10

11

12

13

14

16

17

SciPost Physics Submission

Algebraic law of local correlations in a driven Rydberg atomic
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Abstract

Understanding the mechanism behind the buildup of inner correlations is crucial for
studying nonequilibrium dynamics in complex, strongly interacting many-body systems.
Here we investigate both analytically and numerically the buildup of antiferromagnetic
(AF) correlations in a dynamically tuned Ising model with various geometries, realized
in a Rydberg atomic system. Through second-order Magnus expansion (ME), we demon-
strate quantitative agreement with numerical simulations for diverse configurations in-
cluding 2 x n lattice and cyclic lattice with a star. We find that the AF correlation mag-
nitude at fixed Manhattan distance obeys a universal superposition principle: It corre-
sponds to the algebraic sum of contributions from all shortest paths. This superposi-
tion law remains robust against variations in path equivalence, lattice geometries, and
quench protocols, establishing a new paradigm for correlation propagation in quantum
simulators.
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1 Introduction

Understanding nonequilibrium dynamics of complex, strongly interacting many-body systems
is an important and challenging issue at the intersection between statistical physics and quan-
tum physics [1,2]. A crucial goal in studying such dynamics is to explore the buildup of
correlations and their time evolution, especially near quantum phase transitions [3]. Previ-
ous theoretical works have established that the dynamical buildup of quantum correlations
— manifested as topological defect formation [4-7] or squeezing of quantum fluctuations [8]
— universally emerges when systems are driven through critical points at finite rates. This
is rigorously demonstrated via exact solutions [7], mean-field expansions [8], and gener-
alized frameworks for tunable transitions [5], revealing universal scaling laws governed by
critical slowing down. However, while these advances provide a comprehensive framework
for uniform systems, they face fundamental limitations in addressing nonuniform quantum
many-body dynamics. The exponential growth of the Hilbert space — compounded by inho-
mogeneous interactions — renders analytical methods (e.g., exact solutions [ 7] or mean-field
expansions [8]) intractable and overwhelms numerical simulations. Consequently, developing
an efficient theory for nonuniform nonequilibrium dynamics becomes imperative to decode: (i)
the spatially resolved buildup of correlations [9,10], (ii) emergent critical dynamics [11-13],
and (iii) quantum resource generation [14,15] in next-generation simulations.

Recent advances in Rydberg atom platforms have enabled the realization of programmable
lattice arrays with exotic geometries, including triangular [10,15], Kagome [16,17], and hon-
eycomb [18] lattices, as well as finite-configuration prototypes such as star, cyclic, diamond,
and hexagon structures [19]. The precise control over interaction strengths and Rabi fre-
quencies in these systems [14, 20] has facilitated experimental investigations of fundamen-
tal questions in many-body nonequilibrium dynamics, such as quantum Kibble-Zurek mecha-
nism [21,22], quantum scar states [ 18], and quantum phase transitions [ 10,13]. Furthermore,
the versatility of geometric configurations in these systems establishes them as ideal quantum
simulators for studying geometric effects on nonequilibrium dynamics in strongly correlated
quantum matter. Here, we employ such geometrically diverse Rydberg arrays to study quench
dynamics in tunable Ising models with spatial inhomogeneity. Through systematic ME analysis,
we derive closed-form expressions for connected correlation functions that explicitly reveal the
AF correlation buildup mechanism. Our key discovery identifies a universal path superposition
principle: The AF correlation magnitude at fixed Manhattan distance emerges as the algebraic
sum of contributions from all shortest paths, regardless of their topological equivalence. This
geometric independence persists across distinct lattice architectures and survives variations
in quench protocols, implying that complex correlation networks can be deconstructed into
elementary path contributions. Full quantum simulations using time-dependent Schrodinger
equation for scalable systems confirm the generality and robustness of this principle.

2 Model and Method

2.1 The effective two-level Ising-like Rydberg system

Our model is based on recent experiments with 8Rb atoms [10], in which the atoms are manip-
ulated in user-defined two-dimensional optical tweezer arrays — each containing a single atom
— to probe nonequilibrium dynamics. In the experimental sequence, atoms are first prepared
in the hyperfine ground state |g) = [5S; /5, F = 2, mp = 2) via optical pumping. Subsequently,
a two-photon transition through the intermediate state |e) = [5P; /5, F = 2) coherently couples
|g) to the Rydberg state |r) = |64D;/,, m; = 3/2), with counter-propagating 795 nm and 475
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Figure 1: (a) Schematic description of the lattice, and atoms are excited from the
ground state |g) to the Rydberg state |r) through a two-photon process. (b) The
protocol of Rabi frequency Q(t) and detunning 6(t).

nm lasers driving the |g) — |e) and |e) — |r) transitions respectively. The experimental con-
figuration thus realizes a three-level system comprising states |g), |e), and |r). The |g) < |e)
transition is driven with Rabi frequency 2, and detuning &,, while the |e) « |r) transition
has Rabi frequency Q, and detuning &, [see Fig. 1 (a)]. Experiments usually modulate these
parameters as |6,| ~ |6, > |6,] = |6, + 6,| to establish a two-photon resonance condition
between |g) and |r): (a) The near-cancellation 6, &~ —&, minimizes the two-photon detuning
6., enabling resonant coupling between |g) and |r) through virtual transitions via |e). (b) The
large single-photon detunings (|6,],|6,| > |6,|) suppress direct population transfer to |e), ef-
fectively decoupling it from the dynamics and creating an effective two-level system between
|g) and |r). The Hamiltonian governing the interaction between a three-level atom and laser
fields is expressed as (with i =1):

/ Q . [9) .
H, = w,le){e| + w,|r){r|+ ?e (e“1tle)(g| +h.c.) + ?r (e72t|r)(e| + h.c.),

where the ground state energy is set as the zero reference point. We transform to a rotating
frame through the unitary operator U = |g)(g|+e!“1t|e) (e| +e!(“1+“2)|r) (r|. The transformed
state in this frame is given by |y) = U|y'), where |1’} denotes the three-level state. Substi-
tuting into the time-dependent Schrodinger equation gives H; = UH/1 Ut — iU%. Explicit
calculation yields the Hamiltonian:

Hy = =5l r] = 5ole) el + = (e) (gl +he) + 22 (1) el +hee),

where the detunings are defined as 6, = w; —w, and 6, = w; + w, — w,. Here, non-resonant
terms have been neglected under the rotating wave approximation, preserving only resonant
photon exchange processes. For constructing an effective two-level Hamiltonian, we partition
H, into diagonal (Hp, H,) and coupling (T, TST) terms:

HP:_6t|r>(r|7 HQ:_5e|e)<e|:
Q, Q, ) Q,
T5=?|g)(e|+?|r)(e|, T5=7|€)(g|+7|€)(7‘|-

Partitioning the Hilbert space into P = {|g),|r)} and Q = {|e)} subspaces, the Schrédinger

Next, we obtain v = ﬁHgmp p from the Q-block equation and substitute it into P-block so
that we acquire

1
Heys=Hp+Tq——T.. 1
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Through the adiabatic elimination (|[E| < |6,.]), and substituting Hp, H,, Ts, and T ST into
Eq. (1), we obtain the effective Hamiltonian for P subspace,

Q2 Q? .9,
He= —1g)(gl— ( )|r>(r|+ (Ig)(rl+1r){gD).

45, 46 45,

Setting the ground state energy to zero,

02— 0?2
Hey = —(m + —) I+ 222 gy (] + P g ).

45 45,

where the effective detuning is 6 = 6, + 45Q and the effective Rabi frequency is Q = 259 L

Note that the two lasers generate an effectlve Rabl frequency Q for the coupling between | g)

and |r), while also introducing hghtshlfts ) 5 L, which contribute to the two-photon detuning
6. To achieve independent control of Q and 5 the experiments compensate the lightshifts
via real-time feedforward correction to the laser frequencies and tune Q dynamically using
acousto-optic modulators.

Taking the interactions between atoms in |r) into account, the full Hamiltonian for this
system can be written as,

HJQT“)ZU ~H6O i+ 3 Uy 2

(i)

where 0¥ = |g)(r|; +|r)(gl; is the x-Pauli matrix, representing the transition operator at site
i between |g) and |r). n; = |r)(r|; is the projection operator for the Rydberg state at site i,
which is related to the z-Pauli matrix by n; = %(UZ +1). The interaction term U;; ~ 1/ r6 is the
van der Waals interaction between the ith and jth Rydberg atoms, where r;; is the dlstance
between them. Due to the strong, repulsive interaction, atoms within a cr1t1cal distance cannot
occupy |r) simultaneously; this is a so-called Rydberg blockade [23]. We consider the Rydberg
blockade radius R;, = r(;;), within which adjacent atoms are strongly prevented from being
excited simultaneously to |r). The Hamiltonian (2) is regarded as the quantum Ising model
where a transverse field B, o< Q, a longitudinal field B o< 6 and Ising coupling U;;. The
associated equilibrium state for U > 0 displays two phases, paramagnetic (PM) and AF phases,
with a second-order phase transition between them !. In magnetic systems, the PM phase
corresponds to a disordered spin arrangement with no long-range order, while the AF phase
is characterized by neighboring spins aligning in opposite directions.

2.2 Quench protocol and antiferromagnetic correlation

To explore the buildup of AF correlations, we implement a quench protocol following the
design of recent experiments [10], as shown in Fig. 1 (b). The protocol initiates with all atoms
prepared in the |g) state. During the first stage, we ramp up the Rabi frequency Q from
zero to Q.. over a duration t,,. = 0.1us, maintaining a constant negative detuning 6 = 0.
Subsequently, we hold Q at Q. for a time interval ¢y, = 0.5us while linearly sweeping the
detuning from 6 to a final positive value 6¢, thereby driving the system into the AF phase.
Finally, we ramp down 2 back to zero over a time t¢,; = 0.1us while keeping 6 fixed at 5. The
emergence of AF ordering throughout this sequence can be quantified through the connected
spin-spin correlation

G = 1 2 L{mn) = (m) )] 3

! Although the term & favors breaking the Z, symmetry (which typically suppresses second-order phase transi-
tions driven by spontaneous symmetry breaking), the strong suppression of & by U;;, combined with the fact that

By is negligible compared to £ and Uj;, allows the system to exhibit a seond-order phase transition.

4
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Table 1: Parameters used for the numerical and analytic results presented in the main
text (all parameters are given in MHz).

Figures Structures Ui/h Uy/h Us/h  Qupax/(2m)  65/(27)
3 2 x n lattice 28 14 / 1.8 [1, 5]
4,6,7 cyclic lattice with a star 2.8 1.4 3.0 0.8 [1, 5]
5(a) hexagonal lattice
5(b) octagonal lattice 3.0 2.0 2:5 1.8 [1. 5]

121 where (n;) denotes the expectation value of the occupation number at site i, and the summa-
122 tion runs over all atom pairs with relative displacement (ka, lb) in the 2D lattice. Here a and
123 b are the lattice constants along orthogonal axes, and Ny; counts the number of valid pairs for
124 each displacement sector. The anisotropic interaction profile required for this measurement
125 can be engineered through controlled positioning of Rydberg atoms using optical tweezers
126 combined with dynamic regulation of external electric fields that modify the interaction ten-
127 sor components [24,25].

128 We perform numerical simulations using the fourth-order Runge-Kutta method [26] for
120 various lattice geometries with periodic boundary conditions along the row. These geometries
130 include the 2 x n lattice, the cyclic lattice with a star, the hexagonal lattice and the octagonal
131 lattice. Within the considered time scale, the numerical calculations reveal similar results
132 for the connected correlation functions across different lattice lengths, e.g., 2 x 8, 2 x 10,
133 and 2 x 12 in the 2 x n lattice. The characteristic parameters in our simulations — including
134 the maximum Rabi frequency Qp,,,/(27) ~ 1.8 MHz, final detuning 6¢/(27) € [1,5]MHz,
135 and interaction strengths U;/h = 2.8 MHz along principal axes — are directly adopted from
136 the Rydberg quantum simulator implementation in Ref. [10], with complete numerical values
137 tabulated in Table 1. The analytic results for different lattice geometries are shown in Appendix
138 A.

130 2.3 Magnuns expansion

140 The nonequilibrium dynamics of the Ising-like models poses significant theoretical challenges
141 for analytical studies due to the exponential growth of the Hilbert space dimension with in-
142 creasing system size. However, recent advances [27] demonstrate that exact analytical solu-
143 tions can be constructed for systems with local interactions and finite on-site Hilbert spaces
142 on n-dimensional hypercubic lattices. In this work, we focus on the finite-time regime, where
145 quantum coherence dominates before the system evolves into chaotic or thermalized states.
146 Within this regime, we employ ME to derive analytical expressions for key dynamical observ-
147 ables, particularly the connected spin-spin correlation function. These analytical results are
148 then compared with exact numerical solutions. ME is a practical way to build up approxi-
140 Mmate exponential representations of the solution of linear systems of differential equations
150 with varying coefficients [28]. It has been applied widely in some areas, from atomic and
151 molecular physics [29, 30] to nuclear magnetic resonance [31] to quantum electrodynamics
152 and elementary particle physics [32,33].

153 Under the condition f OT |H(t)||, dt < m, where ||H||, is the euclidean/spectral norm of H
12 defined as the squared root of the largest eigenvalue of positive semi-definite operator H'H, the
155 ME treatment of the many-body propagator yields the time-evolution operator U(T) = exp [—i TH(T )],
1s6 where H(T) is a series expansion involving nested commutators of the time-dependent Hamil-
157 tonian (2), i.e., H(T) =Y.~ H(T). To ensure computational tractability, we truncate the ME

158 at second order: H; = %fOT H(t,)dt; and H, = 5= fOT[ Otl H(tz)dtz,H(tl)]dtl, where the

5
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commutator [A, B] = AB—BA. About the rigorous proof of the self-consistency of ME, e.g., for
U =0, C;; =0, is shown in Appendix B. One may note that there exists an internal connection
between Magnus series and Dyson perturbative series. The former derives the integral of the
nested commutators due to the nonzero commutation of the Hamiltonians at different times
and the latter causes the path integral raised by the time-order products.

For experimentally relevant detuning modulation, we adopt a linear ramp 6(t) = i ;50
where 0 is the original value and 6 is the final value of the detuning. One can deduce
straightforwardly (M=1),H, =3, 07 —8ayg 2 i+ Ujninj and Hy = 2 (8—6)T Y 07
50

with 6, = . Note that the final term in H is linearly dependent on T, which is originated

from the second order ME. We can expand the matrix exponential into U(T) = ZOO - lT) H™Y(T),
where the high-power terms in T appear and will contribute in the correlation functlon.

To investigate the impact of paths between the grid point (0,0) and (ka, Ib) on the buildup
of AF correlations, we analyze the quantity Cg(T) = C((q 0),(x,1))» Where the Manhattan distance
is defined as R = |k| + |l|. In the Magnus approach to the Ising-like Hamiltonian, the buildup
of AF correlations, characterised by Cx(T), requires expanding the exponential matrix U(T)
to sufficiently high orders, where the interaction term becomes significant in the dynamic
process. We emphasize that the non-zero commutation of the Hamiltonian at different time
in H, plays a crucial role in the ME, and thus it must be taken into account to obtain more
accurate results.

3 Results

3.1 Nonequivalent paths

In this section, we first derive universal analytic expressions for the connected correlation
function Cy by systematically analyzing nonuniform lattice systems, explicitly identifying the
physical origin of each term in the expressions. Furthermore, through applying the ME to a pro-
totypical lattice geometry, we analytically demonstrate that C; emerges as the algebraic sum
of contributions from all shortest paths between lattice sites. Crucially, these results — unob-
tainable within the uniform system framework of our prior work [34] — highlight the necessity
of extending ME to nonuniform systems. Building upon our recent work that applied the ME
to analyze nonequilibrium dynamics in uniform lattice systems, we extend this framework to
nonuniform lattice systems.Through extensive analytic calculations across distinct lattice ge-
ometries (as detailed in Appendix A), we systematically derive universal analytic expressions
for the AF correlation function Cp, explicitly obtaining results for the nearest-neighbor sites
R=1

CR 1 CPath CCoupling CTlme
— 1
N
— + TN

and the next-nearest-neighbor sites (R = 2)

CR 9 CPath CCoupling CTln’le
= R=2

e
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where the solid lines between two reference balls label the shortest paths and the wave lines
denote the coupling from the nearest-neighbor sites to the shortest paths. To elucidate the
physical origin of distinct contributions in the correlation function, we analyze Cz_; through
the ME framework. The correlation is decomposed into three components: (a) Path con-
tribution (C};it?): Dominated by the leading-order ME term, this corresponds to the shortest-

path propagation between adjacent lattice sites. (b) Coupling contribution (C CSllphng): Arising
from higher-power terms in the first-order ME, it quantifies environmental coupling effects —

specially, perturbations induced by nearest-neighbor sites on the shortest paths. (c) Time-
dependent contribution (Cy Tlr“e) Generated by the second-order ME term, this captures non-
commutative quantum dynamics — a direct consequence of the nonzero commutation relation
between the Hamiltonian at different times, i.e., [H(t;), H(t5)] # O for t; # t,. Physically, this

term encodes the temporal interference caused by the time-ordering of interactions, leading

to corrections in the correlation buildup that cannot be ignored in nonequilibrium processes.
Remarkably, the expressions are identical between any two reference points that share the
same shortest paths in the short-time behavior of the AF correlation regardless of structural

complexity, for example, Cpa® (' f i ') = C}Eit?( ) = cpath (é) [see Appendix A].

To investigate the impact of nonequivalent paths on the AF correlation Cy, we select the

next-nearest-neighbor correlation C;; in a square lattice as a prototypical example. Through

ME calculations, we derive the analytic expression

nominators

Ch

CPath

CCouphng ClTlime

EIM _ N + Ig%

where two red curves in C;; denote two nonequivalent paths between the diagonal reference
points. Notably, the analytic expressions exhibit a characteristic scaling structure in their de-

7~
U+ ",

4

QP&IU™T" (p,q,my,n € Z;n=p+q+m),

B

where Q and T act as universal scaling factors across all terms, while 6 and U vary significantly
between contributions. To simplify the representation, we define a dimensionless scaling func-
tion M, ,,) by factoring out Q and T. The exact forms of each contribution for C;; yields:

CR™(T) =

Couphng ( )

Ci™(m) =

T10Q6
2419200

T1296

58060800

T14Q6

T12Q6
116121600

11

+ —_—
53648179200

(10,6)? (Sa)
2
[Muz 6 T8 M(12 8)]
[M(1114 6+ QZM(1114 g+ 94/\/1(1114 10)] (5b)
1+ P st 6+ —5.)* | (5; — 5,2 M1
144 f 907 T o008 S T 70 fR0l M aoey

(50)
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218 Where

M o= [77(U;‘ + U —340(U3 + U3)8 4 + 375(U2 + U§)5§Vg],

MU o ={2[52(U8 + US) — 368(US + US)S g +1037(U7 + UF)S2,,
—1432(U3 + )82, +831(U? + UD)5?, |},

avg avg

M, gy = {593(Uf +U3) —585(U7 U, + Uy U3 ) — 448U U3

—88(U; + Uy) [28(UZ + UZ) — 43U Uy | G oy + 2544(U? + U2)52 } ,

avg

ML o ={24[ 121(U$ + U$) = 1170(U7 + U])8 v + 4952(U? + US)52

avg

—11862(U? + U3)52  +17112(U; + U;)S:  —14322(U7 + U2)52

avg avg avg

+5565(U2 + U2)8%,. |},

avg

Mg = {11[2771(U7 + US) — 4060(U; U, + U, U3) — 7893(U; U3 + U U3) |
—11436U3U3 — 6(U; + U,) [ 34742(U} + Uj) — 76315(U3U, + U, U3)
+514U2UZ | 54 + [ 577781(U; + U;) — 538804(U3 U, + U, U3)
—762498U;U; |62, —84(Uy + U,)[9397(U7 + U3) — 148420, U, | 53,
+444780(U% + U254},

avg
11 — 4 4 3 3 2772
My 10) = {33[2438(U7F + U3) —5971(US U, + U, U3) — 2926U3 U5 |

2, 772 2 172\52
—21(U, + Uy)[15139(U2 + U2) — 34774U, U, ] 6 15 + 311220(U2 + U2)S2, }.
210 To comparatively analyze the dual-path contributions in C;; and the single-path configuration,
220 we further calculate the corresponding single-path component C,, for systematic evaluation:

Path Coupling Time
Cao Czo Czo 020

U, U, _U _U

UL U Us Ui Ui _Us '
Bk S0 Sl e S SRt

(6)
221
TlOQ6
Path - % A420
“0" (1) = 3419500 0sr 72)
1206
Coupling _ _& 20 27 420
o (1) = ~53060800 [M(12’6)+Q M“z””]
T 20 24 420 44 420
+ Saaaronns | Mo + Mg + 2 MR, o ] 7)
. T1206 T2 T4
cTime _ 14+ —(6;, =602 +———(6;—60) (6, =62 M2 .
20 116121600[ 1240 ~ 00"+ 5508 (07 ~00)" (8 = 80) Mo 5
(7¢)
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222 Where
20 _ 2 2 2
M2, o =[UR(77U2 — 340U, 5, +37562,) |
20 _ 2 4 3 22 3 4
M2, o =[2U2(52U% — 368U36,, + 10370262, —1432U, 8%, +8316% )],
20 _ 2 2 2
M2, o = {U2[593U2 — 585U, U, — 8(165U; —308U,)5, + 254452, |}

M2, o =[24U2(121U8 — 1170U56,,,, + 4952U7 6%, — 118620363

+17112U765 , — 143220, 6, + 55655§Vg)],

ME, ) = {U7 [30481U7 — 44660U; U, — 426030U7 U; — 28028U, U
—(208452U; — 60830U; — 249438U; Uy — 204960U, U3)5 4y
+(577781U7 —244923U3 — 538804U,U,)52, , — (789348U;

—457380U,)52,, + 44478052, |},

avg avg

M2 = {U?[80454U2 + 13475U2 — 197043U, U,

(14,10)
—(317919U; — 137445U,)5 ¢ + 10374052, ]}

avg

%1076

4 5
a
3
QO

—Cn
2r -2 x Cy
2 3 4 5
d¢/2m[MHz|

Figure 2: Superposition principle validation for the correlations in square lattice. An-
alytic verification of the next-nearest-neighbor correlation superposition with param-
eters referred to the experiment [10]: T = 0.5us, U; /h = 2.8 MHz, U, /h = 1.4 MHz,
Q/(2m) = 0.8MHz, 6,/(2n) = —6MHz, and 6;/(2n) € [1,5]MHz. The near-
perfect overlap between Cy; (blue solid line) and 2 x C,, (red dashed line) confirms
path contribution additivity.

223 From Eq. (4) and Eq. (6), we observe that the components of correlation functions satisfy
P Uy PS Uy PY C;)ath(Ul) N Cér()imC(Ul)
) 1 ~~"1
CPath — + , CTlme — + ,
1 U, U 1 7~ ;
2 2 (CPath ( Us ) (O Time ( UZ)
2 ! ’ 20 t N to 20
Uy, Uy _Up _Up Coupli
Coupli O 90 Oy (UL
oupling __

+
Uy U, U, U, o
L 2 2 1 C;E)ouphng (UQ, Ul )
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o . . . Coupli Coupling . . .
224 While minor discrepancies exist between C; 10 “PIE and 2 x ng P8 in specific coefficient terms,

225 these deviations are negligible compared to the dominant contributions from Cf '{“h and ClTlime.This
26 is experimentally validated in Fig. 2, where under typical parameters the C;;(T) curve com-
227 pletely overlaps with 2x C,((T), even at extended time scales (T = 1us). The observed relation
228 C11(T) = 2 x Cyo(T) demonstrates that the correlation magnitude constitutes an algebraic
220 summation of contributions from all shortest paths — a manifestation of path superposition
230 principle. Notably, this principle remains unaffected by the presence of nonequivalent paths.

»n 3.2 Different lattice geometries

(a) (b)

Cl(),square

C2O,chain1

eoeoe

c -2 d 10~
(€)  x10 (), ,x10
Numerical Numerical o~ Numerical
02 C(]l,square A ClO,square 3.5 S Cll,squarc
_001,square - 'CIO,square _Cll,square
—-04 3.0
il al
~—-0.6 < 2.5
O Qo
—0.8 P ) 2.0
AT 7 CNumerical
YY) S i Ls b 22 % O3 chaint
———————— --2 X C20,chain1
—-1.2 1.0

ot
ot

2 3 4 2 3 4
0y /2m[MHz| 0y /2m[MHz|

Figure 3: The buildup of antiferromagnetic correlation on 2 x n lattice. Schematics of
2 x n Rydberg array (a) and equivalent 1D chain capturing single-path contributions
t0 Cq,square (b). The nearest-neighbor correlation Cp—; (c) and the next-nearest-
neighbor correlations Cy; square (d) as the function of 6. The results of numerically
solving Schroédinger equation for Hamiltonian (2) for 2 x n lattice (yellow circles;
green triangles) are compared with the analytic ones on the local lattice geometries
(blue solid; red dashed).

232 2 x n lattice — To investigate the influence of paths on the buildup of AF correlations, we
233 begin by considering a 2x 12 lattice array where U; = 2U, = hx2.8MHz [see Fig. 3 (a)]. These
23¢ nonuniform interactions give rise to two types of Cz_y, i.e., Cig square and Coj square- Fig- 3 (€)
235 shows that |Cyg squarel > [Co1 square| fOr the same 0, indicating that in the quench process, a
236 larger interaction U; tends to enhance the AF correlation. Meanwhile, our analytical results for
237 Cr—; are in strong quantitative agreement with the numerical results. Note that the absence

238 of terms such as C}Eit{‘, C;::iplmg, and C};ﬁ:“ie in the ME would prevent Cz_; from matching the
230 numerical results [see Appendix A]. Furthermore, we find that Cfg’til/lgf;e and C(l)nit? (ﬁ:fele share
240 identical analytic forms, indicating that the shortest path and the mutual effects of the Hamil-
241 tonian at different times contribute equivalently to the AF correlations in the two structures.
242 The critical difference between the two correlation functions stems from the nearest-neighbor
243 coupling for the shortest path C}Siliphng, which arises from two interdepentent factors: (i) the
244 coupling strength Q at the nearest-neighbor site to the shortest path, and (ii) the interac-
245 tion U between the shortest path and its adjacent sites. These differences directly reflect the

10
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26 geometric constraints of the respective lattices. Therefore, this highlights the importance of
247 considering the coupling from the nearest-neighbor sites to the shortest path in the buildup of
28 AF correlations across different lattice geometries and the necessity of including C}filiphng in
240 the ME.

250 In the calculation of Cz_,, ME provides the double realtion between Cj1 square a0d Cag chain1
Path Coupling Time
Cll,square CQO,chainl Czo,cham C20,chain1
U1 U1 U2 U2 Ul U2 U1 /"'\
A 4 t "1
Us Uy =~ + + + + +
: U1 : U2 : U2 U1 U2 U1 /"'\
U, A A t ~~—"15

Path/Time __ Path/Time Coupling _ Coupling . . .

251 where Ci1s quare = 2 X CZO,chainl and Ciis quare ™ 2% CZO,chainl' This relation has been verified
252 through our numerical calculations [see Fig.3 (d)]. Such agreement indicates that, despite
253 the involvement of more complex paths for Cr_, compared to Cz_, the buildup of the AF cor-
254 relation in a finitely large lattice array is still predominantly governed by the local structure
255 around the correlated sites. The key factor behind the relation Cy; square = 2 X Cag chain1 OYig-
256 inates from the fact that only one shortest path contributes to Cy chain1, While there are two
257 shortest paths for Cyq gquare- This implies the existence of a superposition law: the magnitude
253 of the connected correlation function between two reference points is the algebraic sum of the
250 contributions from all shortest paths.

(a) (b)
G

*Stap. CQO,chainZa
W& )

[ N ] [ N
C30,eyclic ._m_.
29
‘._\o‘ﬂe -
O C20,chain2b
e Ul — U2 — U3
(c) ;X100 (d)  x100
-~ Numerical Numerical
TAS - C420,cyclic C20.,Star:upper
1 " - CQO,cyclic 4 - C20,star:upper
ik 7
et ~
2 y D 244
T A-A L,
Numerical Numerical - = “.:‘:‘i_
1} Copehamsa T Ca0.chainsb 1 AL
. -1
- 'CZO,chain2a + CZO,chaian b %ﬁlg:rr:lﬁ)ﬂ,er - 'CZO,starzlower
0 0

5 1

2 3 4 2 3 4
d¢/2n[MHz| d¢/2m[MHz]

Figure 4: The buildup of antiferromagnetic correlation on cyclic lattice with a star.
Schematics of cyclic lattice with a star (a) and equivalent 1D chains according to
single-path contributions in the correlation Cyq cycjic (b). The next-nearest-neighbor
correlations Cyg cyclic (€) and Cy gor (d) as the function of 6. The results of numer-
ically solving Schrodinger equation for Hamiltonian (2) for cyclic lattice with a star
(yellow circles; green triangles) are compared with the analytic ones on the local
lattice geometries (blue solid; red dashed).

260 Cyclic lattice with a star — To further investigate the effect of nonequivalent paths on spatial
261 correlations, we consider the geometry of cyclic lattice with a star where U; /h = 2U,/h = 2.8 MHz
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and U;/h = 3.0 MHz [see Fig. 4 (a)]. These nonuniform interactions give rise to three types of

. Path __ ~Path
Cr=2: Co0 cyclic> C20 star:upper> @0 Cog gtar-lower- The results from ME show that CZO,cyclic = C30.chain2a
Path Time _ ~Time Time Coupling Coupling Coupling
+ C20,chain2b and CZO,cyclic - C'20,chain2a + C20,chain2b’ and C'20,cyclic ~ CZO,chianZa + 20,chain2b [See

Appendix A]. In a graphic description,

. Path Coupling Time
CZO,cychc CQO,chamZ 20,chain? C20,chain2
U U, U, U U

o 'e Uy - 2 1 1 2 N
~ + + + + +
U2 U2 U2 UQ U1 Ug Ug U1 /"'\

LD S S SN

It demonstrates that the analytic results for Cyg cyclic confirm the superposition law. By com-
paring Cyg cycic @and its single-path contributions denoted by Cyg chainza + C20,chain2b, ONE Can
see that they are nearly overlapped [see Fig.4 (c)]. Thus we verifies both numerically and
analytically the validity of superposition law, despite ME predictions for Cyq cyclic Show only
small deviations (< 10%) due to truncation error. In Fig. 4 (d), ME and numerical results for
Coo,star:upper agree within 4%, while for Cyg gariower, derivations reach 14% under U; = 2U,.
This asymmetry stems from enhanced coupling: higher-order terms in ME become more im-
portant for the lower correlation, and neglecting these terms leads to a larger deviation from
the exact results.

(a) (b)

C30,hcxag0n C4O,0ctag0n

LE R ] [ XX ] [ X X ] [ X X ]

CSO,chain a CVALO,Chain a
re-o-¢ Sl

C’BO,Chain b C40,chait) b
(c) x10~° (d) 5210
—4
- C30,chain at CSOA(:hainh o s L -A- C4O,chain at C’40$chauinb
» ~
CSO,hexagon /" k~\ 0404,octagon
—6 X \\
™ B < SR
i Vs il 10 B
-8 ‘(/ oS w;
/ ®) \“A
-10 A %
- ~
'/A 3 \~A
. v 2 5 33
_10& A
1 5 4 5

2 3 4 2 3
57 /27 [MHz] 57 /2m[MHZ]

Figure 5: The buildup of antiferromagnetic correlation on hexagonal and octagonal
lattices. Schematic descriptions of hexagon lattice (a), octagon lattice (b) and corre-
sponding single-path contribution. The third-nearest-neighbor correlation Csg pexagon
(c) and the fourth-nearest-neighbor correlation C4g octagon (d) as the function of 6.
The yellow dotted lines with circle and the green dotted lines with triangle are nu-
merical results.

Hexagonal and octagonal lattices — To extand superposition law to long-range correlations
and reveal universal topology independence, we investigate the third-nearest-neighbor and

12



277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

SciPost Physics Submission

the fourth-nearest-neighbor correlations in hexagonal and octagonal lattices respectively [see
Fig.5 (a) and (b)]. Due to the complicated and cumbersome expressions from ME, we illustrate
the superposition law for these correlations using purely numerical simulations. We explore
the single-path contributions through the numerical simulations in equivalent 1D-chain under
the parameters used in hexagonal and octagonal lattices. After evoluting during the same time,
we sum the correlations contributed from the single-path and compare respectively them with
the correlations Csg hexagon a0d C4g octagon-
Figure 5(c) and (d) show |C30,hexagon - (C30,chaina + C30,chainb)|/c30,hexagon < 5%, and

|C40,hexagon - (C4O,Chaina + C40,Chainb)|/ C4O,hexag0n < 4.5% despite minor error growth at large
0, demonstrating the validity of superposition law for longer correlations.

3.3 Different quench protocols

We demonstrate the universality of the superposition law under distinct quench styles using
the cyclic lattice with a star as a benchmark.

(a) ) e
1.2
. Numerical
) SN —020,cychc CZ(),cyclic
1.0 —e e
-y -
—.q
0.8
il
< 0.6 e —
Q
0.4
Numerical Numerical
0.9 “'020,cham2a + CQO,chainQb
- '020,(thain2a + CQO,(‘,hainQb
0 . .

3¢/ 27r3[1\'1Hz} ! ’
Figure 6: The buildup of antiferromagnetic correlation with quadratic quench process
on cyclic lattice with a star. (a) The Rabi frequency Q(t) and the detuning &(t) are
modulated in top and bottom curves, respectively. (b) The next-nearest-neighbor
correlations Cyq cyclic @s the function of &;.

Quadratic quench — With detuning modulated as 5(t) = J; T_25° t>+ 6o (tgweep = 0.4us), ME
yields (h=1):
- Q
H1:EZU?_5an ni+ZUijninj,
i W
and

- Q y
HZ = ﬂ(éf _50)7‘201 .

Remarkably, H; and H, maintain identical operator forms to the linear quench case, differing
only in the averaged detuning (quadratic: 250; Ji ; linear: @). This structural invariance
leads to analytical similarity in correlation solutions. Fig. 6 (b) shows qualitative agreement
between the analytic and numerical results for Cyq yqic. Crucially, the respective overlaps of

the numerical (yellow/green) and analytic (blue/red) results imply that the superposition law

remains, i.e., C20,cyclic = C'20,cha1in2a + C20,chain2b-

Sudden quench - For instantaneous switching (constant 2, & during evolution), we can de-
rive H; = H and H, = 0 using ME, which now simplifies to static expansion. Fig. 7 (b) reveals
higher-order ME (red dashed) quantitatively matches the numerical results (yellow/green)
although base solution Cyg chaina (bule solid) deviates at large 6. Superposition law prevails:
path-sum predictions agree with full-lattice correlations.
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(a) B

Q4 3.0F —C9 chain2a + C20,chain2b
—
' 9.5 | - - Higher-Order \
: CQO,CthinQa + CQ(LChaian
"y t o 2.0
0 ! A
' 1.5
oA ! @)
I — 1.0 ]
' Numerical
! 0.5 C?O,(:yclic
Numerical Numerical
0 >t o 4 Cogehainza T Caolchainab |
ttot 1 -

3 4 5
0/2m[MHz]
Figure 7: The buildup of antiferromagnetic correlation with sudden quench process
on cyclic lattice with a star. (a) The Rabi frequency 2 and the detuning & are modu-
lated in top and bottom curves, respectively. (b) The next-nearest-neighbor correla-
tions Cy cyclic as the function of 8.

The persistence of path superposition under linear (Fig. 4), quadratic (Fig. 6), and sudden
(Fig. 7) quenches confirms its robustness against driving-protocol variations — a cornerstone
for nonequilibrium quantum control.

4 Conclusion

In summary, our combined numerical and analytical study of AF correlation dynamics in driven
Rydberg arrays reveals a fundamental organizing principle for nonequilibrium quantum sys-
tems. The AF correlation magnitude between lattice points at Manhattan distance R (exempli-
fied for R = 2, 3,4) emerges as a coherent sum of amplitudes over all shortest paths, establish-
ing a dynamical superposition principle that transcends path topology, lattice geometry, and
quench protocol. Moreover, it also implies that probing large-scale complex systems — which
are computationally intractable — can be reduced to studying correlations in representative
small-scale units. We further propose that the ME framework and the identifed correlation
buildup mechanism may extend to other strongly correlated systems, such as the Heisenberg
model and Hubbard model, offering a potential pathway to decode their nonequilibrium dy-
namics.
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A The analytic expressions for various geometries
According to the results of all kinds of local structures, we find a universal description for
the standard terms: the denominator of all terms in these formulas can be simplified to

QPSIU™T", where p, g, m, n are integer and n = p + q + m. The interaction U and de-
tuning 6 are variably involved in the most of terms, so we can extract the common factors
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that generally include T and Q. Then we define a standard term as Mén’p) for simply showing
the analytic results, where i refers to the label of various local structures and n and p are the
power numbers of T and £, respectively. The graphic descriptions about these local structures
are shown as follows. The solid lines between two reference balls label the shortest paths and
the wave lines denote the coupling from the nearest-neighbor sites to the shortest paths.

ClO,squarc
il ® ® ® 2 xnlattice - Here, we give more details about the
g analytic expressions of 2 x n lattice that derived from
&S the ME.
@ o0 9o 0

There are two types of the nearest-neighbor correlation, Cyg square a0d Co1 square- We label
them as a and b respectively.

Path Coupling Time
Cy 0,square ClO,square Cl 0,square Cl(),square

U U U U, U Uy
U2 U2 - E U, U, tl S~ tQ

the contribution from the shortest path is

(A.l)’

CPath (T) — TGQ4MQ

10,square (6,4) (A.2)

where
M?6,4) = [Ul(Ul - 35avg)] 5

the one from the nearest-neighbor coupling for the shortest path is

804 1004
CEmT) = Trsag [ M+ 0P My ) = 20 [ Mg 4 = 0 Mii =0 Mg .
(A.3)
where
M o = U1 (U2 = 6U%6,,, + 150,52, — 1852, )]
Mige) = [2U,(2U; —5U, —186,,,)],
Mo 4= [2U1(U1 —36,45)(3U} — 18U36 4 + 550262, —84U, 6%, +8557,)],
Mo 6) = [ 550UF +3U3(65U, — 3886 ,4) + UX(293U2 — 945U,8 ,,, — 24662, )
+ 5U(42U5 — 209U3 5 15 +376U,52,, + 4925§Vg)]
M) = [U1(674U1 +1505U; +19508,4y5) ]
and the one from the mutual effect of Hamiltonians at different times is
it D == [ 1+ Lo =008 |5 =P Misyy a0
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341 Considering the nearest-neighbor correlation in vertical direction,
Path Coupling Time
COl,square COl ,square 001 ,square COl,square

UQ UQ 2 2
N
Ul = Ul + Ul + tl N t2
U, U, U, U,

(A.5)
312 three parts are corresponded to expressions as follows.
T6Q4
Path _ b
CO?tsquare(T) - M(6 4) (A.6)
343 Where
b
Mg 4 = [U1(U1 =38 45) ]
804 104
¢ Soupling ™ b 2 p4b =0 b 2 p4b 4 pqb
01 square(T) 11520 [M(S 4) +Q M(S 6)] 4838400 [ (10,4) —Q M(IO 6) —Q M(IO 8)]
(A.7)
324 Where

1(U3 = 6U26 ., + 150,62, — 1852,

(8 4) [ avg avg
ME’S 6 = [2U1(7U1 — 10U, — 185,5)],
4 3 2¢2 3 4
(10 o = [2U1(U) —36,,,)(3UF — 18U36,, + 550262, — 84U, 52, +8552,.) ],
Mioe = [ 148U +2U7 (195U, + 4138 4y5) + 2U7(293U3 — 945U 85 — 106357,.)
+ 10U, (42U; — 209U2 6 4 + 376U262 + 2465§vg)]
Mg =[U1(= 831U1+3010U2+19505avg)]
T84 T?
Ti _ 2 2
COiHSI(equare(T) - _20736 [ 288 (6f 50) ] (5f B 50) (6 4)" (A.8)

345 Compared these expressions, we find that the contribution from the shortest path ¢

a6 and the mutual effect of the Hamiltonian at different time CT™® are identical in C10,square and

347 COl,square .

348 For the next-nearest-neighbor correlation Cy1 gquare that is labeled as c.
é Coupling im
Cl 1,5quare Cfldzguare Cl 10;151121% Cirl ,stfuare
N
& NUZ + U& tl \"/ f2
349 (A.9)
TlOQ6
Path _
Cliltsquare(T) - 4838400 MElO 6)° (A.10)
ss0  where
Mo 6= {U1U,[35(U2 + U2) + 238U, U, — 680(U; + Uy)5 g + 150052, ]}
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CEm ) = e [ M= 00
,square 5803(;28600 (12,6) (12,8) (A1)
T 536:8% I:ME14,6) - MEM,S) - ME14,10)] >
351 where
M6 = {U1U,[12(U} + U3) + 76(U3U, + U U3) + 32U2U2 — 254(U3 + U3)G a0
—482(UTUy + UyU3)8 o + 1183(U7 + U3)53,, + 17820, U, 52,
—2864(U, + U,)8°, +33245% ]},
gy = {U1Us [ 356(U2 + U2) — 280U, Uy + 1144(U; + U, 1 — 508862, |},
MG 4 6 = {U1U2[154(U7 + US) + 1056(U5 Uy + Uy U3) — 3864(U3 + U358y
+26936(Uy + U;)83,, + 726(UfU; + UFUZ) — 10410(Uf Uy + Uy U3 oy
+1936U7 Uy — 13806(U; U3 + U U3 )8 4yg + 58102(US U, + U U553,
—103908(U7 + U3)53,, — 180780(UT Uy + Uy U353, + 241458(U7 + U3)53,,
—343728(U, + Up)85, + 67620U2U262, +338460U, U, 5%, + 2671205, |},
M, ) = {U1U[32879(UF + U3) + 70950(U3 Uy + Uy U3) — 155848(U3 + U3 )5 ayg
—339944(U Uy + Uy U3 )5 4y + 192850(U7 + U3)53,, +331968(U; + U,)53,,
+120142U2U2 + 298844U, U, 52, — 88956057 |},
(la10) = {U,U,[143682(U? + U2) — 94416(U; + Uy)8 g + 42372U, U,
—62244052, |}
126 2 4
O (D) = 5t [1 (B + (5 50)4] (85 = 50> My
(A.12)
352 To verify analytically the validity of superposition principle in the 2 x n lattice with nonuni-

353 form interaction, we choose Cy cnainy that refers to single-path contribution of Cy; gqyare, Which
354 is denoted as d.

Path Couplin Tir
C20,chain1 C2oaff:hain1 20?2§am% CQO,éllfainl
Uy U Us U, U, _Us U, U, U U, N
= o= —lo = o
3 S S S ST ,
(A.13)
355 where the contribution from the shortest path is
TlOQ6
Path _ d
ng,chainl(T) - 9676800M(10,6)’ (A.14)
356 Where
Mo 6 ={U1U,[35(U2 + U2) + 238U, Uy — 680(U; + Uy)5g + 150062, |},
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357 the one from the nearest-neighbor coupling for the shortest path is
126
Coupling _ T d 2 A 4d
C20,chain1(T) T 116121600 [M(12,6) —Q M(lz,s)]
T'4Q° d 2 4 4d 4 4d (415
107296358400 [M(“@ Mg =9 M(WO)]’
358 Where
M?lz,é) ={U,U,[12(U} + UJ) + 76(U3U, + Uy U3) + 32U2UZ — 254(U3 + U3)G oy

—482(UUy + Uy U3)6 o + 1183(U7 + U2)52,, + 1782U, U, 52

avg avg

—2864(U; +U,)83, +33245% |},

avg
MG, o ={U1U,[356(U2 + U2) — 728U, U, + 1144(U, + U, 1 — 508862, |},

M, 6 = {U1U2 [154(UF + US) + 1056(UF Uy + Uy U ) — 3864(U3 + U )G ayg

+26936(Uy + U382, +726(UfUS + UFU3) — 10410(UY Uy + Uy U3)5 0y
+1936U; U3 — 13806(US U3 + UFU3)8 ayg + 58102(Us U, + U1 U3)57,
—103908(U; +U3)53,, — 180780(UF U, + Uy U353, + 241458(U7 + U3)57,,

—343728(U; + Uy)83,, + 67620U; U3 52, + 338460U, U, 57, + 2671205§Vg]} ,

M, 5y = {U1U2[32879(U} + U3) + 25949(U3 U, + Uy U3) — 155848(U3 + U3)8 v
—150928(U; U, + U U3)8 ayg + 192850(U7 + U3)82,, + 331968(U; + U,)5?

avg avg
+51964U2U3 + 26192, U, 52, — 88956057, |},

M?l 410) = {U,U,[143682(U? + U2) — 94416(U; + Uy)8 4y — 135036U, U,

— 62244052

el

350 and the one from the mutual effect of Hamiltonians at different times,

Clime (T)——T1296 [ +T—2(6 —50)* + T (6;—6 )4](5 — 50" M¢!
20chainl>" 7 464486400 | T 144 7 07 2208 /O [N 0T aoe)y
(A.16)
360 For Cag chain1 @nd Ciq squares We find that Cfi‘filquare and Cirlh,lslguare are certainly doubled
361 ng,t?hainl and CzT(i)I,Iéliaim accordingly. For the second term, Clcl0 Ezllj;li is approximately twice
362 Czc(i Zﬁiﬁ except there are slightly difference of coefficients in few terms.
(@) xi02 (b) (10 (c) 5 10!
umeric: N at oupling
e b e

- __('Path
o ClO,square

C(;upliné
+ Clo square

e Path - Path
.- == Cl('square -6 - - -Col'square

- _..(Path Coupling
r COLSqunre + Col,squa.re

2 3 4 2 3 4 2 3 4
0 /2 [MHz] d¢/2m[MHz] 0y /2m[MHz]

Figure 8: The nearest-neighbor correlations Cjg square (2) and Cop1 square (b), and the
next-nearest-neighbor correlation Cjy square (€) as the function of 6 in 2 x n lattice.

363 Figure 8 shows that our analytic results, Cyg square> Co1,square @0d C11 square N accordance
ss4 with the local lattice arrays match well the exactly numerical results for the 2 x n lattice. It
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implies that in a short-time regime, the buildup of the local correlation in the large-scale lat-
tice system is determined predominantly by the local lattice geometry around the correlated
sites. Meanwhile, with increasing &, the antiferromagnetic (AF) correlations are suppressed

gradually. Since CPath only agrees with the tendency of the numerical results, the leading ap-
Coupling .

proximation of ME can not describe precisely the AF correlation. When Cp is taken into
account, the variation of ME result is identical to the exactly numerical results, demonstrating
C};ath + C}Soummg can describe qualitatively the buildup of the AF correlation in the nonequi-
librium dynamics. Yet when we consider the term of CRTime, the ME results can quantitatively
describe the connected correlation function. Also the analytic expression shows for fixed T,
Q, 6y, the larger U, the larger Cz_;, so the AF correlation betweem horizontal sites is larger

than the one betweem vertical sites.

C;
20:St
N Cyclic lattice with a star — There are specific analytic
cee e o o Cxpression of cyclic lattice with a star. We mainly
C20 cyclic consider two types of the next-nearest-neighbor cor-
relation, i.e., Coq cyclic aNd Cyq gqr i this model.

|_|U1 |_4U2 =U3

We first consider three terms in Cyg cycic, Which is labeled as e.

Path Coupli Ti
CQO,cyclic CQO%EYCHC CZO?Eﬁciﬁ:g O?&T;chc
U,/ \U:
— 7
- - + Tt
U, U,
(A.17)
TlOQG
Path _
C2gtcyc11c( )= 241—9200M€10,6)’ (A.18)
where
4 4 3 3 2 2y <=2
(106) [77(U + U;) —340(U; + U;)0 4y +375(Uy + U )5avg]
126
Couphng T 9
Can,eyetc (1) = 58060800[ 26+ 2 Mg (A.19)
T14Q6 ) . .
* 53648179200 [ Mg+ @My + 8 M, 1,
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where

M6 = [104(U16 +US) = 736(U; + Uj)ayg + 2074(U; + U352 —2864(U3 + U§)5§Vg

avg

+1662(U2 + U)8?, |,

avg

M, ) = 1593(U7 + U3) — 585(U; Uy + U Uy ) — 448U7 U3
—88(U; + Uy) [28(UZ + UZ) — 43U Uy | S ayg + 2544(U7 + U3)52 }

avg

M6 = {24 121(U8 + US) — 1170(U7 + U])8 4y + 4952(US + US)52,, — 11862(U3

+U5)S%,, +17112(Uf + U652, —14322(U3 + US55, +5565(U2 + UD)5S, |},
M1 4g = 111[2771(U7 + U3) — 4060(U; U, + U, Uy) — 7893(U; U3 + U U;)

—11436U3U3 | — 6(U; + U,) [ 34742(U; + U;) — 76315(U3U, + U, U3)

+514U2UZ | 84y + [ 577781(U7 + U;) — 538804(U3 U, + U, U3)

— 762498U2U2] 52, —84(U; + U,) [9397(U? + UZ) — 14842U, U, | 53,

avg g
+444780(U2 + U2)52,. }
— 3 3 2772
M4 10) = 133[2438(U7 + UJ) — 5971(US U, + U, U3) — 2926U; U5 |
—21(U; + U,) [ 15139(U? + UZ) — 34774U, Uy | 8 4y + 311220(U7 + U§)5§Vg} :
_ T1206 T2 T4
¢lime (1) = (5, —8-)+ §:—6.)4(6,—6 ZMe .
20.etc(T) 116121600[ 14401 700V G001 ~00)" | (0 = 80) Mo

(A.20)

To analyze the superposition principle in cyclic lattice with a star, we calculate the one of
the shortest paths in Cyg cyclic; Which is named Cyg chaing and denotes as f.

Path Couplir Ti
OZO,Chain2 CQO%E:hainQ Czo‘fcffaiﬁé C?(;fél}faixﬂ
UQ U1 U1 U2 U1 U] U2 Ul Ul UZ N
o— —o— —0o = —o——
3 1 SR G SN ,
(A.21)
TlOQ6
Path _ f
CZO,chainZ(T) - 2419200M(10’6): (A.ZZ)
where ;
_[yr2 2 2
MY o 6 = [ U(77U2 = 340U, 6 4 + 37562,) |
Coupling T120° f 2 A 4f
CZO,chainZ(T) ~ 758060800 [M(12,6) +0Q M(lz,s)] (A.23)
T140° f 2 4 4f 4y 4f .
" 53648179200 [M(l%) T UM T M(14J10)]
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sss Where

M 6= [2U12(52U14 — 368U} 5,y + 1037U7 52, — 14320, 55, + 8315§vg)] ,

MY, o = {U2[593U2 — 585U, U, — 8(165U; — 308U,)5,, + 254462, |}

M{H’@ = [24U12(121 Uy — 117007 8 4y +4952U7 62, — 1186203 53, + 17112U7 67,
—14322U, 65, +556565,.) ],

M{l 8= [U2(30481U; — 44660U3 U, — 28028U, Uz — 208452U7 5 g + 60830U3 5 5y
—426030U;U; + 249438U7 U8y +204960U, U 5 4y + 57778107572,
—244923U3 52, —538804U,U,57,, — 789348U, 55, , +457380U,5,,
+4447805% )],

M{l 410) = U3 (80454U7 +13475U7 — 197043U; U — (317919U; — 137445U,)8 5y,
+10374052,)) .

386
T4
62208

(67 —60)*+ (A.24)

Time TlZQé TZ
(10,6)°

20.chain2 = 176121600 | L T 144 (65— 50)4] (87— 80> M(
ss7 - We define this correlation that central interaction is U; as Cyg chainza- It iS the one of shortest
sss  path contribution of Cy cycic- The contributions from another shortest path share identical
380 correlation function forms while its central interaction is U,, which is definned as Cyg chainab- A
300 comparison between Cyg cyeic and the dual-path superposition (Cog chainza + C20,chain2n) reveals
so1 that CP®™ and CT'™¢ are strictly identical, while C%°"Pli"8 shows near equivalence with only
302 minor discrepancies in the coefficients of few terms.

393 In the main content, we also discuss the robustness of the superposition law in cyclic lattice
304 with a star under sudden quench process. In sudden quench, the second-order of ME is zero,
305 and the first-order term only is considered. We find the derivation appear when & become

. . . ling . .
306 larger, so the higher-order expansion M/ in gCouPling 4 added, i.e.,

(16) 20,chain2
12096
Coupling _ T°°0Q f 24 4f
C0,chain2(T) = " 58060800 [M(12,6) +0Q M(lz,s)]
TH*a° f 2 \4f apqf
" 53648179200 [ (80 T F Mg T 0 M(14,10)]
0 f 2 04 i 4
~ 669529276416000 [Miig+ 2 My 2 M0+ 2 Mg 1|

(A.25)
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f — 2 8 7 652 553
Mi66) = [ 48U2(15535U° — 18978407 5 ., + 10552620962, — 350201203563,
+7618415U7 575, —11190036U7 57, +10925798U7 67, — 6566960U, 57,
+19007585%, )],
M{m’g) = U?[11341720U¢ — 22104264U; U, — 34120294U; UZ — 33849764U> U3

—18385302U2U;5 — 7679360U, U; — (107170848U; — 185405664U; U,
—261040704U3 UZ — 207519072U7U; — 93857952U, U; — 16328000U3)85 4y,
+(451005016U; — 686392744U; U, — 813247584U7U; —490813872U, U
—117018336U;)57,, — (1083894192U7 — 1405791120U; U, — 1276827488U, U;
— 433703552U3)52  + (1573046512U7 — 1617105680U, U, — 852850320U5)57

avg avg

— (13215185280, —860741568U,)55, + 5065925765, |,

M

(16.10) = Ui [48782565U7 — 197318290U7 U, — 137542587U; U; — 49352472U, U

+50450400U; — (329050000U°% — 1081513632U7U, — 680292464U, U
—42525080U3)5 4y, + (929508952U7 — 2327080592U, U, — 707810760U3) 5>

avg

—(1306218672U; —1919036016U5)53,, + 7394760005, ]

avg

M 1,y = UF[90884976U7 — 430244256U, U, + 193393200U7 — (3453195840,

—843841440U,)5,,,, + 32411980852 ] .

avg
307 Co star is marked as g,

Path Coupling Time
CQO,star CQO,star C20,star CZO,star

Uj%z ,U1!U2| 4 0 S

+ t) < to
U3 US

(A.26).

T10Q6

g
9676800M

Path —
C o (T) - (10,6)’

20,star

(A.27)

398 Where

M8 o & = {U1U2 [ 35(U? + U2) + 238U, Uy — 680(U; + Uy) g + 150052, |}

C,Coupling T) = leQ6 I:Mg
20sar (1) = = 935943300 LM G20
T1496
Ty |
214592716800

2 g
+Q M(lz,s)]
(A.28)

g 2 g 4 g
M +Q M(14,8) +Q M(14,10)]’

(14,6)
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399 Where
8 — 4 4 3 3 2772
M5 6= UrUa {8 [3(U} + U + 19(U7 U, + U1 U3) + 8UT U3 |
—4(U, + Uy) [127(UZ + U2) + 114U, Uy | 8 5y + 2[ 1183(U? + U2)
+1782U,U,163,, — 5728(Uy + U383, + 66485;‘vg} ,
M 5= UrUs {293(U2 + U2) — 126(U, Us + U,y Us) + 1786U, U,

—112[44(U, + Up) — 5U5] S g + 1017652, },

g — 6 6 5 5 4172 2774 3773

M, 6 = 401U {77(U7 + US) + 528(U3 U, + Uy Up) + 363(UL U3 + U U3) + 968U3 U
—[1932(U3 + U3) + 5205(U; U, + Uy Uy) + 6903(US UZ + UZU3) | S g
+ [13468(U + U3) + 29051(US U, + U1 U3) + 33810U7 U3 | 62,
— [51954(U} + U3) + 90390(U; U, + U U3)] 63, +[120729(U7 + U3)
4 5 6

+169230U,U,]15%, — 171864(U, + U,)55,  + 13356088, }

8 — 4 4 3 3 3 3

MG 4 gy = UrU2 {7700(U} + U3) + 43549(US U, + U, U3) — 4235U3 Us — 4158U, U
+19426U2U3 — 4851U2UZ — 9625(UU, + U, U3)Us — 13134U, U, U3
— [142604U2 + 274300(U2U, + U, U3) — 43547U2Us — 48930U, U2
—69818U,U,Us] 6,4y + (647717U7 +1015690U, U, — 161700U, U3 )57,
—1578696U, 53, — 7 [ 11U,(55U; Us + 63U, U3 + 54U3) — (20372U;
—6221U5Us — 6990U, U3 — 2520U3)8 4y + (92531U5 — 23100U,Us
—14844U2)52, —24(9397U, — 1475U5)83, + 25416057, |},
M4 10y = UrU2{7 [5973(U2 + UZ2) — 6248U5(U; + U,) | + 238194U, U,
—7[90834(U, + U,) — 27300U;] 8, + 124488052, } .
. leﬂ6 TZ T4
Time _ s _ 2 _ 4 _ 2048
Ca0s(T) = 364286400 [1 * 14405 7000+ 05 (05 = 00)" (05780 My (A-29)
400 Asmentioned above, C}3% and CJim¢ are identical respectively with C22% . and CJime

401 due to the same shortest paths of them.

Triangular lattice — The analytic results of triangular

8 T lattice that derived from the ME show as follows. The
402 i ' expressions of the nearest-neighbor correlation be-

tweem any two atoms in the triangle are identical. We

k
U X
! denote this model as h.
) Path Coupling Time
CR:l,trlanglo CR:Ltriangle CR:l,triangle R=1triangle

U U _ Uy U U 'S

(A.30)
403 where the contribution from the shortest path is
T°0*
Path _ h
CRil,triangle(T) - 288 M(6,4)’ (A.31)
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where

M(6 4) — [UI(U1_35an):|a

the one from the nearest-neighbor coupling is

TlOQ4

84
Couphng T°Q 2 2 4
R ltrlangle( ) 11520 [M(S 4) +Q M(B 4)] 2419200 [M(lo 4) —Q M(lO 6) —Q M(lO 8):|
(A.32)
where
_ 3 2 2 3
(8 o =|U1(U3 —6U25,, + 150,52, — 1852 )],
Mg ) = [4U1(U1 =98 45) ],
_ 4 3 252 3 4
(10 o = | U1(Uy = 36,,)(3UF —18U36 ., + 55U262, — 84U, 52, + 8562 ).,
_ 3 2 2 3
(10 o = [2U1(282U3 — 631025, + 126U, 62, + 6155, )],
M8y = [U1(337U1 +975845) ]
and one from the mutual effect of Hamiltonian at different times is
T8Q* T2
Ti _ 2 2
CRl—Hietrlangle( ) - _20736 [ 288 (5f 50) :| (5f - 50) M((, 4 (A.33)
Similarly, CP2h riangle 20d C gmllemangle are respectively identical with C?*™ and CT™¢ in the

nearest-neighbor correlations of square lattice due to the same shortest path.

(a) (b)

. x107t

Numerical
o C R=1,arm K

;Q\ 35 _AcNumcncal
\?

2,
D)

R=1,base
CR:l ,base

- CR 1,triangle

== Ul — 5

2 3 4
dy/2m[MHz|

Figure 9: The buildup of antiferromagnetic correlation on triangular lattice. (a)
Schematic descriptions of this lattice. (b) The nearest-neighbor correlations Cz_; as
the function of 6. The yellow dotted line with circle and the green dotted line with
triangle are produced by the numerical results. The blue solid line shows the analytic
result of the corresponding correlation functions on the local lattice geometry.

To verify the validity of ME for more complex structures, we examine the nearest-neighbor
AF correlation in the triangular lattice geometry, a prototype of frustrated magnetic systems
[see Fig.9 (a)]. Frustrated magnetic phenomena are macroscopic manifestations of many-
body physics, where the interplay of degenerate quantum states leads to macroscopic AF cor-
relations. Frustrated magnets can exhibit exotic phases of matter, such as spin liquids, in which
spins are disordered but remain in a liquid-like state due to strong quantum fluctuations, even
at absolute zero temperature. Spin liquids are promising candidates for quantum communica-
tion and computation due to their unique properties, including long-range entanglement and
fractional quantum excitations [35].
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Therefore, the study of frustrated magnets is critical for deepening our understanding of
fundamental physics and holds significant potential for the development of advanced mate-
rials and technologies. From our analytical calculations, we obtain identical expressions for
the nearest-neighbor correlation between any two atoms in the triangular lattice. Specifi-
cally, the terms from the shortest path and the mutual effects of the Hamiltonian at different

times are consistent with those in the 2 x n lattice. That is, Cgatil riangle = fgtshquare, and
¢ lime = lime Fig. 9 (b) shows that the ME results are in good agreement with the

R=1,triangle 10,square*
numerical calculations. Despite the complex evolution of degenerate quantum in the frus-

trated magnetic system, the ME still provides a quantitative description of the buildup of the
AF correlation. Furthermore, Cp—1 5y is approximately identical to Cr—1 pase, indicating that
the nearest-neighbor sites coupled to the triangle sites have a negligible effect on the buildup
of AF correlation.

B The self-consistency of Magnus expansion

As a controlled approximation scheme, the ME must satisfy fundamental physical constraints
at every truncation order and in the full resummation. A critical benchmark requires that
when interactions vanish (U = 0), all connected spin-spin correlations must strictly vanish
(Cgr(T) = 0). We analytically prove that within the ME framework, each individual expansion
order independently enforces Cz(T) = 0 at U = 0, thereby preserving this fundamental causal-
ity condition. Formally, the connected correlation function between the (0, 0) and (ka, Lb) sites
is defined as:

Cr(T)=L—-1L, (B.1)

where £ = (Y(T)Ing gyn |y (T)), and L = (y(T)|n o)y (T)) (4 (T)Ing 1y (T)).

We begin by considering only the Q-term in a two-site system, where the Hamiltonian is
H= 01 + 02 The term Q flips the spin state, such that the excited state |r) occurs only
when Q” w1th n € odd acts on the ground state |g). Using this, we derive £ as follows:

Z Z (iT)m (—iT)n (Q)m+n
@@l+1D)!(m=-21—1QU+1)(n=-2U—1)\ 2

m,n€even l l

/ /
< ()" (o) (03 T o)),

where o7 and o contributes identical magnitudes, which are independent of the site position.
So we can simplify £ into

e Z (lT)mzm (- lTr):Zn 1<(20x)m+">

m,n=2

Z (zT)m( lT)" ((Qo*)mm)
—L

m,n=2
Similarly, L is simplified as,
Z (IT)P (- lT)q GTY* (=iT)! {(Qo)rrakH)
k! Il 16 ’

p,q,k, =1

where p,q,k,l>1and p+q+k+I=m+n=N.
To confirm £ = L, we need to prove:

0 4 0 (_1)q+l
Z minl Z Iglk!l!” (B-2)

m,n=2 D,q,k,l=
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448 Expanding both sides, we find the left-hand side,

oo oo

Z 4 :i Z 4N 1 (2N+1 8)
m!n! NI m!(N—m)!  N! ’
m,n=2 m,n=2

420 and the right-hand side,

(—1)at ) . y n
; . P! Q'k!“:,z m'In,! 2)(26_2)_2 m’gno!(2 —2)(2" —2)
X o, =
— ; N—n, __ e o9y __ ; Nen, e
- Z (N _ne)!ne!(z 2 =2) ; (N—no)!nol(2 2)(2™—-2)
— ]Vi!(zN+l _8),

w0 wherem = p +k, n = q+ l,m' +n = N, n, € even,n, € odd. Thus, £ = L is verified for
451 U =0 at all expansion levels when only the Q-term is considered.

452 Next, we include the 6-term in the Hamiltonian, H = gaf + 02 6n; — 6n,. Since
453 [0,,n]# 0, H™ cannot be decomposed into grid-independent terms. However, for any super-
as4  position state |vp) = a|g) + b|r) where |a|? + |b|? = 1, we find (|[0, n]|})) = 0. Hence, the
455 Hamiltonian can be expressed as:

Q Q o0 [ Q m—I
Hm:(za’f+aa’2(—5n1—5n2) ZCTIH( 01—5n1) (§0§—6n2)
oo
! Q m
=ZL(—O‘X—5H) .
— [I{(m—0)'\ 2
=1
456 The corresponding two components of the correlation function can be written as:

Z(l”ﬂ( @@ -2((Ge o))

_ N UTY (HTY T (T K ! N
L_p%l p! ¢ kI (2 -2)2'-2)(2"~2)(2 2)<( 0—5n) >

457

458 Using a similar approach as in Eq. (B.2), the terms in £ and L can be expanded as:
L= Z —= (2m 2)(2"—2) = (2N+1 8),

450 and

L=>" lll—(21’—2)(2‘1—2)(2’<—2)(21—2)

qulp gkt
1 -1 H/ / ’ / /
=>> ) (2’“ —2P—2m—P+1)(2"—2‘1—2”—‘1+1)
—, 5= pl(m’' —p)q!(n’ —q)!
m ,n

_ Z(_l)n’4m —2x3M 42M 4" —2x 3" 421
N m'! n'!
_m(2N+1_8)'

ss0 Thus, we conclude that £ = L for U = 0, indicating the Cz(T) vanishes in every perturbative
a1 order due to the absence of interaction.
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