienert, W. Merkel and G. Morigi, Resonance fluorescence of a trapped three-level atom,328

Phys. Rev. A 69, 013405 (2004), doi:10.1103/PhysRevA.69.013405.329

[20] P. Zhou and S. Swain, Quantum interference in resonance fluorescence for a driven v atom,330

Phys. Rev. A 56, 3011 (1997), doi:10.1103/PhysRevA.56.3011.331

[21] L. M. Narducci, M. O. Scully, G.-L. Oppo, P. Ru and J. R. Tredicce, Spontaneous emission332

and absorption properties of a driven three-level system, Phys. Rev. A 42, 1630 (1990),333

doi:10.1103/PhysRevA.42.1630.334

[22] S. Sen, T. K. Dey and B. Deb, Resonance fluorescence in λ, v and ξ - type three-level con-335

figurations, Physica Scripta 98(11), 115124 (2023), doi:10.1088/1402-4896/ad02c8.336

[23] B. Sobolewska, Resonant fluorescence of a three-level atom, Optics Communications 19(2),337

185 (1976).338

[24] F. Carreño, M. A. Antón, V. Yannopapas and E. Paspalakis, Resonance fluorescence spectrum339

of a Λ-type quantum emitter close to a metallic nanoparticle, Phys. Rev. A 94, 013834340

(2016), doi:10.1103/PhysRevA.94.013834.341

[25] F. Chun-Rong, Z. Yue-Ming and G. Chang-De, Resonance fluorescence from a three-level342

system, Phys. Rev. A 45, 505 (1992), doi:10.1103/PhysRevA.45.505.343

[26] R. Lundgren, A. V. Gorshkov and M. F. Maghrebi, Nature of the nonequilibrium phase344

transition in the non-markovian driven dicke model, Phys. Rev. A 102, 032218 (2020),345

doi:10.1103/PhysRevA.102.032218.346

[27] F. Damanet, A. Daley and J. Keeling, Atom-only descriptions of the driven-dissipative dicke347

model, Phys. Rev. A 99, 033845 (2019), doi:10.1103/PhysRevA.99.033845.348

[28] J. H. Zou, T. Liu, M. Feng, W. L. Yang, C. Y. Chen and J. Twamley, Quantum phase349

transition in a driven tavis–cummings model, New Journal of Physics 15(12), 123032350

(2013), doi:10.1088/1367-2630/15/12/123032.351

[29] G.-Q. Zhang, Z. Chen and J. Q. You, Experimentally accessible quantum phase transition352

in a non-hermitian tavis-cummings model engineered with two drive fields, Phys. Rev. A353

102, 032202 (2020).354

14

https://doi.org/10.1007/s10773-015-2648-5
https://doi.org/10.1073/pnas.1306993110
https://doi.org/10.1103/PhysRevA.85.053833
https://doi.org/10.1103/PhysRevLett.103.083601
https://doi.org/10.1103/PhysRevA.69.013405
https://doi.org/10.1103/PhysRevA.56.3011
https://doi.org/10.1103/PhysRevA.42.1630
https://doi.org/10.1088/1402-4896/ad02c8
https://doi.org/10.1103/PhysRevA.94.013834
https://doi.org/10.1103/PhysRevA.45.505
https://doi.org/10.1103/PhysRevA.102.032218
https://doi.org/10.1103/PhysRevA.99.033845
https://doi.org/10.1088/1367-2630/15/12/123032


SciPost Physics Core Submission

[30] M. Feng, P.-Y. Zhong, T. Liu, L. Yan, W. Yang, J. Twamley and H. Wang, Exploring the355

quantum critical behaviour in a driven tavis-cummings circuit, Nature communications 6,356

7111 (2015), doi:10.1038/ncomms8111.357

[31] H. I. Yoo and J. Eberly, Dynamical theory of an atom with two or three levels interacting358

with quantized cavity fields, Physics Reports 118(5), 239 (1985).359

[32] C. C. Sung and C. M. Bowden, Phase transition in the multimode two- and three-level360

dicke model (green’s function method), Journal of Physics A: Mathematical and General361

12(11), 2273 (1979), doi:10.1088/0305-4470/12/11/035.362

[33] M. Hayn, C. Emary and T. Brandes, Phase transitions and dark-state physics in two-color363

superradiance, Phys. Rev. A 84, 053856 (2011), doi:10.1103/PhysRevA.84.053856.364

[34] S. Cordero, R. López-Peña, O. Castaños and E. Nahmad-Achar, Quantum phase transitions365

of three-level atoms interacting with a one-mode electromagnetic field, Physical Review A366

87, 023805 (2013), doi:10.1103/PhysRevA.87.023805.367

[35] S. Cordero, O. Castaños, R. López-Peña and E. Nahmad-Achar, A semi-classical368

versus quantum description of the ground state of three-level atoms interacting with369

a one-mode electromagnetic field, J. Phys. A: Math. Theor. 46, 505302 (2013),370

doi:10.1103/PhysRevA.87.023805.371
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