Theory-agnostic searches for non-gravitational modes in black hole ringdown
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In any extension of General Relativity (GR), extra fundamental degrees of freedom couple to grav-
ity. Besides deforming GR forecasts in a theory-dependent way, this coupling generically introduces
extra modes in the gravitational-wave signal. We propose a novel theory-agnostic test of gravity to
search for these nongravitational modes in black hole merger ringdown signals. To leading order in
the GR deviations, their frequencies and damping times match those of a test scalar or vector field
in a Kerr background, with only amplitudes and phases as free parameters. By applying this test
to GW150914, GW190521, and GW200129, we find no strong evidence for an extra mode; however,
its inclusion modifies the inferred distribution of the remnant spin. This test will be applicable for
future detectors, which will achieve signal-to-noise ratios higher than 100 (and as high as 1000 for
space-based detectors such as LISA). Such sensitivity will allow measurement of these modes with
amplitude ratios as low as 0.02 for ground-based detectors (and as low as 0.003 for LISA), relative to
the fundamental mode, enabling stringent agnostic constraints or detection of scalar/vector modes.

I. INTRODUCTION

The black hole (BH) spectroscopy program [1—] plays
a prominent role in the landscape of strong-field tests
of General Relativity (GR) [5—8] and provides a unique
method for examining the nature of compact remnants
formed post-coalescence [9]. This program focuses on
extracting the remnant quasinormal modes (QNMs) [10-

| during the ringdown phase of a binary merger. In the
context of linear perturbation theory, the gravitational-
wave (GW) signal h(t) at intermediate times after the
merger is represented by a superposition of the QNMs of
the remnant [14], as it transitions towards a stationary
configuration. Schematically,

h(t) = Z A; cos (2 fit + ¢;) e , (1)

where A;, ¢;, f;, 7; are the amplitude, phase, frequency,
and damping time of the i-th QNM, whereas i = (I, m,n)
collectively represents the multipolar, azimuthal, and
overtone index, respectively.

If the remnant is a BH, GR predicts that the infinite
spectrum of QNMs is uniquely determined by its mass
and spin (M, x¢). This provides opportunities for con-
ducting multiple null-hypothesis tests of gravity [15, 10]
and investigating the nature of the remnant [17-
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As suggested by Lovelock’s theorem [20, 21], an al-
most unavoidable ingredient of theories beyond GR
is the presence of extra degrees of freedom nonmini-
mally coupled to gravity [6, 22]. Examples are ubiqui-
tous and include scalar fields in scalar-tensor theories
and Horndeski’s gravity [23] (and their vector counter-
part [24]), high-curvature corrections to GR that predict
extra (pseudo)scalars and dilaton fields | |, Einstein-
Aether [28] and Hofava-Lifshitz [29] gravity that pos-
tulate an extra timelike vector field, and massive grav-
ity [30, 31] with both scalar and vector dynamical degrees
of freedom (see [0] for a review of GR extensions and
their field content). Effective extra degrees of freedom
are also unavoidable in any approach that treats GR as
the leading order term in an effective-field-theory expan-
sion (e.g., [27]) and in low-energy effective string theories.
These nonminimally coupled fields may modify the sta-
tionary BH solutions, leading to deviations from the Kerr
metric, and/or modify the dynamics of the theory. In ei-
ther case, two generic predictions are: i) a deformation
of the Kerr QNMs,

fi= fEA+0f),  m=n1+6m),  (2)

and ii) the existence of extra modes in the gravitational
signal, that can be excited during the ringdown. This
second option is due to the fact that the nonminimal
coupling between new degrees of freedom and gravity
results in coupled systems of linear perturbation equa-
tions, which act as a coupled set of oscillators [32-35]. Tt
is therefore natural to split the ringdown signal (1) into
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two contributions,

h(t) = Z A, cos (27rfiK°”(1 +0fi)t+ &) 67%
+ Z A, cos (27rfit + ng) et (3)

where we use the hat to denote quantities related to the
extra modes.

Standard tests of gravity based on the ringdown are
rooted in the first line of Eq. (3). Namely, they are aimed
at measuring ¢ f; and d7; and check whether they are
compatible with the null hypothesis [5]. This can be ac-
complished in two complementary ways, either through
a theory-agnostic or theory-dependent method. How-
ever, both approaches have their own limitations. In
the theory-agnostic approach one uses the parametriza-
tion (2), where fXe* and 7K™ are known functions of
the BH mass and spin, while §f; and é7; depend on the
mass, spin, and all extra fundamental coupling constants
of the theory. We will focus on small deviations from
GR. This is motivated by an effective-field-theory per-
spective wherein Einstein’s theory is the lowest term in
an expansion containing all possible higher-order opera-
tors, and also by the stringent observational constraints
already placed by GW observations. As a result, any de-
viation from the standard GR prediction must be small
and proportional to (powers of) the coupling constants
of the theory. In particular, ¢f;,0m < 1 and are pro-
portional to some combination of the mass and cou-
pling constants. However, even in this case they are
still generic, theory-dependent functions of the spin x.
Current parametrizations either neglect such spin depen-
dence [5, 36, 37] or consider a small spin expansion of each
deviation | ], which inevitably inflates the number of
free parameters in the model. In the theory-dependent
approach, the QNMs are computed in a given theory of
gravity. For most theories this can be done again only
in the small-coupling limit and very often perturbatively
in the spin [32, 41-50]. To reach good convergence, one
needs to push the spin expansion to very high order [19],
which is very challenging from the technical point of view.
Alternatively, one needs to solve intricate systems of cou-
pled partial differential equations [51-56]. This approach
has the benefit of limiting the number of free parameters
to the sole coupling constants and BH spin, but must be
performed on a case-by-case basis for every given theory.

Given the above limitations, it would be highly desir-
able to develop complementary ringdown tests which are
both theory-agnostic and accurate. In this work we ex-
plore a currently unbeaten path, related to the second
line of Eq. (3). Namely, we propose to look for extra
modes in the ringdown signal. Note that these extra
modes are unavoidably present in beyond-GR theories,
raising the important issue that current ringdown analy-
ses (based only on the first line of Eq. (3)) are incomplete.

For concreteness, let us consider the case of an extra
scalar degree of freedom nonminimally coupled to grav-
ity (the same argument applies to other types of fields).

Due to the coupling, the gravitational perturbations will
contain also scalar modes (e.g., [32, 34, 42, 57] for two
concrete examples in theories with quadratic curvature
terms),

fi= [T+ 6f), =TT 6%1-)(7 )
4

where £ *=% and 77 5=% are the QNMs of a test

scalar field in the Kerr metric, and also in this case ¢ fz
and §7; are complicated, theory-dependent, functions of
the mass, spin, and coupling constants, which incorpo-
rate both deviations from the GR BH background and
modified dynamics. Crucially, in this case the amplitudes
A; of these modes are proportional to (powers of ) the cou-
pling constants [32, 34, 35, 42, 57], and they must vanish
in the GR limit. Therefore, to leading order in the correc-
tions, we can neglect § fz and §7;, so that the GR devia-
tions are generically parametrized only by the amplitude
of the test-field modes on a GR BH background. This
is precisely what happens in so-called dynamical Chern-
Simons gravity [26, 32, 34] (see also Appendix VITA),
although it is a generic feature [35].

The above considerations suggest a novel ringdown test
of gravity based on the following waveform model

h(t) = Z Aj cos (27rfiKerrt + (251) ¢ TR
+ Z AZ cos (QWfZ-I{CH’s:Ot 4 Qf;z> K=o 5)

where for simplicity we have neglected the GR devia-
tions in the first line, since those are very well stud-
ied by standard ringdown tests (and subjected to the
aforementioned limitations). Notably, as explained be-
low and although our framework is generic, one of its
advantages is that it can be applied to a single multi-
pole couple (I,m), in which case i =0, 1,2, .. would sim-
ply correspond to the overtone number n = 0,1,2,.. at
fixed (I,m). If one includes only the dominant GR fun-
damental mode in the analysis (i = (2,2,0) in the first
line of Eq. (5)), as we will do below for the so-called
GRO+S or GRO+V models, the corrections ¢ foog and 7990
to the fundamental gravitational QNM are degenerate
with the final mass and spin. Therefore, they can be
neglected without loss of generality. Instead, including
also gravitational overtones would require adding extra
corrections df; and dr; (with ¢ = (2,2,n > 1)) in the
first line of Eq. (5), as typically done in ordinary BH
spectroscopy tests with overtones. In the models con-
sidered here, the mentioned degeneracy is broken as we
neglect higher harmonics but include at least two modes
through either an overtone (GR1 model) or an extra
scalar/vector mode (GRO+S/GR0+V) in addition to the
fundamental GR mode, determining the final mass and
spin uniquely. Explicitly, our models contain the modes:
GR1 — (2,2,0),(2,2,1); GRO+S — (2,2,0),(2,2,0)scatar;
GRO+V — (2, 2, 0)7 (27 2, 0)vector-



In practice, here we will focus on a standard GR ring-
down waveform (first line of Eq. (5)) augmented by new
extra modes. Remarkably, to leading order these extra
modes are known functions of the BH mass and spin,
since they are those of a free test (scalar, vector, etc) field
propagating on the Kerr metric (see, e.g., [58, 59] for tab-
ulated values). This allows searching for extra modes in
a theory-agnostic way, where the amplitudes and phases
of the extra modes are the only beyond-GR parameters.
In this sense, this test is reminiscent of searches for extra
(scalar, vector) polarizations in GW signals in a theory-
agnostic fashion [, ] and is complementary to or-
dinary ringdown tests (see, e.g., [5, 36, 37, 1), or to
test with multiple free modes [5].

II. SEARCHING FOR EXTRA RINGDOWN
MODES

The ringdown signal comprises of two polarizations
and the modes are decomposed in a basis of spin-weighted
spheroidal harmonics that depend on the remnant spin
inclination angle [66]. In a non-precession quasicircu-
lar coalescence, (Imn) = (220) is the dominant mode.
For concreteness, here we focus on the most interesting
quadrupolar (I = 2) case and neglect spin precession of
the progenitor binary, but our test can be applied also
to higher-order modes and to the precessing case (see
Appendix VIIB). In particular, our ringdown waveform
model has the following parameters:

0 = {Mjy, Xy, Ansj, $22j, A"t D330 (6)

where j = 0,..., N, with N the total number of over-
tones, whereas Ajy;"" and ¢35, are the amplitude and
phase of the extra scalar (s = 0) or vector (s = 1) (220)
mode. We will dub a model with N tones and no extra
mode GRN, whereas we will denote as GRN+S (GRN+V)
a model with N gravitational tones and an extra scalar
(vector) mode. In practice, we define the amplitude ratio
Apr of a given mode relative to the gravitational funda-
mental one. Notice that in general, these amplitudes
depend on the specific theory (see an example for dy-
namical Chern-Simons theory in the Appendix VITA),
and estimating their value in a merger requires perform-
ing nonlinear coalescence simulations beyond GR. For
this reason, it is not easy to predict the relevant impor-
tance of extra modes with respect to other GR effects,
e.g., overtones or nonlinearities. For the sake of general-
ity, here we remain agnostic on the amplitude modeling.
We fix the luminosity distance dp,, the sky location of the
system, and the inclination angle as done standard ring-
down analysis [5, 15, 39, 67]. Although marginalization
would be the ideal approach, it involves its own chal-
lenges, like the accurate excision of the pre-merger part
to avoid the contamination of the post-merger data. Fail-
ing on the accurate excision could impact negatively on
the accuracy of the no-hair theorem tests performed us-
ing the post-merger data [63, 69]. Furthermore, the sky-

marginalization has been shown to introduce only mild
differences for current GW events, from [69, 70] where the
results obtained, are still consistent with those of [15, 39]
which fixed the sky location to the maximum likelihood
values. However, the scenario might be different for
higher-SNR events and with the inclusion of higher har-
monics. Note that, for small-redshift sources (including
those detected so far and presumably the loudest events
detected in the future) dy, is degenerate with the overall
ringdown amplitude and can therefore be neglected with-
out loss of generality. However, the possibility of neglect-
ing inclination angle is a prerogative of our test, since it
can involve only (I = m = 2) modes , which have the
same pattern functions and spheroidal-harmonic decom-
position (similarly to overtone-based tests but without
the issues related to overtones). Compared to common
tests based on subleading modes of different (I,m), this
allows for the practical simplification of sampling in only
one of these three degenerate parameters. The test can
be expanded to include higher harmonics, in which case
one would have also to include the inclination as an extra
parameter.

The frequencies and damping times of the relevant
modes are shown in the Appendix VIIC. At variance
with overtones, the frequency of the (220) scalar or vec-
tor mode is always well separated’ from that of the fun-
damental gravitational mode (and hence more easily re-
solvable from the latter), while the damping time is com-
parable (and hence the mode survives longer than over-
tones in the signal, almost as long as the fundamental
gravitational mode).

III. BAYESIAN ANALYSIS ON REAL DATA

We exemplify our test on real events by perform-
ing a Bayesian parameter estimation using the PyCBC
Inference code infrastructure [71]. The analysis
aims to compute the posterior distribution of the pa-
rameters (6). We apply this test to three events:
(1) GW150914 [72], the first GW event ever detected by
LIGO (and still so far the one with the largest ringdown
signal-to-noise ratio (SNR)), for which some debated ev-
idence of overtones has been reported [15, 36, 66, 70, 73—

]; (if) GW190521 [81], a peculiar event in the upper
mass gap for which a tentative detection of the (330)
and other modes (and possibly precession) has been ob-
tained [67, 82] and which is prone also to ringdown
amplitude-phase consistency tests [65]; (iil) GW200129,
a peculiar loud event showing some tension with GR in
some inspiral-merger-ringdown tests [5], tentatively as-
cribed to mismodelling of precession [33, 84]. As a proof
of principle for the test, our parametrization assumes

1 Except possibly in the Xy — 1 limit, which is not relevant for
the spin values considered here.



plane reflection symmetry, which is valid for spin-aligned
progenitor binaries. In the Appendix VII B, we show that
relaxing this assumption does not affect the results for
GW190521 and GW200129. For the luminosity distance,
inclination, and sky location we adopt the maximum like-
lihood values reported in [85].

We use a gated-and-inpainted Gaussian likelihood
noise model [67, 86, 87] to remove the influence of the
pre-peak/non-ringdown times. The strain data within
a time interval t € [t. + foftset — 0.58,tc + toffsct] are
replaced/inpainted such that the filtered inverse power
spectral density is zero at all the times corresponding
to the chosen interval [37]. Here, t. is the coalescence
time, while ¢t defines the time in which we start our
ringdown analysis.

A —— GW150914 —A— GRO+S

104 - GW190521 —O0— GRO+V
T e GW200129 —A— GR1+S

—— GRI+V

log, Bég, Bayes factor
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FIG. 1. log,, Bayes factors for various ringdown models with
extra scalar or vector modes (labelled with ’A’) with respect
to the GR1 model as a function of the offset time togsot. Differ-
ent colors and line styles denote different events, while differ-
ent markers show the chosen model. Note that each event has
a different mass thus, a different time scale togse;. Therefore,
the log,, Bayes factor trends, specially at negative times, are
expected to differ.

Our main results are summarized in Fig. 1, present-
ing the statistical evidence for different waveform models
for these events and for different choices of togeet. We
show log;, BA,,, where the Bayes factor B2, is the ra-
tio between the evidence of a given model (’A’) and that
of GR1 (i.e., a model containing only the fundamental
gravitational mode and the first overtone). According to
Jeffreys’ scale criterion [4, 76, 89, 90], a log,, Bayes factor
larger than 1 (resp., 2) would imply a strong (resp., deci-
sive) Bayesian evidence in favor of a given model relative
to GR1. The small values of log;y B4, shown in Fig. 1
for any tomeet indicate that all models with extra scalar
or vector modes have the same evidence as the GR1 one,
presumably because the SNR in the ringdown for these
events is not sufficiently high to exclude the presence of
an extra scalar mode. This is consistent with what we
shall discuss below with synthetic data.

Interestingly, despite Fig. 1 showing that there is no

Model | M (Mg) X
GR1 | 58727 [ 0.3577%
GRO+S| 52732 |—0.1870%8
GR1+s| 52F3% |-0.1170%%

Az x 1070 AR 220
0.7270% -
0.6975%2 10.8072%]
0.72% 555 1951152

TABLE 1. 90% credible intervals for some of the parameters
of event GW150914, assuming tomset = 2ms (see Appendix
VIIC for the posterior distributions).

statistical evidence for an extra scalar or vector mode,
its inclusion affects the posterior distributions of the pa-
rameters. This is shown in Table I for a representa-
tive example of GW150914 analyzed with an extra scalar
mode, where we denote the scalar-to-tensor mode am-
plitude ratio as Agg220 = A550 /Aga.  These results
are also consistent with the full inspiral-merger-ringdown
constraints provided in [5]. However, as expected, our
peak values are shifted compared to those computed us-
ing a GR waveform approximant. Other events, different
time offsets, or the vector case show qualitatively simi-
lar results. While the presence of an extra mode does
not affect the distribution of the remnant mass signifi-
cantly, it contributes to broadening that of the spin to-
wards smaller values (see Appendix VIIC for the poste-
rior distributions). This generic feature can be under-
stood from the fact that an extra (220) scalar/vector
mode has a damping time comparable to the fundamen-
tal gravitational mode (and the damping time is only
mildly sensitive to the spin for x¢ < 0.8) and also has a
higher frequency than the (220) and (221) gravitational
modes. Thus, interpreting the overtone frequency with
an extra scalar/vector mode requires a smaller remnant
spin. Also, the amplitude of the fundamental gravita-
tional mode is affected by the extra mode: in the GRO+S
and GR1+S models the peak of the Asog distribution
is smaller because part of the information is contained
in the scalar mode. Consequently, the amplitude ratio
AR 220 between the (220) scalar mode and the (220) grav-
itational mode peaks at some nonzero value. Finally, we
do not find strong support for the presence of an addi-
tional mode for togsey > —2ms. As in previous related
work [77, 91], we observe that the Bayes factor tends to
increase when the analysis is extended to negative times,
since the model begins to fit higher overtones and non-
linear contributions. We interpret this increase not as
evidence for extra modes, but rather as a consequence
of model mismatch arising from applying the ringdown
model before the merger, which can yield spurious re-
sults. Furthermore, for the event GW200129 — where we
observe the largest values of log;, B4g, — data quality
issues [92] and possible signatures of orbital eccentricity
and/or precession [93, 94] are known to affect the infer-
ence of physical parameters. These factors could also
contribute to the early-time rise of the Bayes factor in
support for additional modes. A detailed investigation
of these effects will be presented in future work.
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FIG. 2. Left panel: Minimum SNR necessary for detecting a scalar mode at 1—o confidence level, according to the detectability
criterion outlined in [3, 88] using a Fisher matrix approximation, which makes our estimates approximately independent of
the sensitivity-curve profile. The blue and red dashed curves denote a different remnant spin xy with the phase difference
between the GR and scalar modes fixed to d¢ = 0. The dependence on d¢ € [0, 2] is bracketed by the corresponding colored
bands. The horizontal shaded bands represent the expected ringdown SNR for a GW150914-like event with a remnant mass
of My = 62 Mg as observed by ground-based detectors, including the LIGO-Virgo-KAGRA network (light blue), A+ (light
green), and CE/ET (yellow). The orange band corresponds to the expected ringdown SNR for a similar event with a remnant
mass of M; = 10" M observed by LISA (orange). We consider the range of amplitude ratios Ag 220 € [0.001,1]. Right: The
same quantity shown in a contour plot on the (Ag, 220,¢) plane for fixed x5 = 0.67.

IV. FORECASTS WITH FUTURE
OBSERVATIONS

In Fig. 2, we forecast the constraining power of this test
by computing the minimum ringdown SNR, p4et, for de-
tectability of an extra scalar mode in the GRO+S model,
for different amplitude ratios, remnant spins, and phase
differences 8¢ = o0 — ¢550°. (Hereafter we focus on
the scalar case, since the vector case gives qualitatively
similar results, see Appendix VIIC.) pqet is defined fol-
lowing Refs. [88, 95, 96], namely as the SNR such that
0An = AR,a220, where the statistical error 04, has been
computed with a fully numerical Fisher information ma-
trix , also assuming that the relevant sensitivity curves
at the ringdown regime are approximately flat for the
two distinct final masses considered [95, 96]. In general,
beyond-GR theories can introduce up to six polarization
modes, by adding extra antenna-pattern response terms
to the signal h(t) [97]. Instead, we focus here on the
corrections to the standard hy, hy GR polarizations,
which are already detectable with current GW networks.
Note that, in contrast to overtones [75, 88|, resolving the
frequency of the scalar mode is relatively easy since it
is significantly different from the gravitational one. For
this reason, pqet is always larger than the SNR threshold
required to resolve the extra scalar mode. The require-
ments for the detectability and resolvability of a mode
are outlined in the Appendix VIID.

We perform two variants of this analysis, either aver-
aging over or fixing the sky-location of the signal, with
results shown in the left and right panel of Fig. 2, re-
spectively. Notice that, since the SNR is fully correlated

with the sky location, both approaches should yield con-
sistent results (see Appendix VII D). Therefore, the right
panel simply represents a phase-expanded version of the
left-hand side plot.

The left panel of Fig. 2 shows that pqet decreases mono-
tonically as ) increases — so highly spinning remnants
favor this test — and that the phase difference d¢ has
a negligible impact for small amplitude ratios, while it
can significantly affect the SNR at large amplitudes, es-
pecially for slowly-spinning remnants. The dependence
on d¢ can be better appreciated from the right panel of
Fig. 2, showing a contour plot of the two-dimensional
function pges(Ar,220,9¢) for xy = 0.67. In the region
of small amplitude ratios, the minimum SNR has a very
simple scaling

(Xfa 6¢7 AR,220)
AR 220

where g ~ 1 4 0.25 A 550 — 0.40x 7 + 0.08 cos(6¢ + 1.16),
and for Ag 20 < 0.12 and xy < 0.9 the fit is accurate
within 10%.

In the left panel of Fig. 2 we also provide reference val-
ues of the ringdown SNR for current and future detec-
tors. In particular, third-generation ground-based detec-
tors [98] such as Cosmic Explorer [99-101] and the Ein-
stein Telescope [102—-1041] are expected to observe a few
events per year with ringdown SNR greater than 100 [96].
Likewise, GW space interferometers such as LISA [105]
are expected to detect up to a dozen of massive BH merg-
ers with ringdown SNR greater than 1000, depending on
the massive BH population [95, 106]. Our results show
that a ringdown SNR of 150 (resp., 1000) would yield a

: (7)

paes ~ 4.02



constraint Ag 220 S 0.02 (resp., 0.003) for x5 ~ 0.9, with
only mild dependence on §¢. Very similar results apply
to the detectability of an extra vector mode.

This plot also confirms that the constraining power of
the test is very limited when the ringdown SNR is around
10, which is a rough and even optimistic estimate for the
previously analyzed events GW150914, GW190521, and
GW200129.

While these results were obtained using a Fisher-
matrix approximation to explore the entire parameter
space, we have also compared individual points with syn-
thetic injections at zero noise using the same Bayesian
analysis discussed above for real-data events. At SNRs of
1.25p4e¢ as given in Fig. 2, we find posteriors of Ar peak-
ing away from the lower bound and o4, S Ag 220, al-
ready in agreement with the expectation from the Fisher
analysis for the high-SNR limit.

V. DISCUSSION

Any theory predicting extra ringdown modes should
presumably also predict deviations from the standard
gravitational Kerr QNMs, in which case one could ar-
gue that GW detectors are more sensitive to phase dif-
ferences (and hence to QNM shifts) rather than ampli-
tude differences, so that our test could have less con-
straining power than ordinary ringdown tests. However,
there are known examples of theories predicting zero or
negligible QNM shifts but extra modes, in which case
our test can be superior to ordinary BH spectroscopy.
An example is dynamical Chern-Simons gravity, wherein
for a Schwarzschild BH the polar GR QNMs are un-
changed, but the ordinary ringdown contains also extra
scalar modes [32]. In the Kerr case also all the GR QNMs
are modified, but the deviations are suppressed by pow-
ers of the BH spin [16], so the convenience of our method
will likely depend on the remnant’s spin.

The parametrization introduced in this work can also
apply to cases in which the remnant is a Kerr BH or in
the presence of extra fields but still within the realm of
GR, provided the deviations from the Kerr case are suf-
ficiently small. For example, it applies to Kerr—Newman
BHs with small charge Q¢. In the perturbative limit,
Qs/M; < 1, the parameter Q¢ /Mj effectively plays the
role of a coupling constant in an effective field theory,
making Eq. (5) applicable in this scenario, upon replac-
ing the scalar sector with that of a test spin-1 field.

We focused on £ = m = 2 but clearly, depending on the
source, one should also add £ = 3 modes, or overtones.
In this context, it is noteworthy that the ringdown anal-
ysis for the latest GW event, GW250114 [107, 108], was
mainly performed precisely with £ = m = 2 modes only,
using the fundamental mode and the first overtone. We
point out that, for events such as GW250114 (but also
for GW150914) a ringdown tests of GR can be based
on / = m = 2 only, but it would be inconsistent to in-
clude QNM shifts alone, without adding extra modes.

Also, note that nearly equal-mass binaries are expected
to dominate ringdown tests in both current and future
GW detectors. For instance, using the fits of Ref. [38],
binaries that are nearly face-on (¢ < 30°) with mass ra-
tios ¢ < 1.2 and effective spins xeg ~ 0.7 exhibit am-
plitude ratios of approximately (A33Y33/A22Y22) ~ 0.03
and (A227SY22/A22Y22) = A227S/A22. Therefore, val-
ues of Ags /A as low as ~ 0.03 would still produce
a secondary component comparable in strength to the
(3,3) mode. A similar argument applies to the (2,1)
mode, since in the same parameter regime one finds
(A21Y21/A2Y20) ~ 0.03. Regarding overtones, given
their short damping times, their relevance can be re-
duced by starting the ringdown analysis later (when
scalar modes are still relevant). Clearly, this would re-
duce the overall SNR of the effective ringdown used for
the test but would also avoid the data-analysis subtleties
associated with overtones [66, 77].

As future extensions, it would be interesting to con-
sider a specific theory and compare the constraints on
the coupling constant(s) placed by our test with those
of ordinary BH spectroscopy. This would require esti-
mates of both ordinary QNM shifts and excitation am-
plitudes of extra modes in a given theory, both of which
have recently become available for some theories [18—
50, 109-116]. As an order-of-magnitude estimate, for a
theory which adds quadratic curvature corrections to the
standard Einstein-Hilbert action, the coupling constant
a has the dimension of a length squared [6] In such a
case one would expect Ap a2 = O(l)a2/MJ‘$. Our re-
sults suggest that future detectors will be able to probe
Aro2 = O(1073), and hence a coupling constant as
small as o /M7 ~ O(107?).

A related extension is to include higher harmonics in
the test. Besides adding complexity to the mode, this
would also require including the inclination and the sky
localization as extra waveform parameters. Work in this
direction is underway.

Finally, another possible avenue of exploration is to use
the recently introduced QNM filtering technique [36, 37,
80] to search for extra (scalar, vector, etc) modes.
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VII. APPENDIX

A. Explicit example: Dynamical Chern-Simons
gravity

We provide here a specific example of a nonminimal
coupling giving rise to extra scalar modes in the grav-

J

r

v [

r2

itational sector. We consider a theory with quadratic
curvature corrections, dynamical Chern-Simons gravity,
described by the action [20]

1 1
S = Ton d*z\/—gR — 3 /d4x\/fgg“bval9vb19

+% /d“x\/—gﬂ*RR. 8)

where 9 is the scalar field, *RR = %RabcdebaefRCdef is an
odd-parity quadratic-curvature invariant, and « is the
coupling constant, with dimensions of a squared mass
(henceforth we adopt G = ¢ = 1 units).

As in the GR case, the only stationary, spherically-
symmetric solution is the Schwarzschild metric. For sim-
plicity we consider perturbations of this solution, neglect-
ing the spin of the background. Axial perturbations of
the metric are coupled to those of the scalar field. Upon
a spherical harmonic decomposition and in the frequency
domain, they reduce to the following set of coupled ordi-
nary differential equations [32]

_ 9%67M[ o
b

= 75

%@+ {wz _ [l(l+1) (1 i 5767%%2) i %}}@ _ fgij§§:6%aqj

where f(r) =1-2M/r and r, =r +2M In(r/2M — 1)
is the standard Schwarzschild tortoise coordinate. The
variables ¥ and © reduce to the standard metric and
scalar master functions, respectively, in the decoupling
limit, @« — 0. Indeed, when a = 0 the two equations de-
couple and reduce to the standard Regge-Wheeler equa-
tion and scalar-perturbation equation of a Schwarzschild
BH, respectively. However, when « # 0 the two pertur-
bations are coupled to each other and the scalar effective
potential acquires some corrections.
The coupling « gives rise to two features [32, 34]:

1. The above system of equations contains both
gravity-led and scalar-led modes, both displaying
O(a?) corrections with respect to GR:

w = WGk, grav (1 + ”Ygrav%) ) (10)
o = wGR, scal <1 4 73031%) , (11)

where w = 27 f — i/7 are the complex QNM fre-
quencies, wGR &%V are the standard Schwarzschild
QNMs in GR, wCR 5l are the test-scalar QNMs of
Schwarzschild, whereas v8"" and +*°* are dimen-
sionless order-unity constants, the value of which
depends on the overtone number n.

(

2. The above system of equations is akin to a cou-
pled harmonic oscillator, so a scalar perturbation
would source scalar modes in the gravitational sec-
tor, and vice versa. In particular, in this the-
ory the scalar field is at least linear in « [20], in
which case the coupled perturbation equations im-
ply that, whether or not scalar perturbations are
present in the merger conditions (for example if the
progenitors are endowed with a scalar field [117]),
the amplitude of the scalar mode in the gravita-
tional sector would be O(a?). In the notation of
the main text, this would imply that, at the lead-
ing order, Ag 220 =" a2/]w4, where 7 is a source-
dependent excitation factor [32, 16, 50, ].

These arguments show that the gravitational ringdown
in this theory can be schematically modelled as

h(t) =37 Ageiitton 4 57 4 eil@sttdn

J J

(12)

where the sum runs over the overtones. The scalar modes
@; contains O(a?) corrections, but A; is at least O(«) or
higher. Therefore, to leading order in « we can approx-
imate w; ~ w5l in the second term of the above
equation, which is the crucial simplification of our test.



This is consistent with the finding of Ref. [32], where
the gravitational ringdown in the o < M? limit contains
both the unperturbed gravitational and scalar modes.

While we explicitly showed this for a specific theory, it
is in fact a very general properties of extended theories
of gravity with nonminimal couplings (see, e.g., [57] for
another example).

B. The effect of precession on GW190521 and
GW200129

There are well-founded arguments suggesting that
GW190521 and GW200129 could originate from precess-
ing binaries [32, 84]. As opposed to aligned-spin systems,
precession breaks the symmetry between m < —m an-
gular modes, resulting in Ay, # (—1)'h;_, . In the main
text, we searched for a scalar mode using a (Im) = (2, +2)
spin-aligned (non-precessing) waveform. Here, we extend
the parameter estimation on GW190521 and GW200129
including precession, and varying tofset = [—2,0, 2]ms.
This is achieved by allowing the amplitude Ags,, # Aoy
and the phase ¢29,, # —@2_2y, for both the gravitational
and scalar mode. In Fig. 3, we show the corner plots for
GW200129 with t,geet = 0, for both the GR1 and GR0O+S
cases. Notice that, since only (Im) = (2,42) modes are
used, accounting for precession in this case does not sig-
nificantly affect the values of the mass and the spin of
the remnant compared to the aligned-spin case. How-
ever, including precession affects the amplitude of the
fundamental mode, by increasing its uncertainty. We find
qualitatively similar results for the other offset times and
for GW190521.

C. Supplemental results

In Fig. 4 we show the frequencies and damping times
of some representative QNMs, including scalar, vector,
and gravitational modes as functions of the remnant’s
spin. Note that the frequency of the (220) scalar or vec-
tor mode is always well separated from that of the fun-
damental gravitational mode, while its damping time is
comparable. These are advantages with respect to over-
tones, which are instead harder to resolve and decay more
rapidly.

Figure 5 presents an example of posterior distribu-
tions of some waveform parameters obtained from our
Bayesian analysis on real data, namely the case of
GW150914 analyzed with various models. Although, as
discussed in the main text, there is no statistical evi-
dence for extra scalar modes in the data, their inclusion
in the parameter estimation affects the posterior of x
and A220.

Further, in Fig. 6, we compare some representative
posterior distributions obtained from the Bayesian infer-
ence on real data with forecasts using injections at higher
SNR (equal to 100). We consider a ringdown model with

an extra scalar mode (GRO+S, left panel) and with an ex-
tra vector mode (GRO+V, right panel). For the injection
simulations, we inject the values corresponding to the
maximum likelihood values of the real data. We notice
that, at higher SNRs, the precision of the parameters’ dis-
tribution improves, and the signal is well reconstructed.
This can be easily observed with the distributions of x,
which in the case of the real data is spread, due to the
effect of the gated Gaussian noise. Also in this case, we
note that the results for the scalar or vector case are very
similar.

Finally, we have searched for multi-modality in the am-
plitude of the scalar mode. This is supported by the fact
that, for some different choices of mass and spin, the
fundamental scalar/vector mode can mimic the funda-
mental gravitational QNM. In general, this effect is not
evident due to the limited range of the prior on the ampli-
tude ratio Aagg € [0, 10]. We have thus performed a new
run where we inject GRO with GW150914-like parame-
ters (but in our case, we have SNR = 83), and recover
with GRO+S, but with a broader prior on the amplitudes
(A220, AR,220 € [0,100]), indeed finding bimodality. In-
cluding a secondary mode in the ringdown analysis, as
we did in certain cases, clearly breaks this degeneracy.

D. The detectability and resolvability criteria

A BH no-hair test is designed to check the consis-
tency of the mass and spin as observed from two dif-
ferent ringdown modes: the fundamental mode (I =
2,m = 2,n = 0), and a next-to-leading order mode
with either |I] = |m| # 2 or n # 0. Ideally, one would
have to infer to significant accuracy the tetrad of pa-
rameters {wa20, 7220, Wimn,s Timn }- 10 practice, one just
needs to build a triad {waz0, 7220, Gimn} With qumn, =
Wimn OF Qimn = Timn, and check the consistency on
the inferred mass and the spin from the following tu-
ples { (w220, 7220); (W2205 @imn ), (T220, G220)} [4]. Whether
we can reliably distinguish a secondary mode depends
critically on its SNR. The threshold SNR can be defined
in different ways as:

1. pget: The ringdown SNR at which the amplitude of
the mode is large enough compared to its statistical

uncertainty o4, /A~ 1.

2. pres: The ringdown SNR at which the spectrum
Qimn Subtracted to the spectrum goo¢ of fundamen-
tal mode is comparable to its statistical uncertainty

O gimn /19220 = Qimn| ~ 1,

where 04, and oy, . are the 1 — o statistical errors on
Ap and o, respectively [119]. A mode is measured if
conditions 1) and 2) are satisfied, which will occur for
p 2 max{pdet, Pres} [3, ]. Using the Fisher Matrix
approach, the set {pdet, Pres} can be estimated analyti-
cally, provided that the sensitivity curve in the ringdown
regime is sufficiently flat for a given total mass. The
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FIG. 3. Posterior distributions for the event GW200129 with tofises = Oms for the models GR1 (left) and GRO+S (right). In
both cases, the case without (resp., with) precession is indicated in yellow (resp., purple).
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FIG. 4. Frequencies (left) and damping times (right) for a few gravitational modes and for (220) scalar and vector modes of
Kerr as a function of the spin. Results are normalized for a remnant mass compatible with GW150914, My = 62 M.

statistical error o4, ~and the SNR of a signal p are com-
puted as,

)"\ ik

2 dX; N dX; 2

i ([Zma) o A s
(13)

where ); ; are each of the ringdown intrinsic parame-

ters, * denotes the complex conjugate and ~' the matrix

inverse. Note that the dependence of the waveform on

the of extrinsic parameters f(©) will be the same for

both equations since one can replace h — h - f(0). The
GW ringdown spans over a relatively short frequency

range. For the scalar mode case, and for My = 62, no-
tice that the whole ringdown signal is approximately all
contained within [200,300]Hz at ay ~ 0.7 (see Fig. 4).
Therefore, one can assume an effective S, (f) ~ S,(fo)
where fy is an appropriate frequency within the range
described above. The last approximation allows us to
define f(Aij) = p(det,res) - Tij, Which only depends on the
intrinsic parameters A;;, and allows us to also describe
both the pget and pres independent from the intrinsic pa-
rameters as

far ) Fqun)
— mn , N — mn . 14
pact Allznn Pres |CI220 - qlmn| ( )
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FIG. 5. Posterior distributions of some ringdown parameters
for GW150914 in our analysis: My and xs are the remnant’s
mass and spin, A2 is the amplitude of the fundamental grav-
itational mode, and A% is the amplitude ratio of the (220)
scalar mode relative to the fundamental gravitational one. We
consider tofset = 2ms and the GR1 (magenta), GRO+S (yel-
low), and GR1+S (cyan) models. The contours state the 90%
credible levels.
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For scalar and vector modes, we obtain that pqet > pPres
for AR < 1. Therefore, p > pget is our determining
criterion for observing them. The above equation also
shows clearly the trend pqe; ~ (Af)~1 displayed in Fig.
2 of the main text. Similarly, a M; ~ 107M binary
will cover a short frequency range at the mHz, in which
current estimates of the LISA sensitivity curve are rather
flat [105]. Finally, notice that both pge; and pyes scale
with f oc p-0y;. For a binary system considering only
the (¢, m) = (2,2) mode, non-precessing, and analyzed in
the frequency domain, theﬁ GW strain can be expressed
as h = Hyy(6)hy (N)ei®2(Y) where Hyy is an amplitude
factor that encodes the sky position, polarization angle,

-

and distance, hy () is the plus polarization component,
@22 is the phase, and X represents the intrinsic parameters
of the system [120]. Therefore, it follows that the product
f o< p- o4y is independent of the system’s sky position,
i_rpplying that both pgey and pres are also independent of
O.
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FIG. 6. Posterior distributions for real data (magenta) vs injection+recovery (blue) parameter estimation simulations with
model GRO+S (left) and GRO+V (right). The levels of the 2D distributions indicate the 68% and the 90% credible intervals,
while the black lines correspond to the injected values. Note that, in this case, we indicate the fundamental amplitude A220
rescaled by dr/M J(cm), where M }m) is the final mass of the remnant expressed in meters.
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