10

11

12

13

14

SciPost Physics Submission
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Abstract

Compact binaries with large mass asymmetries - such as Extreme and Intermediate
Mass Ratio Inspirals - are unique probes of the astrophysical environments in which
they evolve. Their long-lived and intricate dynamics allow for precise inference of source
properties, provided waveform models are accurate enough to capture the full complex-
ity of their orbital evolution. In this work, we develop a multi-parameter formalism,
inspired by vacuum perturbation theory, to model asymmetric binaries embedded in
general matter distributions with both radial and tangential pressures. In the regime of
small deviations from the Schwarzschild metric, relevant to most astrophysical scenar-
ios, the system admits a simplified description, where both metric and fluid perturbations
can be cast into wave equations closely related to those of the vacuum case. This frame-
work offers a practical approach to modeling the dynamics and the gravitational wave
emission from binaries in realistic matter distributions, and can be modularly integrated
with existing results for vacuum sources.
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Coalescing binaries with large mass asymmetry, i.e., mass ratios g < 1, represent a novel
class of gravitational wave (GW) sources for next-generation detectors, as they remain unde-
tectable by current interferometers. These systems consist of a stellar or an intermediate-mass
compact object (the secondary) orbiting a significantly more massive black hole (the primary).

Among these, Extreme Mass Ratio Inspirals (EMRIs), where a primary of mass ~ (106—10%)M,,

pairs with a companion of ~ (10 — 102)M,, can be observed continuously for tens of thou-
sands of orbits [1]. During this phase, the secondary evolves within a few gravitational radii
of the primary before the final plunge, emitting GWs that peak in the millihertz regime—well
within LISA's [2] or TianQin’s [3] sensitivity range.! Intermediate Mass Black Holes (IMBHs),
with masses in the range (102 — 10*)M,, can form Intermediate Mass Ratio Inspirals (IMRIs)
when coupled with either stellar-mass or supermassive black holes (BHs), with mass ratios
g ~ 100%—1072 [6,7]. IMRIs have shorter inspirals and less variability than EMRIs [8],
emitting GWs across a broad frequency range, from 1072 Hz to 10 Hz. This makes them
multi-band sources, potentially detectable by mHz [9, 10], decihertz observatories [11], and
3G detectors [12,13].

As g decreases, the inspiral duration and the number of GW cycles followed by asymmetric
binaries increase significantly [ 14]. These systems spend a substantial portion of their inspiral
in a strong-field regime, tracing highly relativistic, eccentric, and off-equatorial trajectories
before merging. The combination of such a large number of GW cycles and rich relativistic
dynamics is crucial for achieving unprecedented precision in measuring source parameters [1],
and advancing the fundamental physics science goals expected by GW observations of these
systems [15-18].

Asymmetric binaries have garnered increasing attention as prime sources for probing the
astrophysical environments in which they evolve [15]. Indeed, BHs do not exist in isolation;
they inhabit diverse environments where particles and fields, potentially of unknown or exotic
nature, interact both with each other and with the compact objects. For instance, massive
BHs are often surrounded by dark matter halos, which may consist of exotic fields or beyond-
standard-model candidates [19]. These surrounding structures can redistribute in the pres-
ence of a BH, forming overdensities that influence the binary’s orbital dynamics and imprint
characteristic signatures on the emitted GW signals [20,21]. Such signals carry valuable in-
formation about changes in the galactic potential and local interactions, such as those arising
from dynamical friction [22-32].

Moreover, crowded galactic centers can induce tidal resonances that influence EMRI evolu-
tion and reveal nearby stellar-mass object distributions [33]. IMRIs are also expected to form
in dense, matter-dominated environments, such as the accretion disks of active galactic nu-

IExotic scenarios, such as those involving sub-solar black holes, could allow EMRIs with primaries as light as
10°M,, making them potential targets for third-generation detectors, with GW emission frequencies below 10
Hz [4,5].
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clei [8]. These systems interact with the surrounding gas through effects such as density wakes,
gap-opening processes, and tidal torques, leading to complex GW emission patterns [34]. Ob-
serving such effects could constrain disk properties and enable multi-messenger analyses via
electromagnetic counterparts [35].

Modeling GW emission from asymmetric binaries requires, however, highly accurate wave-
forms [36]. The self-force (SF) formalism provides the most precise framework to describe
such systems, capturing their full evolutionary complexity [14,37]. In this approach, Einstein
field equations are expanded in powers of the mass ratio q. The leading-order solution models
the secondary as a point particle moving along the geodesics of the primary, while higher-
order corrections account for self-interaction and finite-size effects. On the radiation-reaction
timescale, the GW phase evolution in the SF expansion follows:

©)
“p:(pq + oM 4 gp@ 4. (1)

where go(o) and (,0(1) correspond to the adiabatic (OPA) and post-adiabatic (1PA) contributions,
respectively [37]. Phase accuracy at sub-radian levels is needed for precise parameter estima-
tion, requiring calculations up to at least the 1PA order. The leading dissipative effects govern
the OPA phase evolution, while? first-order conservative SF and second-order dissipative SF ef-
fects contribute to the 1PA phase component 1. After nearly three decades of effort, recent
work has achieved the first implementation of a 1PA waveform [38-40].

Moving beyond vacuum General Relativity presents significant challenges due to the lack
of relativistic solutions describing BHs embedded in matter and the complexities introduced
by metric-matter couplings. As a result, modeling environmental effects on EMRIs often relies
on post-Newtonian approaches [24,41-46], though fully relativistic descriptions remain key
to confidently extract small deviation from vacuum predictions [26,30,47-56].

Notable exceptions that provide ab initio background models incorporating non-vacuum
contributions include studies investigating how ultra-light scalar fields surrounding massive
primaries influence EMRI evolution at leading SF order [57, 58]. A recent study built a rel-
ativistic perturbative framework for investigating EMRIs and IMRIs in dense environments,
focusing on scalar clouds formed via superradiance around Kerr BHs [59, 60], emphasizing
the relevance of spin effects in assessing matter contributions to GW signals

Along with fundamental physics motivations, scalar fields likely provide the most accessible
framework for modeling environmental effects. Efforts to model the interaction of asymmet-
ric binaries with generic fluids remain limited due to the complexity of the calculations. A
fully relativistic approach, recently developed to model GW emission from EMRIs embedded
in spherically symmetric matter distributions [25, 61], using both semi-analytical and fully
numerical methods [27,62-64], revealed a rich and intricate phenomenology arising from a
fully relativistic treatment. This model also underscored the significant increase in computa-
tional complexity due to matter components and their perturbations. As a result, even at OPA,
generating accurate waveforms across a broad parameter space remains unfeasible.

However, in most astrophysically relevant cases, and in the dynamical regimes of inter-
est for GW detectors, environmental effects are expected to be “small,” characterized by low
densities. In this regime, the background geometry of asymmetric binaries is dominated by
the BH vacuum spacetime, in which both the companion and the surrounding matter act as
perturbations, leading to substantial simplifications.

Following this path, we develop a multi-parameter framework to describe the evolution
of asymmetric binaries embedded in generic, low-density environments, modeled via a fluid
stress-energy tensor. We adopt a general anisotropic prescription that incorporates both radial

2Qrbital resonances introduce additional corrections at the 0.5PA order [37].
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and tangential pressure components. Focusing on non-spinning BHs, we solve Einstein equa-
tions by computing axial and polar perturbations at first order in the mass ratio. We provide
practical, ready-to-use formulas for computing both gravitational and fluid perturbations, as
well as the resulting GW emission at the adiabatic order, expressed in terms of environmental
parameters and the secondary’s orbital trajectory. Throughout this work, we use units in which
G=c=1.

1 Field equations and the Multi-parameter expansion

Our starting point is the action for generic environmental fields ¥:

S = f ?_ngd“xR"i_Se[guwﬁ] +Sp[gl~“” ('0] ? )

where the action S, describes the perturber secondary of mass m, and its internal matter fields
¢, which can be treated using a skeletonized approach [65], R is the Ricci scalar, and g the
metric determinant. The field equations for g,,,, can be derived by varying the total action
with respect to the metric, that yields

Gy =8nT,, +8nTF | (3)

where G,,, is the Einstein operator, and Tﬁ’f are the stress-energy tensors related to the envi-
ronment and the secondary,
ep 167 5\/__g[’e,p
Ve A
where £, , are the Lagrangian densities associated with the actions S, ,. The total energy-
momentum tensor satisfies the covariant equation

4

VHTMVZVH(Te“v'i'TpHv):O . (5)

We assume the primary is a BH of mass M dressed by a stationary distribution of matter,
with a stress-energy tensor for a generic anisotropic fluid®:

T, = puyty, +pkyk, +pl,,, (6)

where we call p, and p, as radial and tangential pressures, u" is the fluid four velocity and
k" is a unit space-like radial vector orthogonal to the latter, such that —u,u" = k, k" =1 and
u, k" = 0[69-71]. The projector on the surface orthogonal to the 4-velocity and k" is given
by 1, = gy + uyu, —kyk,, with w11, X" = kM11,,,X” = 0, for a generic vector X”.

The secondary BH can be introduced with a perturbative approach, using the mass ratio
q =m,/M < 1 as parameter of the expansion. In this work we consider linear-order perturba-
tions in g, which correspond to the leading dissipative contribution in a generic SF expansion
of the binary dynamics [14]. In this setup, the secondary evolves along a flow of geodesics
driven by the energy and angular momentum fluxes. Higher-order terms, as well as a two-
timescale analysis of environmental effects, will be studied elsewhere. The energy momentum
of the secondary is given by:

W (xt — xp (1))
u ay — Uy, v p
TPH (x )—mpJ;upup = dr,

3A prescription to describe anisotropic fluids in Newtonian gravity and in General Relativity has been recently
proposed in [66-68], aiming to cure certain inconsistencies arising due to Eq. (6) when modelling stellar solutions.
Such formalism can be in principle be adapted to our approach.

(7)

4
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where 7 is the worldline of the compact object, 7 its proper time, and ug ()= dxl’f /dr its 4—
velocity.

We introduce a bookkeeping parameter € to characterize the perturbative nature of the
matter distribution, which will later guide the classification of environmental effects. With p
setting the scale of the environmental stress-energy tensor (6), we follow [59] and define € as
the ratio between the environmental and BH densities, € = (M, / LS) /(M /L?), where M, and
L, are the mass and the scale of the distribution, and L ~ M the BH scale. For instance, in the
case of the dark matter configurations considered in [25], one finds € = (M},5,/M)/(ao/L)3,
with My, and a, denoting the halo mass and its typical size, respectively. In addition to
density, the compactness of the matter distribution, defined as C, = M, /L,, is expected to play
a central role in determining the behavior of perturbations [25,27]. Expressing € in terms of
C, one obtains € ~ CS(M /M,)?, suggesting that the perturbative treatment remains valid as
long as C, S (M,/M)?/3. For example, for typical dark matter halos, with M, ~ (10°—10°)M,
the compactness satisfies C, < 1, ensuring ¢ < 1.

When e ~ O(1), the background metric deviates significantly from the Kerr solution. Con-
versely, when € < O(1), environmental effects can be treated as small perturbations of the
vacuum BH background, and the binary dynamics is governed by two small parameters: € and
the mass ratio g.

In this work, we focus on the latter regime and compute the equations describing metric
and matter perturbations by expanding the field equations (3), the covariant conservation of
T*, (5), and all relevant tensor quantities in powers of € and q. We retain terms up to O(eq),
such that the metric and stress-energy tensors can be expressed as:

8uv =80 + 850 + g% + gLV, ©)
— 0,1 1,1 _ 1,0 1,1
re, =1,V +1e WD rh =1p (L0 P (LD, )

where superscripts (i, j) identify the expansion order O(q', /), and we have re-absorbed fac-
tors ¢ and e within each term of the expansion. In the limit € — O the formalism reduces to
a particle moving in the Schwarzschild spacetime, with perturbations described by the Regge-
Wheeler-Zerilli equations [72-74].

As discussed above, the background metric satisfies the equations

Gulgy”1=0, (10)
which, in Schwarzschild coordinates x* = (t,r, 0, ¢), gives
gl(iovo) =diag(—f,f 1, r? r?sin?0), 11)
with f =1—2M/r.

2 Solutions of the multi-parameter expansion

2.1 Environmental effects: (0,1) contributions

The (0, 1) corrections to the metric tensor satisfy the inhomogeneous equations

GHol 8y > 8y 1 =BT, (12)

To determine the components of the environmental stress-energy tensor, we utilize the nor-
malization and orthogonality properties of the fluid four-velocity and the vector k*. For a
stationary fluid with u* = (u*,0,0,0) and k* = (k*, k", 0,0), these conditions lead to

ut = (_gtt)_l/zz kt = OJ kr = gt_tl/z . (13)
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Expanding the metric and matter variables in powers of €, we obtain the explicit form of
TCMV(O,l):

Teuv(O,l) — diag(—p(o’l),pﬁo’l),pgo’l),pgo’l)) . (14)

For sake of clarity, hereafter we drop the suffix (0, 1) from the background pressure and density
functions.
At order (0, 1), we assume the following ansatz for the metric components:

glgo;l) = diag (—fH, %, r2,r? sin? 9) , (15)
where both H(r) and m(r) are functions of the radial coordinate r only. We focus on asymptot-
ically flat solutions for which the matter variables vanish at the BH horizon r,. This condition
fixes r, = 2M, as in the vacuum case, given that m(r,) = 0. At spatial infinity, the functions
behave as H(r — o0) = —2M,/r + O(l/rz) and m(r —» o0) = M, + O(1/r), such that
gu(r » 00)=—1+2(M + M,)/r , where M + M, is the total ADM mass of the system, and
M, denotes the mass of the matter distribution.

From the tt and rr components of Eq. (13), we derive two ordinary differential equations
for H and m: -
d—m:4nr2p , rf d—H=m+4nr3fpr. (16)
dr 2 dr

Additionally, the energy-momentum covariant derivative at order (0, 1) gives:

dp, _2 . (3M—2r) M

=- ———D,— —pP - 17
dr  rbt rf Pr—ia f (17)
Equations (16)-(17) alone do not fully determine a solution for the metric and fluid variables.
For a given density profile p(r), which depends on the specific matter distribution, additional
equations are required to close the system. This is typically provided by an equation of state
that relates p,, p;, and p.
.. (0,0 0,1 : ;

The background metric gfw ) + gfw ) allows for the study of the geodesic properties of
both massless and massive particles. For example, the energy and angular momentum per
unit mass, (£, £), of a massive body on a circular orbit of radius r,, are given by:

HHl(—4f, + 3fp2)Hp —2f,MH]

=004 , (18)
V2(f, = 1Bf, — 1)/
£=r00 4 L7 : (19)
(1 _fp)5/2(3fp - 1)3/2
where the vacuum expressions read:
(3f, — D)'V? (4f, =32 —1)'/2

and f, =1—2M/r,, H, = H(r}), Hl’) =H’ (r)lr:rp The corresponding angular frequency of
the body up to the linear order in € is:

MY2  2MH, +r,(r,—2M)H/
= y— L 2P P (21)

i rg/z 41/Mr§’/2

Q
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102 2.2 The motion of the secondary: (1,0)+(1,1) contributions

103 The motion of the secondary generates time dependent perturbations on both the metric and
104 the matter fields, at the linear order in the mass ratio. For technical reasons, that will be clear
105 at the end of this section, we will treat the left-hand side of Einstein equations working with a
106 single background perturbation tensor

58uv =850 +gY, (22)

107 which solves the linearised field’s equations:

6", 1857, 8851, 584p] = 8m(TPH, 1O 4 b (L) i (LD (23)

108 Decoupling of the vacuum (1,0) and the matter (1, 1) terms will be performed at the end of
100 the procedure.

200 Given the symmetry of the background, metric perturbations can be separated into the
201 usual families of axial (A) and polar (P) components [72-74]:
5guv(x*) = g5, (x*) + g5, (x*) . (24)

202 Axial and polar modes change sign as (—1)*! and (—1)¢ under the inversion (0 — 7—0, ¢ — ¢+1),
203 respectively. The two classes of perturbations decouple, and can be treated independently. We
204 can expand gﬁ ,(x%) and gﬁ ,(x%) in a complete set of tensor harmonics, such that:

égﬁv :Z ‘/f_l [ihl,lm(t, T)Cem(e, ¢) _hO,Zm(t, T‘)Coem(e, ¢) + @hlfm(t: T‘)dem(ey ¢)] 5

{,m
(25)
6gﬁy :ZI: gttHOZm(t r)a Em(e ¢)_l‘/_H1 Zm(t r)a Em(e ¢)__ V2 nOEm(t r)b Zm(e ¢)
{,m
V22 —
+ _7)1 Zm(t: r)blm(Q) ¢) + grrHZ,fm(t) r)a[m(O) ¢) + AlG@m(t’ r)ffm(e, qb)
(f Kin(t,7) = =Gen(t) ) 8en0,9)]. 26)
205 Where A ={£({+1), A= +2)({—1)/2, and the sum over the multipolar indices (¢, m) runs
206 from{ =0,...,00 and m = —£,...,{. The ten basis components {cff’;, 25’“ ggm} depend

207 on the spherical harmonics Y;,,,(0, ¢) and their derivatives (see e.g. Appendix A of [75] for
208 their explicit expression). Among the ten unknown functions {hq,,...K;,}, the axial term
200 hyy,, and the three polar components {1ysm, N1¢m> Gem} Can be set to zero by adopting the
210 Regge-Wheeler-Zerilli gauge, such that the metric satisfy

589p =0 , 684y = 68posin’ 0 ,
04(68¢/sin0) + Jg(5g.9/sin6) =0
04(68r4/5in0)+0y(0gr9/sin0)=0. 27)

211 Similarly to the metric perturbations, we decompose the particle stress-energy tensor in
212 the basis of tensor harmonics:

72,00 =31 42980, (0, 6)+ 41 Val1,(0,0) + ALV, (0, 9) + B Ob0,(6, )

{,m

+ B9, (0, 9) + Q- V¢, (0, ) + Q00 (6, ¢) + DIVd, (6, ¢)
G 080m(0, ) + Fr k(0. 0)] - (28)
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o(1, 0)

The specific form of the coefficients {4, . .]-"gq’o)} depends on the secondary orbital con-

figurations. Finally, the form Tp @D can be constructed using the same ansatz of Eqgs. (28),

and replacing the functions with the correct order of the expansion, e.g. Q(l 0 Qgir’ll) (see
Appendix C for further details).

2.2.1 Environmental effects in the presence of the secondary: (1,1) matter decomposi-
tions

The last piece of the multi-parameter expansion is given by the (1, 1) perturbations of matter
energy-momentum tensor, T v(l’l). The covariant equations (5) are determined, at this order,
by three contributions:

v gGOUTer, A 1 7o A0y 4 v, [0 Ten, 0D 4 v, [0 00 =0, (29)
where we identify with Vu[g(m n)] the covariant derivative depending on the metric at the
(i,j) order. The (1,1) contrlbutlons to the matter stress-energy tensor depend on the energy
density and the pressure perturbations:

p= pr)+pt(t,r,0,¢), (30)
p= p(r)+ptV(¢t,r,0,¢), (31)
pe= p(r)+pV(e,1,60,9). (32)

We exploit again the symmetry of the background to separate angular and time-radial
variables. We expand fluid variables in terms of standard spherical harmonics

ptD —Zp&f)(t )Y (0, ), (33)
phY = Zpit;)(t,rmm(e,m, (34)
piY = Zp&,i}(t,rmm(e,qs). (35)

Moreover, pressure and density perturbations are linked by an equation of state, such that:

1,1 1,1 1,1 1,1
pl(’ém)_crlm(r)p( b pEEm)—Ctem(r)P( ), (36)

where the tangential (c om ) and the radial (c2 tm ) sound speeds are in general not constant,
and kept functions of the radial coordinate (See Ref. [76] for specific examples).
Perturbations of the fluid velocity u* and k* can be written in terms of vector harmonics
[77]. Given the form of the matter stress-energy tensor in Eq. (6) and that, to leading order, the
energy and pressure variables are O(e), we only need terms of the order u*(%? and k#*(1-9) to
determine T¢*,(1b1. The normalization of the 4-velocity reduces the independent component
of the perturbations to three unknown functions. The explicit form of u*% and k*(1.0) js
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given by:
1
w0 = — "1 1)Y,,00,¢), 37)
Zﬁgzm: 0,{m m
u0 = f ZW“ O, )0, 4) (38)
(10), Upm 0)( r)

0(1,0) V 1,0 8 Y 9 3
qb(l,O) _ (1 0) (1,0) .

u 47Tr2 SlI’l fa) ZI: (t’r)a¢ +U£m (t’ r)SIHQEO:IYEm(Q; d)) . (40)

The form of k"% and k-9 can be found using nomalisation and orthogonality conditions.

3 Perturbation equations

The procedure for determining axial and polar perturbations closely follows the vacuum case,
which has been extensively studied in the literature since the seminal works of Regge and
Wheeler [72, 73] and Zerilli [74]. In this section, we revisit the key steps for deriving the
master equations governing the evolution of & g(A ?) and for isolating the contributions arising
from the (1,0) and (1, 1) terms. We refer the reader to Appendix B for further details on our
initial assumption of working with a single metric perturbation in g, and on the decoupling
between vacuum and matter components. We present most of the equations in a compact
form, emphasizing their functional dependence on the metric and fluid perturbations. The full
explicit expressions are provided in the accompanying Mathematica supplementary file [78].

3.1 { > 2 axial modes

In the axial case, we use the 66 and ¢ ¢ components of Egs. (23) to express the time deriva-
tive J;hgy,, as a function of hy 4, and J.hy 4p,. Substituting the latter into the r6 component

of Einstein equations and introducing the master variable ¢;,, = —hy gm/T(—8&¢e/ g )2, we
obtain a single, second-order partial differential equation of the form:
(_gtt/grr)ar2¢;€m - atzqgém + alar(ﬁlm + a2q§lm = Sfm s (41)

where a; , depend only on (0,0) and (0, 1) quantities. The source term S;,, contains contri-
butions from the particle’s stress-energy tensor and the background fluid variables. We now
introduce a new master function:

¢€m(t: T') =V Z(r)éfm(t) l”) 5 (42)

where Z = f1(—g,,/g:+)"/?. For environmental effects that can be treated as small pertur-
bations of the Schwarzschild metric, as considered here, we write Z(r) = 1 + 6§ Z(r), where
6Z(r) is of order O(e):

H(r) m(r)
6Z . 3
(== rF (43)
In terms of the new field ¢,,,, Eq. (41) becomes:
far(far¢ﬂm)+(1_5z)at2¢lm+a3¢€m =‘§lm ’ (44)
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At this point we can decompose the perturbation into vacuum and matter components, i.e.,
1,1 . . . .

Pim = ¢§?r;0) + 4’(&5 ), Furthermore, by introducing the usual tortoise coordinate r,, such that

0, = f 9., we can eliminate the first radial derivative of the metric perturbations, obtaining

the following wave equations:

[82 =382 —vA1p 0, r) =528t 1), 45)
[82 =02 = VA1 (e,r) = Sy V(e ) . (46)

Thus, at linear order in O(e€), the axial perturbation problem reduces to solving two wave
equations, with the same scattering potential, which matches the Regge-Wheeler expression

for the vacuum case: o041 .
_+_
r r

A(1,1)
{m

is proportional to , and contains contributions from the vacuum master function qbgrlr;o),

multiplied by the matter density and pressure. Once Egs. (45)-(46) are solved, we can use
Eq. (43) to obtain the (1,0) and (1, 1) components of ¢,,,, and consequently the expansion for

The source S?r(nl’o)(t, r) only depends on the coefficients of Tfjil"” in Eq. (28). The source S
Tp(l,l)
uv

; : _1,(L0) , ¢ (1,1) _1,(1L,0) , ¢ (1,1) : ;o ;
the rr?etrlc‘ functions ‘hum = hl’ im T h1, m and ho g = ho, im T hO,lm' Their explicit expressions
are given in Appendix A.

Finally, the velocity perturbation U&O) can be derived from the t6 component of Einstein
equations, which yields an algebraic relation between this quantity and the metric variables:

4n3thgllj0)
U0, r)=— T = 48U (1), (48)
with S lf]m(t, r) depending on the point particle motion.

3.1.1 The frequency domain solution

In the frequency domain, Egs. (45)-(46) reduce to two ordinary differential equations in the
radial coordinate:

[ar% + o’ — VA]GbE,;O)(OJ, r)= 52(,11’0)(0), r), (49)
[32 +w?— VA]¢§:,;1)(OJ, r)= S?S’l)(w, r, (50)

where, for a generic function X (t, r):

21

—0Q

1 +00 +oo
X(w,r)= —J e'tx(t,r)dt X(t,r)zj e X (w,r)dow . (51)
—0Q0
Equations (49)—(50) can be solved using a Green’s function approach. We first solve the as-
sociated homogeneous equations with purely ingoing (-) boundary conditions at the horizon
and purely outgoing (+) conditions at infinity:

gL L [ T (52)
{m Aine_lwr* +Aoutelwr* r, — +00 5

paon e e (53)
{m Bine_w)r* +Boutelwr* r, — —00 ’
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Note that the homogeneous equation is identical for both the (1,0) and (1,1) components,

and hence needs to be solved only once. The full solution is obtained by integrating d)&o)(i)

over the source term:

I o B COO (54)

with coefficients given by:

f ¢(1 ,0)(— )( )5(1 O)(r’) B J+oo ¢(1 0)(+)( ’)S(l 0)(r:)
drl , C =
me(r*) r Wem(r:)

dr!,  (55)

where Wj,, is the constant Wronskian of the homogeneous solutions:

me(r ) fa ¢§1 0)(+)¢(1 ,0)(-) fa ¢§1 ,0)(— )¢(1 0)(+) (56)

The solution for qbé});l) has the same form as Eq. (54), with the substitution S(1 0, S(1 D
the C* coefficients.
For circular orbits the calculation of C* greatly simplifies. In this case the source term can

be written as function of Dirac’s delta and it’s first derivative:
S0 = D(1,1,)8(r — 1) + G(r,1,)8'(r — 1) , (57)

where rp is the secondary orbital radius, and the functions D, G can be determined from the

coefficients of Tp (1,0) (and of Tﬁgl’l) for the matter contribution). Integration in Egs. (55)can
be performed analytically such that

+ :C+@(r—r‘p) , c :C_@(rp—r) s (58)
where
Ci ¢§1 O)(:F)(rp)D(rp) ~ i ¢§1 0)(:F)(rp)G(rp) 59
foW ar |~ W '

3.2 (> 2 polar modes

Perturbations in the polar sector are characterized by seven variables: four metric components
(Ho ¢m>H1 ¢m> Ha,¢m> K¢m), two components of the fluid velocity perturbation (Vﬁl 0 W(1 O))
and the density perturbation p')). Despite this complexity, the dimensionality of the system
can be significantly reduced.

The 6 ¢ component of Egs. (23) allows us to express Hy y,,, in terms of Hy 4,,,. Furthermore,
the rr, tr, and t6 components of Einstein equations can be used to eliminate the time deriva-
tive of Hy 4, yielding two coupled differential equations® that depend only on the metric
functions K;,,, and H, 4,,, along with the fluid perturbations, and take the following form:

(by + b3, )Hy gy + (38, + by 2Ky + b5V + bW -0 = st (60)
(c1 + €20, + 302 + 402 Hy g + (c40; + ¢502 Ky + (e + ¢70,)V 1V + csW LD =K
(61)

“These algebraic manipulations also introduce a third-order time derivative of K,,, which can be removed using
the t¢ component of Einstein equations.
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From the time component of the covariant derivative of the stress-energy tensor, we obtain an
(1,1,
fm -

equation for p

d13,p 1 + dy 0 Ky + (ds + g, )Hy g + (ds + dgd WO + d,v 0 =70 (62)

The coefficients (b;, ¢;, d;) appearing in Egs. (60)-(62) contain background quantities and de-
pend only on r. Finally, from VMT“Q =0and V,T"" = 0, we obtain two first-order equations
in time for 0, Vﬁl’o) and &, We(;’o).

We now reduce the coupled system for H; ;,, and Ky, to a single master equation for the
metric perturbation, following the strategy introduced by Zerilli in vacuum [74], and isolate
its (0,1) and (1, 1) components. We first introduce the new functions 7;,,(t,r) and R, (t,r):

O Kym(t,1) = afim(t,r)+ BRyn(t, 1) Hyp(t, 1) =7 Jom(t, 1) + SRy (t,7), (63)

As in the axial sector, we introduce the scaling function Z(r) such that y;,, = vZj,, and
Rym = VZRy,,. The coefficients (a, 3,7, 5), which depend only on r, are fixed by requiring
that y,,, and R, satisfy Zerilli-like equations of the form:

far[far)(lm] + (VP - a[Z)XZm = Sfm 5 farXZm _le = ‘761; > (64)

for some scattering potential V*. At this stage, and for readability, we collectively include in the
source terms Sfm and ‘761:11 all contributions proportional to the secondary orbital configuration
and fluid perturbations. Their explicit forms will be given later.

The coefficients that ‘diagonalize’ the problem coincide with those originally found by Zer-
illi [74]. At this point, all metric perturbations can be expanded in the two-parameter scheme,

e.g., Xim= )QS&D + )(érlrzl). As a result, Egs. (60)-(61) reduce to:

(1,0)
U T A e
(1,1)
B2y + (VP =0t + (21 +2f VLD + (y + 2 fIW O =] (66)

The scattering potential for both the (1,0) and (1, 1) equations coincides and is given by the
well-known vacuum result:
P _2f OM?3 +9AM?r 4+ 3A2Mr? + A2(A+ 1)1

-3 (BM +rA)? ' 67)

an . .
The source term Sf is proportional to ;((1’0) and to the components of T/ ;,(1’1), while the
m {m u

coefficients d, 5 3 4 depend only on the background pressure and density. The density pertur-

)

bation enters the equation for xlf}n’l via the fluid velocities, which are determined by:

(1,0)

Ktatvem + 47rct2’emp2,;1) = SXm , (68)
1,0 1,1
K B WrD + (wy +wof 3)p Y =S], (69)

where k, = p(r) + p,(r) and «x, = p(r) + p,(r). Finally, using Egs. (65) and (68)-(69), we
can simplify the master equation for p(l’l). Taking the time derivative of Eq. (62) yields:

{m
(02— ;2,02 + VP +718.0p0 =55, 70)

The coefficients (w1, w,) involve combinations of p, .(r) and p(r), while V¥ and y; depend
only on the sound speeds. Along with the particle motion, the sources SZ’HW’p depend on the

: (1,0)
vacuum solutions y, .

12
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Note that Eq. (70) is decoupled from the (1, 1) metric perturbations and can be solved once

the vacuum solution is known. This allows to determine Vﬁl’o) and We(;’o) via Egs. (68)-(69).

These quantities can then be used to fully solve the polar sector and obtain xﬁ;” through

Eq. (66). The metric components can subsequently be reconstructed using the expressions in
Appendix A.

We also briefly comment on the structure of the polar sector in the frequency domain.
Although the equations remain too lengthy to present explicitly, the formulation simplifies
significantly. In this case, the velocity perturbations, given by Egs. (68)-(69), reduce to alge-
braic relations and can be eliminated from the wave equation for xﬁ;l), which can then be

determined once a solution for pgr’ll) is obtained using the Green function approach already
discussed for the axial sector.

3.3 ¢ =0 modes

For the sake of completeness, we complement the previous calculations with the treatment of
the £ = 0 and £ = 1 modes, which do not contribute to gravitational radiation.

Fo £ = m = 0, only polar perturbations are excited. In this case we adopt the so called
Zerilli gauge, which allows us to set Hy oo = Kop = 0 [74,79]. Decomposing the remaining
metric functions H, oo and H oo into vacuum and matter components, we obtain

(1,0)
(1,00 _ _ 772,00 (1,0)
0Hygo == —8mAy (71)
(1,0) 8
(1,00 _  ''2,00 r  0(1,0)
aer,oo - _T f_z 00 (72)
which coincide with the standard results derived in the vacuum case [80], and
8nrc2p(1’1) gl(’xl))
1,1 00 1,0 ) 1,1
3FH((),00) =— } - 722 (47‘Cf rip, + m) Hg,oo) — —fr — 87tr./4(()0 ) R (73)
o 8 8 2
(L1 _ _ 72,00 o (1,1) | ST (0)(1,1) (1,0) 3
OrHy 00 == fr 7 Poo + 72 Aso + fzrsz,oo (4nfr’p—m)
81
— —Aggl’o)(f rH—2m) . (74)

f3
Moreover, an algebraic equation for Wéé’o) can be obtained from the tr component of
Einstein equations:
. 1,1
2ivZr ALY g H
f 2fr

Finally, substituting the above into the 6 6 component of Egs. (23), we obtain a master equation
(1,1),
00 -

K, W = (75)

for p

_ 1,1
(82*_Cr,gan+Vep:o+7/1,€=08r*)p(()0 ):Sgo : (76)

T t

(1,0)
2,00
trajectory, while the potential Vep: o and the coefficient v,y contain terms proportional to
the radial sound speed. As for the £ > 2 modes, Eq. (76) is decoupled from the (1, 1) metric
perturbations and is entirely determined by the vacuum component. Once solved, one can

determine Wéé’o) via Eq. (75), and subsequently reconstruct Hy oo and Hj .

The source term Sgo depends on the vacuum solution H and on the secondary orbital

13
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3.4 (¢ =1 modes

For £ = 1, both axial and polar modes are present. In the axial sector, the Zerilli gauge is
implemented by setting hg ;,, = 0, leaving h; ;,, as the only nonvanishing metric component
to be determined [74]. The field equations for the (1,0) axial perturbation take the form:

o2 = rf817rQ(10), 77)
Zani+ Loz i+ S o - 79)

At the (1, 1) order we have for the metric perturbation

2n) —[Ha2 —16mf (p, —p )W) +8mifrol) =0, (79)

1,Im

(Fa2 + f )h(1111,3+4f U0 4 gD (m Ko mt a)a h(lll?g

(80)

% can be derived from 6 component of the covariant divergence

Finally, an equation for &, Uﬂn
v, T =o0.

In the polar sector, we fix the Zerilli gauge by setting K;,,, = 0, so that the remaining metric
perturbations to determine are Hy 1, Hy 1, and Hy 1., along with the fluid variables Vl(;l’o),
W(1 0) , and p(1 D, Decomposing the metric into its (1,0) and (1,1) components, we derive
the correspondmg perturbation equations by applying Einstein equations together with the ¢,
r, and 6 components of V,T#” = 0. The (1,0) vacuum equations for Hy 1,,, Hy 1, and Hy 1,
coincide with those available in Appendix B of [75].

The functional forms of the equations for matter perturbations are identical to those in
Egs. (68)-(70), valid for modes with £ > 2, except for the coefficients w;, w,, and v, as well
as the scattering potential VP, whose explicit expressions are provided in the accompanying
Mathematica file.

4 Gravitational wave fluxes

Having determined the axial and polar perturbations, we can compute the associated GW
fluxes at infinity and at the horizon. The asymptotic structure of our metric allows us to use
the standard procedure adopted in vacuum [81,82], aimed at determining the form of the per-
turbations in a coordinate system where the metric exhibits the correct radial dependence [83].

To move from the RWZ gauge to the radiation gauge, we perform an infinitesimal coordi-
nate transformation such that

6gu 5gRWZ vugv_vvgu s (81)

where £" is a gauge vector expanded in multipole components (summation over (¢,m) is
implicit):

&u=(ag,ay, r?[ascscH Oy + 4051, rz[a48¢ —a3sinf dy]) Yy, , (82)

with a; , 5 4 being gauge functions dependent on (t, r). Following [81], at infinity the pertur-
bation tensor satisfies the outgoing radiation conditions:

5gORGn,un _ 6gORGn,u,m _ 5gORG 5gORGn[.le 5gORG bPm¥* =0 , (83)
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where the null tetrad (I#, n*, m*, m"*) has components:

lu = {_ vV —8:t&rr> &> 0, 0} >

1
n.U‘:_E{ _gtt/grra]-aoyo};
1
m, =—1{0,0,r,irsin6}, (84)
P2
with I#l, = n¥n, = m"m, = m**m} =0, "n, = -1 = —m“mz, and the asterisk denoting

complex conjugation [84].
Equations (83), together with the gauge transformation (81), can be used to express a; 5 5 4
in terms of the RWZ metric perturbations and reconstruct the perturbation tensor at infinity.”
From the asymptotic form of the polar and axial components at r — 00, using Egs. (A.1)-(A.5),
we find to leading order:

Rotm = —ham = r(g,” + &), (85)
HZ,ém = HO,lm = Hl Am — ~r0 (X(l 0 (1 1)) e 82 810) B (86)
Ko~ (10 + 710) + 22 at i (87)
assuming that at spatial infinity d, = —0J, + 0(1 /r). In the radiation zone, the perturbation
becomes:
SgMG = —2r(a,Vim + asWim + 0(1) , (88)
where indices A, B span the angular coordinates (6, ¢ ), and
1 t
as = ;J (o +pDyde (89)
1 t
~2a,= 1 f (1480 + 2k~ Be 19 av (90)
and Y 1

with Q5 = diag(1,sin? 0), V,, the covariant derivative, and e,z the Levi-Civita tensor on the
unit 2-sphere.

The energy and angular momentum fluxes can be obtained from the Isaacson stress-energy
tensor for gravitational waves,

1
GW _
T = gam ——(V,58°PV,684p) » (92)
where (...) denotes average over a region of spacetime large compared with the GW wave-
length. Given the symmetry of the background, we can express fluxes using the Killing vectors
{& (”t), 3 (” <¢>)} associated to the two cyclic variables t and ¢:

1/2
_dE:f TGW“VE(”t)dZM=i[|g”|} er TVdade (93)
x by

rr

1/2
_ GW _ |8l 2 GW
dL_LT Mvg("¢)dZIM_:t|: ] r L TéVdadr (94)

rr

>These calculations are nearly identical to those in Appendix B of [81], except for the general form of the metric
components g,, and g,,, which include matter contributions beyond Schwarzschild.
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where dY,, is a surface element outward-oriented on X and the signs — and + are for flux at
horizon and at infinity respectively. Expanding all quantities at leading order in 1/r, and using
Egs. (88)-(89) within the energy flux (93), to order O(q%€e) we obtain:

. 1 (£+2) (1,0) (1,0) (1,0 (1,1) (1,0) , (1,1)%
oo
Fim _6477:(6—2)!(‘ +4’¢f ’ +2re[ 20O+ 400 00

2M
2, 10 0|

Similarly, for the angular momentum flux, Eq. (94), we have:

. im ({+2)! @0 ‘ (1,0)% 5./ (1,0) 1,00+ (10) 2M, (1,00
L;ni:leﬂ: (z_z)![XKm xﬂm dt +4¢€m dt¢ Zm A Xﬂm

t t
7. (1,1« (1,0) (1,1) 7,.,%(1,0)
_f dt Xim )_( 8f Zim le )f dt le

+4¢(1°)J dt¢(11)*+4¢(11)J dt¢(10)*}+c.c.. (96)

The first two terms in Egs. (95) and (96) correspond to the standard fluxes at infinity for vac-
uum perturbations around Schwarzschild BHs.

Calculations of GW fluxes at the horizon proceed analogously to those at infinity. We
impose an ingoing radiation gauge by swapping [* «— n* in Egs. (83), and express the gauge
functions in terms of the RWZ metric perturbations near the horizon, i.e., in the limit f — 0.

Using Egs. (A.1)-(A.5), we obtain the leading-order behavior of the axial and polar com-
ponents as r — 2M:

3MH
1,0 11 h (1,0
fhigm ~—2M (¢( '+ o )) T¢§m ), (97)
1,0 1,1 M 1,0
hoom = —2M (b3 + ¢7 ) = S Hnbin” (98)
H
Ha,m = Ho g = Hygm = —(4Ma D+ |- g @M~ ® . 99)
A+1 1,0, a0y Hy(A+1 (1,0)
0Ky =~ (W +0 )(Xﬂm +Xim ) 2 W + o, Xim > (100)

where Hj, = H(r = r), and we assume that near the horizon 3, = f3, + O(f). Combining®
these expressions with Egs. (81) and (83), we can write the metric perturbation in the ingoing
radiation gauge as:

56 = —8M? (VI + asWim) + O(f), (101)

with the gauge coefficients given by

1 (1,0) (1) @, 0))
= + 102
ta= =g [ (600 40~ Mg (102
t
1 (L) | (LD) MHy, wo Hn a0,/
a4——4—MJ (Xém + Xim +—3+2A3tx€m _TXZm dt". (103)

®Following [81] we rescale a, — a,f (1 —H,).
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The calculation of energy and angular momentum fluxes proceeds similarly to the far-zone
treatment [81], by isolating the O(f ~!) contribution to the GW stress-energy tensor (92), and
neglecting terms of order O(1).

We substitute the expression of the metric perturbation (101) into Egs. (93)-(94), also
multiplying by a — sign to account that we compute BH absorption rather fluxes in the radiation
zone. To the leading order in f we find:

: 1 (£+2) 1,0 1,0) (1,1 MH, 10 1,0 1,0)|?
BN ——— U .0 +2Re ngm )xtgm » )3t)(§m » +4‘¢§n;)‘

tm 645 (£ —2)! 3+2A
+8Re[ V9" ”*]) . (104)
. t
u _ im (L+2) (10 (1,0)% 4./ (1,0) (1,0)%
LZm _1287'5 ((—2)! X@m Xém dt +4¢€m dt ¢
t t
(1,0) ,( MHy (L) , (LD« MHy (1,0) . _(L,1) /(1,00
+X€m f dt (3+2Aaf Em +X€m )+(3+2Aafxém +X€m dt le
+4ph O)J dt'p bV + 49 ”J dt'olh 0)*]+c.c.. (105)

The first two terms in Egs. (104)-(105) represent vacuum contributions to the energy and
angular momentum fluxes. The remaining terms depend on the matter distribution and vanish
in the limit € — 0.

5 Conclusions

In this work, we developed a multi-parameter framework to model the dynamics and GW
emission of binaries with large mass asymmetries embedded in dense astrophysical environ-
ments. Previous studies have emphasized the scientific potential of such systems to probe the
properties of baryonic and dark matter evolving alongside compact objects [27,61,64]. How-
ever, these efforts also highlighted the significant complications introduced by non-vacuum
environments, which have so far made accurate waveform modeling intractable.

Motivated by these challenges, we constructed a semi-analytical approach that treats mat-
ter effects as small perturbations to vacuum spacetime, as supported by most realistic astro-
physical scenarios. By expanding Einstein equations around the Schwarzschild solution in
powers of the binary mass ratio and the ratio of environmental to BH density, we derived
expressions for both metric and matter perturbations within a genuinely SF framework at adi-
abatic order.

Our key results, summarized in Egs. (49)-(50), (65)-(66), and (68)—(70), show that both
axial and polar perturbations reduce to equations closely resembling the well-known Regge-
Wheeler and Zerilli formalisms. Notably, unlike previous studies, we demonstrate that polar
modes can be captured by a single Zerilli-like master variable, greatly simplifying numerical
computations. We provide explicit expressions for reconstructing the metric functions and
computing GW fluxes for binaries on generic orbits.

This framework represents an initial step toward the development of accurate and compu-
tationally feasible waveform models for asymmetric binaries in complex environments—Kkey
targets for future GW detectors like LISA. It also offers a flexible tool to study the interaction
of such systems with ambient matter via time-domain evolution, and to investigate properties
typically studied in vacuum, such as BH quasinormal mode spectra [85,86]. However, several
advancements are necessary to reach full astrophysical realism.
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One major, yet essential, challenge lies in modeling binaries with a rotating primary. De-
scribing matter perturbations around Kerr BHs could benefit from recent progress in model-
ing vacuum perturbations within modified gravity theories, assuming small deviations from
GR [87-90]. In principle, the BH spin could be introduced as a third perturbative parame-
ter within a slow-rotation scheme, such as the Hartle-Thorne formalism [91]. However, this
approach generally exhibits poor convergence at high spin values, which are expected for as-
trophysical BHs. The fluid description could also be enhanced in multiple ways, for instance,
by investigating the impact of viscous effects on the binary dynamics [92].

Finally, current studies of the evolution of asymmetric binaries including radiation reaction
have mostly been restricted to circular, equatorial orbits due to computational complexity (see
Ref. [93] for a study on the relevance of eccentricity in binaries immersed in an accretion disk).
The framework developed here allows to explore EMRIs and IMRIs dynamics on generic, ec-
centric, and inclined orbits across a broad parameter space, and to assess the impact of matter
on parameter estimation using recent tools developed to analyze GW signals from asymmetric
binaries [94-96].
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A Metric perturbations as a function of the master variables

Metric perturbations can be easily reconstructed once a solution for the master equations (45)-
(46) and (65)-(66) have been found. In this Appendix we provide relations that determine
axial and polar metric functions at the linear order in O(€). In the Regge-Wheeler gauge for
axial modes with { > 2 we have:

3[frH —2m]
4f2
8ix/§7rr2D§:r;0) Siﬁnrz[HDlg}r’lo) +D§,11;1)]

o ! JA—2)
—fa,(roV) + % (27'“ —fH) 2, (ret0) + [fﬁr +27r%(p, —p)] ¢ (A.2)

¢(1,0) _ rf—ld)(l,l) ) (A1)

{m {m

— 1,0
hygm =—rf " +

Bhom=—10, (ro{n")+f

where f =1—2M/r and A = {(£ + 1). Frequency domain expressions can be obtained by
replacing time derivatives as d, — —iw.

The reconstruction of polar perturbations is more convoluted. We provide here explicit
expressions including only the master functions. The full form depending on the coefficients

18



SciPost Physics Submission

488 of the secondary stress-energy tensor is provided in the Mathematica supplementary file:

0 Ho pm = [Ay +As + (Ay +Ag)d, +A302 + 4,031 (27 + (A + 450, +1£02) 4 (1

+ (A7 +B43,)V, 20 + (Ag + Bsa )WV + 857 | (A.3)

Hyfm = (B, + Bg + By3, + B30 Z)X(l ,0) +(B,+1d )X(l 1) +B4V€(:1’0) +BGW(1 ,0) +Sem i
(A.4)
0,Kyy, = (cl +C,+ fB28 + fBga )xﬁio) +(Cy+ 3D + By + Bew MY + 5K
(A.5)
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Ho.Hy K . . .
sso  where the source terms S,’" """ depend on the particle orbital motion, and

OM3 +9M2rA+3Mr2A%2 +1r3A%(1+A) 3M?—MrA+r2A
A1:— N A2: 5 (A.6)
r2C2 rC
rfH 4nfr*(2p,—3p) m[(2—3A)r—13M] 2r2fm
Ay =rf — - + , Ag=—"—— A7
3=f =7 C 2C 4 C a.7)
AH
Ag=— 14 +{—54M° + 9(14A — 3)M°r + 3[A(124A —33) + 36]M*r? + 60(A — 1)A(2A — 3)M 313
+ 3A%[2A(7A —6) 4+ 55]M2%r* + A3[A(2A —33) —6]M 1> + A3[12— (A — 9)A]r6}m
2
fzg (18M* +9(1 — 4A)M3r + 6A(A + 12)M2r2 + A((3 — 4A)A — 12)Mr3 + 4A2(A + 1)r*)
4rr (15M2 + 6AMr + A(3A +4)r?) 2712 (3M2 + A(A +2)r?)
- c e c
—fz—cg(7zM4+3(34A 15)M3r + 6A(2A — 15)M?r? + A(A(6A —5) + 12)Mr® — 4A%*(A+ 1)r?) p,. ,
(A.8)
2r*f2(rp’ =2 2
ag= 2t (rg P _ rf = {[9M? + (5M — r)rAlp, +[~3M(M —2r) + r(M +r)Alp}
(A.9)
AH  Amrip[(6—9MMr +4Ar2 —15M?]  16nrifp, 4nr?p,(M—(A+2)r) 4nrfp’
Ag =— + - + +
4 C2 C C C
_ 9M* + (36 —69A)M>r —9(A — 13)AM?r* + A[(14 — 11A)A — 12]M 3 +A2(9A+8)r
2r2fCs ’
(A.10)
4f (3M? + r2A% + Mr(—3 + 2A))x, — 4r2f2Ck!
= (A.11)
CZ
g A M B _r_ﬂ_[3M2+6Mr(1+A)—r2A(2+A)]m 4nr*(p —2p,)
YT fr 0 TR 4 2fC2 C ’
(A.12)
2r%m 4r2f2x, 2f2r3k,
3 C ) 4 C 5 5 C > ( )
__H 2mr? 2 2,2 15M2 + 6 2
Be=—Bi+ o (p[3M? + A(A+2)r?]—p, [15M? + 6AMr + A(3A + 4)r?])
3m
~ope (33M* + (31A + 6)M3r + 3BA(5A + 3)M*r? + A (A% +2) Mr3 + A2 (A + 2)r?)
(A.14)
6M? +3MrA+r’A(1+A
€= +3MrA+ AL+ ), (A.15)
r2C
C, 2;;63 [18M* —3(5SA—6)M3r —9(A —3)AM?*r? —3A (3A% —2) Mr® — A%((A—3)A—6)r*]
B o 2 5 (3M2 4+ A(A + 2)r2 15M2 + 6AM 1 + A(3A + 4)r? A16
-2 1+W[p( +A(A+2)r?)—p, (15M2% + r+ABA+4)r?)], (A16)

a0 with A=(0+2)({—-1)/2,x,, =p;,+p,C=rA+3M and a prime denoting radial derivative.
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1 B Decoupling of Axial and Polar Modes into vacuum and matter
492 components using the scaling function Z.

493 In this appendix, we clarify why, in computing axial and polar modes, we chose to work with a
404 single metric perturbation rather than separating vacuum (0, 1) and matter (1, 1) components
405 from the beginning.

496 The structure of the equations for axial modes, for example, allows one to follow a proce-
497 dure similar to the vacuum case. In this framework, it is possible to eliminate one of the metric
498 functions at each order in € using the Einstein equations, leading to two second-order differ-
490 ential equations in (r, t) for the (1,0) and (1, 1) perturbations. These equations can then be
soo recast in the familiar wave-like form by introducing a generalized tortoise coordinate, which
so1 facilitates the imposition of boundary conditions at spatial infinity and the BH horizon.

502 However, a subtlety arises from the fact that the generalized tortoise coordinate dr*/dr = 1/4/—g::/&r»
s03 depends on the parameter €. This introduces an ambiguity due to the perturbative relation
so4 between r and r,, since dr*/dr = f ! + O(e), on whether one should use r or r, in the per-
so5 turbative expansion (see [97] for further details). This issue can be circumvented by following
so6 the approach developed in [98], which we briefly outline here.

507 Consider a scalar perturbation ® on a fixed, spherically symmetric background with the
508 Imetric:

2
ds? =—A(r)dt2+]%+r2(d92+sin29d¢2). (B.1)
r

so0 After decomposing ® into spherical harmonics, the Klein—-Gordon equation 00 = 0O can be
510 Wwritten as: 5
2P d de
——— +F—|F—=)-Fve=o, B.2
ot2 dr ( dr) (B.2)

s11 where V is the effective potential, which depends on the background geometry. Assume the
s12  metric functions A(r) and B(r) are close to the Schwarzschild solution:

A(r)=(1—%)(1+5A), B(r) = (1—%)(1+5B), (B.3)

s13 with 64, 6B < 1, and where r, denotes the horizon radius.” Then, at the leading order in the
s14 metric changes (6A, 6B), the function F = vAB can be expressed as:

F=fnzn=(1- %)Z(r) =(1- rTh) [1+62(r)].

s15 Introducing the rescaled field ¢ = +Z®, and expanding Eq. (B.2) to linear order in 57, the
s16 master equation becomes:
52 d ( do

—(14+26Z2)—+f— | f—
( ) fdr dr

3 )—quS:O, (B.4)

517 where V is the modified potential (the explicit form can be found in [98]). For both axial and
s18  polar sectors, the metric perturbations we find satisfy master equations analogous to Eq. (B.2),
s19  with 1, = 2M, and can be recast into the form of Eq. (B.4) by introducing an appropriate
s20 scaling function Z. Since the prefactor of the radial derivative terms in Eq. (B.4) is f(r), we
521 can adopt the standard tortoise coordinate r* = r +2M In(r/2M — 1). This allows us to write
522 the perturbations as a sum of the (1,0) and (1, 1) components, and isolate their contributions
s23  without introducing ambiguities.

"Note that in general r, may differ from the Schwarzschild value. In such cases, r, should be treated as a
fundamental parameter in the computation of perturbations, as done in the cases studied in [98].
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C Coefficients of the particle stress-energy momentum tensor

The form of the coefficients {.AO(1 0 L F Z(rln’o)} of the particle stress-energy tensor, can be found

by projecting each one of the ten tensor harmonics on Eq. (28). Introducing the scalar product
between two tensor harmonics A, and B,,,

(A,B)zffn“an”5A*ungésin9d9d¢, (C.1)

where 7, is the Minkowski metric tensor in spherical coordinates, and * denotes complex

conjugation, we have, for example, A(l e = (ay,, TP™V). We provide the expression of the
coefficients for generic orbits in the supplementary material. In the case of equatorial circular
motion, 6, = 7/2, for a secondary at a radius r = r,, the only non vanishing coefficients are

given by le,(l 0 for the axial sector, and (.AO(1 0 Bo(l 0 go(l 0 Do(l 0 Fom oL, O)) for the polar
modes (and similarly for the (1, 1) coefﬁc1ents) Thelr exphclt forrn is given by.

V2f 00 . JTA .
QO ==~ 00 Yind(r=1p) A0 = ==y 5(r =), (C.2)
i (0,0)
0(0,0)_11/§f/3 . _
B _—r3ﬁ Y, o(r ) (C.3)
: (0,0)2
ploo) __ V2 (L) “5(r—r,), (C.4)

r4£00) /(A —2) %0 Yim

FLOOYE(r—r,)

f(0,0) — [82 az]Y* g(O,O) — M 5(r —r ) (C 5)
A=) J2rg00) tm |
o(1,1) _ (0,1) (0,0) (0,0) * —
Qim ‘/_ 4[2fr£ + frL5YH = 2L m]og Yy, 6(r—1,) , (C.6)
ALY =—[2fr€(1’1) +((3—2f)r —6M)EOVH —26@I ]y 5(r —r,), (C.7)
A?r(nl’l) — [2fr£(0 1)+fr£(0 0 — 9,00, O)m]a Y* 5(7‘—7‘ ), (C.8)
1[,(0 Ns(r—r,)
,DO(l,l) — p {4 TE(O’O)E(O’D —92 rg(O,l)E(0,0)
tm o 15(£0,0)2,/22 (A —2) f /
1 £00,0) £, 0)[frH 2m]}39¢ o (C.9

a1 _ £ O)S(r—rp)

m T 5(£00)2/BA(A—2)

+ 00 LOO[frpy 2m]}[82 — ] . (C.10)

{4fre@0 O _ofrc(0.1)£(00)

0,0
) _c( )5(r—r,)

=575 5(5(00))2{4fr8(0’0)£(0’1) 2f re@D L0 4 QO LOO £y —om}yy
r 5

(C.11)
where spherical harmonics are evaluated at 6 = 6, and ¢ = ¢, (t), while £ and £V are

the non-vacuum corrections to the particle energy and angular momentum given by the O(¢)
terms in Egs. (18)-(19).
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