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Given a two-dimensional quantum lattice model with an abelian gauge theory interpretation, we

investigate a duality operation that amounts to gauging its invertible 1-form symmetry, followed by

gauging the resulting 0-form symmetry in a twisted way via a choice of discrete torsion. Using tensor

networks, we introduce explicit lattice realisations of the so-called condensation defects, which are

obtained by gauging the 1-form symmetry along submanifolds of spacetime, and employ the same

calculus to realise the duality operators. By leveraging these tensor network operators, we compute

the non-trivial interplay between symmetry-twisted boundary conditions and charge sectors under the

duality operation, enabling us to construct isometries relating the dual Hamiltonians. Whenever a

lattice gauge theory is left invariant under the duality operation, we explore the possibility of promot-

ing the self-duality to an internal symmetry. We argue that this results in a symmetry structure that

encodes the 2-representations of a 2-group.
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SECTION 1

Introduction

Given a quantum theory, a modern viewpoint identifies the existence of a collection of topological defects

as the definition of a global symmetry [GKSW14]. Aside from producing notions of symmetry that

go beyond the ordinary one—and its axiomatisation in terms of abstract groups—this viewpoint has

led to a calculus of symmetries that takes full advantage of well-established methods from topological

quantum field theory [FMT22]. In particular, this calculus greatly facilitates the gauging of finite

symmetries and the study of the consequences of such an operation, both in the continuum [BT17,

GK20, ABGE`21, KOZ22, DLWW23, CJ24] and in the discrete [LDOV21, MMT22, DT23, BBSNT24].

In this manuscript, we are interested in two-dimensional quantum lattice models that result from

gauging an ordinary finite abelian 0-form symmetry. These are defined on a constrained Hilbert space

of states satisfying magnetic Gauß constraints. As such, these can be interpreted as abelian lattice

gauge theories. It is well established that theories obtained in this way can be coupled to topological

lines labelled by the Pontrjagin dual of the initial abelian group, which define a 1-form symmetry. But,

it was recently understood that in addition to these topological lines, such theories also host topological

surfaces referred to as condensation defects [RSS22, LRS22], which have the peculiarity of being

typically non-invertible as linear maps on the constrained Hilbert space [CCH`22, DT23, CSSZ24].

The resulting complete symmetry structure is axiomatised in terms of a higher mathematical structure

encoding the so-called 2-representations of the group [Del21, DT23, BBSNT22, BSNW22, BBFP22].

Given a (2+1)d abelian lattice gauge theory, we consider an operation that amounts to ungauging

its original 0-form symmetry, before gauging it back in a twisted way via a choice of discrete torsion,

which is classified by the third cohomology of the group. The (untwisted) gauging operation alone is in-

timately related to the celebrated Kramers–Wannier transformation [KW41, Weg71], which is known

to be a non-invertible operation on a fixed Hilbert space. Indeed, assuming closed periodic bound-

ary conditions, gauging projects both theories onto the singlet sectors of their respective symmetries.

Therefore, turning the Kramers–Wannier transformation into a duality requires addressing the non-

trivial interplay between closed boundary conditions and charge sectors. An isometry acting on the

resulting total Hilbert space that relate the spectra of the dual models can then be found by promoting

the choice of boundary condition to a dynamical degree of freedom [LTL`20, MMT22, LDV22, SSS24].

Calculating the mapping of topological sectors under the combination of untwisted and twisted gaug-

ings described above is the main objective of this work.

One merit of the dualities investigated in this manuscript is the ability to define them in any

spacetime dimension. More precisely, one can apply the same strategy to any quantum theory that

results from gauging the finite invertible 0-form symmetry of another theory. For instance, it was

demonstrated in ref. [LDOV21] that in (1+1)d the so-called Kennedy–Tasaki transformation was

precisely of this type [KT92, Osh92]. Another attractive trait of these dualities is that they preserve

the symmetry structure. This is especially relevant in (2+1)d where most gauging procedures are

found to modify the symmetry structure. As a matter of fact, it was conjectured in ref. [DT23]

that most non-trivial dualities in (2+1)d sharing this feature are of the type investigated in this

manuscript, later corroborated in ref. [DY23]. Since the symmetry structure is preserved under the

duality, one can ask for models that are left invariant under the transformation. Whenever this is

the case, one can further ask to promote the resulting self-duality to an internal symmetry, which

mathematically amounts to performing a group extension of the corresponding symmetry structure

[TY98, ENO10, Dé24]. In (2+1)d, we argue that this results into the emergence of lattice higher
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Sec. 2 — (1+1)d Sec. 3 — (2+1)d

Discrete torsion rψs P H2pG,Up1qq rλs P H3pG,Up1qq

Symmetry structure ReppGq » ModpCrGsq 2ReppGq » ModpVecGq

Duality operators π P RepψpGq MpA, ϕq P 2RepλpGq

Topological sectors pg, ηq P Gˆ pG pg1, g2, ηq P GˆGˆ pG

Permutation sectors pg, ηq ÞÑ pg, tgpψq ηq pg1, g2, ηq ÞÑ pg1, g2, t
2
g1,g2pλq ηq

Table 1. Summary of the main results. We consider a duality operation in (1+1)d and (2+1)d that amounts

to gauging a 0-form and 1-form ReppGq symmetry, respectively, followed by a twisted gauging of the resulting

dual invertible 0-form symmetry. Both in (1+1)d and (2+1)d, the symmetry structures are the same on both

sides of the duality.

gauge theories [BH10, KT13, BCK`17, DT18, DT19, BD19, ZLW19] whose symmetry operators are

organised into higher mathematical structures encoding the 2-representations of 2-groups.

Concretely, given a finite symmetry acting on a one-dimensional quantum lattice model, a frame-

work was developed in ref. [LDOV21] in order to systematically gauge any of its subsymmetries,

effectively realising the approach of ref. [FFRS09, BT17] in the discrete. This framework relies on

a generalisation of the anyonic chain construction [FTL`06, GAT`13, BG17], which, in addition

to clearly distinguishing an abstract symmetry from its explicit realisation in a physical system,

makes tube algebra techniques [Ocn94, Ocn01] amenable to the computation of topological sectors

[AFM20, LOST22, LDV22]. In this formulation, the action of a finite symmetry, which is encoded into

a so-called fusion category [ENO10], requires in particular a choice of module category [EGNO16]. Two

physical systems that only differ in such a choice of module category are related by some gauging proce-

dure. Then, the type of duality considered in the present manuscript relates two physical systems that

differ in a choice of module category that is equivalent to the category of complex vector spaces. A gen-

eralisation of this framework to (2+1)d was initiated in ref. [DT23]. In this higher-dimensional context,

the action of a finite symmetry, which is now encoded into a so-called fusion 2-category [DR18, GJF19],

requires in particular a choice of module 2-category [Dé21, Del21, Dé23, DY23]. The type of duality we

are interested in then relates two abelian lattice gauge theories that only differ in a choice of module

2-category that is equivalent to the 2-category of 2-vector spaces. A general strategy to realise on the

lattice the various symmetry operators evoked above was presented in ref. [DT23, IO23]. Following

ref. [LDV22], the same strategy can be employed to compute the lattice operators that transmute

the dual Hamiltonians onto one another. Here, we realise these various operators very explicitly in

the form of tensor network operators using the calculus outlined in ref. [Del21], partially extending

to higher dimensions the results of ref. [BAV09, SCPG10, cWB`14, WBV17, LFH`21]. Using these

operators, we are then able to compute the mapping of topological sectors under the dualities. In

Table 1, we have summarised the symmetry structures, dualities and permutation of the topological

sectors under scrutiny in this manuscript, as a guide to the reader.

Organisation of the manuscript: We begin by reviewing in sec. 2 the one-dimensional scenario.

After introducing a tensor network operator implementing the duality that amounts to the gauging of

the abelian invertible symmetry followed by the twisted gauging of the dual symmetry, we derive the

interplay between symmetry-twisted boundary conditions and charge sectors. This section is concluded

by exploring concrete examples. In sec. 3, we begin by introducing families of two-dimensional quantum

lattice models with a lattice gauge theory interpretation. We then unpack the symmetry encoded into
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the fusion 2-category of 2-representations of the gauge group, realising in particular the condensation

defects in the form of tensor networks. We then employ the same calculus to realise the duality

operator, which we leverage to compute the permutation of topological sectors under the duality.

Finally, we discuss lifting the self-duality to a genuine internal symmetry through the lens of a simple

theory built from the so-called toric code and the double semion model.

Acknowledgements: The authors are grateful to Laurens Lootens for collaboration at an early stage

of this work, and Frank Verstraete for inspiring discussions. This work has received funding from the

Research Foundation Flanders (FWO) through doctoral fellowship No. 11O2423N awarded to BVDC.
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SECTION 2

Twisted gauging of (1+1)d spin chains

Given an arbitrary one-dimensional quantum lattice model with an abelian invertible symmetry, we

review the non-trivial interplay between closed symmetry-twisted boundary conditions and charge sec-

tors under dualities that amount to the (untwisted) gauging of the symmetry, followed by the twisted

gauging of the dual symmetry. Given pairs of compatible boundary conditions and charge sectors, the

unitary operators relating the spectra of dual Hamiltonians are explicitly constructed in the form of

tensor network operators.

2.1 Symmetric Hamiltonians and closed symmetry-twisted boundary conditions

Let G be a finite abelian group G and ψ a normalised representative 2-cocycle of a cohomology class

rψs in H2pG,Up1qq. We begin by constructing a family of Hamiltonians on a closed one-dimensional

lattice that commutes with symmetry operators labelled by characters in the Pontrjagin dual pG “

HompG,Up1qq of G. Given a closed one-dimensional lattice, we denote the sets of vertices and oriented

edges by V and E, respectively. Notice that |V| “ |E|. Choosing a total ordering of the vertices induces

an orientation of the edges. For any edge e P E we write its source and target vertex as B´e and

B`e, respectively, so that we identify e ” pB´e B`eq. Throughout this section, we assume without

loss of generality that all the edges share the same orientation. To every edge, we assign a copy of

CrGs “ SpanCt|gy | g P Gu, with xg1|g2y “ δg1,g2 , so that the microscopic Hilbert space of the model

is given by
Â

ePE CrGs. Given a function g : E Ñ G, we notate via |gy “
Â

ePE |gpeqy the function g

regarded as a basis element of the microscopic Hilbert space. Moreover, for every vertex v P V, we

introduce a function xv : V Ñ G such that xvpv1q “ 1, whenever v1 ‰ v. The set of such functions is

naturally isomorphic to G.1 Finally, to every v P V, we assign the local operators

hψv,n :“
ÿ

g,xv

hnpg, xvqψpg, xvq |gdxvyxg| , (2.1)

wherein n is some label, hnpg, xvq are complex coefficients, gdxv : E Ñ G is the function such that

pgdxvqpeq :“

$

&

%

xvpvqgpeq if e ” pv v2q

gpeqxvpvq´1 if e ” pv1vq

gpeq otherwise

, (2.2)

and ψpg, xvq is the phase factor

ψpg, xvq :“
ψ

`

gpv1vqxvpvq´1, xvpvq
˘

ψpxvpvq, g
`

v v2q
˘ , (2.3)

where v1 ă v ă v2, so that pv1vq and pv v2q are the edges whose target and source vertices are v,

respectively.

For any possible choice of complex coefficients hnpg, xvq, for every g : E Ñ G and xv : V Ñ G, and

cohomology class rψs, it follows from the defining property of group characters that local operators

(2.1) commute with (0-form) symmetry operators of the form

Uχ :“
ÿ

g

ˆ

ź

ePE

χ
`

gpeq
˘

˙

|gyxg| , (2.4)

1Note that by summing over xv, we are summing over all possible values in G such a function can assign to v. Although

this notation may seem excessive at this point, we introduce it here in preparation for the higher-dimensional study.
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for any χ P pG. From pχ1 b χ2qpgq “ χ1pgqχ2pgq we readily infer that the symmetry operators

compose according to Uχ1 ˝ Uχ2 “ Uχ1bχ2 . Although it is somewhat superfluous for an abelian group,

we can state that symmetry operators are organised into the fusion (1-)category ReppGq of (finite-

dimensional complex) representations of G. Finally, we construct arbitrary pG-symmetric models as

Hψ “
ř

vPV

ř

n hψv,n. Notice that we restricted to local operators acting on nearest neighbours for

simplicity but nothing prevents us from defining local operators acting on additional sites.

Up until this point we have implicitly assumed periodic boundary conditions. Symmetry-twisted closed

boundary conditions are then obtained by inserting symmetry twists, which—in contrast to symmetry

operators that extend over the whole space—are localised at one spatial point and extend in the time

direction. The resulting symmetry-twisted boundary conditions preserve the translation invariance of

the system, in the sense that there is an isomorphism between Hilbert spaces obtained by moving the

defect by one site [AFM20, LDV22, LOST22, Sei23]. More specifically, we promote symmetry-twisted

boundary conditions to genuine physical degrees of freedom by tensoring the microscopic Hilbert space

SpanCt|gy | g : E Ñ Gu with a copy of Cr pGs associated with a vertex conventionally denoted by v0.

Fixing the boundary condition to be that labelled by η P pG then amounts to setting the Cr pGs degree of

freedom to |ηy, and we denote the resulting kinematical Hilbert space by Hη. Local operators across

the symmetry defect labelled by η P pG are acted upon by the symmetry action as follows:

hψ,ηv0,n :“
ÿ

g,xv0

hnpg, xv0qψpg, xv0q ηpxv0q |g dxv0yxg| , (2.5)

with ηpxv0q ” ηpxv0pv0qq. The Hamiltonian in the presence of this symmetry twist hence reads

Hψ,η :“
ÿ

vPV
v‰v0

ÿ

n

hψv,n `
ÿ

n

hψ,ηv0,n . (2.6)

In order to accommodate the presence of a symmetry twist labelled by η P pG, the symmetry operators

(2.4) need to be modified as follows:

Uχη :“
ÿ

g

ˆ

ź

ePE

χ
`

gpeq
˘

˙

|gyxg| b |ηyxη| . (2.7)

Again, it readily follows from the defining property of group characters that rhψ,ηv0,n,U
χ
η s “ 0. Given

a choice of symmetry-twisted closed boundary condition η P pG, it follows from the pG-symmetry that

a Hamiltonian Hψ,η decomposes into charge sectors labelled by group elements g P G corresponding

to the holonomy of g around the spatial manifold. Pairs pg, ηq P G ˆ pG label the (simple) topological

sectors of the theory that decompose the action of the algebra of operators (2.7) onto the microscopic

Hilbert space. The projector onto the topological sector pg, ηq is then given by
ř

χP pG χ
_pgq Uχη , where

χ_ denotes the complex conjugate character of χ and where we are using the fact
ÿ

χP pG

χ_pgq
ź

ePE

χ
`

gpeq
˘

“
ÿ

χP pG

χ_pgqχ
`

holpgq
˘

“ δg,holpgq , (2.8)

with holpgq :“
ś

ePE gpeq.

2.2 Duality operators

Given a finite abelian group G, we constructed in sec. 2.1 families of one-dimensional quantum lattice

models with ReppGq symmetry, which are parameterised by normalised representatives ψ of a coho-

mology class rψs in H2pG,Up1qq as well as sets of complex coefficients thnun. We claim that models
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constructed in this way that only differ in the choice of cohomology class rψs are dual to one another.

One way to confirm this statement would be to verify that (von Neumann) algebras of local operators

generated by the Hamiltonian terms are isomorphic, which follows from the 2-cocycle condition of ψ.

Another possibility is to explicitly compute the lattice operators transmuting Hamiltonians associated

with distinct choices of rψs onto one another. Without loss of generality, let us focus on the relation

between Hamiltonian models Hψ and H with and without non-trivial 2-cocycle. We know from the

results of ref. [LDOV21] that operators transmuting local symmetric operators of two Hamiltonians

that only differ in such a choice of 2-cocycle ψ onto one another are labelled by projective representa-

tions of G with Schur’s multiplier ψ. Formally, this is the statement that these operators are encoded

into the category RepψpGq of ψ-projective representations of G.

Let us verify this statement explicitly. To this end, let π denote the representative of an isomor-

phism class of simple objects in RepψpGq. The operator transmuting the Hamiltonian H into Hψ with

periodic boundary conditions explicitly reads

Dπ :“
ÿ

g

tr

ˆ

ź

ePE

π
`

gpeq
˘

˙

|gyxg| , (2.9)

where the product over edges e P E is ordered. The operator Dπ acts diagonally in the computational

basis. We claim that Dπ transmutes H into Hψ, i.e., Dπ ˝ H “ Hψ ˝ Dπ. Indeed letting v P V and

xv : V Ñ G such that xvpv1q “ 1, whenever v1 ‰ v, it follows from the definition of a projective

representation that

π
`

pgdxvqpv1vq
˘

“ π
`

gpv1vqxvpvq´1
˘

“
1

ψ
`

gpv1vq, xvpvq´1
˘ π

`

gpv1vq
˘

πpxvpvq´1q ,

π
`

pg dxvqpv v2q
˘

“ π
`

xvpvqgpv v2q
˘

“
1

ψ
`

xvpvq, gpv v2q
˘ πpxvpvqqπ

`

gpv v2q
˘

.

(2.10)

Bringing everything together, one obtains
ź

pv1v2q

π
`

pgdxvqpv1v2q
˘

“ ψpg, xvq ¨
ź

pv1v2q

π
`

gpv1v2q
˘

, (2.11)

where ψpg, xvq was defined in eq. (2.3). This guarantees that Dπ ˝ H “ Hψ ˝ Dπ, as desired. Notice how

this operation only depends on ψ and not the specific choice of simple object in RepψpGq.

Before proceeding further, let us introduce a tensor network representation of the duality operator

(2.9). Given the tensor

π ”
ÿ

g1,g2PG

dimC π
ÿ

i1,i2“1

i2i1

g2

g1

π |g2yxg1| b |i1yxi2| ”
ÿ

gPG
i1,i2

πpgqi1i2 |gyxg| b |i1yxi2| , (2.12)

one can realise the duality operator Dπ with periodic boundary conditions as a tensor network of the

form

Dπ ” ππ ππ ππ , (2.13)

where opposite indices in the horizontal direction are contracted so as to implement periodic boundary

conditions. Restricting to the charge sector labelled by g P G, it follows from the defining property of
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the projective representation π that the duality operator explicitly depends on the complex number

trπpgq “ trπ
`

holpgq
˘

. Indeed, repeatedly using the defining property of ψ-projective representation

π one finds

Dπ “
ÿ

g

ψ
`

gpv1v2q, gpv2v3q
˘

ψ
`

gpv1v2qgpv2v3q, gpv3v4q
˘

¨ ¨ ¨

¨ ¨ ¨ψ
`

gpv1v2qgpv2v3q ¨ ¨ ¨ gpv|V|´1v|V|q, gpv|V|v1q
˘

trπ
`

holpgq
˘

|gyxg| ,
(2.14)

where v1 ă v2 ă ¨ ¨ ¨ ă v|V|. Graphically, this follows from

π π “
ÿ

g1,g2PG

π

g1 g2

g1 g2

ψ

1

, (2.15)

where we introduced the tensors

ψ
”

ÿ

g1,g2,g3PG

g2g1

g3

ψ
|g1, g2yxg3| ”

ÿ

g1,g2PG

ψpg1, g2q |g1, g2yxg1g2| ,

ψ
”

ÿ

g1,g2,g3PG
g2g1

g3

ψ
|g3yxg1, g2| ”

ÿ

g1,g2PG

1

ψpg1, g2q
|g1g2yxg1, g2| ,

(2.16)

for any normalised representative ψ of rψs P H2pG,Up1qq. Besides, we can intuitively infer from this

graphical identity that duality operators transmuting Hamiltonians Hψ
1

into Hψ would be labelled by

simple objects in Repψ{ψ1

pGq.

The duality operator acting diagonally in the computational basis, any charge sector g P G is

preserved as we transmute H into Hψ. But, notice that

trπpgq “ trπpgxx´1q “
ψpg, xq

ψpx, gq
trπpgq , (2.17)

for all x P G. This implies that the duality operator forces both H and Hψ onto charge sectors g P G

for which ψpg,´q

ψp´,gq
“ 1. This follows from the fact that we are implicitly assuming periodic boundary

conditions for both models. Accessing other charge sectors requires modifying the duality operator,

which in turn forces one of the models to have a different symmetry-twisted boundary condition. This

is the statement that topological sectors are not mapped identically under the duality. We compute

the corresponding permutation of topological sectors in the following.

2.3 Permutation of topological sectors and non-invertibility

In order to lift the duality operator Dπ to a unitary transformation, we need to characterise the

interplay between symmetry-twisted closed boundary conditions and charge sectors. First, we need

to modify the duality operator so as to accommodate the presence of a symmetry twist. Let π be a

(unitary) irreducible ψ-projective representation and χ P pG. Naturally, the tensor product χ b π is
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isomorphic to a ψ-projective representation π̃ of the same dimension as π via an intertwining unitary

map
”

χ π π̃

1 ´ ´

ı

P HomRepψpGqpχb π, π̃q (2.18)

satisfying

pχb πqpgqi1i2 “
ÿ

i3,i4

”

χ π π̃

1 i1 i3

ı˚

π̃pgqi3i4

”

χ π π̃

1 i2 i4

ı

. (2.19)

A similar definition holds for π b χ. From these intertwining maps, we construct the following tensor

η1

η2

”
ÿ

i1,i2

i2i1

η1

η2

|η2yxη1| b |i1yxi2| ”
ÿ

i1,i2,i3

”

π η2 π̃

i1 1 i3

ı˚”

η1 π π̃

1 i2 i3

ı

|η2yxη1| b |i1yxi2| ,

(2.20)

for any η1, η2 P pG, out of which we construct the duality operator Dπη1Ñη2 : Hη1 Ñ Hη2 depicted as

Dπη1Ñη2 ”

η1

η2

ππ ππ ππ . (2.21)

By definition of the map (2.18) implementing an isomorphism of projective representations, the rank

4 tensor (2.20) satisfies the following invariance property:

η1

η2

x

x

“

η1

η2

x

x

, (2.22)

for all x P G, where we introduced the matrices

x ”
ÿ

ηP pG

η

η

x |ηyxη| ”
ÿ

ηP pG

ηpxq |ηyxη| , x ”

dimC π
ÿ

i1,i2“1

i1

i2

x |i1yxi2| ”

dimC π
ÿ

i1,i2“1

πpxqi1i2 |i1yxi2| . (2.23)

It follows from eq. (2.10) in combination with the invariance property (2.22) that Dπη1Ñη2 ˝ H1,η1 “

Hψ,η2 ˝ Dπη1Ñη2 . As suggested above, such a duality operator mapping boundary condition η1 P pG onto

η2 P pG puts some constraints on the charge sectors allowed, which must be the same on both side of

the duality. Conversely, a choice of boundary condition η1 P pG and charge sector g P G, fully specifies

the boundary condition η2 P pG. Concretely, invoking eq. (2.14), one can consider the duality operator

effectively acting on a single site whose degree of freedom is labelled by the charge sector g, which

combined with the invariance property (2.22) and πpxqπpgq “
ψpx,gq

ψpg,xq
πpgqπpxq results for every x P G
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in

η1

η2

x

g

π “ tgpψqpxq

η1

η2

x

g

π , (2.24)

where in the spirit of eq. (2.15), the diagrams should here be interpreted as tensor networks whose

opposite indices in the horizontal direction are contracted so as to impose periodic boundary conditions.

Here, we have made use of tg : Z
2pG,Up1qq Ñ Z1pG,Up1qq defined according to

tgpψqpxq :“
ψpx, gq

ψpg, xq
, (2.25)

for all x, g P G [Wil05]. Since the previous derivation holds for any x P G, we find that the boundary

condition η2 is related to η1 via

η2
!

“ tgpψq η1 . (2.26)

Putting everything together, upon our duality operation, the group of topological sectors undergo the

following automorphism in AutpGˆ pGq [NR14]:

pg, ηq ÞÑ pg, ηψg q with ηψg :“ tgpψq η . (2.27)

In particular, it follows from the normalisation of ψ that in the singlet sector g “ 1 the boundary

condition is always preserved.

Before considering some examples, let us comment on the non-invertibility of the duality operations

studied in this section. We already noticed that fixing periodic boundary conditions on both sides of

the duality, the operator Dπ1Ñ1 projects onto certain charge sectors, and as such it is non-invertible.

Nevertheless, restricting to such a sector, acting with the corresponding projector on Dπ ” Dπ1Ñ1 pro-

duces the unitary map relating the spectra of the dual Hamiltonians. More generally, given compatible

sectors as per eq. (2.27), projecting the duality operator performing the mapping η ÞÑ ηψg onto the

charge sector g P G produces a unitary map. More specifically about the non-invertibility, instead of

transmuting H into Hψ, we can transmute Hψ into H via a duality operator labelled by a projective

representation in Rep1{ψ
pGq. Given a projective representation π with Schur’s multiplier ψ, its con-

tragredient representation π_ is a projective representation with Schur’s multiplier 1{ψ. Indeed, π_ is

defined as π_pgq :“ ppπpgq´1q_ : V _ Ñ V _q, where πpgq_ is the transpose of πpgq and V _ :“ HompV,Cq.

It follows from πpgq´1 “ 1
ψpg,g´1q

πpg´1q that

π_pg1qπ_pg2q “
1

ψpg1, g2q
π_pg1g2q , (2.28)

for all g1, g2 P G, as expected. In particular, we have that π_bπ is a linear representation of G, where

b is the usual tensor product, and thus labels a symmetry operator of H. Defining duality operators

Dπ
_

η2Ñη1 in the same vein as Dπη1Ñη2 , it is clear for instance that Dπ
_

η2Ñη1 ˝ Dπη1Ñη2 “ Dπ
_

bπ
η1Ñη1 does not

act as the trivial symmetry operator in general. Nevertheless, it is possible to find a combination

of duality operators that boils down to the trivial symmetry operator. For every η P pG such that

π b η – π, consider for instance duality operators Dπ1Ñη. But,

dimC HomRepψpGqpπ b η, πq “ dimC HomReppGqpη, π_b πq ď 1 , (2.29)
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for every η P pG. In particular, characters in pGπ :“ tη P pG |dimC HomReppGqpη, π_ b πq “ 1u form a

subgroup of pG such that | pGπ| “ pdimC πq2. It follows from the unitarity of the intertwining map

”

π_ π ´

´ ´ 1

ı

P HomReppGq

`

π_b π,
à

ηP pGπ

η
˘

(2.30)

that the operator
ř

ηP pGπ Dπ
_

ηÑ1 ˝ Dπ1Ñη does act like the trivial symmetry operator on the microscopic

Hilbert space associated with periodic boundary conditions.

2.4 Examples

Let us illustrate our formalism by specialising to the group G “ Zp ˆ Zp, with p prime. We begin

by introducing some notations: Throughout this part, we denote group elements of Zp ˆ Zp by g ”

pgp1q, gp2qq where gp1q, gp2q P t0, 1, . . . , p ´ 1u and we define the multiplication rule of Zp as addition

modulo p. Introducing the primitive pth root of unity ωppq :“ expp 2πi
p q, a normalised representative

2-cocycle ψ generating the second cohomology group H2pZp ˆ Zp,Up1qq – Zp is given by2

ψpg1, g2q :“ pωppqqg
p2q

1 g
p1q

2 . (2.31)

It turns out that for any cohomology class in H2pZp ˆ Zp,Up1qq, there is exactly one irreducible

projective representation, up to equivalence, which is of dimension p [Che15]. In other words, the

category RepψpZp ˆ Zpq admits one isomorphism class of simple objects. Given the generalised Pauli

matrices

Xppq :“
p´1
ÿ

g“0

|g ` 1yxg| and Zppq :“
p´1
ÿ

g“0

pωppqqg|gyxg| , (2.32)

which satisfy the commutation relation ZppqXppq “ ωppqXppqZppq, the projective representation πk
associated with the cocycle ψkpg1, g2q with k “ 0, . . . , p´ 1 explicitly reads

πkpgq :“ pXppqqg
p1q

pZppqqkg
p2q

, (2.33)

for all g ” pgp1q, gp2qq P ZpˆZp. Indeed, one can readily check that πkpg1qπkpg2q “ pωppqqkg
p2q

1 g
p1q

2 πkpg1`

g2q. Elements of the character group of Zp ˆ Zp are denoted by χl ” χplp1q,lp2qq with lp1q, lp2q P

t0, 1, . . . , p´ 1u and are defined via

χl : g ÞÑ pωppqqg
p1qlp1q

`gp2qlp2q

. (2.34)

The tensor product of two characters simply reads

χl1 b χl2 – χ
pl

p1q

1 `l
p1q

2 ,l
p2q

1 `l
p2q

2 q
, (2.35)

where the sums are again modulo p. Finally, bases of intertwiners realising the isomorphisms χlbπk
„

ÝÑ

πk and πk b χl
„

ÝÑ πk are provided by coefficients

”

πk χl πk
i1 1 i2

ı

“

”

χl πk πk
1 i1 i2

ı

“
“

pXppqqmpZppqq´lp1q ‰

i2i1
, (2.36)

for all k, lp1q, lp2q P t0, . . . , p ´ 1u and i1, i2 P t1, . . . , pu, where m is a solution of mk “ lp2q (mod

p), which is guaranteed to exist since p is prime. Let us confirm the mapping (2.27) of topological

2In defining ψpg1, g2q, we are implicitly promoting Zp to the corresponding Galois field Fp.
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sectors using the explicit formula (2.36) for the intertwiners. For concreteness, let us assume periodic

boundary conditions for the Hamiltonian H. Given the charge sector g P Zp ˆ Zp, let us compute

the dual symmetry-twisted boundary condition for the Hamiltonian Hψ
k

. We find that the duality

operator explicitly depends on the complex number

tr
“

pZppqql
p1q

pXppqq´mpXppqqg
p1q

pZppqqkg
p2q ‰

“ tr
“

pXppqqg
p1q

´mpZppqqkg
p2q

`lp1q ‰

, (2.37)

where mk “ lp2q (mod p). But, since p is prime, this factor is non-vanishing if and only if m “ gp1q

and lp1q “ ´kgp2q (mod p). This indicates that the boundary condition of the dual theory must be

provided by the character

g ÞÑ pωppqq´gp1qkgp2q
`gp2qgp1qk , (2.38)

which indeed coincides with ψkp´, gq{ψkpg,´q.

It is instructive to further specialise to the case p “ 2. Let us consider a representative of the gapped

phase where the xZ2 ˆ xZ2 is spontaneously broken in the ground state subspace for periodic boundary

conditions. To make contact with the literature, we think of the edges of the lattice as the sites of a

chain of length |E|, which we enumerate i “ 1, . . . , |E|. The microscopic Hilbert space is then given by
Â|E|

i“1 CrZ2 ˆ Z2s and the Hamiltonian encodes a pure ferromagnet:

H “ ´

|E|
ÿ

i“1

“

pXIqipXIqi`1 ` pIXqipIXqi`1

‰

, (2.39)

where X ” Xp2q is the usual Pauli matrix. In the notation of eq. (2.1), this is the Hamiltonian

H “
ř

v hv,1 obtained by choosing non-vanishing coefficients h1pg, xvq “ ´1 for any g : E Ñ G and xv
such that xvpvq ” p1, 0q or p0, 1q. Replacing the implicit trivial 2-cocycle in H2pZ2 ˆ Z2,Up1qq – Z2

by the normalised representative ψ : pg1, g2q ÞÑ p´1qg
p2q

1 g
p1q

2 in the unique non-trivial class yields the

dual model

Hψ “ ´

|E|
ÿ

i“1

“

pXZqipXIqi`1 ` pIXqipZXqi`1

‰

, (2.40)

which we recognise as the (1+1)d cluster state model [BR01]. This model is the stable renormalisation

group fixed point of the non-trivial xZ2 ˆ xZ2 symmetry protected topological (SPT) phase. Within this

context, the duality operator Dπ implements the celebrated Kennedy–Tasaki duality transformation,

which was first introduced in [KT92] as a means to elucidate the Haldane phase of the antiferromagnetic

spin-1 Heisenberg XXZ model.3 We count four charge sectors and four boundary conditions that

amount to imposing periodic/antiperiodic boundary conditions with respect to each copy of Z2. The

mapping of the 16 topological sectors given by eq. 2.27 coincides with that obtained in ref. [LOZ23a].4

As another application of our formalism, let us determine the fate of the xZ2 ˆ xZ2 ferromagnetic

order parameters under the duality. The symmetric ferromagnetic order parameter acting on the first

3The fact that the duality as formulated in this manuscript coincides with the Kennedy–Tasaki duality in the context

of the spin-1 Heisenberg XXZ model was demonstrated in ref. [LDOV21].
4Note that we can add to the Hamiltonian H symmetric terms of the form ´

ř

ipZIqi. The resulting model would

describe a symmetry-breaking ferromagnetic interaction supported on the second copy of Z2 and a decoupled critical

transverse-field Ising chain supported on the first copy of Z2. The corresponding dual Hamiltonian would then be

given by Hψ ´
ř

ipZIqi. An effective model describing the low-energy physics of this Hamiltonian was first examined in

ref. [SPV17] and was termed a gapless SPT phase. In ref. [LOZ23b], this and other gapless SPT phases were constructed

by making use of the Kennedy–Tasaki duality. It is plausible that our approach would facilitate the construction of

other examples of gapless SPT phases as well as the study of their properties.
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Z2 component on sites i ă j away from the boundary condition reads pXIqipXIqj. The duality operator

Dπ transmutes this local order parameter into the string order parameter pXZqi
`

śj´1
k“i`1pIZqk

˘

pXIqj,
where the product is over all sites between i and j. One proceeds similarly for the second Z2 component.

Graphically, the mapping simply follows from

g

x xπ “
ψpg, xq

ψpx, gq

g

π , (2.41)

as well as the symmetry

g

x

π “ ψpg, xq

g

x

xπ “ ψpx, gq

g

x

x π with x ”
ÿ

gPZ2

|gyxg ` x| , (2.42)

for any x P Z2 ˆ Z2.

2.5 Category theoretic underpinnings

In preparation for the following section, let us delve a little bit into the mathematical formalism

underlying the results presented above, following the approach of ref. [LDOV21, LDV22, LDWV23].

Consider a one-dimensional quantum lattice model with a non-anomalous abelian symmetry group

G. In modern parlance, the model is said to admit topological lines valued in G [GKSW14]. The

requirement that we should be able to construct junctions (in spacetime) of such topological lines

invites us to promote the group G to a higher mathematical structure [BT17], namely the fusion

category VecG of G-graded vector spaces. In particular, simple objects in VecG are one-dimensional

vector spaces Cg, for every g P G, such that pCg1qg2 “ δg1,g2C, HomVecGpCg1 ,Cg2q – δg1,g2C and

Cg1 b Cg2 “ Cg1g2 . Moreover, the monoidal associator evaluates to the identity so that 1Cg1g2g3
:

pCg1 b Cg2q b Cg3
„

ÝÑ Cg1 b pCg2 b Cg3q. Given a non-anomalous symmetry G—or rather, a symmetry

VecG—it is always possible to gauge a subsymmetry A, where A is a subgroup of G. There are several

ways to perform such a gauging, classified by the second cohomology group H2pA,Up1qq. Whenever

the whole symmetry is gauged, the resulting theory possesses a ReppGq-symmetry, i.e., a symmetry

whose operators are labelled by representations of the group G and compose according to the tensor

product of representations. Since the group G is assumed to be abelian, we further have the equivalence

ReppGq » Vec
pG.

Mathematically, a pair pA,ψq consisting of a subgroup A Ď G and a normalised representative

ψ of a cohomology rψs P H2pA,Up1qq specifies a so-called (finite semisimple indecomposable) module

category over VecG [Ost02]. Let MpA,ψq be the category whose simple objects are one-dimensional

vector spaces CrA, for every rA P G{A, equipped with the (left) VecG-module structure provided by

the G-action of left cosets in G{A, i.e. Cg � CrA :“ Cg�rA “ CpgrqA, and module associator α�
ψ

specified by isomorphisms

α�
ψ pg1, g2qprAq ¨ 1Cpg1g2q�rA : pCg1 b Cg2q � CrA

„
ÝÑ Cg1 � pCg2 � CrAq , (2.43)

for every g1, g2 P G and rA P G{A. The 2-cochain α�
ψ P C2pG,FunpG{A,Up1qqq is defined in terms of

the 2-cocycle ψ via

α�
ψ pg1, g2qprAq :“ ψpag1,g2�rA, ag2,rAq , (2.44)
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where given g P G and rA, sA P G{A such that g � rA “ sA, ag,rA is the unique group element in

A satisfying g “ s ag,rA r
´1. It follows from the 2-cocycle condition satisfied by ψ and the property

ag1,g2�rA ag2,rA “ ag1g2,rA, for every g1, g2 P G and rA P G{A, that

α�
ψ pg2, g3qprAqα�

ψ pg1, g2g3qprAq

α�
ψ pg1g2, g3qprAqα�

ψ pg1, g2qpg3 � rAq
“ 1 , (2.45)

for every g1, g2, g3 P G and rA P G{A. Identity (2.45) guarantees the so-called pentagon axiom of

MpA,ψq.

Performing the ψ-twisted gauging of the symmetry G amounts to picking the VecG-module cat-

egory MpG,ψq ” Vecψ, which is equivalent to Vec as a category but whose VecG-module structure

depends on ψ. The symmetry structure of the theory resulting from the ψ-twisted gauging of the sub-

symmetry A is provided by the fusion category pVecGq
_

MpA,ψq :“ FunVecGpMpA,ψq,MpA,ψqq defined

as the category of VecG-module functors from MpA,ψq to itself, with fusion structure provided by

the composition of VecG-module functors [EGNO16]. In particular, we have pVecGq
_

Vecψ » ReppGq, for

any rψs P H2pG,Up1qq, as expected.

We can think of the pG-symmetric models defined in sec. 2.1 as resulting from the ψ-twisted gauging

of G-symmetric models. Therefore, two models with Hamiltonians H and Hψ—only differing in a

choice of 2-cocycle ψ—are associated with the VecG-module categories Vec and Vecψ, respectively.

This can be made very explicit employing the formalism of ref. [LDOV21, LDV22], from which it

also follows that a duality operator transmuting H into Hψ is associated with a simple object in

FunVecGpVec,Vecψq » RepψpGq, as expected. For future reference, it is useful to observe that the

category RepψpGq of ψ-projective representations of G is equivalent to the category ModpCrGsψq of

modules over the ψ-twisted group algebra CrGsψ. Explicitly, CrGsψ is the algebra with underlying

vector space SpanCt|gy | g P Gu and multiplication |g1y ¨ |g2y “ ψpg1, g2q |g1g2y, for every g1, g2 P G. In

this context, topological sectors of a pG-symmetric model correspond to simple objects in the so-called

Drinfel’d center ZpVec
pGq of the symmetry fusion category Vec

pG [LDV22, LOST22], which are indeed

labelled by group elements in Gˆ pG.

2.6 Self-duality

As announced in the introduction, an appealing feature of the dualities we consider is that they strictly

preserve the symmetry structure. Therefore, it is sensible to ask for (1+1)d models that would be

left invariant under such duality transformations. Supposing we have such a model, one can further

ask to promote the self-duality to a genuine internal symmetry, which amounts to performing a group

extension of the symmetry fusion category.

Let us illustrate this procedure for the case G “ Z2 ˆ Z2. The Hamiltonian H ` Hψ constructed

from the Hamiltonians (2.39) and (2.40), respectively, is left invariant under the action of the dual-

ity operator (2.9). Out of the possible extensions of ReppZ2 ˆ Z2q by Z2 computed in ref. [TY98],

promoting the self-duality operator to a symmetry operator results in the fusion category ReppD8q of

representations of the dihedral group D8 of order eight [TW19], which, as a category, is equivalent

to ReppZ2 ˆ Z2q ‘ RepψpZ2 ˆ Z2q. One could verify this fact by computing tensors implementing

junctions between the symmetry operators in ReppZ2 ˆ Z2q and the self-duality operator, and show

that these correspond to morphisms in ReppD8q. Instead, we will show that the Hamiltonian H ` Hψ

can be constructed from local operators that are manifestly ReppD8q symmetric.
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We begin by noticing that the dihedral group D8 with presentation xr, s | r4 “ s2 “ prsq2 “ 1y can

be realised as the central extension

1 Ñ Z2 Ñ D8 – Z2 ˆϕpZ2 ˆ Z2q Ñ Z2 ˆ Z2 Ñ 1 (2.46)

specified by the cohomology class in H2pZ2 ˆ Z2,Z2q – Z3
2 with normalised representative ϕ such that

ϕpg1, g2q “ g
p2q

1 ` g
p1q

2 P Z2 for every g1, g2 P Z2 ˆ Z2. In particular, we notice the expected close

similarity between the definitions of the 2-cocycles ψ and ϕ. Identifying 1 ” p0, p0, 0qq, s ” p0, p0, 1qq

and r ” p0, p1, 1qq, one finds that the set Z2 ˆ pZ2 ˆ Z2q equipped with the multiplication rule

pn1, q1q ¨ pn2, q2q :“ pn1 ` n2 ` ϕpq1, q2q, q1 ` q2q , (2.47)

for every q1, q2 P Z2 ˆ Z2 and n1, n2 P Z2, is indeed isomorphic to D8. Families of one-dimensional

quantum lattice models that possess a ReppD8q symmetry can be easily constructed mimicking the

definitions of sec. 2.1. Consider the microscopic Hilbert space
Â

ePE CrD8s spanned by states |gy where

g : E Ñ D8. Defining functions xv : V Ñ D8 as in sec. 2.1, for every v P V, consider the following local

operators acting on the the kinematical Hilbert space:

hv,n :“
ÿ

g,xv

hnpg, xvq |gdxvyxg| , (2.48)

wherein n is some label, hnpg, xvq are complex coefficients, and g dxv was defined in eq. (2.2). For any

possible choice of complex coefficients hnpg, xvq, for every g : E Ñ D8 and xv, it follows from the defining

property of group representations that local operators (2.48) commute with symmetry operators of

the form

Uρ :“
ÿ

g

tr

ˆ

ź

ePE

ρ
`

gpeq
˘

˙

|gyxg| , (2.49)

where the product over edges e P E is ordered, for any simple object ρ in ReppD8q. By virtue of

pρ1bρ2qpgq “ ρ1pgqbρ2pgq, for every g P D8, the symmetry operators compose according to Uρ1 ˝Uρ2 “
ř

ρ3Pρ1bρ2
Uρ3 . In particular, symmetry operators associated with higher-dimensional representations

are non-invertible. Finally, we construct arbitrary ReppD8q-symmetric models as
ř

vPV

ř

n hv,n.

Let us now reveal how the Hamiltonian H ` Hψ is effectively constructed from local operators of

the form (2.48). By definition, the Hamiltonian H ` Hψ, which acts on the kinematical Hilbert space
Â

i CrZ2ˆZ2s, is made of local operators that act as ´pIXqipIXqi`1´pIXqipZXqi`1 or ´pXIqipXIqi`1´

pXZqipXIqi`1. We argue that there is a choice of complex coefficients h1pg, xvq such that local operators

of the form (2.48) effectively act in the same way. The crux is to restrict the microscopic Hilbert space

to states |gy ” |pn, qqy, with q : E Ñ Z2 ˆ Z2 and n : E Ñ Z2, such that n assigns the identity

group element to every edge/site, effectively reducing the microscopic Hilbert space to
Â

i CrZ2 ˆ Z2s.

This can be enforced via a choice of complex coefficients h1pg, xvq ” h1ppn, qq, xvq. One can further

choose these coefficients such that the only non-vanishing ones are such that xvpvq “ p0, p0, 1qq ” s or

xvpvq “ p0, p1, 0qq ” rs and evaluate to ´2. Proceeding as such, it follows from ϕ
`

p0, 1q, p1, 0q
˘

“ 1 that

the local operator acting at site i is a sum of two operators, effectively acting as ´2pIXqipIXqi`1 and

´2pXIqipXIqi`1, respectively, while projecting out states |gy such that gpi`1q R t1, su and gpiq R t1, rsu,
respectively. On the effective Hilbert space, this recovers the local operators constitutive of H ` Hψ.
One can now confirm that the two-dimensional representation ρ of D8, which is such that ρprq “ XZ

and ρpsq “ Z reproduces the action of the self-duality operator.
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SECTION 3

Twisted gauging of (2+1)d lattice gauge theories

Given an arbitrary two-dimensional lattice gauge theory with an abelian invertible 1-form symmetry,

we study the non-trivial interplay between symmetry-twisted closed boundary conditions and charge

sectors under the duality that amounts to the (untwisted) gauging of the 1-form symmetry, followed by

the twisted gauging of the dual 0-form symmetry. Given pairs of compatible boundary conditions and

charge sectors, the unitary operators relating the spectra of dual Hamiltonians are explicitly constructed

in the form of tensor network operators.

3.1 Local Hamiltonians

Let us begin by constructing a family of two-dimensional lattice gauge theories on the two-torus T2. Let

T2
△ be a triangulation of T2, whose sets of vertices, edges and plaquettes are denoted by VpT2

△q, EpT2
△q

and PpT2
△q, respectively. Given an edge e P EpT2

△q, ´e denotes the edge with opposite orientation.

For simplicity, we shall often assume that T2
△ is the triangular lattice, but our results typically hold

more generally. We equip T2
△ with a total ordering of its vertices, which induces a relative orientation

for its edges and plaquettes. Given an oriented edge e P EpT2
△q, B´e and B`e still denote its source

and target vertices, respectively, and we identify e ” pB´e B`eq. Given a finite abelian group G,5 we

consider a differential on the spaces of simplicial G-valued forms:

C0pT2
△, Gq

dp0q

ÝÝÑ C1pT2
△, Gq

dp1q

ÝÝÑ C2pT2
△, Gq (3.1)

such that for any e P EpT2
△q and p P PpT2

△q

pdp0qxqpeq :“ xpB´eqxpB`eq´1 and pdp1qgqppq :“
ź

eĂBp

gpeq , (3.2)

where the product
ś

eĂBp is over edges in the boundary of p, whose orientations are assumed to be

induced by that of p. The differential is clearly nilpotent, i.e., d ˝ d “ 0, and we define the groups

ZnpT2
△, Gq of closed G-valued forms and BnpT2

△, Gq of exact G-valued forms as ker dpnq and imdpn´1q,

respectively.

To every edge e P EpT2
△q, we assign a microscopic degree of freedom valued in CrGs. Given

g P C1pT2
△, Gq such that gp´eq “ gpeq´1, for every e P EpT2

△q, we notate via |gy, the function g

regarded as an element of the tensor product Hilbert space
Â

e CrGs. The kinematical Hilbert space

of the two-dimensional lattice gauge theories on the two-torus is chosen to be the subspace of the

microscopic Hilbert space
Â

e CrGs that is spanned by vectors |gy, where g P Z1pT2
△, Gq. In other

words, at every plaquette p P PpT2
△q, we impose the kinematical constraint that

ś

eĂBp gpeq “ 1,
promoting g to a (1-form) flat gauge field. Since the group G is abelian, we can view these kinematical

constraints as Gauß constraints for a ‘magnetic’ gauge field defined on the Poincaré dual lattice, so

that the resulting theory does have the interpretation of a lattice gauge theory.

Let λ be a normalised representative 3-cocycle of a cohomology class rλs P H3pG,Up1qq. Given a

vertex v P VpT2
△q, we denote by xv P C0pT2

△, Gq a function VpT2
△q Ñ G such that xvpv1q “ 1, whenever

v1 ‰ v. We then consider the following local operators acting on the kinematical Hilbert space:

hλv,n :“
ÿ

gPZ1pT2
△,Gq

ÿ

xv

hnpg, xvqλpg, xvq |gdp0qxvyxg| , (3.3)

5Although we focus on finite abelian groups throughout this manuscript, and occasionally use formalism specific to

abelian groups, most of our results readily generalise to the non-abelian case, sometimes requiring little to no modification

in the derivations.
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where n is some label, hnpg, xvq are arbitrary complex coefficients, g dp0qxv is by definition the function

ErT2
△s Ñ G such that

pgdp0qxvqpeq “

$

&

%

xvpvqgpeq if e ” pv v1q

gpeqxvpvq´1 if e ” pv1vq

gpeq otherwise

, (3.4)

and λpg, xvq is the phase factor

λpg, xvq :“
ź

pv1v2vq

λ
`

gpv1v2q, gpv2vqxvpvq´1, xvpvq
˘ϵpv1v2vq

ź

pv1v v2q

λ
`

gpv1vqxvpvq´1, xvpvq, gpv v2q
˘´ϵpv1v v2q

¨
ź

pv v1v2q

λ
`

xvpvq, gpv v1q, gpv1v2q
˘ϵpv v1v2q

.

(3.5)

In the definition (3.5) of the phase factor λpg, xvq, the products are over plaquettes adjacent to v such

that v1 ă v2 ă v, v1 ă v ă v2 and v ă v1 ă v2, respectively, while ϵppq “ ˘1 depends on the relative

orientation of the plaquette p. Notice that hλv,n only acts non-trivially within a neighbourhood of the

vertex v. Concretely, suppose T2
△ is the triangular lattice, and choose a total ordering of the vertices

such that edges of the hexagonal subcomplex centered around v are oriented as follows:

v
v1

v2 v5

v3 v6

v7 . (3.6)

Orientations above are compatible for instance with a total ordering such that v1 ă v2 ă v3 ă v ă

v5 ă v6 ă v7. Under these assumptions, the phase factor (3.5) explicitly reads

λpg, xvq “
λ

`

gpv1v2q, gpv2vqxvpvq´1, xvpvq
˘

λ
`

gpv2vqxvpvq´1, xvpvq, gpv v5q
˘

λ
`

xvpvq, gpv v5q, gpv5v7q
˘

λ
`

gpv1v3q, gpv3vqxvpvq´1, xvpvq
˘

λ
`

gpv3vqxvpvq´1, xvpvq, gpv v6q
˘

λ
`

xvpvq, gpv v6q, gpv6v7q
˘ .

(3.7)

Finally, arbitrary combinations of local operators (3.3) can be organised into translation invariant local

Hamiltonians Hλ “
ř

vPVpT2
△q hλv ”

ř

vPVpT2
△q

ř

n hλv,n. By construction, the Hamiltonian Hλ assumes

periodic boundary conditions.

3.2 Symmetry operators

Given a choice of normalised representative 3-cocycle in a cohomology class rλs P H3pG,Up1qq, consider

a local Hamiltonian Hλ defined in terms of local operators (3.3). Regardless of the choices of complex

coefficients hnpg, xvq, for every g P Z1pT2
△, Gq and xv, and cohomology class rλs, Hamiltonians Hλ

share the same symmetry structure. First of all, the model with Hamiltonian Hλ possesses a 1-form
pG symmetry—or rather, ReppGq symmetry—generated by the Wilson loop operators

χpℓq ”
â

eĂℓ

χpeq :“
ÿ

gPZ1pT2
△,Gq

ˆ

ź

eĂℓ

χ
`

gpeq
˘

˙

|gyxg| , (3.8)

where χ P pG, ℓ P Z1pT2
△,Zq is any oriented (simplicial) 1-cycle of T2

△ and the product
ś

eĂℓ is over

edges along ℓ whose orientations are assumed to be induced by that of ℓ. In particular, whenever the
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orientation of e Ă ℓ does not agree with that of ℓ, it contributes a factor χ
`

gp´eq
˘

“ χ
`

gpeq´1
˘

“

χ_
`

gpeq
˘

to the product. Invoking that χ1pgqχ2pgq “ pχ1 b χ2qpgq, for every g P G and χ1, χ2 P pG,

the composition of operators χ1pℓq ˝ χ2pℓq equals pχ1 b χ2qpℓq. Clearly, it follows from the definition

of the kinematical constraints that χpℓq is invariant under continuous deformations of ℓ, making it a

topological line operator. In particular, it implies that χpℓq “ 1, whenever ℓ is a contractible 1-cycle,

i.e., ℓ is homologically trivial. Whenever ℓ is a non-contractible 1-cycle, the commutation relation

rHλ, χpℓqs “ 0 follows from the fact that

ź

eĂℓ

χ
`

pg dp0qxvqpeq
˘

“
ź

eĂℓ

χ
`

gpeq
˘

, (3.9)

for every vertex v P VpT2
△q and function xv P C0pT2

△, Gq as defined above. This is essentially the ‘gauge

invariance’ of Wilson loop operators. It follows from the 1-form ReppGq symmetry that the Hamiltonian

Hλ decomposes into charge sectors labelled by pg1, g2q P G ˆ G corresponding to holonomies of the

flat gauge field g along both non-contractible 1-cycles of the two-torus.

Importantly, we can also construct topological junctions of topological Wilson lines.6 Consider

any number of oriented Wilson line operators meeting at any given vertex v P VpT2
△q. As long as the

Wilson lines are chosen so that the tensor product of their corresponding representations, or their duals

depending on the orientations, is isomorphic to the trivial representation, then it is a valid symmetry

operator. As a matter of fact, since G is abelian, it simply boils down to a composition of Wilson loop

operators. Therefore, any network of topological Wilson lines thus constructed is a valid symmetry

operator. More formally, consider the non-degenerate pairing

x´,´y : pGˆG ÝÑ Up1q

: pχ, gq ÞÝÑ xχ, gy :“ χpgq
. (3.10)

It enables us to define the following cup product [BCH18]:

x´,!´y : C1pT2
△,

pGq ˆ C1pT2
△, Gq ÝÑ C2pT2

△,Up1qq

: pX, gq ÞÝÑ
`

xX,!gy : pv1v2v3q ÞÝÑ xXpv1v2q, gpv2v3qy
˘ . (3.11)

Given the differential on the spaces of simplicial pG-valued forms defined as in eq. (3.1), we can consider

groups ZnpT2
△,

pGq and BnpT2
△,

pGq. Let X P Z1pT2
△,

pGq and consider the operator

XpT2
△q :“

ÿ

gPZ1pT2
△,Gq

ż

T2
△

xX,!gy |gyxg| ”
ÿ

gPZ1pT2
△,Gq

ˆ

ź

pPPpT2
△q

xX,!gyppq

˙

|gyxg| . (3.12)

It follows from the definition of the cup product that XpT2
△q precisely amounts to inserting a certain

combination of Wilson loops as defined in eq. (3.8). Let us consider a concrete example in the case

where T2
△ is the triangular lattice. Let χpℓq be a Wilson loop operator with χ P pG and ℓ P Z1pT2

△,Zq.

One can always associate to it a 1-cocycle X P Z1pT2
△,

pGq such that the action of XpT2
△q coincides with

6This ability to construct junctions of topological lines is precisely why it is more accurate to talk about a 1-form

ReppGq symmetry rather than a 1-form pG symmetry, as a higher mathematical structure is required to encompass both

lines and their junctions.
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that of χpℓq. We depict such a configuration below:7

χ χ

χ χ

χ

v
(3.13)

where the bold red lines represent the only edges to which X assigns non-trivial elements in pG, to wit

χ or χ_ depending on the orientations. We also depicted in bold gray lines a choice of gauge field

g. Finally, the hashed plaquette is the only one that contributes non-trivially to xX,!gy. It follows

from the properties of the cup product that xX,!gy yields the same result regardless of the choices

of representatives in rgs and rXs, respectively. In particular, picking a different representative in rXs

simply amounts to performing a continuous deformation of ℓ.

It was recently pointed out that the 1-form ReppGq symmetry is only a component of the total sym-

metry structure [Del21, BSNW22, BBFP22]. In particular, topological surface operators commuting

with the Hamiltonian can also be defined. These are often referred to as condensation operators in

the literature [RSS22, LRS22]. A lattice implementation of condensation operators was first presented

in ref. [DT23], employing the tensor network calculus developed in ref. [Del21]. We shall provide here

particularly explicit expressions for these operators in the form of tensor networks. First of all, we

define the topological surface operator Ut1upT2
△q, which acts on the whole kinematical Hilbert space,

by summing over all possible insertions of Wilson loops. Another way to describe this operator, is that

we insert a network of Wilson line operators associated with the representation
À

χP pG χ, in such a

way that every junction implements the tensor product of representations—a process that amounts to

gauging the ReppGq symmetry along the spacetime submanifold T2 [RSS22]. The notation Ut1upT2
△q

then stems from the fact that the induced representation IndGt1up0t1uq of the trivial representation 0t1u

of t1u Ă G in G is isomorphic to the regular representation CG –
À

χP pG χ. Invoking eq. (3.12), we

can equivalently express this operator as follows:

Ut1upT2
△q :“

|Z0pT2
△,

pGq|

|Z1pT2
△,

pGq|

ÿ

XPZ1pT2
△,

pGq

XpT2
△q . (3.14)

But, whenever X is cohomologically trivial, XpT2
△q “ 1. Decomposing the sum over Z1pT2

△,
pGq into a

sum overH1pT2
△,

pGq “ Z1pT2
△,

pGq{B1pT2
△,

pGq – pGˆ pG and a sum over B1pT2
△,

pGq yields the alternative

formula

Ut1upT2
△q “

1

|G|

ÿ

rXsPH1pT2
△,

pGq

XpT2
△q , (3.15)

7Notice how deforming the Wilson loop so as to ‘straighten’ it amounts to multiplying X by a 1-coboundary. Specif-

ically, the coboundary is given by bv wherein v stands for the vertex highlighted in eq. (3.13) and which is defined as

bvpv1q “ 0 if v1 ‰ v, 0 being the trivial representation of G, and bvpvq “ χ.
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where we used the fact that | pG| “ |G|, together with |Z0pT2
△,

pGq| “ | pG|. What is the effect of such a

condensation operator? It acts as a projector onto the singlet sector of the 1-form ReppGq-symmetry.

Indeed, denoting by pγ1, γ2q a generator of H1pT2
△,Zq – Z2ˆZ2, i.e. two inequivalent non-contractible

1-cycles along the one-skeleton of T2
△, it follows from

ř

χP pG χpgq “ |G| δg,1, for every g P G, that

Ut1upT2
△q “

1

|G|

ˆ

ÿ

χ1P pG

χ1pγ1q

˙

˝

ˆ

ÿ

χ2P pG

χ2pγ2q

˙

, (3.16)

enforces holonomies holγ1pgq and holγ2pgq of the gauge field g P Z1pT2
△, Gq along γ1 and γ2, respectively,

to evaluate to the identity element inG. In other words, it projects onto the subspace of the kinematical

Hilbert space spanned by vectors |dp0qmy, where m P C0pT2
△, Gq. Accordingly, we have Ut1upT2

△q ˝

χpℓq “ χpℓq ˝ Ut1upT2
△q “ Ut1upT2

△q, for every χ P pG and ℓ P Z1pT2
△,Zq. Moreover, it is immediate

from eq. (3.16) that acting twice with Ut1upT2
△q amounts to acting with |G| ¨ Ut1upT2

△q.

In a similar vein, for every subgroup A Ď G, one defines a condensation operator UApT2
△q obtained

by introducing a network of Wilson line operators associated with the representation IndGAp0Aq –

CG{A. But, by Frobenius reciprocity, the representations that appear in IndGAp0Aq are precisely the

representations in G that are trivial when restricted to A, so that the set of such representations is

isomorphic to zG{A.8 Bringing everything together, one defines

UApT2
△q :“

1

|G{A|

ˆ

ÿ

χ1PIndGAp0Aq

χ1pγ1q

˙

˝

ˆ

ÿ

χ2PIndGAp0Aq

χ2pγ2q

˙

. (3.17)

It follows from
ř

χPIndGAp0Aq χpgq being equal to |G{A| whenever g P A, and zero otherwise,9 that

UApT2
△q has the effect of projecting onto charge sectors where holonomies along both γ1 and γ2

evaluate to group elements in A. Moreover, we have

UApT2
△q ˝ UApT2

△q “ |G{A| ¨ UApT2
△q . (3.18)

Naturally, UApT2
△q boils down to Ut1upT2

△q when specialising to A “ t1u. By construction, Wilson

lines labelled by representations in IndGAp0Aq condense on this condensation operator in the sense that

UApT2
△q ˝χpℓq “ χpℓq ˝UApT2

△q “ UApT2
△q, for every χ P IndGAp0Aq and ℓ P Z1pT2

△,Zq, whereas Wilson

lines generating the ReppAq 1-form subsymmetry survive on it. In other words, even while acting with

UApT2
△q, the model still possesses a faithful ReppAq 1-form symmetry. Importantly, these are not the

only topological line operators that can equip the topological surface operator UApT2
△q. Indeed, one

can also decorate UApT2
△q with networks of ’t Hooft lines labelled by left cosets in G{A so that the

resulting surface operator projects onto charge sectors where holonomies along both γ1 and γ2 evaluate

to any group element in G. Topological interfaces between condensation operators UApT2
△q associated

with different choices of A Ď G can be constructed in a similar fashion [Del21, DT23].

Before introducing the remaining surface operators, it is very useful to provide a microscopic

realisation of UApT2
△q, for every A Ď G, in terms of tensor networks, applying the general framework

outlined in ref. [Del21]. First of all, notice that the condensation operator UApT2
△q can be equivalently

8Since G is abelian, every subgroup is normal and thus the quotient G{A is always a group. As a matter of fact,

since G is finite abelian, G admits a subgroup that is isomorphic to G{A, for any A Ď G.
9Given any subgroup R Ď G, there exists A Ď G and a group isomorphism φ : G{A

„
ÝÑ R. Let g P G such that g R A;

it follows from G “
Ů

rAPG{A rA that g “ ra with a P A and r ‰ 1. Therefore,
ř

χPIndG
A

p0Aq
χpgq “

ř

χPIndG
A

p0Aq
χprq “

ř

χP pR
χpφprAqq “ 0, as desired.
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expressed as follows:

UApT2
△q “

ÿ

gPZ1
pT2

△,Gq

mPC0
pT2

△,G{Aq

ˆ

ź

pv1v2q

δgpv1v2q�mpv2q,mpv1q

˙

|gyxg| . (3.19)

Indeed, since for every e ” pv1v2q P EpT2
△q, there is a Kronecker delta imposing gpv1v2q�mpv2q “ mpv1q,

it follows from the comments in sec. 2.5 that there exists a unique group element agpv1v2q,mpv2q P A such

that gpv1v2q “ reppmpv1qq ¨agpv1v2q,mpv2q ¨reppmpv2qq´1, where rep : G{A Ñ G assigns to every left coset

in G{A its representative in G. Moreover, by definition, we have ag1,g2�rA ¨ag2,rA “ ag1g2,rA, for every

g1, g2 P G and rA P G{A. Consequently, defining ag,m P C1pT2
△, Aq via ag,mpv1v2q :“ agpv1v2q,mpv2q, for

every pv1v2q P EpT2
△q such that gpv1v2q �mpv2q “ mpv1q, one finds ag,mpv1v2qag,mpv2v3q “ ag,mpv1v3q,

for every pv1v2v3q P PpT2
△q, and thus ag,m P Z1pT2

△, Aq. This confirms that UApT2
△q acts as a projector

onto the subspace spanned by states |adp0qreppmqy, where a P Z1pT2
△, Aq and m P C0pT2

△, G{Aq.

Furthermore, we recover the fact that UApT2
△q ˝ UApT2

△q “ |G{A| ¨ UApT2
△q, as following from the fact

that the Cartesian product G{AˆG{A decomposes into a disjoint union of |G{A| copies of G{A under

the diagonal action of G.

Invoking (3.19), one can explain how to construct the surface operator UApT2
△qrfs that is decorated

by a network f of ’t Hooft lines. Let us consider a concrete example. Let ℓ be an oriented 1-cycle along

the Poincaré dual T2
△

_
of T2

△. Consider the ‘t Hooft loop labelled by fA P G{A with support ℓ. One

defines the 1-cocycle f P Z1pT2
△, G{Aq associated with this ’t Hooft loop as follows:

fpeq “

$

&

%

fA if ιpeq Ă ℓ

f´1A if ιp´eq Ă ℓ

1 otherwise

, (3.20)

for every oriented edge e P EpT2
△q, where ι : EpT2

△q
„

ÝÑ EpT2
△

_
q. When defining the correspond-

ing surface operator UApT2
△qrfs, we replace the Kronecker deltas entering the definition (3.19) by

δgpv1v2q�mpv2q,fpv1v2qmpv1q for every pv1v2q P EpT2
△q. Supposing that ℓ ” γ1 is one of the generators of

H1pT2
△

_
,Zq, we depict such a configuration on the triangular lattice below

ℓ

(3.21)

where the bold purple lines represent the only edges to which f assigns non-trivial elements in G{A.

There is a choice of m P C0pT2
△, G{Aq such that a gauge field satisfying gpv1v2q�mpv2q “ fpv1v2qmpv1q,

at every edge pv1v2q, is non-vanishing along the bold gray lines only. It follows from the various

definitions that holγ2pgq P fA, for any continuous deformation of the ’t Hooft loop.

Still specialising to the case where T2
△ is the triangular lattice, let us invoke eq. (3.19) to express

UApT2
△q as a tensor network. One begins by introducing a rank-pp`qq tensor in CrG{Asbp Ñ CrG{Asbq

of the form
ř

triAui

`
śp`q´1
i“1 δriA,ri`1A

˘
Âp`q

i“p`1 |riAy
Âp

i“1xriA|, graphically depicted as
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”
ÿ

triAu
p`q
i“1

rp`qA

rp`2A

rp`1A

rpA

r2A

r1A

p`q
â

i“p`1

|riAy

p
â

i“1

xriA|

”
ÿ

triAu
p`q
i“1

ˆ p`q´1
ź

i“1

δriA,ri`1A

˙ p`q
â

i“p`1

|riAy

p
â

i“1

xriA| ,

(3.22)

where the sums are over left cosets in G{A. Henceforth, we refer to such a tensor as a ‘Kronecker

delta tensor’. We also require a tensor implementing the G-action on G{A:

”
ÿ

gPG
r1A,r2APG{A

g

g

r1A r2A

g

g

|gyxg| b |gyxg| b |r1Ayxr2A|

”
ÿ

gPG
rAPG{A

|gyxg| b |gyxg| b |g � rAyxrA| ,

(3.23)

as well as a tensor implementing the flatness of the gauge field:

1
”

ÿ

g1,g2,g3PG

g2g1

g3

1
|g1, g2yxg3| ”

ÿ

g1,g2PG

|g1, g2yxg1g2| ,

1
”

ÿ

g1,g2,g3PG
g2g1

g3

1
|g3yxg1, g2| ”

ÿ

g1,g2PG

|g1g2yxg1, g2| .

(3.24)

Bringing everything together, we can realise UApT2
△q as a tensor network whose unit cell is given by

1

1

. (3.25)

Let us dissect this tensor network. First of all, to every vertex of the triangular lattice, one assigns

such a unit cell, in such a way that the Kronecker delta tensor coincides with the vertex, and the purple

lines with the edges of the lattice. Comparing with eq. (3.19), the Kronecker delta tensors perform

the summation over C0pT2
△, G{Aq, tensors (3.23) impose the constraints encoded into the Kronecker

delta tensors, whereas the remaining tensors enforce the flatness of the gauge field. Notice that when
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realising Ut1upT2
△q, it follows from dp1qpdp0qmq “ 0, for every m P C0pT2

△, Gq, that the tensors imposing

the flatness of the gauge field are superfluous and can thus be omitted.

It turns out that the model with Hamiltonian Hλ hosts as many topological surface operators as

there are (indecomposable) module categories over the category VecG. We reviewed in sec. 2.5 that

indecomposable VecG-module categories are labelled by pairs pA,ψq consisting of a subgroup A Ď G

and a normalised representative ψ of a cohomology class rψs P H2pA,Up1qq. Whenever the 2-cocycle

ψ is trival, the topological surface operator associated with the VecG-module category MpA, 1q is the

condendation operator UApT2
△q, as defined above [Del21]. A non-trivial 2-cocycle ψ modifies it in the

following way:

UAψ pT2
△q :“

ÿ

gPZ1
pT2

△,Gq

mPC0
pT2

△,G{Aq

ˆ

ź

pv1v2q

δgpv1v2q�mpv2q,mpv1q

ź

pv1v2v3q

ψ
`

ag,mpv1v2q, ag,mpv2v3q
˘ϵpv1v2v3q

˙

|gyxg| ,

(3.26)

where we recognise the 2-cochain α�
ψ P C2pG,FunpG{A,Up1qqq defined in eq. (2.44) the module as-

sociator of MpA,ψq evaluates to. The commutation relation rHλ,UAψ pT2
△qs “ 0 follows from the

2-cocycle condition satisfied by ψ. Indeed, letting v P VpT2
△q and xv P C0pT2

△, Gq such that xvpv1q “ 1,
whenever v1 ‰ v, the 2-cocycle condition ensures that

ź

pv1v2v3q

ψ
`

ag dp0qxv,xv�mpv1v2q, ag dp0qxv,xv�mpv2v3q
˘ϵpv1v2v3q

“
ź

pv1v2v3q

ψ
`

ag,mpv1v2q, ag,mpv2v3q
˘ϵpv1v2v3q

,

(3.27)

for every g P Z1pT2
△, Gq and m P C0pT2

△, G{Aq such that gpv1v2q � mpv2q “ mpv1q at every edge

pv1v2q P EpT2
△q, and where pxv � mqpv1q :“ xvpv1q � mpv1q for every v1 P VpT2

△q. Introducing the

tensors

ψ
”

ÿ

g1,g2,g3PG
rAPG{A

g2g1

g3

rA

ψ
|g1, g2yxg3| b xrA|

”
ÿ

g1,g2PG
rAPG{A

ψpag1,g2�rA, ag2,rAq |g1, g2yxg1g2| b xrA|

(3.28)

and

ψ
”

ÿ

g1,g2,g3PG
rAPG{A g2g1

g3

rA

ψ
|g3yxg1, g2| b |rAy

”
ÿ

g1,g2PG
rAPG{A

ψpag1,g2�rA, ag2,rAq´1 |g1g2yxg1, g2| b |rAy ,

(3.29)
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we can realise UAψ pT2
△q on the triangular lattice as a tensor network whose unit cell is given by10

ψ

ψ

“ ψ

ψ

, (3.30)

where, in order to obtain the r.h.s., we used the fact that contracting Kronecker delta tensors results

in another Kronecker delta tensor. As a special case, the topological surface operator associated with

MpG,ψq reads

UGψ pT2
△q “

ÿ

gPZ1pT2
△,Gq

ˆ

ź

pv1v2v3q

ψ
`

gpv1v2q, gpv2v3q
˘ϵpv1v2v3q

˙

|gyxg|

“
ÿ

gPZ1pT2
△,Gq

ψ
`

holγ1pgq,holγ2pgq
˘

ψ
`

holγ2pgq,holγ1pgq
˘ |gyxg| ,

(3.31)

where we invoked the 2-cocycle condition of ψ to go from the first line to the second line.

We commented earlier that the condensation operator (3.19) could be obtained by summing over

networks of Wilson lines valued in a subgroup of pG that is isomorphic to zG{A, which should be thought

as topological lines decorating the identity surface operator UGpT2
△q. Conversely, the same operator

UApT2
△q can be obtained, starting from Ut1upT2

△q, by summing over all possible networks of topological

of lines labelled by group elements in A Ď G, in such a way that the group multiplication in A—or

rather the multiplication rule of the group algebra CrAs—is implemented at every junction. In this

formulation, the operator UGψ pT2
△q is obtained starting from Ut1upT2

△q by summing over all possible

networks of topological lines in G such that the multiplication rule of the twisted group algebra CrGsψ

is implemented at every junction.

We have established that for every VecG-module category, one can construct a topological surface

operator. Moreover, these topological surfaces can be decorated with networks of topological lines.

In particular, the surface operator UAψ pT2
△q associated with the VecG-module category MpA,ψq can

be decorated with lines labelled by simple objects in the category pVecGq
_

MpA,ψq defined in sec. 2.5,

which happens to be equivalent to ReppAq‘|G{A| since the group G is abelian, as expected. Bringing

everything together, this indicates that the symmetry structure of Hamiltonians Hλ is provided by the

fusion 2-category ModpVecGq of VecG-module categories and VecG-module functors. By analogy with

ReppGq » ModpCrGsq, it is enlightening to write 2ReppGq ” ModpVecGq, where VecG is thought as a

categorification of CrGs obtained by promoting the ring C to the fusion (1-)category Vec, and refer to

objects in 2ReppGq as 2-representations of G.

3.3 Symmetry twists

As mentioned earlier, the 2ReppGq-symmetric Hamiltonians Hλ “
ř

v

ř

n hλv,n defined in terms of local

operators (3.3) assume periodic boundary conditions. Let us now consider symmetry-twisted closed

10Notice that we can unambiguously omit certain arrows for visual convenience.
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boundary conditions obtained by inserting symmetry twists at various loci of the spatial manifold.

The same way we distinguish two types of symmetry operators, namely topological surfaces and

topological lines, we distinguish two types of symmetry twists. These are localised along specific

spatial 1-cycles and 0-cycles, respectively, while extending in the time direction. Henceforth, we refer

to the resulting boundary conditions as being 0-form symmetry-twisted or 1-form symmetry-twisted,

respectively. When implementing such symmetry-twisted boundary conditions, the kinematical Hilbert

space typically requires to be supplemented with appropriate degrees of freedom, but not always. In

any case, the resulting symmetry-twisted boundary conditions preserve the translation invariance of

the system, in the sense that there is a unitary isomorphism between Hilbert spaces associated with

symmetry twists that are related by continuous deformations. Generally, the presence of 0-form and

1-form symmetry-twisted boundary conditions can be witnessed by the corresponding point-like and

line-like charges by moving them along 1- and 2-cycles, respectively. Throughout this section, the

focus will be on 1-form symmetry-twisted boundary conditions, since the 0-form ones can be deduced

from them, the same way the topological surface operators descend from the topological line operators.

Starting from the kinematical Hilbert space SpanCt|gy | g P Z1pT2
△, Gqu, consider inserting at a

vertex v0 P VpT2
△q the topological line defect labelled by an irreducible representation η : G Ñ Up1q.

Concretely, we perform this operation by considering the tensor product between the kinematical

Hilbert space and Cr pGs before enforcing the degree of freedom in Cr pGs to be |ηy. We denote the

resulting kinematical space by Hη, which is still isomorphic to SpanCt|gy | g P Z1pT2
△, Gqu. Local

symmetric operators acting at v0 are modified in the following way:

hλ,ηv0,n :“
ÿ

gPZ1pT2
△,Gq

ÿ

xv0

hnpg, xv0q ηpxv0qλpg, xv0q |gdp0qxv0yxg| , (3.32)

where ηpxv0q :“ η
`

xv0pv0q
˘

. All the other local operators are left intact so that the resulting local

Hamiltonians read

Hλ,η “
ÿ

vPVpT2
△q

v‰v0

ÿ

n

hλv,n `
ÿ

n

hλ,ηv0,n . (3.33)

Since the group G is abelian, the presence of the symmetry twist does not alter the symmetry struc-

ture of the Hamiltonian Hλ,η, in the sense that symmetry operators are still organised in 2ReppGq.

Nonetheless, they need to be adapted so as to accommodate the presence of the symmetry twist. This

is very simple in the case of topological surface operators UGψη pT2
△q : Hη Ñ Hη as it simply requires

taking the tensor product of the vanilla operator (3.31) with |ηyxη|. However, specialising to the case

where T2
△ is the triangular lattice, the topological surface operator Ut1u

η pT2
△q : Hη Ñ Hη is obtained

by replacing the unit cell of its tensor network parametrisation located at v0 by the following one:

ψ

ψ

η

η

, (3.34)
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where we introduced the tensor

η2

η1

”
ÿ

tgiu
p`q
i“1

gp`q

gp`2
gp`1

gp
gp´1

g1

η2

η1

p`q
â

i“p`1

|giy
p

â

i“1

xgi|

”
ÿ

tgiu
p`q
i“1

ˆ p`q´1
ź

i“1

δgi,gi`1

˙

η1pg1q η_
2 pg1q

p`q
â

i“p`1

|giy
p

â

i“1

xgi| ,

(3.35)

for every η1, η2 P pG. More generally, for an arbitrary triangulation of T2
△, it suffices to replace the

tensor of the form (3.22) located at v0 by the corresponding one of the form (3.35). Importantly,

tensors (3.35) satisfy the following invariance property:

x
x

x

x

η2

η1

“
xxx

x

η2

η1

with

x ”
ÿ

ηP pG

η

η

x |ηyxη| ”
ÿ

ηP pG

ηpxq |ηyxη| ,

x ”
ÿ

gPG

|gyxgx| ,

(3.36)

for every x P G. Together with (3.27), this symmetry condition guarantees that the symmetry operator

Ut1upT2
△q commutes with local operators hλ,ηv0,n acting at the locus of the 1-form symmetry twist. The

remaining symmetry operators can be treated in a similar fashion but the tensors (3.35) take a more

complicated form. For any choice of 1-form symmetry-twisted boundary condition η P pG, it follows

from the 2ReppGq symmetry—more specifically, the 1-form ReppGq symmetry—that Hamiltonians

Hλ,η still decompose into charge sectors labelled by pg1, g2q P G ˆ G. Triples pg1, g2, ηq P G ˆ G ˆ pG

label the topological sectors of the theory.

We mentioned above that we could also consider 0-form symmetry-twisted boundary conditions. For

instance, consider inserting along a non-contractible cycle γ1 P Z1pT2
△,Zq the topological surface defect

labelled by simple 2-representations of the form MpG,ψq » Vecψ P 2ReppGq, whose corresponding

symmetry operator UGψ pT2
△q was defined in eq. (3.31). Similarly to the 1-form symmetry-twisted

boundary conditions, this specific type of topological surface defect results in boundary conditions

that do not alter the kinematical Hilbert space of the system. Local symmetric operators acting at

vertices v Ă γ1 are modified in the following way:

hλ,ψv,n :“
ÿ

gPZ1pT2
△,Gq

ÿ

xv

hnpg, xvqψpg, xvqλpg, xvq |gdp0qxvyxg| , (3.37)

where

ψpg, xvq :“
ź

pv1vqĂγ1

ψ
`

gpv1vqxvpvq´1, xvpvq
˘

ź

pv v2qĂγ1

ψ
`

xvpvq, gpv v2q
˘´1

. (3.38)
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All the other local operators are left intact so that the resulting local Hamiltonians read

Hλ,ψ “
ÿ

vPVpT2
△q

vĆγ1

ÿ

n

hλv,n `
ÿ

vPVpT2
△q

vĂγ1

ÿ

n

hλ,ψv,n . (3.39)

The remaining symmetry twists can be implemented in a similar fashion.

3.4 Duality operators

Given a finite abelian group G, we constructed in sec. 3.1 families of two-dimensional quantum lattice

models with 2ReppGq symmetry, which are parametrised by normalised representatives λ of a coho-

mology class rλs in H3pG,Up1qq as well as sets of complex coefficients thnun. We claim that models

constructed in this way that only differ in the choice of cohomology class rλs are dual to one another.

For now, let us assume periodic boundary conditions and construct the operator transmuting Hamilto-

nians H and Hλ into each other. Postponing more formal justifications to sec. 3.7, let us first motivate

the algebraic structure encoding such duality operators by analogy with the one-dimensional case. In

(1+1)d, we showed that Hamiltonians of ReppGq-symmetric models only differing in a choice of 2-

cocycle ψ could be transmuted into each other by any duality operator encoded into the (1-)category

RepψpGq » ModpCrGsψq of ψ-projective representations of G. Thus we naively expect Hamiltonians

of 2ReppGq-symmetric models only differing in a choice of 3-cocycle λ to be transmutable into each

other by any duality operator encoded into the 2-category 2RepλpGq of ‘λ-projective 2-representations

of G’. Consider the fusion category VecG of G-graded vector spaces, whose associator isomorphism,

we recall, is given by the identity. Now, considering instead the associator

λpg1, g2, g3q ¨ 1Cg1g2g3
: pCg1 b Cg2q b Cg3

„
ÝÑ Cg1 b pCg2 b Cg3q , (3.40)

the resulting fusion category is denoted by VecλG. We then define the fusion 2-category 2RepλpGq as the

2-category ModpVecλGq of VecλG-module categories. Indecomposable module categories over VecλG are

defined similarly to module categories over VecG with the following difference: Only subgroups A such

that λ|AˆAˆA is cohomologically trivial are admissible, and the module associator (2.43) now evaluates

to a 2-cochain α�
ϕ P C2pG,FunpG{A,Up1qqq, associated with a choice of 2-cochain ϕ P C2pA,Up1qq

such that dp2qϕ “ λ´1
|AˆAˆA,

11 that satisfy

dp2qα�
ϕ pg1, g2, g3qprAq :“

α�
ϕ pg2, g3qprAqα�

ϕ pg1, g2g3qprAq

α�
ϕ pg1g2, g3qprAqα�

ϕ pg1, g2qpg3 � rAq
“ λpg1, g2, g3q´1 , (3.41)

for every g1, g2, g3 P G and rA P G{A. The condition (3.41) guarantees the pentagon axiom, which now

involves the monoidal associator (3.40). We denote the resulting VecλG-module category by MpA, ϕq.

11Since we do not require it, we shall omit to write any explicit relation between the 2-cochains ϕ P C2pA,Up1qq and

α�
ϕ P C2pG,FunpG{A,Up1qqq. Nonetheless, it is important to keep in mind that even if ϕ is trivial, the corresponding

2-cochain α�
ϕ may not be. For instance, whenever A “ t1u, there is no choice of ϕ, and yet we have α�

1 p´,´qp´q “

λp´,´,´q.
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Given the data of a VecλG-module category MpA, ϕq, consider the tensors

ϕ
”

ÿ

g1,g2,g3PG
rAPG{A

g2g1

g3

rA

ϕ
|g1, g2yxg3| b xrA| ”

ÿ

g1,g2PG
rAPG{A

α�
ϕ pg1, g2qprAq |g1, g2yxg1g2| b xrA|

ϕ
”

ÿ

g1,g2,g3PG
rAPG{A g2g1

g3

rA

ϕ
|g3yxg1, g2| b |rAy ”

ÿ

g1,g2PG
rAPG{A

α�
ϕ pg1, g2qprAq´1 |g1g2yxg1, g2| b |rAy ,

and denote by DAϕpT2
△q the tensor network operator whose unit cell on the triangular lattice with

periodic boundary conditions is given by

ϕ

ϕ

. (3.42)

We claim that the operator DAϕpT2
△q transmutes H into Hλ, i.e, DAϕpT2

△q ˝ H “ Hλ ˝ DAϕpT2
△q. This

computation is best carried out invoking the explicit expression

DAϕpT2
△q :“

ÿ

gPZ1
pT2

△,Gq

mPC0
pT2

△,G{Aq

ˆ

ź

pv1v2q

δgpv1v2q�mpv2q,mpv1q

ź

pv1v2v3q

α�
ϕ

`

gpv1v2q, gpv2v3q
˘`

mpv3q
˘ϵpv1v2v3q

˙

|gyxg| .

(3.43)

Indeed, letting v P VpT2
△q and xv P C0pT2

△, Gq such that xvpv1q “ 1, whenever v1 ‰ v, it immediately

follows from condition (3.41) that

α�
ϕ

`

pg dp0qxvqpv1v2q, pgdp0qxvqpv2vq
˘̀

pxv �mqpvq
˘

“
α�
ϕ

`

gpv2vqxvpvq´1, xvpvq
˘̀

mpvq
˘

α�
ϕ

`

gpv1v2q, gpv2vq
˘̀

mpvq
˘

λ
`

gpv1v2q, gpv2vqxvpvq´1, xvpvq
˘

α�
ϕ

`

gpv1vqxvpvq´1, xvpvq
˘̀

mpvq
˘ ,

α�
ϕ

`

pg dp0qxvqpv1vq, pg dp0qxvqpv v2q
˘̀

pxv �mqpv2q
˘

“
α�
ϕ

`

gpv1vq, gpv v2q
˘̀

mpv2q
˘

α�
ϕ

`

gpv1vqxvpvq´1, xvpvq
˘̀

gpv v2q �mpv2q
˘

α�
ϕ

`

xvpvq, gpv v2q
˘̀

mpv2q
˘

λ
`

gpv1vqxvpvq´1, xvpvq, gpv v2q
˘ , (3.44)

α�
ϕ

`

pg dp0qxvqpv v1q, pgdp0qxvqpv1v2q
˘̀

pxv �mqpv2q
˘

“
α�
ϕ

`

gpv v1q, gpv1v2q
˘̀

mpv2q
˘

α�
ϕ

`

xvpvq, gpv v2q
˘̀

mpv2q
˘

λ
`

xvpvq, gpv v1q, gpv1v2q
˘

α�
ϕ

`

xvpvq, gpv v1q
˘̀

gpv1v2q �mpv2q
˘ .
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Bringing everything together, one obtains

ź

pv1v2v3q

α�
ϕ

`

pgdp0qxvqpv1v2q, pgdp0qxvqpv2v3q
˘̀

pxv �mqpv3q
˘ϵpv1v2v3q

“ λpg, xvq ¨
ź

pv1v2v3q

α�
ϕ

`

gpv1v2q, gpv2v3q
˘̀

mpv3q
˘ϵpv1v2v3q

,
(3.45)

where λpg, xvq was defined in eq. (3.5). This guarantees that DAϕpT2
△q ˝ H “ Hλ ˝ DAϕpT2

△q, as desired.

Notice that the above derivation only relies on (3.41), which is verified for any VecλG-module category,

and thus does not depend on a specific choice MpA, ϕq. From this case, it would be easy to infer the

duality operators transmuting Hamiltonians Hλ and Hλ
1

into each other.

Suppose λ is a non-trivial 3-cocycle. It follows from (3.41) that it is not possible to choose the

whole group G to define a VecλG-module category, as otherwise it would require ϕ to be a 2-cochain

in C2pG,Up1qq trivialising λ, which would be a contradiction. Therefore, a duality operator DAϕpT2
△q

is necessarily associated with a VecλG-module category MpA, ϕq with A a proper subgroup of G. This

implies in particular that any duality operator DAϕpT2
△q necessarily projects the Hamiltonians H and

Hλ onto specific charge sectors. Consider for instance the duality operator Dt1upT2
△q associated with

the VecλG-module category Mpt1u, 1q » VecλG, whose module associator evaluates to λ so that (3.41)

merely follows from dp3qλ “ 1. Similarly to the 0-form symmetry operator Ut1upT2
△q, the duality

operator Dt1upT2
△q enforces holonomies along both non-contractible cycles to be trivial, and thus acts

as a projector onto the singlet sector of the 1-form ReppGq symmetry, making this duality operator

non-invertible, and a fortiori non-unitary. Nonetheless, upon restricting to the singlet sector, the

operator Dt1upT2
△q does become invertible and relates the spectra of the dual Hamiltonians. In order

to access additional charge sectors, one option is to decorate the topological surface with topological

lines labelled by elements in G, in the same vein as for the symmetry operator Ut1upT2
△q (see sec. 3.5).

However, this is insufficient as the duality operator typically imposes additional constraints on the

charge sectors that depend on the choice of λ. In the same vein, employing a different duality operator

associated with a distinct MpA, ϕq could a priori permit to access additional charge sectors, as it

would not necessarily project onto the singlet sector, but there would still be additional constraints

that depend on λ. Indeed, suppose we are restricting to charge sectors pa1, a2q P A ˆ A. It follows

from the cocycle condition (3.41) that the duality explicitly depends on the complex number12

ϕ

ϕ

a2

a1a´1
1 a2

“
ÿ

rAPG{A

α�
ϕ pa1, a

´1
1 a2qprAq

α�
ϕ pa´1

1 a2, a1qprAq
, (3.46)

where the l.h.s. should be interpreted as a single unit cell of the tensor network whose opposite indices

are contracted so to as implement periodic boundary conditions. Consider now shifting the summation

variable as follows: rA ÞÑ x� rA, for any x P G. But, repeatedly using the cocycle conditions (3.41)

12To establish this fact, we are employing a higher dimensional version of the trick presented in eq. (2.15).
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and dp3qλ “ 1, as well as the fact that a� rA “ rA for every a P A and rA P G{A, one finds that

α�
ϕ pa1, a

´1
1 a2qpx� rAq

α�
ϕ pa´1

1 a2, a1qpx� rAq
“

txpλqpa1, a
´1
1 a2q

txpλqpa´1
1 a2, a1q

¨
α�
ϕ pa1, a

´1
1 a2qprAq

α�
ϕ pa´1

1 a2, a1qprAq
, (3.47)

where tx : Z3pG,Up1qq Ñ Z2pG,Up1qq is defined via [Wil05]

txpλqpg1, g2q :“
λpx, g1, g2qλpg1, g2, xq

λpg1, x, g2q
, (3.48)

for every g1, g2, x P G. Additional manipulations reveal that

txpλqpa1, a
´1
1 a2q

txpλqpa´1
1 a2, a1q

“ t2
a1,a

´1
1 a2

pλqpxq “ t2a1,a2pλqpxq , (3.49)

where t2x,y : Z3pG,Up1qq Ñ Z1pG,Up1qq is defined via

t2x1,x2
pλqpgq :“

tx1
pλqpx2, gq

tx1pλqpg, x2q
, (3.50)

for every g, x1, x2 P G. Bringing everything together, we showed that within the charge sector pa1, a2q P

A ˆ A, DAϕpT2
△q “ t2a1,a2pλqpxq ¨ DAϕpT2

△q, for every x P G. Since it is true for every x P G and

t2a1,a2pλq P pG, we further have

DAϕpT2
△q “

ˆ

1

|G|

ÿ

xPG

t2a1,a2pλqpxq

˙

DAϕpT2
△q “

"

DAϕpT2
△q if t2a1,a2pλq “ 1

0 otherwise
, (3.51)

which means that charge sectors pa1, a2q P AˆA, for which t2a1,a2pλq is not the trivial representation are

projected out. In order to access all the charge sectors—regardless of the choice of duality operator—it

is required to allow for the duality operator to modify the closed boundary conditions. We compute

in the following the relevant permutation of topological sectors.

3.5 Permutation of topological sectors

As alluded to above, in order to lift a duality operator DAϕpT2
△q to a unitary transformation, it is

required to characterise the interplay between boundary conditions and charge sectors. First, we need

to modify the duality operators so as to accommodate the presence of symmetry twists, the same way

we modified the symmetry operators. Since for every group G and λ, the only duality operator whose

existence we can guarantee is Dt1upT2
△q, we shall focus on this case throughout the remainder of this

section. Suppose a 1-form symmetry twist is inserted at the vertex v0. Specialising to the triangular

lattice, we define the duality operator Dt1u
η1Ñη2pT2

△q : Hη1 Ñ Hη2 by replacing the unit cell (3.42) of its

tensor network parametrisation located at v0 by the following one:

1

1

η1

η2

, (3.52)
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where we are employing the tensors defined in eq. (3.35). It is clear from the previous derivations that

Dt1u
η1Ñη2pT2

△q ˝ H1,η1 “ Hλ,η2 ˝ Dt1u
η1Ñη2pT2

△q. Now, recall that the duality operator Dt1u
η1Ñη2pT2

△q projects

out states |gy such that holγ1pgq and holγ2pgq are not the identity element. We can lift this limitation

by decorating Dt1u
η1Ñη2pT2

△q by appropriate topological lines in G, thereby allowing to consider any

charge sector pg1, g2q P G ˆ G. More formally, the duality operator Dt1upT2
△q being associated with

the VecλG-module category Mpt1u, 1q » VecλG, it can be decorated with ’t Hooft lines labelled by simple

objects in the category pVecλGq
_

Mpt1u,1q » VecλG. Therefore, although the ’t Hooft lines are effectively

labelled by group elements in G, their action is more subtle than in (3.21) and depends in particular

on λ. Correspondingly, it is not enough to implement the group multiplication at junctions in order

to ensure topological invariance of network of lines. Since any network of ’t Hooft lines boils down to

a collection of single ’t Hooft loops, by virtue of the group G being abelian, let us focus for now on a

single ’t Hooft loop labelled by f P G. Consider an oriented closed loop in Z1pT2
△,Zq. For every edge

in this closed loop, we modify the corresponding local patch of the tensor network as follows

ÞÑ
λ

f

f

or
λ

f

f

, (3.53)

depending on the orientation of the edge relative to that of the loop, where we are using tensors

adapted from eq. (3.23) in an obvious way and

λ ”
ÿ

f1,f2,g1
g2,xPG

f2f1

x

g2

g1

λ |f2yxf1| b |g2yxg1| b xx| ”
ÿ

f,g,xPG

λpg, x, fq |fyxf | b |gyxg| b xx| ,

λ ”
ÿ

f1,f2,g1
g2,xPG

f2f1

x
g2

g1

λ |f1yxf2| b |g2yxg1| b |xy ”
ÿ

f,g,xPG

λpg, x, fq´1 |fyxf | b |gyxg| b |xy .

One can check that the cocycle condition dp3qλ “ 1 ensures that the resulting duality operator is

left invariant under continuous deformations of the closed loop. Although the definition of these

operators may seem somewhat ad hoc, it is actually a reinterpretation of another tensor network

calculus that is closely related to that of fusion 2-categories [Del21]. For instance, given the data of

a VecλG-module endofunctor of MpA, ϕq, there is a systematic way of constructing a tensor network

operator, which boils down to that defined in eq. (3.53) whenever MpA, ϕq » VecλG. In order to

construct the operator D1
η1Ñη2pT2

△qrg1, g2s projecting onto a charge sector labelled by rfs P H1pG,T2
△q

with holonomies holγ1pfq “ g1 and holγ2pfq “ g2, it suffices to insert two loop operators as defined above

along both non-contractible cycle of the torus. However, as mentioned above, the junction of these

two loops operators requires some care so as to be topologically invariant. Immediately specialising

to our configuration of interest, one finds that the duality operator Dt1u
η1Ñη2pT2

△qrg1, g2s : Hη1 Ñ Hη2
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explicitly depends on the complex number

g1

g2

g2

g1

1

1

1

1

g2

g1g´1
1 g2

η1

η2

λ

λ

“
ÿ

xPG

λpg1, g
´1
1 g2, g1xqλpg2, x, g1qλpxg1, g2g

´1
1 , g1q

λpg´1
1 g2, g1, xqλpg1, x, g2qλpx, g1, g

´1
1 g2q

η_
1 pg1xq η2pg1xq

“
ÿ

xPG

t2g1,g2pλqpxq η1pg1xq η_
2 pg1xq ,

(3.54)

where, as in eq. (3.46), the l.h.s. is interpreted as a single unit cell of the tensor network whose opposite

indices are contracted so to as implement periodic boundary conditions. In addition to the unit cell

(3.52) and tensors of the form (3.53), one introduced the following tensors that implement the fusion

of topological lines in VecλG:

1
”

ÿ

f1,f2
f3,xPG

f2f1

f3

x

1
|f1, f2yxf3| b xx| ”

ÿ

f1,f2,xPG

λpx, f2, f1q |f1, f2yxf1f2| b xx| ,

1
”

ÿ

f1,f2
f3,xPG f2f1

f3

x

1
|f3yxf1, f2| b |xy ”

ÿ

f1,f2,xPG

λpx, f2, f1q´1 |f1f2yxf1, f2| b |xy .

It simply follows from the orthogonality of representations in G that, in order for the operator

Dt1u
η1Ñη2pT2

△qrg1, g2s not to vanish, we must have η2p´q “ t2g1,g2pλqp´q η1p´q. Bringing everything

together, one obtains the following mapping of topological sectors:

pg1, g2, ηq ÞÑ pg1, g2, η
λ
g1,g2q with ηλg1,g2p´q :“ t2g1,g2pλqp´q ηp´q . (3.55)

In particular, it follows from the normalisation of λ that the topological sectors of the form pη,1,1q are

mapped to themselves under DAϕpT2
△q for any η P pG. Finally, promoting the 1-form symmetry twist

to a dynamical degree of freedom, the invertible duality operators between compatible topological

sectors constructed above organise into a unitary operator onto the resulting total Hilbert space.

3.6 Examples

Let illustrate our formalism with a couple of examples. Let G “ Z2. As in sec. 2.4, we write

the multiplication rule of Z2 “ t0, 1u as addition modulo 2. A normalised representative of the

cohomology class rλs generating H3pZ2,Up1qq – Z2 is provided by λpg1, g2, g3q “ p´1qg1g2g3 , for every

g1, g2, g3 P Z2. Given a two-dimensional quantum lattice model with a 0-form Z2 symmetry, we
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have two gauging procedures at our disposal, namely the untwisted one and the one twisted by the

representative λ defined above. The two Hamiltonians resulting from these two gauging procedures

possess a 2ReppZ2q symmetry. Moreover, since they only differ in the choice of 3-cocycle λ, the

corresponding duality operator is encoded into the unique simple object in the 2-category 2RepλpZ2q,

which is VecλZ2
as a module category over itself. Let us consider the special Hamiltonian whose local

operators (3.3) are obtained by choosing the non-vanishing complex coefficients hpg, xvq to be equal to

´1, for every g P Z1pT2
△,Z2q and xv P C0pT2

△,Z2q such that xvpvq “ 1, i.e.,

H “ ´
ÿ

v

ź

eĄv

Xe . (3.56)

Recall that the kinematical Hilbert space is spanned by states |gy, where g P Z1pT2
△,Z2q. Making the

kinematical constraint ker dp1qg “ 0 dynamical would result in the celebrated (2+1)d toric code model

[Kit03]. Let us briefly comment on the 2ReppZ2q symmetry structure. By definition, there are two

topological surface operators, namely the identity operator and the condensation operator13

Ut1upT2
△q “

ÿ

gPZ1
pT2

△,Z2q

mPC0
pT2

△,Z2q

δg,dp0qm| gyxg| “
1

2PpT2
△q

´

â

v

x`|

¯

ź

e

`

I ` ZB´eZeZB`e

˘

´

â

v

|`y

¯

, (3.57)

where |`y :“ 1?
2

p|0y ` |1yq. Decorating the trivial surface operator UZ2pT2
△q with the network of

Wilson lines encoded into the 1-cocycle X P Z1pT2
△,Z2q results into the surface operator14

UZ2pT2
△qrXs ” XpT2

△q “
ÿ

gPZ1pT2
△,Z2q

exp
´

iπ

ż

T2
△

X!g
¯

|gyxg| . (3.58)

Decorating Ut1upT2
△q with the network of ’t Hooft lines encoded into the 1-cocycle f P Z1pT2

△,Z2q

results into the surface operator

Ut1upT2
△qrfs “

ÿ

gPZ1
pT2

△,Z2q

mPC0
pT2

△,Z2q

δg,dp0qm`f| gyxg| “
1

2PpT2
△q

´

â

v

x`|

¯

ź

e

`

I ` p´1qfpeqZB´eZeZB`e

˘

´

â

v

|`y

¯

.

Replacing in the definition of the local operators the trivial 3-cocycle by λ, while keeping everything

else the same, yields the Hamiltonian Hλ. Note that Hλ does not admit a particularly compact

expression. However, specialising to the scenario where T2
△ is the triangular lattice, one can perform

the unitary transformation [SPHMD19]

U :“
ÿ

g

ż

T2
△

ig |gyxg| (3.59)

so as to obtain

U Hλ U : “
ÿ

v

ź

eĄv

Xe

ź

pv v1v2q

pv1v v2q

pv1v2vq

Spv1v2q , (3.60)

where S “ |0yx0| ` i|1yx1|. At this point, making the kinematical constraint ker dp1qg “ 0 dynamical

would result in the Hamiltonian of the so-called double semion model [LW04, LG12], which is the

13Recall that PpT2
△q “ EpT2

△q ´ VpT2
△q since the Euler characteristic of T2 equals 0.

14Here, we are exploiting the isomorphism Z2 – xZ2 in order to simplify the definition of the cup product (3.11).
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Hamiltonian realisation of the Turaev–Viro–Barrett–Westbury state-sum invariant with input fusion

category VecλZ2
[TV92, BW93]. Assuming periodic boundary conditions for both H and Hλ, the duality

operator Dt1upT2
△q transmuting the Hamiltonians H and Hλ into each other takes the following form:

Dt1upT2
△q “

ÿ

gPZ1
pT2

△,Z2q

mPC0
pT2

△,Z2q

δg,dp0qm

ˆ

ź

pv1v2v3q

λ
`

gpv1v2q, gpv2v3q,mpv3q
˘ϵpv1v2v3q

˙

|gyxg|

“
ÿ

mPC0pT2
△,Z2q

ˆ

ź

pv1v2v3q

p´1qmpv1qmpv3qpmpv2q`1q

˙

|dp0qmyxdp0qm| .

(3.61)

One can now verify that Dt1upT2
△q ˝ H “ Hλ ˝ Dt1upT2

△q. What about the mapping of topological

sectors? Since λpg1, g2, g3q “ λpg2, g3, g1q “ λpg3, g1, g2q, for every g1, g2, g3 P Z2, it turns out that

t2g1,g2pxq “ 1, for every x P Z2. Therefore, any 1-form symmetry twisted boundary condition is

exceptionally preserved under the duality transmuting H into Hλ. Naturally, Dt1upT2
△q is not a unitary

operator on the total kinematical Hilbert space, since it projects both H and Hλ onto the singlet sector

of the 1-form ReppZ2q-symmetry. In order to obtain the unitary operator relating the full spectra of

H and Hλ, it is required to decorate Dt1upT2
△q with networks of ’t Hooft lines, following the procedure

described in sec. 3.5.

Since the previous example is not accompanied with a non-trivial permutation of topological sectors,

let us briefly consider a slightly more complicated example. Let G “ Z2ˆZ2ˆZ2 Q pgp1q, gp2q, gp3qq ” g.

There is a normalised representative of a cohomology class in H3pZ3
2,Up1qq defined by

λpg1, g2, g3q “ exp
`

iπg
p1q

1 g
p2q

2 g
p3q

3

˘

, (3.62)

for every g1, g2, g3 P Z3
2. It follows from the general derivation that upon restricting to the charge

sector pg1, g2q P Z3
2 ˆ Z3

2, the duality operator Dt1u

1ÑηpT2
△qrg1, g2s would be non-vanishing if and only if

ηp´q “ t2g1,g2p´q with

t2g1,g2pxq “ exp

¨

˚

˝

iπ

∣∣∣∣∣∣∣
g

p1q

1 g
p1q

2 xp1q

g
p2q

1 g
p2q

2 xp2q

g
p3q

1 g
p3q

2 xp3q

∣∣∣∣∣∣∣
˛

‹

‚

, (3.63)

for every x P Z3
2. Therefore, for a generic charge sector, the 1-form symmetry twisted boundary

condition of the Hamiltonian Hλ would need to be non-trivial.

3.7 Higher category theoretic underpinnings

Transposing sec. 2.5, let us sketch the mathematical formalism underlying the results presented above,

following the approach of ref. [DT23]. Consider a two-dimensional quantum lattice model with a non-

anomalous abelian symmetry groupG, which admits topological surfaces valued inG. The requirement

that we should be able to construct topological interfaces between surfaces and topological junctions

of interfaces invites us to rather consider a higher category theoretic structure, namely the fusion 2-

category 2VecG of G-graded 2-vector spaces, where a 2-vector space is defined to be a finite semisimple

C-linear (1-)category. In particular, simple objects in 2VecG are 2-vector spaces Vecg, for every g P G,

such that pVecg1qg2 “ δg1,g2Vec with hom-categories Hom2VecGpVecg1 ,Vecg2q – δg1,g2Vec, while the

monoidal structure reads Vecg1 d Vecg2 “ Vecg1g2 . Moreover, the monoidal associator evaluates to

the identity 1-morphism, and it satisfies the pentagon axiom up to an invertible modification, known
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as the monoidal pentagonator, which evaluates to the identity 2-morphism. Given a non-anomalous

symmetry G in (2+1)d—or rather, a symmetry 2VecG—it is always possible to gauge a subsymmetry

A, where A is a subgroup of G. As in (1+1)d, we identify several ways to perform such a gauging, which

are now labelled by cohomology classes in H3pA,Up1qq. Whenever the whole symmetry is gauged,

the resulting theory possesses a 2ReppGq-symmetry, i.e., a symmetry structure encompassing both

0-form symmetry operators labelled by 2-representations of the group G, which compose according

to the fusion of VecG-module categories [Gre10], as well as 1-form symmetry operators labelled by

VecG-module functors. Crucially, even though the group is abelian, 2VecG and 2ReppGq are clearly

not equivalent, even as 2-categories.

Mathematically, a pair pA, λq consisting of a subgroup A Ď G and a normalised representative λ of

a cohomology class rλs P H3pA,Up1qq specifies a so-called module 2-category over 2VecG [Dé21, Del21].

Let MpA, λq be the (finite semisimple) 2-category whose simple objects are 2-vector spaces VecrA, for

every rA P G{A. It is equipped with the (left) 2VecG-module structure provided by the G-action of

left cosets in G{A, i.e. Vecg�VecrA :“ Vecg�rA » VecpgrqA, such that the module associator evaluates

to the identity 1-morphisms, and it satisfies the pentagon axiom up to an invertible modification π�
λ

referred as the module pentagonator. Components of the module pentagonator π�
λ evaluate to the

3-cochain π�
λ P C3pG,FunpG{A,Up1qqq defined in terms of the 3-cocycle λ via

π�
λ pg1, g2, g3qprAq :“ λpag1,g2g3�rA, ag2,g3�rA, ag3,rAq , (3.64)

for every g1, g2, g3 P G and rA P G{A. It follows from the 3-cocycle condition satisfied by λ that

π�
λ pg2, g3, g4qprAqπ�

λ pg1, g2g3, g4qprAqπ�
λ pg1, g2, g3qpg4 � rAq

π�
λ pg1g2, g3, g4qprAqπ�

λ pg1, g2, g3g4qprAq
“ 1 , (3.65)

for every g1, g2, g3, g4 P G and rA P G{A. Identity (3.65) guarantees the so-called associahedron axiom

of MpA, λq [Dé21, Del21].

Performing the λ-twisted gauging of a symmetry 2VecG amounts to picking the 2VecG-module

2-category MpG,λq ” 2Vecλ, which is equivalent to 2Vec as a 2-category but whose 2VecG-module

structure depends on λ. The same data encodes a choice of fiber 2-functor 2VecG Ñ 2Vec. The

symmetry structure of the theory resulting from the λ-twisted gauging of the subsymmetry A is

provided by the fusion 2-category p2VecGq
_

MpA,λq :“ 2Fun2VecGpMpA, λq,MpA, λqq defined as the

category of 2VecG-module 2-functors from MpA, λq to itself, with fusion structure provided by the

composition of 2VecG-module 2-functors [Del21, BBSNT22, BBFP22, DT23]. In particular, we have

p2VecGq
_

2Vecλ » 2ReppGq, for any rλs P H3pG,Up1qq, as expected.

We can think of the 2ReppGq-symmetric models defined in sec. 3.1 as resulting from the λ-twisted

gauging of G-symmetric models. Therefore, two models with Hamiltonians H and Hλ—only differing

in a choice of 3-cocycle λ—are associated with the 2VecG-module categories 2Vec and 2Vecλ, respec-

tively. This can be made very explicit employing the formalism of ref. [DT23], from which it also

follows that a duality operator transmuting H into Hλ corresponds to a choice of simple object in

2Fun2VecGp2Vec, 2Vecλq, which can be shown to be equivalent to 2RepλpGq, as expected.

3.8 Self-duality and lattice higher gauge theories

As in (1+1)d, a particularly attractive feature of the dualities considered in this section is that they

preserve the symmetry structure, namely 2ReppGq for some finite abelian group G. As a matter of fact,

it seems that all non-trivial dualities of bosonic two-dimensional quantum lattice models preserving

symmetry structures are of this flavour, i.e., dualities between models only differing in a choice of fiber
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2-functor over some input fusion 2-category [DY23]. This property suggests that it may be possible

to define a model that is self-dual with respect to such a duality. Given such a self-dual model, one

could then consider promoting the self-duality to a genuine internal symmetry, which mathematically

amounts to considering an extension of the symmetry fusion 2-category.

Let us illustrate this principle with the first duality studied in sec. 3.6. There, we constructed two

manifestly 2ReppZ2q-symmetric Hamiltonians H and Hλ, which are associated with fiber 2-functors

2VecZ2 Ñ 2Vec and 2VecZ2 Ñ 2Vecλ, respectively. Clearly, the Hamiltonian H ` Hλ is left invariant

under the action of the duality operator (3.61), making H ` Hλ self-dual. We claim that promoting

this self-duality to a genuine internal symmetry results in the fusion 2-category 2ReppZr0s

2
‚µZr1s

2 q of 2-

representations of a 2-group Zr0s

2
‚µZr1s

2 with homotopy group Z2 both in degree one and two. Generally,

a 2-group is defined as a monoidal category such that every object admits a weak inverse and every

morphism is invertible. In particular, given two finite abelian groups G and H, and a normalised

representative 3-cocycle µ of a cohomology class in H3pG,Hq, the 2-group Gr0s‚µH
r1s is the monoidal

category such that the objects form the group G, automorphisms of the monoidal unit forms the

group H, while the monoidal associator is provided by µ.15 The fusion 2-category 2ReppGr0s‚µH
r1sq

is then defined as the fusion 2-category of pseudofunctors from the so-called delooping of the 2-group

to 2Vec.16 The underlying 2-category was studied in detail in ref. [Elg07]:

2ReppGr0s
‚µH

r1sq »
ð

χPxH

2Repχ˝µ
pGq . (3.66)

We are now ready to show that the self-dual Hamiltonian H ` Hλ has a 2ReppZr0s

2
‚µZr1s

2 q symmetry

structure, where µpg1, g2, g3q “ 1 P Z2 if g1 “ g2 “ g3 “ 1, and 0 otherwise. Our strategy is to

demonstrate that H ` Hλ has a lattice higher gauge theory interpretation [BH10, KT13, BD19, DT18,

DT19, BD19, ZLW19] and results from gauging a two-dimensional quantum lattice model with a

2Vec
Zr0s

2
‚µZr1s

2
symmetry [DT23].

We begin by constructing a family of two-dimensional quantum lattice models with a lattice

higher gauge theory interpretation that possess a 2ReppGr0s‚µH
r1sq symmetry, before specialising to

2ReppZr0s

2
‚µZr1s

2 q. The kinematical Hilbert space is spanned by vectors |g, hy, where g P Z1pT2
△, Gq and

h P C2pT2
△, Hq. Let µ be a normalised representative 3-cocycle of a cohomology class rµs P H3pG,Hq.

Given a vertex v P VpT2
△q, we denote by xv P C0pT2

△, Gq a function VpT2
△q Ñ G such that xvpv1q “ 1

whenever v1 ‰ v. Moreover, we denote by zv P C1pT2
△, Hq a function EpT2

△q Ñ H such that zvpv1v2q “

1 whenever v R Bpv1v2q. We consider the following local operators acting on the kinematical Hilbert

space:

hv,n :“
ÿ

gPZ1
pT2

△,Gq

hPC2
pT2

△,Hq

ÿ

xv,zv

hnpg, h, xv, zvq |g dp0qxv, hd
p1qzv µpg, xvq´1yxg, h| , (3.67)

where n is some label, hnpg, h, xv, zvq are arbitrary complex coefficients, hdp1qzv µpg, xvq´1 is by defini-

15More generally, the group H can be endowed with the structure of a G-module, but we choose the module structure

to be trivial.
16Similarly, the fusion 2-category of 2-representations of a finite group G can be defined as the fusion 2-category of

pseudofunctors from the delooping of the group to 2Vec.
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tion the function PrT2
△s Ñ G such that

phdp1qzv µpg, xvq´1qppq “

$

’

’

’

&

’

’

’

%

hppq zvpv2vq zvpv1vq´1µ
`

gpv1v2q, gpv2vqxvpvq´1, xvpvq
˘´1

if p ” pv1v2vq

hppq zvpv v2q zvpv1vqµ
`

gpv1vqxvpvq´1, xvpvq, gpv v2q
˘

if p ” pv1v v2q

hppq zvpv v1q zvpv v2q´1µ
`

xvpvq, gpv v1q, gpv1v2q
˘´1

if p ” pv v1v2q

hppq otherwise

,

(3.68)

where we defined the 2-cochain µpg, xvq analogously to the phase factor (3.5).

We claim that any Hamiltonian built from local operators (3.67) possesses a 2ReppGr0s‚µH
r1sq

symmetry. Let us focus on the 0-form symmetry operators. It follows from eq. (3.66) that simple ob-

jects 2ReppGr0s‚µH
r1sq are labelled by pairs

`

χ P pH,MpA, ϕq P 2Repχ˝µ
pGq

˘

. In particular, whenever

χ is the trivial representation of H, the topological surface operator is labelled by a 2-representation

of G, acts as in eq. (3.26), and commutes with local operators hv,n for the same reasons as before.

More generally, let us denote by UAϕ,χpT2
△q the topological surface operator associated with the pair

pχ,MpA, ϕqq:

UAϕ,χpT2
△q :“

ÿ

gPZ1
pT2

△,Gq

hPC2
pT2

△,Hq

mPC0
pT2

△,G{Aq

ˆ

ź

pv1v2q

δgpv1v2q�mpv2q,mpv1q

¨
ź

pv1v2v3q

”

χphqα�
ϕ

`

gpv1v2q, gpv2v3q
˘`

mpv3q
˘

ıϵpv1v2v3q
˙

|g, hyxg, h| .

(3.69)

Letting xv P C0pT2
△, Gq and zv P C1pT2

△, Hq defined as above, it follows from eq. (3.45) as well as
ś

pv1v2v3q χpdp1qzvq “ 1 that

ź

pv1v2v3q

”

χ
`

hdp1qzv µpg, xvq´1
˘

α�
ϕ

`

pg dp0qxvqpv1v2q, pg dp0qxvqpv2v3q
˘̀

pxv �mqpv3q
˘

ıϵpv1v2v3q

“
ź

pv1v2v3q

”

χphqα�
ϕ

`

gpv1v2q, gpv2v3q
˘̀

mpv3q
˘

ıϵpv1v2v3q

,

(3.70)

for every g P Z1pT2
△, Gq and h P C2pT2

△, Hq, thereby confirming that UAϕ,χpT2
△q commutes with local

operators hv,n.

Let us now specialise to the 2-group Zr0s

2
‚µZr1s

2 . By definition, the Hamiltonian H`Hλ constructed

from eq. (3.56) and eq. (3.60) is made of local operators that acts as ´
ś

eĄvXe, for every v P VpT2
△q,

while projecting out states |gy satisfying λpg, xvq “ ´1. We argue that there is a choice of complex

coefficients h1pg, h, xv, zvq such that local operators of the form (3.67) effectively act in the same way.

Similarly to the example of sec. 2.6, the crux is to restrict the kinematical Hilbert space to states |g, hy,

for which the 2-cochain h P C2pT2
△,Z2q assigns the identity group element to every plaquette. This

can be enforced via a choice of coefficients h1pg, h, xv, zvq. One can further choose these coefficients

such that the only non-vanishing ones are equal to ´1, for every g P Z1pT2
△,Z2q, zv P C1pT2

△,Z2q,

and xvpvq “ 1. Proceeding as such, phdp1qzv µpg, xvq´1qppq “ 0 enforces that pdp1qzv µpg, xvq´1qppq “ 0,

for every p P PpT2
△q. For any zv P C1pT2

△,Z2q, the previous condition enforces that µpg, xvqppq is

distinct from the identity element in Z2 for an even number of plaquettes, precisely constraining g to

be such that λpg, xvq “ 1, as desired. Bringing everything together, this confirms that promoting the

self-duality of H ` Hλ to an internal symmetry does result in a 2ReppZr0s

2
‚µZr1s

2 q symmetry.
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Naturally, one can construct much more general lattice higher gauge theories with a 2ReppZr0s

2
‚µZr1s

2 q

symmetry than the one discussed above. Given such a theory, one can then ask for a duality re-

lation of the same type as those considered so far, i.e. combining twisted and untwisted gauging

operations. This is possible since the fusion 2-category 2Vec
Zr0s

2
‚µZr1s

2
admits two inequivalent fiber 2-

functors, which differ in a choice of 2-group 3-cocycle. Indeed, representatives of cohomology classes in

H3pZr0s

2
‚µZr1s

2 ,Up1qq are labelled by pairs pϵ, γq consisting of a 3-cochain γ P C3pZ2,Up1qq and a homo-

morphism ϵ : Z2 Ñ xZ2 such that dγ “ xϵ,!µy [KT13]. The unique non-trivial solution is provided by

choosing ϵ to be the non-trivial character of Z2 and γpg1, g2, g3q “ ig1g2g3 . Given a model that would

happen to be self-dual under the resulting duality, lifting the self-duality to an internal symmetry

would result in one of the Tambara–Yamagami fusion 2-categories considered in ref. [DY23].
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