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Abstract

We establish a state-operator correspondence for a class of non-conformal quantum field
theories with continuous higher-form symmetries and a mixed anomaly. Such systems
can always be realised as a relativistic superfluid. The symmetry structure induces an
infinite tower of conserved charges, which we construct explicitly. These charges satisfy
an abelian current algebra with a central extension, generalising the familiar Kac–Moody
algebras to higher dimensions. States and operators are organised into representations
of this algebra, enabling a direct correspondence. We demonstrate the correspondence
explicitly in free examples by performing the Euclidean path integral on a d-dimensional
ball, with local operators inserted in the origin, and matching to energy eigenstates
on Sd−1 obtained by canonical quantisation. Interestingly, in the absence of conformal
invariance, the empty path integral prepares a squeezed vacuum rather than the true
ground state.
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1 Introduction21

One of the most striking and powerful features of conformal field theory (CFT) is the state-22

operator correspondence. At first glance, it seems almost paradoxical: it asserts that every23

quantum state defined on a spatial sphere can be associated with a local operator inserted24

at a single point in spacetime. This is surprising because states are inherently non-local25

objects, defined on an entire Cauchy surface, while local operators are the most ultra-localised26

observables the theory permits.27

Nonetheless, conformal invariance ensures that this is the case. In short, it is a consequence28

of a conformal transformation from the Euclidean cylinder, R × Sd−1, to the plane, which29

maps the infinite Euclidean past to a single point (which we shall call the origin) on the plane.30

Under this map the Hamiltonian, generating time translations on the cylinder, gets replaced31

by the dilatation operator; that is D = r ∂r in spherical coordinates. Hence, preparing energy32

eigenstates amounts to imposing a local condition at the origin, that transforms appropriately33

under rescalings. This is precisely a local operator.134

The consequences of the state-operator correspondence are nothing short of dramatic. To name35

only a few: for CFTs themselves, in two dimensions, it allows the theory to be consistently36

defined on arbitrary Riemann surfaces [2]. This is, in turn, a crucial ingredient in the internal37

consistency of string theory. In the same spirit, the correspondence is indispensable for the38

conformal bootstrap [3–6], guiding the search for extracting consistent CFTs and their spectrum39

of local operators and scaling dimensions. In critical phenomena, it provides a very effective40

tool to study entanglement entropy, particularly via the replica trick [7]. There are also deep41

implications for gravity, most notably via holography and the AdS/CFT correspondence. Perhaps42

the most striking of these is that black hole microstates are probed by “heavy operators” in the43

dual CFT [8–10].244

Sadly, the arguments outlined above do not extend to generic non-conformal quantum field45

theories (QFTs). One direction of the correspondence remains trivially valid: acting with a46

1The story is of course much more concrete than the cartoon we presented here. See for instance [1] for a good
account.

2Honourable mentions of recent promising approaches where the state-operator correspondence plays a crucial
role include the large-charge expansion [11,12], as well as fuzzy-sphere methods [13].

2



SciPost Physics Submission

local operator on the vacuum produces a new state. More generally, performing a Euclidean47

path integral over a manifold with boundary, with a local operator inserted somewhere in48

the interior, prepares a state on the boundary. This construction holds in any QFT. What fails,49

however, is the converse. Given a state on a spatial sphere, one can still trace it back to some50

local perturbation at the origin, signalled by a divergence. However, such a singularity often51

cannot be matched to any local operator in the theory.352

All hope is not lost. In CFTs what organises the state-operator correspondence is conformal53

symmetry. But is it possible that some other symmetry can take this organising role upon itself?54

In this paper, we show that this is the case. Specifically, we construct an explicit state-operator55

correspondence in a class of non-conformal quantum field theories that exhibit a particular56

global symmetry with a non-trivial ’t Hooft anomaly. We will clarify the precise setting shortly.57

For now, let us motivate this possibility with a familiar example: a two-dimensional (unitary)58

CFT with a continuous global symmetry. For simplicity take the symmetry to be U(1) and59

focus on c = 1 CFTs. It is well known that any such a theory can be realised in terms of free60

fields [14]. What’s more, there is an abelian Kac–Moody algebra organising the spectrum of61

states and operators. In this setting, the stress tensor admits a Sugawara form [15], meaning62

the generators of the conformal group (and in fact the entire Virasoro algebra) can be written63

in terms of the Kac–Moody modes. Hence, states and operators in this theory are naturally64

organised by the Kac–Moody algebra, which follows from the U(1) global symmetry. That65

they also come in representations of the conformal group follows directly from the Sugawara66

construction.67

The aim of this paper is to replicate the above situation in a more general setting, dispensing of68

the need for conformal invariance. The key ingredient that makes this possible is the notion69

of generalised global symmetries [16]. Over the past decade, it has become clear that the70

conventional idea of symmetry can be extended in multiple directions. This has led to the71

development of a broader framework encompassing higher-form symmetries, higher-group72

symmetries, and non-invertible symmetries, among others. See [17–27] for reviews. These73

generalisations provide a powerful toolkit for analysing and constraining quantum field theories.74

Without further ado, let us lay out our setup and briefly summarise our main results. We will75

consider d-dimensional quantum field theories with a zero-form symmetry and a (d − 2)-form76

form symmetry, U(1)[0]×U(1)[d−2], that are tied together by an ’t Hooft anomaly. To be precise,77

coupling the symmetries to background gauge fields A[1] and B[d−1], respectively we consider78

systems with a mixed anomaly (written here as an inflow action):79

Sanomaly =
i

2π

∫

Md+1

B[d−1] ∧ dA[1] . (1.1)

Oftentimes, the higher-form symmetry is not manifest in the ultraviolet but emerges in an80

infrared phase [28]. Accordingly, the theories we will work with are effective field theories81

that realise this symmetry structure at low energies.82

A first key result of this paper is that such a symmetry structure can always be realised by a83

superfluid effective field theory (EFT) with an appropriate choice of equation of state, which we84

dub “superfluidisation.” The simplest realisation is that of a single Goldstone boson: a superfluid85

3This is most easily seen by performing a coordinate transformation r = eτ, where τ is the Euclidean time. Under
this map τ = −∞ corresponds to r = 0. However, in a non-conformal theory one cannot subsequently remove
the conformal factor. As a result, there is an extra divergence from the metric itself which cannot, in general, be
countered by a local operator.
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in a minimal sense, where the equation of state dictates that the pressure scales quadratically86

with the chemical potential and the symmetry breaking persists even at zero charge density.87

This construction replaces the free field realisation of our earlier 2d CFT example and may be88

viewed as a higher-dimensional analogue of bosonisation. In this sense, the superfluid EFT89

plays the role of a universal model for capturing the anomaly and its associated charge structure.90

This echoes the primary result of [28], where it was shown that such a symmetry structure91

implies a massless particle in the spectrum of the theory, and resonates with the main ideas92

in [29,30] whereby the superfluid EFT was constructed from the bottom up by a particular93

realisation of the anomaly.94

We then go on to show that the superfluid EFT possesses an infinite number of conserved95

charges which we construct explicitly.4 These charges are given by integrals of local currents96

on codimension-1 hypersurfaces:97

Qn[Σd−1] =

∫

Σd−1

dd−1 x J (n)0 (x) =

∫

Σd−1

⋆J (n)[1] . (1.2)

In other words, they generate zero-form symmetries. Upon computing their algebra, we find98

that these charges obey an abelian current algebra with a central extension:99

[Qn,Qm] = i
Æ

λnδnm , (1.3)

where
p

λn denotes the eigenvalues of the Laplacian on Σd−1 and n denotes the quantum100

numbers of the corresponding eigenfunctions. This is a direct generalisation of abelian Kac–101

Moody algebra to higher dimensions. In fact, it turns out that these charges are spectrum-102

generating. As a result the Hilbert space of states is organised into representations of this103

algebra. These are simply Verma modules consisting of descendants on top of highest-weight,104

primary, states. What’s more, the local operators of the theory also transform under this algebra105

and are organised into primary and descendants.106

This last fact enables our chief takeaway. Keeping the aforementioned 2d CFT example as inspi-107

ration, we adapt the methods introduced in [31] to establish a state-operator correspondence108

in a non-conformal setup. To recall briefly, [31] construed a state-operator correspondence109

for line operators in 4d CFTs with a continuous one-form symmetry. There it relates states110

on S2 × S1 and line operators on R3 × S1 and is governed by the current algebra [32], not by111

conformal mappings, as no conformal transformation connects the relevant geometries.112

Here we return to local operators, abandoning conformal invariance, and we establish the113

following:114

In d-dimensional QFTs with a U(1)[0] ×U(1)[d−2] symmetry with anomaly (1.1),115

states on Sd−1 are in one-to-one correspondence with local operators on Rd .116

We construct this correspondence explicitly in two concrete realisations: Goldstone bosons117

and superfluid phonons. Interestingly, in both cases, we find that in the absence of conformal118

invariance there is a subtle difference compared to the usual state-operator correspondence for119

CFTs. The identity operator — corresponding to the empty path integral — does not prepare120

the vacuum state, but rather a squeezed vacuum.121

4Here we use the word conserved to mean topological. Note that this is not necessarily the same as saying
that they commute with the stress tensor. It is the QFT version of the statement that their total time derivative
vanishes, i.e. dQ

dt =
∂Q
∂ t + i [H,Q] = 0. As a simple example, the modes αn =

∮

dz
2π zn J(z) in the 2d free boson CFT

are topological and conserved, yet they do not commute with the Hamiltonian. In other words zn introduces explicit
time dependence.
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Let us emphasise that although both of our examples are free, we expect that the state-122

operator correspondence we construct is not tied to a free realisation. What underpins the123

correspondence is the current algebra, which remains intact for the full non-linear superfluid.124

This resonates with recent lattice approaches [33–35] where gaplessness in the continuum,125

arises not from the shape of the Hamiltonian, but by the fundamental commutators — which126

are a discretised version of the same abelian current algebra. Here too, the quadratic nature of127

the examples makes the correspondence tractable — it allows us to construct the map between128

states and local operators explicitly, but it is plausibly not essential to the mechanism itself.129

An organising summary is as follows. In section 2 we detail on the connection between symme-130

tries, anomalies, and current algebras, and explain how they are realised in effective field theory.131

In the following couple of sections we build up towards the state-operator correspondence. We132

first derive it explicitly, in section 3, for the case of a compact scalar in d-dimensions. Then, in133

section 4, we extend our construction to the relativistic superfluid. Reconciling with section 2134

this establishes the correspondence in general. We close in section 5 with a discussion on135

applications of our formalism, as well as extensions and open questions.136

Notation. This paper takes place both in Lorentzian and in Euclidean signature. Whenever in137

Lorentzian, we use mostly plus convention for the metric. We will denote differential forms138

with their degree placed in as a subscript in square brackets, like ω[p]. Higher-form symmetry139

groups will be denoted by a superscript in square brackets, for instance: G[p]. There will be140

several metrics playing a role: the metric of d-dimensional spacetime, that of a fixed (d − 1)-141

dimensional Cauchy slice, and that of a (d − 1)-dimensional spherical slice at radius r (viewed142

as a radial foliation of d-dimensional flat space). The corresponding Hodge-star operators will143

be denoted ⋆d , ⋆d−1, and ⋆r , respectively.144

2 Anomalies and infinite-dimensional current algebra145

Global symmetries in quantum field theory may possess an ’t Hooft anomaly [36], indicating that146

while the symmetry is well-defined, it cannot be consistently gauged. In a modern perspective147

’t Hooft anomalies are viewed as part of the symmetry data [37,38]. Operationally, anomalies148

are often diagnosed by coupling the theory to a background gauge field, A, and examining the149

behaviour of the partition function under background gauge transformations.5 In the presence150

of an anomaly, the partition function is not invariant. Rather, it picks up a phase (here, in a151

U(1) example):152

Z[A+ dλ] = exp

�

i

∫

Xd

α(A,λ)

�

Z[A] . (2.1)

The phase α(A,λ), modulo local counterterms, defines the anomaly and reflects the obstruction153

to gauging the global symmetry. A common way to encode anomalies in terms of a classical154

anomaly inflow theory of the background fields in one higher dimension.155

As mentioned in the introduction the systems of interest possess a zero-form U(1)[0] symmetry,156

and a (d −2)-form U(1)[d−2] symmetry, with a mixed anomaly. In the inflow picture, the mixed157

5This is well suited for invertible symmetries. For non-invertible symmetries a more refined approach is needed.
See e.g. [38–43].
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anomaly is captured by the anomaly action:158

Sanomaly =
i

2π

∫

Yd+1

B[d−1] ∧ dA[1] . (2.2)

Here, A[1] and B[d−1] are background gauge fields for the 0-form and the (d−2) form symmetry,159

respectively. In terms of currents the anomaly manifests itself as a modification of the usual160

Ward identities. In particular, if the two symmetries are realised by currents J[1] and eJ[d−1],161

(2.2) leads to the following anomalous conservation equations:162

d ⋆ J[1] = 0 and d ⋆ eJ[d−1] = −F[2] , (2.3)

where F[2] is the curvature of the background connection A[1]. We follow the conventions163

of [30] for the sign and normalisation of the anomalous Ward identity.164

In most cases, the (d − 2)-form symmetry is not fundamental but emerges in the infrared. The165

simplest example realising the anomaly structure described above is a theory of Goldstone166

bosons in d dimensions — a case that will be treated in detail in section 3. As such, the167

anomalous conservation laws in (2.3) are generally not constrained by anomaly matching,168

since the symmetry is emergent. However, as recently discussed in [44], certain ultraviolet169

(UV) completions may already contain part of the anomaly. In those cases a discrete subgroup170

of the emergent higher-form symmetry descends from an ordinary 0-form symmetry in the171

ultraviolet and the associated anomaly does become subject to matching constraints.172

A broader class of theories realising the same symmetry structure as Goldstone bosons is173

provided by the effective field theory of a superfluid, as we will review. This section has a174

twofold purpose. First, it will be shown that in the superfluid EFT, the symmetry enhances175

dramatically, giving rise to an infinite tower of conserved currents. The mixed anomaly governs176

the algebra of these currents, resulting in a central extension that we determine. Second, this177

structure is shown to be generic: the anomaly can always be realised by a suitable superfluid178

effective theory, by a mechanism which we dub superfluidisation.179

2.1 Infinitely many charges in the superfluid EFT180

A relativistic superfluid is a system that spontaneously breaks a U(1) symmetry, typically181

interpreted as particle-number symmetry, in a finite-density state. A simple example of a UV182

model (in four dimensions) that leads to a superfluid phase is that of a complex scalar with183

quartic interaction [45,46]:184

SUV =

∫

d4 x
�

1
2

�

�∂µΦ
�

�

2 −m2|Φ|2 −λ|Φ|4
�

. (2.4)

When m2 < 0 this is the standard regime of spontaneous symmetry breaking (SSB) giving rise185

to the standard Goldstone action for the phase ξ(x), of the complex scalar Φ(x) = ρ(x)eiξ(x).186

Adding a chemical potential, µ, drives the system to a finite density state. However, as was187

explained in [46], even in the regime m2 > 0, where the vacuum of the potential sits as zero,188

turning on a chemical potential µ > µcrit = m, destabilises the vacuum, leading to SSB of the189

U(1) symmetry and, again, a finite density state.190

At low-energies, when the heavy fundamental degrees of freedom have been integrated out,191
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the superfluid degrees of freedom are described by the following effective action [47]6:192

S[ξ] =

∫

dd x P
�

∂µξ∂
µξ
�

. (2.5)

In the above, P(·) is a function that is smooth away from zero, related to the superfluid’s193

equation of state. In our conventions it gives the pressure, at zero temperature, as a function of194

(minus) the square of the chemical potential: P = P
�

−µ2
�

. The field ξ is naturally an angular195

variable. Canonically, we take it to be dimensionless and normalise its period to 2π. The196

natural scale of the problem is set by the UV cutoff scale: Λ= |m| in the above example.197

It is immediate to observe that the U(1) symmetry is realised nonlinearly on the superfluid EFT.198

Shifting ξ by a constant: ξ 7→ ξ+α, leaves the action invariant. Since ξ is an angular variable,199

so is α. Associated with this symmetry there is a conserved current:200

Jµ = P′
�

∂µξ∂
µξ
�

∂µξ . (2.6)

The current is conserved by virtue of the equations of motion. Switching to the language of201

differential forms to describe conserved currents, denoting: J[1] = Jµ dxµ, its conservation202

equation reads:203

d ⋆ J[1] = 0 . (2.7)

In modern terminology [16], this corresponds to a conventional, or 0-form, global symmetry. As204

anticipated above, the superfluid EFT also exhibits a second, emergent (d − 2)-form symmetry,205

U(1)[d−2], with a (d − 1)-form current:206

eJ[d−1] = ⋆dξ . (2.8)

This current is conserved off-shell simply by virtue of the Bianchi identities or equivalently207

nilpotency of the exterior derivative. As such, the corresponding symmetry is referred to as208

topological. It is common to label the 0-form and (d − 2)-form symmetries as electric and209

magnetic, respectively, reflecting the kind of matter the two currents couple to. We will use210

both naming conventions interchangeably throughout.211

These two symmetries give rise to conserved charges in the theory. The conserved charge212

associated with the electric symmetry is the total particle number:213

Q[Σd−1] =

∫

Σd−1

⋆J[1] , (2.9)

while the magnetic symmetry gives rise to conserved vortex number:214

eQ[γ1] =

∫

γ1

⋆eJ[d−1] . (2.10)

On top of that, a key ingredient of the superfluid EFT is that the two symmetries are tied215

together by an ’t Hooft anomaly of the form (2.2) [28]. The anomaly is most clearly evident216

upon coupling the theory to a background gauge field, Aµ, for the zero-form U(1)[0] symmetry.217

This is done in the usual way: derivatives are traded for a gauge-covariant version thereof.218

Since the symmetry is realised by shifts, the covariant derivative acts on the scalar field as219

Dµξ= ∂µξ−Aµ , (2.11)

6The effective action holds to all orders in the coupling, though subject to higher-derivative corrections of
the form X m∂ nX , n ⩾ 1, with X = ∂µξ∂ µξ. Such corrections can sometimes become important in cosmological
settings [48].
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Under this modification, the electric current, J[1] remains conserved, but eJ[d−2] (now expressed220

in terms of covariant derivatives) is anomalous:221

d ⋆ eJ[d−2] = −F[2] . (2.12)

We will now take a different approach. For that we do not need the background gauge field A,222

so we turn it back off. First we will show that on top of the two separately conserved currents223

there exists an infinite family of zero-form symmetries. As such the associated conserved charges224

can have a non-trivial algebra. The anomaly is manifested as a central term in the algebra of225

the charges. Let us see how this comes about.226

Consider a function (zero-form) f[0] and a (d − 2)-form ef[d−2], with the aid of which we define227

a (one-form) dressed current, J f as:228

⋆J f = f[0] ⋆ J[1] + ef[d−2] ∧ ⋆eJ[d−1] . (2.13)

This current turns out to be conserved if the auxiliary functions are tied together by a relation.229

They must satisfy:230

P′ d f[0] + (−1)d−1 ⋆ def[d−2] = 0 . (2.14)

Here, it is important to stress that the appearance of P′ makes this constraint field dependent.231

Nonetheless, since we are examining the conservation of a current, we can use the equations232

of motion. Therefore, we are to evaluate P′ at a solution of the equations of motion of (2.5).233

Secondly, on non-compact spacetimes or on manifolds with a boundary, there exist infinitely234

many solutions to the above equation if P′ is uniformly sign-definite. Physically this corresponds235

to a sign-definite distribution of charge. Choosing without loss of generality positive sign, let236

us parametrise P′ = e−2V for some function V . Simultaneously redefining for convenience237

g[0] = e−V f[0] and eg[2] = eV ⋆ ef[d−2], (2.14) becomes238

dV g[0] + d†
V eg[2] = 0 , (2.15)

where dV = e−V d eV = d+ dV ∧ · is the Witten–Lichnerowicz differential [49]. So (2.14) in239

the form of (2.15) becomes a problem in the cohomology of dV , known as Morse–Novikov240

cohomology. It is a standard result [49] that on an exact form, as is in this case dV , this241

cohomology is isomorphic to the usual de Rham cohomology. Therefore, (2.14) has the same242

solution space as the free “twisted self-duality” [50,51] equation:243

dg[0] + d†
eg[2] = 0 . (2.16)

This case corresponds to linear pressure, or equivalently a free compact scalar, and admits244

infinitely many solutions that we will explicitly construct in the following section. For the time245

being, we rely on that general result, assume a solution and explore its consequences.246

An important point to emphasise is that there is a gauge redundancy in (2.13) and (2.14).247

In particular, the currents defined by ef and by ef + dλ[d−3] are equivalent. We work modulo248

such equivalences. Similarly for f , we work up to constant shifts. Keeping that in mind, the249

counting of the degrees of freedom in J f is as follows. The function f contributes one scalar250

degree of freedom. The (d − 2)-form ef modulo gauge shifts, works as a (d − 2)-form gauge251

field, which carries only one polarisation — thus contributing one additional degree of freedom.252

The constraint (2.14) then halves the total tally. Altogether, J f is a one function worth family of253

currents.254
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This family gives rise to a corresponding set of conserved charges supported on codimension-1255

surfaces:256

Q f [Σd−1] =

∫

Σd−1

⋆J f . (2.17)

Moreover, since these charges live on codimension-1 they may have non-trivial commutators.257

However, since they descend from abelian symmetries, their commutators can at most be258

central. Indeed, the mixed anomaly (2.12) between the original currents translates to a current259

algebra:260
�

J0(x), eJi1···id−1
(y)
�

= i εi1···id−1 j ∂
jδ(x − y) . (2.18)

This implies the following algebra among the dressed charges:261

�

Q f ,Qh

�

= i (−1)d
∫

Σ

�

f[0] deh[d−2] − h[0] def[d−2]
�

. (2.19)

In other words we have demonstrated the existence of infinitely many conserved charges in262

the superfluid EFT, and we have shown that they satisfy an abelian Kac–Moody-like algebra263

with a central extension determined by the anomaly. In the next section we will show that this264

algebra is spectrum-generating and constrains the structure of the Hilbert space.265

Let us close this passage with some comments. The appearance of infinitely many conserved266

charges points towards integrability of the superfluid EFT. In two-dimensions, where such a267

feature is sufficient to establish integrability, a similar result was demonstrated in [52]. In our268

case, to establish integrability we would further have to show that our dressed charges, Q f269

imply a collection of charges, In, built out of stress-tensor modes, that are in involution. This270

would constitute a higher-dimensional generalisation of the Kortweg–de Vries (KdV) hierarchy.271

While we have not done so here, we expect that it should be possible, for instance inspired272

by analogous two-dimensional questions [53, 54]. Furthermore, it is well-appreciated that273

Kac–Moody algebras similar to (2.19) arise in non-conformal integrable field theories (see for274

instance [55]). Our results tie well with both perspectives. While these observations do not275

constitute a proof of integrability, they offer compelling motivation for further study.276

2.2 Superfluidisation277

Let us adopt a different perspective, in the spirit of [28]. Suppose that we do not know278

the precise effective field theory describing the infrared physics. Instead, we only know the279

global symmetries — exact or emergent — and their ’t Hooft anomalies. Assume then, only280

the U(1)[0] ×U(1)[d−2] symmetry, with mixed anomaly as in (2.3). We will show that such a281

scenario can always be realised by an EFT of the superfluid kind, like (2.5). The same conclusion282

was reached in [30] using different arguments. However, our proof connects immediately with283

the infinite dimensional current algebra presented above and is mirroring the mechanism of284

free field realisation in two-dimensional systems.285

To understand and further motivate this claim let us take a brief detour in two dimensions. In286

d = 2, the Ward identities in (2.3) are immediately recognisable as the axial or chiral anomaly,287

exemplified by a massless Dirac fermion coupled to an external gauge field:288

L= ψ̄ iγµ
�

∂µ +Aµ
�

ψ . (2.20)
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Remarkably this two-dimensional model can be described in terms of a free scalar field.7 This289

equivalence is known as bosonisation. The main idea behind it can be traced back to the algebra290

satisfied by the two currents. In the fermionic theory, the currents are given by:291

Jµ ≡ J (vector)
µ = ψ̄γµψ and eJµ ≡ J (axial)

µ = ψ̄σzγµψ= ϵµνJν. (2.21)

Owing to the simplicity of the theory one can compute directly the algebra of the two currents292

to find293
�

J0(x), eJ0(y)
�

= i∂xδ(x − y) . (2.22)

The bosonic interpretation becomes immediately available now. One can realise this alge-294

bra starting from a free scalar field φ. The currents are now expressed as Jµ = ∂µφ and295

eJµ = ϵµν∂ νφ. This is actually a much deeper statement, well understood and exploited in296

two-dimensional theories. A U(1) global symmetry in any two-dimensional unitary CFT can be297

described in terms of a free scalar [14]. Moreover, the symmetry enhances to a Kac–Moody298

algebra, governed by (2.22). There is also a non-abelian extension of the story [57], realised299

by Wess–Zumino–Witten (WZW) models, and a higher-dimensional extension, realised by300

(higher-form) Maxwell CFT [31,32].301

Building on the two-dimensional example, we are in now a position to clarify and substantiate302

the earlier claim. We will show in the next paragraph that any theory with a U(1)[0]×U(1)[d−2]
303

symmetry and a mixed anomaly, as in (2.3), necessarily implies that the currents satisfy the304

algebra:305
�

J0(t, x ),⋆eJi(t, y)
�

= i ∂iδ(x − y) , (2.23)

where ⋆eJi denotes the component of ⋆eJ along dx i. As established in the previous section,306

the superfluid EFT inherently satisfies this algebra. A minimal choice is provided by taking307

⋆eJ[d−1] = dφ. The other current, J[1], will then necessarily have the form (2.6). Hence, the308

physics of infrared phases with this pattern of symmetries and anomalies are always realising a309

superfluid. From this point onward, the discussion naturally extends to the enhancement of310

the symmetry, encompassing infinitely many dressed charges and everything that follows from311

it, including our main result of the state-operator correspondence.312

An elementary way to show that (2.23) follows from (2.3) is to consider the path integral313

representation of the commutator, which reads:314

Ci(x , y) :=



· · ·
�

J0(t, x ),⋆eJi(t, y)
�

· · ·
�

= lim
ϵ→0

�




· · · J0(x) ⋆eJi(y) · · ·
�

x0=y0+ϵ −



· · · J0(x) ⋆eJi(y) · · ·
�

x0=y0−ϵ

�

,
(2.24)

since the path integral naturally computes time-ordered correlators. The dots denote other315

insertions away from x and y . To compute (2.24) we will use the Fourier-transformed correlator316

[28], that is fixed uniquely by the mixed anomaly :317

Πµν(p) :=

∫

dd x e−ip·x 
Jν(x) ⋆eJµ(0)
�

=
pµpν − |p|

2 gµν

|p|2
. (2.25)

The commutator is then:318

Ci(x , y) = lim
ϵ→0

∫

dd p
(2π)d

Π0i(p)
�

e−ip0ϵ+ip·(x−y) − eip0ϵ+ip·(x−y)
�

. (2.26)

7In this passage we are neglecting global features such as the dependence on spin sturctures. In a more modern
approach, bosonisation refers to gauging the (−1)F symmetry of the fermionic theory. See for instance [56] for a
more careful exposition.
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Upon performing the integral over p0 (regulating the pole at p0 = |p| by an iε prescription)319

the remaining integrand is smooth and we can take the limit ϵ→ 0, finding finally:320

Ci(x , y) =

∫

dd−1p
(2π)d−1

eip·(x−y) i pi . (2.27)

The last equation we immediately recognise as the Fourier transform of ∂iδ(x − y), hence321

establishing (2.23).322

3 Compact scalars in d dimensions323

In this section we construct the advertised state-operator correspondence in the simplest possible324

scenario: a free compact scalar in d dimensions. It is connected to the superfluid by choosing325

a linear function for the pressure. In this case the EFT is analytic at zero chemical potential326

and can be arrived at, for instance, from the m2 < 0 regime of the above UV model (2.4). The327

action reads:328

S[φ] =
g

2

∫

X
dd x ∂µφ ∂

µφ =
g

2

∫

X
dφ ∧ ⋆dφ . (3.1)

Our conventions are such that φ is dimensionless and its periodicity is 2π. Consequently the329

coupling g has dimension d − 2. It sets the scale of validity of the Goldstone EFT (sometimes330

we will use the actual energy scale Λ= g
1

d−2 ).331

It is important to stress that the theory, despite free, is not conformal in d > 2.8 The sharpest332

indication comes from the existence of local vertex operators, Vp(x) = eipφ(x), with p ∈ Z333

whose two-point function behaves as9
334




Vp(x)V−p(y)
�

= exp

�

p2

g|x − y|d−2

�

. (3.2)

This is incompatible with conformal field theory, unless d = 2 where it becomes a standard335

power law. There are two conformal fixed points of this theory. One sits at g→ 0, corresponding336

to a UV fixed point. It is a free, scale invariant, but not conformal theory [59–61]: a free scalar337

with its zero mode removed. In the infrared (g→∞) the scalar decompactifies and it becomes338

a bona fide CFT. In the current work we will study the theory at an intermediate point, at finite339

coupling.340

Let us begin analysing the symmetries. The story follows immediately from the general341

discussion in section 2. The model enjoys a U(1)[0] ×U(1)[d−2] symmetry with currents342

J[1] = dφ and eJ[d−1] = ⋆dφ , (3.3)

and anomaly (2.2). Identically as in section 2, this implies the conservation of an infinite family343

of dressed currents J f defined as in (2.13). This time the dressing functions are linked by a344

“twisted self-duality” [50,51] constraint345

d f[0] + (−1)d−1 ⋆ def[d−2] = 0 . (3.4)

8In the present paper we will focus on d > 2 throughout. In d = 2 the theory is conformal and the state-operator
correspondence is textbook material. For the more subtle case of d = 1, i.e. quantum mechanics, see [58].

9Since the theory is free this follows immediately by the two-point function of φ, 〈φ(x)φ(y)〉 = 1
g|x−y|d−2 (up to

gauge-dependent terms having to do with the fact that φ is compact).
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Continuing on with this line of reasoning, this gives infinitely many conserved charges, Q f [Σd−1],346

as in (2.17) satisfying again (2.19).347

As stated above, (2.19) is equivalent to a bu(1) Kac–Moody algebra. This equivalence becomes348

more transparent when we expand the relevant currents and functions in terms of a suitable349

basis. A natural choice is the basis formed by the the eigenfunctions and eigen-(d −2)-forms of350

the Laplacian on Σ. For the (d−2)-forms we find it convenient to resolve the gauge redundancy351

described above by working in Coulomb gauge d†
ef = 0, where the bold differential denotes the352

exterior derivative on Σ. By Poincaré duality, except for the zero-modes, the eigen-(d−2)-forms353

are completely specified by the scalar eigenfunctions.354

To see why, let yn be an eigenfunction of the Laplacian with eigenvalue λn ̸= 0. Then the355

(d − 2)-form356

eyn =
(−1)d
p

λn

⋆d−1 dyn (3.5)

is an eigenform of the transversal Laplacian. Here, ⋆d−1 denotes the Hodge star on Σd−1. All357

non-zero modes can be generated this way.10 The factor of λ−1/2
n ensures that eyn is properly358

normalised, assuming yn itself is normalised, while the dimension-dependent sign is simply for359

future convenience.360

Together with the scalar zero-mode y0 = 1/
p

vol(Σ) and the harmonic (d − 2)-forms ey0i,361

i = 1, · · · b1(Σ) (with b1 the first Betti number) this construction provides a complete basis.362

Throughout this discussion we are assuming Σ to be compact and connected, although these363

assumptions can be relaxed without difficulty.364

Altogether the currents are expanded as:365

�

⋆d J[1]
�

�

�

�

Σ
=Q0 ⋆d−1 y0 +
∑

n

Qn ⋆d−1 yn ,

�

⋆d
eJ[d−1]
�

�

�

�

Σ
=

b1(Σ)
∑

i=1

eQ0 j ⋆d−1 ey0 j +
∑

n

eQn ⋆d−1 eyn ,

(3.6)

The zero modes, Q0, eQ0 j are the original U(1)[0] ×U(1)[d−2] momentum and winding charges.366

Their commutators are of course trivial. The rest of the modes, Qn and eQn, are the novel367

conserved charges following from (2.13) and (2.17). Their algebra follows from (2.19) and368

reads:369
�

Qn, eQm

�

=
i
g

Æ

λnδnm . (3.7)

We stress here that n is not an integer but a collection of indices — the quantum numbers370

of the Laplacian on Σ. For instance, if Σ is a (d − 1)-torus, n is a (d − 1)-tuple of integers371

n= (k1, · · · , kd−1) labelling the momenta along each cycle of the torus, while if Σ is a sphere372

n= (ℓ, m1, · · · , md−2) is the total angular momentum and its various projections.373

Equation (3.7) describes the mode algebra of the currents, in a way that naturally generalises374

Kac–Moody algebras commonly appearing in two-dimensional CFTs. We note here a few375

variations of this algebra that have recently appeared in the literature. In [32] a higher-form376

version of (2.19) was identified in higher-dimensional CFTs. Expanded in modes [31,62], the377

algebra of [32] is structurally identical to (3.7), although the physical interpretation is slightly378

different. In [62] this algebra organises gapless edge modes of topological field theories, while379

in [31] the setup was higher-dimensional conformal field theory.380

10In d = 2 (3.5) leads to the holomorphic/anti-holomotphic split of the compact scalar CFT.
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3.1 The states381

We now have identified all the relevant symmetries for our story. The next step towards382

establishing a state-operator correspondence is to construct the space of states. While this is383

straightforward given the quadratic nature of the theory, it is helpful to do so in a way that384

makes the connection to the symmetry considerations of the previous section explicit. To that385

end, we now consider Σ as the Cauchy slice on which the states live. Specifically, we take Σ386

to be a (d − 1)-dimensional sphere of radius R: ΣR ≡ Sd−1
R . This choice turns out to be the387

appropriate Cauchy slice for defining the Hilbert space of local operators. In the non-conformal388

case, this is not immediately obvious, as there is no Weyl equivalence argument that uniquely389

selects this slice — nonetheless it proves to be the correct one. We will comment on other390

choices of slices in the discussion.391

The Hamiltonian can be written in a Sugawara form in terms of the two currents:392

H =
g

2

�




JΣR







2
+ ∥eJΣR

∥2
�

, (3.8)

where the subscript denotes restriction on ΣR and the norm is with respect to the standard393

Hodge inner product
∫

Σ
· ∧⋆ · . This is simply the standard form ∼ Π2+(∇φ)2. The benefit of394

using this language to express the Hamiltonian is that mode expanding the currents in spherical395

harmonics, like in (3.6), immediately reveals a countable collection of harmonic oscillators:396

HΣ =
g

2
Q2

0 +
∑

ℓ,m

A†
ℓmA

ℓm , (3.9)

labelled by angular momentum, ℓ ∈ Z>0, and a vector of integers m = (m1, · · · , md−2) satisfying397

ℓ⩾ m1 ⩾ · · ·md−3 ⩾ |md−2| . (3.10)

These are really the quantum numbers of spherical harmonics on Sd−1. See appendix A for398

details. Here we have excluded the mode ℓ = 0 as it is contained in the zero-mode part. In the399

above we have identified ladder operators:400

Aℓm =
s

g

2

�

Qℓm + i eQℓm
�

, (3.11)

with daggers obtained by hermitian conjugation, and we have also neglected a (possibly infinite)401

normal ordering constant. The modes A(†)
ℓm satisfy the usual algebra of creation and annihilation402

operators:403
�

A
ℓm , A†

ℓ′m′
�

=
Æ

λℓ δℓ,ℓ′δm,m′ . (3.12)

From the Hamiltonian one sees immediately that A†
ℓm raises the energy by404

Æ

λℓ =

p

ℓ(ℓ+ d − 2)
R

(3.13)

units and Aℓm lowers it by the same amount. Finally the zero mode, Q0, commutes with405

everything. Note that since Σ ∼= Sd−1 has trivial first homology in d > 2 there are no states406

charged under the (d − 2)-form symmetry.407

The Hilbert space on ΣR splits into superselection sectors labelled by the electric charge, which408

is quantised according to409
∫

ΣR

⋆d J[1] =
p
g

, p ∈ Z . (3.14)
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This follows essentially from dualising the theory to a (d − 2)-form gauge field and inferring410

magnetic flux quantisation. See also [63,64]. In other words the Hilbert space is graded as411

HΣR
=
⊕

p∈Z
Hp . (3.15)

The first states to populate each sector are primary or highest-weight states of the underlying412

Kac–Moody algebra. Explicitly, these are states of fixed charge |p〉 that are annihilated by all413

lowering operators:414

Q0 |p〉=
p

g
p

vol(Σ)
|p〉=

p

gV1/2
d−1 R

d−1
2

|p〉 ,

Aℓm |p〉= 0 for all ℓ and m .

(3.16)

In the above, Vd−1 is the volume of a unit (d − 1)-sphere. The energy of the primary states is415

∆p =
p2

2gVd−1 Rd−1
. (3.17)

On top of these states, each sector is populated by descendant or excited states by acting with416

creation operators. In total each superselection sector is spanned by states of the form417

|p; {Nℓm}〉 :=
∏

ℓ,m

�

A†
ℓm

�Nℓm |p〉 , (3.18)

with Nℓm ∈ Z⩾0, with energy418

E{Nℓm} =∆p +
1
R

∑

ℓ,m

Nℓm
Æ

ℓ(ℓ+ d − 2) . (3.19)

It was emphasised in [31, 62] that this is precisely the structure of Verma modules of the419

extended current algebra we identified above. It is essentially this structure that enables the420

construction of the state-operator correspondence as we will show immediately.421

Let us make a few clarifying remarks. The underlying theory is an effective theory of Goldstone422

bosons, valid when the IR scale 1/R set by the radius of the sphere is well below the UV cutoff423

Λ:424
1
R
≪ Λ . (3.20)

In d > 2, this implies a parametrically small gap425

∆∼
1

Λd−2Rd−1
≪

1
R

. (3.21)

so that on a large but finite spatial sphere the primary states sit isolated from the first excited426

states. By contrast, in d = 2 one finds ∆ ∼ 1/R, precluding spontaneous breaking consis-427

tent with the Coleman–Mermin–Wagner theorem [65,66]. In the strict infinite-volume limit428

ΛR→∞, symmetry breaking occurs and genuine Goldstone modes emerge. A convenient way429

to isolate them is to introduce a small temperature [67], 1/β , such that430

1
Λd−2Rd−1

≪
1
β
≪

1
R

. (3.22)
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This has the effect of damping the excited states, as they are accounted for by e−βE{Nℓm} in431

the canonical partition function. The remaining states, the primaries |p〉, become effectively432

degenerate vacua, which can be reassembled in the usual Goldstone states:433

|θ 〉=
∑

p∈Z
eipθ |p〉 , Uα |θ 〉= |θ +α〉 . (3.23)

At finite volume symmetry restoration takes place. All the vacua except for one get lifted,434

leaving a unique ground state, |p = 0〉, and a discrete spectrum of excitations. The rest of the435

primary states have finite energy and a parametrically large gap. Do notice, however, that436

for EFT to make sense at finite volume, one should not excite too many modes; one should437

formally truncate the space of states at some |p|⩽ pmax and ℓ⩽ ℓmax, such that the energy of438

the corresponding state is well below the cutoff. In the following we will keep all the states439

to show how they are matched by the local operators. This could either be interpreted in an440

infinite volume limit, or that one trusts only a finite number of states/operators before UV441

physics kicks in.442

3.2 The operators443

The next ingredient to construct the state-operator correspondence lies in identifying the set444

of operators at play. The details are in fact very similar to how one constructs explicitly the445

correspondence in the 2d case, see for instance [31,68].446

The compact scalar itself is not a well-defined local operator as it is not gauge-invariant under447

φ ∼ φ + 2π. The remedy is standard; we have to consider exponentials thereof. These are448

known as vertex operators:449

Vp(x) = eipφ(x) . (3.24)

In the above, p is an integer as dictated by the periodicity of φ. The vertex operators will play450

an important role in what follows. The main reason is that they have fixed charge under the451

zero-form U(1)[0] symmetry. Explicitly, if σ is a codimension-1 surface surrounding x , the452

action of453

Uα[σ] := exp

�

i gα

∫

σ

⋆J[1]

�

, (3.25)

on Vp(x) is454

Uα[σ] · Vp(x) = eiαp Vp(x) . (3.26)

Another way to construct gauge-invariant operators out of the fundamental field, φ, is by455

taking derivatives. In other words, another class of well-defined local operators is given by the456

currents457

J(x) and eJ(x) , (3.27)

and derivatives thereof458

ζµν∂µJν(x) , ζµν1···νd−2∂µeJν1···νd−2
(x) , etc. (3.28)

Together with the vertex operators these provide a basis of local operators. An arbitrary local459

operator can be constructed out of normal-ordered products of currents, their derivatives460

and the vertex operators. This is, for instance, the standard way one obtains the operators461

corresponding to physical excitations: photons, gravitons, etc. in string theory.462
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An equivalent way to express all local operators, that will turn out to be more useful for us is463

the following. Consider a small (codimension-1) surface S(ϵ, x) of size ϵ surrounding a point464

x . Integrating J and eJ against arbitrary smooth functions and taking the limit ϵ→ 0 gives an465

infinite collection of gauge-invariant local operators466

Dα(x) = lim
ϵ→0

∫

S(ϵ,x)
α[d−2] ∧ J[1] , and

eDβ(x) = lim
ϵ→0

∫

S(ϵ,x)
β[0] ∧ eJ[d−1] .

(3.29)

Of course these operators contain exactly the same information as (3.27) and (3.28) as can be467

seen by Taylor expanding the functions α and β . The benefit of working in this approach is468

that we can expand the dressing functions in a complete basis of functions on S(ϵ, x), as we469

have done in subsection 3.1 and end up with a countable basis of our local operators. Taking470

S(ϵ, x) to be a (d − 1)-sphere is sufficient. The resulting operators are then also labelled by the471

angular momenta ℓ and m:472

Dℓm(x) and eDℓm(x) . (3.30)

This procedure is analogous to the usual construction of “disorder” operators [69, 70] in473

quantum field theory. Again, normal-ordered products of Dℓm(x), eDℓm(x) and Vp(x) generate474

all local operators of the theory.475

We mention just for completeness that besides local operators, the theory also contains (d − 2)-476

dimensional disorder operators. They are obtained by removing a (d − 2)-dimensional locus477

from spacetime and prescribing boundary conditions fixing the flux around a line γ linking478

with it:479
∫

γ1

J = 2πw , w ∈ Z . (3.31)

These operators will not play a role in the present discussion. We therefore defer their mention480

to section 5 where we will discuss extensions of our results to nonlocal operators.481

3.3 The correspondence482

To arrive at the correspondence we have in mind the following setup. Consider placing a local483

operator O somewhere in spacetime and perform a Euclidean path integral on a ball of radius484

R centred around that point. This will prepare a state485

|O〉=
∫

Bd
R

Dφ e−S[φ]O(0) , (3.32)

in the Hilbert space over ∂ Bd
R = Sd−1

R . In writing (3.32) we are abusing notation. One should486

impose boundary conditions, say φ = φ∂ on ∂ Bd
R . The path integral with these boundary487

conditions will then prepare a wavefunctional of φ∂488

ΨO[φ∂ ] = 〈φ∂ |O〉 . (3.33)

We will nevertheless stick with (3.32), keeping in mind the precise interpretation.489

The constraints imposed by the Kac–Moody algebra (3.7) are stringent enough to allow us490

to compare the states |O〉 to the states we obtained previously, by canonically quantising the491
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theory. In particular we will now show that all states can be obtained this way. However, as492

we will demonstrate below, the price to pay for the lack of Weyl invariance is that the states493

created by “simple” operators — those involving only finitely many derivatives or modes —494

will, in general, correspond to squeezed states with respect to the Kac–Moody algebra (3.7).495

To build intuition, let us first present an informal version of the argument before refining it in496

the following paragraphs. The vertex operators Vp(x) carry fixed global U(1) charge. Therefore497

we expect that the states they prepare,498

�

�Vp

�

=

∫

Bd
R

Dφ e−S[φ] Vp(0) , (3.34)

will be states of fixed charge. These states belong in the superselection sector Hp. Moreover,499

since the symmetry is abelian, the operators Dℓm(x) and eDℓm(x) in (3.29) constructed entirely500

out of the two currents do not alter the U(1) charge of the corresponding state. In other words,501

�

�Vp

�

,
�

�DℓmVp

�

,
�

�
eDℓmVp

�

,
�

�Dℓm eDℓ′m′ · · ·Vp

�

· · · ∈Hp . (3.35)

However, not all such states are expected to be linearly independent. A simple counting reveals502

twice as many modes as there are states in the Hilbert space.11 Nonetheless the ladder operators503

we introduced in subsection 3.1 relate states across different levels. This ensures that states504

with a different number of insertions will be linearly independent. Therefore the states (3.35)505

suffice to populate the entire superselection sector Hp. Repeating the same argument across506

all superselection sectors reconstructs the entire Hilbert space, thereby establishing the desired507

state-operator correspondence.508

That said, a few subtleties remain. First, we are still to identify exactly which are the linearly509

independent states on each level. Second, there is the question of energies. On a finite ball,510

there is no time-translation symmetry, and consequently, no conserved Hamiltonian. Instead,511

the analogue of time evolution — defined via the Euclidean path integral (3.32) — is radial512

evolution. In a CFT this is generated by the dilatation operator, which is conserved. As a513

result, the states prepared by the path integral have fixed scaling weight, which is related to514

their energy by the cylinder Hamiltonian by a constant zero-point shift induced by the Weyl515

transformation. In contrast, for a non-conformal theory as is our case, the dilatation operator516

is not conserved, and the states prepared by radial quantisation do not have fixed energies.517

Put differently, annihilation operators on the cylinder become an admixture of creation and518

annihilation operators in the interior of the ball. Luckily, the situation is not troublesome as519

there is a standard way to deal with it: one simply needs dress the operators by a squeezing520

operator that undoes the Bogoliubov transformation. In what follows, we make these arguments521

precise and resolve all remaining subtleties.522

Radial evolution done right523

To see how charges act on states prepared by local operators, it is necessary to track their radial524

evolution inward, towards the centre of the ball, as illustrated in figure 1. This is achieved by525

solving the constraint equation (3.4), which ensures conservation of the dressed charges. In526

11To make the counting precise, since the Hilbert space is infinite-dimensional, one has to truncate the mode
expansion up to some arbitrary ℓ = ℓmax and similarly the states up to level ℓmax. For any such cutoff, there are
always twice as many modes as there are independent states.
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=
O(0)Q

Q

O(0)

Figure 1: Charges act on a state created by a local operator, O, by radially evolving
inwards and linking with O.

practice, this amounts to solving the conservation equations for the original currents J[1] and527

eJ[d−1] inside the ball. This, in turn, yields explicit expressions to528

Q f =

∫

Σr

�

f[0](r) ⋆ J[1] + ef[d−2](r) ∧ ⋆eJ[d−1]
�

. (3.36)

where the functions f[0](r) and ef[d−2](r) are now fully determined. Σr = Sd−1
r denotes a529

(d − 1)-sphere at radius r ∈ [0, R].12
530

This is essentially all we need to determine the states. To illustrate, consider a state, |O〉,531

prepared by the local operator O. Acting on it with the dressed charge Q f gives532

Q f |O〉= lim
r→0

∫

Bd
R

Dφ e−S[φ]

∫

Σr

�

f[0](r) ⋆ J[1] + ef[d−2](r) ∧ ⋆eJ[d−1]
�

×O(0) . (3.37)

In this form we can perform the operator product expansion (OPE) of the currents with O.533

Importantly, this does not require conformal invariance as we are taking the strict r → 0534

limit [71]. After the OPE, the remaining integral over Σr can be evaluated explicitly, yielding535

the new state,
�

�O′
�

. This is what is really happening under the hood in figure 1.536

The technical part of the argument begins by solving the radial evolution. As mentioned above,537

this amounts to solving the current conservation equations, alongside with the duality equation538

eJ = i ⋆d J .13 It is useful to decompose the two currents in a radial part and a tangential part as539

J[1] = dr Jr + JΣr
and eJ[d−1] = dr ∧ eJr + eJΣr

(3.38)

where Jr ∈ Ω0(Σr), JΣr
∈ Ω1(Σr), eJr ∈ Ωd−2(Σr), and eJΣr

∈ Ωd−1(Σr). In this decomposition540

the conservation of the two currents implies a radial evolution equation:541

∂r JΣr
+ i d ⋆r eJΣr

= 0 ,

∂r eJΣr
+ i d ⋆r JΣr

= 0 ,
(3.39)

together with Gauss laws:542

dJΣr
= 0 and deJΣr

= 0 . (3.40)

In the above, ⋆r denotes the Hodge-star on Σr , stressing the dependence on the radius. Note543

that the radial components of the two currents were eliminated by the duality equation. The544

boundary condition for the radial evolution is such that the Euclidean ball is smoothly glued545

12Here it is understood that we consider the ball as foliated by spheres. Explicitly the metric of the ball is
ds2 = dr2 + r2 dΩ2

d−1 with r ∈ [0, R].
13The extra factor of i arises from working in Euclidean signature.
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on the Lorentzian cylinder, R× Sd−1
R . This is equivalent to demanding that at r = R the two546

currents take the form (3.6).547

The above boundary value problem can be readily solved (details provided in appendix B) to548

yield:549

�

⋆d J[1]
�

�

�

�

Σr

=
Q0R

d−1
2

V1/2
d−1

dΩd−1

+
1
p

2

∑

ℓ,m

sech(2vℓ)

�

e−vℓCℓm
� r

R

�δ+
ℓ
+ evℓBℓm
� r

R

�δ−
ℓ

�

⋆r Yℓm ,

�

⋆d
eJ[d−1]
�

�

�

�

Σr

=
1
p

2

∑

ℓ,m

sech(2vℓ)

�

evℓCℓm
� r

R

�δ+
ℓ − e−vℓBℓm
� r

R

�δ−
ℓ

�

⋆r eYℓm .

(3.41)

In the above, Yℓm and eYℓm are normalised scalar and (d − 2)-form spherical harmonics, respec-550

tively (see appendix A for conventions), dΩd−1 is the area element of a unit (d − 1)-sphere,551

and we have defined for convenience552

vℓ =
1
4

log
�

ℓ+ d − 2
ℓ

�

, (3.42)

and the scaling exponents of the smooth and the divergent modes as553

δ±ℓ = −
1
2
±
�

ℓ+
d − 2

2

�

. (3.43)

Finally, the coefficients Bℓm and Cℓm are given as554

Bℓm =
1
p

2

�

evℓQℓm + ie−vℓ eQℓm
�

and

Cℓm =
1
p

2

�

e−vℓQℓm − ievℓ eQℓm
�

.
(3.44)

As a preliminary remark, note that in d = 2, the coefficients of the smooth modes, ∼ (r/R)δ
+
ℓ555

and divergent modes, ∼ (r/R)δ
−
ℓ correspond precisely to the creation and annihilation operators,556

Aℓm and A†
ℓm defined in (3.11). This identification breaks down in d > 2. From a technical557

perspective, this discrepancy is the precise origin of the Bogoliubov transformation anticipated558

by the intuitive argument presented above.559

Inverting the above solution, yields expressions for Q0, Bℓm, and Cℓm that can be inserted in560

the path integral. This is of course equivalent to solving for Qℓm or eQℓm, but it will be more561

convienient for our purposes. The zero mode takes the expected form:562

Q0 =
1

V1/2
d−1 R

d−1
2

∫

Σr

⋆d J[1] , (3.45)

while the higher modes are expressed as563

Bℓm =
� r

R

�−δ−
ℓ 1
p

2

∫

Σr

�

evℓY ∗ℓm ⋆d J[1] − e−vℓ
eY ∗ℓm ∧ ⋆d
eJ[d−1]
�

, (3.46)

Cℓm =
� r

R

�−δ+
ℓ 1
p

2

∫

Σr

�

e−vℓY ∗ℓm ⋆d J[1] + evℓ
eY ∗ℓm ∧ ⋆d
eJ[d−1]
�

. (3.47)
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Some comments are in order here. First, in the previous sections we postponed solving the564

constraint equation (3.4). Equations (3.46) and (3.47) provide the full solution. With it,565

alongside with the discussion in section 2, it carries the weight of sealing the proof that the566

superfluid effective action has infinitely many conserved charges. Second, coming back to the567

task at hand, upon inserting (3.46) and (3.47) in the path integral, only the smooth parts of568

J and eJ contribute. This follows directly by the fact that the path integral is weighted by the569

action, which nulls divergent contributions. Finally, henceforth we will concentrate on the570

modes Bℓm as these are the relevant ones for preparing ket states, obtained by path integrating571

from the centre of the ball, outwards to the boundary at r = R. The complementary modes,572

Cℓm , play a role for preparing bra states, constructed by an inward path integral from infinity573

to R.14
574

Matching the states575

Armed with (3.45) and (3.46) we are ready for the final punch. First let us show that the states576
�

�Vp

�

have fixed global charge. This is straightforward:577

Q0

�

�Vp

�

=
1

V1/2
d−1 R

d−1
2

lim
r→0

∫

Bd
R

Dφ e−S[φ]

�

∫

Σr

⋆d J[1]

�

× Vp(0) =
p

gV1/2
d−1R

d−1
2

�

�Vp

�

. (3.48)

In the above we used the OPE between the vertex operator and the current, in which the only578

component that contributes is579

Jr × Vp(0)∼
i p

rd−1
Vp(0) . (3.49)

The radial dependence is then subsequently cancelled by the volume form, rd−1 dΩd−1, in the580

integral over Σr . (3.48) confirms the earlier claim: radial evolution does not mix the various581

fixed-charge superselection sectors — it can at most mix states within each sector.582

Such a mixing does indeed occur. It becomes evident upon observing that the states
�

�Vp

�

are583

annihilated by all Bℓm modes. The computation is similar:584

Bℓm
�

�Vp

�

= lim
r→0

∫

Bd
R

Dφ e−S[φ] (3.46)× Vp(0)

∼ lim
r→0

∫

Bd
R

Dφ e−S[φ] Vp(0)
� r

R

�2ℓ+d−2
= 0 , for all ℓ and m , (3.50)

where we used again the OPE (3.49), the form (3.46) of the modes and that the only mode585

that survives scales as586
� r

R

�δ+
ℓ
−δ−

ℓ
=
� r

R

�2ℓ+d−2
, (3.51)

which vanishes in the limit r → 0.587

The equations (3.48) and (3.50) that
�

�Vp

�

satisfy bear a striking resemblance to (3.16) that de-588

fine primary or highest-weight states. There is, however, one remaining challenge. Bℓm is not the589

annihilation operator Aℓm . Nonetheless the two are related by a Bogoliubov transformation:15
590

Bℓm = cosh(vℓ)Aℓm + sinh(vℓ)A
†
ℓm . (3.52)

14In this approach, bra states more naturally correspond to codimension-1 operators, rather than local operators.
15Here we have rescaled Bℓm by a factor of

p
g.
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with squeeze parameter vℓ as in (3.42). It is clear that Bℓm and its adjoint obey the same591

commutation relations as the original oscillators:592

�

B
ℓm , B†

ℓ′m′
�

=

p

ℓ(ℓ+ d − 2)
R

δℓ,ℓ′δm,m′ . (3.53)

As a result, the new oscillators furnish a different, yet equivalent, representation of the current593

algebra, and the states
�

�Vp

�

form the highest-weight states of this representation. Under this594

light, the vertex operators are primary operators, not under the conformal algebra like their595

d = 2 counterparts, but under the Kac–Moody algebra that persists in higher dimensions.596

A useful rewriting of (3.52) that is standard in quantum optics follows by introducing a squeezing597

operator,598

Sℓm = exp
�

−
vℓ
2

�

A2
ℓm −
�

A†
ℓm

�2�
�

= exp
�

−
vℓ
2

�

B2
ℓm −
�

B†
ℓm

�2�
�

. (3.54)

In the terminology of quantum optics this is a one-mode squeezing operator. Our discussion599

will benefit by introducing an all-mode squeezing operator:600

S =
∏

ℓ,m

Sℓm . (3.55)

Let us spend a moment to discuss a couple of different interpretations of the squeezing operator.601

When expressed in terms of the Lorentzian oscillators, Aℓm , S is a unitary operator that acts on602

the Hilbert space of ΣR, mapping energy eigenstates to squeezed states. On the other hand, if603

expressed in terms the Euclidean oscillators, Bℓm, the squeezing operator can be viewed as a604

local operator, S(x), that can be inserted in the path integral.16 In terms of the original compact605

scalar, φ, it is an extremely irrelevant operator containing an infinite number of derivatives.606

Each mode ℓ, m contributes to a specific order in derivatives, but the product in (3.55) ensures607

that all modes are turned on. Nonetheless, S(x) plays an important role.608

In terms of the squeezing operators, the two sets of oscillators are related via609

Bℓm = S†Aℓm S and B†
ℓm = S†A†

ℓm S . (3.56)

This rewriting makes the first part of the state-operator correspondence clear: Vertex operators610

correspond to squeezed primary states. In equations:611

�

�Vp

�

= S† |p〉 . (3.57)

It is clear that the above states have the right properties. Inverting the above equation, it612

follows that the primary states correspond to squeezed vertex operators613

..SVp
..(x) = lim

r→0
S[Σr] · Vp(x) . (3.58)

An important and perhaps counter-intuitive consequence of the above is that the lowest energy614

state, the vacuum |0〉, is not prepared by the empty path integral! Instead, it is prepared by the615

squeezing operator itself:616

|0〉↭ S(x) . (3.59)

While peculiar, such a situation is not entirely novel. In three-dimensional CFTs, there is617

compelling evidence that on slices other than the sphere an empty path integral does not618

prepare the ground state [72]. In four-dimensional CFTs with generalised symmetries there619

16In the absence of something to link with. If there is something to link with, one first performs the OPE and then
shrinks S.
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exists a very similar statement [31]: the vacuum on S1 × S2 is prepared by a squeezing (there620

line) operator. In both of the above cases it was the geometry — particularly the lack of a621

conformal transformation from the Euclidean filling to the Lorentzian spacetime — that was622

responsible for the excess of energy in the state produced by the empty path integral. In this623

case, it is the lack of the other standard ingredient of a state-operator correspondence in CFT:624

Weyl invariance. Nonetheless, the result is the same.625

Having identified all the primary states the rest of the Hilbert space follows from representation626

theory. Excited states are constructed by dressing vertex operators by creation operators B†
ℓm ,627

expressed in terms of the currents. We will call such operators descendants, in analogy with the628

states they create. At the last step, the descendants also get dressed with a squeezing operator.629

To illustrate, excited states with one or two insertions are630

A†
ℓm |p〉↭

..SB†
ℓmVp

..(x) , (3.60)

A†
ℓ′m′A

†
ℓm |p〉↭

..SB†
ℓ′m′B

†
ℓmVp

..(x) , (3.61)

where the ordering is understood in the sense of (3.58), in a nested way. The pattern continues631

and one can reach this way a generic state. This concludes the construction of the state-operator632

correspondence.633

Lastly, let us briefly reemphasise the fact that inserting a single vertex operator in the path634

integral — without dressing with the squeezing operator — not only does not give a primary635

state, but not even an energy eigenstate, as measured by the cylinder Hamiltonian. Nonetheless,636

we can compute the average energy of a vertex operator state. Straightforwardly this gives637




Vp

�

�H
�

�Vp

�

=∆p + E0 , (3.62)

with638

E0 =
1
R

∑

ℓ,m

sinh2(vℓ)
Æ

λℓ =
1
R

∞
∑

ℓ=1

Dℓ
�p

ℓ−
p

ℓ+ d − 2
�2

, (3.63)

where639

Dℓ =
(2ℓ+ d − 2) (d + ℓ− 3)!

ℓ! (d − 2)!
(3.64)

is the degeneracy of eigenvalues. E0 is essentially a zero-point energy, indicating that the640

cylinder Hamiltonian is not normal ordered with respect to the Euclidean oscillators. Do note641

that, as a consistency check, in d = 2 there is no zero-point shift.642

4 Superfluid phonons643

A slight modification of the above analysis results in a state-operator correspondence for phonon644

excitations on a superfluid background. To get to that we return to the superfluid effective645

action, (2.5), which we repeat here for convenience:646

S[ξ] =

∫

dd x P
�

∂µξ∂
µξ
�

. (4.1)

For the time being we take spacetime to be flat, with metric ηµν of mostly plus signature. This647

choice is made purely for convenience — to avoid polluting the forthcoming expressions with648
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factors of the metric and its determinant. All results and constructions presented here admit a649

straightforward expression to general spacetimes.650

It is standard practice to expand the field around a background configuration, ξ0(x) as651

ξ(x) = ξ0(x) +φ(x) , (4.2)

to study the dynamics of the phonons φ(x). For a constant chemical potential µ, a typical652

background configuration is ξ0(x) = µ t (see e.g. [73]), or a generalisation thereof to a generic653

frame [74]. Recalling the discussion in section 2, spontaneous symmetry breaking occurs for654

µ⩾ µcrit which depends on the specific microscopic realisation of the model. For our purposes655

we do not need to restrict to a specific background configuration, besides certain stability656

conditions for the phonon effective action, which we come to immediately.657

Expanding to quadratic order, the effective action for the phonons takes the form658

S[φ] =
1
2

∫

dd x Zµν
�

∂µφ + Bµ
�

(∂νφ + Bν) , (4.3)

where659

Zµν = 2P′0η
µν + 4P′′0 ∂

µξ0 ∂
νξ0 , and Bµ =

1
2

P′0 Zµν∂
νξ0 . (4.4)

with P′0 and P′′0 denoting the first and second derivatives of P(·) evaluated at the configuration660

ξ0. For general background, Zµν is position dependent. Moreover, Bµ couples to the phonons661

exactly like a gauge field for the U(1) shift symmetry. Then one can turn on a background662

gauge field, Aµ, like in (2.11) that counterbalances Bµ. This is in fact common practice, see663

e.g. [28,47]. Doing so allows us to turn Bµ off in what follows.664

Perturbative stability of the EFT is guaranteed [74,75] if:665

Z00 > 0 and Z0i Z0 j − Z00Z i j ≻ 0 . (4.5)

As a side-note, these conditions are compatible with sign-definiteness of P′, which was required666

in section 2, whenever the background configuration, ξ0, is globally timelike. This is the667

standard situation. See [76] for an alternative situation and its stability analysis. Under these668

conditions, which we will henceforth assume, the phonon EFT can be treated as a bona fide669

theory.670

4.1 Symmetry considerations671

As per the general discussion in section 2, this system also enjoys a U(1)[0]×U(1)[d−2] symmetry.672

The “electric” 1-form current, corresponding to the zero-form symmetry now takes the form673

Jµ = 2P′0
�

∂νφ + uµ uν∂νφ
�

, (4.6)

with674

uµ =

√

√

√
2P′′0
P′0
∂µξ0 . (4.7)

On the other hand, the “magnetic” (d − 1)-form current remains unmodified675

eJ[d−1] = ⋆dφ , (4.8)

23



SciPost Physics Submission

and is still conserved off-shell. Out of the two fundamental currents one can again construct676

dressed currents J f as defined in (2.13) and their associated conserved charges, Q f [Σ]. The677

dressing data consists of a scalar function, f[0], and a (d − 2)-form, ef[d−2], which are now678

required to satisfy:679

�

1+ |u|2
�

∂µ f + (−1)duµ uν∂ν f +
1

2P′0
ϵ µ2···µd
µ ∂µ2
efµ3···µd

= 0 , (4.9)

or more compactly in differential form language680

�

1+ |u|2
�

⋆ d f[0] + (−1)d u ∧ ιu
�

⋆d f[0]
�

+
1

2P′0
def[d−2] = 0 . (4.10)

Here |u|= uµuµ and ιu denotes interior product. As discussed above, infinitely many solutions681

of these equations are guaranteed on general grounds providing a rich algebra of the conserved682

charges, Q f .683

The algebra of these charges mirrors the structure of section 3. Specifically, the commutator684

between two dressed charges takes the form:685

�

Q f ,Qh

�

= i (−1)d
∫

Σ

�

f[0] deh[d−2] − h[0] def[d−2]
�

. (4.11)

Expanding the charges in a basis of modes (satisfying (3.5)) and applying the same method as686

in section 3, one finds a familiar mode algebra for the non-zero modes:687

�

Qn, eQm

�

= i
Æ

λnδnm . (4.12)

This matches exactly the form of the Kac–Moody algebra in (3.7).688

4.2 Canonical quantisation689

We now turn to the canonical quantisation of the phonon EFT on a (d − 1)-sphere of radius690

R, ΣR ≡ Sd−1
R . The task is again straightforward, as the theory is quadratic. Our aim here is691

quantise the theory in a way that lays bare the underlying symmetry structure.692

The Hamiltonian follows immediately and reads [75]:693

H =

∫

ΣR

dd−1 x
p

gΣ
1

2Z00

�

Π2
φ + K i j∂iφ∂ jφ
�

. (4.13)

In the above Πφ is the momentum conjugate to φ and K i j reads694

K i j = Z0i Z0 j − Z00Z i j . (4.14)

The stability conditions discussed earlier ensure that the Hamiltonian is positive-definite.695

Relatedly, the matrix K i j defines a positive-definite quadratic form on 1-forms over ΣR given696

by:697

K
�

f[1], h[1]
�

=

∫

ΣR

dd−1 x
p

gΣ K i j fih j , (4.15)

writing also K[ f ] ≡ K[ f , f ], for brevity. With this in hand, the Hamiltonian admits again a698

Sugawara-like expression in terms of the fundamental currents:699

H =
g

2

�






�

⋆d J[1]
�

Σ







2
+ K
��

⋆d
eJ[d−1]
�

Σ

�

�

, (4.16)
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where the subscript Σ denotes restriction on the spatial slice and g = 1/Z00.700

This is nothing but a collection of coupled harmonic oscillators, as can be easily seen by701

expanding the currents in spherical harmonics as before. Each mode corresponds to a particular702

angular momentum label (ℓ, m), and the role of the spring matrix is played by the quadratic703

form. Explicitly:704

H =
g

2
Q2

0 +
∑

ℓ,m

�

QℓmQℓm + Kℓm,ℓ′m′
eQℓm eQℓ′m′
�

(4.17)

=
g

2
Q2

0 +
∑

ℓ,m

κℓmA†
ℓmAℓm , (4.18)

with Kℓm,ℓ′m′ = K
�

⋆eYℓm ,⋆eYℓ′m′
�

. In the second line we have already diagonalised the Hamilto-705

nian in terms of ladder operators Aℓm and A†
ℓm , satisfying, as before706

�

Aℓm , A†
ℓ′m′
�

=
Æ

λℓδℓ,ℓ′δm,m′ , (4.19)

and κℓm > 0 are the eigenvalues of the matrix Kℓm,ℓ′m′ .707

It is immediately clear that everything that we derived above for the compact scalar extends for708

the superfluid phonons. The Hilbert space once again splits in superselection sectors graded by709

the global U(1) charge:17
710

∫

Σ

⋆d J[1] =
p
g

, p ∈ Z . (4.20)

Furthermore the ladder operators endow each superselection sector with a Verma module711

structure, over the underlying Kac–Moody algebra. Altogether, the Hilbert space is consists of712

primary states |p〉 satisfying713

Q0 |p〉=
p

g V1/2
d−1R

d−1
2

|p〉 and Aℓm |p〉= 0 for all ℓ, m . (4.21)

And descendants built by acting with A†
ℓm. What differs is only the energy levels, which are714

modified to include the eigenvalues of the spring matrix. For instance the state A†
ℓm |p〉 has715

energy716

EA†
ℓm |p〉

=∆p +
κℓm
p

ℓ(ℓ+ d − 2)
R

. (4.22)

with ∆p as in (3.17).717

4.3 The other side718

On the operator side, the compactness of φ still ensures that the only allowed operators are719

vertex operators labelled by integers:720

Vp(x) = eipφ(x), p ∈ Z , (4.23)

along with the two currents, and composite, descendant operators built from these ingredients.721

As before, the preferred basis to organise the descendants is the disorder one, (3.29). What722

changes (slightly) is the OPE, now controlled by the two-point function:723

〈φ(x)φ(0)〉=
�

ZE
µν xµxν
�− d−2

2 + gauge-dependent terms. (4.24)

17Flux quantisation here, too, follows by a version of electric-magnetic duality.
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The gauge-dependent piece reflects the need to choose a representative of the equivalence class724

φ ∼ φ + 2π. The matrix ZµνE is the Euclidean version of the kinetic matrix:725

Z00
E = Z00 , Z0i

E = −iZ0i , and Z i j
E = −Z i j , (4.25)

and ZE
µν is its inverse. Note that the stability conditions in (4.5) guarantee that ZµνE is positive-726

definite, so the two-point function is well-behaved.727

States are built in the standard way by inserting an operator in the centre of the ball and728

performing the radial path-integral outwards. To compare to the states built canonically one729

must, once again, solve the radial evolution of the charges, or equivalently the conservation730

equations:731

d ⋆d J[1] = 0 and d ⋆d
eJ[d−1] = 0 , (4.26)

on the d-dimensional Euclidean ball. What complicates matters is the rule by which the radial732

components get eliminated, since the two currents are no longer collinear. As follows from733

(4.6) the two currents are related by:734

−iJ[1] = 2P′0
�

⋆d
eJ[d−1] + u ∧ ιu
�

⋆d
eJ[d−1]
��

, (4.27)

or in components735

−iJµ = 2P′0
�

�

⋆d
eJ
�

µ
+ uµ uν
�

⋆d
eJ
�

ν

�

, (4.28)

with uµ as in (4.7). We actually do not need to solve the radial evolution explicitly. The results736

of section 3 and the argument around (2.15) that non-linearity does not destroy any of the737

conserved dressed charges are sufficient to establish the result. This is so because the above738

equation is continuously connected to the free scalar by tuning P′′0 , and so |u|, to zero.739

Nonetheless, let us present a more convincing argument. For this argument we will pick the740

typical superfluid background, ξ0 = µ t, in the frame of the fluid. On the Euclidean ball, then,741

uµ is constant and pointing only in the radial direction. Hence the radial evolution equations742

become:18
743

∂r JΣr
+ i
�

1+ |u|2
�

d ⋆r eJΣr
= 0 ,

∂r eJΣr
+ i d ⋆r JΣr

= 0 ,
(4.29)

The solutions of this equation are identical to (3.41). The only difference lies in the scaling744

exponents, which now take the form:745

δ±ℓ = −
1
2
±

√

√

√

ℓ(ℓ+ d − 2)
�

1+ |u|2
�

+
�

d − 2
2

�2

, (4.30)

and the squeezing parameter, now being:746

vℓ =
1
2

log





r

ℓ(ℓ+ d − 2)
�

1+ |u|2
�

+
� d−2

2

�2
+ d−2

2
r

ℓ(ℓ+ d − 2)
�

1+ |u|2
�

+
� d−2

2

�2
− d−2

2



 . (4.31)

The physics is clear. There is still one smooth and one divergent mode. The coefficient of the747

divergent mode, when expressed in terms of the currents becomes the Euclidean annihilation748

operator. It is related to the Lorentzian one, Aℓm by a squeezing transformation with parameter749

18Here, since P′0 is a constant we rescale eJ[d−1] by 2P′0 to simplify the presentation.
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vℓ. Note that in this setup the spring matrix is proportional to the identity. The problem is750

entirely mapped to that of the previous section and therefore all its conclusions hold. Clearly,751

switching to a general frame does not spoil this result.752

Just for illustration purposes, let us present how the scaling exponents and the squeezing753

parameter differ from the free case in a simple example of physical relevance, the conformal754

superfluid [11, 12].19 In this setting, the equation of state dictates that P = cµd , with c a755

dimensionless constant that cannot be fixed from first principles without invoking UV data.756

Working around the background configuration ξ0 = µ t, one quickly finds757

|u|2 = d − 2 . (4.32)

Interestingly, the value of u does not depend on the chemical potential. The modified scaling758

exponents are then759

δ±ℓ = −
1
2
±

√

√

√

ℓ(ℓ+ d − 2)(d − 1) +
�

d − 2
2

�2

, (4.33)

while the squeezing parameter becomes760

vℓ =
1
2

log





r

ℓ(ℓ+ d − 2)(d − 1) +
� d−2

2

�2
+ d−2

2
r

ℓ(ℓ+ d − 2)(d − 1) +
� d−2

2

�2
− d−2

2



 . (4.34)

Returning to the general story, this section has established that the state–operator correspon-761

dence continues to hold for phonon excitations on a superfluid background. The overall features762

mirror those of the correspondence worked out in section 3 for the free scalar, with the necessary763

adjustments to account for the equation of state of the underlying superfluid.764

5 Conclusions and future directions765

In this paper we studied quantum field theories with emergent continuous higher-form symme-766

tries with mixed anomalies. We focussed our interest in the case where the symmetry at long767

distances is U(1)[0] ×U(1)[d−2] and the mixed anomaly is captured by the inflow action768

Sanomaly =
i

2π

∫

B[d−1] ∧ dA[1] . (5.1)

The main achievement of the paper is a one-to-one correspondence between energy eigenstates769

on a spatial sphere and local operators. In free examples we gave an explicit construction of the770

energy eigenstates by performing a radial path integral with local operator insertions. Rather771

than relying on conformal symmetry, the organising principle here is a tower of conserved772

charges forming an abelian current algebra with central extension. These charges, defined773

on codimension-one hypersurfaces, generate an infinite-dimensional symmetry that acts non-774

trivially on both the Hilbert space of states and the space of local operators, structuring them775

into highest-weight modules of primaries and descendants. While the essential features of the776

19Although the action is scale invariant, it is non-analytic at the origin. Expanding around a classical background
introduces a scale, the chemical potential.
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correspondence — namely the current algebra and the set of operators — remain intact when777

irrelevant interactions are turned on, it remains a challenge to verify explicitly whether the778

correspondence itself extends to that regime.779

Along the way, we uncovered several interesting facts about this class of theories, which are780

of their own merit. Notably, gapless phases with this structure of symmetry always describe a781

superfluid, for a suitable equation of state. This construction, which we termed “superfluidisa-782

tion,” provides a universal framework for capturing the anomaly and the extended symmetry783

it enforces. This framework is also minimal: the magnetic current is realised in the simplest784

way possible, as a topological symmetry. These ideas resonate well with related approaches785

in [28–30]. In this sense, the superfluid EFT plays the role once held by free field realisations in786

2d CFTs, now generalised to higher dimensions and without necessity of conformal invariance.787

From a condensed matter perspective [77], emergent anomalous higher-form symmetries are788

often indicative of topological order. While much of this discussion traditionally applies to789

gapped phases, there is growing interest in their gapless counterparts [78–84]. In this context,790

the universality of the superfluid EFT in capturing the infrared physics of such anomalies may791

serve as a useful foothold in understanding the landscape of gapless topological phases.792

Another major outcome of this work is the construction of an infinite number of conserved793

charges in the universal superfluid phase, satisfying a Kac–Moody algebra with central extension.794

When conservation laws proliferate to this extent, something remarkable often follows. A795

classic precedent is the enhancement of conformal symmetry to the full Virasoro algebra in two796

dimensions. In our case, the appearance of a Kac–Moody structure hints towards a different797

kind of structure: an underlying integrability in the superfluid EFT. In two dimensions this has798

been explicitly demonstrated [52]. More broadly, the role of Kac–Moody algebras in integrable799

systems is well appreciated [55, 85, 86], suggesting that the algebra uncovered here is not800

merely an organising tool but potentially a hint towards a new integrable arena.801

We close by describing several possible future directions and open questions.802

Large charge In recent years, a wealth of insight has emerged around CFTs with global803

symmetries, driven by the so-called large charge expansion (see e.g. [11, 12, 87–95] for a804

representative sample). The basic idea is this: take a CFT with, say, a U(1) global symmetry,805

and focus on sectors of large fixed charge, Q≫ 1. Placing the theory on a spatial sphere of806

radius R, a scale hierarchy develops. The conserved charge induces a nonzero density, scaling807

as ρ ∼Q/Rd−1, which sets an effective chemical potential, µ. In this regime the (approximate)808

CFT can be seen as a Wilsonian effective action at cutoff Λ [11]. In terms of energy scales,809

there is a separation:810

1
R
≪ Λ≪ µ . (5.2)

The low-energy degrees of freedom are expected to be captured by a conformal superfluid,811

with effective action:812

Seff[ξ] =
g

2

∫

dd x
�

∂µξ∂
µξ
�

d
2 + · · · , (5.3)

expanded around a charged background ξ0 = µ t and the dots denote derivatively suppressed813

terms [12]. This corresponds to a superfluid with pressure scaling as µd , and is typically814

assumed in the literature. But with the perspective offered in this work, where the superfluid815

EFT emerges as a universal description of anomalous symmetry phases, one might instead try816
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to derive this behaviour. Specifically, for conformal theories with a U(1) symmetry, one may817

hope to recover the emergent higher-form structure and the associated superfluid dynamics818

directly from conformal invariance and the assumed global symmetry. In two dimensions819

this is immediate [96] and is related to the free-field realisation. The expectation is that820

superfluidisation provides the higher-dimensional analogue.821

Regardless, assuming the conformal superfluid description in the large charge sector, it seems822

almost compulsory to investigate what constraints the resulting Kac–Moody algebra imposes823

on the CFT spectrum. Once the spectrum of operators is reorganised according to the current824

algebra, it is natural to ask whether operator dimensions, OPE coefficients, or selection rules825

are fixed or bounded by its structure. We leave such questions for future investigation.826

Extended operators Another natural question is how extended operators fit into this picture.827

Recent developments in both quantum field theory and condensed matter have brought nonlocal828

operators to the forefront, driven largely by the growing importance of generalised global829

symmetries. Extended operators serve a role both as symmetry generators and the charged830

objects under higher-form symmetries. At the same time, there has been increasing interest831

in conformal defects, domain walls, and interfaces, especially in theories at or near criticality.832

Altogether, the message is clear: a complete understanding of quantum field theory must833

involve a deeper grasp of the physics of extended operators.834

While the question of a state-operator correspondence for extended operators is subtle in835

general conformal field theories [72], a concrete proposal exists in four-dimensional CFTs836

with continuous higher-form symmetries: states on S2 × S1 correspond to line operators on837

R3× S1 [31]. The methods employed there closely parallel those developed here and served as838

a key source of inspiration. It is natural to ask whether the present framework, combined with839

the technology of [32, 62], can be extended to construct a state-operator map for extended840

operators in higher-form [28, 97, 98] or even higher-group superfluids [99]. One potential841

complication in certain dimensions is the appearance of more relevant, Chern–Simons-like842

terms in the low-energy EFT [29], driving the system to a gapped phase. This question is843

subject of immediate follow-up.844

Non-abelian and non-invertible symmetries A natural question is how far these results845

extend to symmetry-breaking phases of non-abelian global symmetries. There is suggestive846

evidence pointing to the presence of analogous emergent symmetries and associated anomalies847

in such cases. When a continuous global symmetry G is spontaneously broken to a subgroup848

H, the resulting Goldstone EFT, described by a G/H nonlinear sigma model, exhibits a rich849

structure of emergent higher-form symmetries [100]. See also [101].850

When G/H is not simply connected, the theory admits a (d − 2)-form symmetry with current851

eJ[d−1] = ea ⋆ω
a
[1], (5.4)

where a labels unbroken generators of G, ω[1] is the Maurer–Cartan form, and the coefficients852

ea satisfy ea f ai j = 0, with f k
i j the structure constants of G. However, this structure is essentially853

captured by the U(1) factors of G, reducing the analysis to the abelian case already discussed.854

The anomaly (1.1) also follows in this setting.855

More generally, assuming G is simply connected and H connected, the effective theory exhibits856

a U(1)[d−3] symmetry for each U(1) factor of the unbroken subgroup H, following immediately857
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by the topology of the underlying Lie groups. A particularly interesting case arises with a858

U(1)[d−4] symmetry, closely related to the Skyrmion number current [57], which carries a859

mixed anomaly with the non-linearly realised part of the group [100]:860

d ⋆ eJ[d−3] = −
∑

σ

cσ trσ
�

F[2] ∧F[2]
�

, (5.5)

with the sum over simple factors σ of G. Several additional, typically composite, currents861

inherit anomalies from those above. It remains an open and intriguing question whether these862

elements can be unified into a broader framework and whether they yield an analogue of our863

construction for non-abelian SSB phases.864

A different and rather compelling direction opens up when one considers symmetry-breaking865

phases involving continuous non-invertible symmetries [102,103]. One simple yet rich example866

is obtained by gauging the discrete charge-conjugation symmetry ξ → −ξ in the models867

discussed above. Once this is done, both U(1) symmetries of the EFT are transmuted into868

non-invertible symmetries. These are generated by “cosine” topological operators:869

Dα[Σd−1] = cos

�

α

∫

Σd−1

⋆J[1]

�

and eDα[Σ1] = cos

�

α

∫

Σ1

⋆eJ[d−1]

�

. (5.6)

The parameter α now takes values in the open interval (0,π). At the endpoints α= 0 and π870

the defects remain invertible, but in between lies a continuum of non-invertible topological871

operators. As a result, the moduli space of vacua becomes an orbifold [102], with fixed points872

precisely at these endpoints. See also [104–109] for in-depth analysis of these non-invertible873

symmetries. Intriguingly, there exists a non-invertible analogue of the Kac–Moody algebra874

(2.19) on the gauged side [31], built from the dressed currents (2.13):875

D f [Σd−1] = cos

�

∫

Σd−1

⋆J f

�

. (5.7)

Exploring the representation theory of this extended algebra might open the door to a non-876

invertible state-operator correspondence.877

Entanglement entropy A fruitful application of the state-operator correspondence in CFTs878

is the calculation of entanglement entropy. The idea is as follows. Consider a pure state879

ρ = |ψ〉〈ψ| defined on a spatial sphere Sd−1 and let A be a chosen subregion. The entanglement880

entropy of this state, on A is given by881

S[ρA] = − trA(ρA logρA) . (5.8)

Here, the Hilbert space is assumed to factorise as HΣ = HA⊗HĀ. While this assumption is882

subtle and generally requires care — see for instance [110]— it will not affect the discussion883

at hand. The reduced density matrix ρA is defined by tracing out the complement: ρA = trĀρ.884

A standard approach to evaluating S[ρA] is the replica trick. One first computes the Rényi885

entropies,886

Sn[ρA] =
1

1− n
log trA(ρ

n
A), S[ρA] = lim

n→1
Sn[ρA] , (5.9)

analytically continuing to n→ 1 to obtain the entanglement entropy. Using the state-operator887

correspondence, the state |ψ〉 can be associated with a local operator Ψ. Then ρA corresponds888

30



SciPost Physics Submission

to a path integral with insertions of Ψ and Ψ† on a geometry with a cut along A, and the889

replicated trace becomes a path integral on the n-fold branched cover:890

trAρ
n
A =




Ψ†(x1) · · ·Ψ†(xn)Ψ(y1) · · ·Ψ(yn)
�

Σn

〈Ψ†(x1)Ψ(y1)〉
n
Σ1

. (5.10)

Here, Σn is the so-called replica manifold; an n-fold branched cover of Rd , with the branch cut891

lying on A.892

For non-conformal theories, computing entanglement entropy is considerably more subtle,893

even in free cases. While vacuum entanglement is fairly well understood (see e.g. [111] for894

a review of massive free theories, and [112,113] for results on abelian Goldstone bosons in895

three dimensions), the story for excited states remains largely uncharted. The state-operator896

correspondence developed here offers a concrete framework for addressing this gap, mirroring897

techniques familiar from CFTs. We expect this to offer a practical computational tool and to be898

of immediate relevance and interest.899

Lessons for holography? An intriguing direction is whether the framework developed here900

can serve as a toy model for probing the construction or counting of states in holography. A seed901

of this idea appears in [114], where Chern–Simons theory with gauged one-form symmetries is902

proposed as a topological toy model for gravity, “holographically dual” to a WZW model. This903

picture was refined and extended in [115], which demonstrated that symmetry topological904

field theories (SymTFTs) with gauged higher-form symmetries can act as holographic duals to905

symmetry-breaking EFTs. The present work complements this proposal by providing an explicit906

state-operator correspondence in such EFTs — at least in the abelian case. Understanding how907

these states are encoded in the bulk theory, in this controlled envoironment, could offer insight908

on more physically grounded holographic constructions.909
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A Transversal spherical harmonics917

For convenience, we collect here some key facts about scalar and transversal (d − 2)-form918

spherical harmonics in (d−1)-dimensions. Spherical harmonics on a (d−1)-sphere are labelled919

by (d − 1) integers, ℓ⩾ 0 and m = (m1, · · · , md−2), satisfying the standard hierarchy:920

ℓ⩾ m1 ⩾ · · ·⩾ md−3 ⩾ |md−2| . (A.1)
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On a (d−1)-sphere of radius r the spherical harmonics, Yℓm , are eigenfunctions of the Laplacian921

(defined with non-negative spectrum):922

∆Yℓm =
ℓ(ℓ+ d − 2)

r2
︸ ︷︷ ︸

λℓ(r)

Yℓm . (A.2)

The explicit form of the harmonics in terms of angular coordinates is standard (see e.g. [116])923

and not needed here. What matters is their orthonormality:924

〈Yℓm , Yℓm′〉=
∫

Sd−1
r

Y ∗ℓm ∧ ⋆r Yℓ′m′ =

∫

Sd−1
r

dd−1 x
p

g Y ∗ℓm Yℓ′m′ = δℓ,ℓ′δm,m′ . (A.3)

and their degeneracy, which counts the number of independent harmonics with eigenvalue λℓ:925

Dℓ =
(2ℓ+ d − 2) (d + ℓ− 3)!

ℓ! (d − 2)!
. (A.4)

To make the radius dependence explicit, we choose a normalisation such that926

Yℓm = r−
d−1

2 Y (1)
ℓm , (A.5)

where Y (1)
ℓm are the harmonics on a unit sphere. In particular, the mode ℓ= 0, the unique zero927

mode, is constant and normalised as:928

Y0 = vol
�

Sd−1
r

�− 1
2 . (A.6)

Altogether {Yℓm} provide a complete orthonormal basis of functions on Sd−1
r .929

Alongside scalar harmonics, in the main text we make heavy use of transversal (d − 2)-form930

spherical harmonics.20 These generalise the familiar “magnetic” vector harmonics on S2, such931

as n̂ ×∇Yℓm. On Sd−1
r they take the form:932

eYℓm =
(−1)d
p

λℓ(r)
⋆r dYℓm =

(−1)d r
d−3

2

ℓ(ℓ+ d − 2)
∂iY

(1)
ℓm ⋆1dx i , (A.7)

where ⋆1 denotes the Hodge-star operator on a unit (d − 1)-sphere. These forms are manifestly933

transversal (coclosed):934

d†
eYℓm = 0 , (A.8)

and satisfy the same Laplacian eigenvalue equation as their scalar parents935

∆ eYℓm = λℓ(r) eYℓm . (A.9)

They carry the same eigenvalues and degeneracies. Here ∆ =
�

d+ d†
�2

is the Hodge–de Rham936

Laplacian on (d − 2)-forms. The prefactor λℓ(r)−1/2 in (A.7) ensures orthonormality under the937

natural inner product:938




eYℓm , eYℓ′m′
�

=

∫

Sd−1
r

eY ∗ℓm ∧ ⋆r eYℓ′m′ = δℓ,ℓ′δm,m′ , (A.10)

while the factor (−1)d is simply for convenience in some formulas in the main text. One detail939

is worth emphasising: there are no zero-modes. Since eYℓm is build from a derivative of Yℓm,940

the ℓ = 0 mode, drops out. Normally one has to solve separately for the zero modes. Here, the941

triviality of the cohomology group Hd−2(Sd−1
r ) in d > 2 guarantees the absence of zero-modes.942

Altogether,
�

eYℓm
	

provide a complete orthonormal basis of transversal (d − 2)-forms on Sd−1
r .943

20Here we only discuss the case d > 2. The case d = 2 falls back to scalar trigonometric functions.
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B Details on the radial evolution944

In this appendix, we elaborate on the radial evolution discussed in section 3. Our goal is to945

solve (3.39), repeated below for convenience:946

∂r JΣr
+ i d ⋆r eJΣr

= 0 ,

∂r eJΣr
+ i d ⋆r JΣr

= 0 .
(B.1)

We begin by expanding the currents in spherical harmonics, Yℓm and eYℓm, introduced in947

appendix A:948
�

⋆eJ[d−1]
�

�

�

�

Σr

≡ JΣr
=
∑

ℓ,m

eJℓm(r) ⋆r eYℓm(r) ,

�

i ⋆ J[1]
�

�

�

�

Σr

≡ eJΣr
= J0(r) ⋆r Y0(r) +

∑

ℓ,m

Jℓm(r) ⋆r Yℓm(r) .
(B.2)

This decomposition yields a system of ordinary differential equations (ODEs) for the modes.949

The expansion is such that the initial condition at r = R is950

J0(R) =Q0 , Jℓm(R) =Qℓm , and eJℓm(R) = eQℓm . (B.3)

The resulting system of ODEs is:951

d
dr

J0(r) +
d − 1
2 r

J0(r) = 0 (B.4)

d
dr

Jℓm(r) +
d − 1
2 r

Jℓm(r) + i

p

ℓ(ℓ+ d − 2)
r
eJℓm(r) = 0 , (B.5)

d
dr
eJℓm(r)−

d − 3
2 r
eJℓm(r)− i

p

ℓ(ℓ+ d − 2)
r

Jℓm(r) = 0 . (B.6)

This system, together with the boundary conditions (B.3), admits a unique solution:952

J0(r) =Q0

� r
R

�− d−1
2

, (B.7)

and953

Jℓm(r) =
sech(2vℓ)p

2

�

e−vℓCℓm
� r

R

�ℓ+ d−3
2
+ evℓ Bℓm
� r

R

�−ℓ− d−1
2

�

(B.8)

eJℓm(r) =
sech(2vℓ)p

2

�

evℓ Cℓm
� r

R

�ℓ+ d−3
2
− e−vℓBℓm
� r

R

�−ℓ− d−1
2

�

, (B.9)

with coefficients954

Bℓm =
1
p

2

�

evℓQℓm + ie−vℓ eQℓm
�

and Cℓm =
1
p

2

�

e−vℓQℓm − ievℓ eQℓm
�

. (B.10)

We also introduced for convenience a parameter vℓ defined as:955

vℓ =
1
4

log
�

ℓ+ d − 2
ℓ

�

. (B.11)
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Each mode features two components: one that remains smooth as r/R → 0, and one that956

diverges in that limit. This behaviour holds for all ℓ⩾ 1. The corresponding scaling exponents957

governing these behaviours can be neatly repackaged as958

δ±ℓ = −
1
2
±
�

ℓ+
d − 2

2

�

. (B.12)

To connect with the standard approach in CFTs, where one seeks eigenfunctions of the dilatation959

operator, D = r ∂r , we can rewrite the radial evolution equations (B.4)–(B.6) as960

DJ0(r) +
d − 1

2
J0(r) = 0 , (B.13)

DVℓm(r) +DℓVℓm(r) = 0 , (B.14)

where961

Vℓm(r) =

�

Jℓm(r)
eJℓm(r)

�

and Dℓ =

� d−1
2 i
p

ℓ(ℓ+ d − 2)

−i
p

ℓ(ℓ+ d − 2) − d−3
2

�

. (B.15)

Diagonalising the above system yields immediately (B.7)–(B.9).962
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