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Abstract

We present a quantum-inspired solver for the one-dimensional Gross–Pitaevskii equa-
tion in the Quantics Tensor-Train (QTT) representation. By evolving the system entirely
within a low-rank tensor manifold, the method sidesteps the memory and runtime barri-
ers that limit conventional finite-difference and spectral schemes. Two complementary
algorithms are developed: an imaginary-time projector that drives the condensate to-
ward its variational ground state and a rank-adapted fourth-order Runge–Kutta integra-
tor for real-time dynamics. The framework captures a broad range of physical scenar-
ios—including barrier-confined condensates, quasi-random potentials, long-range dipo-
lar interactions, and multicomponent spinor dynamics—without leaving the compressed
representation. Relative to standard discretizations, the QTT approach achieves an ex-
ponential reduction in computational resources while retaining quantitative accuracy,
thereby extending the practicable regime of Gross–Pitaevskii simulations on classical
hardware. These results position tensor networks as a practical bridge between high-
performance classical computing and prospective quantum hardware for the numerical
treatment of nonlinear Schrödinger-type partial differential equations.
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1 Introduction28

Since the dawn of modern science, the language of nature has been cast in the form of dif-29

ferential equations. From Newton’s principia to Leibniz’s formalism, the dynamical laws of30

mechanics, electromagnetism, and later, quantum theory have all taken shape as partial dif-31

ferential equations (PDEs). Whether Maxwell’s equations for light, Navier–Stokes for fluids,32

or the Schrödinger equation for quantum matter, these PDEs distill physical intuition into a33

compact set of local rules. By encoding local conservation laws and symmetries, PDEs give34

a concise mathematical model of physical phenomena and remain the backbone of theoreti-35

cal exploration across physics, chemistry, and engineering, in a form that bridges theory and36

experiment.37

The digital computer revolution of the 20th century allowed the study of PDEs that do not38

have closed-form solutions. Finite-difference, finite-element, and spectral methods now let39

us march a discretized equation step-by-step in (simulation) time. Nevertheless, high-fidelity40

simulations of strongly nonlinear or high-dimensional systems still face an exponential wall:41

memory and runtime scale poorly with system size or required resolution. This “curse of42

dimensionality” motivates the search for more compact representations of PDEs solutions.43

Over the recent years, quantum computing has been heralded as a future route, promising44

dramatic speed-ups for linear algebra kernels intrinsic to PDE solvers. Early work demon-45

strated that matrices arising from finite-element discretizations can be block-encoded and46

solved in polylogarithmic time, laying the foundation for quantum finite-element solvers [1,2].47

Spectral formulations subsequently showed that global basis sets permit even sharper pre-48

cision scaling [3]. Moving beyond linear systems, differentiable-circuit ansätze and kernel-49

based regressors have been proposed for nonlinear differential equations [4,5], and effective-50

Hamiltonian strategies now offer a physics-informed route to general nonlinear PDEs [6, 7].51

Hybrid demonstrations on near-term hardware already hint at practical speedups for modest52

grid sizes [8,9]. However, currently, a scalable and fault-tolerant quantum computer to solve53

PDEs does not exist [10].54
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An alternative to quantum computing for PDE is to exploit ideas borrowed from classical55

simulation of quantum many-body physics. Tensor networks such as matrix-product states56

(MPS) and tree tensor networks capture only the physically relevant corner of an otherwise57

enormous Hilbert space, taming the “curse of dimensionality” on today’s classical hardware.58

Adapting this machinery to field equations like the nonlinear Schrödinger equation (NLSE)59

reveals a fertile middle ground—quantum-inspired algorithms that shrink computational costs60

without waiting for quantum processors.61

Tensor networks were originally introduced to efficiently represent tensors with exponen-62

tially many elements by expressing them as contractions of networks of smaller tensors. Each63

small tensor captures a correlated subset of the full data, enabling a compact and structured en-64

coding of complex, high-dimensional information [11–20]. Developed initially in the context65

of many-body quantum physics, tensor networks were designed to simulate strongly correlated66

quantum systems and quantum computations. Over time, however, their utility has proven to67

extend far beyond quantum mechanics.68

For instance, MPSs were proposed for solving differential equations [21] or, compressing69

images [22]. Connections between tensor networks and wavelet-based signal processing have70

been proposed through Multi-scale Entanglement Renormalization ansatz (MERA) [23,24].71

In parallel, the mathematical community independently rediscovered MPS under the name72

Tensor Trains (TT), and developed related approximation algorithms such as the TT-cross73

method. TT decomposition established that exponentially large state vectors and operators74

admit compact, low-rank factorizations. The TT and quantized-TT (QTT) constructions, to-75

gether with explicit low-rank forms of canonical operators such as the Laplacian and time-76

propagators, yielded rigorous error bounds and fast linear-algebra primitives that turned curse-77

of-dimensionality problems into tractable ones [25–29]. These structural insights have since78

been elevated to fully fledged, high-dimensional PDE solvers. Reformulations based on back-79

ward stochastic differential equations further extend the reach of TT methods to long-time80

parabolic evolution [30–33].81

Application-driven studies demonstrate that the same compression principles translate82

into concrete physics and engineering tasks, including TT solvers for neutron transport [34],83

quantum-inspired computational fluid dynamics [35–37], reduced-order turbulence model-84

ing [38], many-body Schrödinger dynamics [39], and plasma collisions [40]; all report order-85

of-magnitude savings in memory and runtime while maintaining controllable accuracy. These86

efforts led to a convergence of ideas and growing cross-fertilization between quantum physi-87

cists and numerical analysts. This emerging synergy has given rise to a new field: quantum-88

inspired computational techniques [29,41–43].89

In this work, we focus on the Gross–Pitaevskii (GPE) equation—a nonlinear Schrödinger90

equation describing dilute Bose gases and widely used to model Bose–Einstein condensates91

(BECs). Despite being relatively tractable in low dimensions, the GP equation serves as an92

ideal testbed for illustrating the capabilities and versatility of our approach. We extend the93

framework of quantum-inspired methods to handle nonlinearities and long-range potentials,94

a crucial step that allows us to tackle nonlinear differential equations. Furthermore, we intro-95

duce a new formalism to represent and evolve multiple species of BECs in a single MPS.96

The manuscript is organized as follows: In Section 2 we recall the derivation of the Gross-97

Pitaevskii equation starting from the BEC description in the second quantization. Next, in98

Section 3 we introduce Quantics Tensor Train (QTT) formalism. In Section 4 we extend99

QTT to treat non-linearities, long-range interactions, and multiple BEC species with tensor100

trains. In Section 5 we introduce imaginary-, and real-time evolution algorithms to calculate101

the ground state of a system and the time-evolution of a given initial state. In Section 6 we102

apply our methodology to a set of physical examples including ground state calculations in a103

harmonic trap, the evolution of the wavepacket in quasi-disordered potential, the evolution of104

3



SciPost Physics Submission

wavepacket with long-range interactions, and spinor-BEC dynamics. We discuss the numerical105

resources in Section 7, and conclude in Section 8.106

2 Preliminaries: Gross-Pitaevskii equation107

In this section, we will briefly recap the derivation of GPE in the mean-field description of BECs108

[44]. BEC is a dilute gas of bosons cooled to temperatures so low that a macroscopic number109

of particles occupy the same quantum state. The GPE—mathematically a cubic nonlinear110

Schrödinger equation—provides a remarkably accurate mean–field description of a weakly–111

interacting BEC.112

Let us consider N bosons of mass m moving in an external potential V̂ (x) and interacting113

via a translationally invariant two–body potential Û(x,y) = Û(|x− y|). The second–quantised114

Hamiltonian reads115

Ĥ =

∫

d3x Ψ̂†(x)Ĥ0Ψ̂(x)

+ 1
2

∫

d3x d3y Ψ̂†(x)Ψ̂†(y)Û(x,y)Ψ̂(y)Ψ̂(x),
(1)

where Ĥ0 = −
ħh2

2m∇
2+V (x) is a single-body Hamiltonian describing non-interacting bosons in a116

trapping potential V̂ (x), usually considered as a harmonic trap V̂ (x) = m
2 (ω

2
x x2+ω2

y y2+ω2
z z2).117

The bosonic field operators satisfy the canonical equal–time commutator [Ψ̂(x), Ψ̂†(y)] = δ(3)(x−y),118

[Ψ̂, Ψ̂] = [Ψ̂†, Ψ̂†] = 0, and the particle–number operator N̂ =
∫

d3x Ψ̂†(x)Ψ̂(x) commutes119

with Ĥ, ensuring number conservation. Next, let us expand field operators in any orthonor-120

mal single–particle basis {ϕi} (e.g. eigenfunctions of the Ĥ0), Ψ̂(x, t) =
∑∞

i=0 âi(t)ϕi(x), with121

bosonic ladder operators [âi , â†
j ] = δi j . Now, let us consider a system below the critical tem-122

perature Tc. For T < Tc , a single mode (taken to be i = 0) acquires macroscopic occupation123

〈â†
0â0〉 ∼ O(N). Splitting off fluctuations â0(t) = e−iθ (t)

�p
N + δ̂0(t)

�

, 〈δ̂0〉 ≪
p

N then ne-124

glecting δ̂0 and all non–condensed modes âi ̸=0 gives the c–number substitution Ψ̂(x, t) −→
p

N ϕ(x, t),125

ϕ(x, t) ≡ e−iθ (t)ψ(x), with normalisation
∫

d3x |ψ|2 = 1. Substituting the classical field into126

Eq. (1) and using the bosonic commutation relations yields an ordinary functional of the c–127

number field:128

E[ψ,ψ∗] = N

∫

d3xψ∗(x)Ĥ0ψ(x)

+
N2

2

∫

d3x d3y |ψ(x)|2Û(|x− y|)|ψ(y)|2.

(2)

A stationary condensate is described by a time–independent ψ(x) that minimises the en-129

ergy while preserving particle number. Introducing a Lagrange multiplier µ (chemical po-130

tential), defining functional F[ψ,ψ∗] = E[ψ,ψ∗]− µN
∫

|ψ|2, and varying ψ, one finds the131

time-independent GPE132

�

Ĥ0 + N

∫

d3yÛ(|x− y|)|ψ(y)|2
�

ψ(x) = µψ(x). (3)

The time-evolution equation for the mean-field function can be obtained by extremising a133

real-time action that reproduces the correct Hamiltonian equations of motion:134

S[ψ,ψ∗] =

∫

d td3x
� iħhN

2

�

ψ∗∂tψ−ψ∂tψ
∗�− E[ψ,ψ∗]

�

, (4)
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where E is the energy density appearing in Eq. (2). The Euler–Lagrange equation yields135

iħh∂tψ(x, t) =
�

Ĥ0 + NÛint(x)
�

ψ(x, t),

Ûint(x) =

∫

d3yÛ(|x− y|)|ψ(y, t)|2
(5)

Finally, for a dilute gas, the two-body potential can be replaced by the pseudopotential136

Û(r) = g δ(3)(r), where the coupling strength reads g = 4πħh2as
m , and as is the s-wave scattering137

length. Then the spatial integral in Eqs. (5) simplifies, giving the Gross-Pitaevski (GP) equation138

iħh∂tψ(x, t) =
�

Ĥ0 + gN |ψ(x, t)|2
�

ψ(x, t), (6)

The GPE is the basis of most of our current understanding of the physics of BECs, and it ac-139

curately describes any experimental setups of cold bosonic systems, which interact weakly. The140

GPE can be generalized to describe different physical scenarios. For example, it can describe141

mixtures of different atomic species or the physics of charged BEC which requires considering142

long-range potentials. All these scenarios can be described by a generalized form of the GPE143

encoded by systems of partial differential equations for M BEC species,144

iħh∂ tψi(x ) =

 

Ĥ0 +
M
∑

j=1

gi j
Æ

NiN j|ψ j(x )|2
!

ψi(x )

+
∑

j ̸=i

λi, jψ j(x )
(7)

where gi j is an interaction matrix encoding the interaction among the different BEC species145

with Ni particles each, and the interaction potential can contain both local U(x), and the long-146

range part ULR(|x− x′|). The two-body long-range interactions between BEC atoms appear in147

a mean-field description as a convolution with the BEC density, i.e.148

VLR(x ) =

∫

dx ′|ψ(x ′)|2W
�

|x − x ′|
�

. (8)

Finally, we shortly discuss the experimental control over the dimensionality of BEC. When149

a harmonic trap is highly anisotropic ω⊥ ≡ ωy = ωz ≫ ωx ≡ ω0, then the dynamics can be150

effectively reduced to one direction. Writingψ(x) =ψ(x)ϕ⊥(y, z) with the transverse ground151

state ϕ⊥ assumed to be the Gaussian state with width a⊥, and integrating over the frozen152

coordinates, gives an effective one-dimensional GPE (1D-GPE)153

iħh∂tψ(x , t) =
�

Ĥ0 + g1DN |ψ|2
�

ψ(x , t), (9)

where g1D =
g

2πa2
⊥

, and Ĥ0 = −
ħh2

2m∂
2
x +V1D(x). Similarly, for a pancake trap,ψ(x) =ψ(x , y)φ(z),154

ω⊥≫ωx =ωy ≡ω0, one obtains g2D = g/
p

2πaz .155

In the following, we restrict our studies to quasi-one dimensional geometries choosing156

l0 =
p

ħh/mω0, t0 = 1/ω0, E0 = ħhω0 as length, time, and energy units, respectively.157

3 Tensor Networks Formalism for calculus158

A tensor network is a decomposition of a high-rank tensor into a contraction of smaller set159

of constituent tensors. The simplest tensor networks, called matrix product states (MPS) or160
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tensor trains (TT), consist in a sequential contraction of two- or three-legged tensors. They161

were discovered as an efficient representation of stronly-correlated one-dimensional many-162

body systems and Markov chains [45, 46] and later related to the solutions of the DMRG163

algorith [47,48].164

In recent years, the study of MPS has evolved beyond quantum physics and it has been165

shown to efficiently compress a wide set of analytical one-dimensional functions, [41,42,49–166

52]. The basic idea is that a real function of one real variable f (x) : R→ R can be stored in a167

computer only after appropriately defining a one-dimensional lattice Λ of Ngrid points x i ∈ Λ168

(we store Tx i
= f ({x i}i∈I)). Here the idea is that the representation of the function will be169

better as we choose finer and finer lattices, and thus as N →∞.170

Similarly, a function f (x , y) : R2 → R of two real variables defined on a bounded region171

can be encoded as a finite matrix once the two variables are discretized. This means that given172

two one-dimensional lattices Λx and Λy each with Ngrid points and x i ∈ Λx and y j ∈ Λy we173

can define the Ngrid×Ngrid matrix of real numbers containing its restriction on the lattice points174

as175

F(i, j)≡ f (x i , y j) ∈ R, (10)

A function of a single variable can become a tensor with high rank, by discretizing (or176

quantizing) the continuous variable in a specific basis [22]. For simplicity, let’s consider we177

chose 2 as our basis and we rescale the domain of the function f such that x̄ ∈ [0, 1). We can178

express x̄ =
∑∞

j=0 b j2
− j and we obtain a tensorized form of our function as Tx̄ = Tb1,...,b∞ .179

Notice that as expected a function of a continuous variable using this strategy is encoded by a180

tensor with infinitely many indices. If we decide to discretize the interval [0, 1) on a lattice with181

lattice spacing 2−n, Λ x̄ made by points Ngrid x̄ i we obtain a finite rank tensor, T (x i) = Tb1,...,bn
182

with only n = log2(Ngrid) indices. This means that the number of points we consider scales183

exponentially with the number of indices of the tensor.184

The discretization of a function as a tensor with n indices may be reinterpreted as the wave-185

function of a quantum many-body system of n spin-1/2 constituents. This many-body state,186

regarded as a wavefunction, may be compressed using different tensor-networks techniques,187

depending on the entanglement structure. The simplest choice is to compress the function188

using a one-dimensional MPS.189

Given a quantum many-body system of n constituents |ψ〉, each described by an individual190

Hilbert space spanned by vectors |si〉, the MPS representation of the system compresses the191

wavefunction of it as the contraction of n three leg tensors φ
r j−1,r j
s j

, one for each constituent.192

Each three-leg tensor has one index (s j) encoding the state of the constituent and two extra193

indices, r j−1, r j which allows us to contract the tensor with its left and right neighbors following194

the desired one-dimensional pattern.195

|ψ〉=
∑

s1,s2,...,sn

cs1,s2,...,sn
|s1s2 . . . sn〉

≈ φ r1
s1
φ r1,r2

s2
φ r2,r3

s3
. . .φ rn−1

sn
|s1s2 . . . sn〉

(11)

where si are the physical degrees of freedom while ri are contracted indices between adjacent196

tensors. Notice that in the second line of the formula above we have omitted the sum over197

repeated indices, using the Einstein notation.198

Using the same construction, the function T (x i) = Tb1,...,bn
can be encoded as199

T (x) = Tb1,b2,...,bn
≈ φ r1

b1
φ

r1,r2
b2
φ

r2,r3
b3

. . .φ rn−1
bn

(12)

in this case, we have replaced the physical degrees of freedom si for b j which represents the200

bits and are the external legs, while ri are the links between tensors, their dimensions are201

called bond dimensions χi = dim(ri). The specific case of MPS we are discussing here, where202
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Figure 1: Three possible representations of how to store a vector in a computer. From
left to right we have a vector, a tensor, and a Matrix Product State (MPS). The first
and the second representations are exact and the only difference between them is the
basis of i ∈ I chosen: in the first case I = {1, 2, . . . , N} and in the second case, i is
expressed through the binary representation. The third method follows a controlled
truncation method to yield a faithful representation of the previous tensor requiring
a smaller number of parameters.

x is discretized using a binary encoding to compress a function is also called Quantics Tensor203

Train (QTT). With an abuse of notation, we will refer to the QTT representation of f (x) as204

T (x) = 〈x | f 〉. A representation of such encoding is depicted in Fig 1. Notice that while the205

r indices are summed over, differently from the wave-function case, we do not have to sum206

over the {bl} indices, since each choice of the bi represents a different point of grid x i .207

The performance of the MPS formalism depends on how large the elementary tensors need208

to be to obtain a faithful representation of the initial tensor. Assuming that all the vector spaces209

labeled by r have dimension χ, the above expression compresses a vector of Ngrid parameters as210

a function of the entries of the elementary tensors which are of the order O
�

2χ2 log2(Ngrid)
�

1.211

Therefore, the MPS representation is efficient as long as it requires elementary tensors whose212

bond dimension does not depend on n or increases sub-exponentially with it.213

In one dimension, there are a large number of functions in which χ stays constant while the214

number of points increases [49], therefore the QTT representation is efficient in compressing215

those functions. Furthermore, there are proofs that regular enough functions can be efficiently216

compressed as TT with fixed bond dimension [49,51,52]. Beyond one dimension there is still217

no formal proof of such a statement, but the benchmark calculations performed so far point218

towards similar results [40,50,53].219

The inner product of two QTT, | f 〉 and |g〉, is the addition of all the values f (x i)g(x i), thus,220

with the correct measure it can be interpreted as the integral of the product of the functions,221

〈g| f 〉∆x =
N
∑

i=1

g(x i) f (x i)∆x ≃
∫ 1

0

dx g(x) f (x) (13)

where∆x is the discretization size. The convergence of the integral can be faster using differ-222

ent quadratures [54], but it is always exponential in the number of qubits.223

1Given that the computational cost increases with the bond dimension, we can estimate an upper bound of it
by assuming that all the tensor share the largest bond dimension which we refer to as χ =maxi(χi).

7



SciPost Physics Submission

The QTT representation can be generalized to compress operators acting on functions. In224

quantum mechanics, we can compress an operator U acting on a collection of spins {s1, . . . , sn}225

U =
∑

{s},{s′}

c
s′1,...,s′n
s1,...,sn

|{si}〉 〈{s′i}|

≈
∑

{s},{s′}

φ
r1

s1,s′1
φ

r1,r2

s2,s′2
. . .φ rn−1

sn,s′n
|{si}〉 〈{s′i}|

(14)

where, |{si}〉= |{s1, . . . , sn}〉, |{s′i}〉= |{s
′
1, . . . , s′n}〉, and as before, ri are the bonds that connect226

the four-legged tensors and si are the degrees of freedom. This object is called a Matrix Product227

Operator (MPO).228

Similarly, operators that act onto functions of continuous variables, once these have been229

appropriately discretized, are represented by finite dimensional matrices. Such matrices can230

be represented through MPO,231

T ( f ′(x), f (x)) = T b′1,b′2,...,b′n
b1,b2,...,bn

≈ φ r1

b1,b′1
φ

r1,r2

b2,b′2
. . .φ rn−1

bn,b′n
. (15)

The MPOs describe theO
�

N2
grid

�

matrix elements, while compressing them only usingO
�

4k2 log2(Ngrid)
�

232

independent parameters, where k is the maximum bond dimension of the MPO, k =maxi(dim(ri)).233

If k increases mildly (at most polynomially) with the number of bits (log2(Ngrid)) such a com-234

pression is advantageous.235

Besides the compression of functions and operators, tensor networks also allow to stream-236

line their manipulation. For example, the matrix-vector multiplication requires O
�

N2
grid

�

op-237

erations, but the number of operations required to perform the MPS-MPO multiplication is238

upper-bounded by O
�

4 log2(Ngrid)
�

χ3k+χ2k2
��

.239

In this work, we will mostly concentrate on solving partial differential equations (PDEs)240

with QTT. This approach is motivated partially by the observation that most of the MPO en-241

coding of the operators used in PDEs requires a small bond dimension. For example, the242

construction of the first derivative of a function, expressed using first-order finite differences243

requires χ = 3, and the second derivative requires χ = 5 as explained e.g. in [40].244

3.1 Loading a function into QTT245

The first challenge found when working with QTTs is to efficiently compute a generic functions’246

tensor representation. We could of course interrogate the values of a function over all O(Ngrid)247

points on the grid, using iterative singular value decompositions to obtain all tensors would248

cost O(N3/2
grid). However, that would eliminate any advantage of working with tensor networks249

and would restrict our computations to grids where Ngrid is a number that fits in the computer’s250

memory. There are three solutions to this problem: (i) a direct estimation of the QTT tensors,251

(ii) the use of polynomial interpolation, and (iii) a clever and adaptive sampling of the function252

via Tensor Cross Interpolation (TCI).253

A few functions can be directly encoded as quantized tensor trains. These include (i)254

exponentials, (ii) sums of functions, (iii) sinusoidal functions and (iv) polynomials. First,255

let us take the discretization of f (x) = exp(αx) over a grid with 2n points. By writing the256

x ∈ [a, b) coordinate in binary notation x i = a+(b− a)
∑n

j=1 b j2
− j , the exponential becomes257

a product of rank-1 tensors258

f (x i) = exp

 

α

n
∑

j=1

b j2
− j

!

=
n
∏

j=1

exp
�

αb j2
− j
�

. (16)
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Each tensor φ
r j−1,r j

b j
in Eq. (12) has dim(r j) = 1, ∀ j, and259

φb j
= |b j = 0〉+ exp(α2− j)|b j = 1〉=

�

1
exp(α2− j)

�

(17)

involves an small number of parameters ∼ 2 log2(Ngrid).260

Next, one may find that the sum of two functions f (x)+g(x) that are encoded with tensors261

of dimensions χ f and χg can be encoded using tensors of size χ f +χg , which are direct sums262

of the original QTT tensors. This explains why sinusoidal functions, sin(x) = exp(i x)−exp(−i x)
2i263

and cos(x), require tensors of dimension χ = 2.264

As explained in Refs. [42,51,52] there exist other algorithms to encode functions that are265

1D-polynomials of degree d, using tensors of dimension χ = d + 1 or less. This may be used266

for constructing interpolating functions, using methods such as Chebyshev or Lagrange inter-267

polation [50], using O(log2(Ngrid)) function evaluations. However, a simple generalization of268

these ideas enables also the composition of functions f (g(x)), this idea is developed in [42].269

This, in combination with the addition and multiplication of functions (c.f. Sect. 4.1) allows270

the encoding of a large family of models that have analytical representations.271

Having said this, polynomial and algebraic approximations are not always efficient and272

may lead to errors in functions with large bandwidth or low differentiability properties. A273

more general family of algorithms has emerged under the name Tensor Cross Interpolation.274

These are adaptive, high-quality low-rank approximations of high-rank tensors and discretized275

functions that require a logarithmic number of function evaluations in many cases. These276

methods are generalizations of the cross interpolation, an algorithm that creates a low-rank277

approximation of a matrix by querying select rows and columns, called pivots. Similarly, TCI278

queries the values of a multidimensional tensor (or function) at a set progressively adapted279

points to create a small-rank TT/MPS approximation. More information about the algorithm280

and their generalization to tree tensor networks can be found in [55–57], while a comparison281

of the performance of different function loading techniques is available in Ref. [42].282

3.2 Differential operators283

To solve partial differential equations we need to represent differential operators as matrices284

(or tensors). One possibility is through finite differences. The matrical form of finite differ-285

ences corresponds to sparse matrices with non-zero elements near the diagonal. The non-zero286

elements just perform the translations of f (x) that the finite difference algorithm requires.287

For example, computing the first derivative with a central finite difference first order approx-288

imation implies defining f ′(x) = f (x+h)− f (x−h)
2h . Therefore, given f (x) as QTT we need to289

construct f (x + h) and f (x − h).290

We need to create an MPO that represents the δ-function Th = δ(y − (x + h)) because the291

MPO-MPS multiplication performs an integral over the shared degrees of freedom,292

f (x + h) =

∫

dy f (y)δ (y − (x + h)) . (18)

This operator can be created as an MPO exactly following the ripple-carry adder algorithm. The293

details of the translation matrix product state, Ta are explained in Appendix A. The creation294

of the translation MPO allows to define differential operators as MPOs, for example,295

∂
∂ x =

Th−T−h
2h

∂ 2

∂ x2 =
Th−2I+T−h

h2

(19)
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Figure 2: Illustration of different formalism explained in section 3 and 4. Figure 2(a)
represents the creation of the operator ∂x with finite differences. The triangles point-
ing up (down) represent the positive (negative) translation of ∆x , more details on
how to create these tensors can be found in Appendix A. Figure 2(b) depicts the copy
tensor described in section 3.3. It also shows how to create the tensor |ψ(x)|2 from
the individual tensors ψ(x), ψ∗(x), and the copy tensor following the prescription
of section 4.1. Figure 2(c) represents how we can express different species of BEC
with the QTT formalism, the three initial tensors encode eight different BEC species
while the four final tensors represent the spatial discretization.

where I represents the identity MPO and h is equal to the lattice spacing∆x = L/2n. Fig. 2(a)296

shows a diagrammatic representation of the creation of the partial derivative ∂x at first-order297

of finite differences.298

Ref. [40] presents an alternate method to encode differential operators. They construct the299

MPO that represents the differential operator directly through Pauli matrices using a similar300

strategy to the one introduced in the context of encoding the Hamiltonian of a many-body301

system into an MPO, [58]. A different strategy consists in creating the differential operator302

in the Fourier space, where it is encoded by a diagonal MPO, and then, transform it back to303

the real space. The fact that the momentum representation of a differential operator is just304

a simple polynomial, together with the low bond dimension required to transform from and305

to Fourier space [59], implies that the differential operator can also be expressed as an MPO306

with small bond dimension. Finally, we want to mention also the existence of a new method,307

which represents the free propagation of the particle using the HDAF, the algorithm is reported308

in Ref. in [29], and in the benchmarks performed there, they show it surpasses the accuracy309

of methods based on differential operators defined by finite differences.310

3.3 Copy Tensor311

The copy tensor is a fundamental element to solve PDEs with QTTs. It allows us to perform the312

tensor product of two QTT, contracting them with a three-leg copy tensor which encodes the313

generalized Kroenecker delta, δbi ,b
′
i ,b
′′
i
:314

δbi ,b
′
i ,b
′′
i
= 0, ∀bi ̸= b′i ̸= b′′i ;

δbi ,b
′
i ,b
′′
i
= 1, ∀bi = b′i = b′′i .

(20)

Using such tensor, we can find the QTT representation for important elements of the GPE315

such as |V (x)ψ(x)〉, or ||ψ|2〉. Fig. 2(b) shows the copy tensor and how to use it to create316

||ψ|2〉.317
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3.4 Local Potential318

In traditional methods, local potentials are expressed through diagonal matrices or vectors. In319

the QTT formalism, the generalization is straightforward. First, we load the desired potential320

V (x) with one of the methods discussed in section 3.1, then, a diagonal MPO is created using321

the copy tensor.322

φ
ri−1,ri
bi
→ φ ri−1,ri

bi ,b
′
i
= δbi ,b

′
i ,b
′′
i
φ

ri−1,ri

b′′i

=

�

φ
ri−1,ri
bi

, bi = b′i
0, bi ̸= b′i

(21)

The resulting MPO has the same bond dimension of the original MPS representing V (x). In323

general, we will want to represent |V (x)ψ(x)〉, the construction of V (x) through the copy324

tensor allows us to realize such operation and it has a computational cost upper-bounded by325

O
�

4 log2(Ngrid)(χ3k+χ2k2)
�

where χ and k are the maximum bond dimensions of |ψ(x)〉326

and |V (x)〉, respectively.327

4 Expanding the QTT toolbox328

A natural question arises once we move beyond linear operators acting on functions, one is led329

to ask whether we can still use the QTT formalism to manipulate and solve the GPE, Eq.(5).330

The main difficulty that arises when trying to use QTT for solving the GP equation is that it is331

a non-linear PDE acting in complex-values functions.332

In order to perform such generalization, we once more leverage on the fact that the TN tool-333

box has been designed originally in the context of quantum physics. There, complex numbers334

appear naturally since we deal with complex wave-function amplitudes and thus we simply335

need to use elementary tensors of the QTT which are complex-valued. Non-linearities are also336

typically encountered when computing Renyi entropies and in general, their computation re-337

quires higher complexity than the one encountered so far [60]. By using these inspirations we338

can thus generalize the QTT toolbox to deal with GP-like equations.339

Besides adding the non-linearities to the QTT toolbox, we also discuss how to encode340

different BEC species within a single QTT and how to implement long-range potentials. All341

these new algorithms are the necessary building blocks to successfully simulate the GPE in342

interesting physical scenarios.343

4.1 Non-linearity344

The GPE differs from the Schrödinger equation because it has non-linearities. Solving the345

non-linear part of the GP equation is the part that demands more computational resources.346

Using the copy tensor, we can define a QTT ||ψ|2〉 as the product of Φ
(ri−1,r ′i−1),(ri ,r

′
i )

bi
, which347

are created via the elementary tensors φ(ri−1,ri)
bi

and φ∗
(r ′i−1,r ′i )
bi

,348

Φ
(ri−1,r ′i−1),(ri ,r

′
i )

bi
= δbi ,b

′
i ,b
′′
i
φ

ri−1,ri

b′i

�

φ
r ′i−1,r ′i
b′′i

�∗
. (22)

Notice that we have labeled ri and r ′i differently, therefore, they are not contracted, but Φ is349

defined as the tensor product of the φ and φ∗ contracted with the generalized copy tensor. As350

a result,351

||ψ|2〉= Φ(r1,r ′1)
b1

Φ
(r1,r ′1),(r2,r ′2)
b2

. . .Φ
(rn−1,r ′n−1)
bn

. (23)
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Figure 3: Illustration of different tools to simulate GPE with different BEC species de-
scribed in section 4.2. The generalization of the Hamiltonian MPO for several species
is described in (a). (b) shows the generalization of the copy tensor to represent the
interaction term. The generalization of the copy tensor found in Eq. (28) is high-
lighted inside the brown dotted box. The MPO representation of the tunneling term
following Eq. (29) is drawn in (c). Finally, (d) represents how one can create each
generalization of the copy tensor to treat the interaction term for multiple species, it
is created following Eq. (27). The dotted box acts as a legend reminding the reader
that a line with a dot in the middle represents a Kroenecker delta, while three lines
connected by a dot represent its generalization, the copy tensor.

Without further compression, the bond dimension of ||ψ|2〉 increases to χ2. However, we can352

try to further compress the state, by e.g. an iterative QR decomposition of the matrices, thus353

trying to achieve a new bond dimension χ ′. Our numerical experiments show that, in general,354

the new bond dimension χ ′ < χ2.355

The joint construction and truncation of ||ψ|2〉 has a computational cost upperbounded356

by ∼ O(8 log2(Ngrid)χ4)2. This cost is, in general, higher compared to the usual MPO-MPS357

multiplication involved in the solution of linear equations O
�

4 log2(Ngrid)(χ3k+χ2k2)
�

be-358

cause the bond dimension of the MPO representing the Hamiltonian is typically smaller than359

the bond dimension of the wavefunction, k < χ. Higher non-linearities can be treated equally.360

For example ||ψ|4〉 can be obtained by squaring ||ψ|2〉 and thus will have a computational cost361

(χ ′)4 which is upper bounded by χ8. We thus see that with this method, the complexity scales362

exponentially with the degree of non-linearity. Alternative techniques might be useful, such363

as e.g. the function composition introduced in [42].364

Since here we are dealing with the GPE that involves at most a quadratic non-linearity we365

will stick to the present formulation keeping in mind that if necessary, such a technique can366

be further improved 3.367

Once we have understood how to treat the non-linear term of the GPE using Eq. (9) and368

its subsequent truncation we can generalize the copy tensor to include different interacting369

species or long-range potentials.370

4.2 Spinor degrees of freedom371

The GP equation can be generalized to model a multi-species Bose-Einstein condensate. This372

often requires storing M vectors that encode the wavefunction of each species, ψa(x) with373

2The cost is the same to the MPO-MPS contractionO
�

4 log2(Ngrid)(χ3k+χ2k2)
�

but in this caseχ = k, therefore
we arribe at a computational cost O

�

8 log2(Ngrid)χ4
�

.
3During the preparation of this manuscript a novel TT multiplication algorithm has been proposed in [61]. It

reduces the computational complexity of such multiplications from O(χ4) to O(χ3) and the memory cost from
O(χ3) to O(χ2). The use of such algorithms would further reduce the computational cost of the QTT GPE solver.
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a ∈ {1, . . . , M}. However, we can make use of the QTT formalism that compresses analytical374

functions to compress the wavefunction of M different species at a smaller cost. As long as375

there are correlations between the different species, we expect that the bond dimension of the376

QTT will not increase exponentially with the number of species.377

Following the nomenclature of Eq. (12) the MPS would have the form of378

Ta,b1,...,bn
≈ ϕu1

a1
. . .ϕum−1,um

am
φ

um,r1
b1

. . .φ rn−1
bn

(24)

where we have stressed out the difference between the different species tensor and the spa-379

tial tensors calling them ϕ and φ respectively. Additionally, each BEC species is labeled as380

a ∈ {0, M−1} and then a is expressed in the binary base, a =
∑log2(M)−1

j=0 a j2
j . Fig. 2(c) shows381

a graphic representation of the multi-species wavefunction encoded in a single QTT. In this382

case, we have 3 bits representing 8 different BEC species (yellow circles) while four spatial383

bits discretizing the domain into 24 points (blue circles).384

Eq. (7) models the behavior of the multi-species GPE. This equation corresponds to an385

experiment where all the species are under the same potential, the interaction between each386

pair of them is of the form gi j|ψ j(x)|2ψi(x), and they can also spontaneously tunnel from387

one species to another, as it indicates the tern λi, jψ j . Consequently, we need to generalize388

our construction of the Hamiltonian evolution Ĥ0 and interacting term g|ψ|2ψ to a repre-389

sentation that takes into account the different species. We also need to create the tunneling390

term. In the following paragraphs, we will detail how to construct all these elements through391

generalizations of the copy tensor.392

We start with the simplest case, the generalization of the Hamiltonian Ĥ0 for several393

species. The key feature is that all the species are under the same potential, therefore as-394

suming we can represent the single species Hamiltonian as an MPO. The Hamiltonian can be395

generalized into a multi-species Hamiltonian by adding Kroenecker deltas in the bits repre-396

senting species,397

Ĥsingle
0 = φ r1

b1,b′1
φ

r1,r2

b2,b′2
. . .φ rn−1

bn,b′n
→

Ĥmulti
0 = δa1,a′1

· · ·δam,a′m
φ

r1

b1,b′1
φ

r1,r2

b2,b′2
. . .φ rn−1

bn,b′n
.

(25)

The Kroenecker delta forces the Hamiltonian to act on a single species, it avoids their mixture.398

A graphical representation of the final MPO is depicted in Fig. 3(a), where the disconnected399

black lines with a dot in the middle represent the Kroenecker deltas, while the connected blue400

circles represent the spatial MPO that encodes the Hamiltonian H0.401

The second case we will explain is the interaction case. In this case, we will require two402

different operations; in the spatial bits, we will use the copy tensor to create |ψ j|2, and in the403

bits that encode the different species we will use a generalization of the copy tensor to generate404

mixing between species. The generalization of the copy tensor performs the following action,405

first of all, it pairs two of the three indices to be the same (because we want to create |ψ j|2)406

but, the third index is free because we want to mix the different species with the weights given407

by the interaction tensor g
a′1,a′2,...,a′m
a1,a2,...,am

. The interaction tensor can be transformed into an MPO408

using brute force if the number of species is small or using TCI as mentioned in section 3.1.409

Assuming we have been successful in creating the interacting MPO,410

g
a′1,a′2,...,a′m
a1,a2,...,am

≈ Gr1

a1,a′1
Gr1,r2

a2,a′2
. . . Grn−1

am,a′m
(26)

then, the generalization of the copy tensor follows,411

∆
ri−1,ri

ai ,a
′
i ,a
′′
i
=

�

0 a′i ̸= a′′i
Gri−1,ri

ai ,a
′
i

a′i = a′′i
(27)
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there are several methods to create the tensor ∆ri−1,ri

ai ,a
′
i ,a
′′
i

one of them is through the multiplica-412

tion of three copy tensors and Gri−1,ri

ai ,a
′
i

. This method is shown in Fig. 3(d) where the three lines413

with dots in the middle represent copy tensors, while the brown tensor represents Gri−1,ri

ai ,a
′
i

.414

The final representation of the generalized MPO for the multispecies GPE reads as415

A= ∆
r1

a1,a′1,a′′1
·∆r1,r2

a2,a′2,a′′2
· · ·∆rm−1

am,a′m,a′′m
·

·δb1,b′1,b′′1
·δb2,b′2,b′′2

· · ·δbn,b′n,b′′n
.

(28)

A graphical representation of the generalized MPO A and how it can be used to create the416

multispecies interaction term is shown in Fig. 3(b). Along with the creation procedure of417

Gri−1,ri

ai ,a
′
i

in Fig. 3(d).418

The last term that we need to represent is the tunneling interaction. In this case, the spatial419

bits are unaffected, because the interaction is linear, therefore the spatial part of the MPO will420

be written as several Kroenecker deltas. For the bits representing different species we have421

a similar, yet simpler, situation than for the interaction term. We have a tunneling tensor422

λ
a′1,a′2,...,a′m
a1,a2,...,am

which can be transformed into an MPO with TCI. Then, the final representation of423

the tunneling interaction MPO can be written as424

Λ= λr1

a1,a′1
λ

r1,r2

a2,a′2
· · ·λrm−1

am,a′m
δb1,b′1

δb2,b′2
· · ·δbn,b′n

. (29)

Figure 3(c) shows how to think about the MPO that creates the tunneling term.425

In this section, we have shown how, using generalizations of the copy tensor, we can encode426

the evolution of a wavefunction of multiple species of BEC into a single QTT.427

4.3 Long-Range Potentials428

Another element that is interesting to introduce to the GPE is long-range potentials. They429

allow us to study interesting experimental effects such as breathing oscillations.430

To represent long-range potentials, one often wants to model the potential created by some431

density distribution in x ′ which is felt by a particle in x . In that case, we want to solve the432

following integral433

VLR(x) =

∫

dx ′|ψ(x ′)|2W (x , x ′) (30)

often W (x , x ′) represents an interaction between two particles. If interactions are translation-434

ally invariant, i.e. W (x , x ′) = W (|x − x ′|), then the QTT representation of W (x , x ′) can be435

constructed in two steps. The first step is to load the single-variable function W (y) into an436

MPS through the methods already explained in section 3.1. The second step is to contract it437

with the convolution operator C(y; x , x ′), such that,438

W (x − x ′) =

∫

dyW (y)C(y; x , x ′)

=

∫

dyW (y)δ
�

y − (x − x ′)
�

(31)

The convolution operator follows C(y; x , x ′) = δ(y − (x − x ′)), it can be casted to a gener-439

alized MPO of bond dimension 2 with the ripple carry adder algorithm. The translation of440

the ripple carry adder algorithms to a tensor network is explained in detail in Appendix A.441

The convolution operator is a generalization of an MPO because it has three different external442

legs. However, the computation cost to contract it with an MPS remains small because the443

convolution operator has a bond dimension of 2.444
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The second term of Eq. (30) is the density profile,|ψ(x)|2, which can be created following445

the recipe explained in section 4.1. The last part to complete Eq. (30) is to perform the integral446

of W (x−x ′)|ψ(x ′)|2. As indicated in section 3, the integral of two functions that are encoded as447

two MPSs can be computed through MPS-MPS contraction. This situation can be generalized448

to compute the integral of a multivariable function W (x , x ′) with |ψ(x ′)|2 which corresponds449

to an MPO-MPS multiplication.450

5 Algorithms451

In the following section, we present two algorithms implemented in QTT: the imaginary-time452

evolution for finding the ground state of the GP equation, called static solver, and Runge-453

Kutta-45 algorithm for the time-evolution of the GP equation with a given initial state, called454

dynamical solver. Theory of these methods can be found in many references, e.g. [62], while455

implementations are available in open-source libraries [63–71].456

In this section, we will explain the methods we have used to find ground states and dynamic457

solutions with the QTT formalism.458

5.1 Static Solver459

We find the ground state of the GP equation by evolving an initial trial of the ground state460

wave function under the GP equation with imaginary time,461

i∂tψ= ĤGPψ
τ→i t
−→ −∂τψ= ĤGPψ (32)

where ĤGP = Ĥ0+gN |ψ(x)|2 where Ĥ0 is the usual quantum mechanical Hamiltonian Ĥ0 = −
1
2∇

2+V (x).462

As long as the initial state ψ0(x) has a non-zero overlap with the ground state, 〈ψ0|ψgs〉 ̸= 0,463

ψgs(x) = lim
τ→∞

e−τĤGP |ψ0〉
q

〈ψ0|e−2τĤGP |ψ0〉
(33)

The static solver, in this study, is derived from breaking τ in small time steps dτ, and464

creating a recursive relation by expanding Eq. (33) to first order in dτ,465

ψ̃n(x) =ψn−1(x)− dτĤGP(x)ψn−1(x) (34)
466

ψn(x) =
ψ̃n(x)

�∫

dxψ̃∗n(x)ψ̃n(x)
�

1
2

(35)

Eq. (34) performs the imaginary time evolution, but it unnormalizes the state. Therefore, we467

need to renormalize the state as shown in Eq. (35). With the tools explained in section 3, it468

is straighforward to express HGP as a generalized matrix product operator that needs to be469

contracted with the matrix product state ψn−1(x).470

With the wavefunction obtained, we can compute its energy after n time steps,471

E =

∫

dx
�

|∇ψn|2 + V (x)|ψn|2 +
1
2

gN |ψn|4
�

=

∫

dx
�

ψ∗nĤGPψn −
1
2

gN |ψn|4
�

(36)

The process is iterated until the energy converges below some tolerance, |En − En−1| < ε.472

Once the method has converged, we have found the ground state energy and the ground state473

wavefunction for the Gross-Pitaesvkii equation.474
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5.2 Dynamic Solver475

Dynamic solvers are methods that solve the time evolution of a state given initial and boundary476

conditions. There are a myriad of dynamic solvers that one may use to solve partial differential477

equations such as Euler method, Crank Nicholson, Runge-Kutta, or Arnoldi [62]. Each of478

those methods have an associated error which scales polynomialy with the time step O(dtn).479

Some methods have been already implemented with Quantic Tensor Trains to solve partial480

differential equations [29, 40, 72–74]. In this paper, we implement the Runge-Kutta 4 (RK4)481

method with finite differences to the GP equation. The error committed with RK4 scales as482

O
�

dt4
�

.483

RK4 is a method to solve the initial value problem,484

∂tψ= f (ψ, t); ψ(t = 0) =ψ0 (37)

in the case of the GP equation and assuming that ħh= 1, we have that485

f (ψ, t) = −i
�

−
1
2
∂ 2

xψ+ V (ψ, x)ψ+ g|ψ|2ψ
�

(38)

where V (ψ, x) accounts the local potential and long-range interactions. The Runge-Kutta 4486

solver finds ψ(t + dt) as function of ψ(t) by computing487

ψ(t + dt) =ψ(t) +
dt
6

�

k1 + 2k2 + 2k3 + k4

�

(39)

where488

k1 = f (ψ(t), t)

k2 = f
�

ψ(t) + dt ·
k1

2
, t +

dt
2

�

k3 = f
�

ψ(t) + dt ·
k2

2
, t +

dt
2

�

k4 = f (ψ(t) + dt · k3, t + dt)

(40)

this means we need to calculate four different ki with QTT and then sum all of them to obtain489

ψ(t + dt), after adding all the terms the resulting MPS ψ(t + dt) may be allocating mem-490

ory suboptimally. We can compress it again with a successive single value decomposition that491

achieves distance minimization between the original MPS, with bond dimension χ, and an-492

other one with bond dimension χ ′ < χ, see details in [43, 75]. The steps required to create493

each ki are explained in the previous section (c.f. sect. 3,4). Equations (37) and (38) assume494

we are dealing with a single BEC species, however, the generalization to multiple species is495

straightforward following Eq. (7) and implementing the method explained in Sec. 4.2.496

For certain simulations, we may require additional accuracy. In those cases, we could497

implement higher order n Runge-Kutta that scale as O (dtn). It is possible to use a more robust498

finite difference method such as HDAF, [29] which filters small machine precision errors that499

may pile up in high precision simulations.500

6 Applications501

In the following, we apply the QTT methods that have been explained in previous sections to502

solve applications for the one-dimensional GP equation. In particular, we study the mean-field503

ground state of the BEC in a harmonic trap, dynamics of a BEC in the presence of quasi-disorder504

potential, spinor BEC dynamics, as well as BEC dynamics with long-range interactions. We505

denote the free part of the GP equation as Ĥ0 = −
1
2∂

2
x +

1
2 x2.506
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Figure 4: Ground state of the GP equation with different interaction strengths (g)
and different barrier heights of the double well potential (κ). From left to right
we present the ground state wave-function of no interaction g = 0, and a repulsive
interaction g > 0 with different barrier heights (κ= 0, 4,10).

6.1 Ground state507

We start by considering bosons in a harmonic trap experiencing a Gaussian barrier with an am-508

plitude κ located at the trap center x = 0. The free Hamiltonian reads Ĥ0 = −
1
2∂

2
x +

1
2 x2+κexp

�

− x2

2

�

.509

For large κ≫ 1 bosons are trapped in a double well potential.510

We calculate the ground state of the interacting gas in repulsive regime g = 1 and non-511

interacting regime g = 0. With the help of imaginary time evolution, described in Sec. 5.1, we512

find the lowest energy eigenstate, starting from a Thomas-Fermi profile513

|ψT F (x)|2 =
�

N R2
T F−x2

2N |x |< RT F
0 |x |> RT F

(41)

with R2
T F = 2µ, where µ is the chemical potential given by the parameters of the system, and514

N is the normalization constant.515

Fig. 4 presents ground state obtained for g = 0 Fig. 4(a) and g = 1 Fig. 4(b) for central516

barrier amplitude κ= 0,4, 10. For κ= 0 the non-interacting ground state is a simple Gaussian517

wave-packet, i.e. lowest eigenstate of the Harmonic Oscillator, while for repulsive interactions,518

g = 1, the ground state is close to the Thomas-Fermi profile, with a final healing length. For519

κ = 4 atoms in ground state localize in the left/right well, with non-zero probability in the520

trap center at x = 0. For a strong barrier, κ = 10, bosons are localized in left/right well and521

exponentially vanishing probability density in the trap center x = 0. The QTT results are in522

full agreement up to numerical precision with standard GP solvers.523

6.2 Quasi-disorder potential: Aubry-André-Harper model524

In the following, we employ QTT method to study the interplay between interactions and525

disorder potential in BEC. In the non-interacting scenario, when BEC experiences only disorder526

potential, in quasi-one dimensional geometry Anderson localization of matter waves occurs,527

experimentally observed for speckle disorder potentials [76].528

The Aubry-André-Harper (AAH) model [77, 78] is defined as a cosine function with an529

irrational spatial modulation breaking its periodicity. AAH model is a quasi-random poten-530

tial, with an infinite range correlation length, considered as a toy model allowing studies on531

localization-delocalization transition with a pseudo-disorder potential, giving rise to such phe-532

nomena as multifractality [79]. Localization-delocalization transition in AAH model in BEC533

has been studied experimentally with quasi-disorder potential [80–84].534
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Figure 5: Ground state of the GP equation with different interaction strength (g)
and different disorder strength (∆). From left to right we present the ground state
wave-function of an attractive interaction g < 0, no interaction g = 0 and a repulsive
interaction g > 0 with different disorder strengths.

In the following, we use QTT to numerically study the interplay between mean-field inter-535

actions and quasi-disorder potential on the dynamics of BEC, governed by:536

i∂tψ(x , t) =
�

Ĥ0 + VAAH + g1DN |ψ(x , t)|2
�

ψ(x , t), (42)

where quasi-disorder is given by537

VAAH =∆ cos (2πβ(x + L)) (43)

where β =
p

5−1
2 is irrational number resulting in quasi-periodicity, ∆ is quasi-disorder ampli-538

tude, and δx is the numerical space discretization, x ∈ [−L, L).539

We prepare the ground state of the BEC, Eq. (42), with imaginary time evolution as it is540

explained in section 5.1. Next, we switch off the harmonic potential and evolve the system in541

the presence of both interactions and quasi-disorder potential.542

The results of the ground state densities wave-functions are shown in Fig. 5, for g = −1,0, 1543

and ∆ = 0, 200,300. Fig.5(a) presents exponentially localized profiles for attractive interac-544

tions, g = −1. The presence of the quasi-disorder potential, ∆= 200,300, supports the expo-545

nential localization of the wavepacket, observed as a smaller localization length compared to546

the case without quasi-disordered potential, ∆ = 0. For non-attractive interactions g = 0,1,547

panels (b), and (c) respectively. In both scenarios we see that AAH weakly affects the ground548

state density profile, mainly determined by the presence of the harmonic trap.549

Next, we study the time evolution after switching off the harmonic trap. Fig. 6, panels550

(a)-(i) present evolution of the density profile for given (g,∆). A quantitative comparison551

of the BEC dynamics can be provided by the density width evolution σ2(t) = 〈x2〉 − 〈x〉2,552

〈A〉 =
∫

A|ψ(x , t)|2d x , presented at bottom panel on Fig.6 For attractive interactions, g = −1553

(panels (a), (b), (c)), the system remains localized in the center of the system, and σ(t) is554

constant. For the non-interacting scenario, g = 0 (panels (d), (e), (f)), evolution has ballistic555

behavior: for free-evolution ∆ = 0 Fig. 6(d) the width of the BEC scales linearly with time556

as σ∝ t. The presence of the quasi-disorder, (∆ = 200, 300), prevents spread of the wave-557

function, localizing the system, which results in σ(t) = const.. The most interesting scenario558

corresponds to interplay between repulsive interactions, and the quasi-disorder potential. For559

∆ = 0,200 system spreads, indicated by monotonically increasing σ(t), however for strong560

enough ∆= 300, the wave-packet evolution is dominated by the quasi-disorder potential and561

after initial spread, wave function dynamics is trapped.562

6.3 Long-range interactions: Rydberg-dressing563

In [85], authors proposed an experimental protocol to observe the effect of induced long-range564

Rydberg-dressed interactions on a Bose-Einstein condensate. The Rydberg-dressing lasers in-565
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Figure 6: Panels (a)-(i): color encoded density of the wave-packet evolution
|ψ(x , t)|2, initially prepared in a ground state with a harmonic trap, for a differ-
ent set of parameters {g,∆}. Different rows represent different interaction strengths
g = −1, 0,1 respectively, while different columns correspond to different disorder
strengths ∆= 0, 200,300. The bottom panel (j) presents the evolution of the spatial
standard deviation with time for the GP equation with disorder and different inter-
action strengths. The dark green lines represent a BEC with repulsive interactions
(g < 0), the light green lines represent a non-interacting BEC (g = 0), and the yel-
low lines represent repulsive interactions (g > 0). For each case, we have studied 3
different disorder strengths ∆= 0, 200,300.

duce long-range interactions between two ground-state atoms566

W (r) = β4 C6

R6
B + r6

, (44)
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Figure 7: Ground state probability density of the GP equation with Rydberg-dressed
interactions (β = 2) for N = 175,250, 500,1000 particles.

where β ≪ 1 is an effective Ryderg-dressing laser detuning, C6 is a van-der Waals interaction567

coefficient, and R6
B is an effective Rydberg-blockade radius; parameters are determined by the568

experimental conditions [86]. In the regime where the radius of the BEC is smaller than the569

blockade radius, the Rydberg-dressed interactions result in an effective non-linear potential570

VLR(x) =

∫

|ψ(x ′)|2W (x − x ′)dx ′. (45)

The protocol starts with preparing the BEC in the ground state in a harmonic trap with571

the Rydberg-dressing lasers switched-on. Next, the Rydberg-dressing lasers are switched-off,572

and the system evolves under GP equation, with short-range interactions. After a quench, an573

effective trapping frequency experienced by BEC is rapidly changed, and the BEC performs a574

breathing oscillation, observed as time-periodic change of the BEC wave-packed width, where575

oscillation frequency depends on β , while its amplitude on number of particles N .576

We study the abovementioned protocol with our numerical method. We start with an577

imaginary-time evolution to find the ground state, considering a fixed value of Rydberg-dressing578

parameter β , and different particle numbers N = 175,200, 500,1000. Changing the number579

of particles in the BEC effectively changes the mean-field strength of the interactions between580

the particles in it. Therefore, as we see in Fig. 7, for larger particle numbers the ground state581

wavefunction is more spread along our domain.582

After the ground state has been found, then we perform a real-time evolution under the583

GP equation without long-range interactions, which corresponds to turning-off the Rydberg-584

dressing lasers, inducing a breathing mode to the BEC. The breathing modes can be seen in a585

two-dimensional plot of the density of the bosons with time Fig. 8(a-d). However, the breath-586

ing mode is better characterized by computing the normalized spread of the wavefunction with587

time (σ(t)/σ(0)) so we can compare the results for different particle numbers. The change588

of the BEC width oscillates in time, with a maximal value at t = 0, see Fig. 8. The oscillations589

period depends on dressing parameter β , while its amplitude depend on particle number N590

– these results agree with other studies that have found the similar behavior regarding the591

breathing oscillations, [85].592
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Figure 8: Panels (a)-(d) present color-encoded evolution of the probability density
|ψ(x , t)|2 after switching-off Rydberg-dressing lasers. BEC dynamics is defined by
the breathing mode, with frequency depending on dressing parameter β , with am-
plitude depending of particle number N . Here N = 175, 250,500, 1000 for panels
(a)-(d), respectively. Bottom panel presets evolution of the relative BEC wave-packet
width σ(t)/σ(t = 0), where σ(t = 0) corresponds to BEC ground state width in the
pressence of Rydber-dressed interactions.
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6.4 Two-component BEC593

In the following, we study the dynamics of K-component one-dimensional BECs described594

by the set of coupled GP equations [87], Eq.(7). Where gk j describes the inter- and intra-595

component interactions, while λ describes the amplitude of tunneling a particle between com-596

ponents. For this experiment we assume gi j = g ji , therefore there will be no phase difference597

between species.598

Fig. 9 shows the time evolution assuming only two species of interacting BEC K = 2. For599

all the simulations, g11 = g22 = 1 and g12 = g. We consider the initial wave-function as600

ψk(x , 0) =
1
2

sech
�

x + (−1)k · 10
�

ei(−1)k· p0
4 x , (46)

which corresponds to two localized BEC, each one centered at x = ±10 with initial momentum601

± p0
4 . We consider three different non-fixed parameters: λ,g, and k0; which we will vary to602

assess the importance of each of them individually.603

Figs. 9(a,b) correspond to the evolution of the two species inside a trapping potential and604

repulsive interaction, without tunneling between spieces (λ= 0), no inter-species interaction605

(g = 0), and zero initial momentum (k0 = 0). The behavior of both species is symmetric, they606

oscillate around the symmetry point of the trapping potential x = 0.607

Figs. 9(c,d) correspond to non-zero initial mommentum, k0 = 40. The wave-function of608

both species is still symmetric, but now it travels farther away from the center of the potential.609

However, as expected, the period of oscillation around the trapping potential remains the same610

and it is independent of the initial momentum.611

Figs. 9(e,f) show the behavior when tunneling between species is allowed, λ = 0.5. In612

this case, the oscillations are still visible, but now the species pollute the original trajectory613

with some support in the trajectory of the other species. Additionally, when the BEC arrives614

near the point x = 0 an interference pattern is formed because the are two branches of the615

wavefunction meeting at the same point. Although in this case, the pattern is a bit different616

with respect to the other ones, the wavefunctions still display the symmetry between species617

and the same period as in the other cases.618

The last case of study is when the interaction term is non-zero (g = 60). In this case, we619

expect repulsion when both species are near each other. However, in this experiment, both620

species meet briefly and it is difficult to observe an appreciable difference in the wavefunction621

of both species, Figs. 9(g,h).622

The presented results obtained with the proposed QTT method, are in full agreement with623

results presented in [87], obtained with standard methods for GP equations.624

7 Numerical resources625

Standard numerical resources for solving GP equation in one-dimensional geometry require626

Ngrid complex parameters to store a wave-function on a domain L with Ngrid discretization627

points, while each matrix-vector multiplication requires N2
grid operations in a dense representa-628

tion. Choosing discretization size Ngrid in a standard approach depends on physical parameters629

of the system, such as number domain size L, number of particles N , and interaction strength630

amplitude |g|. In particular, faithful representation of an interacting BEC in a harmonic trap re-631

quires the spatial discretization step δx = L/N to be much smaller than characteristic length632

scale of the system given by the healing length ξ = 1/
p

2µ (µ = |g|N/L), i.e. ξ/δx ≫ 1.633

Next, the spatial discretization step determines the time-discretization step required for stable634

time evolution, i.e. d t ≪ δx2 [62].635
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Figure 9: Time evolution of the absolute value of the wave-function of a each
species,|ψa(x , t)| (right and left), evolving under the coupled GP equations in Eq. (7)
different combinations of the free parameters g, k0, and λ. Panels (a)-(b) correspond
to λ = p0 = g = 0. Panels (c)-(d) correspond to λ = g = 0, p0 = 40. Panels (e)-(f)
correspond to p0 = g = 0, λ= 0.5. Panels (g)-(h) correspond to p0 = λ= 0, g = 60.
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In section 3 we have briefly discussed that QTT may be able to reduce both the com-636

putational and the storage cost of the solution of the GP equation. In general, the num-637

ber of parameters required to represent an MPS is upper bounded by O
�

2 log2(Ngrid)χ2
�

,638

and the number of operations to calculate an MPS-MPO contraction is upper bounded by639

O
�

4 log2(Ngrid)(χ3k+χ2k2)
�

, where χ is the maximum bond dimension of the MPS and k is640

the maximum bond dimension of the MPO. Such computational and storage cost needs to be641

compared with traditional methods.642

In the following, we discuss the concrete example of the ground state calculations from643

section 6.1 to display how QTT improves the computational capacity of traditional tensor644

networks without deteriorating the final results. In the case of κ = 10 and g = 1, we can645

faithfully represent the ground state wavefunction with Ngrid = 512= 29 grid points. The same646

ground state wavefunction with QTT has maximum bond dimension χ = 8, thus the number of647

parameters required to store the wavefunctions as an MPS is O
�

2 log2(Ngrid)χ2
�

=O (1152).648

In this case, storing the wavefunction as an MPS is not more effective than doing so with649

traditional methods, but it was to be expected since QTT formalism is expected to surpass650

traditional methods when a large number of points is required. For example, the same example651

has been run for Ngrid = 4096 = 212 grid points. Traditionally, we require 4096 to store the652

wavefunction. However, with QTT the maximum bond dimension required is χ = 9, thus the653

number of parameters required to represent the MPS is upper-bounded by O(1944). For this654

case, we can see that storing the ground state wavefunction as a QTT is more efficient than655

using traditional methods.656

Fig. 10(a) shows the number of parameters to store a ground state wavefunction with657

traditional methods vs QTT for different grid discretization. As expected, the cost increases658

linearly with the number of grid points for traditional methods, while it scales sublinearly for659

QTT. We find that for the precise wavefunction displayed in Fig. 10(a) the QTT representation660

becomes efficient for Ngrid > 210 grid points. The last point of the QTT line in Fig. 10(a)661

has a small increase that can be interpreted as if it were to start displaying a linear scaling.662

However, that is not the case, the reason for this increase is that for this particular number663

of grid points, the maximum bond dimension has increased from χ = 8 to χ = 9, therefore664

there is a larger increase in the number of parameters. However, as discussed in section 3, as665

long as the bond dimension increases mildly with the number of bits, the compression remains666

efficient, as displayed in the figure.667

The computational cost in this example is a little more subtle. Since the matrix repre-668

sentation of a Hamiltonian Ĥ0 can be represented as a sparse matrix, the number of opera-669

tions required to find ψi(x) from ψi−1(x) is reduced from O
�

N2
grid

�

to O
�

3Ngrid

�

. Thus, for670

Ngrid = 4096, the number of operations required, to take an additional step of the static solved671

defined in section 5.1, is O
�

104
�

. On the other hand, the number of operations required672

in the QTT formalism is upper-bounded by O
�

4 log2(Ngrid)
�

χ3k+ k2χ2
��

≈O
�

105
�

, because673

the maximum bond dimension of Ĥ0 is k = 8. Due to the fact that traditional methods are able674

to use sparse matrices to reduce the number of operations required to perform matrix-vector675

multiplication, they are more optimal than QTT.676

Fig. 10(b) shows the number of operations required to perform a matrix-vector or MPO-677

MPS multiplication. We can see that traditional methods scale polynomially with the number678

of grid points of the system, while the QTT method scales sub-polynomially (possibly logarith-679

mically) with the grid points of the system, and while the sparse traditional methods require a680

smaller number of operations we can imagine that for a large enough number of grid points,681

the QTT method will be more efficient than the sparse method. Curiously, the increase in the682

last point of the QTT line in 10(b) is milder than in (a) because although the bond dimension683

of the wavefunction increases from χ = 8 to χ = 9, the bond dimension of the MPO decreases684

from k = 9 to k = 8, that is why the number of operations remains roughly the same.685
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Figure 10: Storage (a) and computational (b) cost of storing the ground state wave-
function shown in Fig. 4(b) for κ = 10 and different number of grid points. Figure
(a) displays the number of parameters required to store the wavefunction of the GP
equation with a double well potential by traditional methods (black) and QTT (or-
ange). Figure (b) shows the number of operations required to perform the operation
Ĥ0|ψ〉 (Eq. (34)) which corresponds to a matrix-vector multiplication or an MPO-
MPS contraction. For a matrix-vector multiplication using dense algorithms (black),
the matrix-vector multiplication with a sparse matrix (red), and MPO-MPS multipli-
cation with QTT (orange).
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The computational gain of using QTT for GP equation, in terms of memory resources, is686

more visible in higher dimensional geometries. In particular, in three-dimensions, discretiza-687

tion of domain L3 requires N3
grid grid points, while in QTT it scales linearly as∝ O(3Ngrid).688

Computational gain is even more visible when considering interacting systems of M -indepenent689

BECs in d dimensional geometry each. The standard approach requires N Md
grid grid points to690

store M d-dimensional wavefunctions, while QTT resources scale linearly as O(MdNgrid).691

8 Conclusions692

In summary, we have introduced a tensor train formulation of the one-dimensional Gross–Pitaevskii693

equation that compresses both the condensate wave function and the nonlinear operators act-694

ing on it into logarithmically scaled tensor cores. Within this representation we proposed an695

imaginary-time projector that converges to the variational ground state and a fourth-order696

Runge–Kutta integrator that advances the system in real-time while actively truncating QTT697

ranks under a controlled error threshold. Because every step remains inside the low-rank698

manifold, the computational cost grows only polylogarithmically with the number of spatial699

grid points. We benchmark our results with standard methods for GP equation, obtaining700

agreement on the numerical precision in each considered case.701

Our results further develop the tensor network toolbox to treat non-linearities, long-range702

interactions, and multispecies BECs by introducing small modifications of the copy tensor. In703

this work, tensor networks are presented as a practical, quantum-inspired alternative to con-704

ventional methods to solve partial differential equations and to nascent quantum-computing705

approaches for the numerical solution of partial differential equations. The tensor networks706

are dimension-agnostic and naturally parallelizable, suggesting straightforward extensions to707

two- and three-dimensional GPEs, multicomponent mixtures, and finite-temperature stochas-708

tic variants. Beyond cold-atom physics, the same ideas can be transplanted to nonlinear op-709

tical envelopes, plasma wave packets, and other nonlinear Schrödinger-type problems. We,710

therefore, anticipate QTT techniques becoming a valuable addition to the standard numerical711

toolbox wherever long propagation distances, fine spatial structure, or large parameter sweeps712

overwhelm traditional mesh-based solvers.713
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A Translation and Convolution Operators739

The translation operator can be cast into a matrix product state with the QTT formalism by740

using the ripple carry adder algorithm. The algorithm just performs the elementary bit addition741

operator and in case the sum is larger than 1, it carries the rest into the next bit. The first742

operator we want to encode is the translation operator, given a function and a real number743

a ∈ R we want to find a matrix product operator (Ta) such that f (x)
Ta−→ f (x + a). Assuming744

that a =
∑n

i=1 ai2
−i , then we need to create two different tensors, T ai=0 and T ai=1. T ai745

represent the smaller tensors that conform the MPO Ta:746

Ta =
∑

bi

∑

b′i

T a1

b1,b′1,l1
T a2

l1 b2,b′2,l2
. . . T an

ln−1 bn,b′n
|{b′i}〉〈{bi}〉, (A.1)

where |{bi}〉 = |b1, b2, . . . bn〉. Each tensor T ai

li−1,bi ,b
′
i ,li

has 4 important indices, li is the index747

that informs you if you carry any units from the previous operation. bi is the term that gets748

added to ai , b′i is the resulting term from the operation b′i = (ai+ bi) mod 2 and li−1 will carry749

the residual unit in case it is needed. Recall that we assume that b1 corresponds to the largest750

bit, 2−1, and bn the smallest, 2−n. The set of indices {li}i∈I1
are link indices while {bi}i∈I2

751

correspond to the spatial indices (physical indices).752

Once li and bi are fixed, we have enough information to know all the non-zero terms of753

T ai

li−1,bi ,b
′
i ,li

. The only non-zero terms of T ai

li−1,bi ,b
′
i ,li

are the following,754

T (ai=0)
0,0,0,0 = T (ai=0)

0,0,1,1 = T (ai=0)
0,1,1,0 = T (ai=0)

1,1,0,1 = 1

T (ai=1)
0,0,1,0 = T (ai=1)

1,0,0,1 = T (ai=1)
1,1,0,0 = T (ai=1)

1,1,1,1 = 1
(A.2)

The first line corresponds to the tensors in which ai = 0. From left to right, the first sum is the755

addition of (0 + 0 + 0) mod 2 = 0, the second and the third is756

(1 + 0 + 0) mod 2 = (0 + 1 + 0) mod 2 = 1, and the last757

(1 + 1 + 0) mod 2 = 0 but in this case we need to carry one towards the next tensor. The758

second line corresponds to the tensors in which ai = 1. From left to right, the first sum corre-759

sponds to (0+ 0+ 1) mod 2 = 1, the second and the third (1+ 0+ 1) mod 2 = (0+ 1+ 1)760

mod 2 = 0 but we need to carry one over the next tensor, and the last (1+ 1+ 1) mod 2 = 1761

and we carry one to the next tensor.762

After the creation of both tensors depending on each value ai , we can construct the MPO763

tensor by tensor. However, there are two links that are not contracted, l0 and ln. Depending764

on the vector we contract these links with, we will have periodic or open boundary conditions765

of the sum. ln always needs to be contracted with the vector [1,0] because we do not start766

the sum carrying a 1. Then if l0 is contracted with [1, 0], we will impose open boundary767

conditions; while if we contract it with [1, 1] we will impose periodic boundary conditions.768

From the translation operator is easy to create the inverse translation operator by applying the769

adjoint to T−a = (Ta)
†. Figure 11 shows a graphical representation of both Ta and T−a.770
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(a) (c)(b)

Figure 11: The panels (a) and (b) depict a positive and negative translation operator.
In this case a = 1

4 +
1
16 , the filled (empty) triangles mean that ai = 1 (ai = 0). Per

convention, we choose that the triangles pointing down (up) will represent the posi-
tive translation(negative) translation. Fig. 2(a) shows how we create the differential
operator from two translation operators. Panel (c) shows a graphical representation
of the generalized MPO required to represent the convolution operator.

The translation operators, as has been discussed in section 3, creates the matrix product771

operator representation of the δ-function,772

f (x ± a) =

∫

dyδ(y − (x ± a)) f (y) = T±a f QT T (A.3)

this can be further generalized by adding a new index that works for any a ∈ [0,1). For773

the case where a is a new variable, it is more usual to call it a = x ′. The objective now774

is to create a generalized matrix product operator (gMPO) that allows you to create from775

W (x)
C
−→ W (x − x ′). This generalized MPO will have three physical indexes instead of two776

and will encode δ(y − (x − x ′)), recall that depending on what index you are contracting the777

function with, one could also create W (y + x ′). In Fig. 11(c) there is a graphic representation778

of the generalized MPO.779

The idea to create δ(y−(x−x ′)) is the same as in the translation case. For self-consistency,780

we will create δ(x − (y + x ′)) but then we will contract the tensor W M PS(y) with the variable781

y effectively creating W (x − x ′). The tensors conforming the convolution operator, C, are782

Cli−1,bi ,b
′
i ,b
′′
i ,li , as before li represent bond dimensions and bi , b′i , b′′i represent the spatial bits.783

Following the ripple carry algorithm we have that the only non-zero term of Cli−1,bi ,b
′
i ,b
′′
i ,li784

are,785

C0,0,0,0,0 = C0,0,1,0,1 = C0,1,1,0,0 = C1,1,0,0,1 = 1

C0,0,1,1,0 = C1,0,0,1,1 = C1,1,0,1,0 = C1,1,1,1,1 = 1
(A.4)

as before there will be two dangling bonds l0 and ln that can be contracted to impose periodic786

or open boundary conditions with the same vectors as before. The convolution operator gives787

us the option of imposing exact translation symmetry in our tensor and creating the functions788

W (x− x ′). Such tensors are used in many areas of physics, in our case we use the convolution789

operator to compute the mean-field dipolar interaction of a BEC, Eq. (30).790
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