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Abstract

We establish a state-operator correspondence for a class of non-conformal quantum field
theories with continuous higher-form symmetries and a mixed anomaly. Such systems
can always be realised as a relativistic superfluid. The symmetry structure induces an
infinite tower of conserved charges, which we construct explicitly. These charges satisfy
an abelian current algebra with a central extension, generalising the familiar Kac-Moody
algebras to higher dimensions. States and operators are organised into representations
of this algebra, enabling a direct correspondence. We demonstrate the correspondence
explicitly in free examples by performing the Euclidean path integral on a d-dimensional
ball, with local operators inserted in the origin, and matching to energy eigenstates
on S9~1 obtained by canonical quantisation. Interestingly, in the absence of conformal
invariance, the empty path integral prepares a squeezed vacuum rather than the true
ground state.
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1 Introduction

One of the most striking and powerful features of conformal field theory (CFT) is the state-
operator correspondence. At first glance, it seems almost paradoxical: it asserts that every
quantum state defined on a spatial sphere can be associated with a local operator inserted
at a single point in spacetime. This is surprising because states are inherently non-local
objects, defined on an entire Cauchy surface, while local operators are the most ultra-localised
observables the theory permits.

Nonetheless, conformal invariance ensures that this is the case. In short, it is a consequence
of a conformal transformation from the Euclidean cylinder, R x S¢7!, to the plane, which
maps the infinite Euclidean past to a single point (which we shall call the origin) on the plane.
Under this map the Hamiltonian, generating time translations on the cylinder, gets replaced
by the dilatation operator; that is D = r 8, in spherical coordinates. Hence, preparing energy
eigenstates amounts to imposing a local condition at the origin, that transforms appropriately
under rescalings. This is precisely a local operator.’

The consequences of the state-operator correspondence are nothing short of dramatic. To name
only a few: for CFTs themselves, in two dimensions, it allows the theory to be consistently
defined on arbitrary Riemann surfaces [2]. This is, in turn, a crucial ingredient in the internal
consistency of string theory. In the same spirit, the correspondence is indispensable for the
conformal bootstrap [3-6], guiding the search for extracting consistent CFTs and their spectrum
of local operators and scaling dimensions. In critical phenomena, it provides a very effective
tool to study entanglement entropy, particularly via the replica trick [7]. There are also deep
implications for gravity, most notably via holography and the AdS/CFT correspondence. Perhaps
the most striking of these is that black hole microstates are probed by “heavy operators” in the
dual CFT [8-10].2

Sadly, the arguments outlined above do not extend to generic non-conformal quantum field
theories (QFTs). One direction of the correspondence remains trivially valid: acting with a

The story is of course much more concrete than the cartoon we presented here. See for instance [1] for a good
account.

2Honourable mentions of recent promising approaches where the state-operator correspondence plays a crucial
role include the large-charge expansion [11,12], as well as fuzzy-sphere methods [13].



47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

SciPost Physics Submission

local operator on the vacuum produces a new state. More generally, performing a Euclidean
path integral over a manifold with boundary, with a local operator inserted somewhere in
the interior, prepares a state on the boundary. This construction holds in any QFT. What fails,
however, is the converse. Given a state on a spatial sphere, one can still trace it back to some
local perturbation at the origin, signalled by a divergence. However, such a singularity often
cannot be matched to any local operator in the theory.

All hope is not lost. In CFTs what organises the state-operator correspondence is conformal
symmetry. But is it possible that some other symmetry can take this organising role upon itself?
In this paper, we show that this is the case. Specifically, we construct an explicit state-operator
correspondence in a class of non-conformal quantum field theories that exhibit a particular
global symmetry with a non-trivial 't Hooft anomaly. We will clarify the precise setting shortly.

For now, let us motivate this possibility with a familiar example: a two-dimensional (unitary)
CFT with a continuous global symmetry. For simplicity take the symmetry to be U(1) and
focus on ¢ = 1 CFTs. It is well known that any such a theory can be realised in terms of free
fields [14]. What’s more, there is an abelian Kac-Moody algebra organising the spectrum of
states and operators. In this setting, the stress tensor admits a Sugawara form [15], meaning
the generators of the conformal group (and in fact the entire Virasoro algebra) can be written
in terms of the Kac-Moody modes. Hence, states and operators in this theory are naturally
organised by the Kac—-Moody algebra, which follows from the U(1) global symmetry. That
they also come in representations of the conformal group follows directly from the Sugawara
construction.

The aim of this paper is to replicate the above situation in a more general setting, dispensing of
the need for conformal invariance. The key ingredient that makes this possible is the notion
of generalised global symmetries [16]. Over the past decade, it has become clear that the
conventional idea of symmetry can be extended in multiple directions. This has led to the
development of a broader framework encompassing higher-form symmetries, higher-group
symmetries, and non-invertible symmetries, among others. See [17-27] for reviews. These
generalisations provide a powerful toolkit for analysing and constraining quantum field theories.

Without further ado, let us lay out our setup and briefly summarise our main results. We will
consider d-dimensional quantum field theories with a zero-form symmetry and a (d — 2)-form
form symmetry, U x U(1)!472] that are tied together by an 't Hooft anomaly. To be precise,
coupling the symmetries to background gauge fields A7 and By4_q3, respectively we consider
systems with a mixed anomaly (written here as an inflow action):

i
Sanomaly = gj Brg—13AdAp - (1.1
Mg+

Oftentimes, the higher-form symmetry is not manifest in the ultraviolet but emerges in an
infrared phase [28]. Accordingly, the theories we will work with are effective field theories
that realise this symmetry structure at low energies.

A first key result of this paper is that such a symmetry structure can always be realised by a
superfluid effective field theory (EFT) with an appropriate choice of equation of state, which we
dub “superfluidisation.” The simplest realisation is that of a single Goldstone boson: a superfluid

3This is most easily seen by performing a coordinate transformation r = e”, where 7 is the Euclidean time. Under
this map 7 = —o0 corresponds to r = 0. However, in a non-conformal theory one cannot subsequently remove
the conformal factor. As a result, there is an extra divergence from the metric itself which cannot, in general, be
countered by a local operator.
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in a minimal sense, where the equation of state dictates that the pressure scales quadratically
with the chemical potential and the symmetry breaking persists even at zero charge density.
This construction replaces the free field realisation of our earlier 2d CFT example and may be
viewed as a higher-dimensional analogue of bosonisation. In this sense, the superfluid EFT
plays the role of a universal model for capturing the anomaly and its associated charge structure.
This echoes the primary result of [28], where it was shown that such a symmetry structure
implies a massless particle in the spectrum of the theory, and resonates with the main ideas
in [29,30] whereby the superfluid EFT was constructed from the bottom up by a particular
realisation of the anomaly.

We then go on to show that the superfluid EFT possesses an infinite number of conserved
charges which we construct explicitly.* These charges are given by integrals of local currents
on codimension-1 hypersurfaces:

Qu[Ty1] :f d41x I (x) :f = (1.2)
Sg1 2ig—1

(n)
Iy §
charges, Q,,, descending from the second U(1)l42 symmetry. In other words, they generate
zero-form symmetries. Upon computing their algebra, we find that these charges obey an

abelian current algebra with a central extension:

[Qn’ém] = im5nm > (13)

where /A, denotes the eigenvalues of the Laplacian on £;_; and n denotes the quantum
numbers of the corresponding eigenfunctions. This is a direct generalisation of abelian Kac—
Moody algebra to higher dimensions. In fact, it turns out that these charges are spectrum-
generating. As a result the Hilbert space of states is organised into representations of this
algebra. These are simply Verma modules consisting of descendants on top of highest-weight,
primary, states. What’s more, the local operators of the theory also transform under this algebra
and are organised into primary and descendants.

Here schematically denote modes of the U(1) current. Similarly there are codimension-1

This last fact enables our chief takeaway. Keeping the aforementioned 2d CFT example as inspi-
ration, we adapt the methods introduced in [31] to establish a state-operator correspondence
in a non-conformal setup. To recall briefly, [31] construed a state-operator correspondence
for line operators in 4d CFTs with a continuous one-form symmetry. There it relates states
on S2 x S! and line operators on R3 x S! and is governed by the current algebra [32], not by
conformal mappings, as no conformal transformation connects the relevant geometries.

Here we return to local operators, abandoning conformal invariance, and we establish the
following:

In d-dimensional QFTs with a U(1)[O] X U(1)[d_2] symmetry with anomaly (1.1),
states on S9! are in one-to-one correspondence with local operators on R<.

We construct this correspondence explicitly in two concrete realisations: Goldstone bosons
and superfluid phonons. Interestingly, in both cases, we find that in the absence of conformal

“Here we use the word conserved to mean topological. Note that this is not necessarily the same as saying

that they commute with the stress tensor. It is the QFT version of the statement that their total time derivative

vanishes, i.e. dd—? = g—? +i[H,Q] =0. As a simple example, the modes a, = g—fr 2" J(2) in the 2d free boson CFT

are topological and conserved, yet they do not commute with the Hamiltonian. In other words 2" introduces explicit
time dependence.
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invariance there is a subtle difference compared to the usual state-operator correspondence for
CFTs. The identity operator — corresponding to the empty path integral — does not prepare
the vacuum state, but rather a squeezed vacuum.

Let us emphasise that although both of our examples are free, we expect that the state-
operator correspondence we construct is not tied to a free realisation. What underpins the
correspondence is the current algebra, which remains intact for the full non-linear superfluid.
This resonates with recent lattice approaches [33-35] where gaplessness in the continuum,
arises not from the shape of the Hamiltonian, but by the fundamental commutators — which
are a discretised version of the same abelian current algebra. Here too, the quadratic nature of
the examples makes the correspondence tractable — it allows us to construct the map between
states and local operators explicitly, but it is plausibly not essential to the mechanism itself.

An organising summary is as follows. In section 2 we detail on the connection between symme-
tries, anomalies, and current algebras, and explain how they are realised in effective field theory.
In the following couple of sections we build up towards the state-operator correspondence. We
first derive it explicitly, in section 3, for the case of a compact scalar in d-dimensions. Then, in
section 4, we extend our construction to the relativistic superfluid. Reconciling with section 2
this establishes the correspondence in general. We close in section 5 with a discussion on
applications of our formalism, as well as extensions and open questions.

Notation. This paper takes place both in Lorentzian and in Euclidean signature. Whenever in
Lorentzian, we use mostly plus convention for the metric. We will denote differential forms
with their degree placed in as a subscript in square brackets, like wp,j. Higher-form symmetry
groups will be denoted by a superscript in square brackets, for instance: GIP1. There will be
several metrics playing a role: the metric of d-dimensional spacetime, that of a fixed (d — 1)-
dimensional Cauchy slice, and that of a (d — 1)-dimensional spherical slice at radius r (viewed
as a radial foliation of d-dimensional flat space). The corresponding Hodge-star operators will
be denoted x,, x,_,, and *,, respectively.

2 Anomalies and infinite-dimensional current algebra

Global symmetries in quantum field theory may possess an ’t Hooft anomaly [36], indicating that
while the symmetry is well-defined, it cannot be consistently gauged. In a modern perspective
’t Hooft anomalies are viewed as part of the symmetry data [37,38]. Operationally, anomalies
are often diagnosed by coupling the theory to a background gauge field, A, and examining the
behaviour of the partition function under background gauge transformations.® In the presence
of an anomaly, the partition function is not invariant. Rather, it picks up a phase (here, in a
U(1) example):

Z[A+dA] = exp(i J

Xq

a(A, }L))Z[A] . 2.1

The phase a(A, A), modulo local counterterms, defines the anomaly and reflects the obstruction
to gauging the global symmetry. A common way to encode anomalies in terms of a classical
anomaly inflow theory of the background fields in one higher dimension.

5This is well suited for invertible symmetries. For non-invertible symmetries a more refined approach is needed.
See e.g. [38-43].
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As mentioned in the introduction the systems of interest possess a zero-form U(1)[0] symmetry,
and a (d —2)-form U(1)[d_2] symmetry, with a mixed anomaly. In the inflow picture, the mixed
anomaly is captured by the anomaly action:

i
Sanomaly = % J B[d—l] A dA[l] . (2.2)
Yy

Here, A[;7 and Bj4_q] are background gauge fields for the 0-form and the (d —2) form symmetry,
respectively. In terms of currents the anomaly manifests itself as a modification of the usual
Ward identities. In particular, if the two symmetries are realised by currents Jp;7 and f[d_l],
(2.2) leads to the following anomalous conservation equations:

d*J[l] =0 and d*j[d—l] = —]:[2] ) (2.3)

where Fi,] is the curvature of the background connection A;;;. We follow the conventions
of [30] for the sign and normalisation of the anomalous Ward identity.

In most cases, the (d — 2)-form symmetry is not fundamental but emerges in the infrared. The
simplest example realising the anomaly structure described above is a theory of Goldstone
bosons in d dimensions — a case that will be treated in detail in section 3. As such, the
anomalous conservation laws in (2.3) are generally not constrained by anomaly matching,
since the symmetry is emergent. However, as recently discussed in [44,45], certain ultraviolet
(UV) completions may already contain part of the anomaly. In those cases a discrete subgroup
of the emergent higher-form symmetry descends from an ordinary O-form symmetry in the
ultraviolet and the associated anomaly does become subject to matching constraints.

A broader class of theories realising the same symmetry structure as Goldstone bosons is
provided by the effective field theory of a superfluid, as we will review. This section has a
twofold purpose. First, it will be shown that in the superfluid EFT, the symmetry enhances
dramatically, giving rise to an infinite tower of conserved currents. The mixed anomaly governs
the algebra of these currents, resulting in a central extension that we determine. Second, this
structure is shown to be generic: the anomaly can always be realised by a suitable superfluid
effective theory, by a mechanism which we dub superfluidisation.

2.1 Infinitely many charges in the superfluid EFT

A relativistic superfluid is a system that spontaneously breaks a U(1) symmetry, typically
interpreted as particle-number symmetry, in a finite-density state. A simple example of a UV
model (in four dimensions) that leads to a superfluid phase is that of a complex scalar with
quartic interaction [46,47]:

1
SUV:Jd4x(§|3M<I>|2—m2|<1>|2—7tld>|4). (2.4)

When m? < 0 this is the standard regime of spontaneous symmetry breaking (SSB) giving rise
to the standard Goldstone action for the phase &(x), of the complex scalar ®(x) = p(x)e*™).
Adding a chemical potential, u, drives the system to a finite density state. However, as was
explained in [47], even in the regime m? > 0, where the vacuum of the potential sits as zero,
turning on a chemical potential y > u.; = m, destabilises the vacuum, leading to SSB of the
U(1) symmetry and, again, a finite density state.
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At low-energies, when the heavy fundamental degrees of freedom have been integrated out,
the superfluid degrees of freedom are described by the following effective action [48]:°

S[E]= J d?xP(5,53%¢) . (2.5)

In the above, P(-) is a function that is smooth away from zero, related to the superfluid’s
equation of state. In our conventions it gives the pressure, at zero temperature, as a function of
(minus) the square of the chemical potential: P = P(—,uz). The field & is naturally an angular
variable. Canonically, we take it to be dimensionless and normalise its period to 2. The
natural scale of the problem is set by the UV cutoff scale: A = |m| in the above example.

It is immediate to observe that the U(1) symmetry is realised nonlinearly on the superfluid EFT.
Shifting £ by a constant: £ — & + a, leaves the action invariant. Since & is an angular variable,
so is a. Associated with this symmetry there is a conserved current:

J,=P(8,£0"E)9,¢ . (2.6)

The current is conserved by virtue of the equations of motion. Switching to the language of
differential forms to describe conserved currents, denoting: Jj;; = J, dx*, its conservation
equation reads:

dxJ;;=0. 2.7)

In modern terminology [16], this corresponds to a conventional, or 0-form, global symmetry. As
anticipated above, the superfluid EFT also exhibits a second, emergent (d —2)-form symmetry,
U(1)[d_2], with a (d — 1)-form current:

Jra—1)=*dE . (2.8)

This current is conserved off-shell simply by virtue of the Bianchi identities or equivalently
nilpotency of the exterior derivative. As such, the corresponding symmetry is referred to as
topological. Tt is common to label the O-form and (d — 2)-form symmetries as electric and
magnetic, respectively, reflecting the kind of matter the two currents couple to. We will use
both naming conventions interchangeably throughout.

These two symmetries give rise to conserved charges in the theory. The conserved charge
associated with the electric symmetry is the total particle number:

Q[Zq] Zf *J17 (2.9)
P

while the magnetic symmetry gives rise to conserved vortex number:

Q[Yﬂ ZJ *j[d_u . (2.10)
Y1

On top of that, a key ingredient of the superfluid EFT is that the two symmetries are tied
together by an 't Hooft anomaly of the form (2.2) [28]. The anomaly is most clearly evident
upon coupling the theory to a background gauge field, .A,,, for the zero-form u(D)™ symmetry.

The effective action holds to all orders in the coupling, though subject to higher-derivative corrections of
the form X™3"X, n > 1, with X = §,£0"&. In the regime of validity of the EFT such corrections are suppressed
by powers of the UV cutoff. In certain fine-tuned EFTs where the Wilson coefficients are atypically small, these
corrections may become relevant earlier that the UV scale. For a more detailed discussion, see [49].
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This is done in the usual way: derivatives are traded for a gauge-covariant version thereof.
Since the symmetry is realised by shifts, the covariant derivative acts on the scalar field as

D,£=07,E-A,, (2.11)

Under this modification, the electric current, Jp;7 remains conserved, but j[d—Z] (now expressed
in terms of covariant derivatives) is anomalous:

d **’f[d—z] = —f[z] . (212)

We will now take a different approach. For that we do not need the background gauge field A,
so we turn it back off. First we will show that on top of the two separately conserved currents
there exists an infinite family of zero-form symmetries. As such the associated conserved charges
can have a non-trivial algebra. The anomaly is manifested as a central term in the algebra of
the charges. Let us see how this comes about.

Consider a function (zero-form) f}y; and a (d — 2)-form f[d_z], with the aid of which we define
a (one-form) dressed current, Js as:

*T5 = fro) *Jpa1 + fla—2) A g - (2.13)

This current turns out to be conserved if the auxiliary functions are tied together by a relation.
They must satisfy: _
P’ dfio1+ (—1)4 " xdfg0)=0. (2.14)

Here, it is important to stress that the appearance of P’ makes this constraint field dependent.
Nonetheless, since we are examining the conservation of a current, we can use the equations
of motion. Therefore, we are to evaluate P’ at a solution of the equations of motion of (2.5).
Secondly, on non-compact spacetimes or on manifolds with a boundary, there exist infinitely
many solutions to the above equation if P’ is uniformly sign-definite. Physically this corresponds
to a sign-definite distribution of charge. Choosing without loss of generality positive sign, let
us parametrise P’ = e2V for some function V. Simultaneously redefining for convenience
gro] = e_Vf[O] and gpp = e’ * fra—2), (2.14) becomes

dygro)+d} &1 =0, (2.15)

where dy = e Vde" = d+dV A- is the Witten-Lichnerowicz differential [50] and d; is its
adjoint, d"'; = eVde™V with dT = (=1)¢~! » dx, the codifferential (here, acting on a 2-form). So
(2.14) in the form of (2.15) becomes a problem in the cohomology of dy,, known as Morse—
Novikov cohomology. It is a standard result [50] that on an exact form, as is in this case dV,
this cohomology is isomorphic to the usual de Rham cohomology. Therefore, (2.14) has the
same solution space as the free “twisted self-duality” [51,52] equation:

dg[O] +df g[z] =0. (2.16)

This case corresponds to linear pressure, or equivalently a free compact scalar, and admits
infinitely many solutions that we will explicitly construct in the following section. For the time
being, we rely on that general result, assume a solution and explore its consequences.

An important point to emphasise is that there is a gauge redundancy in (2.13) and (2.14).
In particular, the currents defined by f and by f + dA[4_3] are equivalent; in particular they
generate the same charge, as can be easily checked by integrating by parts and invoking current
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conservation. We work modulo such equivalences. Similarly for f, we work up to constant
shifts. Keeping that in mind, the counting of the degrees of freedom in J; is as follows. The

function f contributes one scalar degree of freedom. The (d — 2)-form f modulo gauge shifts,
works as a (d — 2)-form gauge field, which carries only one polarisation — thus contributing
one additional degree of freedom. The constraint (2.14) then halves the total tally. Altogether,
Jy is a one function worth family of currents.

This family gives rise to a corresponding set of conserved charges supported on codimension-1
surfaces:

Qf[Zg1] =f *Jf . (2.17)

g1

Moreover, since these charges live on codimension-1 they may have non-trivial commutators.

However, since they descend from abelian symmetries, their commutators can at most be

central. Indeed, the mixed anomaly (2.12) between the original currents translates to a current
algebra:

[Jo(G), Ty iy ()] =€, j78(x—Y) . (2.18)

This implies the following algebra among the dressed charges:

[Qf: Qh] = i(_l)d f (f[o] dﬂ[d—z] - h[O] dEd—z]) . (2.19)
%

In other words we have demonstrated the existence of infinitely many conserved charges in
the superfluid EFT, and we have shown that they satisfy an abelian Kac-Moody-like algebra
with a central extension determined by the anomaly. In the next section we will show that this
algebra is spectrum-generating and constrains the structure of the Hilbert space.

Let us close this passage with some comments. The appearance of infinitely many conserved
charges points towards integrability of the superfluid EFT. In two-dimensions, where such a
feature is sufficient to establish integrability, a similar result was demonstrated in [53]. In our
case, to establish integrability we would further have to show that our dressed charges, Q¢
imply a collection of charges, Z,,, built out of stress-tensor modes, that are in involution. This
would constitute a higher-dimensional generalisation of the Kortweg—de Vries (KdV) hierarchy.
While we have not done so here, we expect that it should be possible, for instance inspired
by analogous two-dimensional questions [54,55]. Furthermore, it is well-appreciated that
Kac-Moody algebras similar to (2.19) arise in non-conformal integrable field theories (see for
instance [56]). Our results tie well with both perspectives. While these observations do not
constitute a proof of integrability, they offer compelling motivation for further study.

2.2 Superfluidisation

Let us adopt a different perspective, in the spirit of [28]. Suppose that we do not know
the precise effective field theory describing the infrared physics. Instead, we only know the
global symmetries — exact or emergent — and their ’t Hooft anomalies. Assume then, only
the U(l)[o] X U(l)[d_z] symmetry, with mixed anomaly as in (2.3). We will show that such a
scenario can always be realised by an EFT of the superfluid kind, like (2.5). The same conclusion
was reached in [30] using different arguments. However, our proof connects immediately with
the infinite dimensional current algebra presented above and is mirroring the mechanism of
free field realisation in two-dimensional systems.
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To understand and further motivate this claim let us take a brief detour in two dimensions. In
d = 2, the Ward identities in (2.3) are immediately recognisable as the axial or chiral anomaly,
exemplified by a massless Dirac fermion coupled to an external gauge field:

L= ir"(8,+A,)Y . (2.20)

Remarkably this two-dimensional model can be described in terms of a free scalar field.” This
equivalence is known as bosonisation. The main idea behind it can be traced back to the algebra
satisfied by the two currents. In the fermionic theory, the currents are given by:

Jy = Jﬁvecmr) =¢yy,p and J,= JﬁaXiaD =Yo7 =0 (2.21)

Owing to the simplicity of the theory one can compute directly the algebra of the two currents
to find

[Jo(x),fo(_y)] =id6(x—y). (2.22)
The bosonic interpretation becomes immediately available now. One can realise this alge-
bra starting from a free scalar field ¢. The currents are now expressed as J, = J,,¢ and

ju = €,,0"¢. This is actually a much deeper statement, well understood and exploited in
two-dimensional theories. A U(1) global symmetry in any two-dimensional unitary CFT can be
described in terms of a free scalar [ 14]. Moreover, the symmetry enhances to a Kac-Moody
algebra, governed by (2.22). There is also a non-abelian extension of the story [58], realised
by Wess—Zumino-Witten (WZW) models, and a higher-dimensional extension, realised by

(higher-form) Maxwell CFT [31, 32].

Building on the two-dimensional example, we are in now a position to clarify and substantiate
the earlier claim. We will show in the next paragraph that any theory with a U(D) x u(1)d—2!
symmetry and a mixed anomaly, as in (2.3), necessarily implies that the currents satisfy the
algebra:

[Jo(t,2),+Ti(6, )] = i85 (x — ), (2.23)

where xJ; denotes the component of xJ along dx'. As established in the previous section,
the superfluid EFT inherently satisfies this algebra. A minimal choice is provided by taking
*ﬂd_l] = d¢. The other current, Jp;7, will then necessarily have the form (2.6) — though this
does not fix the precise form of P(-). Hence, the physics of infrared phases with this pattern
of symmetries and anomalies are always realising a superfluid. From this point onward, the
discussion naturally extends to the enhancement of the symmetry, encompassing infinitely
many dressed charges and everything that follows from it, including our main result of the

state-operator COI’I‘CSPOIldeIlCG.

An elementary way to show that (2.23) follows from (2.3) is to consider the path integral
representation of the commutator, which reads:

Gy, y) = (- [Jo(t, %), +Ti(6,3)] )
= tim (- Io0) i) Yooy = (900D T Dy, )

since the path integral naturally computes time-ordered correlators. The dots denote other
insertions away from x and y. To compute (2.24) we will use the Fourier-transformed correlator
[28], that is fixed uniquely by the mixed anomaly :

(2.24)

_ 2
I,,(p) = J d?x e7 P (J,(x) *J,(0)) = l)“pvm—:?g“” . (2.25)

7In this passage we are neglecting global features such as the dependence on spin sturctures. In a more modern
approach, bosonisation refers to gauging the (—1)" symmetry of the fermionic theory. See for instance [57] for a
more careful exposition.
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The commutator is then:

d4 —— —
Ci(x,y)= ll—r{(l)J ﬁ Hol.(p)(e—lposﬂp(x—y) _ elpo£+lp~(x—y)) . (2.26)

Upon performing the integral over p, (regulating the pole at p, = |p| by an ie prescription)
the remaining integrand is smooth and we can take the limit € — 0, finding finally:

dd—lp - )
. = | — & airx—y) ;4.
Ci(x,y)= J 2y e ip; . (2.27)
The last equation we immediately recognise as the Fourier transform of 9;6(x — y), hence
establishing (2.23).

3 Compact scalars in d dimensions

In this section we construct the advertised state-operator correspondence in the simplest possible
scenario: a free compact scalar in d dimensions. It is connected to the superfluid by choosing
a linear function for the pressure. In this case the EFT is analytic at zero chemical potential
and can be arrived at, for instance, from the m? < 0 regime of the above UV model (2.4). The
action reads:

S[d)]:%f dix 8,¢ 3¢ =§J dp A+de . 3.1
X X

Our conventions are such that ¢ is dimensionless and its periodicity is 27t. Consequently the
coupling g has dimension d — 2. It sets the scale of validity of the Goldstone EFT (sometimes

we will use the actual energy scale A = gﬁ).

It is important to stress that the theory, despite free, is not conformal in d > 2.8 The sharpest
indication comes from the existence of local vertex operators, V,(x) = eP?X) with p € Z
whose two-point function behaves as’

2
(V, (VL () =exp(p—d_2). (3.2)
glx—yl
This is incompatible with conformal field theory, unless d = 2 where it becomes a standard
power law. There are two conformal fixed points of this theory. One sits at g — 0, corresponding
to a UV fixed point. It is a free, scale invariant, but not conformal theory [60-63]: a free scalar
with its zero mode removed. In the infrared (g — ©0) the scalar decompactifies and it becomes
a bona fide CFT.!° In the current work we will study the theory at an intermediate point, at
finite coupling.

Let us begin analysing the symmetries. The story follows immediately from the general
discussion in section 2. The model enjoys a U(1)[0] X U(1)[d_2] symmetry with currents

Jpy=d¢ and Jra-11=+*do , (3.3)

8In the present paper we will focus on d > 2 throughout. In d = 2 the theory is conformal and the state-operator
correspondence is textbook material. For the more subtle case of d = 1, i.e. quantum mechanics, see [59].
°Since the theory is free this follows immediately by the two-point function of ¢, (¢ (x)p(y)) = m (up to
gauge-dependent terms having to do with the fact that ¢ is compact).
1%0n a spacetime with non-vanishing curvature one needs to turn on the conformal coupling ~ R¢? to preserve
conformal invariance. Note that this couplng is only allowed at g — oo, since at any other value it is incompatible
with the scalar’s periodicity.
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and anomaly (2.2). Identically as in section 2, this implies the conservation of an infinite family
of dressed currents J; defined as in (2.13). This time the dressing functions are linked by a
“twisted self-duality” [51,52] constraint

dfioy+ (1) xdfig_=0. (3.4)

Continuing on with this line of reasoning, this gives infinitely many conserved charges, Q[¥4_;],
as in (2.17) satisfying again (2.19).

As stated above, (2.19) is equivalent to a 1(1) Kac-Moody algebra. This equivalence becomes
more transparent when we expand the relevant currents and functions in terms of a suitable
basis. A natural choice is the basis formed by the the eigenfunctions and eigen-(d — 2)-forms of
the Laplacian on .. For the (d —2)-forms we find it convenient to resolve the gauge redundancy
described above by working in Coulomb gauge d'rf = 0, where the bold differential denotes the
exterior derivative on . By Poincaré duality, except for the zero-modes, the eigen-(d —2)-forms
are completely specified by the scalar eigenfunctions.

To see why, let y,, be an eigenfunction of the Laplacian with eigenvalue A,, # 0. Then the
(d —2)-form
- (-1)

is an eigenform of the transversal Laplacian. Here, %, , denotes the Hodge star on X;_;. All
non-zero modes can be generated this way.!! The factor of A;l/ 2 ensures that ¥, is properly
normalised, assuming y,, itself is normalised, while the dimension-dependent sign is simply for
future convenience.

*, ., dy, (3.5)

Together with the scalar zero-mode y, = 1/4/vol(2) and the harmonic (d — 2)-forms Yy,
i=1,---b;(X) (with b; the first Betti number) this construction provides a complete basis.
Throughout this discussion we are assuming % to be compact and connected, although these
assumptions can be relaxed without difficulty.

Altogether the currents are expanded as:

(*dJ[l])’Z =Qo*i1 Yo+ ZQH *i1Yn >
n

by (%) (3.6)
(*alJ[d—l])’Z = Z Qoj *a-1 Yoj + ZQn *a1 Yn >
i=1 n

The zero modes, Qy, (50 j are the original U(1)[0] X U(1)[d_2] momentum and winding charges.
Their commutators are of course trivial. The rest of the modes, Q, and an, are the novel
conserved charges following from (2.13) and (2.17). Their algebra follows from (2.19) and
reads:

[QuQn] = é V 28 m - 3.7)

We stress here that n is not an integer but a collection of indices: the quantum numbers
of the Laplacian on X. For instance, if X is a (d — 1)-torus, n is a (d — 1)-tuple of integers
n=(kq, -+ ,ky_1) labelling the momenta along each cycle of the torus, while if ¥ is a sphere
n=(,my, -+ ,my_,) is the total angular momentum and its various projections. Hence the
precise form of the algebra depends on X. In contrast, in d = 2 there is only one reasonable
choice of spatial slice — a circle — making the 2d Kac-Moody algebra essentially unique.

HIn d = 2 (3.5) leads to the holomorphic/anti-holomotphic split of the compact scalar CFT.
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Equation (3.7) describes the mode algebra of the currents, in a way that naturally generalises
Kac-Moody algebras commonly appearing in two-dimensional CFTs. We note here a few
variations of this algebra that have recently appeared in the literature. In [32] a higher-form
version of (2.19) was identified in higher-dimensional CFTs. Expanded in modes [31, 64], the
algebra of [32] is structurally identical to (3.7), although the physical interpretation is slightly
different. In [64] this algebra organises gapless edge modes of topological field theories, while
in [31] the setup was higher-dimensional conformal field theory.

3.1 The states

We now have identified all the relevant symmetries for our story. The next step towards
establishing a state-operator correspondence is to construct the space of states. While this is
straightforward given the quadratic nature of the theory, it is helpful to do so in a way that
makes the connection to the symmetry considerations of the previous section explicit. To that
end, we now consider ¥ as the Cauchy slice on which the states live. Specifically, we take &
to be a (d — 1)-dimensional sphere of radius R: ¥y = Sg_l. This choice turns out to be the
appropriate Cauchy slice for defining the Hilbert space of local operators. In the non-conformal
case, this is not immediately obvious, as there is no Weyl equivalence argument that uniquely
selects this slice — nonetheless it proves to be the correct one. We will comment on other
choices of slices in the discussion.

The Hamiltonian can be written in a Sugawara form in terms of the two currents:
_ 8 2 =2
H = E(||7s, 1+ 175,07) (3.8)

where the subscript denotes restriction on Xz and the norm is with respect to the standard
Hodge inner product f s - Ax-. This is simply the standard form ~ 112 + (V¢ )>?. The benefit of
using this language to express the Hamiltonian is that mode expanding the currents in spherical
harmonics, like in (3.6), immediately reveals a countable collection of harmonic oscillators:

_8 T
Hy =5 Q5+ D Al (3.9)
{,m
labelled by angular momentum, ¢ € Z., and a vector of integers m = (m,, - - , my_,) satisfying
€>m1>"'md_3> |md_2| . (3.10)

These are really the quantum numbers of spherical harmonics on S¢~!. See appendix A for
details. Here we have excluded the mode £ = 0 as it is contained in the zero-mode part. In the
above we have identified ladder operators:

Aim = \/g(le + iafm) > (3.11)

with daggers obtained by hermitian conjugation, and we have also neglected a (possibly infinite)
normal ordering constant. The modes Agi satisfy the usual algebra of creation and annihilation
operators:

I:AKm’A;’m’:I = \/E 5€,€’6m,m’ . (312)

From the Hamiltonian one sees immediately that A;m raises the energy by

Vil d—2)

(3.13)

13



412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

SciPost Physics Submission

units and Ay, lowers it by the same amount. Finally the zero mode, Q,, commutes with
everything. Note that since ¥ = S¢! has trivial first homology in d > 2 there are no states
charged under the (d — 2)-form symmetry.

The Hilbert space on Xy splits into superselection sectors labelled by the electric charge, which
is quantised according to

*J11) = P ) PEZL. (3.14)
Tr g

This follows essentially from dualising the theory to a (d — 2)-form gauge field and inferring
magnetic flux quantisation. See also [65,66]. In other words the Hilbert space is graded as

My, =EPH, (3.15)
DEZ

The first states to populate each sector are primary or highest-weight states of the underlying
Kac-Moody algebra. Explicitly, these are states of fixed charge |p) that are annihilated by all

lowering operators:
p

p
———Ip)=—75—IP) >
g 4/ vol(%) gV(li/_z1 R

Ammlp) =0 for all  and m .

Qolp) =
(3.16)

In the above, V;_; is the volume of a unit (d — 1)-sphere. The energy of the primary states is

p2

Ay=—"——\ 3.17
P 2gV,;_{Rd1 (3.17)

On top of these states, each sector is populated by descendant or excited states by acting with
creation operators. In total each superselection sector is spanned by states of the form

I (Nem D) = ] (45,,)

{,m

Y 1y (3.18)

with Ny,,, € Z, with energy
1
E{Nem}:Ap+§ZN€m\/£(£+d_2)- (3.19)
{,m

It was emphasised in [31, 64] that this is precisely the structure of Verma modules of the
extended current algebra we identified above. It is essentially this structure that enables the
construction of the state-operator correspondence as we will show immediately.

Let us make a few clarifying remarks. The underlying theory is an effective theory of Goldstone
bosons, valid when the IR scale 1/R set by the radius of the sphere is well below the UV cutoff
A:

1

-<A. (3.20)

R

In d > 2, this implies a parametrically small gap

1 1
L - (3.21)

A Ad—2Rd-1 R
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so that on a large but finite spatial sphere the primary states sit isolated from the first excited
states. By contrast, in d = 2 one finds A ~ 1/R, precluding spontaneous breaking consis-
tent with the Coleman-Mermin-Wagner theorem [67,68]. In the strict infinite-volume limit
AR — 00, symmetry breaking occurs and genuine Goldstone modes emerge. A convenient way
to isolate them is to introduce a small temperature [69], 1/, such that

1 1 1
W<<B<<E (3.22)

This has the effect of damping the excited states, as they are accounted for by e PEim} in
the canonical partition function. The remaining states, the primaries |p), become effectively
degenerate vacua, which can be reassembled in the usual symmetry breaking vacua:

1) =>"e?|p) ,  U,0)=10+a). (3.23)
DEZ

At finite volume symmetry restoration takes place. All the vacua except for one get lifted,
leaving a unique ground state, |p = 0), and a discrete spectrum of excitations. The rest of the
primary states have finite energy and a parametrically large gap. Do notice, however, that
for EFT to make sense at finite volume, one should not excite too many modes; one should
formally truncate the space of states at some |p| < ppa¢ and £ < £,,,, such that the energy of
the corresponding state is well below the cutoff. In the following we will keep all the states
to show how they are matched by the local operators. This could either be interpreted in an
infinite volume limit, or that one trusts only a finite number of states/operators before UV
physics kicks in.

3.2 The operators

The next ingredient to construct the state-operator correspondence lies in identifying the set
of operators at play. The details are in fact very similar to how one constructs explicitly the
correspondence in the 2d case, see for instance [31, 70].

The compact scalar itself is not a well-defined local operator as it is not gauge-invariant under
¢ ~ ¢ +2m. The remedy is standard; we have to consider exponentials thereof. These are
known as vertex operators:

V,(x) = eP?) (3.24)

In the above, p is an integer as dictated by the periodicity of ¢. The vertex operators will play
an important role in what follows. The main reason is that they have fixed charge under the
zero-form U (1)[0] symmetry. Explicitly, if o is a codimension-1 surface surrounding x, the
action of

Uylo]:= exp(igaf *J[l]) , (3.25)

on V,(x) is
Uglo]-V,(x) = el®P V,(x) . (3.26)

Another way to construct gauge-invariant operators out of the fundamental field, ¢, is by
taking derivatives. In other words, another class of well-defined local operators is given by the
currents

J(x) and J(x), (3.27)
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and derivatives thereof

MO, (x), (Mg, T, L, (X)), etc (3.28)

Together with the vertex operators these provide a basis of local operators. An arbitrary local
operator can be constructed out of normal-ordered products of currents, their derivatives
and the vertex operators. This is, for instance, the standard way one obtains the operators
corresponding to physical excitations: photons, gravitons, etc. in string theory.

An equivalent way to express all local operators, that will turn out to be more useful for us is
the following. Consider a small (codimension-1) surface S(¢, x) of size ¢ surrounding a point
x. Integrating J and J against arbitrary smooth functions and taking the limit £ — 0 gives an
infinite collection of gauge-invariant local operators

Da(X) = 11mf A[d—2] /\J[l] , and
S(e,x)

E—

(3.29)
Dg(x) :ll—%f Broj AJpda—1] -
S(e,x)

Of course these operators contain exactly the same information as (3.27) and (3.28) as can be

seen by Taylor expanding the functions a and 3. The benefit of working in this approach is

that we can expand the dressing functions in a complete basis of functions on S(¢, x), as we

have done in subsection 3.1 and end up with a countable basis of our local operators. Taking

S(e, x) to be a (d — 1)-sphere is sufficient. The resulting operators are then also labelled by the
angular momenta ¢ and m:

Dym(x) and Dyp(x) . (3.30)

Again, normal-ordered products of D;p,(x), 5£m(X‘) and V,(x) generate all local operators of
the theory.

We mention just for completeness that besides local operators, the theory also contains (d — 2)-
dimensional disorder operators. They are obtained by removing a (d — 2)-dimensional locus
from spacetime and prescribing boundary conditions fixing the flux around a line y linking
with it:

J J=2nw, WEZ. (3.31)
Y1

These operators will not play a role in the present discussion. We therefore defer their mention
to section 5 where we will discuss extensions of our results to nonlocal operators.

3.3 The correspondence

To arrive at the correspondence we have in mind the following setup. Consider placing a local
operator O somewhere in spacetime and perform a Euclidean path integral on a ball of radius
R centred around that point. This will prepare a state

|0) = f D¢ e 5191 0(0) , (3.32)
Bd

R

in the Hilbert space over aBg = Sg_l. In writing (3.32) we are abusing notation. One should
impose boundary conditions, say ¢ = ¢, on 8Bg. The path integral with these boundary
conditions will then prepare a wavefunctional of ¢,

Uolp,]1=(¢,|0) . (3.33)
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We will nevertheless stick with (3.32), keeping in mind the precise interpretation.

The constraints imposed by the Kac—Moody algebra (3.7) are stringent enough to allow us
to compare the states |() to the states we obtained previously, by canonically quantising the
theory. In particular we will now show that all states can be obtained this way. However, as
we will demonstrate below, the price to pay for the lack of Weyl invariance is that the states
created by “simple” operators — those involving only finitely many derivatives or modes —
will, in general, correspond to squeezed states with respect to the Kac-Moody algebra (3.7).

To build intuition, let us first present an informal version of the argument before refining it in
the following paragraphs. The vertex operators V,(x) carry fixed global U(1) charge. Therefore
we expect that the states they prepare,

v,) = f D¢ e191v,(0), (3.34)
Bd

R
will be states of fixed charge. These states belong in the superselection sector H,. Moreover,

since the symmetry is abelian, the operators D,,,(x) and 23€m(x) in (3.29) constructed entirely
out of the two currents do not alter the U(1) charge of the corresponding state. In other words,

|Vp>, D[mVp>, D[mﬁf’m’ .. Vp> EENS Hp . (3.35)

However, not all such states are expected to be linearly independent. A simple counting reveals
twice as many modes as there are states in the Hilbert space.'? Nonetheless the ladder operators
we introduced in subsection 3.1 relate states across different levels. This ensures that states
with a different number of insertions will be linearly independent. Therefore the states (3.35)
suffice to populate the entire superselection sector #,. Repeating the same argument across
all superselection sectors reconstructs the entire Hilbert space, thereby establishing the desired
state-operator correspondence.

ﬁZmVp>’

That said, a few subtleties remain. First, we are still to identify exactly which are the linearly
independent states on each level. Second, there is the question of energies. On a finite ball,
there is no time-translation symmetry, and consequently, no conserved Hamiltonian. Instead,
the analogue of time evolution — defined via the Euclidean path integral (3.32) — is radial
evolution. In a CFT this is generated by the dilatation operator, which is conserved. As a
result, the states prepared by the path integral have fixed scaling weight, which is related to
their energy by the cylinder Hamiltonian by a constant zero-point shift induced by the Weyl
transformation. In contrast, for a non-conformal theory as is our case, the dilatation operator
is not conserved, and the states prepared by radial quantisation do not have fixed energies.
Put differently, annihilation operators on the cylinder become an admixture of creation and
annihilation operators in the interior of the ball. Luckily, the situation is not troublesome as
there is a standard way to deal with it: one simply needs dress the operators by a squeezing
operator that undoes the Bogoliubov transformation. In what follows, we make these arguments
precise and resolve all remaining subtleties.

Radial evolution done right

To see how charges act on states prepared by local operators, it is necessary to track their radial
evolution inward, towards the centre of the ball, as illustrated in figure 1. This is achieved by

12To make the counting precise, since the Hilbert space is infinite-dimensional, one has to truncate the mode
expansion up to some arbitrary ¢ = ¢, and similarly the states up to level £_,,. For any such cutoff, there are
always twice as many modes as there are independent states.
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a
o

Figure 1: Charges act on a state created by a local operator, O, by radially evolving
inwards and linking with O.

solving the constraint equation (3.4), which ensures conservation of the dressed charges. In
practice, this amounts to solving the conservation equations for the original currents Jj;; and

f[d_l] inside the ball. This, in turn, yields explicit expressions to

Qs =f (fro1(r) *Jpay + fra—og (1) A*Jrg-11) - (3.36)
PN

r

where the functions fj;(r) and fid_z](r) are now fully determined. %, = Sf‘l denotes a
(d —1)-sphere at radius r € [0,R]."3

This is essentially all we need to determine the states. To illustrate, consider a state, |O),
prepared by the local operator O. Acting on it with the dressed charge Q; gives

Qs 10) = }lg(l)f el e_S[‘“f (froa(r) * Iy + fra—2 (D A*Tpaag) X O(0) . (3.37)
B %,

R

In this form we can perform the operator product expansion (OPE) of the currents with O.
Importantly, this does not require conformal invariance as we are taking the strict r — 0
limit [71]. After the OPE, the remaining integral over %, can be evaluated explicitly, yielding
the new state, {(’)’ > This is what is really happening under the hood in figure 1.

The technical part of the argument begins by solving the radial evolution. As mentioned above,
this amounts to solving the current conservation equations, alongside with the duality equation
J =i, J.M It is useful to decompose the two currents in a radial part and a tangential part as

J[l] =dr Jr +J2r and ji:d—l] =dr /\jr +:f2r (338)

where J, € Q°(%,), Jy, € Q1(Z,), J, € Q97%(%,), and Ty, € Q*7}(Z,). In this decomposition
the conservation of the two currents implies a radial evolution equation:
0, Jy, +idx, Jy =0,

o (3.39)
3rJ2r +ld*rJ2r =0 5

together with Gauss laws:
dJZr =0 and dJZr =0. (340)

In the above, x, denotes the Hodge-star on %, stressing the dependence on the radius. Note
that the radial components of the two currents were eliminated by the duality equation. The

BHere it is understood that we consider the ball as foliated by spheres. Explicitly the metric of the ball is
ds? =dr? +r? inl with r € [O,R].
14The extra factor of i arises from working in Euclidean signature.

18



551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

SciPost Physics Submission

boundary condition for the radial evolution is such that the Euclidean ball is smoothly glued
on the Lorentzian cylinder, R x Sg_l. This is equivalent to demanding that at r = R the two
currents take the form (3.6).

The above boundary value problem can be readily solved (details provided in appendix B) to
yield:

it
(*dJm)‘ —Q\‘;l/z dQy_y

d—1

1 r\% r\%
+ E ZSCCh(ZV@)(e_WCEm (1_{) ‘ + erBgm (E) ‘ ) * . Yfm 5 (3.41)

{,m

1 r\%/ r\% ~
= — > sech(2v,)| e"C, (—) —e "B (—) *. Y, .
)Zr ﬁzzml ( z)( m | 7 m | 7 r Yim

(*eJ1d-11

In the above, Y;,,, and ¥;,, are normalised scalar and (d — 2)-form spherical harmonics, respec-
tively (see appendix A for conventions), d;_; is the area element of a unit (d — 1)-sphere,
and we have defined for convenience

vy = ilog(MT_z) s (3.42)

and the scaling exponents of the smooth and the divergent modes as
1 d—2
5i=——i(£+—). 3.43
? 5 5 ( )
Finally, the coefficients B,,, and C,,, are given as

1 ~
Bim = —(e"Qym + i€ Q) and

V2

1, _ Ly~
Clm = E(e VeQZm _leV[Qém) .

(3.44)

As a preliminary remark, note that in d = 2, the coefficients of the smooth modes, ~ (r /R)a;
and divergent modes, ~ (r /R)%¢ correspond precisely to the creation and annihilation operators,
Ay and Azm defined in (3.11). This identification breaks down in d > 2. From a technical
perspective, this discrepancy is the precise origin of the Bogoliubov transformation anticipated
by the intuitive argument presented above.

Inverting the above solution, yields expressions for Qg, B;,,;, and C,,, that can be inserted in
the path integral. This is of course equivalent to solving for Q,,,, or Q;,, but it will be more
convienient for our purposes. The zero mode takes the expected form:

1
Qo= 57 it J *0Jpy s (3.45)
V;/—21Rd71 2y e
while the higher modes are expressed as
ryo 1 o _
Bem = (E) TJ (€Yo *aJry— 7" ¥y AxaJran) (3.46)
C"”: J (€7 Y *ad1ay + € Vi Axa Jg11) - (3.47)
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Some comments are in order here. First, in the previous sections we postponed solving the
constraint equation (3.4). Equations (3.46) and (3.47) provide the full solution. With it,
alongside with the discussion in section 2, it carries the weight of sealing the proof that the
superfluid effective action has infinitely many conserved charges. Second, coming back to the
task at hand, upon inserting (3.46) and (3.47) in the path integral, only the smooth parts of
J and J contribute. This follows directly by the fact that the path integral is weighted by the
action, which nulls divergent contributions. Finally, henceforth we will concentrate on the
modes By, as these are the relevant ones for preparing ket states, obtained by path integrating
from the centre of the ball, outwards to the boundary at r = R. The complementary modes,
Cym> Play a role for preparing bra states, constructed by an inward path integral from infinity
to R.1

Matching the states

Armed with (3.45) and (3.46) we are ready for the final punch. First let us show that the states
|Vp> have fixed global charge. This is straightforward:

1 _ p
Vy=——lim [ D¢eS?] w Jir | xV,(0)= ——— V). (3.48
Q0| P> V1/2 Rd;l rHOLg ¢ 5 av[1] P( ) ng/ZRd51 | P> ( )

d—1 d—1

In the above we used the OPE between the vertex operator and the current, in which the only
component that contributes is

i
Jo X Vy(0) ~ rd—l_’lvp(O) . (3.49)

The radial dependence is then subsequently cancelled by the volume form, r?~*dQ,_;, in the
integral over X,.. (3.48) confirms the earlier claim: radial evolution does not mix the various
fixed-charge superselection sectors — it can at most mix states within each sector.

Such a mixing does indeed occur. It becomes evident upon observing that the states |Vp) are
annihilated by all B,,,, modes. The computation is similar:

Bgm\vp):lgjdw e 51?1 (3.46) x V,(0)
B

R

20+d—2
) =0, forallf{and m, (3.50)

~ limf D¢ eSke] Vp(O)(}%
Bj

r—0
where we used again the OPE (3.49), the form (3.46) of the modes and that the only mode

that survives scales as
o =87 r\20+d—2
(E) — (E) , (3.51)

The equations (3.48) and (3.50) that |Vp> satisfy bear a striking resemblance to (3.16) that de-
fine primary or highest-weight states. There is, however, one remaining challenge. By, is not the
annihilation operator A;,,,. Nonetheless the two are related by a Bogoliubov transformation:'®

which vanishes in the limit r — O.

Bym = cosh(vy) Ay + sinh(v[)AZm . (3.52)

15In this approach, bra states more naturally correspond to codimension-1 operators, rather than local operators.
®Here we have rescaled B,,, by a factor of ,/g.
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with squeeze parameter v, as in (3.42). It is clear that B,,, and its adjoint obey the same
commutation relations as the original oscillators:

VI +d—2)

(B, Bis 1 = ——0uSmm - (3.53)

As a result, the new oscillators furnish a different, yet equivalent, representation of the current
algebra, and the states |Vp> form the highest-weight states of this representation. Under this
light, the vertex operators are primary operators, not under the conformal algebra like their
d = 2 counterparts, but under the Kac—-Moody algebra that persists in higher dimensions.

A useful rewriting of (3.52) that is standard in quantum optics follows by introducing a squeezing

operator,
v, i 2 v P2
Sim = exp(—é[A%m — (Aém) D = exp(—é[Bfm — (Blfm) D . (3.54)

In the terminology of quantum optics this is a one-mode squeezing operator. Our discussion
will benefit by introducing an all-mode squeezing operator:

S=[]Sm- (3.55)
{,m

Let us spend a moment to discuss a couple of different interpretations of the squeezing operator.
When expressed in terms of the Lorentzian oscillators, A;,,, S is a unitary operator that acts on
the Hilbert space of Xy, mapping energy eigenstates to squeezed states. On the other hand, if
expressed in terms the Euclidean oscillators, B,,,, the squeezing operator can be viewed as a
local operator, S(x), that can be inserted in the path integral.!” This is most cleanly seen from
(3.46) in the limit r — 0, which reduces to the form of the descendant operators in (3.29). In
terms of the original compact scalar, ¢, it is an extremely irrelevant operator containing an
infinite number of derivatives. Each mode £, m contributes to a specific order in derivatives,
but the product in (3.55) ensures that all modes are turned on. Nonetheless, S(x) plays an
important role.

In terms of the squeezing operators, the two sets of oscillators are related via
Bim =S'AinS and B] =S'Al S. (3.56)

This rewriting makes the first part of the state-operator correspondence clear: Vertex operators
correspond to squeezed primary states. In equations:

[V,)=S"Ip) . (3.57)

It is clear that the above states have the right properties. Inverting the above equation, it
follows that the primary states correspond to squeezed vertex operators

1SV (x) = Em S[E,] -V (x) (3.58)

An important and perhaps counter-intuitive consequence of the above is that the lowest energy
state, the vacuum |0), is not prepared by the empty path integral! Instead, it is prepared by the
squeezing operator itself:

|0) e~ S(x) . (3.59)

7In the absence of something to link with. If there is something to link with, one first performs the OPE and then
shrinks S.
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While peculiar, such a situation is not entirely novel. In three-dimensional CFTs, there is
compelling evidence that on slices other than the sphere an empty path integral does not
prepare the ground state [72]. In four-dimensional CFTs with generalised symmetries there
exists a very similar statement [31]: the vacuum on S* x S? is prepared by a squeezing (there
line) operator. In both of the above cases it was the geometry — particularly the lack of a
conformal transformation from the Euclidean filling to the Lorentzian spacetime — that was
responsible for the excess of energy in the state produced by the empty path integral. In this
case, it is the lack of the other standard ingredient of a state-operator correspondence in CFT:
Weyl invariance. Nonetheless, the result is the same.

Having identified all the primary states the rest of the Hilbert space follows from representation
theory. Excited states are constructed by dressing vertex operators by creation operators Bgm,
expressed in terms of the currents. We will call such operators descendants, in analogy with the
states they create. At the last step, the descendants also get dressed with a squeezing operator.

To illustrate, excited states with one or two insertions are

Al Ip) e 1SB] V,i(x), (3.60)
ApmAym D) &> :SBy, By Vpi(x), (3.61)

¢'m’
where the ordering is understood in the sense of (3.58), in a nested way. The pattern continues
and one can reach this way a generic state. This concludes the construction of the state-operator
correspondence.

Lastly, let us briefly reemphasise the fact that inserting a single vertex operator in the path
integral — without dressing with the squeezing operator — not only does not give a primary
state, but not even an energy eigenstate, as measured by the cylinder Hamiltonian. Nonetheless,
we can compute the average energy of a vertex operator state. Straightforwardly this gives

(V|H|V,) =2,+&, (3.62)
with -~
EOZ%Zsinhz(vg)\/}\—gz%ZDZ(\/_—\/€+d—2)2, (3.63)
{,m (=1
where

_(20+d—2)(d+{£—3)!
e €1 (d—2)!
is the degeneracy of eigenvalues. &, is essentially a zero-point energy, indicating that the

cylinder Hamiltonian is not normal ordered with respect to the Euclidean oscillators. Do note
that, as a consistency check, in d = 2 there is no zero-point shift.

(3.64)

4 Superfluid phonons

A slight modification of the above analysis results in a state-operator correspondence for phonon
excitations on a superfluid background. To get to that we return to the superfluid effective
action, (2.5), which we repeat here for convenience:

S[E]= J d?xP(5,53%¢) . 4.1
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For the time being we take spacetime to be flat, with metric 7,,, of mostly plus signature. This
choice is made purely for convenience — to avoid polluting the forthcoming expressions with
factors of the metric and its determinant. All results and constructions presented here admit a
straightforward expression to general spacetimes.

It is standard practice to expand the field around a background configuration, £,(x) as

E(x) = Eolx) + ¢ (x), (4.2)

to study the dynamics of the phonons ¢ (x). For a constant chemical potential u, a typical
background configuration is §(x) = u t (see e.g. [73]), or a generalisation thereof to a generic
frame [74]. Recalling the discussion in section 2, spontaneous symmetry breaking occurs for
U 2 U.qe Which depends on the specific microscopic realisation of the model. For our purposes
we do not need to restrict to a specific background configuration, besides certain stability
conditions for the phonon effective action, which we come to immediately.

Expanding to quadratic order, the effective action for the phonons takes the form

1
Sle1=3 f d?x 7" (8,¢ +B,)(8,¢ +B,), (4.3)
where
ZW = 2P MY +4P; 0VE, 07, and B, = %Pé Z,,07&, . 4.9

with P(; and Pé’ denoting the first and second derivatives of P(-) evaluated at the configuration
&o- For general background, Z,,, is position dependent. Moreover, B, couples to the phonons
exactly like a gauge field for the U(1) shift symmetry. Then one can turn on a background
gauge field, A, like in (2.11) that counterbalances B,,. This is in fact common practice, see
e.g. [28,48]. Doing so allows us to turn B,, off in what follows. Note also that for a constant
chemical potential — to which we restrict henceforth — A, is necessarily flat.

Perturbative stability of the EFT is guaranteed [74,75] if:
Z%>0 and Zz%z%-2z%zU x>0, (4.5)

As a side-note, these conditions are compatible with sign-definiteness of P/, which was required
in section 2, whenever the background configuration, &, is globally timelike. This is the
standard situation. See [76] for an alternative situation and its stability analysis. Under these
conditions, which we will henceforth assume, the phonon EFT can be treated as a bona fide
theory.

4.1 Symmetry considerations

As per the general discussion in section 2, this system also enjoys a U(1)[O] X U(1)[d_2] symmetry.
The “electric” 1-form current, corresponding to the zero-form symmetry now takes the form

J, =2P;(0,¢ +u,u"3,¢), (4.6)

2P/
u, = P—é%io- 4.7)
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On the other hand, the “magnetic” (d — 1)-form current remains unmodified

Jra-11=+*do , (4.8)

and is still conserved off-shell. Out of the two fundamental currents one can again construct
dressed currents Jf as defined in (2.13) and their associated conserved charges, Qf[Zl]. The

dressing data consists of a scalar function, fj), and a (d — 2)-form, ffd—z], which are now
required to satisfy:

1 =~
(1+1ul) 8uf + (1) u,u”d,f + am o Gy =0 (4.9)

or more compactly in differential form language
1 ~
(1 + |u|2) * df[O] + (—1)d uAn Lu(* df[O]) + W df[d—Z] =0. (4.10)
0

Here |u| = u,u” and ¢, denotes interior product. As discussed above, infinitely many solutions
of these equations are guaranteed on general grounds providing a rich algebra of the conserved
charges, Q.

The algebra of these charges mirrors the structure of section 3. Specifically, the commutator
between two dressed charges takes the form:

[97, Qn]=i(=1)* f (fi0 dhya—z) — oy dffa—z) - (4.11)
X

Expanding the charges in a basis of modes (satisfying (3.5)) and applying the same method as
in section 3, one finds a familiar mode algebra for the non-zero modes:

[Qu Q] =iV 20 6 - (4.12)

This matches exactly the form of the Kac-Moody algebra in (3.7).

4.2 Canonical quantisation

We now turn to the canonical quantisation of the phonon EFT on a (d — 1)-sphere of radius
R, Xp = Sg_l. The task is again straightforward, as the theory is quadratic. Our aim here is
quantise the theory in a way that lays bare the underlying symmetry structure.

The Hamiltonian follows immediately and reads [75]:

3 1 y
H:JZ dx /g zzoo(nj,ﬂwaiqsa@). (4.13)
'R

In the above I1, is the momentum conjugate to ¢ and K iJ reads
KY=27%z% —z%z74. (4.14)

The stability conditions discussed earlier ensure that the Hamiltonian is positive-definite.
Relatedly, the matrix K" defines a positive-definite quadratic form on 1-forms over Xy given
by:

K[ frg ] = J d4'x gy K fih; (4.15)

2R
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writing also K[f ] = K[f, f ], for brevity. With this in hand, the Hamiltonian admits again a
Sugawara-like expression in terms of the fundamental currents:

H= %(”(*dj[ll)znz+K[(*d~7[d—1])2:|) , (4.16)

where the subscript 3 denotes restriction on the spatial slice and g = 1/2°.

This is nothing but a collection of coupled harmonic oscillators, as can be easily seen by
expanding the currents in spherical harmonics as before. Each mode corresponds to a particular
angular momentum label (¢, m), and the role of the spring matrix is played by the quadratic
form. Explicitly:

g Joil ~ ~
= 2Q3+ ; (QumQem + K™ ™ Qyy Qi) (4.17)
g B
= EQ% + Z KomApmAtm > (4.18)
{,m

with Kmt'm’ — g [*ﬁm, *E/m/]. In the second line we have already diagonalised the Hamilto-
nian in terms of ladder operators A,,,, and Azm, satisfying, as before

[AZm: 'm /:I V 5@ Z"Sm m’ > (4.19)
and kg, > 0 are the eigenvalues of the matrix K™™',

It is immediately clear that everything that we derived above for the compact scalar extends for
the superfluid phonons. The Hilbert space once again splits in superselection sectors graded by
the global U(1) charge:!8

f*dj[l]:B, per. (4.20)
b g

Furthermore the ladder operators endow each superselection sector with a Verma module
structure, over the underlying Kac-Moody algebra. Altogether, the Hilbert space is consists of
primary states |p) satisfying
Qolp) = % lp) and Ay, lp)=0 forall{,m. (4.21)
gV R

And descendants built by acting with A;m. What differs is only the energy levels, which are
modified to include the eigenvalues of the spring matrix. For instance the state Azm |p) has

energy
Kom V(L +d —2)

R

Ei 1y =08p+ (4.22)

with A, as in (3.17).

4.3 The other side

On the operator side, the compactness of ¢ still ensures that the only allowed operators are
vertex operators labelled by integers:

Vy(x) = ePP(), PEZ, (4.23)

18Flux quantisation here, too, follows by a version of electric-magnetic duality.
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along with the two currents, and composite, descendant operators built from these ingredients.
As before, the preferred basis to organise the descendants is the disorder one, (3.29). What
changes (slightly) is the OPE, now controlled by the two-point function:

_d=2
(p(x)p(0)) = (Zﬁv x“x”) * 4+ gauge-dependent terms. (4.24)

The gauge-dependent piece reflects the need to choose a representative of the equivalence class
¢ ~ ¢ + 2m. The matrix Zg " is the Euclidean version of the kinetic matrix:

70=7%, z0=—iz%, and zJ=-ZY, (4.25)

and Zﬁv is its inverse. Note that the stability conditions in (4.5) guarantee that Zg ¥ is positive-
definite, so the two-point function is well-behaved.

States are built in the standard way by inserting an operator in the centre of the ball and
performing the radial path-integral outwards. To compare to the states built canonically one
must, once again, solve the radial evolution of the charges, or equivalently the conservation
equations:

d*,J7=0 and d«,Jpq_11=0, (4.26)

on the d-dimensional Euclidean ball. What complicates matters is the rule by which the radial
components get eliminated, since the two currents are no longer collinear. As follows from
(4.6) the two currents are related by:

iy = 2P (Tt + U Aty (xoTraa1) (4.27)

or in components
—iJ, = 2P(’)((*df )u +uy, u” (x,J )v) , (4.28)

with u,, as in (4.7). We actually do not need to solve the radial evolution explicitly. The results
of section 3 and the argument around (2.15) that non-linearity does not destroy any of the
conserved dressed charges are sufficient to establish the result. This is so because the above
equation is continuously connected to the free scalar by tuning P/, and so [u], to zero.

Nonetheless, let us present a more convincing argument. For this argument we will pick the
typical superfluid background, &, = u t, in the frame of the fluid. On the Euclidean ball, then,
u,, is constant and pointing only in the radial direction. Hence the radial evolution equations
become: '’

0 Jy +i(1+[u*)dxJy =0,

e (4.29)
arJZr-i-ld*rJZr :O,

The solutions of this equation are identical to (3.41). The only difference lies in the scaling
exponents, which now take the form:

o2
5j:_%i\Je(£+d—2)(1+|u|2)+(dz—2) , (4.30)

and the squeezing parameter, now being:

000 +d—2)(1 +[ul?) + (52)° + &2
bt Y (1+1P)+ (2 + 42| .

2 \/e(e +d—2)(1+ul*) + (d—;z)2 — 42

Here, since P; is a constant we rescale j[d_l] by 2P; to simplify the presentation.
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The physics is clear. There is still one smooth and one divergent mode. The coefficient of the
divergent mode, when expressed in terms of the currents becomes the Euclidean annihilation
operator. It is related to the Lorentzian one, A,,, by a squeezing transformation with parameter
vy. Note that in this setup the spring matrix is proportional to the identity. The problem is
entirely mapped to that of the previous section and therefore all its conclusions hold. Clearly,
switching to a general frame does not spoil this result.

Just for illustration purposes, let us present how the scaling exponents and the squeezing
parameter differ from the free case in a simple example of physical relevance, the conformal
superfluid [11,12].2° In this setting, the equation of state dictates that P = cud, with ¢ a
dimensionless constant that cannot be fixed from first principles without invoking UV data.
Working around the background configuration &, = u t, one quickly finds

[u?=d—2. (4.32)

Interestingly, the value of u does not depend on the chemical potential. The modified scaling
exponents are then

_ 2
5€i=—%:|: L’(€+d—2)(d—1)+(%), (4.33)

while the squeezing parameter becomes

L (Ve d—ad -1+ (52) + 432
Vezalo

(4.34)

g
Jue+d—2xd—1y+ﬁgq2—%;

Returning to the general story, this section has established that the state—operator correspon-
dence continues to hold for phonon excitations on a superfluid background. The overall features
mirror those of the correspondence worked out in section 3 for the free scalar, with the necessary
adjustments to account for the equation of state of the underlying superfluid.

5 Conclusions and future directions

In this paper we studied quantum field theories with emergent continuous higher-form symme-
tries with mixed anomalies. We focussed our interest in the case where the symmetry at long
distances is U(1)[0] X U(1)[d_2] and the mixed anomaly is captured by the inflow action

i
Sanomaly = o J Brg_17Ad A7 - (5.1)

The main achievement of the paper is a one-to-one correspondence between energy eigenstates
on a spatial sphere and local operators. In free examples we gave an explicit construction of the
energy eigenstates by performing a radial path integral with local operator insertions. Rather
than relying on conformal symmetry, the organising principle here is a tower of conserved
charges forming an abelian current algebra with central extension. These charges, defined

20Although the action is scale invariant, it is non-analytic at the origin. Expanding around a classical background
introduces a scale, the chemical potential.
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on codimension-one hypersurfaces, generate an infinite-dimensional symmetry that acts non-
trivially on both the Hilbert space of states and the space of local operators, structuring them
into highest-weight modules of primaries and descendants. While the essential features of the
correspondence — namely the current algebra and the set of operators — remain intact when
irrelevant interactions are turned on, it remains a challenge to verify explicitly whether the
correspondence itself extends to that regime.

Along the way, we uncovered several interesting facts about this class of theories, which are
of their own merit. Notably, gapless phases with this structure of symmetry always describe a
superfluid, for a suitable equation of state. This construction, which we termed “superfluidisa-
tion,” provides a universal framework for capturing the anomaly and the extended symmetry
it enforces. This framework is also minimal: the magnetic current is realised in the simplest
way possible, as a topological symmetry. These ideas resonate well with related approaches
in [28-30]. In this sense, the superfluid EFT plays the role once held by free field realisations in
2d CFTs, now generalised to higher dimensions and without necessity of conformal invariance.

From a condensed matter perspective [77], emergent anomalous higher-form symmetries are
often indicative of topological order. While much of this discussion traditionally applies to
gapped phases, there is growing interest in their gapless counterparts [78-84]. In this context,
the universality of the superfluid EFT in capturing the infrared physics of such anomalies may
serve as a useful foothold in understanding the landscape of gapless topological phases.

Another major outcome of this work is the construction of an infinite number of conserved
charges in the universal superfluid phase, satisfying a Kac-Moody algebra with central extension.
When conservation laws proliferate to this extent, something remarkable often follows. A
classic precedent is the enhancement of conformal symmetry to the full Virasoro algebra in two
dimensions. In our case, the appearance of a Kac-Moody structure hints towards a different
kind of structure: an underlying integrability in the superfluid EFT. In two dimensions this has
been explicitly demonstrated [53]. More broadly, the role of Kac-Moody algebras in integrable
systems is well appreciated [56, 85, 86], suggesting that the algebra uncovered here is not
merely an organising tool but potentially a hint towards a new integrable arena.

We close by describing several possible future directions and open questions.

Large charge In recent years, a wealth of insight has emerged around CFTs with global
symmetries, driven by the so-called large charge expansion (see e.g. [11,12,87-95] for a
representative sample). The basic idea is this: take a CFT with, say, a U(1) global symmetry,
and focus on sectors of large fixed charge, Q > 1. Placing the theory on a spatial sphere of
radius R, a scale hierarchy develops. The conserved charge induces a nonzero density, scaling
as p ~ Q/RY™!, which sets an effective chemical potential, u. In this regime the (approximate)
CFT can be seen as a Wilsonian effective action at cutoff A [11]. In terms of energy scales,
there is a separation:

1
§<A<u. (5.2)

The low-energy degrees of freedom are expected to be captured by a conformal superfluid,
with effective action:

Serl€]= 2 f dix(g,E0ve)" +-- (5.3)

expanded around a charged background £, = u t and the dots denote derivatively suppressed
terms [12]. This corresponds to a superfluid with pressure scaling as u¢, and is typically
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assumed in the literature. But with the perspective offered in this work, where the superfluid
EFT emerges as a universal description of anomalous symmetry phases, one might instead try
to derive this behaviour. Specifically, for conformal theories with a U(1) symmetry, one may
hope to recover the emergent higher-form structure and the associated superfluid dynamics
directly from conformal invariance and the assumed global symmetry. In two dimensions
this is immediate [96] and is related to the free-field realisation. The expectation is that
superfluidisation provides the higher-dimensional analogue.

Regardless, assuming the conformal superfluid description in the large charge sector, it seems
almost compulsory to investigate what constraints the resulting Kac—-Moody algebra imposes
on the CFT spectrum. Once the spectrum of operators is reorganised according to the current
algebra, it is natural to ask whether operator dimensions, OPE coefficients, or selection rules
are fixed or bounded by its structure. We leave such questions for future investigation.

Extended operators Another natural question is how extended operators fit into this picture.
Recent developments in both quantum field theory and condensed matter have brought nonlocal
operators to the forefront, driven largely by the growing importance of generalised global
symmetries. Extended operators serve a role both as symmetry generators and the charged
objects under higher-form symmetries. At the same time, there has been increasing interest
in conformal defects, domain walls, and interfaces, especially in theories at or near criticality.
Altogether, the message is clear: a complete understanding of quantum field theory must
involve a deeper grasp of the physics of extended operators.

While the question of a state-operator correspondence for extended operators is subtle in
general conformal field theories [72], a concrete proposal exists in four-dimensional CFTs
with continuous higher-form symmetries: states on S? x S! correspond to line operators on
R3 x $! [31]. The methods employed there closely parallel those developed here and served as
a key source of inspiration. It is natural to ask whether the present framework, combined with
the technology of [32, 64], can be extended to construct a state-operator map for extended
operators in higher-form [28,97,98] or even higher-group superfluids [99]. One potential
complication in certain dimensions is the appearance of more relevant, Chern-Simons-like
terms in the low-energy EFT [29], driving the system to a gapped phase. This question is
subject of immediate follow-up.

Non-abelian and non-invertible symmetries A natural question is how far these results
extend to symmetry-breaking phases of non-abelian global symmetries. There is suggestive
evidence pointing to the presence of analogous emergent symmetries and associated anomalies
in such cases. When a continuous global symmetry G is spontaneously broken to a subgroup
H, the resulting Goldstone EFT, described by a G/H nonlinear sigma model, exhibits a rich
structure of emergent higher-form symmetries [100]. See also [101].

When 7t;(G/H) has infinite order, the theory admits a (d — 2)-form symmetry with current
‘ﬂ:d—l] = ea*a)l?l], (54)

where a labels unbroken generators of G, wr;] is the Maurer-Cartan form, and the coefficients
e, satisfy e, fl.; =0, with fl.’; the structure constants of G. However, this structure is essentially
captured by the U(1) factors of G, reducing the analysis to the abelian case already discussed.
The anomaly (1.1) also follows in this setting.
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More generally, assuming G is simply connected and H connected, the effective theory exhibits
a U(1)!473) symmetry for each U(1) factor of the unbroken subgroup H, following immediately
by the topology of the underlying Lie groups. A particularly interesting case arises with a
U144 symmetry, closely related to the Skyrmion number current [58], which carries a
mixed anomaly with the non-linearly realised part of the group [100]:

dxJpgq) = —an tro (Fi2) A Fr2) (5.5)
o

with the sum over simple factors o of G. Several additional, typically composite, currents
inherit anomalies from those above. It remains an open and intriguing question whether these
elements can be unified into a broader framework and whether they yield an analogue of our
construction for non-abelian SSB phases.

A different and rather compelling direction opens up when one considers symmetry-breaking
phases involving continuous non-invertible symmetries [102,103]. One simple yet rich example
is obtained by gauging the discrete charge-conjugation symmetry § — —& in the models
discussed above. Once this is done, both U(1) symmetries of the EFT are transmuted into
non-invertible symmetries. These are generated by “cosine” topological operators:

D,[24_1]=cos (af *J[1]> and D,[%;]= cos (aJ *:f[d—1]> . (5.6)
Zg %}

The parameter a now takes values in the open interval (0, ). At the endpoints @ =0 and 7
the defects remain invertible, but in between lies a continuum of non-invertible topological
operators. As a result, the moduli space of vacua becomes an orbifold [102], with fixed points
precisely at these endpoints. See also [104-109] for in-depth analysis of these non-invertible
symmetries. Intriguingly, there exists a non-invertible analogue of the Kac-Moody algebra
(2.19) on the gauged side [31], built from the dressed currents (2.13):

D[Xg1]= cos(f *Jf) . (5.7)
P

Exploring the representation theory of this extended algebra might open the door to a non-
invertible state-operator correspondence.

Entanglement entropy A fruitful application of the state-operator correspondence in CFTs
is the calculation of entanglement entropy. The idea is as follows. Consider a pure state
p = |y )| defined on a spatial sphere S¢~! and let A be a chosen subregion. The entanglement
entropy of this state, on A is given by

Slpal =—tra(palogpa) - (5.8)

Here, the Hilbert space is assumed to factorise as Hy = H, ® H;. While this assumption is
subtle and generally requires care — see for instance [110] — it will not affect the discussion
at hand. The reduced density matrix p, is defined by tracing out the complement: p, = trz p.
A standard approach to evaluating S[p,] is the replica trick. One first computes the Rényi
entropies,

1 .
Silpal=T—logtry(pl),  Slpal=1lmS,pal, (5.9)

analytically continuing to n — 1 to obtain the entanglement entropy. Using the state-operator
correspondence, the state |v) can be associated with a local operator W. Then p4 corresponds
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to a path integral with insertions of ¥ and &' on a geometry with a cut along A, and the
replicated trace becomes a path integral on the n-fold branched cover:

(W60 91 )W)+ )y,

(W e U ())L,

trApZ = (5.10)

Here, %, is the so-called replica manifold; an n-fold branched cover of R¢, with the branch cut
lying on A.

For non-conformal theories, computing entanglement entropy is considerably more subtle,
even in free cases. While vacuum entanglement is fairly well understood (see e.g. [111] for
a review of massive free theories, and [112,113] for results on abelian Goldstone bosons in
three dimensions), the story for excited states remains largely uncharted. The state-operator
correspondence developed here offers a concrete framework for addressing this gap, mirroring
techniques familiar from CFTs. We expect this to offer a practical computational tool and to be
of immediate relevance and interest.

Lessons for holography? An intriguing direction is whether the framework developed here
can serve as a toy model for probing the construction or counting of states in holography. A seed
of this idea appears in [114], where Chern-Simons theory with gauged one-form symmetries is
proposed as a topological toy model for gravity, “holographically dual” to a WZW model. This
picture was refined and extended in [115], which demonstrated that symmetry topological
field theories (SymTFTs) with gauged higher-form symmetries can act as holographic duals to
symmetry-breaking EFTs. The present work complements this proposal by providing an explicit
state-operator correspondence in such EFTs — at least in the abelian case. Understanding how
these states are encoded in the bulk theory, in this controlled envoironment, could offer insight
on more physically grounded holographic constructions.
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A Transversal spherical harmonics

For convenience, we collect here some key facts about scalar and transversal (d — 2)-form
spherical harmonics in (d —1)-dimensions. Spherical harmonics on a (d —1)-sphere are labelled
by (d — 1) integers, £ = 0 and m = (m, -+ ,my_,), satisfying the standard hierarchy:

f = myq =2 mg_s = |md_2| . (A.].)
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On a (d—1)-sphere of radius r the spherical harmonics, Y;,,, are eigenfunctions of the Laplacian
(defined with non-negative spectrum):

H(l+d—2)

AYym = Yom - (A.2)

rz
Ag(r)

The explicit form of the harmonics in terms of angular coordinates is standard (see e.g. [116])
and not needed here. What matters is their orthonormality:

(Yem’ ng’> - f Y;;n A *rY@m/ = f dd_lx\/g Yz;n Yelm/ = 5e’£l5m’m/ . (A3)
§d—1 §d—1

and their degeneracy, which counts the number of independent harmonics with eigenvalue A,:
_(2l+d—2)(d+(—3)!

A4
¢ €1 (d—2)! A4

To make the radius dependence explicit, we choose a normalisation such that
Yo =17 ¥ (A.5)

where Ye(;l) are the harmonics on a unit sphere. In particular, the mode £ = 0, the unique zero
mode, is constant and normalised as:

_1
Yo =vol(sd71) 2. (A.6)
Altogether {Y;,,} provide a complete orthonormal basis of functions on Sf‘l.

Alongside scalar harmonics, in the main text we make heavy use of transversal (d — 2)-form
spherical harmonics.?! These generalise the familiar “magnetic” vector harmonics on §2, such
as fi X VY. On S9! they take the form:

7 = Dk ¥y = Dl 27 x dxt A7
= — % = — . .
{m Ag(l’) r@ifm Z(Z—Fd 2) iLom *x dx , ( )

where *, denotes the Hodge-star operator on a unit (d — 1)-sphere. These forms are manifestly
transversal (coclosed):

d'¥,, =0, (A.8)
and satisfy the same Laplacian eigenvalue equation as their scalar parents
AV = 24(r) Yy - (A.9)

They carry the same eigenvalues and degeneracies. Here A = (d + d'i‘)2 is the Hodge-de Rham

Laplacian on (d — 2)-forms. The prefactor M(r)_l/ 2 in (A.7) ensures orthonormality under the
natural inner product:

?Z;n A *r?f’m’ = 6[,(’6m,m’ , (A].O)
1

<?€m’ 17Z’m’ > = J

Sd-
while the factor (—1)¢ is simply for convenience in some formulas in the main text. One detail
is worth emphasising: there are no zero-modes. Since Y;,, is build from a derivative of Y;,,,,
the £ = 0 mode, drops out. Normally one has to solve separately for the zero modes. Here, the
triviality of the cohomology group H d_2(8f_1) in d > 2 guarantees the absence of zero-modes.
Altogether, {17[,,1} provide a complete orthonormal basis of transversal (d — 2)-forms on Sf‘l.

21Here we only discuss the case d > 2. The case d = 2 falls back to scalar trigonometric functions.
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B Details on the radial evolution

In this appendix, we elaborate on the radial evolution discussed in section 3. Our goal is to
solve (3.39), repeated below for convenience:

0,Jy, +idx, Jy =0,

~ (B.1)
3rJ2r +id*r;]2r =0.

We begin by expanding the currents in spherical harmonics, Y;,, and 17,3,,1, introduced in
appendix A:

(*j[d—l]) I, = JZr = [ijm(r) *r 17Zm(r) B
" (B.2)
(i *J[l]) 5, = er = JO(r) *r YO(r) + Z'Jlm(r) *p ng(T‘) .

{,m

This decomposition yields a system of ordinary differential equations (ODEs) for the modes.
The expansion is such that the initial condition at r =R is

JoR)=Qy,  JmR)=Qim, and JymR)=Qum - (B.3)

The resulting system of ODEs is:

iJo(r)+ d_lJO(r) =0 (B.4)

dr 2r
%me(r)‘i'%Jlm(r)"'iw:flm(r):(), (B.5)
d ~ d—3~ VIl +d—2
anm(r)—7J5m(r)—i¥hm(r)=0 . (B6)

This system, together with the boundary conditions (B.3), admits a unique solution:

d—1
ry—it
Jo(r)ZQo(—) i (B.7)
R
and
sech(2v, _ r\+E T
)= = e () T e () T) eo
~ sech(2v, e+ r\t-F
Jim(r) = %(ew Cem (}_Q) T —e By, (}_{) N (B.9)
with coefficients
1 Ly 1, _ sy
By = E(ergm +1e Wng) and C;, = E(e Y'Qym —lerng) . (B.10)
We also introduced for convenience a parameter v, defined as:
1 {+d—2
=-1 — . B.11
vy 2 og( 7 ) ( )
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Each mode features two components: one that remains smooth as r/R — 0, and one that
diverges in that limit. This behaviour holds for all £ = 1. The corresponding scaling exponents
governing these behaviours can be neatly repackaged as

5f=—%i(€+d%2). (B.12)

To connect with the standard approach in CFTs, where one seeks eigenfunctions of the dilatation
operator, D = r J,, we can rewrite the radial evolution equations (B.4)-(B.6) as

DIyr) + T2y =0, (B.13)
Dng(r) +]D)¢V4m(r) =0 , (B14)
where
Jim 1 i/l +d—2
V() =~ A D, = 2 W : ). (B.15)
rm (1) —iy/0(l +d—2) -3

Diagonalising the above system yields immediately (B.7)-(B.9).
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