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Abstract

We extend the Symmetry Topological Field Theory (SymTFT) framework beyond internal
symmetries by including geometric data that encode spacetime symmetries. Concretely, we enrich
the SymTFT of an internal symmetry by spacetime symmetries and study the resulting symmetry-
enriched topological (SET) order, which captures the interplay between the spacetime and internal
symmetries. We illustrate the framework by focusing on symmetries in 1 + 1D. To this end, we first
analyze how gapped boundaries of 2 + 1D SETSs affect the enriching symmetry, and apply this within
the SymTFT framework to gauging and detecting anomalies of the 1 4+ 1D symmetry, as well as to
classifying 1 + 1D symmetry-enriched phases. We then consider quantum spin chains and explicitly
construct the SymTFTs for three prototypical spacetime symmetries: lattice translations, spatial
reflections, and time reversal. For lattice translations, the interplay with internal symmetries is
encoded in the SymTFT by translations permuting anyons, which causes the continuum description
of the SymTFT to be a foliated field theory. Using this, we elucidate the relation between Lieb-
Schultz-Mattis (LSM) anomalies and modulated symmetries and classify modulated symmetry-
protected topological (SPT) phases. For reflection and time-reversal symmetries, the interplay can
additionally be encoded by symmetry fractionalization data in the SymTFT, and we identify mixed

anomalies and study gauging for such examples.
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1 Introduction

Symmetries have long provided a powerful perspective and an essential tool in theoretical physics.
From the early triumphs of Noether’s theorem [1] to the modern notion of generalized global sym-
metries initiated by [2] (see [3-9] for recent reviews), symmetry principles have yielded deep insights
into a plethora of physics and phenomena, from phases of matter and their transitions, to dualities
of quantum field theories. The power of symmetries lies in their ability to distill a system’s universal

features while remaining agnostic to its potentially complicated details.

A powerful framework for separating the universal, symmetry-based properties of a theory from
its theory-specific details is the symmetry topological field theory (SymTFT) [10,2,11-47].! The
SymTFT is a symmetry-based bulk-boundary correspondence that relates a quantum theory with
global symmetry to a topological theory in one higher dimension, as shown in Fig. 1. As we review in
Appendix A, the SymTFT provides a physical realization/representation of the symmetry defects and
charges of a (generalized) symmetry. It is useful for performing the “calculus” of symmetry defects
and deducing symmetry-allowed phenomena, thereby providing conceptual clarity and finding new
applications of symmetries. Among its various applications, those we consider in this paper are its
applications to diagnosing 't Hooft anomalies [16,27-29, 55, 32, 56, 57] and to classifying phases of
matter [16,19,24,25, 58-66].

Since its inception, SymTFT has been undergoing rapid development and has been formulated for
discrete and continuous internal (generalized) symmetries. Despite this impressive progress, a signif-
icant gap remains: spacetime symmetries remain largely outside the standard SymTFT framework.
Spacetime symmetries, such as time-reversal, spatial reflections, lattice or continuum translations, and
boosts, are ubiquitous in realistic systems and underpin a wide range of physical phenomena. The
most straightforward generalization of SymTFT for spacetime symmetries would involve dynamically
gauging spacetime symmetries. However, unlike their internal counterparts, spacetime symmetries fail
to admit conventional background gauge fields and symmetry defects. The difficulties of formulat-
ing such a gauge theory leave a systematic understanding of SymTFT for spacetime symmetries still

elusive.

!Different communities—hep-th, cond-mat, and math-ph—independently initiated the developments over the past
decade that led to the SymTFT. Depending on the community, the SymTFT is also called topological holography
and Symmetry Topological Order (SymTO). In general, the TFT defining the SymTFT can have trivial topological
order, potentially including non-trivial local operators [48-52] or by being an invertible theory [35]. In this work, the
SymTFTs considered always have non-trivial topological order. Related concepts to the SymTFT can be found in various
foundational papers on quantum field theory, e.g., Refs. 53 and 54.
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Figure 1: The S-symmetric theory 5 on (d 4 1)D spacetime Xy is related to the ((d+1) +1)D
SymTFT 3(S) of S by the interval compactification of the slab theory (BY™, 3(S), %gf;ys) on spacetime
Xg11 % [0,1]. The BY™ boundary realizes the S symmetry defects and the boundary ‘Bg}éy ® encodes
the dynamics of 5. The interval compactification is an exact relation due to the topological properties
of 3(S). More specifically, the interval compactification induces an isomorphism from the “sandwich”
(BI™, 3(S), BYE) to T5.

One approach to formulating a SymTFT for spacetime symmetries is to replace the spacetime
symmetry with an effective internal symmetry and consider the SymTFT for that effective internal
symmetry. This approach closely follows the philosophy that lies at the heart of the crystalline
equivalence principle [67-71], which states that the classification of some invertible phases protected
by crystalline symmetries is in one-to-one correspondence with the classification of invertible phases
protected by an internal symmetry. However, significant conceptual differences exist between internal
and spacetime symmetries that would not be captured by simply replacing the spacetime symmetry
with an effective internal symmetry. For example, the difference between their defects (see [72, 73]
for a detailed survey in the context of one-dimensional lattice translations, and [74] for discussion
on the fractonic nature unique to crystalline defects in higher dimensions). Furthermore, crystalline
equivalence principle type arguments can fail for phases failing to meet the “liquid” property introduced
in [67]. These include, for instance, symmetry protected topological (SPT) phases to which SPT-LSM
theorems apply [75] and subsystem SPTs [76-83]. Hence, it is desirable to have a construction of the

SymTFT that treats spacetime symmetries honestly, which we will do in this work.

1.1 Summary

In this paper, we extend the SymTFT framework to spacetime symmetries using a symmetry-enriched
topological (SET) order as the SymTFT. The intrinsic topological order of the SET realizes the
SymTFT of an internal symmetry, and its enriching symmetry is the spacetime symmetry. Different
symmetry enrichments correspond to different interplays between the internal and spacetime symme-
tries (e.g., mixed anomalies and group extensions). From a field theory point of view, our construction
yields the SymTFT of an internal symmetry coupled to background fields corresponding to geometric
structures of spacetime (e.g., Stiefel-Whitney classes and foliation structures). Among other things, we
apply this spacetime symmetry-enriched SymTFT to classifying spacetime symmetry-enriched phases

of matter and diagnosing Lieb-Schultz-Mattis (LSM) anomalies.

We start in Section 2 discussing how SET's can be used as SymTFTs and why they naturally arise

for symmetries that cannot be straightforwardly gauged (i.e., spacetime symmetries). Throughout the



section, and this section alone, we will assume that the enriching symmetry has well-defined topological
defects. By doing so, we can use aspects of the well-known framework for bosonic SETs [84] while

developing helpful intuition for later when the enriching symmetry is a spacetime symmetry.

Gapped boundaries play a central role in the SymTFT framework, and in Section 2.1.1, we examine
how a gapped boundary modifies an SET’s enriching symmetry () in 2 + 1D. We assume () is a finite
invertible symmetry and that the topological order is bosonic. A gapped boundary of an SET is
obtained by condensing anyons that form a Lagrangian condensable algebra L. If there is a non-
trivial action of () on the anyons, denoted by p, the presence of a gapped boundary can explicitly
break () down to a subgroup Qz = {q € Q| p,(£) = L}. The remaining (), symmetry operators,
however, do not necessarily form the group (J.: the gapped boundary can cause () to be extended
by a group A, describing operators on the boundary. These A, operators themselves are symmetries,
implemented by uncondensed anyon lines on the boundary. We show that the enriching symmetry
(- and boundary symmetry A, form the total symmetry group (G described by the group extension
(see Fig. 2)

1A, -G —>Qp — 1. (1.1)

The action of @, on A, in G is inherited from the action p of () on the anyons. We further show
that the extension class in (1.1) is non-trivial if and only if there is an anyon in £ with fractional
(- symmetry charge. In this paper, we do not investigate the interplay with possible non-invertible

symmetries on the boundary, focusing on the invertible symmetries for simplicity.

Having established how () is affected by a gapped boundary and how it interplays with A,, we then
apply the symmetry-enriched SymTFT to study discrete gauging and to classify ()-enriched gapped

phases.

As in the standard SymTFT framework, discrete gauging is implemented by changing the symme-
try boundary (the top boundary in Fig 1). For a symmetry boundary with Lagrangian algebra L, the
group GG, describes the symmetry captured by the symmetry-enriched SymTFT. This includes the
symmetry encoded by symmetry-enrichment and the symmetry encoded by the symmetry boundary.
Changing the symmetry boundary amounts to discrete gauging only the A, sub-symmetry, but not
the full Gz symmetry. Changing the symmetry boundary generally changes the groups A, and Q).
as well as their extension (1.1). These changes capture the properties of the dual symmetry arising

from gauging, which includes new interplays involving () (e.g., extensions and anomalies).

(Q-enriched phases are phases where (), = () is a subgroup of G, and is not spontaneously broken.
We show how such phases are classified using a sandwich of the (-enriched SymTFT, similar to that
shown in Fig. 1. As explained in Section 2.1.3, here, the symmetry and physical boundaries of the
SymTFT are restricted to ()-symmetric Lagrangian algebras. A ()-symmetric Lagrangian algebra £
satisfies p,(L£) = L for all ¢ € () and carries no fractional () symmetry charge. These Lagrangian
algebras correspond to boundaries that do not affect the enriching symmetry. That is, they are ones
for which @z = @ and the extension class of (1.1) is trivial. There can, however, still be an action of
@ on A, making G, = A, X Q). A powerful application of this classification is diagnosing 't Hooft
anomalies of the total symmetry. Indeed, if there are no (Q-enriched SPTs, there will be no G, SPTs

and hence an 't Hooft anomaly for G ..



An example of a symmetry-enriched SymTFT we consider throughout Section 2 is Zy topological
order in 2 4 1D enriched by a Z; symmetry. For this SET, the enriching Z; symmetry’s action p
is trivial and the e anyons carry fractional Z, charge (see Appendix E for a commuting projector
model realizing this SET). We show that the symmetry-enriched SymTFT with Lagrangian algebra
L,, =1 @& m describes an anomalous Zj X de) symmetry. This is anomalous because L,, is the

only Zs-symmetric Lagrangian algebra, so the only Zs-enriched gapped phase has de) spontaneously

broken and there are no Zs X de) SPTs. The other Lagrangian algebra is L. = 1 e, which is
not Zs-symmetric since e carries fractional Zs charge. Due to the symmetry fractionalization, the
symmetry-enriched SymTFT with this symmetry boundary describes a Z4 symmetry, which extends
Z5 by the boundary ng) symmetry. Changing from the £, boundary to the L, boundary amounts
to gauging the Zée) sub-symmetry of the anomalous Zs X de) symmetry and, as expected, leads to a

dual Z, symmetry.

After Section 2, the remainder of the paper focuses on explicit models of spacetime symmetry-
enriched SymTFTs. We concentrate on spacetime symmetries ubiquitous to 1 + 1D quantum spin
chains: lattice translations in Section 3, spatial reflections in Section 4, and time reversal in Section 5.
We present examples of the symmetry-enriched SymTFTs with these spacetime symmetries from both
the Euclidean field theory and quantum lattice model perspectives, often times providing derivations

from one to the other.

Lattice translations of a one-dimensional spin chain in the translation-enriched SymTFT become
discrete spatial translations in the direction parallel to the boundary in Fig. 1. One-dimensional lattice
translations in 24 1D SETs cannot undergo symmetry fractionalization. Instead, their interplay with
anyons is only through non-trivial anyon automorphisms, which makes the anyons position-dependent
excitations [85]. When this occurs, the symmetry-enriched SymTFT is not an honest-to-goodness
TFT. Instead, it is a foliated field theory that couples to a foliation structure of spacetime that causes
the SymTFT to be topological only in the interval compactification direction.? Throughout Section 3,
we show how this translation-enriched SymTFT can be applied to modulated symmetries® and LSM
anomalies involving lattice translations. A useful application is in classifying modulated SPTs, which
we do for specific modulated symmetries in examples and later present a general classification in
Section 3.1.3.

We consider dipole and exponential symmetries as examples in Sections 3.1.1 and 3.1.2, respec-
tively, and general LSM anomalies of translation and finite Abelian symmetries in Section 3.2. In both
of these, we consider lattice and field theory perspectives. The translation-enriched SymTFT makes
the relation between LSM anomalies and modulated symmetries transparent. In particular, we show
in Section 3.2.2 that there is always a discrete gauging that relates LSM anomalies between lattice

translations and finite Abelian group symmetries to modulated symmetries.

2Strictly speaking, the SymTFT does not need to be topological in all directions. It only needs to be topological in
the direction parallel to the interval compactification direction to induce the isomorphism in Fig. 1.

3Modulated symmetries are internal symmetries that act in a non-uniform, spatially modulated way. They are
generalizations of, for example, dipole symmetries. We refer the reader to Ref. 86 for an introduction and recent survey

of modulated symmetries.



As an example, we consider a translation-enriched SymTFT whose underlying topological order is
Z, X Zy topological order that is enriched by lattice translations 7). in the x direction. The anyons of
the topological order are generated by e, €3, my, and msq, with e; and m; having mutual braiding by
the phase 7. The T}, translation symmetry enriches this topological order by transforming the anyons
as

Tx(el) = €1€9, Tw(eg) = €9, Tx<m1) = mq, Tx(mQ) = MmMmi1Mms. (12)

This action of T}, on the anyons is the only non-trivial data specifying the symmetry enrichment.

Because of the enrichment by 77, this SymTFT is only topological in the y direction.

This simple example is discussed in both Sections 3.1.2 and 3.2, and we present a quantum code

and Fuclidean field theory description of it. The stabilizers of the former are

X z
Ap=—2 o B, = Z, (1.3)
X Z
.

where X and Z are Pauli matrices transforming qubits that reside on the edges of the square lattice.

The continuum Euclidean action of the latter is the foliated field theory

21 - ~ PO
Sle] = —— <aAdb—b/\da—aAbAe), (1.4)
2
where e = Adz is a background foliation field with A~! a necessary UV cutoff (i.e., a lattice spacing).
We write down the logical operators/topological defect lines explicitly, showing they satisfy (1.2).
There are six Lagrangian condensable algebras, four of which are translation-symmetric while the

other two are not. The translation-symmetric Lagrangian algebras are

Li=1D e ®ey®eren, Lo=1@Hmq dmy®mims, (1.5)

£3 =16 mi @ ey P miea, £4 =16 mi€s D e1mo P e1eaniims. (16)
The Lagrangian algebras
Ls=1@ e &my®erms, Ls=1@ ereq ® mimo B ereamims, (1.7)

are not translation-symmetric because they satisfy T, (L5) = L¢ and T,(Lg) = L5. When specify-
ing symmetry boundaries, £ 24 correspond to Zy dipole symmetries, L3 to a Zy X Zy symmetry
with an LSM anomaly involving translations, and L5 to a Zy X Zy symmetry with a non-invertible
translation. The £; boundary, for example, has a dipole symmetry because its symmetry defects
my and msy transform under T}, as a monopole and dipole, respectively. On the other hand, the L3
boundary describes a Zy X Zo symmetry. It is not modulated because its symmetry defects e; and
my do not transform under T, when L3 is condensed, and it has an LSM anomaly because L3 has
no translation-symmetric magnetic Lagrangian algebras. Lastly, the L5 and Lg boundaries describe
non-invertible translations implemented by first discrete gauging to change L5 or Lg to, for example,

Lo, then performing T}, (a symmetry of L), and then discrete gauging to return to L5 or Lg.



In Sections 4 and 5, we consider SymTFTs enriched by spatial reflections and time reversal, re-
spectively. Unlike one-dimensional translations, these spacetime symmetries can exhibit symmetry
fractionalization. For simplicity, we focus on Zs topological orders in 2 4+ 1D enriched by these two
symmetries. In both cases, the reflection and time-reversal symmetries enrich the topological order by
acting trivially on m anyons while fractionalizing onto the e anyon. These examples closely resemble
the internal Z, symmetry fractionalization example discussed above. Namely, the e condensed bound-
ary is a symmetry boundary where the reflection and time reversal are extended by a Z; symmetry
operator, giving rise to a Z4 reflection/time reversal symmetry. The m condensed boundary encodes
a mixed anomaly between an internal Zy symmetry and the reflection/time reversal symmetries. In
both of these Sections, we present lattice models of these symmetry-enriched SymTFTs as well as

quantum spin chain models realizing these symmetries.

2 Symmetry enriched SymTFT

In this paper, we extend the SymTFT framework to incorporate spacetime symmetries and their pos-
sible non-trivial interplays with internal symmetries. Such interplays could arise from ’t Hooft/LSM
anomalies or non-trivial symmetry extensions. To systematically capture such symmetries using the
SymTFT framework, we will consider SymTFTs of internal symmetries enriched by spacetime symme-
tries. The interplay between internal and spacetime symmetries is encoded in the spacetime symmetry
enrichment of the SymTFT. An example of such a spacetime symmetry-enriched SymTFT was con-
sidered in [47].

To motivate why spacetime symmetry-enriched SymTFTs provide a natural description, let us
first recall a common construction of SymTFTs. Typically, a SymTFT is constructed by gauging
the symmetry of an SPT phase. For simplicity, in this paper we will specialize to 1 + 1D symmetry
described by a finite group (. In this setting, the SymTFT is a Dijkgraaf-Witten (DW) theory,
which can be constructed by starting with the 2 + 1D G-SPT associated with the 't Hooft anomaly
weH 3(B G,U(1)) of G and subsequently gauging G. Generalizations to non-invertible symmetries

are conceptually straightforward.

Suppose the total symmetry group GG has a normal subgroup N, and let () denote the quotient
group G/N. When G consists of only internal symmetries, there are two equivalent ways to construct
the SymTFT for G. One approach is to start with the G-SPT and gauge (G. Alternatively, one
can first gauge N, arriving at a Q-enriched N-DW theory, and then gauge Q.* This process can be

“When N is not a normal subgroup of G, the quotient Q@ = G/N does not define an ordinary group symmetry but
rather a non-invertible G/N coset symmetry [87,88]. Gauging this non-invertible symmetry in the N Dijkgraaf-Witten
theory produces the G DW theory.



summarized in the following commutative diagram:®

G-SPT —> G-DW Theory

"L -

@-enriched N-DW Theory

where each arrow is labeled by the symmetry being gauged. The interplay between N and () is encoded
in the symmetry enrichment data of () on the N-DW theory. The G-DW theory is deducible from the
(Q-enriched N-DW theory [91,84]. Thus, while the G-DW theory serves as the SymTFT for the G
symmetry, the ()-enriched N-DW theory provides an alternative perspective for understanding various
aspects of the G symmetry. While we specialized to DW theories enriched by invertible symmetries,

this perspective applies to general SymTFTs with non-invertible symmetry enrichment.

We remark that symmetry-enriched SymTFTs have also been studied in the context of non-
invertible duality symmetries [29,55,92,93]. These duality symmetries are constructed by half-gauging
some symmetry S [94,95]. The SymTFT for the full symmetry including both S and the duality sym-
metry can be obtained by gauging an anyon-automorphism symmetry of the S SymTFT. Therefore,
by analyzing the anyon-automorphism symmetry enrichment on the S SymTFT, one can learn about

the non-invertible duality symmetry.

In this paper, we are interested in symmetries G that involve both internal and spacetime sym-
metries with a non-trivial interplay. Specifically, we consider scenarios where the quotient group
() = G/N represents a spacetime symmetry while the normal subgroup N represents an internal
symmetry. In this case, it is not clear how to gauge the spacetime symmetry (), which obstructs the
direct construction of the SymTFT for the full symmetry GG. Nevertheless, the J-enriched N-DW
theory can still be constructed by starting with the G-SPT and gauging N.

In the remainder of this section, we will explore the general structure of ()-symmetry-enriched
SymTFTs, treating () as if it were an internal symmetry to develop intuition. Such an internal
symmetry could describe a spacetime symmetry through the crystalline equivalence principle [67-71].
In the subsequent sections, we will study explicit examples of spacetime symmetry-enriched SymTFT's,

both on the lattice and in the continuum.

5Mathematically, the symmetry defects of the 241D G-SPT are described by the fusion 2-category 2-Vece. Meanwhile,
the symmetry defects of the G-DW theory (modulo condensation defects) are captured by the center Z(Vecg) of Vecg.
When w is trivial, the symmetry defects of the Q-enriched N-DW theory are given by the relative center Zvec (Vecy),
which forms a @Q-crossed braided extension of Z(Vecy) [89,90]. Equivariantizing the @Q-crossed braided fusion category
amounts to gauging @ [84]. In this case, the equivariantization of Zvec.(Vecy) yields Z(Vecg), as expected from
gauging . For non-trivial w, the symmetry defects are described by a different Q-crossed braided fusion category, whose

equivariantization results in Z(Vecg).



2.1 SymTFT frameworks with symmetry enrichment

Two fruitful applications of the SymTFT frameworks are discrete gauging and classifying phases,
which are reviewed in Appendix A. The former is implemented by changing the gapped (topological)
symmetry boundary, while the latter uses topological interfaces like those in Fig. 4. In this section,
we will discuss how these applications generalize for 2 4 1D symmetry-enriched SymTFTs. Similar
to SymTFTs without symmetry enrichment, gapped boundaries will play a central role in these ap-
plications of the symmetry-enriched SymTFT. However, gapped boundaries of SETs have received
considerably less attention than those of topological orders (see [90,96-98,47,93] for some previous
discussion on SET boundaries). Therefore, before presenting these generalizations, we will first discuss

some general aspects of gapped boundaries for SETSs.

2.1.1 An aside: gapped boundaries of SETs

This subsection will discuss gapped boundaries of 2 + 1D @)-enriched bosonic topological orders, where
() is a discrete group. A systematic study of the boundaries of SETSs lies outside the scope of this
paper. Instead, we will highlight a few properties relevant to our present discussion. Recall that the
symmetry enrichment data consists of the action of () on the anyons of the topological order, which
we denote by p,° and the symmetry fractionalization class given by [n] € H?(BQ, A?),” where A is
the group of Abelian anyons [84].% There is also the H*(BQ,U(1)) class describing whether Q is

realized anomalously on boundaries, which we always assume is trivial.

Consider a gapped boundary of the SET whose condensed anyons are described by the Lagrangian
algebra L of the underlying topological order. When p is non-trivial, this boundary typically breaks
the bulk symmetry () explicitly down to a subgroup (). Indeed, the Q-action p on the anyons induces
an action on a Lagrangian algebra £ — p,(L). This transforms the anyons of £ = €D, n, a to the

anyons

pa(L) = P napy(a), (2:2)

and also acts on the fusion space of the Lagrangian algebra, i.e., on the junctions of the anyons in
L. This implies that, as illustrated on the left panel of Fig. 2, a () symmetry defect can act on the
boundary and transform £ to p,(L£). When p,(L£) = L for all ¢ € @), the Lagrangian algebra L is
said to be (Q-stable, and the enriching bulk symmetry (), = (). However, if L is not ()-stable, there
is a ¢ € ) such that p, (L) # L, which causes ) to be explicitly broken down to

Qe={q€Q | p(L) =L} (2.3)

5The action p can change the anyon labels and can act non-trivially on the anyons fusion/splitting spaces.

"Symmetry fractionalization can be understood as the dressing of trivalent junctions of @ symmetry defects by
Abelian anyons, which defines an A 1-form symmetry. The 2-cocycle 7(q1, ¢2) specifies which Abelian anyon decorates
the junction formed by fusing g1 and g2 symmetry defects.

8We assume the Postnikov class H®(BQ, A?) vanishes. A non-trivial Postnikov class forces @ to spontaneously break

in the bulk, which is not allowed in the symmetry-enriched SymTFT framework we are exploring.
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Figure 2: Consider a gapped 1+ 1D boundary (shown in gray) of a 2+ 1D @Q-enriched topological
order. When @ symmetry defects (shown in purple) end on the boundary, they have two distinct
types of interplay. (Left) When the Q-action p on anyons is non-trivial, it induces a @ action on
the boundary Lagrangian algebra £, denoted by p,(L£). (Right) When the symmetry fractionalization
class [n] is non-trivial, a trivalent junction of @ symmetry defects can end on the boundary, sourcing

a 1(q1, q2) topological defect line on the boundary.

From a Hamiltonian perspective, this means that the symmetry operator U, changes the boundary

conditions from £ to p,(L), and does not commute with the Hamiltonian near the boundary when
pqe(L) # L.

The gapped boundary also has its own boundary symmetries, generated by the uncondensed anyons
on the boundary. The uncondensed Abelian anyons on the boundary form the group A, C A. We
denote by G the group formed by all of the invertible symmetry operators, both the (), operators
that act non-trivially in the bulk and the A, operators that act non-trivially only on the boundary.

It is described by the group extension’

1> A, -G, —>Qr — 1. (2.4)

The action of @)z on Az in (2.4) is inherited from the action p. The extension class of (2.4) is
non-trivial if there exists a non-trivial 7(qy, q2) & L for q1,gs € Q. Indeed, if such an anyon exists,
the (), symmetry would be enlarged by a group extension on the boundary, as shown by the right

panel of Fig. 2. From a Hamiltonian perspective, this means that the symmetry operators U, satisfy
Ugp X Ugy = Ugrgs X Wig1,02) (2.5)

where W (4, .4,) is the string operator for the anyon n(q1,q2) acting along the gapped boundary.

When the symmetry-enrichment is trivial, i.e., when p is the identity automorphism and [7)] is trivial,
QggQannggAng.
An important class of gapped boundaries are those whose Lagrangian condensable algebra is (-

symmetric [90,96,97]. A Q-symmetric condensable algebra A is a condensable algebra that:!°

1. is Q-stable, i.e., p,(A) = A;

°In general, the full symmetry can be a non-invertible symmetry due to the non-Abelian anyons. By restricting to
the invertible symmetry A., we focus on its invertible sub-symmetry.

10A condensable algebra satisfying these two conditions is a Q-equivariant algebra [90)
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2. each anyon in A carries no fractional () symmetry charge.

We note that a boundary whose condensable algebra has anyons carrying fractional symmetry charge

generally causes the symmetry to spontaneously break on the boundary.

Notably, a gapped boundary with a ()-symmetric condensable algebra £ neither explicitly breaks
nor extends (). First, it does not explicitly break () since L is (J-stable. Second, perhaps less
obviously, it does not extend (), i.e., the sequence (2.4) splits. This follows from £ having to condense
all 7(q1, q2) anyons to satisfy property 2 of being (Q-symmetric. Indeed, because L is Lagrangian,
every anyon not in £ must braid non-trivially with at least one anyon in £.!! Since a Q-symmetric £
does not include anyons with fractional () charge, the 1)(q1, ¢2) anyons do not braid with any anyons
in £, and therefore they must be condensed since L is Lagrangian. Because every 71(q;,g2) anyon
is condensed, the boundary extension mechanism never occurs.'?> Importantly, not every Q-enriched

topological order admits a (Q-symmetric Lagrangian algebra.'?

Let us consider an example where a Zy symmetry enriches a 2 + 1D Zy topological order, i.e.,
the Zy toric code. The anyons are denoted by {1,e,m, f}, where e and m are bosons that braid
non-trivially with each other, and f = e X m is a fermion. There are two Lagrangian condensable
algebras:

L.=1De, L, =1dm. (2.6)

Suppose the Z, action p on the anyons is trivial, but the symmetry fractionalization class is non-trivial.
In particular, we consider the fractionalization pattern n(—1, —1) = m, such that the e anyon carries
a fractional Z, charge (see Appendix E for an exactly solvable lattice model realizing this SET). In
this case, the Lagrangian algebra L,, is Zo-symmetric. In contrast, the Lagrangian algebra L. is
Zs-stable but not Zs-symmetric since the e anyon carries a fractional charge. In the presence of an
e-condensed boundary, the Zo symmetry operator squares to an m string operator on the boundary.
This extends the () = Z5 bulk symmetry to G, = Z4 on the boundary.

In general, there can be two gapped boundaries that share the same Lagrangian algebra but differ
by the spontaneous breaking of (J,. We will always work with the gapped boundary for a given L

that minimally spontaneously breaks (), and has the fewest local topological operators.

2.1.2 Discrete gauging with the quiche

Having discussed some aspects of gapped boundaries of SETs, we now turn to applying the symmetry-

enriched SymTFT to discrete gauging. As reviewed in Appendix A, discrete gauging for the standard

"' This can be proven using that a Lagrangian algebra £ = @, na a satisfies 3 Stana = np, where S is the topological
S matrix [99]. For any anyon b not in £, ny, =0 and this equation becomes ) Stana = 0. Because Sy = dy/D > 0,
where D is the total quantum dimension, Za# Sbana < 0. Therefore, there must be some anyon a with n, # 0 that has
Sba # 0 and braids non-trivially with b. We thank Carolyn Zhang for informing us of this proof.

12Using the same reasoning, we find that any boundary for which the extension class of (2.4) is non-trivial must
condense anyons carrying fractional symmetry charge and spontaneously break the enriching symmetry.

13For example, 2 + 1D Z, topological order, i.e., 2 + 1D Z, toric code, enriched by a Z; symmetry that exchanges e

and m anyons does not have a Zo-symmetric Lagrangian algebra.
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SymTFT is performed by changing the symmetry boundary. For the ()-enriched SymTFT, suppose the
total G-SymTFT can be constructed by gauging () in a @Q-enriched N-SymTFT (i.e., the situation
shown in (2.1)). N-SymTFT is nothing but a N gauge theory (i.e., the ground state subspace of
Kitaev’'s N quantum double model). As mentioned, the non-trivial enrichment of ) will encode the
interplay between the () and N symmetries that defines the total symmetry GG. The corresponding
“quiche” for this symmetry-enriched SymTFT is

sym
B G

@-enriched N gauge theory -

The gapped boundary ‘Bsgm has the electric Lagrangian algebra L. of N gauge theory condensed,
and hosts topological defects describing the Ay, = N symmetry. In the presence of this gapped
boundary, the enriching symmetry ) becomes ()., and the symmetry-enriched quiche describes the

total symmetry Gz, = G through the group extension (2.4).

Changing the Lagrangian algebra specifying the boundary condition from L, to £’ leads to a new
symmetry boundary condition. It follows from the SymTFT without enrichment that this change

corresponds to gauging the N sub-symmetry of G. When N is Abelian, the resulting quiche is

Sym
B!

Q-enriched N gauge theory

[

which has an enriching Q) 7/ 0-form symmetry in its bulk and a Az = NV symmetry on its boundary.
This quiche now describes the total symmetry Gy = GV formed by the enriching (), and boundary
Ap = NY symmetries. The interplay between )z and NV is generally different from the interplay
between (Q;, and N, which captures the effect of () on the dual symmetry NV arising from gauging
N. While the ()-enriched SymTFT can be used to gauge the N sub-symmetry of (G, it cannot gauge

a sub-symmetry of G involving the () symmetry.

Let us contextualize this general discussion to the previously considered example of a Zs-enriched
Z, topological order (we will consider more examples throughout the paper). The two Lagrangian
algebras L,, and L, both describe Zy symmetries on the top boundary (i.e., Az, = Az, = Z3). When
the top boundary has £,, condensed, the Zs-enriched symmetry is unaffected, and the total symmetry
described by the quiche is Q) X Ay, = Zy X Zy. When the top boundary has L. condensed, the
enriched symmetry is extended by A, and the quiche describes a Z, symmetry. Therefore, gauging
the Ay, = Zy sub-symmetry of Gy, = Q X Ap, = Zy X Zy leads to a dual G, = Z4 symmetry.
This suggests that the quiche with the £,, boundary describes an anomalous Zy X Zy symmetry [100],

which we will confirm in the next subsection.

This example is a particular instance of something more general. Namely, starting with a symmetry
boundary specified by a (J-symmetric Lagrangian algebra and changing boundary conditions to one
whose Lagrangian algebra contains anyons with fractional symmetry charges will result in an extension

of () via the mechanism described in the previous section.
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2.1.3 Gapped phases with the sandwich

We now discuss how symmetry-enriched SymTFTs can be used to classify gapped phases. For sim-
plicity, we will assume the entire symmetry group G is formed by a normal, Abelian subgroup N of GG
and quotient group ) = G/N, and consider the SymTFT for N enriched by (). The generalization

to non-Abelian N is straightforward.

Like for SymTFTs without symmetry enrichment, we consider the sandwich configuration shown in
Fig. 4, where the 1 4+ 1D symmetry is determined by the gapped top boundary and different gapped
bottom boundaries correspond to different gapped phases. Since the top and bottom boundaries
are gapped, they have corresponding Lagrangian algebras. While the Lagrangian algebra of the top
boundary is generally unconstrained, not every Lagrangian algebra can be condensed on the bottom
boundary. Indeed, recall that the enriching symmetry can be modified by a gapped boundary whose
Lagrangian algebra is not ()-symmetric. Since the total symmetry G should not depend on the
bottom boundary, the Lagrangian algebra for the bottom boundary must not change the enriching
symmetry. This is always satisfied, for instance, if the Lagrangian algebra for the bottom boundary is
(-symmetric. However, depending on the top boundary, a non ()-symmetric Lagrangian algebra can

also leave the enriching symmetry invariant.'4

In this paper, we will consider symmetry-enriched SymTFT sandwiches whose top and bottom
boundaries have (QQ-symmetric Lagrangian algebras condensed.'® In this case, the enriching ) sym-
metry is not affected by either gapped boundary, and the SymTFT describes the semidirect product
symmetry group G = N X (). These symmetric sandwiches of the symmetry-enriched SymTFT can
realize all (Q-enriched gapped phases of the total symmetry G, which are phases where () C G is not
spontaneously broken. This construction is the natural extension of the Lagrangian algebra approach
to classifying gapped phases, which is reviewed in Appendix A for the case without symmetry enrich-
ment. While it cannot realize all gapped phases of (G, it can still detect anomalies of (G, even those
that depend on (). Indeed, if there are no (Q-enriched gapped phases that are SPTs, then there are

16 Mixed anomalies involving @Q and N generally manifest by the

no G SPTs and (G is anomalous.
Lagrangian algebras that would have corresponded to SPTs not being ()-symmetric. Importantly,
this approach applies to spacetime symmetries, which is the paper’s focus, in which case these mixed

anomalies are the so-called LSM anomalies.

To consider an example, let us return to the Zs-enriched Zs topological order discussed previously.

MFor example, an extension of @ due to a non Q-symmetric Lagrangian algebra condensed on the bottom boundary
can be trivialized by a top boundary with appropriate condensed Lagrangian algebra.

15Going beyond Q-symmetric Lagrangian algebras is subtle. For one, the typical separation of kinematics and dynamics
provided by the SymTFT’s top and bottom boundaries does not apply. For instance, the top boundary can spontaneously
break the enriching symmetry by condensing anyons with fractional charge. Furthermore, it is unclear whether anomalies
can be detected using non @-symmetric Lagrangian algebras. In particular, the symmetry boundary could describe an
anomaly-free symmetry but spontaneously break the enriching symmetry, thereby causing the sandwich never to have a
unique ground state.

1The anomalies of G captured here are ones that involve the subsymmetry N. Self-anomalies of @, on the other hand,
would not be detected using only the data provided. They are reflected in the defectification class H>(BQ, U(1)) of the

SET, which we have assumed to be trivial.
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The only symmetric Lagrangian algebra is the magnetic Lagrangian algebra L,, = 1 & m. When L,,
is condensed on the top boundary and bottom boundaries, the sandwich describes a Zy X Zy sym-
metry with the spontaneous symmetry breaking (SSB) pattern Z, X Zy — Z5 (where the unbroken
symmetry is the enriching Z, symmetry). Since L,, is the only Zy-symmetric Lagrangian algebra,
there are no other Zy-symmetric Zo X Zy gapped phases and, therefore, no SPTs. We conclude that
L,, describes a Zy X Zy symmetry that is anomalous. This is consistent with how changing L,, to

L. in the quiche causes Zy X Z5 to become Z4: the anomaly leads to an extension, as expected.

This example is a special case of a more general property. Namely, if the symmetry fractionalization
class [n] is non-trivial, then every symmetric Lagrangian algebra L corresponds to an anomalous
symmetry. Indeed, every )-symmetric £ contains 7(q1, g2), resulting in a nontrivial overlap among

all ()-symmetric £ and therefore spontaneous symmetry breaking phases.

2.2 Symmetry enrichment from symmetry interplays

Having discussed how the quiche and sandwich frameworks generalize to symmetry enriched SymTFTs,

we now explore the possible forms of symmetry enrichment that can occur in these theories.

2.2.1 Group extensions

Consider an anomaly-free 0-form symmetry in (d + 1)-dimensional spacetime described by a finite
group (G. Suppose GG has an Abelian normal subgroup A. Then, G can be formulated as a group

extension:

1-A—->G—Q—1, (2.7)

where () = (G/A is the quotient group. As reviewed in Appendix B, this group extension is charac-
terized by two key pieces of data. Firstly, denoting the automorphism group of A by Aut(A), there
exists a group homomorphism p : ) — Aut(A) that describes the action of () on A. Secondly, for a
given p, inequivalent extensions are labeled by the cohomology classes [c] € H?(BQ, A?), where BQ
is the classifying space of (), and A? is a ()-module with underlying Abelian group A and ()-action
given by p. The elements of G can be represented by pairs (a,q) € A X @, with group multiplication
given by

(a1, 1) - (a2, ¢2) = (a1 + pg, (a2) + (a1, 42), (142) (2.8)

where ¢ is a representative 2-cocycle of the cohomology class [c].

We graphically represent the symmetry defects of GG by black lines and label them by the group
elements of G as (a, q). A general G symmetry defect can be decomposed into an A and a ) symmetry

defect, which we represent by red and blue lines, respectively. The decomposition follows the group
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multiplication law (2.8), which are summarized by the following fusion diagrams:

[)(FI (1

Yoy -

Using these fusion rules, we arrive at the following interplays between the a and g symmetry defects:

(]1 (]z q192

XX -

The diagram on the left shows how () symmetry defects act on A symmetry defects via the group
homomorphism p. The diagram on the right shows how A symmetry defects can terminate at trivalent
junctions of () symmetry defects, where we highlight the boundary of the A symmetry defects with red
dots. By Poincaré duality, this configuration implies that on a triangulated spacetime, the background
gauge fields Q and A for () and A, respectively, satisfy the following conditions on each 2-simplex of
ordered vertices (ijk):

Q;;Qx = Qir, Aij + poi; (Ajk) — Air = (Qij, Qji)- (2.11)

These conditions can be compactly written as dQ =1 and d, 4 = Q*c, where Q*c denotes the
pullback of the 2-cocycle ¢ by Q.

We now proceed to construct the SymTFT for the A sub-symmetry, while carefully tracking its
interplay with the ) symmetry. This is achieved by gauging the A sub-symmetry of a trivial G-
SPT in (d 4 2) dimensions. It leads to an A gauge theory enriched by the () symmetry. From a
Euclidean field theory perspective, the symmetry enrichment is encoded in the coupling between the
() background field and the A SymTFT, which gives rise to the following partition function for the
SymTFT:

:;exp[i/x BU (d,A— Q). (2.12)

Here, the sum is over all 1-cochains A € C*(Xy42, A) and d-cochains B € C%(X 4,9, A). When the
background gauge field Q is turned off, this reduces to an A gauge theory, that is, the A SymTFT.
The coupling to Q implies that the () symmetry defects have a non-trivial interplay with the electric
and magnetic defects of A SymTFT. In what follows, we will show that a non-trivial p results in a
non-trivial action of () on both the electric and magnetic defects, whereas a non-trivial [¢] induces

fractional () symmetry charges on the electric defects. We will follow the analysis in [100-102].
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The A SymTFT has a AY = Hom(A, U(1)) d-form symmetry, which is dual to the A 0-form
symmetry that were gauged. The symmetry defects of this AV d-form symmetry are the Wilson
lines of A. These Wilson lines are labeled by the group elements Y € A", which are in one-to-one

correspondence with the irreducible representations of A. They take the form
Wy(C) = etHhext | (2.13)

where C' is a 1-cycle in spacetime. These Wilson lines are the electric defects of the A SymTFT.
Other than these electric defects, the SymTFT also has codimension-2 magnetic defects, which are
the boundaries of the codimension-1 A symmetry defects that were gauged. Since these A symmetry
defects become trivial after gauging, their boundaries become genuine codimension-2 defects. These

magnetic defects are labeled by the group elements a € A and take the form
Va(M) = ¢ hure® (2.14)

where M is a d-cycle in spacetime. They generate an A 1-form symmetry.

Before gauging A, the Wilson lines W, have non-trivial interactions with the G symmetry defects.

Representing the Wilson lines as green lines, we have the following relations:
a pq (X) q

X
(2.15)

q X

Note that although all defects are drawn as lines, only the green ones are truly one-dimensional; the
blue and red ones denote codimension-1 defects. The left diagram shows that when a Wilson line
W, passes through the boundary of an a-symmetry defect, it picks up a phase e'X(@) On the other
hand, the right diagram illustrates the action of a g-symmetry defect on a Wilson line via the group
homomorphism p*: @ — Aut(AY), where Aut(A") denotes the automorphism group of AY. This

group homomorphism p" is determined by the group homomorphism p. Consider the following process

q py-1(X)
(a) 1
q

X q
[)( ((l') a /)( C
1._41_4_41 _ o Xpa@)=p) 1 (0@) ]Hi_‘-‘ (2.16)
q

where in going from the LHS to the RHS, we hold the four-way junction fixed and move the Wilson
line across it. The Wilson line first picks up a phase eX(Pa(®) when it crosses the left boundary of the
pq(a)-symmetry defect, and then another phase eiipZ‘I(X(a)) when crossing the right boundary of the
a-symmetry defect. Alternatively, one can reach the RHS via a different sequence of moves: starting

from the LHS, first move the g-symmetry defect past the right boundary of a-symmetry defect, then
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move the Wilson line past the pq(a)—symmetry defects, and lastly move the g-symmetry defect back
to its initial position to arrive at the RHS. This process does not create any phase. The consistency

of the two processes therefore implies that

explip, ()(a)] = explix(p,-1(a))], (2.17)
which fixes the group homomorphism p* in terms of the group homomorphism p.

After gauging A, the Wilson lines W, become the symmetry defects of the dual AY d-form symme-
try. The right diagram of (2.15) then implies that the ) symmetry defects act on these A" symmetry
lines via the group homomorphism p¥. The () symmetry defects also act on the codimension-2 symme-
try defects V, of the A 1-form symmetry. Recall that these codimension-2 defects are the boundaries
of the codimension-1 A symmetry defects that were gauged. Since the () symmetry defects act on
the A symmetry defects by p before gauging, they also act on the codimension-2 A symmetry de-
fects by p after gauging. All the codimension-1, 2, and d + 1 symmetry defects of the SymTFT
form a split (d 4 1)-group symmetry (G©@ GM ... G@D oM o ... o)) where G® is the
k-form symmetry group and o®) is the action of G on G®. When d =1, G = A x AV and
o4 ((a, X)) = (py(a), p) (x)). while for d # 1,

(0 k=0, .
P =4
A k=1
= Ak d7’ a® =3¢ pV k=d, (2.18)
. 1_ 7 id else,
1 else,
\

where id represents the trivial action.

The extension class [c] of the group extension (2.7) affects the 't Hooft anomaly of the (d + 1)-

group symmetry. Before gauging A, we have the following relation:
c(q1,q2) q192 c(q1, @) q192

X Pr ar1—1(X)

o — eix(c(q1,92)) y : (2'19)
X /)[(11(12]71 (/X/)

q1 q2 qi q2

Since gauging A trivializes its symmetry defects, the trivalent junctions of ) 0-form symmetry de-
fects after gauging are dressed by the A 1-form symmetry defects (which were the boundary of the
codimension-1 A symmetry defects). When wrapping the A" d-form symmetry defects of the SymTFT

around the trivalent junctions, they pick up a phase as illustrated below:

q192 q192

(2.20)

— eix(c(a,92))

q1 q2 q1 q2
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This means that the AY d-form symmetry defects carry fractional () symmetry charges — a hall-
mark of symmetry fractionalization. This symmetry fractionalization is characterized by the 2-cocycle
¢(q1, @), which specifies which A 1-form symmetry defects decorate the trivalent junctions of @ 0-
form symmetry defects [84,103,104]. Since the AV d-form symmetry defects are charged under the @
0-form symmetry, there is an obstruction to gauging both symmetries simultaneously, giving rise to

an 't Hooft anomaly of the full (d + 1)-group symmetry.

2.2.2 Mixed anomalies

Another possible form of interplay between two symmetries is a mixed anomaly. Consider a O-form
symmetry in (d + 1)-dimensional spacetime described by a finite group G. When the symmetry is
internal, its anomalies are in one-to-one correspondence with G-SPTs in ((d 4+ 1) + 1)D, which are
classified by the cohomology H d+2(BG, U(1)). Having already discussed the interplays via group
extensions, we now focus on the case where GG is a product group G = A X (), with A an Abelian
finite group. For such a product group, the cohomology H4"2(BG, U(1)) factorizes by the Kiinneth
formula

H™(BG,U(1))= €D H"(BQ,H(BA,U(1))). (2.21)

p+q=d+2
p,q>0

When interpreted as G-SPTs, the cohomology group for a given ¢ corresponds to SPTs built from
decorating g-dimensional A-SPTs onto the g-dimensional junctions of ) symmetry defects [105-107].
Mixed anomalies between A and () are captured by those cohomology groups with g # 0, d + 2.

After gauging A, the G-SPT becomes an A gauge theory enriched by the residual () symmetry.
Importantly, the () symmetry defects remain decorated, but now by the gauged A-SPT defects, which
are a class of topological defects in the A gauge theory constructed by gauging lower-dimensional
A-SPTs [108,109]. Through these decoration patterns, the mixed anomaly of G determines how ()
enriches the A gauge theory.

Let us now explore this effect when d = 1. In this case, the A gauge theory is (2 4 1)-dimensional.
It has both electric defect lines W, (C') labeled by x € A" and magnetic defects lines V,(C') labeled
by a € A. There are two possible ways to decorate the () symmetry defects, which correspond to the

following two cohomology groups

vl € H'(BQ,H*(BA,U(1))),
(2.22)
[n] € H*(BQ,H'(BA,U(1))) .

Below, we discuss the effects of these decorations.

A representative v of [v] defines a group homomorphism v: Q — H?*(BA,U(1)). Physically, it
dresses a (1 + 1)D gauged A-SPT v, defect on a ¢ € () symmetry surface defect. As a result, acting

a g-symmetry defect on a magnetic defect line V,(C') causes

Va(C) = Va(C) W, (C), (2.23)
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where ¢, € H'(BA,U(1)) is an irreducible representation of A defined by the slant product
tavg(a) = ——=——. (2.24)

This action on V, follows from the circle compactification in the presence of an a holonomy of the
1+ 1D A-SPT v, producing the 0 4+ 1D A-SPT fsé Vg, = lgVq [110], which after gauging A be-
comes W, in (2.23). Therefore, when ¢,V is non-trivial, the () symmetry enriches the A gauge
theory by acting non-trivially on the A magnetic defect lines, hence implementing an anyon auto-
morphism.'” When @ is Abelian, this enrichment can alternatively be described by the cohomology
class wy € H*(BA, H'(BQ,U(1))) in the Kiinneth formula, which contributes to the A gauge theory

action

S D i/ QU A*w,, (2.25)
X3

where Q € H'(X3,Q) is a background @ gauge field and A € H'(X3, A) the dynamical A gauge
field. This term enforces g-symmetry defects to be dressed by the gauged 1 + 1D A-SPT q - wy = v,.

A representative 7 of [1] is a 2-cocycle n: Q x Q — H'(BA,U(1)). It dresses the gauged 0 + 1D
A SPT n(q1, g2) on the trivalent line junction formed by fusing ¢; € @ and ¢z € ) symmetry surface
defects. The gauged 0+ 1D A SPT 7(q1,¢2) is the electric defect line Wiqi.2)- Therefore, the
magnetic defect lines V, braid non-trivially with () symmetry defect junction lines and carry fractional
() symmetry charge. [1] describes the symmetry fractionalization pattern of () in the A gauge theory.

This symmetry enrichment contributes to the A gauge theory’s action

Soi [ AUQn,. (2.26)

X3

Note that this term is equivalent to the term in (2.12) after replacing A by B when d = 1.

3 SymTFT enriched by lattice translation

In this section, we consider SymTFTs enriched by a discrete spatial translation symmetry in 2 4 1D.
Such translation symmetries naturally arise from an underlying spatial lattice. The resulting lattice-
translation-enriched SymTFTs describe symmetries in 14 1D that exhibit a non-trivial interplay with

the lattice translations.

We will focus on two well-known interplays involving a finite internal symmetry described by the
Abelian group . The first is spatially modulated G symmetries in 1 + 1D [113-120,86]. The second
is LSM anomalies between lattice translations and uniform G symmetry [121-130, 72,131]. These
interplays have been explored throughout the literature, and a fairly general understanding of them

has developed. We will, therefore, investigate their SymTFTs at a more general level before exploring

1"When t4v is trivial, Q symmetry defects can still act non-trivially on the TQFT by implementing soft braided tensor
autoequivalences of the UMTC [111,112]. These are braided tensor autoequivalences that do no transform topological

defect lines, but act non-trivially on their trivalent junctions (i.e., the Hom spaces of the UMTC).
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examples.'® Readers who prefer to see examples first can refer to the example sections before reading

the general constructions.

We will show that the SymTFTs for these Abelian finite G' symmetries are described by G' gauge
theory non-trivially enriched by lattice translations. For both types of interplay, lattice translations
induce an anyon automorphism of the G gauge theory’s topological order. Such translation symme-
try enriched topological orders (SETs) have recently gathered much attention [134-138,85,139-145],
exhibiting UV/IR mixing and having anyons with restricted mobility and position-dependent braiding.

Furthermore, we show that as field theories, these SymTFTs are necessarily not topological in
spatial directions parallel to the boundary. Therefore, they are not topological field theories. Despite
not being a topological field theory, since the SymTFT is topological in the interval compactification
direction, the interval compactification shown in Fig. 1 can still be performed to relate the SymTFT
sandwich (B, 3(S), %g};ys) to the physical theory T°. The notation of not being topological in
one direction is made precise by foliated field theory [146-151, 144,145,152, 153]. This makes the
continuum SymTFT a foliated field theory: it does not depend on a background metric of spacetime
but does depend on a background foliation'? of spacetime. In this case, if the 1 4+ 1D spacetime is the
(z,t) plane, then the 2 + 1D foliation structure describes leaves spanning each (y, t) plane orthogonal

to the boundaries.

3.1 Modulated symmetries

A finite G symmetry is a spatially modulated symmetry if the total symmetry group is G' X, Zp,
where Z; denotes lattice translations on a periodic lattice with L number of lattice sites. The group
homomorphism ¢: Z; — Aut(G), where Aut(G) is the automorphism group of GG, describes how G
is spatially modulated through the action of lattice translations on (G. For example, let us specialize
to a class of modulated ZR, symmetries in 1 + 1D system of Zy qudits whose symmetry generators

are represented by

U, = []x)"", (3.1)

where X is the Zy generalization of the Pauli X operator and ¢ = 1,2, --- ,n. The Zy-valued lattice
functions F = { M), f@ ... {1} are independent,? and are such that each U, is order N. They
encode the action of lattice translations on Z%; by
()
U, T = [ )5, (3.2)
J

8 Examples of SymTFTs for specific modulated symmetries have appeared in [47,132,133].

19Strictly speaking, the continuum SymTFT depends on slightly more data than the foliation structure. A codimension
1 foliation is described by a 1-form foliation field e, that is normal to the leaves of foliation. The foliation field has
a scaling redundancy e, ~ exp[—f] e, where f is a scalar field. A foliated field theory, however, depends on the norm
of the foliation field in a mild way. For flat foliation, the foliation field is closed de = 0. We can then define a finite
spacing between leaves from the foliation field by requiring that [e = 1 between adjacent leaves. In this formulation,
the integral ¢ e along the foliation field determines the total number of leaves, and the scaling e, — exp[— f] e, amounts
to modifying the spacing between leaves. We refer the reader to Appendix C for an introduction to foliation structures.

20More precisely, the functions are independent over the ring Z/NZ in the sense of Ref. [86, Section 3.1].
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the right-hand side of which can be decomposed into a product of various U, operators. Unless
specified otherwise, we will assume that the number of lattice sites L in the direction of the spatial
modulation is divisible by the period of the spatial modulation (i.e., that T UqT_L = U,). Perhaps
the most standard modulated symmetry of this type is the Zy dipole symmetry. This is a Zy X Zy
modulated symmetry whose lattice functions are f;l) =1 and f]@) = 4, and the translation operator
T acts as TU,T ' = Uy and TU, T = UflUg.

In what follows, we will construct the SymTFT for the modulated Z%, symmetry generated
by (3.1). For simplicity, we will specialize to lattice functions F' such that the algebra of symmetric
operators—the so-called bond algebra [154]—is generated by two types of local operators.?! Namely,

we will assume that this algebra is

B[F] = <Xj7 H 7z > (3.3)

where D;; are Zy-valued matrix elements of the L X L matrix D that satisfy

> Dj fl(q) =0mod N,

[

2. Dop=0if k <0ork >n,

3. Djirg = Dji—r,

B

. ged(Doo, N) = ged(Dgn, N) = 1.

The first and second conditions, respectively, ensure that the operator Hl Z ZD 7! is symmetric and local.
The third condition ensures that the bond algebra B[F] is closed under translations and implies that
D;; = Dy,;—;. Lastly, the fourth condition ensures that Dy, Dy, 7# 0 mod N and is a technical
requirement for B[F] to be generated by only the two types of operators in (3.3) (see [86, Section
4.1] for further discussion). We note that from the second and third condition, we can write D; ; in

the basis of finite difference matrices [A]; j = d;11,; — 0 as

Di; =Y Ci[AY, (3.4)
=0

where [A']; ; = Zflzo(—l)lfa (é) Oitaj is defined recursively by [A']; ; = [A7Y]; 1 ; — [ATY];; with
the initial condition [A%]; ; = 6
coefficients C; in D ;.

d;,j. The first and fourth condition above put constraints on the allowed

Quantum code perspective

The corresponding SymTFET can be constructed by first extending the modulated symmetry to 2 + 1D,
identifying the associated 2 + 1D trivial SPT phase,?? and then gauging the modulated symmetry.

*Tn Ref. [86, Section 4.1], sufficient conditions on S are derived for the bond algebra to be of this form.

221n this context, the trivial SPT phase refers to the SPT phase whose fixed-point state is a product state.
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For modulated symmetries (3.1) in 1 + 1D whose bond algebra is (3.3), gauging (without discrete

torsion) the entire modulated symmetry induces the gauging map [86]

Dj, D;
X =T[x™ 1z - x; (3.5)
l l

This can be implemented using the Gauss operator G; = X HZ(XUH)DL, where X ;41 act on newly
introduced Zy qudits on the links. This leads to the dual bond algebra

.
w1 = (2, T]x ), (36)
l
and dual modulated symmetry generated by
(9)
vy =11z (3.7)
J

The transpose DT has a similar decomposition in terms of the finite difference operators A as D does
(see (3.4)). In particular, it is straightforward to show that [Al];; = (—1)![A!};_;; and, therefore,

n

(DT =) (=D Ci[Ai. (3.8)

=0

The 2 + 1D extension of the modulated symmetry (3.1) to the square lattice is generated by
(9)
TTx0" (3.9)
r

where = (7, Ty) el xZ2Z L, is a two-dimensional lattice vector. This symmetry operator is mod-
ulated in the z-direction, but commutes with translations in the y-direction. Therefore, the symmetry

generated by (3.9) can be gauged using the Gauss operator G, = X,. A, where

X7 Xt
Ar _ XDU’" XD()JwL o XD(U ® XDU"U = ® HXDT . (310)
r r
X X

The flux term, made of only Z operators that commutes with A,., is

B, = 71Po.0 71Po.1 71Do,2 ZtPon-1 7Pon = HZD . (311)

The local constraint B, = 1 is the flatness condition involved in gauging finite symmetries.

The SymTFT is found by applying the gauging map implemented by Gz, to the trivial symmetric

theory. As a quantum code, the trivial theory has only one type of stabilizer X,. and the code space is
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C (i.e., the single state that satisfies X,. = 1 for all 7). From the Gauss law GG, = 1, the stabilizer X,
becomes A, under the gauging map. The flatness condition B, = 1 is imposed by further introducing
B, as a stabilizer. Therefore, the SymTFT can be expressed as the code space of a Calderbank-Shor-
Steane (CSS) code of Zy qubits on a square lattice whose stabilizers are A, and B,.. Notice that for
a uniform Zy symmetry where F' = {1}, then D = A, and the stabilizer code reduces to the Zy

toric code.

It is straightforward to check that A, and B, commute for all sites 7. Therefore, the code space
is spanned by all states [1)) satisfying A, [1)) = B, [1)) = |[¢) for all . The logical operators act on
qudits along a closed loop. They depend only on this loop’s homology class, making them topological
operators. For instance, with periodic boundary conditions in the z direction, the logical operators

winding around the z direction are generated by

L L
W = ] (2", v = TL(X)". (3.12)
re=1 re=1

The subscript 7, it denotes the link (r,r + [i), where [i is the unit vector in the p-direction. Fur-
thermore, the site r, is not specified in (3.12) since the logical operators are topological and do not

depend on 7, in the code space.

As a topological order, the code space has Z7; topological order. However, it is non-trivially
enriched by lattice translations in the x direction. Indeed, the logical operators W@ and V@ do not
commute with translations in the x direction. Instead, such lattice translations act as a non-trivial
anyon automorphisms. As discussed in Section 2, this arises from the mixing of spatial and internal

symmetries before gauging the internal symmetry.

To verify that this quantum code is the SymTFT for the modulated symmetry, we consider a spatial
boundary at y = L,. The different choices of boundary degrees of freedom and boundary stabilizers
correspond to different symmetries captured by this SymTFT. For instance, the rough boundary has

no degrees of freedom on the boundary links ((7,, L,), z) and is specified by the boundary stabilizer

Bfaough: 7Po,0 7Po,1 71Do,2 Do,n—1 7Don HZD ' (313)

Z ... Z
T T

This stabilizer commutes with all A,. The logical operator 1745 acting on this boundary commutes
with the stabilizer and, therefore, is a symmetry of the 1 + 1D theory. The boundary logical op-
erator W@ however, is trivialized. Therefore, this boundary encodes the symmetry generated by
Hf;zl (X(rz,Ly,l),y)f’Eg), which are the modulated symmetry operators (3.1). On the other hand, the
smooth boundary has Zy qudits on the boundary links and the boundary stabilizers are

X Don  xDon-1 X Do, X Do,o H XDT
h r _ T
Asmooth _ - . (3.14)
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On this boundary, the logical operators V(@ are trivialized while the logical operators W@ commute
with the stabilizer and act non-trivially. Therefore, the smooth boundary encodes the symmetry
generated by Hf:zl(Z(rz, Ly),x)f (*qr)z, which is the dual modulated symmetry (3.7). In general, there
are other boundary conditions where different subsets of logical operators are trivialized. We will
consider the complete characterization of gapped boundary conditions later when studying explicit

examples.

Field theory perspective

Having constructed the SymTFT for the modulated symmetry (3.1) from a quantum code perspective,
we now complement this discussion by considering this SymTFT from a field theory perspective.
Consider a cubic Euclidean spacetime lattice whose sites we denote by the integer-valued vector
r = (14,74, 7y). The Zy Pauli operators are related to lattice fields a,. , and b, , by

2mi 27i

a —_ a
Lo =eN ", Zry =eN", (3.15)
2mi o _ omi :
X,,_’z = e N br+z*y,y’ Xr7y = e N br,z.
The lattice fields a,. ,, and by, are integer-valued. Furthermore, we use the notation a, , = —ar4p,—,

(and similarly for b, ,) with i denoting one of the three spacetime basis vector t, &, or . The lattice
field by, is most naturally associated with links of the dual lattice. We have shifted the sites of the
dual lattice by the vector %(:f: — 9) to the direct spacetime lattice. The change from dual to direct

lattice causes the & — ¥ shift for b,y;_4, in X, ; and the minus sign in front of b, , in X, .

In terms of these lattice fields, the stabilizer constraints A, = 1 and B, = 1 are

(brtge — bra) + Y Do brss—joy = Dybro + Dbz, = 0mod N, (3.16)
§=0
Z Do jarijiy — (Qrige — rg) = Dytpy — Ayay , = 0 mod N. (3.17)
§=0
The code space can then be described by the Euclidean lattice Lagrangian
2mi T
g’r = W (ar,yAtb'r',x - a"rﬂ:Atbr—i—fc—y,y + br—l—fc,t(Dxany - Ayar,x) - a'r.;.g_f,t(Aybmr + Dz br—Q—g”c,y))a

(3.18)
where, for example, Ab,. , = b, tix by ». The first two terms in .7, enforce a, , and b, , to obey
commutation relations consistent with ZX = €>"'/NXZ. In the last two terms, apy and by are
Lagrange multipliers enforcing the constraints (3.16) and (3.17). This lattice Lagrangian has the

gauge redundancy

Qpt ~ Qpt + Atary Qpg ™~ Qp g+ Do, Apy ~ Qpy + Ayara (3 19)
T .
br,t ~ br,t + At@r; br,:c ~ br,r - Dgc Br—i—a% br,y ~ br,y + Ayﬁra
and its equations of motion are
Dxa"r,y - Ayar',x = 07 Ata'r,y - Aya"r,t = Oa Atar,x - Dx&r,t = Oa (3 20)

Aybro+ Dlbrisy =0, Ay —Abr; =0, Ay + D)bpysy =0.
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As we will see, the Lagrangian (3.18) is the SymTFT for the modulated symmetry (3.1). Tt is
an anisotropic lattice BF theory. For uniform symmetries, where F' = {1}, the D, matrix satisfies
D.a,, = Aza,, and D;crbrﬂ;n,y = —Ayby,, and (3.18) reduces to the level-N lattice BF theory
%b U da.

The theory (3.18) has no local degrees of freedom. Its physical observables are all extended defect
lines. Denoting by C' an oriented cycle on the spacetime lattice, the gauge-invariant defect lines can

be generated from

2ri
W@(C) = exp N Z Afgc)’ua,,,u , V@O(C) = exp | = Z Bg“br,u , (3.21)

(r,u)CcC (ru)cC

where the integer-valued matrices are

(@) _ (a) _
qu) _ ffrz H=1, B,Eq) _ Jra w=2x, (3.22)
oA Y D, u=ty, =AY DIT, p=ty.

The operator T, transforms b, , — bp4z, and A7l is the inverse of A, (i.e., the indefinite sum
operator). The gauge invariance of W@ (C) and V(@ (C) follows from Stokes theorem and property 1
of D,. However, with periodic boundary conditions in the z-direction, there is an additional constraint
that allowed topological defects [W @] and [V @]™ must satisfy n fﬁqr)x =n quT)I 4, mod N and

n 7(3) =n fr(jl_ 1, mod NV, respectively, to be gauge invariant.

The defect lines W@ and V(@ both satisfy Zy fusion rules [W @Y = [V@]¥ = 1. Furthermore,
using Stokes theorem and the equations of motion (3.20), it is easy to show that they are topological

defect lines:
(W@(C +0D)) = (WD(C)), (V@(C 4+ 0D)) = (VD (C)). (3.23)

While these are topological defects, the translation 7, — 7, + 1 transforms them non-trivially when-
ever fr(fj) # 1. Therefore, these are modulated 1-form symmetries of the field theory. This makes
the SymTFT a Z%; topological order enriched by translations in the z-direction. This enrichment is
specified by a group homomorphism ¢: Z;_ — Aut(Z%). In fact, the same homomorphism appears
at the beginning of this section in the definition of the 1 + 1D modulated symmetry. It describes the

action of translation on V(9. The action on W@ follows from replacing t € Z r, with t71in .

Let us verify that this is the SymTFT for the modulated symmetry (3.1). Consider a boundary
at y = L,, with the Dirichlet boundary conditions a, , |,,y: L,= 0. On this boundary, the topological
defect lines W@ = 1 while V(@ remains unchanged. Therefore, this topological boundary encodes a
symmetry generated by V(@ For a cycle C' running along the z-direction, V(@ forms the modulated
symmetry (3.1). Therefore, this boundary is the symmetry boundary of the modulated symme-
try (3.1). Similarly, choosing the Neumann boundary conditions by, |,,—r,= 0 causes W@ to be
unchanged on the boundary while V(@ = 1. Therefore, this symmetry boundary encodes a symme-
try generated by W@ which is a modulated symmetry operator with the modulation function fﬁqﬁx.
Therefore, this symmetry boundary corresponds to the dual modulated symmetry (3.7) obtained by
gauging the original modulated symmetry (3.1).
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The above discussion of the SymTFT used lattice field theory for clarity. The continuum limit
of (3.18) is naturally formulated in terms of a topological defect network [155]. Often times, the
continuum limit can be found by simply replacing lattice derivatives A, with 0, (recall (3.4) and (3.8))
and replacing %rar, n and %br, p With U (1) gauge fields a, and b, respectively. The continuum theory,
however, is not a topological field theory. Indeed, discrete translations in the z-direction are non-trivial
since they permute the topological defect lines. Moreover, the number of anyon types depends on L,
when the z-direction of space is compact, so the partition function can change as the size of space in
the x-direction is changed. However, it is still topological in the 4y and ¢ directions, making it a type of
foliated field theory. In particular, there are leaves spanning each yt plane, each of which is dressed by
an invertible condensation defect surface [156] that implements the anyon permutation arising from
discrete x-translations. These leaves and permutations encode in the continuum SymTFT how the

1 4+ 1D symmetry is spatially modulated.

3.1.1 Example: exponential symmetry

For the first example, we consider a class of Zy exponential symmetries. This is a modulated symmetry

which in a system of Zy qudits has symmetry operators generated by
L .
U=]Jx)". (3.24)
j=1

That is, there is a single modulation function F' = {k’} and the parameter k € Z defines the type
of exponential symmetry. We restrict ourselves to & such that ged(k, N) =1 so k/ with j <0
is well defined in multiplication modulo N. For example, when N =5 and k = 2, then k! = 3.
This exponential symmetry forms a Zy X, Zj, symmetry with lattice translations, where the group

homomorphism ¢: Z; — Aut(Zy) describes the action

TUT ' =U*". (3.25)
A simple quantum lattice model commuting with (3.24) is

(Z:* Zjs1 + hX;) + Hee. (3.26)

L
=1

J

Furthermore, the bond algebra of the exponential symmetry is of the type (3.3) [86]. The matrix D
satisfying Dijk‘j =0 mod N is

Di,j = 5i+1,j — kém = AiJ’ + (5,’73‘ (1 — ]{7) (327)

Furthermore, the dual symmetry obtained by gauging the entire exponential symmetry is (see (3.7))

U =[x (3.28)
For general k, this generates a different exponential symmetry than (3.24).
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The SymTFT of this exponential symmetry is a Zy topological order enriched by lattice transla-
tions in the z-direction to encode (3.25). We will discuss it both from the quantum code and field

theory perspectives.

Quantum code perspective

The stabilizers defining the quantum code description of the corresponding SymTFT are (3.10)
and (3.11) with D given by (3.27). That is, for general k coprime to N, they are

A, =X g X B, — ¥ (3.29)

This stabilizer code is of the type studied in Ref. 157. Using (3.21), the logical operators of the code

act on a cycle C' of the square lattice, and are generated by

VICI = I ()™ 0+ [Xrmsrgal ™ 0y) (3.30)
(r,u)CC

WICT = TT (1Zeal™ " b+ [Zea ™00 (3.31)
(ru)cc

where o captures the orientation of C' (i.e., 0 = +1 when C' is running in the 4+ x, y directions.). For

example, graphical depictions of these logical operators for a small 3 X 2 rectangular cycle are

. —Tx —rr—1 —Tx—2
X ke XTk'r-erl Xﬂfv-m+2 ZTL Zﬂ‘” Zﬂ‘
X]{»T:L' X-I—k"z+3 .
At—rz+1 kT2
AT A"
V - W =
T re+3
Xk XTk: +
® Atk roz+1 bk~ T2
o A7 B I
Xer Xkr1+l Xk,'r‘f,+2 ® Zk " Zk * Zk *
r

For such contractible cycles C' = 9D, these logical operators can be rewritten as products of (A,,)W
and (BT)](TI, respectively. Therefore, they are topological operators in the code space. The logical
operators V' and W with C running in the +z direction at fixed 7, are isomorphic to the exponential
symmetry operator (3.24) and its dual symmetry operator (3.28), respectively. For a general cycle
C, they follow Zy X Zy fusion rules. Furthermore, for V' running in the z (y) direction and W in the
y (x) direction, the two operators fail to commute by the phase exp[zjff—ik]. Therefore, the quantum

code describes a Zy topological order.
Under a single lattice translation in the x direction, these logical operators satisfy

VI =V, T,WT,' =Wk (3.32)
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These are, respectively, the same transformations as T} acting on the exponential symmetry and
its dual symmetry. This action of translations on the logical operators makes the SymTFT a Zy

topological order enriched by lattice translations.

A complementary characterization of this SET is through position-dependent excitations [85].

Indeed, let us denote a gapped excitation (i.e., an error of the code) corresponding to A, = exp [%T‘n]

2mi

and B, = eXp[Tn} by ne, and nm,., respectively. They satisfy Ne, = Nm, = 0. Furthermore,

these excitations are created by the Pauli operators X, , and Z, ,, which gives rise to the relations
-1 -1
My = My, k™ my; = m,, Crig = Cp, ez = Kk e (3.33)

These equalities mean that the excitation appearing on left-hand-side of the equations are of the same
anyon-type as those appearing on the right-hand-side, i.e., they belong to the same superselection

sector. Solving these recurrence relations, we express the anyon-types at position r are given by
m, = k""m, er = k"¢, (3.34)

Since the anyon-type depends on the z-component of the excitation’s position, the topological order
is non-trivially enriched by lattice translations in the z-direction. Furthermore, when the lattice has
periodic boundary conditions, the anyon-types have to satisfy m, = m,; ; and ¢, = ¢,41_ 4, which
gives rise to the additional constraints (k%= — 1)m = (k=L — 1)e = 0. Therefore, the number of
globally distinguishable excitations on a torus is ged(kf — 1, N) ged(k~%= — 1, N), which equals

the ground state degeneracy on a torus.
The smooth and rough boundary stabilizers of this quantum code are

X Xtk

Aimooth — r B;ough = th . (335)
YA

r

The rough boundary condition causes W =1 on the boundary but leaves V' on the boundary un-
changed. Therefore, this boundary symmetry is generated by V', which is the exponential symmetry.
The smooth boundary is the opposite, and it is the symmetry boundary for the dual exponential
symmetry. Therefore, gauging the exponential symmetry is implemented in the SymTFT by changing
the rough boundary to the smooth boundary.

Field theory perspective

The Euclidean lattice Lagrangian defining the field theory description of the exponential symmetry’s
SymTFT is (3.18) with D given by (3.27). It can be written as

2mi
Zr =N (@ryAibr e — r o Aibpyi gy + brat(Datry — Ayar ) = pyg i (Dybr o — Agbry) ),
211
N (k= D(@pygitbrriy — brsaiary), (3.36)
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The first line of %, is level-IV lattice BF theory and can be compactly written as %b U da. The
second line arises from the modulated nature of the exponential symmetry. It is turned off when k£ = 1

and the Zy exponential symmetry becomes a uniform Zy symmetry.

The topological defect lines of (3.36) follow from the general expression (3.21). Using that for
exponential symmetry (3.24), D, = A, + 1 — kand f,, = k", the topological defect lines are formed
by

211 —r —r —r
WIC] = exp| -~ > (K g Opge + B apy Oy + kT A b0) | (3:37)
(r,p)CC
2mi v . v
VIC] =exp | D (K by Opa + Kby Sy + K br Oe) | (3.38)
(r,p)CC

where C' is a cycle of the spacetime lattice. The equations of motion of (3.36) make W and V' topo-
logical defects. They also have non-trivial mutual braiding with a Hopf link configuration equaling the
phase exp [%le], and are the topological defects of Zy topological order. Under the transformation
T,.: r — r + &, they transform as

WI[C] — W*[CY, V] = V). (3.39)

Therefore, W and V' are modulated topological defect lines. This makes the SymTFT a Z topological

order non-trivially enriched by lattice translations, which induces the anyon automorphism (3.39).

As a continuum field theory, the lattice translation action on the anyons manifests as a foliation
structure on spacetime. Indeed, the continuum limit of (3.36) is the action
iN
S[e]zz— brda— (k—1)anbne, (3.40)
s
where the foliation 1-form field e = A dz with A~! a lattice spacing—a necessary UV cutoff for (3.40).
S is a foliated field theory because it depends on the background foliation field e. It is a flat foliation

whose leaves are the (y,t) planes of spacetime. The action has the gauge redundancy
a~a+da+ (1—Fk)ae, b~b+df—(1—Fk)Be, (3.41)

which depends on the foliation structure. The second term in Sle] is an insertion of a condensation
defect of level-N BF theory on each leaf of the foliation that acts on topological defect lines as (3.39).
It is turned off when £ = 1, in which case the modulated symmetry becomes a uniform Zy symmetry
and the SymTFT action is ordinary level-N BF theory.

The symmetry boundary at fixed y for the exponential symmetry arises from choosing the Dirichlet
boundary condition a; = a; = 0. Indeed, for this choice of boundary condition, the topological defect
line W = 1 while V' is unchanged, which is an exponential symmetry defect in the (x, ) plane. On the
other hand, the Neumann boundary condition b; = b, = 0 trivializes V' while leaving W unchanged.
W on the boundary is the symmetry defect for the dual exponential symmetry. Therefore, gauging
the exponential symmetry in the SymTFT is implemented by changing the Dirichlet to Neumann

boundary condition.
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Application: Classifying phases

Gapped and gapless states protected by a symmetry are classified by condensable algebras of the sym-
metry’s SymTFT. Condensable algebras for Zx topological order are formed by all possible fusions of

e and m® such that ab = 0 mod N. Here, e and m are bosons with e>*1/¥

mutual statistics and they
corresponds to the logical operators/topological defects W* " and V. The constraint ab = 0 mod N

ensures that e® and m® have trivial mutual statistics. They form the group under fusion
Ay = (e,m"), (3.42)

generated by e® and m?, where we assume a and b divide N. A, p is a Lagrangian algebra and corre-
sponds to a gapped phase if |4, | = N. These Lagrangian algebras are associated with the different
symmetry-breaking patterns of Zy in 1 + 1D. Furthermore, the Lagrangian algebra corresponding to

the symmetry boundary is A o.

For a uniform Zpy symmetry, the above condensable algebras would be the end of the story.
However, for the exponential symmetry, the SymTFT is enriched by translations, and the condensable

algebras may not be invariant under the translation action
Ty: (e,m) — (eF,mF). (3.43)

Those not invariant correspond to phases for which translations must be explicitly broken to realize.
However, each condensable algebra A, is, in fact, invariant under (3.43). Indeed, as a group, Aap

is isomorphic to the product group
Aap = {1,e%e*, -} x {1,m",m*,---}. (3.44)

Then, because k is coprime to N, the transformation (3.43) will generally permute the elements
of {1,e% €% ...} and {1,mb,m2b, ---}, but leaves A, invariant. Therefore, a Zy exponential

symmetry has the same number of gapped and gapless states as a Zy uniform symmetry.

For a Zy X Zy exponential symmetry whose symmetry operators with two flavors of qudits per
site are Hj (X ](-1)]’“] and Hj (X ](2)](1]’ the phases’ classification is more interesting. The SymTFT of

this exponential symmetry is a Zy X Zy topological order enriched by lattice translations such that
—1 -1
T,: (e1, my, ea, mg) — (eF, mF™, ed, m% ). (3.45)

The Lagrangian algebra defining the symmetry boundary is A = (e1,e3). There are N magnetic
Lagrangian algebras with respect to this symmetry boundary (those whose overlap with A is trivial),
and they have the general form A,, = (1, myely, mqe;™,--+) withn =0,1,--- , N — 1. For a uniform
Zy X Zy symmetry, they correspond to the N different SPTs. However, not all A, are generally
invariant under (3.45). For example, when N =8, k =3, and ¢ =5, only A, with n =0,4 is
invariant. More generally, 4,, corresponds to an allowed SPT if n(kq — 1) = 0 mod N. Therefore,
depending on k and ¢, there can be fewer translation-invariant Zy X Zy exponential symmetry SPTs

than there are uniform Zy X Zy symmetry SPTs. This agrees with the observation in Ref. 158.
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Application: (anomalous) non-invertible reflection

As we saw both from the quantum code and field theory perspectives, gauging the exponential symme-
try is performed in the SymTFT by changing the rough/Dirichlet boundary to the smooth/Neumann

boundary. This is implemented by first performing the unitary transforming

Ukw: (Xray Xos Zrar Zry) = (Zovisgys Ziwr Xipo gy Xra)s (3.46)
and then the reflection
R: (X'r,gca Xr,ya Z'I‘,:E? Zr,y) — (X]T%(r)_i’g“ XRr,y7 Z;r{(r)_@xa ZRr,y)a (347)

where R(r) = (—ry, ). The operator RUxy is a symmetry of the SymTFT on a torus, transforming
the stabilizers (3.29) by
RUxw: (A, By) = (Brr—s—g, A, ). (3.48)

Therefore, it also exchanges the rough/Dirichlet and smooth/Neumann boundary conditions and,
relatedly, transforms V' and W running in the o direction by (V, WT) — (Wkil, V*). However, since
it implements the gauging map of the exponential symmetry, it is a non-invertible reflection in any
1 4 1D system described by the SymTFT. An operator for this non-invertible reflection and 1 + 1D

quantum spin models with it as a non-invertible reflection symmetry were constructed in Ref. 86.

The non-invertible reflection as a symmetry is always anomalous for a single Zx exponential sym-
metry (i.e., there are no SPT phases compatible with the non-invertible reflection). Indeed, the only
SPT phase of a Zy exponential symmetry corresponds to the Lagrangian algebra A1 = (1,m, - - ),
which is not invariant under (m,e) — (ekil,m_k). For the double Zy exponential symmetry gen-
erated by [] j [X ;1)]kj and [] j (X ;2)](11-7 we can deduce necessary, but not sufficient conditions for
an anomaly. In particular, when there is only one SPT corresponding to the Lagrangian algebra
(1,mq,ma, - - -) of the SymTFT, the non-invertible reflection symmetries will all be anomalous. Using
the result from the previous section, this occurs whenever the only solution to n(kqg — 1) = 0 mod N

is n = 0. For example, this is satisfied when k = ¢ = 2 with N = 5.

3.1.2 Example: dipole symmetry

We next consider a Zy dipole symmetry in 1 4 1D system of Zy qudits, which is generated by the

symmetry operators
L

L
v =[]% U, = [J(X;). (3.49)
j=1 j=1
Along with lattice translations, this forms a (Zy X Zy) X, Zj, symmetry, where the group homo-

morphism ¢: Z;, — Aut(Zy x Zy) describes

TUT ' = Uy, TU,T' = U 0. (3.50)
A simple lattice model with a Zy dipole symmetry is the Zy dipolar clock model
L
S (Z;_lZfZJTH + hXj) +He. (3.51)
j=1

31



The bond algebra of a Zy dipole symmetry is of the type (3.3) for all N [86], and the matrix D is
Dij - [AQ]W - (57;_’_2,]' - 25i+1,j —l— 627] (352)

Because [D']; ; = D;_s ;, the dual symmetry from gauging a Z dipole symmetry is also a Zy dipole

symmetry.

The quantum code description of the SymTFT of a G X Z(G) dipole-type symmetry, for which
G = Zy is a Zy dipole symmetry, was constructed in Ref. 47. Here, we will discuss the SymTFT for

Zy dipole symmetry and its applications both from a quantum code and field theory perspective.

Quantum code perspective

With the D matrix in Eq. (3.52), the stabilizers (3.10) and (3.11) become

SN

= 72 . (3.53)

This stabilizer code has been studied in [145,47] (albeit in a different unitary frame). Denoting by C

an oriented cycle of the square lattice, following Eq. (3.21) the logical operators are formed by

V(l)[C] = H <[Xr,y]05u,w + [X;[72£+3,7,x Xr—iﬂ},x]a(;my) ) (3-54)
(r,u)CC

WO = ] (Zral"0ua + 128, Zrisy) 0uy) . (3.55)
(r,p)CC

VO] = H ([Xr,y]wzéu,z + [XI—2£+g,x]Mz [er:%+@,x]a(rfl)5u,y) ; (3.56)
(r,p)cC

WO = [T (12570 + (2] ™ (21,17 80y ) (3.57)
(r,p)CC
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Graphical representations of these logical operators for a small contractible cycle are

1)
v Xt X Xt w gt Al Al
X Xt Xt X
VA Al Al Z
X Xf )\ Xf X
r VA Al Zt Z
X X X o2 4 4
r
(2)
' X[fr= X[fratl  x[fra+2 W Z'e  Zretl  Zret2
X XTrzfl X'I'T‘I+3 XTet2
AL AL Zrat3 | Zirat2
X7z XTM*l XT?“1+3 sz+2
T. Zira|  gra—1 grzt3 | zira+2
NTe Kretl  x{ret2 o ZT7’I ZTT’I+1 ZTT‘1+2
r

For any contractible cycle, the logical operators can be written as products of A,., B,, Al*, and B;*,
respectively. Therefore, they are all topological operators in the code space, depending only on the
homology class of the cycle C.

The logical operators form the group Zjlv under multiplication. Furthermore, for the operator 1748
running in the 2 (y) direction and the operator W®) in the y (x) direction, one finds the algebra
vOw® =y, VO R = 2ri/Nyy @y M)

VWO = 2mi/Nyy )y @) VW@ — 20Ny @)y2) (3.58)

Therefore, the quantum code describes a Zy x Zy topological order.?> Under translation by one site

in the z direction, the logical operators wrapping the x direction transform as
T,vOT =y, TWOT =W,

T,VAT L = [vI]-ly @), TWOT ! = WOy, (3.59)

Z3With the S matrix data (3.58), the corresponding mutual Chern-Simons theory’s K matrix is

0 -N 0 N

K= -N 0 N O
0 N 0 0
N 0 0 O

It is then easy to find an element U € SL* (4,2) that brings UKU" to the canonical K matrix for Zy x Zy topological
order. For example,

0 N 0 O 1 0 00
N 0 0 O 0 0 0 1
UKU'" = with U =
0 0 0 N 0 01 0
0 0 N O 0 1 0 1
In this basis, the logical operators are generated by v, [W(l)]TW(z), V® and w®
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The lattice translation acts non-trivially on the logical operators, which causes the Zy X Zy topo-
logical order to be non-trivially enriched by lattice translations.

The symmetry enrichment is also characterized in terms of position-dependent excitations [85]. We
denote by n ¢, and nm, gapped excitations corresponding to A, = exp [QLNIR] and B, = exp [%T‘n] ,
respectively. They satisfy N ¢,, = N m,. = 0. Furthermore, these excitations are created by the Pauli

operators X, , and Z, ,, which gives rise to the relations
My = M, My s + Mz = 2m,, Crig = Cp, Cris + ers = 2¢,. (3.60)
Solving these recurrence relations, we find that their anyon-types at position r are given by
m, = m; — r, My, ¢p = €] + Iy Co. (3.61)

Since these excitations depend on the lattice position 7, the Zy X Zy topological order is non-
trivially enriched by translations. Furthermore, under periodic boundary conditions in the z-direction,
the anyon types further satisfy L,my = L ey = 0. Therefore, there are [N gcd(L,, N)]? globally
distinguishable anyons, and [N gcd(L,, N)]? ground states on a spatial torus.

The smooth and rough boundary stabilizers of this quantum code are

X X 12 X
th r h
Aimoo _ BiOUg =

, (3.62)

r

The rough boundary condition causes W) = W®) =1 on the boundary but leaves V() and V?)
on the boundary unchanged. Therefore, the symmetry corresponding to this boundary is generated
by VM and V(2), which is Zy dipole symmetry. The smooth boundary is the opposite, and it is the
symmetry boundary for the dual dipole symmetry. This is generated by WM and W®) which is
the same Zy dipole symmetry. Therefore, gauging the Zy dipole symmetry is implemented in the

SymTFT by changing the rough to smooth boundary.

Field theory perspective

The Euclidean lattice Lagrangian (3.18) describing this code space is
2mi 2 2
g’r’ = W ( ar,yAtbr,x - ar,xAtbr—&-a”:—@,y + br—l—:i,t(Ag;ar,y - Ayar,x) - ar+g7£7t(Aybr,x + Azbr—jz,y) )
(3.63)
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The topological defect lines of this SymTFT follow from the general expression (3.21). Using that
D, = A? and fﬁj) =1, f,ﬁf) = r,, the topological defect lines are formed by

2mi
VWO = exp ~ > (e pe — Dabr—s by — Dubr_spu ) | (3.64)
| (r.p)CcC
(1) 2mi
W [O] = exp W Z (a'l‘,,u 6u,x + Amar,,u 6/1,,y + Axar“u 5;1,15) s (365)
(r,p)cC
2mi
VOO =exp| S D2 (rabrs Sue + (s — (e = DADr—3) By + 610)) |+ (3.66)
(r,p)cC
2mi
W®[C] = exp ~ > (“retrpbue + (rp— (re = 1)Asap ) (Ouy +00)) |- (3.67)
(r,p)cC

where C'is a cycle of the spacetime lattice. The equations of motion of (3.63) make these topological,
and it is straightforward to check that they are the topological defects of a Z X Zx topological order.
Under the transformation 7,.: » — r + Z, they transform as

v \/(1)7 w [/[/(1)7 Ve [V(l)}—l V(2), w® 5w e, (3.68)

Therefore, the SymTFT is a Zy X Zy topological order non-trivially enriched by lattice translations

in the x-direction.

The symmetry boundary at fixed y for the dipole symmetry arises from choosing the Dirichlet
boundary condition a; = a, = 0. Indeed, for this choice of boundary condition, the topological defect
lines W = W® =1 while VY and V@ are unchanged. VM and V) describe Zy dipole sym-
metry defects in the (x,t) plane. On the other hand, the Neumann boundary condition b, = b, = 0
trivializes V) and V® while leaving W and W unchanged. Therefore, gauging the exponential
symmetry in the SymTFT is implemented by changing the Dirichlet to Neumann boundary condition.

The continuum limit of the lattice Lagrangian (3.63) is the symmetric tensor gauge theory
iN 9 9

L = T (ayatbm — amatby + bt(axay — 8yam) — at(aybm + chy) ) (369)

where A™! is the lattice spacing which serves as a necessary UV cutoff (on dimensionful grounds). The

typical 0, derivatives of level-N BF theory are instead 833 derivatives, making the Lagrangian a type

of dipolar BF theory [144,145,159]. In its current presentation, however, the foliation structure of the

continuum SymTFT is not manifest. However, performing a duality transformation (see Appendix D
for details), the SymTFT can equivalently be formulated as [145]

iN . ~ o~
Sle] = <aAdb—bAda—aAbAe>, (3.70)

Com

where a, a, b, and b are U(1) gauge fields and e = Adx is a background foliation field describing a
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flat foliation whose leaves are (y,t) planes. The gauge redundancy of (3.70) is

a~a+da+ae, b~b+dﬁ+§e,

S SR (3.71)
aNCL—l—dCY, bNb‘{_dﬁ,

which depends explicitly on the foliation field. The foliation term dresses each leaf with a condensation
defect of Zy X Zy gauge theory that implements the anyon permutation (3.68). Turning off this
foliation field causes the translation enriched Zy X Zy gauge theory to become Zy X Zy gauge

theory without any non-trivial translation enrichment.

The presentation (3.70) of the Zy dipole SymTFT further reveals that this SymTFT can be
constructed by gauging the Zy X Zy symmetry of the invertible theory [145]

~ iN -
Z[a,b,e] = exp [12—/5AbAe]. (3.72)
m

This is a field theory description of a Zy X Zy weak SPT (i.e., an SPT protected by an internal
Zy x Zy symmetry and lattice translations [160,128,161,162]), with a and b the background Zy X Zy
gauge fields. In particular, it is 1 + 1D Zy cluster states in each (¥, ) plane of the foliation described
by e. Such invertible foliated field theories are the anomaly-inflow theories for LSM anomalies between
internal symmetries and translations [128,162], which makes clear that this SymTFT has a symmetry
boundary with an LSM anomaly. We will discuss more on this relation with LSM anomalies in
Section 3.2.

Application: Classifying phases

Having constructed the SymTFT for a Zy dipole symmetry, we can now classify 1+ 1D phases
protected by the symmetry (see Fig. 4). The condensable algebras of Zy X Zx topological order are

groups and have the general form
{9 e mSmy | aic; + bidi = a;c; + byd; + c;a; 4+ dib; = 0 mod N}, (3.73)

The anyons e1, ey, mq, and msy self bosons. We choose the convention such that they respectively
correspond to the logical operators/topological defects U/V(l)]Jr W WO, VO and VO of the topo-
logical order. The Lagrangian algebra corresponding to the symmetry boundary for the Zy dipole

symmetry is (€1, €2), generated by e; and ez via their fusion.

Not all of these condensable algebras are closed under the translation action
-1
T: ey, ea, my, mg > €163, €3, My, M Ma. (3.74)

Those that are not closed under (3.74) correspond to phases that can only be realized by explicitly
breaking discrete translation symmetry. To investigate how the interplay due to translations affects the

classification, we consider only condensable algebras closed under (3.74). Including only translation-
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invariant condensable algebras, the Hasse diagram?®* of the SymTFT for N = 2 is

my, €3 miéa, Ma€q my, Mo

where each box (node) is labeled by the generator(s) of that condensable algebra (which is a group in
this case). The condensable algebras not closed under translations that are not included in the Hasse

diagram are

(e1), (e1€2), (ma), (mima), (exma), (mimaeres),

<€17 m2>7 <6162a m1m2>7

(3.75)

with the last two being Lagrangian algebras.

Physically, the nodes of the Hasse diagram label states of matter, and the arrows between them
describe symmetry-allowed deformations between phases. Therefore, the bottom row characterizes
gapped states, and all other rows characterize gapless states. In the above Hasse diagram, there are
four gapped states and four gapless states, corresponding to gapped SPT and SSB states or gapless
SPT and SSB—¢gSPT and gSSB—states. For the Zy dipole symmetry boundary A = (e, €3), the

Hasse diagram is

Canonical Z, dipole gSPT

Z3 ¢SSB gSPT 1 gSPT 2
Zn x 79 == °°R Zn x 79 =5 S5R zy Cluster state SPT‘ ’Product state SPT

24 A useful way of organizing condensable algebras when discussing their applications in classifying phases is using a
Hasse diagram [60]. A Hasse diagram is a graphical representation of a finite partially ordered set. In this context, it
is the set of all condensable algebras {.A} of the SymTFT ordered by inclusion. Graphically, it is a graph whose nodes
are labeled by condensable algebras with an oriented edge pointing from A; to Az if A; is a subalgebra of As. The
nodes are arranged in rows based on the quantum dimension of the condensable algebra. Following Ref. 60, we arrange
the rows in increasing order of the quantum dimensions. This places the smallest condensable algebra on the top row
(i.e., A ={1}) and the largest ones on the bottom row (i.e., the Lagrangian algebras). This gives the Hasse diagram a
downward orientation, which we denote using arrows. When arrows are not drawn, Hasse diagrams typically have an

implied upward orientation.
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We denote by ZF and Z$ the uniform and modulated Z, subgroups, respectively, of the Zy dipole
symmetry (i.e., m for monopole and d for dipole). Therefore, in translation-invariant theories, there
are two SSB and two SPT gapped states characterized by a Zy dipole symmetry. Furthermore, there
is one gapless SSB state with two superselection sectors (i.e., two universes from an emergent Z, 1-
form symmetry) resulting from the spontaneously broken Zg symmetry, and two gapless SPT states.
These two gSPT states differ in their decorated domain wall patterns by a relative 0 + 1d Zy SPT.
Interestingly, at the level of the symmetry, there is no obstruction to reach any of these three gapless

. SSB . . .
states starting from the ZJ x Z$ =5 ZI state using a single deformation.

A Zy dipole symmetry has the same number of SPTs as a uniform Zy X Zy symmetry [158].
Indeed, in the SymTFT, they correspond to the Lagrangian condensable algebras (mjel, moe;™)
where n € {0,1,---, N — 1}, and are all invariant under the translation action (3.74). A Zy X Zy
dipole symmetry, however, has fewer SPTs than a uniform Z‘}V symmetry [158]. Let us see how this
arises through the Zy X Zy dipole SymTFT, which is simply the Zy dipole SymTFT stacked with
itself.

We denote the anyons of the Zy x Zy dipole SymTFT by {1, e1,mq, €3, ma, €1, My, €2, Mo, - -+ }
where the subscript on each anyon follow the same convention as for the Zy dipole SymTFT. The
symmetry boundary corresponding to a Zy X Zy dipole symmetry corresponds to the Lagrangian

subgroup (€1, €9, €1, €2). The magnetic Lagrangian algebras with respect to this symmetry boundary
25
re

<m16012 013 Cl4 m261012 023 024 771161013 C'23 034 7%261014 —Casy *Cs4> (376)

with Cj; € Zy. There are six Zy-valued parameters labeling these (i.e., C12, C13, C14, Cag, Ca4, Cs4),
which correspond to the N¢ = |H?(BZ4;, U(1))| different uniform Z4, SPTs. However, not all of these
are closed under translations. Those that are satisfy Ci3 = 0 mod N and Ci4 + Cs3 = 0 mod N.

These translation-invariant magnetic Lagrangian subgroups are

<m1 62C’12 e, —Cas . My e —Ci2 1023 '520247 My ey Ca3 ’52034 Mo 61023 C24 —C34 >7 (377)

and they correspond to Zy X Zy dipolar SPTs. Because there are four Zy-valued parameters
(i.e., Cha, O3, Coy, Csy), there are N* = |H*(BZ%,,U(1))/(H?(BZ%,U(1)))?| SPTs protected by a
Zy X Zy dipole symmetry. This matches the classification from Ref. 158.

3.1.3 Classifying modulated SPTs

From the exponential and dipole symmetry examples presented in Section 3.1.1 and Section 3.1.2, re-
spectively, we saw how the translation-enriched SymTFT is useful for classifying modulated SPT's [163,
158,164,165]. Here, we will discuss aspects of this classification for more general finite modulated sym-
metries in 1 + 1D.

Z5The magnetic Lagrangian algebras for the Zy x Zx dipole symmetry can be derived by starting with the group

c c c c c c c Cosy -~ _C31 Csa~Cs3~Css -~ Cyu1 Cao~Cuz~C .
<m16 18125 C13g Cla ) o 0210 O225 a3y e 2 e 31 es 32 e, 33 &, 34 Mae; 41 es 42 e, 43 &, 44> and then applying the
constramts C’” =0 mod N (Wlthout an implied summation) and C;; + C;; = 0 mod N to ensure each anyon has bosonic

mutual and self statistics.
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Consider a 2+ 1D SymTFT 3(S) for the symmetry S, and suppose the SymTFT is enriched
by lattice translations T, by one site in the z-direction. If § is a modulated symmetry, then its
corresponding symmetry boundary of 3(S) has defects that are non-trivially acted on by T),. That
is, given the Lagrangian algebra Lgs of this symmetry boundary, there is an anyon a &€ Lg for which
T.(a) € Ls but T,(a) % a on the symmetry boundary. It is important that 7%.(a) 2 a holds not only
in the SymTFT bulk but also on the symmetry boundary. It is possible that T.(a) % a in the bulk,
but 7, (a) = a when a resides on the symmetry boundary. This possibility occurred, for example, in
Section 3.1.2 when translations acted on the anyon e; by T).(e1) = ejes in the bulk, but acted trivially
on e; on the 1 @ my @ ey @ myes condensed boundary since es is condensed on the boundary. We
will denote by pr the automorphism of S induced by restricting the translation anyon automorphism

T, to the symmetry boundary.

The classification of modulated S-SPTs without lattice translation symmetry is the same as the
classification of uniform S-SPTs. Indeed, let us first forget about the enriching translation symmetry
and consider the SymTFT 3(S) by itself. In this case, the magnetic Lagrangian algebras for Lg are
Lagrangian algebras of S that overlap trivially with Ls. They are classified by the Fiber functors of

the fusion category S [16] and are in one-to-one correspondence to uniform S-SPT.

When modulated SPTs are discussed in the literature, it is often implicitly assumed that translation
symmetry is preserved. A translation-invariant modulated S-SPT, which we will refer to as just a
modulated S-SPT from here on, corresponds to a T-stable?® magnetic Lagrangian algebra for Ls.
Those that are not T)-stable correspond to S-SPTs that explicitly break lattice translations. The T},
stable magnetic Lagrangian algebras form a subset in the set of all magnetic Lagrangian algebra of
Ls. Consequently, the number of modulated S-SPTs is always less than or equal to the number of
uniform S-SPTs [158].

Let us contextualize this classification to the invertible finite symmetry case, where S is a finite
group GG and the SymTFT is 2+ 1D G gauge theory. The electric anyons are labeled by irreps
I' € Rep(G) of G, and the magnetic anyons by conjugacy classes [g] € CI(G) of G. The G sym-
metry boundary has the electric Lagrangian algebra L5 = ®F€Rep(G) dr I' condensed, where dr the
dimension of the irrep I'. The 7, action on the magnetic anyons induces a group automorphism
pr € Aut(G) on the symmetry boundary that describes the semi-direct product structure between

the modulated G' symmetry with lattice translations.

The different magnetic Lagrangian algebras for L are classified by the projective representations
H 2(B G,U(1)) of G and correspond to different G-SPTs. There is always the magnetic Lagrangian
algebra £ = @[ 41€CI(G) [g], and any other magnetic Lagrangian algebras will differ by their condensed
anyons and algebra structure. The action of T, on the magnetic Lagrangian algebras induces an
action of T, on H*(BG,U(1)), which is naturally given by the pullback of pr € Aut(G). For a
representative 2-cocycle w(gi, g2) € Z*(BG,U(1)), this action is phw(g1, g2) = w(pr(g1), pr(g2)).

Therefore, the T).-stable magnetic Lagrangian algebras, which correspond to modulated G-SPTs, are

26Recall from Section 2.1.1 that a Th-stable condensable algebra A is one for which 7,(A) = A.
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classified by the pp-invariants of H*(BG, U(1)):*

{lw] € H*(BG,U(1)) | pilw] = [w]}- (3.78)

3.2 LSM anomaly with translations

Another way translation and internal symmetries can interplay is through LSM anomalies. An internal
symmetry has an LSM anomaly involving translations if it cannot realize a translation-invariant SPT
state. However, if the internal symmetry is anomaly-free, there is an SPT state that is symmetric
with respect to the internal symmetry but explicitly breaks the translations. Such LSM anomalies
have many similarities with 't Hooft anomalies and can be interpreted as mixed 't Hooft anomalies

between internal and translation symmetries [168,169,72,170,131].

Like 't Hooft anomalies, LSM anomalies between invertible internal symmetries and lattice trans-
lations have an anomaly inflow mechanism. The anomaly inflow theory in one-higher dimension is a
crystalline SPT protected by the internal and lattice translation symmetry [67,128,171,162,172]. For
example, a well known LSM-anomaly in a 1 4+ 1D system of qubits is realized by the Zy X Zy symme-
try operators Uy = Hle Xjand Uz = Hle Z; [173,129,174]. A manifestation of this anomaly is
the projective algebra UxUyz = (—1)*UzUx with a lattice-size-dependent phase factor arising from
the local projective representation X;Z; = —Z;X;. This is interpreted as Zy X Zy being projec-
tively represented in the presence of translation defects [72,131]. The inflow theory is a 2 + 1D weak
Zy x Zy SPT.?8 Tt is constructed by layering 1 4+ 1D Zy X Zy SPTs on each (y,t) plane orthogonal
to the (x,t) boundary, which by themselves correspond to the 1 4 1D cluster state (i.e., the 1 + 1D
invertible theory Z[A, B] = (—1)/AB),

Knowing the inflow theory of these LSM anomalies, we can find the SymTFT by gauging the
internal symmetry of the weak SPT. In what follows, we consider the LSM anomaly involving one-
dimensional lattice translations and an internal symmetry described by the finite Abelian group
(G. These LSM anomalies are classified by H?(BG,U(1)),% which corresponds to the different
local GG projective representation of the onsite G symmetry operators. The corresponding inflow
theory is a 2 4+ 1D weak G SPT, with 1 + 1D G SPTs corresponding to the cohomology class of
H?*(BG,U(1)) dressing the (y,t) planes of 2 + 1D spacetime. Since G is finite Abelian, it has the
canonical isomorphism as the product group G = [[7_, Zn, and H*(BG,U(1)) = [[,_;Zn,, with
Nrj = ged(Ny, Nj). The 1+ 1D G SPTs can be characterized by the anti-symmetric matrix K
whose elements K;; € {0,1,---,N;; — 1} for I < J describe the Zy, symmetry charge carried by

*TThis agrees with the classification found using matrix product state [166] and real-space/defect network constructions
for modulated SPTs [75,167]. We thank Shang-Qiang Ning and Daniel Bulmash for related discussions.

28 A weak G SPT is an SPT protected by an internal G symmetry and lattice translations. The adjective “weak” is used
to emphasize that weak SPTs are fragile to spatial disorder that explicitly breaks the discrete translation symmetry [160,
128,161,162]. In line with this terminology, sometimes SPTs protected by only an internal symmetry are called strong
SPTs.

2From the crystalline equivalence principle [67,69-71], these LSM anomalies are classified by H*( BG, H'(BZ, U(1)))
arising in the Kiinneth decomposition of H*( B[G x Z],U(1)). See Ref. 131 for a derivation of this classification using
topological defects.
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Zy, symmetry defects in the SPT state. The matrix K appears in the 1 + 1D LSM anomaly through

i~ @) 2eE () G) ,
the local projective representation U, U;” = e 13 U5 Uy of the onsite Zy, and Zy, symmetry

operators Uy = Hle U I(j ) and U J= Hle U (j), respectively.

In what follows, we will construct the SymTFT from both a quantum code and Euclidean field

theory perspective.

Quantum code perspective

From a quantum code perspective, the 2 + 1D weak G = H?:l Zy, SPT is described by a quantum

code whose code space is one-dimensional on all lattices. To construct this code, we consider a square

lattice on a torus and place Zy, qudits (/ = 1,2,--- ,n) on each site r ~ 7+ L,z ~ 7+ L, 7.
They are acted on by the respective clock and shift operators Z,(nl) and X,w, and the total Hilbert
space is ®,CMN2"Nn  The code space is specified by the mutually commuting stabilizers

» AN AL O |

H WK here O = o ’ (3.79)

-1 Ze 2, e J>1.

The factor of N;/Nyy is included in front of K ; to ensure each A,E,I) is an order N operator.
There is a single state [1)) satisfying AP |t) = |¢) for all ’r and /. This is an SPT state, satisfying
Ur ) = |[) for each Zy, symmetry operator Uy = [].. X The corresponding SPT entangler is

N N ; () _ ()
Ux = [JUR™0 where vm 9 = 37 1 Ere S0 gygn - (3.80)
{g}

which satisfies U KX U - A(I).

To gain some intuition for this general quantum code, let us consider n = 2, Ny = Ny = N, and
K5 = 1. In this case, the stabilizers become A} = [ZT(?)]TX,(})ZSZ@ and A® = Z,(},)QXQ) [Zﬁl)]i,
which for a fixed 7, are the stabilizers for the Z cluster state. Therefore, the state [¢)) in this example

is a weak Zy cluster state, protected by Zy X Zy and lattice translations in the x direction.

As previously mentioned, this weak G SPT state is characterized by the anti-symmetric ma-
trix K7y, which specifies the decorated domain wall pattern. Indeed, consider inserting a U; sym-
metry defect (i.e., non-dynamical domain wall) along the non-contractible cycle of the dual lattice

passing through the links ( (7, Ly), (rz,1)). This gives rise to the twisted boundary condition

Zﬁ‘j_)Lyy =e 1‘7’; Z( ) and modifies the stabilizers

e W P AP T <,
Al 1= (3.81)
[e_%lgU] ot A I>J

A([) Insert Uy defect

39Using the stabilizers AT , one can write down a commuting projector Hamiltonian model whose unique gapped
ground state is the SPT state. In particular, the Hamiltonian is H = -3, P with PP = N ZNII [A(I ]’ the

projector onto the Asp = 1 states.
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The modified stabilizers cause the code space to change. It is still one-dimensional, but the state 1)

in the code space now satisfies
IJ
[N vt [gy) <,

D) =S vs) I=1J, (3.82)
[827r1 Nﬁj] ry,1 |¢J> I>J

-@
Therefore, |1 ) satisfies Uy 1)) = XNy b [1). Consequently, for the SPT state |1), each segment
of the U; domain wall running in the £+ direction carries :I: K 17 units of Zy, symmetry charge.

To construct the SymTFT, we now gauge the G symmetry of the stabilizer code. This is imple-
mented by the gauging map

X[
(Dt (1) Dt I

X XU XD ASVARE A 20z~ 7, (383)
XDt

for each flavor of qudit. This maps the quantum code to a new quantum code with Zy, qudits on the

edges of the square lattice and whose stabilizers are

X(T) 9:[Z<]>\I’[\/1 Z(I)T
Dt ()
AD = X o X BD = Jnt 4. (3.84)
JAG)
X(I)T ff;ll Z(D%KH r

These are mutually commuting operators, and each AS«I) and B,(al) are order V7. A&” arises as the

(1)

image of (3.79) under the gauging map. By ’ arises from the cokernel of the gauging map and generates

(1)

all local operators in the cokernel. The stabilizer condition B, ' = 1 is the flatness condition enforced

when gauging a finite symmetry.

The logical operators of this code are all topological loop operators. The logical operators built

out of only Z () operators take the simple form

wh@e) =TT 12,7, (3.85)
(r,uw)cC

where 0(C') = 1 captures the orientation for the cycle C' of the square lattice. They are topological
(1)

because of the flatness condition B, ' = 1. The logical operators involving X operators are more

complicated. For a cycle C, running in the x-direction at fixed ¥, there are the logical operators

I—1 n
v, = ] (X,E{; [Tz~ Tz, ]WK) (3.86)

(ru)CCo J=1 M=T
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For a contractible cycle C’ 0D, the logical operator V) can be written as a product of stabilizers

AP B T

Kipra
] for sites  in D. Therefore, since this equals 1

Nar

J=1 UMy [Br

in the code space, VU for a general cycle is a topological operator. These logical operators imply
that the quantum code has H? 1 Zn, topological order. Indeed, each W@ and VU are order Ny
operators, and for V() runnlng in the x (y) direction and W) in the y (z) direction, the operators

fail to commute by the phase e NI o1,

The quantum code’s topological order has a non-trivial interplay with lattice translations. In
particular, a lattice translation T}, by one site in the x-direction transforms the logical operators in

the code space by
T,: v -y H N K, (3.87)

Therefore, the quantum code has non-trivial symmetry—enrlched topological order, with the T}, lattice
symmetry inducing a non-trivial anyon automorphism. This interplay between crystalline symmetry

and topological order originates from the quantum code being constructed by gauging a weak SPT.

The symmetry-enriched topological order can alternatively be characterized in terms of position-
dependent anyons [85]. A similar analysis was carried out in Ref. 145 for the special case of n = 2,
Ny = NQ, and K3 = N; — 1. We denote a gapped excitation (i.e., an error) corresponding to
A(I) =e i and B,(«I) = e%‘n by ney(r) and nm;(r), respectively. They satisfy the Zy, relations
Nrer(r) = Nymy(r) = 0. These excitations are created by the Pauli operators X,(«I& and Z,(«{Z, which

gives rise to the additional relations

er(r) —es(r+9) =0, er(r) —er(r+2) =0, m;(r) —my(r+9) =0,

I—
Ny (3.88)
my(r) — Z N—UKIJQJ Z N, Kiyes(r+79) =0.
Solving these recurrence relations, we find
Q[(’r‘) = ¢y, ( =my +TxZ_KIJ9J- (389)

N1y

Therefore, the excitations depend on the lattice position 7, implying that the topological order is non-
trivially enriched by translations. Furthermore, with periodic boundary conditions in the z-direction,
my(r) = my(r + L&) gives rise to the constraint that Z] 1 N =L K;jLze; = 0 for all I. Therefore,
the number of globally distinguishable anyons and ground degeneracy on a spatial torus depends on

L, indicating that the SymTFT is not topological in the x direction.

To verify that this stabilizer code and its translation symmetry-enriched topological order is the
SymTFT for the translation LSM anomaly, we introduce a spatial boundary in the y-direction. In
particular, we consider the quantum code’s rough boundary, which is characterized by the boundary
stabilizers

B'S‘I);I‘Ough — (390)




On this boundary, the W) operators become 1 while the V) operators become

Ly I—
n _ ) 535
‘/rough - H ( (re,Ly—1), H rz,LyIJ 1), y) : (391)

re=1

The operators Vrough are order Ny and form a uniform [[',_, Z N1 symmetry Desplte V) correspond-

ing to modulated operators in the bulk, 7, acts trivially on Vrough since W9 = 1. Furthermore,

rough —
V) on the boundary are onsite and furnish a local projective representation that causes

K
v v = exp {27?1 N”Lw} vy (3.92)

rough " roug 1 rough * rough*

Therefore, the rough boundary encodes the H3:1 Zy, symmetry with an LSM anomaly involving

I
lattice translations.

Field theory perspective

From a Euclidean field theory perspective, the SymTFT is constructed by gauging the G =2 H?zl Zn,
symmetry of an invertible field theory. This invertible field theory describes a weak 2 + 1D G SPT,
which is the inflow theory for the LSM anomaly. In what follows, we consider three-dimensional
Euclidean spacetime to be a cubic lattice. The inflow theory for the LSM anomaly can then be
described by the lattice partition function

Z[AD] = exp 27T12 Ris Z (AN A AD Ay (3.93)

Tt 'r'+t,y ™Y Tr+g,t
I<J

where Ai . is a background Zy, lattice gauge field associated to the edge (7,7 + f1). It satisfies the
flatness condition dASfLV = AHAS{,), — AZ,ASJ,L =0.

The matrix K specifies the cohomology class of H*(BG, U(1)) characterizing the weak SPT (i.e.,
K determines [w] € H*(BG,R/Z) such that Z = 2™y A7 gy [A] € H'(M,, @)). Indeed, con-
sider the backgrounds A;IZL = 0p,,00,,¢ and A&J/)L = 0,004,y for fixed I and J, with all other A&'L = 0.
This choice of backgrounds correspond to Zy, and Zy, symmetry defects inserted along (3: y) and

2mi

(t,x) planes of spacetime.?! For these backgrounds, the partition function Z [A(I )] =e w L . Each
intersection point of these Zy, and Zy, symmetry defects contributes the phase e2ﬂim to Z[AWD].
Therefore, for this invertible theory, a Zy, domain wall in a (¢, z) plane carries —K 17L; units of

Zy, symmetry charge.

To construct the SymTFT, we now make the background gauge fields dynamical (i.e., gauge the
G symmetry). Denoting the dynamical gauge fields by lowercase al ), the lattice Lagrangian for the
SymTFT is

=~ 1 K
L =2mi (Z N — B U daD], + Z I {)aﬁ)hy - aﬁ,{iai‘ﬁm)) : (3.94)

=1 1 1<J Ny

31Recall that finite Abelian G gauge fields are in one-to-one correspondence to G' symmetry defects by Poincaré duality
H'(Mp,G) = Hp_1(Mp,G).
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We refer the reader to the first line of (3.36) for an explicit expression of bY) U da'!). The newly

introduced lattice fields b) are Lagrange multipliers enforcing the flatness condition on aD.

This description of the SymTFT has the gauge redundancy

Ky Ky
L PN RO VI O DN SN CED
J>I

and its equations of motion are

alff =0 = (ALKl + 3 A Kl Yo e ) (099

J>1

When Kj;; =0, the SymTFT is just a H3:1 Zy, gauge theory. Otherwise, for non-zero K, the
holonomies of b are modified due to the twist term in (3.94). Indeed, denoting by C' a cycle of the

Euclidean spacetime lattice, the gauge-invariant defect lines are formed by the electric defect lines

W(C) = exp |i Z aﬁf?L : (3.97)
(r,w)cC
and magnetic defect lines
() ' (1) 4 () Ni N1 J)
VIO(C)y=exp|i > o)+ D) ZNI Kpya? mZ JKUGHW . (3.98)
(r,p)cC J<I

where f,EQ =1, and f,(.ig) = fﬁ,@ =7, — L

The defect lines W) and V) both satisfy Zy, fusion rules, and from the equations of mo-
tion (3.96), they are topological defect lines. Furthermore, WW(C) and VIV )(C' ) are bosonic lines
and have exp[ L5, J] mutual braiding. Therefore, the SymTFT has [ [} J—1 £ZnN, topological order.
While these are topologlcal defects, the lattice translation T}, in the x dlrectlon transforms them

non-trivially whenever there is a K;; # 0. In particular, they transform as
T,: VO - v T | (3.99)
J=1

Therefore, these are modulated 1-form symmetries of the SymTFT. This makes the SymTFT a

HZ:1 Zy, topological order non-trivially enriched by translations in the z-direction.

To verify that this is the SymTFT for the finite Abelian G symmetry with LSM anomaly, we
consider the Dirichlet boundary condition a,, = as; = 0 where s = (TJ;,Ly,rt). This boundary
trivializes the W) topological defects. The V) topological defects, however, are non-trivial. Indeed,
consider the cycle Cpgy in the (t,z) plane formed by lattice vectors s —y. Using the Dirichlet
boundary conditions and the equations of motion agfjg AY ol P y y and ai )y .= —Aza SI) o the
boundary magnetic defects simplify to

Ni

VO (Chay) =exp|i > bE,{L_f7§12L< N_KUAuaff_)m> . (3.100)
J<I

(r,p)CChay
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When Chqy runs along a fixed r, this simplifies to Vi) = exp[i Z —|— > J<I Nu Ky aff) iyl

Despite V) corresponding to modulated topological defect lines in the bulk, T, acts on them triv-
ially on the boundary since W@ =1 on the boundary. In a Hamiltonian formalism, where time is
continuous, the local on-site operators of VU form a projective representation described by K7 since
be) and ag,l) fail to commute. Therefore, V(I)(dey) are the symmetry defects for a finite Abelian

symmetry with LSM anomaly involving translations.

The above discussion of the SymTFT used lattice field theory for clarity. Its continuum limit is

/Z N](l /\db ——/ZICIH N[7NJ KIJa()/\a() €, (3101)

1<J

where the 1-form e = Adx and A is a UV cutoff related to the lattice spacing. The background field
e, is sometimes viewed as the background gauge field for lattice translation. Here, we find that this
“background gauge field for lattice translation” is more precisely a differential form related to leaves
of a foliation of spacetime. Indeed, (3.101) is not a TQFT. Because translations in the z-direction act
non-trivially on the topological defect lines, the partition function can change as the size of space in
the z-direction is changed. However, it is still topological in the y and ¢ directions, making it a type of
foliated field theory. Each leaf of the foliation is dressed by an invertible condensation surface defect
of G gauge theory that implements the anyon automorphism (3.99). These dressed leaves encode in

the continuum SymTFT how the 1 + 1D symmetry has an LSM anomaly with translations.

3.2.1 LSM theorem from the SymTFT

The SymTFT can be used to prove that the LSM anomaly of G & H?:l Zy, is an obstruction to
translation-invariant SPT states (i.e., the LSM theorem). We denote by e; and m; the anyons cor-
responding to the logical operators/topological defects W and V)| respectively. Because W(H=1
on the LSM anomaly symmetry boundary, the Lagrangian condensable algebra corresponding to the
symmetry boundary is Apsy = (€1, €2, , €n), generated by the e; anyons via their fusion. In this
notation, the symmetry defects are m;, which form all of the anyons not in Aygy. They are uniform

symmetries since the translation action on myj is trivial when the e; anyons are condensed.

G-SPT phases correspond to Lagrangian algebras that have a trivial overlap with Apgy. These
condensable algebras A¢ are characterized by an anti-symmetric matrix C' and are generated by all

N C
fusion combination of m; Q) e’ 17N g nyons:

Ao = ml(g)eNJC”/N” | 1=1,2,---,n). (3.102)

However, for these to correspond to translation-invariant SPTs, they must be invariant under the

anyon automorphism

Ny N,

22 K — A g

2 12__. e Nrn
n

er — er, (3.103)

induced in the SymTFT by a single lattice translation in the z-direction. Under this transformation,

the condensable algebra Ac — Ac_g. Therefore, lattice translations change the decorated domain
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wall pattern and all G-SPTs can only be realized by explicitly breaking lattice translation symmetry.

This is precisely the LSM anomaly: no translation-invariant G SPTs exist.

Another signature of the LSM anomaly is that a translation invariant SPT state can be realized if
(G is explicitly broken to a particular sub-symmetry Ggu,. This can also be seen using the SymTFT.
Indeed, explicitly breaking G' to Gy, modifies the SymTFT by forgetting a subset of the GG topological
order anyons. If the translation action becomes trivial on this subset of anyons, then there exists
translation-invariant Gg,, SPT states. For example, when n = 3 and K13 = 0, the translation action
on anyons can be trivialized by forgetting the es and moy anyons. Therefore, by explicitly breaking
Zy, X Ly, X Ly, with this LSM anomaly to Zy, X Zy,, the LSM anomaly is trivialized and there

exist translation-invariant Zy, X Zn,-SPTs.

1

3.2.2 Dual symmetries from gauging

The SymTFT can be used to explore gauging internal symmetries with LSM anomalies. For exam-
ple, gauging the G = H?:l Zy, symmetry without discrete torsion is implemented by changing the
symmetry boundary’s condensable algebra Apsm = (1, €1, €2, -+, €,) to Ay, = (1, my,ma, -+ ,my,).
The Lagrangian condensable algebra A,,, describes a symmetry boundary for a uniform G symmetry
whose symmetry defects correspond to the anyons e;. However, A,, is not invariant under the anyon
automorphism (3.103). Therefore, due to the LSM anomaly, gauging GG causes the ordinary lattice
translations to explicitly break. However, there is a non-invertible lattice translation operator D
that arises from the gauging. It is implemented a first acting D,,,_rsm that performs the Kramers-
Wannier transformation switching A,, — Apsm, then acting by lattice translations T, and then acting
Dr.sM—sm to apply another Kramers-Wannier like transformation to switch back Argy — A,p,. In the
SymTFT without boundary, D,,_,1.sm and Apsm — A, are invertible anyon automorphisms, but in
the 1 4+ 1D theory they are non-invertible. The non-invertible operator D7 = Dysv—m 1 Dy—s.sm

generalizes the non-invertible translations discussed in [131,47].

One can also use the SymTFT to gauge sub-symmetries of GG. For example, we gauge a Zy;,
sub-symmetry of G by replacing each e; in A; by m;. The resulting Lagrangian condensable algebra
A;p={ey, -+ ,er_1,mr, €141, - €,) is invariant under the translation action (3.103). Because A
does not include ey, it describes a modulated symmetry. Indeed, its symmetry defects are formed by
my for J # I and e;. Using that the anyons in A; are condensed, these symmetry defects transform

Ny K7 /N
as my — mye;’ 15/N1s

, er — ey under translations. Therefore, gauging Zy, causes the uniform
GG symmetry with LSM anomaly to become a modulated G symmetry. This line of thinking can be
used to show that most Lagrangian condensable algebras of the SymTFT correspond to symmetry
boundaries for modulated symmetries. This generalizes the relation between LSM anomalies and

dipole symmetries from [170,131,47].

The modulated symmetry described by the A; boundary is sometimes anomaly-free, admitting
SPT phases. Possible SPT phases correspond to Lagrangian condensable algebras that have a trivial
overlap with A;. Such condensable algebras A¢ are labeled by an antisymmetric n X n matrix C' and
are of the form (3.102) but with e; <> m;. This condensable algebra is invariant under the lattice
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translation’s action when
N;

1
—(C]aKjb — K[aC[b) ——KypeZ Vo oab 7& 1. (3104)
NIaNIb

Nab

For example, this is always satisfied when n = 2. Therefore, every Zy, X Zy, symmetry with a
translation LSM anomaly is dual to an anomaly-free modulated symmetry by gauging Zy, or Zy,.
However, such dual symmetries are not always anomaly-free. For example, when n = 3, if there is
an a and b with K, # 0 such that Ny, = Ny, = 1 while N, # 1, then (3.104) cannot be satisfied.
Therefore, this example has no translation-invariant A¢, and its symmetries have no translation-

invariant SPT states.

4 SymTFT enriched by reflection

We now turn our attention to reflection symmetry, focusing on systems where it interacts non-trivially
with internal symmetries. This interaction may appear as an LSM-like anomaly or a non-trivial group
extension of reflections by internal symmetries. Interestingly, as we show, these two cases are connected
through discrete gauging and, thus, share a common SymTFT enriched by reflection symmetry. This
differs from the translation-enriched SymTFTs in Section 3 as the reflection symmetry will display
non-trivial symmetry fractionalization [175-179], which will play an essential role in the following

discussion.

4.1 Example: LSM anomalies and extensions with reflections

Before constructing the reflection-enriched SymTFT, it is instructive to consider a 1 4+ 1D models

that realize the symmetry interplays we will consider.

Lattice model perspective

We will start with a lattice model realizing an LSM anomaly between reflection and internal symme-
tries. Consider a 1 4 1D lattice of L sites with a single qubit on each site j acted on by the Pauli

operators Z; and X;. Suppose the system enjoys a Z internal symmetry generated by

L
Ux =[] - (4.1)
j=1
Further, we assume there is a Zg reflection symmetry generated by

Ur=R]]%. (4.2)
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where R is the site-centered reflection operator satisfying RX jRT = X_; and RZjRJr =Z_;. An

example of a Hamiltonian with this Zy x Z& symmetry is

L
H = (ZY)1 Y Zp0). (4.3)

j=1
where Y; = 1.X;Z;. While Ur commutes with this Hamiltonian, notice that 12 does not. This Hamil-
tonian has many more symmetries other than the internal Z, symmetry and reflection symmetry,

which we will not consider here.

The Z5 X 22R symmetry generated by (4.1) and (4.2) has an LSM anomaly, i.e., there is no non-
degenerate and gapped ground state with this Zy X Zf symmetry. There are many ways to see this.
One way to argue for the LSM is to use that the Ui operator acts like an internal symmetry at the
reflection centers, e.g., at j = L. Then, at these reflection-center sites, the symmetry operators Uy
and Up realize a non-trivial, local projective representation of Zo X ZQR. Since this projective rep-
resentation cannot be trivialized by any regrouping or redefinition of the lattice degrees of freedom,
by the lattice homotopy conjecture introduced in Ref. 180, there is an LSM anomaly for Zy x ZZ.
Another way to argue for the LSM anomaly is through its relation to a well-known LSM anomaly
between the Zy X Zy internal symmetry generated by H]L:1 X and Hle Z; and the reflection sym-
metry generated R [180,170].3? Since the Ug operator is nothing but the product of Hle Z; and
R, there is a type-II-like LSM anomaly for Zy X Zf symmetry induced from the type-IIl-like LSM
anomaly of the Zy X Zy X Zy symmetry generated by Hle X, Hle Zj, and R.

As we now demonstrate, a consequence of the LSM anomaly between Zo and Zf is that the dual
symmetry arising from gauging Zs is part of a Z4 reflection symmetry.®® To gauge the Zy symmetry,
we introduce a qubit onto each link (j, j 4+ 1) of the lattice and denoted by X, and Z;, its Pauli

operators. The site and link qubit operators satisfy the Gauss law
Gj=X;1.X;X,,=1. (4.4)

Because Ux = H]L:l G, the Gauss law trivializes the original Z, symmetry. Gauging also leads to a

new, dual Z, symmetry generated by
L
Y =1]%w- (4.5)
j=1

Indeed, the Hamiltonian (4.3) after minimal coupling becomes » .(Z;Z;.Yj+1 — Y;Zj 2 Zj11), which

commutes with Uy.. The original Z? reflection symmetry operator (4.2) is not gauge invariant but

32This a type-III-like LSM anomaly. It manifests through, for example, the Hle X; and R symmetry operators
furnishing a projective representation of Zs x Zs in the presence of a Hle Z; symmetry defect. Indeed, inserting
the Hle Z; symmetry defect at the link (n,n + 1) causes the reflection operator R to become the twisted operator
Riw = (H;‘Zin Zj> R. This satisfies the projective algebra Riw (Hle Xj> = — (H;ﬁzl Xj) Riw, which defines the
projective Zo X Zs representation. This projective representation similarly arises for the Hle Z; and R symmetry
operators after inserting a Hle X; symmetry defect.

33Similar group extensions arising from gauging internal symmetries with LSM anomalies exist for lattice translations,
as discussed in Section 3 and Refs. 170,131, 86,47.
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can be made gauge invariant upon minimal coupling. Assuming that the number of sites L is even,

the gauge-invariant version of Up is

L L/2 L
Uy =R[[% [[Zne=R][2(Z.)"" . (4.6)
j=1  n=1 j=1
The R operator acts on the site qubit operators just as before and now acts on the link qubit operators
as RX]-,QURT =X_j jy,and R Zj”,,gli’Jr = Z_j_1 4. Although the reflection symmetry generated by Ur

is a Zf’ symmetry, the reflection symmetry operator U% after gauging is a Z4 operator, satisfying
(Up)* =Ux . (4.7)

This extension of the Zg symmetry by the dual Z, symmetry is a consequence of the LSM anomaly.

Field theory perspective

The LSM anomaly between the Zy internal and Zg reflection symmetries is characterized by an
anomaly inflow theory, which is an invertible TFT in one higher dimension. We denote by X3 the
2 + 1D spacetime manifold for the anomaly inflow theory. The action of the inflow theory is con-
structed from the background gauge fields A € H'(X3,Z5) of internal Zy symmetry and the first
Stiefel-Whitney class w; € H'(X3,Z3) of X3 (i.e., the connection of the orientation bundle on X3).
The Zg reflection symmetry couples to the first Stiefel-Whitney class w;. The Zy X Zg LSM anomaly
is then characterized by the SPT action

iﬂ'/ AU Bock(wy), (4.8)
X3

where U is the cup product and Bock: H'(X3,Zy) — H?*(X3,Zs) is the Bockstein homomorphism.
Introducing the Z-lift w; of wq, the action can also be written as
im .

X3

Following the reasoning from Ref. 101, the symmetry extension of ZI to ZE after gauging Z,
can be understood using (4.9). Gauging the internal Zy symmetry promotes its background gauge
field A to a dynamical gauge field, which we denote by a. The SPT action (4.9) then depends on
a dynamical field a as % f X, @ U 0w;. The dependence of @ in the bulk can be removed using the
background gauge field A" of the dual Z, symmetry. On the boundary of the SPT, AV couples to
a through im faxg a U AV, which is equal to i sz daUAY) =irm fX3 aU0AY by Stokes’ theorem.

The dependence on a in the bulk can then be canceled by requiring A" satisfies
1
SAY + 551@1 =0 mod 2 . (4.10)

This constraint implies that w; + 2AY is a Z4 cocycle and, therefore, the reflection symmetry is

extended to a ZEF symmetry by the Z, dual symmetry.
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4.2 Reflection enriched SymTFT

We now construct the reflection-enriched SymTFT for the Zy X ZL symmetry with LSM anomaly and
the Zf reflection symmetry and discuss its applications. Since these two symmetries are related by
discrete gauging, they share the same SymTFT. We will focus on the SymTFT as a quantum lattice
model (i.e., stabilizer code). The field theory for this symmetry-enriched SymTFT is the non-orientable
TFT discussed above constructed by promoting A into a dynamical gauge field in (4.9).

4.2.1 Stabilizer code

We construct the lattice model for the SymTFT by gauging the SPT for the Z% reflection symmetry
(4.6). Since the ZE reflection symmetry is anomaly-free, this SPT is a trivial paramagnet. It is
defined on a square lattice with a qubit at each site = (r,,7,) and horizontal link (r,r + Z) of
the lattice. Their respective Pauli operators are denoted by (Z, X;.) and (Zy ., Xy) (we follow the
same notation for sites and edges of the square lattice used in Section 3). Its Hamiltonian is

Hysa = = Y (Zn + Zna), (4.11)

T

where > sums over all lattice sites. The ZJ reflection symmetry operator (4.5) when acting in two

spatial dimensions is**

Uy =R][[%(Za)""", (4.12)
where R is the site-centered reflection that satisfies
RX(Txﬂ"y)RT = X(_Txﬂ“y)’ RZ(Tx’Ty)RT = Z(—chﬂ"y)’
RX(Tm,ry),zRT = X(—rm—l,ry),xu RZ(Tx,ry),:vRT - Z(—rg;—l,ry),ac .

The reflection operator U% commutes with the paramagnet Hamiltonian Hpay,.

(4.13)

We now gauge the internal Zo subgroup of the Zf reflection symmetry, which is generated by
Uy = (Ug) =1 % (4.14)
r

Gauging maps the paramagnet with qubits on sites and horizontal links to a topologically ordered
model with two qubits on each site and one qubit on each plaquette. We use the notation (X, Z) for
the plaquette-qubit operators and ()? , 7 ) for the new site-qubit operators. This gauging map does
not transform the original site qubit operators (i.e., it transforms X, — X,. and Z, — Z,.) and its

effect on the horizontal link qubits is

| z X
. Zpo— A= Yo X (015)
_ X
XX - Z

34Here we abuse notation by using the same notation for the symmetry operators in 2 + 1D as we did in 1+ 1D.
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After gauging, the paramagnet Hamiltonian becomes

H==Y (Z+ Avy+ Bry), (4.16)

r

where the stabilizer B, , energetically enforces the gauging’s flatness condition and given by

Z

Bry=| 7 z . (4.17)
T
Z

The last two terms in the Hamiltonian (4.16) is the Hamiltonian of a toric code, which captures
the topological order of the SymTFT. On the other hand, the first term causes one species of site
qubits to form a product state at low-energies, decoupling them from the IR. The reflection symmetry

operator (4.12) after gauging the internal Zy symmetry becomes
Up=R][% X, (4.18)
a

where R is the site-centered reflection acting in the expected way on all three species of qubits. This

operator satisfies (U)%)? = 1 on an infinite square lattice.

The Hamiltonian (4.16) has Zy topological order enriched by the reflection symmetry (4.18). It
has four types of anyons: the trivial anyon 1, the e anyon, the m anyon, and the f = e X m anyon.
The e (resp. m) anyon resides on horizontal (resp. vertical) edges of the lattice where A, , # 1 (resp.
B,.,, # 1). The e anyons carry fractional Uy, symmetry charge. This fractionalization pattern can be
diagnosed by the eigenvalue of the reflection symmetry for a reflection-symmetric configuration of e

anyons [175,178,179]. Indeed, a reflection-symmetric pair of e anyons is created by the operator

!
We(ry, ) = [] % (4.19)
re=—I1
with [ € Z. This string operator is charged under the reflection symmetry as Uy W, (U})T = —W,.
Since a pair of e anyons carries integer reflection symmetry charge, each e anyon individually carries
fractional charge. On the other hand, the m anyons do not carry fractional reflection symmetry charge.
Indeed, a reflection-symmetric pair of m anyons is created by the string operator Hf;i_l sz_ Lrytds
which commutes with the reflection symmetry: Uy W,,, = W,,,Up.

In summary, the SymTFT has a Z, topological order enriched by a reflection symmetry that

fractionalizes on the e anyons but not on the m anyons.

4.2.2 Gapped boundary conditions

Let us now discuss the gapped boundary conditions of this SymTFT. Since the reflection-enriched
SymTFT has an underlying Zs topological order, there are two classes of gapped boundaries: the e

condensing and the m condensing boundary.
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Let us first consider the m condensing boundary (i.e., the smooth boundary of the toric code).
To do so, we consider a quiche with a top boundary along the row r, = 0 of the square lattice. The
lattice sites of this square lattice quiche are (1,,r,) € Z X Z<j. The boundary condition is specified
by the boundary stabilizers

)? (Tza 0) X

(smooth)

AZZV = | X (4.20)

The m anyon logical operator operator on the top boundary can be written as

Wr(smooth Hsz+7 7% _ H 7(qir’r;ooth (421)

Therefore, Wsmwth) = 1 in the ground state subspace, indicating that this boundary is, in fact, the

m condensing boundary. On the other hand, the e anyon logical operator on the boundary W(SmOOth)
and reflection operator U }(;mOOth) in the presence of this boundary are, respectively,
smooth (smooth)
H Zoooy,  Uf =R [] zx. (4.22)

ry<0,ry

These operators commute with all stabilizers and generate Zo X Zf symmetries. Furthermore, by the
same reasoning in Section 4.1, the internal Z; symmetry generated by W(SmOOth) and Zg' reflection

Ugp (SmOOth) have an LSM anomaly. In particular, W(SmOOth and U Smomh) form

symmetry generated by
a local projective representation at the reflection-center row 7, = 0. Therefore, the m condensing

boundary of the reflection-enriched SymTFT encodes the Zy X Zf” symmetry with LSM anomaly.

On the other hand, the e condensing boundary (i.e., the rough boundary of the toric code) truncates
the lattice along the row of vertical edges connecting sites at 7, = 0 and r, = 1. The lattice sites are
still (7, ry) € Z x Z<p, but now there are qubits on the boundary plaquettes centered at (re + %, %)

The boundary stabilizers are

B(rough) _ Z A )
i 7 (4.23)
(r2,0)
The e anyon logical operator on this boundary can be written as
rough > rough)
wlee) = T Z(,,.0 H Blroveh), (4.24)

Therefore, We(rough) = 1 in the ground state subspace, which confirms that this is the e condensing

boundary. The m anyon logical operator on the boundary is unaffected by the boundary stabilizer.

(rough)
: HXwéé ) (4.25)

and generates a Zo symmetry on the boundary. The reflection symmetry operator in the presence

It is given by

of the e condensing boundary is different from that of the m condensing boundary. Indeed, the
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reflection operator U }(;mmth) is not a symmetry. However, it can be modified on the boundary to

become a symmetry, resulting in the conserved reflection operator

U](;ough) - R ( H 7, )?T> (H(szJré,%)”)

Ty <0,rz

smooth re
U™ TI(X ). (4.26)

Tz

This is a Zf‘ reflection operator, extended by the Zs symmetry W,, on the boundary:

(Uoueh))2  pp(rough) (4.27)

Gauging the Zy symmetry generated by the boundary logical operator is implemented by changing
boundary conditions. For instance, switching from the m condensing to e condensing boundary

We(smOOth). Therefore, we see from the reflection-

corresponds to gauging the Z, symmetry generated by
enriched SymTFT that a Zo X Zg symmetry with LSM anomaly is related to a Zf’ reflection symmetry
by gauging the internal Zs sub-symmetry. This agrees with what we found in subsection 4.1 when

working explicitly with qubit models in 1 + 1D.

4.2.3 LSM theorem from SymTFT

The LSM anomaly of the Zy X Zf” symmetry can also be diagnosed using the symmetric sandwich
construction discussed generally in Section 2.1.3. The m and e condensing boundaries constructed
above correspond to the Lagrangian algebras £,, = 1@ m and L. = 1 @ e, respectively, of the Zy
topological order. Because e anyons carry fractional reflection charge, L. is not a reflection-symmetric
Lagrangian algebra. However, L,, is reflection-symmetric, and the only symmetric sandwich is one
whose top and bottom boundaries are the m condensing boundary. Therefore, the only Z?—enriched
gapped phase with a Zy X 22R symmetry has a two-fold ground state degeneracy and spontaneously
breaks the internal Z, symmetry. The fact that there are no Zy x Z& SPTs is exactly the LSM

anomaly between internal Z, and reflection symmetries.

5 SymTFT enriched by time-reversal

In this section, we consider 2 + 1D SymTFTs enriched by time-reversal symmetry (TRS). Similar to
Section 4, we will focus on an example that shows how time-reversal enriched SymTFT's can capture the
interplays between Z, symmetries and Z2 TRS. In particular, we consider a Zy X ZL symmetry with
mixed anomaly and a Z4T symmetry and show they have the same time-reversal enriched-SymTFT.
These interplays are captured in the SymTFT by the fractionalization of the TRS, which gives rise to
a local Kramers degeneracy [181,84,178].

5.1 Example: anomalies and extensions with time-reversal

Before constructing the SymTFT, we first explore an explicit example of these interplays between Zs
and ZI symmetries in 1 + 1D.
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Lattice model perspective

Consider a 1 + 1D lattice model of qubits with a single qubit on each site j. We assume the number
of lattice sites L is even and the Pauli operators satisfy periodic boundary conditions X, = X; and

Zjy1, = Z;. For this example, we consider the Zy x Z1 symmetry generated by the operators

L/2
U=]1%, Ur=K]JJ(e#¥m " e ti¥enennt) (5.1)

where K is the complex conjugation operator. These operators are symmetries of, for example, the
XX model
L
Hxx = ) (X Xjir + Y Yin). (52)
j=1
The XX model has many other interesting symmetries that we will not consider.®> It is obvious that
the unitary operator U is a symmetry operator and commutes with the XX model Hamiltonian, i.e.,

[Hxx, U] = 0. The anti-unitary operator Uy satisfies

X; J odd, UrY UL = —Y; 1YY J odd,
UL =

X;1X;X541  J even, -Y; J even,

UpX,Ul = (5.3)
and using these relations, it is straightforward to verify that Ur is also a symmetry operator of the
XX model.

The Zy x Z¥ symmetry generated by (5.1) has a mixed anomaly between Zy and Z%. This follows
from the fact that the unitary Z, X Zy symmetry generated by U and the unitary part of Ur (i.e., Up
without K) has a mixed anomaly [183,182]. A consequence of the mixed anomaly is that the ZI TRS
operator becomes a ZZ TRS operator after gauging the unitary Z, symmetry. Indeed, the gauging

map for the symmetry generated by U can be implemented using the Kramers-Wannier transformation
Zj — Zij+17 Xij+1 — Xj+1. (54)

After gauging, there is a dual Z, symmetry generated by UY = Hle X and the TRS operator Ur

under (5 .4) becomes

L2
Uj\{ —K H (ei§Y2nZ2n+1 e_i%ZQnY2n+l) (55)
n=1
This TRS operator satisfies
L2 L)2
(UY\{)2 = H (eigY%Z%Jrl e_i%ZQnY2n+1) = H (i}/2nZ2n+1) (_iZ2n)/2n+1) - UVa (56)
n=1 n=1

and, therefore, is a Z4T symmetry operator. As a consequence of the mixed anomaly, the Z§ symmetry

before gauging has been extended by the dual Z, symmetry after gauging to become a Z4T symmetry.

35The XX model has a plethora of interesting symmetries, including non-invertible symmetries and Onsager symme-

tries, which are infinite-dimensional Lie group symmetries [182].
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Field theory perspective

The relationship between the anomalous Zy X 22T symmetry and ZZ symmetry can also be understood
through an anomaly inflow theory in one higher dimension. This is the same invertible TFT that
characterized the LSM anomaly between internal Zs symmetry and reflection in Sec. 4.1. In particular,
the invertible TFT is given by the SPT action

% AU iy (5.7)

X3

where X3 is a 2 + 1D spacetime manifold, A € H'(X3,Z5) is the background gauge field for the
internal Z, symmetry, and 1y is the Z-lift of the first Stiefel-Whitney class w; € H'(X3,Z5) of X3.
Using the same argument for the reflection-symmetry with LSM anomaly, we find that the SPT action
captures the extension of time-reversal symmetry to Z4T when the internal Z, symmetry is gauged

(i.e., when A is made dynamical).

5.2 Time-reversal enriched SymTFT

We now consider the SymTFT for the anomalous Z; x Z2 symmetry and Z1 symmetry. Like for
the reflection-enriched SymTFT in Section 4.2, this SymTFT has a Z, topological order enriched by
Zg TRS that fractionalizes on the e anyons. In the field theory language, this SymTFT is obtained
by promoting the background gauge field A in the SPT action (5.7) to a dynamical one. Here, we
will consider the corresponding stabilizer code Hamiltonian, which is the same as that constructed in

Appendix E.

5.2.1 Stabilizer code

On each site 7 of the square lattice resides a Z4 qudit while on each link resides a qubit. The Z, qudit

operators are denoted by A} and Z,, while the Pauli operators of the qubits are aff’ and O,i u- The

L
physical Hilbert space is subject to the local constraint

X?A, =1, where A, = B QA (5.8)

The stabilizer code Hamiltonian on the constrained physical Hilbert space is given by

H (5.9)

Sy
3

Il
Q

IS
Q

N

— Z<X’” + X! +B,),  where
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It has Z, topological order. One way to see this is to note that it has an anomalous Zy X Zy (non-
topological) 1-form symmetry generated by A, and B,., which is spontaneously broken. A pair of e

anyons is created by the string operator Z,.0;. NZJr

r+p0 and a pair of m anyons by oy - The Hamilto-

nian (5.9) also commutes with the TRS operator

Ur =K ][], (5.10)

where K is the complex conjugation. We work in the basis where X', 0%, and ¢ are real and hence
commute with K while KZK = ZT. On an infinite lattice, the TRS operator U generates a zr

symmetry since

wr)?=[Jx =14 =1 (5.11)

The ZQT symmetry is fractionalized on the e anyons. We can probe this fractionalization by
inserting a single, static e anyon at the site ry. The presence of this non-dynamical anyon modifies
each observable O of the model to W, ., O Wi

Jry» where We o = Z T],cp 07 is an infinite e anyon

string operator with P a path from 7 to infinity. For example, the Hamiltonian (5.9) becomes

Ho=We,  HW}!, =H+(1—1i)X, +(1+1i)&} (5.12)

€,70 r0?

which describes the same TRS-enriched Z, topological order, but now with a single e anyon trapped
at site 9. On the other hand, the TRS operator (5.10) becomes

UT;e = We,ro UT WT - izonT- (513)

e,ro

While Ur,. commutes with the modified Hamiltonian ., the original TRS operator Ur does not.
This modified TRS operator satisfies

Uz, = -1, (5.14)

and furnishes the non-trivial projective representation of the Zg symmetry. Therefore, there is a
Kramers degeneracy arising from inserting a single e anyon, which is sometimes called a “local Kramers
degeneracy” and is a key signature of TRS fractionalization [181,84,178]. We note another manifesta-
tion of the 22T symmetry fractionalization is that the string operator W ,,, for a single e anyon satisfies
UrWe r, U,} = iW,,. Hence, a single e anyon can be regarded as carrying a fractional charge i of

the ZI' symmetry.

5.2.2 Gapped boundary conditions

There are two classes of gapped boundaries for this TRS-enriched Z5 toric code: the e condensing and
m condensing boundaries. Just as for the reflection-enriched SET example discussed in Section 4.2.2,

as symmetry boundaries, they lead to two different symmetries.

The m condensing is the smooth boundary of the Z, topological order. It is obtained by truncating
the lattice along the 7, = 0 row of sites, yielding a lattice formed by sites (15, 7,) € Z X Z<o. The
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B,. stabilizers are unaffected by this truncation, but the A, operator in the local constraint (5.8) is

modified on this boundary. The local constraint on the r, = 0 boundary sites is

(r2,0)
X(%"I,O) A(smooth) 1 where Agimooth) _ ot o¥ ' (515)
The m anyon logical operator on this boundary can be written as
Wr(rmeOth) = H rz,fl) y H sz 1,0)* (516)

Tz

Therefore, W};momh) = 1 in the ground state subspace, which confirms that this is the m condensing

boundary. The e logical operator on the boundary is unaffected by the boundary stabilizer. It is given

by
smooth
H (r2,0), - (5.17)

and generates a Zy symmetry on the boundary. Wlth this boundary condition, the TRS operator is

unchanged. However, it now squares to

Ur =[] [ A5 T Aparyy | =1 (5.18)

T Ty <0

Therefore, this symmetry boundary encodes a Zy X 22T symmetry. In fact, as we will show momen-

tarily, this Zy X Z symmetry has a mixed anomaly.

The e-condensing boundary is obtained by choosing the rough boundary conditions. For this
stabilizer code model, this is one where the lattice is truncated along the r, = 1 row of sites, yielding
a lattice formed by sites (7, 7,) € Z X Z<1 with qubits on the boundary r, = 1 sites and no degrees
of freedom on the boundary horizontal links. The local constraint (5.8) is unchanged and implemented

on all bulk sites 7, < 0. The boundary plaquette stabilizers are modified to be

z zt

Bgﬂoutgh) = o~ o® . (5.19)

(r2,0)

The e anyon logical operator on this boundary can be written as

rough H o )z = H BﬁZOUgh)‘ (520)

Tz

Therefore, We(rough) = 1 in the ground state subspace, which confirms that this is the e condensing

boundary. The m logical operator on the boundary is unaffected by the boundary stabilizer and given

by
(rough) __
: H" 0y (5.21)
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and generates a Zy symmetry on the boundary. With this boundary condition, the TRS operator is
unchanged and squares to
Up = [[27 = 11X 00000): (5.22)
r T
Therefore, in the ground state subspace, U% = We(rough) and the Zg bulk symmetry is extended to
Z1 symmetry at the boundary.

Gauging the Z, symmetry corresponding to the boundary logical operator is implemented by
changing boundary conditions. Thus, we see from the SymTFT perspective how anomalous Zy X ZQT

symmetry is related to a Z4T TRS by gauging the internal Zy sub-symmetry.

5.2.3 Mixed anomaly from SymTFT

The mixed anomaly of the Zy X ZQT symmetry is diagnosed using the symmetric sandwich construction
discussed generally in Section 2.1.3. The m and e condensing boundaries constructed above correspond
to the Lagrangian algebras L,, = 1@ m and L. = 1 & e, respectively, of the Zy topological order,
and only L,, is time-reversal-symmetric. Therefore, the only symmetric sandwich is one whose top and
bottom boundaries are the m condensing boundary. Thus, the only ZQT—enriched gapped phase with
a Zy X ZQT symmetry has a two-fold ground state degeneracy and spontaneously breaks the internal
Z, symmetry. The fact there are no Zy x ZX SPTs is the mixed anomaly between internal Zy and

Z1 symmetries.

6 Outlook

In this paper, we have extended the SymTFT framework to go beyond internal symmetries and in-
corporate spacetime symmetries. To do so, we considered the SymTFT of the internal symmetry, i.e.,
a topological order, and enriched it with spacetime symmetries to construct an SET. To illustrate
this framework and its applications to gauging and diagnosing anomalies, we focused on invertible
internal symmetries and crystalline/time-reversal symmetries in 1+ 1D (see Section 1.1 for a de-
tailed summary). Many interesting follow-up directions arise from our work that further develop this

symmetry-enriched SymTFT framework. Here, we discuss three particular tantalizing extensions.

While we considered spatial translations in this paper (see Section 3), we did not consider tempo-
ral translations. Discrete temporal translations play a crucial role in, for example, periodically driven
systems [184] and time crystals [185], and it would be interesting to develop a SymTFT perspective of
such phenomena. Enriching the SymTFT by ordinary temporal translations could make it become a
Floquet enriched topological order [186], which would naturally capture temporally modulated sym-
metries. More generally, the SymTFT could be a type of dynamical code, e.g., Floquet codes [187].
Extending the SymTFT to out-of-equilibrium phenomena has received limited attention [188], and
considering Floquet enriched topological orders and dynamical codes as SymTFTs offers an interest-

ing starting point for future work.
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Another exciting direction to consider is spacetime symmetries in greater than 1 + 1D. Crystalline
symmetries in higher than one spatial dimension are much richer, now including discrete rotations
and various reflection symmetries. With richer crystalline symmetries come richer interplays with
internal symmetries. Even the interplays involving spatial translations can become richer. For ex-
ample, d-dimensional translations can fractionalize in the ((d + 1) + 1)D SymTFT only when d > 1.
Furthermore, d-dimensional translations can form magnetic translations, leading to an extension with

a U(1) (higher-form) symmetry, only when d > 1.

Lastly, in this paper, we showed how anomalies can be detected using the SymTFT. For instance,
we explored LSM anomalies involving translations in Section 3 and spatial reflections in Section 4.
However, there are weaker LSM-like constraints called SPT-LSM theorems that provide obstructions
to trivial SPTs [189-191,172,75,47]. One way or another, these SPT-LSM theorems arise from lattice
translations, and it would be interesting to see their manifestations in the symmetry-enriched SymTFT

framework developed here.
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A Introduction to SymTFT

In this Appendix, we review basic aspects of the symmetry topological field theory (SymTFT) frame-
work. The SymTFT 3(S) of a symmetry S in (d + 1)D is a (d + 2)D topological theory used to
separate the kinematic aspects of S from the dynamics of a (d 4+ 1)D theory TS with symmetry S.
The formal development and applications of the SymTFT perspective of symmetries is being intensely
pursued [2,11-41,43-47], which we briefly review here. The reader is refereed to Refs. 58,5 for a more

thorough introduction.

We denote the braided fusion d-category describing the topological defects of the SymTFT 3(S)
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by Z(S). When d =1 and S is a fusion category, Z(S) is the Drinfeld center of S and 3(S) is
the Turaev-Viro TFT TV(S) [192]. A defining feature of general 3(S) is the existence of a gapped
boundary condition B3 on which the topological defects in Z(S) become the symmetry defects of S.
For 2 4+ 1D SymTFTs that are non-trivial topological orders, these gapped boundaries are classified
by the Lagrangian algebras of Z(S) [193-196]. The topological defects in 3(S) that can end on this
boundary correspond to the symmetry charges of S. This gapped boundary encodes the kinematic
aspects of the symmetry S. It, along with the SymTFT 3(S), depend only on S and are independent
of the details of T5. On the other hand, the dynamics of T° are encoded in a separate boundary %ggys
of the SymTFT. These two boundaries and the SymTFT bulk make up the data (B3, 3(S), %gﬁys)

and form the sandwich picture shown in Fig. 1.
The SymTFT 3(S) is required to be topological in the additional dimension absent from T°.
Since it is topological in this new dimension, the sandwich (‘Bzym,B(S), %g}éy ®

mapped to the theory T° by performing an interval compactification (see Fig. 1). It is typically the

) can be bijectively

case that 3(S) is topological in all directions, and is a TFT. However, strictly speaking, it only needs
to be topological in the compactification direction (e.g., see Refs. 151,153). For some of the SymTFTs
constructed in the bulk of the paper, 3(S) is topological in the compactification direction but not in

any other direction.

There are two equivalent formulations of the SymTFT 3(S) used in the literature. The first
formulates the SymTFT using quantum codes, and the second uses Euclidean field theory. Let us

review both of these perspectives.

In the quantum code perspective, the SymTFT is described by the code space of a quantum code,
and its topological defects are related to the code’s topological logical operators. The topological aspect
of 3(S) manifests in the logical operators being topological in at least the direction in which the interval
compactification is performed. However, in most cases they are topological in all directions. This
quantum code can be represented as the ground state subspace of a commuting projector Hamiltonian
model. Fig. 3 shows how the SymTFT sandwich on a spatial lattice is organized in this quantum code

description.

In the Euclidean field theory perspective, the SymTFT is generally a foliated field theory. This
foliated field theory does not depend on a background Riemannian metric but can depend on a
background foliation structure of spacetime. It is topological in at least the direction in which the
interval compactification is performed. Furthermore, it becomes a topological field theory when the
foliation structure is turned off. Again, in most cases, the SymTFT will be topological in all directions

and be a topological field theory without any foliation backgrounds turned on.

Whether it be from the quantum code or Euclidean field theory perspectives, the SymTFT has
numerous powerful applications. Here we review two: discrete gauging and classifying gapped and

gapless phases.

Discrete gauging of S is performed in the SymTFT formalism by changing the gapped boundary
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Figure 3: Shows how, in the quantum code description of the SymTFT, the cells of the spatial lattice
for a 2+ 1D SymTFT are organized into the SymTFT sandwich (BY™, 3(S), %ggys). The stabilizers
defining the SymTFT 3(S) act only on purple edges in the bulk, and the boundary stabilizers defining

the symmetry boundary act on at least one top boundary edges belonging to %Zym. Stabilizers or

terms in the Hamiltonian acting on the bottom boundary edges ’ngys encode the dynamics of the
1 + 1D theory T5. After the interval compactification, only the black edges remain, and they become

the edges and sites, respectively, of the 1 + 1D spatial lattice for T°.

%?’m. This is often visualized using the “quiche” construction

sym
B S

The top boundary ‘Bzy ™ is gapped, and its topological defects form the symmetry S. Discrete gauging
S is performed by replacing the gapped boundary ‘Bssy ™ with another gapped boundary ‘B?vm . The
topological defects on %nyl form the dual symmetry SV that arises after gauging. Therefore, two
symmetries related to one another by discrete gauging have the same SymTFT 3(S), and 3(S) is a

label for the gauging web of a symmetry.

The SymTFT can also be used for classifying gapped and gapless phases of T° characterized by
S. Let us now specialize our discussion to d +1 = 1 4+ 1 dimensional theories where S is a finite 0-
form symmetry described by a fusion category, which we denote by S. Phases characterized by S are
classified by condensable algebras A of Z(S) [24,59,60]. In the SymTFT formalism, this classification
is based on the “club quiche” picture shown in Fig. 4, where 3(S)/.A denotes the theory resulting from
condensing A in 3(S) and Z 4 is the topological interface between 3(S) and 3(S)/.A. The topological
defects of 3(S)/.A are described by the Drinfeld center Z(S’) of the fusion category S’. The interface
7 4 is a physical realization of the functor S — S’. Physically, S’ describes the symmetries acting on

the gapless degrees of freedom in the phase corresponding to A.

When Z(8’) is trivial, the theory 3(S)/.A has no remaining non-trivial topological defects from
Z(S) and A is a Lagrangian algebra of Z(S). When A is Lagrangian, it classifies gapped phases.
In fact, the gapped boundary %Zym realizing S is characterized by a Lagrangian algebra we denote
by Ls. When A = Lg, it corresponds to the phase where the entire S symmetry is spontaneously
broken. In general, the intersection A N Ls of A and Ls describes the number of ground states in
the phase classified by A and SSB pattern. When AN Ls = 1, none of S is spontaneously broken,

62



3(S)/A

Figure 4: Classification of quantum phases characterized by S using the SymTFT 3(S) are based on
condensable algebras A of the SymTFT.

and A describes a symmetry protected topological (SPT) phase. Furthermore, when the condensable
algebra A is not Lagrangian, it classifies a gapless phase which can be a gapless SSB or SPT phase

by the same criteria from the intersection A N L.

B Introduction to group extensions

In this Appendix, we review the basics of group extensions and their classification.?® In particular, we
consider a group GG described by a group extension involving a group () and a ()-module A”. Recall
that a Q-module A” is an Abelian group A along with a group action p: Q X A — A satisfying
Par (Pgn (@) = pgrgp (@) and py(ar + az) = pylar) + py(az) for all go € Q and as € A. Denoting by
Aut(A) the automorphism group of A, the group action p is equivalently described as the group

homomorphism

p: Q — Aut(A). (B.1)
When G is described by this group extension, it is said to be “an extension of () by A.”

A defining property of a group extension is that the groups G, @), and A satisfy the short exact
sequence
1-A4A5G05Q—1, (B.2)

where 1 denotes the order one group. As a short exact sequence, the inclusion and projection homo-
morphisms ¢ and 7, respectively, satisfy im(¢) = ker(m). Therefore, given a group element a € A, its
image ¢(a) € G under ¢ satisfies 7(c(a)) = 1, where 1 is the identity element of (). This implies that
() is isomorphic to the quotient group G /it(A) and ¢(A) is always a normal subgroup of G. Clearly, G
can always be described by this group extension if G = A X (Q, in which case the extension is called
a trivial extension. However, there are generally many inequivalent ways to extend () by A, each of

which describes a different group GG. Two extensions of ) by A are equivalent if there exists a group

36The reader may also refer to [197, Chapter IV] for an alternative introduction to the subject.
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isomorphism 7": G; — (5 making the commutative diagram

N
%

Go
ie,to=Tot and m =mgoT.

Before continuing further, let us pause here to overview two simple examples:

1. The group G = Zy X Zy can be described as an extension of () = Zy by A = Z, with trivial p.

In other words, there is the short exact sequence of groups
1—>22422X221>22—>1. (B4)

Indeed, consider the presentations Zy X Zy = (a,b | a®> = b*> = 1) and Zy = (c | ¢ = 1). Then,
we can choose the inclusion homomorphism to satisfy ¢(c¢) = a, which is the generator of the
normal subgroup ¢(Z3) = {(a | a®> = 1) of Zy X Z,. Furthermore, choosing the projection homo-
morphism 7 such that 7(b) = 7(ab) = ¢, we find that 7(¢(c)) = 1 and so im(z) = ker (7).

2. The group G = Z, can also be described as an extension of () = Zy by A = Z, with trivial p.
Since Z, is not isomorphic to Zy X Zo, this is a different extension than in the first example. It

is described by the short exact sequence

Indeed, let us use the presentations Z, = (a | a* = 1) and Zy = (¢ | ¢® = 1) such that +(c) = a®.
With this choice of the inclusion homomorphism, t(Zy) = (a* | a* = 1) is the normal Zy sub-
group of Z4. The projection homomorphism 7 satisfies 7(a) = 7T(CL3) = ¢, which is the quotient
map 7: Zy — Zy/Zs.

3. The Dihedral group of order 8 Dg can be described as an extension of () = Zy by A = Z, with

non-trivial p. The corresponding short exact sequence is
12,5 Dy 5 Zy — 1. (B.6)

Indeed, in the presentation Dg = (r,s | r2 = s* = 1,rsr™! = s®), the image of the inclusion
homomorphism ¢(Z4) = (s | s* = 1). Further presenting Q = Zy = (¢ | ¢* = 1), the projection
homomorphism 7 satisfies 7(s') = 1 and 7(rs’) = ¢, where i = 0,1,2,3. The group action p
1 _ _ 3

= pr(s) =s

is non-trivial because rsr— , making Z, a non-trivial Zs-module.

The (Q-module structure on A, particularly the action p of () on A, can be naturally formulated
using the short exact sequence (B.2). To do so, we introduce a lift s: Q — G such that 7(s(q)) = ¢
for all ¢ € (). The group action p can then be specified as

pe(a) = s(q) v(a) s(q) . (B.7)
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Indeed, this expression satisfies the homomorphism condition of (B.1) because ¢ is a homomorphism.

Furthermore, p,(a) does not depend on the choice of lift s. Indeed, the lift can be changed by

s(q) = f(q)s(q) (B.8)

for any f(q) € t(A) because im(¢) = ker(m). However, this change does not affect p,(a) since A is
Abelian and s(g) acts on ¢(a) by conjugation. Relatedly, we also note that the product s(q1)s(ge) is
not necessarily s(q1¢a). The most general product rule compatible with the homomorphism condition
7(s(q)) = qis s(q1)s(q2) = c(q1, q2) $(q1g2) for some function c: ¢ x @@ — ¢(A). This function must
satisfy ¢(q, 1) = ¢(1,q) = s(1) for all ¢ € Q.

It is convenient to denote the group elements of G by elements (a, q) of the set A X (). Using this

notation, the inclusion and projection homomorphisms are

a) = (a,1),  7((a,q)) =gq. (B.9)

This notation is also useful for writing down the group multiplication of G. Indeed, recalling (B.7)

and s(q1)s(q2) = ¢(q1, @2) $(q1q2), the group elements of G must satisfy

(@17 Q) ’ (a27 1) = (pq(a2)7 1) ) (ala Q), (B.lO)
(0,q1) - (0,q2) = (c(q1, 92); 1102)- (B.11)

It can be readily checked that the group multiplication rule satisfying these conditions is

(a1, q1) - (a2, q2) = (a1 + pg, (a2) + c(q1, G2), ©1G2)- (B.12)

From the group multiplication, G is a trivial extension of @) by A (i.e., G = A X Q) if p and ¢ are

trivial. non-trivial extensions arise from non-trivial group actions p and functions c.

Let us contextualize this notation in the two previously considered examples where A = () = Z,.
We will represent the group elements of A by {0,1} with modulo 2 addition and those of @) by
{1, —1} with multiplication. Therefore, the elements of both Zy X Zy and Z, will be labeled by

{(07 1)’ (17 1)7 (07 _1)7 (17 _1)}'

1. The group Zs X Zs is a trivial extension of () = Zy by A = Z,, and therefore both p and ¢ are
trivial. Its group multiplication indeed is of the form (B.12) with trivial p and c.

2. The group Z4, on the other hand, must be a non-trivial extension. Indeed, the Z4 group

multiplication takes the form of (B.12) with trivial p and

L a1=¢=-1
c(q1,q2) = {0 eise ’ (B.13)

This presentation is related to Z; = {(a | a* = 1) by (0,1) — 1, (1,1) — a@?, (0,—1) — a, and
(1,-1) = a®.
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Having discussed how a group GG can be described as an extension of ) by A, we now move
to classifying such group extensions. Isomorphism classes of extensions are related to inequivalent
choices of the group action p and function ¢(q1, g2). As discussed, different group actions correspond
to different homomorphisms p: Q — Aut(A). So what remains is to deduce the classes of ¢(qi, go)
leading to inequivalent extensions. Firstly, we note that for the group multiplication rule (B.12) to

be associative, we require

Par (¢ (q2,03)) — ¢ (162, G3) + ¢ (q1,42G3) — ¢ (q1,q2) = 0. (B.14)

This implies that ¢ must be a 2-cocycle ¢ € Z 2(B Q), A”). However, these 2-cocycles do not each lead
to inequivalent extensions. Indeed, recall that the change of lift (B.8), which in our current notation
is (a,q) = (a+ f(q),q), implements a group isomorphism of G that does not change the extension
class. The group multiplication rule (B.12) implies that the 2-cocycle ¢(q1, g2) transforms under this

group isomorphism as

c(q1,q2) = c(qr, @2) + f(q1) + pg, (f(@2)) — f(@1g2). (B.15)

In fact, this is same as shifting ¢(qy, g2) by the 2-coboundary df € B%(BQ, A?). Therefore, the
extension classes depend on the 2-cocycle ¢ only through its cohomology class [c] € H 2(BQ, AP).

Thus, in summary, the group extension class of G is specified by the data

G = (Q A, p,[c]). (B.16)

Before concluding this Appendix, let us discuss two commonly encountered specialized cases
of (B.16). The first is group extensions for which the group action p is trivial. Then, by (B.7),
the normal subgroup ¢(A) of @ is a subgroup of the center Z(()) of ). In this case, the group exten-
sion is called a central extension. The other commonly encountered scenario is that the cohomology
class [c] is trivial. Such group extensions are called split extensions. They differ from trivial extensions

by the group action p, making G the semi-direct product group @) %, A.

C Background foliation fields

A QFT defined on a (d 4 1)-dimensional spacetime M can have various background fields. Perhaps
the most familiar is when M is equipped with a Riemannian metric g,,. Then, a QFT on M can
depend explicitly on g,,,. Another commonly encountered background field for a QFT is a background
gauge field A, for a global symmetry G. This arises as the G-connection of a principal G-bundle on
M. Lastly, another typical background field is a spin structure. If M is a spin manifold, it can be
equipped with a background spin structure p. This is necessary for QFTs with spinor fields.

A smooth, orientable manifold can also be equipped with a foliation structure. Mathematically, a
codimension 7 foliation is a particular decomposition of a manifold formed by a collection of pairwise-
disjoint, connected, immersed codimension n submanifolds called leaves. In particular, each point

in spacetime must have a neighborhood whose first n local coordinates in each leaf are constant.
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Informally, a manifold with a codimension n foliation can be regarded as an infinite number of lay-
ered/stacked codimension n manifolds infinitesimally close to one another. Codimension n foliations
are described by an n-form foliation field which is never zero. A QFT can couple to this background
foliation field, and those that do are called a foliated QFT'. A manifold can be simultaneously equipped

with multiple foliation structures, and a foliated QFT can depend on more than one foliation field.

Let us focus on a codimension 1 foliation of spacetime described by the background 1-form foliation
field e,,. A codimension 1 foliation is defined as the kernel of ¢,,. This means that at each point x, in
spacetime, the leaf containing x,, is one whose tangent vector v, satisfies e,v* = 0. Therefore, ¢, is
orthogonal to each leaf. However, not all 1-forms define a foliation structure. As already mentioned,
e, must be non-zero everywhere. Furthermore, by Frobenius’ theorem, the foliation field ¢ must also
satisfy the integrability condition®”

ende =0. (C.1)

One of the simplest foliations of a manifold are flat foliations where de = 0.

The integrability condition implies that e satisfies
de =enp, (C.2)

for some 1-form (3. This 1-form [ is not unique. It is ambiguous up to a shift by a scalar field ¢, which
transforms it as § — [ 4 ce. In addition to this ambiguity, there is also a gauge redundancy in the
foliation field under rescaling by a scalar field f: e — exp[—f]e and 8 — § + df. This rescaling
does not affect the leaves and the foliation structure. Using this redundancy, we can always make the
foliation field closed de = 0 locally.

There is however an obstruction to making the foliation field closed globally. It is characterized by
the de Rham cohomology class [3Adf], known as the Godbillon-Vey invariant, which is a cobordism
invariant of foliations [198]. The 3-form Srdf is closed. By acting the exterior derivative d on (C.2),
we find endf = 0, which implies that d5 = eay for some 1-form 7 and, thus, d(5rdf3) = 0. The
Godbillon-Vey invariant is free from the redundancy in 5. Under f — [ + df, it transforms as
padp ~ BadB + d(fdp), which does not change the de Rham cohomology class. Furthermore,
under  — B + ce, it transforms as fadf — BadS + d(c de), which again does not change the de

Rham cohomology class.

D Zy dipole SymTFT as a foliated field theory

In Section 3.1.2, we found that the SymTFT for a Zy dipole symmetry in 1 + 1D is the 2 4+ 1D Zy

symmetric tensor gauge theory

i N
L = S (@ 0brs = Qs Oiby + b(020, = 0yazs) — ar(Dybra + 320,) ). (D.1)

3"When (C.1) is not satisfied, the leaves defined by e, fail to be “nice” codimension 1 submanifolds and instead
densely fill a codimension 0 region of spacetime. For instance, 1-forms « for which arda > 0 define contact structures
of 3-manifolds. The contact structure is given by the kernel of the contact 1-form «, which is the subject of contact

geometry.
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It has the Zy dipole gauge redundancy

2
a; ~ a; + Oy, Ay ™~ Qg + 00, ay, ~ a, + 0y,

: (D.2)
thbt‘l'atﬁv bx:choc:c_axﬂa bbey+ay5-

In this Appendix, following Ref. 145, we derive the duality from this Zx tensor gauge theory to the
foliated field theory (3.70).

We first decompose the tensor gauge fields a,, and b,, in terms of the fields a,, a;, b,, and gx as
(gp = Opty — Ny, bow = —(Oyby — Aby). (D.3)

This introduces a gauge redundancy

axNax_‘_Aa; nggx+Ag7
Tt e (D)
axNax+axO4a bebx—i_axB?
Using this field redefinition, the Lagrangian (D.1) can be written as
iN [ ~ _1
L = —g @x(aybt — (9tby) — bx(ayat — (9tay) —A (axby — 3ybx)(3xat — 3t&x)
(D.5)
+ Ail(a‘fp&y — 8yax)(5’mbt — @bz)) .
We next introduce the fields a, and Ey related to (a,,ay,) and (by, by) by
Bptty = Oy — A7y, B,by = B,y — Ab,. (D.6)

Enforcing these constraints using the Lagrange multiplier fields a; and gt, we can write the La-
grangian (D.5) as
iN [ - ~ ~
L= (ax(ﬁybt — B4by) — Ty (Ouby — Biby) — bu(Dyar — Dyay) + by(Bpae — Bras)
(D.7)
+ Ay (Dby — Oyby + Aby) — by(0pay, — ya, + Aay)) .

The presentation (D.7) of the Zy tensor gauge theory has a manifest foliation structure. Indeed,

the action can be written using differential forms as
iN . ~ PO
Sle] = (aAdb—bAda—aAbAe), (D.8)

o

where e = Adx is a background foliation 1-form field describing a flat foliation whose leaves are the

(y,t) planes of spacetime. In this presentation, the gauge redundancy (D.2) and (D.4) is

a~a+da+ae, b~b+dﬁ+ge,

L (D.9)
G~a+ da, b~ b+ dj,

depending explicitly on the foliation field.
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E Z, symmetry fractionalization in Z, topological order

In this Appendix, we will explore an exactly solvable lattice model realizing Z, topological order
enriched by a Zy 0-form symmetry that fractionalizes. It is particularly instructive to compare this

example with the spacetime symmetry enrichment discussed in Sections 4 and 5.

To construct such a model, we start by considering Z, qudits on sites r of the square lattice, which

are acted on by the clock and shift operators
Zt=xt =1, ZX =iXZ, (E.1)
with periodic boundary conditions. The lattice Hamiltonian is the paramagnet

Hspr = — Y (X + &), (E.2)

s
which commutes with the Z, 0-form symmetry operator U = [ [, X,.. Gauging the entire Z4 symmetry
maps the model (E.2) to the Z, Toric Code (i.e., Z4 gauge theory). To construct the SET model, we
will instead gauge the Zy sub-symmetry of Z, generated by U?. Since Z, is a non-trivial extension
of Zy by Zs, then from Section 2.2.1, this should lead to a Zs topological order enriched by a Zo

symmetry that fractionalizes.®®

To gauge the Z, C Z4 sub-symmetry, we first introduce qubits onto the edges of the square lattice,
whose Pauli operators we denote by ¢ and o?. The gauging procedure is specified by the Gauss

operator

Gp=X2A,, where A,=—7 ¢ % | (E.3)

That is, the physical Hilbert space is the subspace of ),.(C;, ® CZ; ® Cz_hnk) > CstLy, spanned

site

by states |1)) satisfying G, [¢)) = |1)). We also enforce the flatness conditions

Br= o or =1. (E.4)

However, we will enforce this energetically instead of kinematically. This causes the Hamiltonian (E.2)

to become

Hspr = — Y (X + X[ + B,). (E.5)

3 The field theory description of this SET follows from (2.12). The action is S = im [, bU (da — Bock(A)), where
a and b are dynamical Zs-valued cochains, A is a background Z, gauge field described by a Zs-valued cochain, and
Bock: H*(X,Zs) — H?(X,Z5) is the Bockstein homomorphism. Embedding these cochains into U(1) gauge fields, we
can write this action as S = 2L [\ b A (da — £ dA).
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Indeed, Hsgr commutes with the Gauss operator GG,. and the low-energy subspace satisfies B, = 1.

The Hamiltonian Hggr has a Zy X Zy 1-form symmetry, whose symmetry operators are generated
by W(v) =[l.c,0f and V(v¥) = [[.c,v o¢. Indeed, W and V' commute with Hgpr for all 1-
cycles v and 7" of the square lattice and its dual lattice, respectively. This 1-form symmetry is
anomalous and spontaneously broken in the model Hggr, which gives rise to Zs topological order.
The Hamiltonian also commutes with the operator U = Hr X,.. Due to the Gauss law, this operator
satisfies U? = 1 and generates a Z, 0-form symmetry operator. Furthermore, this operator becomes
the identity operator in the ground state subspace. Therefore, the Hamiltonian Hggr is in an SET
phase with Zs topological order enriched by a Zy 0-form symmetry.

As mentioned, we expect this Zy O-form symmetry to be fractionalized. We can diagnose this
symmetry fractionalization using the disorder operators of the Z, 0-form symmetry U and the Zy
1-form symmetry W. Here, the disorder operators are the symmetry operators truncated to act on
their respective subspaces but with boundaries. They are the movement operators for their respective

symmetry defects. The Zy 0-form symmetry disorder operator is

uE) =[x (E.6)

rcCx:

which is the truncation of the symmetry operator U to a connected patch X of the lattice. The Zy

1-form disorder operator for an oriented path P from site 1 to g is

W(P) =2z, (]2l (E.7)

eCP

The endpoints of W (P) are dressed by Z operator such that W (P) commutes with G, and U.*

Acting W (P) on the ground states creates a pair of e anyon excitations.

The symmetry fractionalization is manifest in the projective algebra
U(S)W (P) = imkO=P) y7 (YU (%), (E.8)

which shows that a single e anyon carries fractional Z; 0-form symmetry charge. We can relate this
to the symmetry defects perspective of symmetry fractionalization. Using that XTQ = A, in the

gauge-invariant subspace, the square of the Z, 0-form symmetry disorder operator is
D(X) x D(X) = V(9%). (E.9)

Therefore, fusing two U symmetry defects gives the trivial symmetry operator with a V' symmetry

39The Z, 1-form symmetry operator W (y) = Hecw
is a product of local operators obeying the same algebra with U and G, as W(vy) does. When written this way, the

z . _ z T .
o¢ is better written as W(y) =[], ,)c, Zror u 2, such that it

disorder operator W (P) is a straightforward truncation of W (~).
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defect dressing the fusion junction:

(E.10)

From the general theory of anyon condensation in SET, condensing the e anyons is expected to
spontaneously break the Zy O-form symmetry (see [90, Example 5.2]). This condensation can be

implemented by adding the corresponding string operators W, ,, = 2,07 Z!.  to the Hamiltonian

LY et i )
and increasing the coupling A. The resulting Hamiltonian is:
1A
Hy = Hspr — A ) ZZW& . (E.11)
(r.1) n=1

This Hamiltonian is gauge invariant since it commutes with the Gauss law operator G,.. It also
preserves both the Zy 0-form symmetry U and the Zy 1-form symmetry W (7). In the A\ — oo limit,
the Hamiltonian becomes exactly solvable, with ground states stabilized by the mutually commuting

constraints

Gr =W, ,=DB,=1.
In practice, it suffices to impose the first two constraints, since the third follows from the second.

Let us count the number of ground states in this limit. The full Hilbert space (including gauge-
non-invariant states) has dimension 4%=Lv . 22LeLy = There are 2L+v independent Gauss law con-
straints G, = 1, one at each site. Naively, there are 42021y constraints of the form Wy, =1, one
on each of the 2L,L, links. However, the W, , = 1 constraints are overspecified. First, the prod-
uct of WE u = Z,?ZEF s around each plaquette is automatically 1. Among the L, L, plaquettes, only
L, L, — 1 such relations are independent, which reduces the number of independent W, ,, constraints
by a factor of 2F+=Lv=1  In addition, there is further redundancy from nonlocal relations: the prod-
uct of I/VT2 ., along the entire z-direction or y-direction is also automatically 1. These two additional
redundancies contribute an overcounting by a factor of 22. Altogether, the number of independent
constraints is:

oLaLy . f2LaLy _ ol g,
QLILy—l . 22 ’
Therefore, the dimension of the ground state subspace is:
pLaLy . 92LaLy
GSD=————— =2. (E.12)

9—1. f2L.L,
A convenient basis for this two-dimensional ground state subspace is

eso=TI(*57 ). esa=TI(“5% ). m)

1‘ r
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where we denote by |a,b) the product state satisfying Z, |a,b) = a |a,b) and o7 ,|a,b) = bla,b).
These two ground states satisfy U |GS;) = |GSy). Therefore, the Zy symmetry generated by U is

spontaneously broken.

Another way to understand the spontaneous Zo symmetry breaking is as follows. If we momentarily
ignore the Gauss law constraint (G,. = 1, the symmetry operator U generates a Z, symmetry. Further

neglecting the link degrees of freedom simplifies the operator W, to Z,.ZT and the ground states

T+
stabilized by this operator realize a spontaneously broken phase of the Z, symmetry generated by
U. After restoring the link degrees of freedom and reimposing the Gauss law constraint GG, = 1, this
amounts to gauging the Zy C Z4 subgroup generated by U2. As a result, the spontaneously broken

Z, phase is mapped to a spontaneously broken Z, phase.

Since condensing e anyons throughout space spontaneously breaks the Zy O-form symmetry, the
SET’s gapped boundary that condenses e anyons also leads to spontaneous symmetry breaking. In-
deed, we can condense the e anyons on the spatial boundary r, = L, by enforcing Zsa;le =1
where s = (1, Ly). After a unitary transformation, this polarizes the qubits on the top link to the

0% = 1 state and causes the B, operators involving the spatial boundary to become

(E.14)

This is the rough boundary of the SET. In the low-energy subspace where Bﬁough = 1, the Z, qudits on

the boundary sites s will obey (Bmuygh)2 = Z2Z2? . =1 for all 8. Therefore, in the thermodynamic

s— s+
limit, ZS2 acquires an expectation value and the symmetry generated by U = Hr X, is spontaneously
broken on the boundary. In the presence of the rough boundary, however, U is no longer a Zy

symmetry operator. It is now an order four operator, satisfying

Ut =J4 =[] os X2 (E.15)

. . L. . . SSB
Therefore, with this boundary condition, the spontaneous symmetry breaking pattern is Z, — Zs.

The above analysis considered a basis in which the physical Hilbert space did not have a tensor
product factorization. Before concluding this Appendix, let us solve the Gauss law by entering a
unitary frame where the physical Hilbert space has a tensor product factorization. In particular, we

use the onsite unitary operator

W:U(Hzrwzlr(l—zr)) (E.16)

to perform the basis transformation

X, — Xneli(=Ar), Z,. = 2.,

T
T

(E.17)

x z z
Opy =0 0y = 07,0 Or i
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where 20, = A,(Z] — Z,) — ZI — Z,.. In this basis, the Gauss law is X = 1. Therefore, each Z,
qudit becomes a qubit after gauging whose Pauli operators are Z, = Zf and X, = X, = X,]L . The

SET Hamiltonian then becomes

WHsgrW' = =Y (X, + X, A,) + B,) + He, (E.18)

T

and the Z5 symmetry operator U in this frame is

WUWT =[] Xpe 504, (E.19)

The Z; 1-form symmetry operators are still W(y) = [].- ., 0¢ and V(yY) =11 ecyv Oc - However,
their associated string operators are now Uﬁ#(),f(’);ﬂl and 0% where 20F = + A, (1 — Z,) — 1 — Z,.

The e string operator is quite complicated, which is required for it to be symmetric under (E.19).

References

[1] E. Noether, “Invariant Variation Problems,” Gott. Nachr. 1918 (1918) 235-257,
arXiv:physics/0503066.

[2] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, “Generalized Global Symmetries,” JHEP
02 (2015) 172, arXiv:1412.5148 [hep-thl].

[3] J. McGreevy, “Generalized Symmetries in Condensed Matter,” Ann. Rev. Condensed Matter
Phys. 14 (2023) 57-82, arXiv:2204.03045 [cond-mat.str-el].

[4] P. R. S. Gomes, “An introduction to higher-form symmetries,” SciPost Phys. Lect. Notes 74
(2023) 1, arXiv:2303.01817 [hep-th].

[5] S. Schéfer-Nameki, “ICTP lectures on (non-)invertible generalized symmetries,” Phys. Rept.
1063 (2024) 1-55, arXiv:2305.18296 [hep-th].

[6] T. D. Brennan and S. Hong, “Introduction to Generalized Global Symmetries in QFT and
Particle Physics,” arXiv:2306.00912 [hep-ph].

[7] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden, D. S. W. Gould, A. Platschorre,
and H. Tillim, “Lectures on generalized symmetries,” Phys. Rept. 1051 (2024) 1-87,
arXiv:2307.07547 [hep-th].

[8] R. Luo, Q.-R. Wang, and Y.-N. Wang, “Lecture notes on generalized symmetries and
applications,” Phys. Rept. 1065 (2024) 1-43, arXiv:2307.09215 [hep-th].

[9] S.-H. Shao, “What’s Done Cannot Be Undone: TASI Lectures on Non-Invertible Symmetries,”
arXiv:2308.00747 [hep-th].

[10] E. Witten, “AdS/CFT correspondence and topological field theory.,” JHEP 12 (1998) 012,
arXiv:hep-th/9812012.

[11] L. Kong, X.-G. Wen, and H. Zheng, “Boundary-bulk relation for topological orders as the
functor mapping higher categories to their centers,” arXiv:1502.01690
[cond-mat.str-el].

73


http://dx.doi.org/10.1080/00411457108231446
http://arxiv.org/abs/physics/0503066
http://dx.doi.org/10.1007/JHEP02(2015)172
http://dx.doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029
http://arxiv.org/abs/2204.03045
http://dx.doi.org/10.21468/SciPostPhysLectNotes.74
http://dx.doi.org/10.21468/SciPostPhysLectNotes.74
http://arxiv.org/abs/2303.01817
http://dx.doi.org/10.1016/j.physrep.2024.01.007
http://dx.doi.org/10.1016/j.physrep.2024.01.007
http://arxiv.org/abs/2305.18296
http://arxiv.org/abs/2306.00912
http://dx.doi.org/10.1016/j.physrep.2023.11.002
http://arxiv.org/abs/2307.07547
http://dx.doi.org/10.1016/j.physrep.2024.02.002
http://arxiv.org/abs/2307.09215
http://arxiv.org/abs/2308.00747
http://dx.doi.org/10.1088/1126-6708/1998/12/012
http://arxiv.org/abs/hep-th/9812012
http://arxiv.org/abs/1502.01690
http://arxiv.org/abs/1502.01690

[12]

[13]

[14]

[15]

[16]

[17]

[20]

[21]

22]

L. Kong and H. Zheng, “Gapless edges of 2d topological orders and enriched monoidal
categories,” Nucl. Phys. B 927 (2018) 140-165, arXiv:1705.01087 [cond-mat.str-el].

D. S. Freed and C. Teleman, “Topological dualities in the Ising model,” Geom. Topol. 26
(2022) 1907-1984, arXiv:1806.00008 [math.AT].

L. Kong and H. Zheng, “A mathematical theory of gapless edges of 2d topological orders. Part
I, JHEP 02 (2020) 150, arXiv:1905.04924 [cond-mat.str-el].

J. Pulmann, P. Severa, and F. Valach, “A nonabelian duality for (higher) gauge theories,”
Adv. Theor. Math. Phys. 25 no. 1, (2021) 241-274, arXiv:1909.06151 [hep-th].

R. Thorngren and Y. Wang, “Fusion category symmetry. Part I. Anomaly in-flow and gapped
phases,” JHEP 04 (2024) 132, arXiv:1912.02817 [hep-th].

W. Ji and X.-G. Wen, “Categorical symmetry and noninvertible anomaly in
symmetry-breaking and topological phase transitions,” Phys. Rev. Res. 2 no. 3, (2020)
033417, arXiv:1912.13492 [cond-mat.str-el].

T. Lichtman, R. Thorngren, N. H. Lindner, A. Stern, and E. Berg, “Bulk anyons as edge
symmetries: Boundary phase diagrams of topologically ordered states,” Phys. Rev. B 104
no. 7, (2021) 075141, arXiv:2003.04328 [cond-mat.str-el].

L. Kong, T. Lan, X.-G. Wen, Z.-H. Zhang, and H. Zheng, “Algebraic higher symmetry and
categorical symmetry — a holographic and entanglement view of symmetry,” Phys. Rev. Res.
2 no. 4, (2020) 043086, arXiv:2005.14178 [cond-mat.str-el].

D. Gaiotto and J. Kulp, “Orbifold groupoids,” JHEP 02 (2021) 132, arXiv:2008.05960
[hep-th].

D. Aasen, P. Fendley, and R. S. K. Mong, “Topological Defects on the Lattice: Dualities and
Degeneracies,” arXiv:2008.08598 [cond-mat.stat-mech].

F. Apruzzi, F. Bonetti, I. Garcia Etxebarria, S. S. Hosseini, and S. Schéfer-Nameki,
“Symmetry TFTs from String Theory,” Commun. Math. Phys. 402 no. 1, (2023) 895-949,
arXiv:2112.02092 [hep-th].

A. Chatterjee and X.-G. Wen, “Symmetry as a shadow of topological order and a derivation of
topological holographic principle,” Phys. Rev. B 107 no. 15, (2023) 155136,
arXiv:2203.03596 [cond-mat.str-el].

A. Chatterjee and X.-G. Wen, “Holographic theory for continuous phase transitions:
Emergence and symmetry protection of gaplessness,” Phys. Rev. B 108 no. 7, (2023) 075105,
arXiv:2205.06244 [cond-mat.str-el].

H. Moradi, S. F. Moosavian, and A. Tiwari, “Topological holography: Towards a unification of
Landau and beyond-Landau physics,” SciPost Phys. Core 6 (2023) 066, arXiv:2207.10712
[cond-mat.str-el].

D. S. Freed, G. W. Moore, and C. Teleman, “Topological symmetry in quantum field theory,”
Quantum Topol. 15 no. 3, (2024) 779-869, arXiv:2209.07471 [hep-th].

J. Kaidi, K. Ohmori, and Y. Zheng, “Symmetry TFTs for Non-invertible Defects,” Commun.
Math. Phys. 404 no. 2, (2023) 1021-1124, arXiv:2209.11062 [hep-th].

74


http://dx.doi.org/10.1016/j.nuclphysb.2017.12.007
http://arxiv.org/abs/1705.01087
http://dx.doi.org/10.2140/gt.2022.26.1907
http://dx.doi.org/10.2140/gt.2022.26.1907
http://arxiv.org/abs/1806.00008
http://dx.doi.org/10.1007/JHEP02(2020)150
http://arxiv.org/abs/1905.04924
http://dx.doi.org/10.4310/ATMP.2021.v25.n1.a5
http://arxiv.org/abs/1909.06151
http://dx.doi.org/10.1007/JHEP04(2024)132
http://arxiv.org/abs/1912.02817
http://dx.doi.org/10.1103/PhysRevResearch.2.033417
http://dx.doi.org/10.1103/PhysRevResearch.2.033417
http://arxiv.org/abs/1912.13492
http://dx.doi.org/10.1103/PhysRevB.104.075141
http://dx.doi.org/10.1103/PhysRevB.104.075141
http://arxiv.org/abs/2003.04328
http://dx.doi.org/10.1103/PhysRevResearch.2.043086
http://dx.doi.org/10.1103/PhysRevResearch.2.043086
http://arxiv.org/abs/2005.14178
http://dx.doi.org/10.1007/JHEP02(2021)132
http://arxiv.org/abs/2008.05960
http://arxiv.org/abs/2008.05960
http://arxiv.org/abs/2008.08598
http://dx.doi.org/10.1007/s00220-023-04737-2
http://arxiv.org/abs/2112.02092
http://dx.doi.org/10.1103/PhysRevB.107.155136
http://arxiv.org/abs/2203.03596
http://dx.doi.org/10.1103/PhysRevB.108.075105
http://arxiv.org/abs/2205.06244
http://dx.doi.org/10.21468/SciPostPhysCore.6.4.066
http://arxiv.org/abs/2207.10712
http://arxiv.org/abs/2207.10712
http://dx.doi.org/10.4171/QT/223
http://arxiv.org/abs/2209.07471
http://dx.doi.org/10.1007/s00220-023-04859-7
http://dx.doi.org/10.1007/s00220-023-04859-7
http://arxiv.org/abs/2209.11062

28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[44]

[45]

J. Kaidi, E. Nardoni, G. Zafrir, and Y. Zheng, “Symmetry TFTs and anomalies of
non-invertible symmetries,” JHEP 10 (2023) 053, arXiv:2301.07112 [hep-th].

C. Zhang and C. Cérdova, “Anomalies of (141)-dimensional categorical symmetries,” Phys.
Rev. B 110 no. 3, (2024) 035155, arXiv:2304.01262 [cond-mat.str-el].

L. Bhardwaj and S. Schéfer-Nameki, “Generalized Charges, Part II: Non-Invertible
Symmetries and the Symmetry TFT,” arXiv:2305.17159 [hep-th].

T. D. Brennan and Z. Sun, “A SymTFT for continuous symmetries,” JHEP 12 (2024) 100,
arXiv:2401.06128 [hep-th].

A. Antinucci and F. Benini, “Anomalies and gauging of U(1) symmetries,” Phys. Rev. B 111
no. 2, (2025) 024110, arXiv:2401.10165 [hep-th].

F. Bonetti, M. Del Zotto, and R. Minasian, “SymTFTs for Continuous non-Abelian
Symmetries,” arXiv:2402.12347 [hep-th].

F. Apruzzi, F. Bedogna, and N. Dondi, “SymTh for non-finite symmetries,”
arXiv:2402.14813 [hep-th].

R. Argurio, F. Benini, M. Bertolini, G. Galati, and P. Niro, “On the symmetry TFT of
Yang-Mills-Chern-Simons theory,” JHEP 07 (2024) 130, arXiv:2404.06601 [hep-th].

R. Wen, W. Ye, and A. C. Potter, “Topological holography for fermions,” arXiv:2404.19004
[cond-mat.str-el].

S.-J. Huang, “Fermionic quantum criticality through the lens of topological holography,”
Phys. Rev. B 111 no. 15, (2025) 155130, arXiv:2405.09611 [cond-mat.str-el].

L. Bhardwaj, K. Inamura, and A. Tiwari, “Fermionic Non-Invertible Symmetries in (1+1)d:
Gapped and Gapless Phases, Transitions, and Symmetry TFTs,” SciPost Phys. 18 (2025)
194, arXiv:2405.09754 [hep-th].

W. Ji and X. Chen, “Topological defects of 241D systems from line excitations in 3+1D bulk,”
arXiv:2407.02488 [cond-mat.str-el].

C. Copetti, “Defect Charges, Gapped Boundary Conditions, and the Symmetry TFT,”
arXiv:2408.01490 [hep-th].

C. Cérdova, N. Holfester, and K. Ohmori, “Representation theory of solitons,” JHEP 06
(2025) 001, arXiv:2408.11045 [hep-th].

M. Cveti¢, R. Donagi, J. J. Heckman, M. Hiibner, and E. Torres, “Cornering relative
symmetry theories,” Phys. Rev. D 111 no. 8, (2025) 085026, arXiv:2408.12600 [hep-th].

I. Garcia Etxebarria, J. Huertas, and A. M. Uranga, “SymTFT Fans: The symmetry theory of
4d N = 4 super Yang-Mills on spaces with boundaries,” JHEP 03 (2025) 179,
arXiv:2409.02156 [hep-th].

Y. Choi, B. C. Rayhaun, and Y. Zheng, “Generalized Tube Algebras, Symmetry-Resolved
Partition Functions, and Twisted Boundary States,” arXiv:2409.02159 [hep-th].

L. Bhardwaj, C. Copetti, D. Pajer, and S. Schafer-Nameki, “Boundary SymTFT,”
arXiv:2409.02166 [hep-th].

75


http://dx.doi.org/10.1007/JHEP10(2023)053
http://arxiv.org/abs/2301.07112
http://dx.doi.org/10.1103/PhysRevB.110.035155
http://dx.doi.org/10.1103/PhysRevB.110.035155
http://arxiv.org/abs/2304.01262
http://arxiv.org/abs/2305.17159
http://dx.doi.org/10.1007/JHEP12(2024)100
http://arxiv.org/abs/2401.06128
http://dx.doi.org/10.1103/PhysRevB.111.024110
http://dx.doi.org/10.1103/PhysRevB.111.024110
http://arxiv.org/abs/2401.10165
http://arxiv.org/abs/2402.12347
http://arxiv.org/abs/2402.14813
http://dx.doi.org/10.1007/JHEP07(2024)130
http://arxiv.org/abs/2404.06601
http://arxiv.org/abs/2404.19004
http://arxiv.org/abs/2404.19004
http://dx.doi.org/10.1103/PhysRevB.111.155130
http://arxiv.org/abs/2405.09611
http://dx.doi.org/10.21468/SciPostPhys.18.6.194
http://dx.doi.org/10.21468/SciPostPhys.18.6.194
http://arxiv.org/abs/2405.09754
http://arxiv.org/abs/2407.02488
http://arxiv.org/abs/2408.01490
http://dx.doi.org/10.1007/JHEP06(2025)001
http://dx.doi.org/10.1007/JHEP06(2025)001
http://arxiv.org/abs/2408.11045
http://dx.doi.org/10.1103/PhysRevD.111.085026
http://arxiv.org/abs/2408.12600
http://dx.doi.org/10.1007/JHEP03(2025)179
http://arxiv.org/abs/2409.02156
http://arxiv.org/abs/2409.02159
http://arxiv.org/abs/2409.02166

[46]

[56]

[57]

[58]

[59]

[62]

[63]

R. Vanhove, V. Ravindran, D. T. Stephen, X.-G. Wen, and X. Chen, “Duality via Sequential
Quantum Circuit in the Topological Holography Formalism,” arXiv:2409.06647
[cond-mat.str-el].

S. D. Pace, H. T. Lam, and O. M. Aksoy, “(SPT-)LSM theorems from projective non-invertible
symmetries,” SciPost Phys. 18 (2025) 028, arXiv:2409.18113 [cond-mat.str-el].

D. Aloni, E. Garcia-Valdecasas, M. Reece, and M. Suzuki, “Spontaneously broken (-1)-form
U(1) symmetries,” SciPost Phys. 17 no. 2, (2024) 031, arXiv:2402.00117 [hep-th].

X. Yu, “Gauging in Parameter Space: A Top-Down Perspective,” arXiv:2411.14997
[hep-th].

M. Najjar, L. Santilli, and Y.-N. Wang, “(—1)-form symmetries from M-theory and
SymTFTs,” JHEP 03 (2025) 134, arXiv:2411.19683 [hep-th].

L. Lin, D. Robbins, and S. Roy, “Decomposition and (Non-Invertible) (-1)-Form Symmetries
from the Symmetry Topological Field Theory,” arXiv:2503.21862 [hep-th].

D. Robbins and S. Roy, “(-1)-Form Symmetries and Anomaly Shifting from SymTFT,”
arXiv:2505.14807 [hep-th].

E. Witten, “Quantum Field Theory and the Jones Polynomial,” Commun. Math. Phys. 121
(1989) 351-399.

S. Elitzur, G. W. Moore, A. Schwimmer, and N. Seiberg, “Remarks on the Canonical
Quantization of the Chern-Simons-Witten Theory,” Nucl. Phys. B 326 (1989) 108-134.

C. Cérdova, P.-S. Hsin, and C. Zhang, “Anomalies of non-invertible symmetries in (3+1)d,”
SciPost Phys. 17 no. 5, (2024) 131, arXiv:2308.11706 [hep-th].

P. Putrov and R. Radhakrishnan, “Non-anomalous non-invertible symmetries in 1+1D from
gapped boundaries of SymTFTs,” arXiv:2405.04619 [hep-th].

P. Putrov and R. Radhakrishnan, “Braidings on topological operators, anomaly of higher-form
symmetries and the SymTFT,” arXiv:2503.13633 [hep-th].

A. Chatterjee, W. Ji, and X.-G. Wen, “Emergent generalized symmetry and maximal
symmetry-topological-order,” arXiv:2212.14432 [cond-mat.str-el].

L. Bhardwaj, L. E. Bottini, D. Pajer, and S. Schafer-Nameki, “The Club Sandwich: Gapless
Phases and Phase Transitions with Non-Invertible Symmetries,” SciPost Phys. 18 (2025) 156,
arXiv:2312.17322 [hep-th].

L. Bhardwaj, D. Pajer, S. Schéfer-Nameki, and A. Warman, “Hasse Diagrams for Gapless SPT
and SSB Phases with Non-Invertible Symmetries,” arXiv:2403.00905
[cond-mat.str-el].

L. Bhardwaj, D. Pajer, S. Schafer-Nameki, A. Tiwari, A. Warman, and J. Wu, “Gapped
Phases in (241)d with Non-Invertible Symmetries: Part I,” arXiv:2408.05266 [hep-th].

A. Antinucci, C. Copetti, and S. Schéfer-Nameki, “SymTFT for (3+1)d Gapless SPTs and
Obstructions to Confinement,” SciPost Phys. 18 (2025) 114, arXiv:2408.05585 [hep-th].

L. E. Bottini and S. Schéafer-Nameki, “Construction of a Gapless Phase with Haagerup
Symmetry,” Phys. Rev. Lett. 134 no. 19, (2025) 191602, arXiv:2410.19040 [hep-th].

76


http://arxiv.org/abs/2409.06647
http://arxiv.org/abs/2409.06647
http://dx.doi.org/10.21468/SciPostPhys.18.1.028
http://arxiv.org/abs/2409.18113
http://dx.doi.org/10.21468/SciPostPhys.17.2.031
http://arxiv.org/abs/2402.00117
http://arxiv.org/abs/2411.14997
http://arxiv.org/abs/2411.14997
http://dx.doi.org/10.1007/JHEP03(2025)134
http://arxiv.org/abs/2411.19683
http://arxiv.org/abs/2503.21862
http://arxiv.org/abs/2505.14807
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.21468/SciPostPhys.17.5.131
http://arxiv.org/abs/2308.11706
http://arxiv.org/abs/2405.04619
http://arxiv.org/abs/2503.13633
http://arxiv.org/abs/2212.14432
http://dx.doi.org/10.21468/SciPostPhys.18.5.156
http://arxiv.org/abs/2312.17322
http://arxiv.org/abs/2403.00905
http://arxiv.org/abs/2403.00905
http://arxiv.org/abs/2408.05266
http://dx.doi.org/10.21468/SciPostPhys.18.3.114
http://arxiv.org/abs/2408.05585
http://dx.doi.org/10.1103/PhysRevLett.134.191602
http://arxiv.org/abs/2410.19040

[64]

[65]

[66]

[67]

[68]

[72]

73]

L. Bhardwaj, S. Schéafer-Nameki, A. Tiwari, and A. Warman, “Gapped Phases in (2+1)d with
Non-Invertible Symmetries: Part II,” arXiv:2502.20440 [hep-th].

L. Bhardwaj, Y. Gai, S.-J. Huang, K. Inamura, S. Schafer-Nameki, A. Tiwari, and A. Warman,
“Gapless Phases in (241)d with Non-Invertible Symmetries,” arXiv:2503.12699
[cond-mat.str-el].

O. M. Aksoy and X.-G. Wen, “Phases with non-invertible symmetries in 141D — symmetry
protected topological orders as duality automorphisms,” arXiv:2503.21764
[cond-mat.str-el].

R. Thorngren and D. V. Else, “Gauging Spatial Symmetries and the Classification of
Topological Crystalline Phases,” Phys. Rev. X 8 no. 1, (2018) 011040, arXiv:1612.00846
[cond-mat.str-el].

N. Manjunath and M. Barkeshli, “Crystalline gauge fields and quantized discrete geometric
response for Abelian topological phases with lattice symmetry,” Phys. Rev. Res. 3 no. 1,
(2021) 013040, arXiv:2005.10265 [cond-mat.str-el].

J.-H. Zhang, S. Yang, Y. Qi, and Z.-C. Gu, “Real-space construction of crystalline topological
superconductors and insulators in 2D interacting fermionic systems,” Phys. Rev. Res. 4 no. 3,
(2022) 033081, arXiv:2012.15657 [cond-mat.str-el].

A. Debray, “Invertible phases for mixed spatial symmetries and the fermionic crystalline
equivalence principle,” arXiv:2102.02941 [math-ph].

N. Manjunath, V. Calvera, and M. Barkeshli, “Nonperturbative constraints from symmetry
and chirality on Majorana zero modes and defect quantum numbers in (241) dimensions,”
Phys. Rev. B 107 no. 16, (2023) 165126, arXiv:2210.02452 [cond-mat.str-el].

M. Cheng and N. Seiberg, “Lieb-Schultz-Mattis, Luttinger, and 't Hooft - anomaly matching in
lattice systems,” SciPost Phys. 15 no. 2, (2023) 051, arXiv:2211.12543
[cond-mat.str-el].

N. Seiberg, S. Seifnashri, and S.-H. Shao, “Non-invertible symmetries and LSM-type
constraints on a tensor product Hilbert space,” SciPost Phys. 16 (2024) 154,
arXiv:2401.12281 [cond-mat.str-el].

M. Pretko and L. Radzihovsky, “Fracton-Elasticity Duality,” Phys. Rev. Lett. 120 no. 19,
(2018) 195301, arXiv:1711.11044 [cond-mat.str-el].

S. Jiang, M. Cheng, Y. Qi, and Y.-M. Lu, “Generalized Lieb-Schultz-Mattis theorem on
bosonic symmetry protected topological phases,” SciPost Phys. 11 no. 2, (2021) 024,
arXiv:1907.08596 [cond-mat.str-el].

Y. You, T. Devakul, F. J. Burnell, and S. L. Sondhi, “Subsystem symmetry protected
topological order,” Phys. Rev. B 98 no. 3, (2018) 035112, arXiv:1803.02369
[cond-mat.str-el].

T. Devakul, Y. You, F. Burnell, and S. L. Sondhi, “Fractal Symmetric Phases of Matter,”
SciPost Phys. 6 no. 1, (2019) 007, arXiv:1805.04097 [cond-mat.str-el].

T. Devakul, D. J. Williamson, and Y. You, “Classification of subsystem symmetry-protected
topological phases,” Phys. Rev. B 98 no. 23, (2018) 235121, arXiv:1808.05300
[cond-mat.str-el].

7


http://arxiv.org/abs/2502.20440
http://arxiv.org/abs/2503.12699
http://arxiv.org/abs/2503.12699
http://arxiv.org/abs/2503.21764
http://arxiv.org/abs/2503.21764
http://dx.doi.org/10.1103/PhysRevX.8.011040
http://arxiv.org/abs/1612.00846
http://arxiv.org/abs/1612.00846
http://dx.doi.org/10.1103/PhysRevResearch.3.013040
http://dx.doi.org/10.1103/PhysRevResearch.3.013040
http://arxiv.org/abs/2005.10265
http://dx.doi.org/10.1103/PhysRevResearch.4.033081
http://dx.doi.org/10.1103/PhysRevResearch.4.033081
http://arxiv.org/abs/2012.15657
http://arxiv.org/abs/2102.02941
http://dx.doi.org/10.1103/PhysRevB.107.165126
http://arxiv.org/abs/2210.02452
http://dx.doi.org/10.21468/SciPostPhys.15.2.051
http://arxiv.org/abs/2211.12543
http://arxiv.org/abs/2211.12543
http://dx.doi.org/10.21468/SciPostPhys.16.6.154
http://arxiv.org/abs/2401.12281
http://dx.doi.org/10.1103/PhysRevLett.120.195301
http://dx.doi.org/10.1103/PhysRevLett.120.195301
http://arxiv.org/abs/1711.11044
http://dx.doi.org/10.21468/SciPostPhys.11.2.024
http://arxiv.org/abs/1907.08596
http://dx.doi.org/10.1103/PhysRevB.98.035112
http://arxiv.org/abs/1803.02369
http://arxiv.org/abs/1803.02369
http://dx.doi.org/10.21468/SciPostPhys.6.1.007
http://arxiv.org/abs/1805.04097
http://dx.doi.org/10.1103/PhysRevB.98.235121
http://arxiv.org/abs/1808.05300
http://arxiv.org/abs/1808.05300

[79] T. Devakul, “Classifying local fractal subsystem symmetry-protected topological phases,”
Phys. Rev. B 99 no. 23, (2019) 235131, arXiv:1812.02721 [cond-mat.str-el].

[80] T. Devakul, W. Shirley, and J. Wang, “Strong planar subsystem symmetry-protected
topological phases and their dual fracton orders,” Phys. Rev. Res. 2 no. 1, (2020) 012059,
arXiv:1910.01630 [cond-mat.str-el].

[81] F. J. Burnell, T. Devakul, P. Gorantla, H. T. Lam, and S.-H. Shao, “Anomaly inflow for
subsystem symmetries,” Phys. Rev. B 106 no. 8, (2022) 085113, arXiv:2110.09529
[cond-mat.str-el].

[82] J.-H. Zhang, M. Cheng, and Z. Bi, “Classification and construction of interacting fractonic
higher-order topological phases,” Phys. Rev. B 108 no. 4, (2023) 045133,
arXiv:2210.15596 [cond-mat.str-el].

[83] A. Parayil Mana, Y. Li, H. Sukeno, and T.-C. Wei, “Higher-order topological phases protected
by non-invertible and subsystem symmetries,” arXiv:2505.18119 [cond-mat.str-el].

[84] M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang, “Symmetry Fractionalization, Defects,
and Gauging of Topological Phases,” Phys. Rev. B 100 no. 11, (2019) 115147,
arXiv:1410.4540 [cond-mat.str-el].

[85] S. D. Pace and X.-G. Wen, “Position-dependent excitations and UV /IR mixing in the Zy
rank-2 toric code and its low-energy effective field theory,” Phys. Rev. B 106 no. 4, (2022)
045145, arXiv:2204.07111 [cond-mat.str-el].

[86] S. D. Pace, G. Delfino, H. T. Lam, and O. M. Aksoy, “Gauging modulated symmetries:
Kramers-Wannier dualities and non-invertible reflections,” SciPost Phys. 18 (2025) 021,
arXiv:2406.12962 [cond-mat.str-el].

[87] P.-S. Hsin, R. Kobayashi, and C. Zhang, “Fractionalization of coset non-invertible symmetry
and exotic Hall conductance,” SciPost Phys. 17 no. 3, (2024) 095, arXiv:2405.20401
[cond-mat.str-el].

[88] P.-S. Hsin, R. Kobayashi, and C. Zhang, “Anomalies of Coset Non-Invertible Symmetries,”
arXiv:2503.00105 [cond-mat.str-el].

[89] S. Gelaki, D. Naidu, and D. Nikshych, “Centers of graded fusion categories,” Algebra Number
Theory 3 no. 8, (2009) 959 — 990, arXiv:0905.3117 [math.QA].

[90] M. Bischoff, C. Jones, Y.-M. Lu, and D. Penneys, “Spontaneous symmetry breaking from
anyon condensation,” JHEP 02 (2019) 062, arXiv:1811.00434 [math.QA].

[91] S. Burciu and S. Natale, “Fusion rules of equivariantizations of fusion categories,” J. Math.
Phys. 54 no. 1, (2013) 013511, arXiv:1206.6625 [math.QA].

[92] A. Antinucci, F. Benini, C. Copetti, G. Galati, and G. Rizi, “Anomalies of non-invertible
self-duality symmetries: fractionalization and gauging,” arXiv:2308.11707.

[93] D.-C. Lu, Z. Sun, and Z. Zhang, “SymSETs and self-dualities under gauging non-invertible
symmetries,” arXiv:2501.07787 [hep-th].

[94] Y. Choi, C. Cérdova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, “Noninvertible duality defects in
3+1 dimensions,” Phys. Rev. D 105 no. 12, (2022) 125016, arXiv:2111.01139 [hep-th].

78


http://dx.doi.org/10.1103/PhysRevB.99.235131
http://arxiv.org/abs/1812.02721
http://dx.doi.org/10.1103/PhysRevResearch.2.012059
http://arxiv.org/abs/1910.01630
http://dx.doi.org/10.1103/PhysRevB.106.085113
http://arxiv.org/abs/2110.09529
http://arxiv.org/abs/2110.09529
http://dx.doi.org/10.1103/PhysRevB.108.045133
http://arxiv.org/abs/2210.15596
http://arxiv.org/abs/2505.18119
http://dx.doi.org/10.1103/PhysRevB.100.115147
http://arxiv.org/abs/1410.4540
http://dx.doi.org/10.1103/PhysRevB.106.045145
http://dx.doi.org/10.1103/PhysRevB.106.045145
http://arxiv.org/abs/2204.07111
http://dx.doi.org/10.21468/SciPostPhys.18.1.021
http://arxiv.org/abs/2406.12962
http://dx.doi.org/10.21468/SciPostPhys.17.3.095
http://arxiv.org/abs/2405.20401
http://arxiv.org/abs/2405.20401
http://arxiv.org/abs/2503.00105
http://dx.doi.org/10.2140/ant.2009.3.959
http://dx.doi.org/10.2140/ant.2009.3.959
http://arxiv.org/abs/0905.3117
http://dx.doi.org/10.1007/JHEP02(2019)062
http://arxiv.org/abs/1811.00434
http://dx.doi.org/10.1063/1.4774293
http://dx.doi.org/10.1063/1.4774293
http://arxiv.org/abs/1206.6625
http://arxiv.org/abs/2308.11707
http://arxiv.org/abs/2501.07787
http://dx.doi.org/10.1103/PhysRevD.105.125016
http://arxiv.org/abs/2111.01139

[95]

[96]

[100]

[101]

[102]

[103]

[104]

105

[106]

[107]

[108]

[109]

[110]

[111]

Y. Choi, C. Cérdova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, “Non-invertible Condensation,
Duality, and Triality Defects in 3+1 Dimensions,” Commun. Math. Phys. 402 no. 1, (2023)
489-542, arXiv:2204.09025 [hep-th].

M. Cheng and D. J. Williamson, “Relative anomaly in (1 + 1)d rational conformal field
theory,” Phys. Rev. Res. 2 no. 4, (2020) 043044, arXiv:2002.02984 [cond-mat.str-el].

R. Kobayashi, “Symmetry-preserving boundary of (2+1)D fractional quantum Hall states,”
Phys. Rev. Res. 4 no. 3, (2022) 033137, arXiv:2203.08156 [cond-mat.str-el].

K. Schatz, “Boundary symmetries of (2+1)D topological orders,” arXiv:2408.10832
[math.QA].

J. Kaidi, Z. Komargodski, K. Ohmori, S. Seifnashri, and S.-H. Shao, “Higher central charges
and topological boundaries in 2+41-dimensional TQFTs,” SciPost Phys. 13 no. 3, (2022) 067,
arXiv:2107.13091 [hep-th].

L. Bhardwaj and Y. Tachikawa, “On finite symmetries and their gauging in two dimensions,”
JHEP 03 (2018) 189, arXiv:1704.02330 [hep-th].

Y. Tachikawa, “On gauging finite subgroups,” SciPost Phys. 8 no. 1, (2020) 015,
arXiv:1712.09542 [hep-th].

P.-S. Hsin and A. Turzillo, “Symmetry-enriched quantum spin liquids in (3 + 1)d,” JHEP 09
(2020) 022, arXiv:1904.11550 [cond-mat.str-el].

D. G. Delmastro, J. Gomis, P.-S. Hsin, and Z. Komargodski, “Anomalies and symmetry
fractionalization,” SciPost Phys. 15 no. 3, (2023) 079, arXiv:2206.15118 [hep-th].

T. D. Brennan, C. Cérdova, and T. T. Dumitrescu, “Line Defect Quantum Numbers &
Anomalies,” arXiv:2206.15401 [hep-th].

X. Chen, Y.-M. Lu, and A. Vishwanath, “Symmetry-protected topological phases from
decorated domain walls,” Nature Commun. 5 no. 1, (2014) 3507, arXiv:1303.4301
[cond-mat.str-el].

D. Gaiotto and T. Johnson-Freyd, “Symmetry Protected Topological phases and Generalized
Cohomology,” JHEP 05 (2019) 007, arXiv:1712.07950 [hep-th].

Q.-R. Wang, S.-Q. Ning, and M. Cheng, “Domain Wall Decorations, Anomalies and Spectral
Sequences in Bosonic Topological Phases,” arXiv:2104.13233 [cond-mat.str-el].

L. Bhardwaj, S. Schéfer-Nameki, and J. Wu, “Universal Non-Invertible Symmetries,” Fortsch.
Phys. 70 no. 11, (2022) 2200143, arXiv:2208.05973 [hep-th].

M. Barkeshli, Y.-A. Chen, S.-J. Huang, R. Kobayashi, N. Tantivasadakarn, and G. Zhu,
“Codimension-2 defects and higher symmetries in (3+1)D topological phases,” SciPost Phys.
14 no. 4, (2023) 065, arXiv:2208.07367 [cond-mat.str-el].

N. Tantivasadakarn, “Dimensional Reduction and Topological Invariants of
Symmetry-Protected Topological Phases,” Phys. Rev. B 96 no. 19, (2017) 195101,
arXiv:1706.09769 [cond-mat.str-el].

A. Davydov, “Bogomolov multiplier, double class-preserving automorphisms, and modular
invariants for orbifolds,” J. Math. Phys. 55 (2014) 092305, arXiv:1312.7466 [math.CT].

79


http://dx.doi.org/10.1007/s00220-023-04727-4
http://dx.doi.org/10.1007/s00220-023-04727-4
http://arxiv.org/abs/2204.09025
http://dx.doi.org/10.1103/PhysRevResearch.2.043044
http://arxiv.org/abs/2002.02984
http://dx.doi.org/10.1103/PhysRevResearch.4.033137
http://arxiv.org/abs/2203.08156
http://arxiv.org/abs/2408.10832
http://arxiv.org/abs/2408.10832
http://dx.doi.org/10.21468/SciPostPhys.13.3.067
http://arxiv.org/abs/2107.13091
http://dx.doi.org/10.1007/JHEP03(2018)189
http://arxiv.org/abs/1704.02330
http://dx.doi.org/10.21468/SciPostPhys.8.1.015
http://arxiv.org/abs/1712.09542
http://dx.doi.org/10.1007/JHEP09(2020)022
http://dx.doi.org/10.1007/JHEP09(2020)022
http://arxiv.org/abs/1904.11550
http://dx.doi.org/10.21468/SciPostPhys.15.3.079
http://arxiv.org/abs/2206.15118
http://arxiv.org/abs/2206.15401
http://dx.doi.org/10.1038/ncomms4507
http://arxiv.org/abs/1303.4301
http://arxiv.org/abs/1303.4301
http://dx.doi.org/10.1007/JHEP05(2019)007
http://arxiv.org/abs/1712.07950
http://arxiv.org/abs/2104.13233
http://dx.doi.org/10.1002/prop.202200143
http://dx.doi.org/10.1002/prop.202200143
http://arxiv.org/abs/2208.05973
http://dx.doi.org/10.21468/SciPostPhys.14.4.065
http://dx.doi.org/10.21468/SciPostPhys.14.4.065
http://arxiv.org/abs/2208.07367
http://dx.doi.org/10.1103/PhysRevB.96.195101
http://arxiv.org/abs/1706.09769
http://dx.doi.org/10.1063/1.4895764
http://arxiv.org/abs/1312.7466

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

R. Kobayashi and M. Barkeshli, “Soft symmetries of topological orders,” arXiv:2501.03314
[cond-mat.str-el].

A. Gromov, “Towards classification of Fracton phases: the multipole algebra,” Phys. Rev. X 9
no. 3, (2019) 031035, arXiv:1812.05104 [cond-mat.str-el].

P. Sala, T. Rakovszky, R. Verresen, M. Knap, and F. Pollmann, “Ergodicity-breaking arising
from Hilbert space fragmentation in dipole-conserving Hamiltonians,” Phys. Rev. X 10 no. 1,
(2020) 011047, arXiv:1904.04266 [cond-mat.str-el].

A. Gromov, A. Lucas, and R. M. Nandkishore, “Fracton hydrodynamics,” Phys. Rev. Res. 2
no. 3, (2020) 033124, arXiv:2003.09429 [cond-mat.str-el].

P. Sala, J. Lehmann, T. Rakovszky, and F. Pollmann, “Dynamics in Systems with Modulated
Symmetries,” Phys. Rev. Lett. 129 no. 17, (2022) 170601, arXiv:2110.08302
[cond-mat.stat-mech].

C. Stahl, E. Lake, and R. Nandkishore, “Spontaneous breaking of multipole symmetries,”
Phys. Rev. B 105 no. 15, (2022) 155107, arXiv:2111.08041 [cond-mat.stat-mech].

E. Lake, M. Hermele, and T. Senthil, “Dipolar Bose-Hubbard model,” Phys. Rev. B 106
no. 6, (2022) 064511, arXiv:2201.04132 [cond-mat.quant-gas].

P. Gorantla, H. T. Lam, N. Seiberg, and S.-H. Shao, “Global dipole symmetry, compact
Lifshitz theory, tensor gauge theory, and fractons,” Phys. Rev. B 106 no. 4, (2022) 045112,
arXiv:2201.10589 [cond-mat.str-el].

P. Sala, Y. You, J. Hauschild, and O. Motrunich, “Exotic quantum liquids in Bose-Hubbard
models with spatially modulated symmetries,” Phys. Rev. B 109 no. 1, (2024) 014406,
arXiv:2307.08761 [cond-mat.quant-gas].

E. Lieb, T. Schultz, and D. Mattis, “T'wo soluble models of an antiferromagnetic chain,” Ann.
Phys. 16 no. 3, (1961) 407-466.

I. Affleck and E. H. Lieb, “A proof of part of Haldane’s conjecture on spin chains,” Lett.
Math. Phys. 12 no. 1, (1986) 57-69.

M. Oshikawa, M. Yamanaka, and 1. Affleck, “Magnetization Plateaus in Spin Chains:
“Haldane Gap” for Half-Integer Spins,” Phys. Rev. Lett. 78 (1997) 19841987,
arXiv:cond-mat/9610168.

T. Koma, “Spectral Gaps of Quantum Hall Systems with Interactions,” .J. Stat. Phys. 99
no. 1, (2000) 313-381, arXiv:cond-mat/9809228.

M. Oshikawa, “Commensurability, Excitation Gap, and Topology in Quantum Many-Particle
Systems on a Periodic Lattice,” Phys. Rev. Lett. 84 (2000) 1535-1538,
arXiv:cond-mat/9911137.

M. B. Hastings, “Lieb-Schultz-Mattis in higher dimensions,” Phys. Rev. B 69 (2004) 104431,
arXiv:cond-mat/0305505.

M. B. Hastings, “Sufficient conditions for topological order in insulators,” Furophys. Lett.
(EPL) 70 no. 6, (2005) 824-830, arXiv:cond-mat/0411094.

80


http://arxiv.org/abs/2501.03314
http://arxiv.org/abs/2501.03314
http://dx.doi.org/10.1103/PhysRevX.9.031035
http://dx.doi.org/10.1103/PhysRevX.9.031035
http://arxiv.org/abs/1812.05104
http://dx.doi.org/10.1103/PhysRevX.10.011047
http://dx.doi.org/10.1103/PhysRevX.10.011047
http://arxiv.org/abs/1904.04266
http://dx.doi.org/10.1103/PhysRevResearch.2.033124
http://dx.doi.org/10.1103/PhysRevResearch.2.033124
http://arxiv.org/abs/2003.09429
http://dx.doi.org/10.1103/PhysRevLett.129.170601
http://arxiv.org/abs/2110.08302
http://arxiv.org/abs/2110.08302
http://dx.doi.org/10.1103/PhysRevB.105.155107
http://arxiv.org/abs/2111.08041
http://dx.doi.org/10.1103/PhysRevB.106.064511
http://dx.doi.org/10.1103/PhysRevB.106.064511
http://arxiv.org/abs/2201.04132
http://dx.doi.org/10.1103/PhysRevB.106.045112
http://arxiv.org/abs/2201.10589
http://dx.doi.org/10.1103/PhysRevB.109.014406
http://arxiv.org/abs/2307.08761
http://dx.doi.org/10.1016/0003-4916(61)90115-4
http://dx.doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1007/BF00400304
https://doi.org/10.1007/BF00400304
http://dx.doi.org/10.1103/PhysRevLett.78.1984
http://arxiv.org/abs/cond-mat/9610168
http://dx.doi.org/10.1023/A:1018604925491
http://dx.doi.org/10.1023/A:1018604925491
http://arxiv.org/abs/cond-mat/9809228
http://dx.doi.org/10.1103/PhysRevLett.84.1535
http://arxiv.org/abs/cond-mat/9911137
http://dx.doi.org/10.1103/PhysRevB.69.104431
http://arxiv.org/abs/cond-mat/0305505
https://doi.org/10.1209%2Fepl%2Fi2005-10046-x
https://doi.org/10.1209%2Fepl%2Fi2005-10046-x
http://arxiv.org/abs/cond-mat/0411094

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

138

[139]

[140]

[141]

M. Cheng, M. Zaletel, M. Barkeshli, A. Vishwanath, and P. Bonderson, “Translational
Symmetry and Microscopic Constraints on Symmetry-Enriched Topological Phases: A View
from the Surface,” Phys. Rev. X 6 no. 4, (2016) 041068, arXiv:1511.02263
[cond-mat.str-el].

Y. Ogata and H. Tasaki, “Lieb—Schultz—Mattis Type Theorems for Quantum Spin Chains
Without Continuous Symmetry,” Commun. Math. Phys. 372 no. 3, (2019) 951-962,
arXiv:1808.08740 [math-ph].

Y. Ogata, Y. Tachikawa, and H. Tasaki, “General Lieb—Schultz—Mattis Type Theorems for
Quantum Spin Chains,” Commun. Math. Phys. 385 no. 1, (2021) 79-99,
arXiv:2004.06458 [math-ph].

S. Seifnashri, “Lieb-Schultz-Mattis anomalies as obstructions to gauging (non-on-site)
symmetries,” SciPost Phys. 16 no. 4, (2024) 098, arXiv:2308.05151 [cond-mat.str-el].

D. Seo, G. Y. Cho, and R.-J. Slager, “Noninvertible duality and symmetry topological order of
one-dimensional lattice models with spatially modulated symmetry,” Phys. Rev. B 111
no. 11, (2025) 115112, arXiv:2411.04182 [cond-mat.str-el].

J. Kim, Y. You, and J. H. Han, “Noninvertible symmetry and topological holography for
modulated SPT in one dimension,” {0 appear .

X.-G. Wen, “Quantum orders in an exact soluble model,” Phys. Rev. Lett. 90 (2003) 016803,
arXiv:quant-ph/0205004.

A. Kitaev, “Anyons in an exactly solved model and beyond,” Annals Phys. 321 no. 1, (2006)
2-111, arXiv:cond-mat/0506438.

A. M. Essin and M. Hermele, “Classifying fractionalization: Symmetry classification of gapped
Z, spin liquids in two dimensions,” Phys. Rev. B 87 no. 10, (2013) 104406,
arXiv:1212.0593 [cond-mat.str-el].

P. Rao and I. Sodemann, “Theory of weak symmetry breaking of translations in Zs
topologically ordered states and its relation to topological superconductivity from an exact
lattice Zy charge-flux attachment,” Phys. Rev. Res. 3 no. 2, (2021) 023120,
arXiv:2012.12280 [cond-mat.str-el].

Y.-T. Oh, J. Kim, E.-G. Moon, and J. H. Han, “Rank-2 toric code in two dimensions,” Phys.
Rev. B 105 no. 4, (2022) 045128, arXiv:2110.02658 [cond-mat.str-el].

G. Delfino, W. B. Fontana, P. R. S. Gomes, and C. Chamon, “Effective fractonic behavior in a
two-dimensional exactly solvable spin liquid,” SciPost Phys. 14 no. 1, (2023) 002,
arXiv:2207.00409 [cond-mat.str-el].

H. Ebisu and B. Han, “Anisotropic higher rank Zy topological phases on graphs,” SciPost
Phys. 14 no. 5, (2023) 106, arXiv:2209.07987 [cond-mat.str-el].

P. Gorantla, H. T. Lam, N. Seiberg, and S.-H. Shao, “Gapped lineon and fracton models on
graphs,” Phys. Rev. B 107 no. 12, (2023) 125121, arXiv:2210.03727
[cond-mat.str-el].

81


http://dx.doi.org/10.1103/PhysRevX.6.041068
http://arxiv.org/abs/1511.02263
http://arxiv.org/abs/1511.02263
http://dx.doi.org/10.1007/s00220-019-03343-5
http://arxiv.org/abs/1808.08740
http://dx.doi.org/10.1007/s00220-021-04116-9
http://arxiv.org/abs/2004.06458
http://dx.doi.org/10.21468/SciPostPhys.16.4.098
http://arxiv.org/abs/2308.05151
http://dx.doi.org/10.1103/PhysRevB.111.115112
http://dx.doi.org/10.1103/PhysRevB.111.115112
http://arxiv.org/abs/2411.04182
http://dx.doi.org/10.1103/PhysRevLett.90.016803
http://arxiv.org/abs/quant-ph/0205004
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://arxiv.org/abs/cond-mat/0506438
http://dx.doi.org/10.1103/PhysRevB.87.104406
http://arxiv.org/abs/1212.0593
http://dx.doi.org/10.1103/PhysRevResearch.3.023120
http://arxiv.org/abs/2012.12280
http://dx.doi.org/10.1103/PhysRevB.105.045128
http://dx.doi.org/10.1103/PhysRevB.105.045128
http://arxiv.org/abs/2110.02658
http://dx.doi.org/10.21468/SciPostPhys.14.1.002
http://arxiv.org/abs/2207.00409
http://dx.doi.org/10.21468/SciPostPhys.14.5.106
http://dx.doi.org/10.21468/SciPostPhys.14.5.106
http://arxiv.org/abs/2209.07987
http://dx.doi.org/10.1103/PhysRevB.107.125121
http://arxiv.org/abs/2210.03727
http://arxiv.org/abs/2210.03727

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

(155

[156]

Y.-T. Oh, S. D. Pace, J. H. Han, Y. You, and H.-Y. Lee, “Aspects of Zy rank-2 gauge theory
in (2 4 1) dimensions: Construction schemes, holonomies, and sublattice one-form
symmetries,” Phys. Rev. B 107 no. 15, (2023) 155151, arXiv:2301.04706
[cond-mat.str-el].

H. Ebisu, “Symmetric higher rank topological phases on generic graphs,” Phys. Rev. B 107
no. 12, (2023) 125154, arXiv:2302.03747 [cond-mat.str-el].

H. Ebisu, M. Honda, and T. Nakanishi, “Foliated field theories and multipole symmetries,”
Phys. Rev. B 109 no. 16, (2024) 165112, arXiv:2310.06701 [cond-mat.str-el].

H. Ebisu, M. Honda, and T. Nakanishi, “Multipole and fracton topological order via gauging
foliated symmetry protected topological phases,” Phys. Rev. Res. 6 no. 2, (2024) 023166,
arXiv:2401.10677 [cond-mat.str-el].

K. Slagle, D. Aasen, and D. Williamson, “Foliated Field Theory and String-Membrane-Net
Condensation Picture of Fracton Order,” SciPost Phys. 6 no. 4, (2019) 043,
arXiv:1812.01613 [cond-mat.str-el].

K. Slagle, “Foliated Quantum Field Theory of Fracton Order,” Phys. Rev. Lett. 126 no. 10,
(2021) 101603, arXiv:2008.03852 [hep-thl].

P.-S. Hsin and K. Slagle, “Comments on foliated gauge theories and dualities in 3+1d,”
SciPost Phys. 11 no. 2, (2021) 032, arXiv:2105.09363 [cond-mat.str-el].

K. Ohmori and S. Shimamura, “Foliated-exotic duality in fractonic BF theories,” SciPost
Phys. 14 no. 6, (2023) 164, arXiv:2210.11001 [hep-th].

R. C. Spieler, “Exotic field theories for (hybrid) fracton phases from imposing constraints in
foliated field theory,” JHEP 09 (2023) 178, arXiv:2304.13067 [hep-th].

W. Cao and Q. Jia, “Symmetry TFT for subsystem symmetry,” JHEP 05 (2024) 225,
arXiv:2310.01474 [hep-th].

H. Ebisu, M. Honda, T. Nakanishi, and S. Shimamori, “New Field Theories with Foliation
Structure and Subdimensional Particles from Godbillon-Vey Invariant,” arXiv:2408.05048
[hep-th].

Q. Jia and Z. Jia, “Subsystem Symmetry-Protected Topological Phases from Subsystem
SymTFT of 2-Foliated Exotic Tensor Gauge Theory,” arXiv:2505.22261
[cond-mat.str-el].

1

Z. Nussinov and G. Ortiz, “Bond algebras and exact solvability of Hamiltonians: Spin S = 3

multilayer systems,” Phys. Rev. B 79 no. 21, (2009) 214440, arXiv:0812.4309
[cond-mat.mes-hall].

D. Aasen, D. Bulmash, A. Prem, K. Slagle, and D. J. Williamson, “Topological Defect
Networks for Fractons of all Types,” Phys. Rev. Res. 2 (2020) 043165, arXiv:2002.05166
[cond-mat.str-el].

K. Roumpedakis, S. Seifnashri, and S.-H. Shao, “Higher Gauging and Non-invertible
Condensation Defects,” Commun. Math. Phys. 401 no. 3, (2023) 3043-3107,
arXiv:2204.02407 [hep-th].

82


http://dx.doi.org/10.1103/PhysRevB.107.155151
http://arxiv.org/abs/2301.04706
http://arxiv.org/abs/2301.04706
http://dx.doi.org/10.1103/PhysRevB.107.125154
http://dx.doi.org/10.1103/PhysRevB.107.125154
http://arxiv.org/abs/2302.03747
http://dx.doi.org/10.1103/PhysRevB.109.165112
http://arxiv.org/abs/2310.06701
http://dx.doi.org/10.1103/PhysRevResearch.6.023166
http://arxiv.org/abs/2401.10677
http://dx.doi.org/10.21468/SciPostPhys.6.4.043
http://arxiv.org/abs/1812.01613
http://dx.doi.org/10.1103/PhysRevLett.126.101603
http://dx.doi.org/10.1103/PhysRevLett.126.101603
http://arxiv.org/abs/2008.03852
http://dx.doi.org/10.21468/SciPostPhys.11.2.032
http://arxiv.org/abs/2105.09363
http://dx.doi.org/10.21468/SciPostPhys.14.6.164
http://dx.doi.org/10.21468/SciPostPhys.14.6.164
http://arxiv.org/abs/2210.11001
http://dx.doi.org/10.1007/JHEP09(2023)178
http://arxiv.org/abs/2304.13067
http://dx.doi.org/10.1007/JHEP05(2024)225
http://arxiv.org/abs/2310.01474
http://arxiv.org/abs/2408.05048
http://arxiv.org/abs/2408.05048
http://arxiv.org/abs/2505.22261
http://arxiv.org/abs/2505.22261
http://dx.doi.org/10.1103/PhysRevB.79.214440
http://arxiv.org/abs/0812.4309
http://arxiv.org/abs/0812.4309
http://dx.doi.org/10.1103/PhysRevResearch.2.043165
http://arxiv.org/abs/2002.05166
http://arxiv.org/abs/2002.05166
http://dx.doi.org/10.1007/s00220-023-04706-9
http://arxiv.org/abs/2204.02407

157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

165

[166]

[167]

168

169

[170]

[171]

[172]

H. Watanabe, M. Cheng, and Y. Fuji, “Ground state degeneracy on torus in a family of Zy
toric code,” J. Math. Phys. 64 no. 5, (2023) 051901, arXiv:2211.00299
[cond-mat.other].

H. T. Lam, “Classification of dipolar symmetry-protected topological phases: Matrix product
states, stabilizer Hamiltonians, and finite tensor gauge theories,” Phys. Rev. B 109 no. 11,
(2024) 115142, arXiv:2311.04962 [cond-mat.str-el].

J. H. Han, “Dipolar background field theory and dipolar braiding statistics,” Phys. Rev. B
109 no. 23, (2024) 235127, arXiv:2403.08158 [cond-mat.str-el].

L. Fu, C. Kane, and E. Mele, “Topological Insulators in Three Dimensions,” Phys. Rev. Lett.
98 no. 10, (2007) 106803, arXiv:cond-mat/0607699.

Y. You and Y.-Z. You, “Stripe melting and a transition between weak and strong symmetry
protected topological phases,” Phys. Rev. B 93 no. 19, (2016) 195141, arXiv:1601.00657
[cond-mat.str-el].

M. Cheng, “Fermionic Lieb-Schultz-Mattis theorems and weak symmetry-protected phases,”
Phys. Rev. B 99 no. 7, (2019) 075143, arXiv:1804.10122 [cond-mat.str-el].

J. H. Han, E. Lake, H. T. Lam, R. Verresen, and Y. You, “Topological quantum chains
protected by dipolar and other modulated symmetries,” Phys. Rev. B 109 no. 12, (2024)
125121, arXiv:2309.10036 [cond-mat.str-el].

H. T. Lam, J. H. Han, and Y. You, “Topological dipole insulator,” SciPost Phys. 17 no. 5,
(2024) 137, arXiv:2403.13880 [cond-mat.mes-hall].

J. Kim, J. Y. Lee, and J. H. Han, “From Paramagnet to Dipolar Topological Order via Duality
and Dipolar SPT,” arXiv:2503.15834 [cond-mat.str-el].

H. T. Lam and S.-Q. Ning, “Classification of Modulated Symmetry Protected-Topological
Phases From Matrix Product States,” to appear .

D. Bulmash, “Defect Networks for Topological Phases Protected by Modulated Symmetries,”
to appear .

G. Y. Cho, S. Ryu, and C.-T. Hsieh, “Anomaly Manifestation of Lieb-Schultz-Mattis Theorem
and Topological Phases,” Phys. Rev. B 96 no. 19, (2017) 195105, arXiv:1705.03892
[cond-mat.str-el].

M. A. Metlitski and R. Thorngren, “Intrinsic and emergent anomalies at deconfined critical
points,” Phys. Rev. B 98 no. 8, (2018) 085140, arXiv:1707.07686 [cond-mat.str-el].

O. M. Aksoy, C. Mudry, A. Furusaki, and A. Tiwari, “Lieb-Schultz-Mattis anomalies and web
of dualities induced by gauging in quantum spin chains,” SciPost Phys. 16 no. 1, (2024) 022,
arXiv:2308.00743 [cond-mat.str-el].

C.-M. Jian, Z. Bi, and C. Xu, “Lieb-Schultz-Mattis Theorem and its generalizations from the
Perspective of the Symmetry Protected Topological phase,” Phys. Rev. B 97 no. 5, (2018)
054412, arXiv:1705.00012 [cond-mat.str-el].

D. V. Else and R. Thorngren, “Topological theory of Lieb-Schultz-Mattis theorems in quantum
spin systems,” Phys. Rev. B 101 no. 22, (2020) 224437, arXiv:1907.08204
[cond-mat.str-el].

83


http://dx.doi.org/10.1063/5.0134010
http://arxiv.org/abs/2211.00299
http://arxiv.org/abs/2211.00299
http://dx.doi.org/10.1103/PhysRevB.109.115142
http://dx.doi.org/10.1103/PhysRevB.109.115142
http://arxiv.org/abs/2311.04962
http://dx.doi.org/10.1103/PhysRevB.109.235127
http://dx.doi.org/10.1103/PhysRevB.109.235127
http://arxiv.org/abs/2403.08158
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://arxiv.org/abs/cond-mat/0607699
http://dx.doi.org/10.1103/PhysRevB.93.195141
http://arxiv.org/abs/1601.00657
http://arxiv.org/abs/1601.00657
http://dx.doi.org/10.1103/PhysRevB.99.075143
http://arxiv.org/abs/1804.10122
http://dx.doi.org/10.1103/PhysRevB.109.125121
http://dx.doi.org/10.1103/PhysRevB.109.125121
http://arxiv.org/abs/2309.10036
http://dx.doi.org/10.21468/SciPostPhys.17.5.137
http://dx.doi.org/10.21468/SciPostPhys.17.5.137
http://arxiv.org/abs/2403.13880
http://arxiv.org/abs/2503.15834
http://dx.doi.org/10.1103/PhysRevB.96.195105
http://arxiv.org/abs/1705.03892
http://arxiv.org/abs/1705.03892
http://dx.doi.org/10.1103/PhysRevB.98.085140
http://arxiv.org/abs/1707.07686
http://dx.doi.org/10.21468/SciPostPhys.16.1.022
http://arxiv.org/abs/2308.00743
http://dx.doi.org/10.1103/PhysRevB.97.054412
http://dx.doi.org/10.1103/PhysRevB.97.054412
http://arxiv.org/abs/1705.00012
http://dx.doi.org/10.1103/PhysRevB.101.224437
http://arxiv.org/abs/1907.08204
http://arxiv.org/abs/1907.08204

[173]

[174]

[175]

[176]

[177]

78]

[179]

[180]

[181]

[182]

[183]

[184]

[185)

X. Chen, Z.-C. Gu, and X.-G. Wen, “Classification of gapped symmetric phases in
one-dimensional spin systems,” Phys. Rev. B 83 no. 3, (2011) 035107, arXiv:1008.3745
[cond-mat.str-el].

Y. Yao and M. Oshikawa, “T'wisted boundary condition and Lieb-Schultz-Mattis ingappability
for discrete symmetries,” Phys. Rev. Lett. 126 no. 21, (2021) 217201, arXiv:2010.09244
[cond-mat.str-el].

M. Zaletel, Y.-M. Lu, and A. Vishwanath, “Measuring space-group symmetry fractionalization
in Zs spin liquids,” Phys. Rev. B 96 no. 19, (2017) 195164, arXiv:1501.01395
[cond-mat.str-el].

Y. Qi and L. Fu, “Anomalous Crystal Symmetry Fractionalization on the Surface of
Topological Crystalline Insulators,” Phys. Rev. Lett. 115 no. 23, (2015) 236801,
arXiv:1505.06201 [cond-mat.str-el].

H. Song, S.-J. Huang, L. Fu, and M. Hermele, “Topological Phases Protected by Point Group
Symmetry,” Phys. Rev. X 7 no. 1, (2017) 011020, arXiv:1604.08151
[cond-mat.str-el].

M. Barkeshli, P. Bonderson, C.-M. Jian, M. Cheng, and K. Walker, “Reflection and time
reversal symmetry enriched topological phases of matter: path integrals, non-orientable
manifolds, and anomalies,” Commun. Math. Phys. 374 no. 2, (2019) 1021-1124,
arXiv:1612.07792 [cond-mat.str-el].

Y. Qi, C.-M. Jian, and C. Wang, “Folding approach to topological order enriched by mirror
symmetry,” Phys. Rev. B 99 no. 8, (2019) 085128, arXiv:1710.09391
[cond-mat.str-el].

H. C. Po, H. Watanabe, C.-M. Jian, and M. P. Zaletel, “Lattice Homotopy Constraints on
Phases of Quantum Magnets,” Phys. Rev. Lett. 119 no. 12, (2017) 127202,
arXiv:1703.06882 [cond-mat.str-el].

M. Levin and A. Stern, “Classification and analysis of two dimensional abelian fractional
topological insulators,” Phys. Rev. B 86 (2012) 115131, arXiv:1205.1244
[cond-mat.str-el].

S. D. Pace, A. Chatterjee, and S.-H. Shao, “Lattice T-duality from non-invertible symmetries
in quantum spin chains,” SciPost Phys. 18 (2025) 121, arXiv:2412.18606
[cond-mat.str-el].

A. Chatterjee, S. D. Pace, and S.-H. Shao, “Quantized Axial Charge of Staggered Fermions
and the Chiral Anomaly,” Phys. Rev. Lett. 134 no. 2, (2025) 021601, arXiv:2409.12220
[hep-th].

M. Bukov, L. D’Alessio, and A. P. and, “Universal high-frequency behavior of periodically
driven systems: from dynamical stabilization to Floquet engineering,” Advances in Physics
64 no. 2, (2015) 139-226, arXiv:1407.4803 [quant-gas].

M. P. Zaletel, M. Lukin, C. Monroe, C. Nayak, F. Wilczek, and N. Y. Yao, “Colloquium:
Quantum and classical discrete time crystals,” Rev. Mod. Phys. 95 no. 3, (2023) 031001,
arXiv:2305.08904 [quant-ph].

84


http://dx.doi.org/10.1103/PhysRevB.83.035107
http://arxiv.org/abs/1008.3745
http://arxiv.org/abs/1008.3745
http://dx.doi.org/10.1103/PhysRevLett.126.217201
http://arxiv.org/abs/2010.09244
http://arxiv.org/abs/2010.09244
http://dx.doi.org/10.1103/PhysRevB.96.195164
http://arxiv.org/abs/1501.01395
http://arxiv.org/abs/1501.01395
http://dx.doi.org/10.1103/PhysRevLett.115.236801
http://arxiv.org/abs/1505.06201
http://dx.doi.org/10.1103/PhysRevX.7.011020
http://arxiv.org/abs/1604.08151
http://arxiv.org/abs/1604.08151
http://dx.doi.org/10.1007/s00220-019-03475-8
http://arxiv.org/abs/1612.07792
http://dx.doi.org/10.1103/PhysRevB.99.085128
http://arxiv.org/abs/1710.09391
http://arxiv.org/abs/1710.09391
http://dx.doi.org/10.1103/PhysRevLett.119.127202
http://arxiv.org/abs/1703.06882
http://dx.doi.org/10.1103/PhysRevB.86.115131
http://arxiv.org/abs/1205.1244
http://arxiv.org/abs/1205.1244
http://dx.doi.org/10.21468/SciPostPhys.18.4.121
http://arxiv.org/abs/2412.18606
http://arxiv.org/abs/2412.18606
http://dx.doi.org/10.1103/PhysRevLett.134.021601
http://arxiv.org/abs/2409.12220
http://arxiv.org/abs/2409.12220
http://dx.doi.org/10.1080/00018732.2015.1055918
http://dx.doi.org/10.1080/00018732.2015.1055918
http://arxiv.org/abs/1407.4803
http://dx.doi.org/10.1103/RevModPhys.95.031001
http://arxiv.org/abs/2305.08904

[186]

187

[188]

[189]

[190]

[191]

[192]

193]

[194]

[195]

[196]

[197]

198

A. C. Potter and T. Morimoto, “Dynamically enriched topological orders in driven
two-dimensional systems,” Phys. Rev. B 95 no. 15, (2017) 155126, arXiv:1610.03485
[cond-mat.str-el].

M. B. Hastings and J. Haah, “Dynamically Generated Logical Qubits,” Quantum 5 (2021)
564, arXiv:2107.02194 [quant-ph].

V. Motamarri, C. McLauchlan, and B. Beri, “SymTFT out of equilibrium: from time crystals
to braided drives and Floquet codes,” arXiv:2312.17176 [cond-mat.str-el].

Y.-M. Lu, “Lieb-Schultz-Mattis theorems for symmetry-protected topological phases,” Annals
Phys. 470 (2024) 169806, arXiv:1705.04691 [cond-mat.str-el].

X. Yang, S. Jiang, A. Vishwanath, and Y. Ran, “Dyonic Lieb-Schultz-Mattis theorem and
symmetry protected topological phases in decorated dimer models,” Phys. Rev. B 98 no. 12,
(2018) 125120, arXiv:1705.05421 [cond-mat.str-el].

Y.-M. Lu, Y. Ran, and M. Oshikawa, “Filling-enforced constraint on the quantized Hall
conductivity on a periodic lattice,” Annals Phys. 413 (2020) 168060, arXiv:1705.09298
[cond-mat.str-el].

V. G. Turaev and O. Y. Viro, “State sum invariants of 3 manifolds and quantum 6j symbols,”
Topology 31 (1992) 865-902.

A. Davydov, M. Miiger, D. Nikshych, and V. Ostrik, “The Witt group of non-degenerate
braided fusion categories,” Journal fiir die reine und angewandte Mathematik (Crelles
Joumal) 2013 no. 677, (2013) 135-177, arXiv:1009.2117 [math.QA].

L. Kong, “Anyon condensation and tensor categories,” Nucl. Phys. B 886 (2014) 436-482,
arXiv:1307.8244 [cond-mat.str-el].

T. Lan, J. C. Wang, and X.-G. Wen, “Gapped Domain Walls, Gapped Boundaries and
Topological Degeneracy,” Phys. Rev. Lett. 114 no. 7, (2015) 076402, arXiv:1408.6514
[cond-mat.str-el].

I. Cong, M. Cheng, and Z. Wang, “Hamiltonian and Algebraic Theories of Gapped Boundaries
in Topological Phases of Matter,” Commun. Math. Phys. 355 (2017) 645689,
arXiv:1707.04564 [cond-mat.str-el].

K. S. Brown, Cohomology of Groups. Graduate Texts in Mathematics. Springer New York,
NY, 1982.

C. Godbillon and J. Vey, “Un invariant des feuilletages de codimension un,” C.R. Acad. Sci.
Paris 273 (1971) 92-95.

85


http://dx.doi.org/10.1103/PhysRevB.95.155126
http://arxiv.org/abs/1610.03485
http://arxiv.org/abs/1610.03485
http://dx.doi.org/10.22331/q-2021-10-19-564
http://dx.doi.org/10.22331/q-2021-10-19-564
http://arxiv.org/abs/2107.02194
http://arxiv.org/abs/2312.17176
http://dx.doi.org/10.1016/j.aop.2024.169806
http://dx.doi.org/10.1016/j.aop.2024.169806
http://arxiv.org/abs/1705.04691
http://dx.doi.org/10.1103/PhysRevB.98.125120
http://dx.doi.org/10.1103/PhysRevB.98.125120
http://arxiv.org/abs/1705.05421
http://dx.doi.org/10.1016/j.aop.2019.168060
http://arxiv.org/abs/1705.09298
http://arxiv.org/abs/1705.09298
http://dx.doi.org/10.1016/0040-9383(92)90015-A
http://dx.doi.org/doi:10.1515/crelle.2012.014
http://dx.doi.org/doi:10.1515/crelle.2012.014
http://arxiv.org/abs/1009.2117
http://dx.doi.org/10.1016/j.nuclphysb.2014.07.003
http://arxiv.org/abs/1307.8244
http://dx.doi.org/10.1103/PhysRevLett.114.076402
http://arxiv.org/abs/1408.6514
http://arxiv.org/abs/1408.6514
http://dx.doi.org/10.1007/s00220-017-2960-4
http://arxiv.org/abs/1707.04564
http://dx.doi.org/10.1007/978-1-4684-9327-6

	Introduction
	Summary

	Symmetry enriched SymTFT
	SymTFT frameworks with symmetry enrichment
	An aside: gapped boundaries of SETs
	Discrete gauging with the quiche
	Gapped phases with the sandwich

	Symmetry enrichment from symmetry interplays
	Group extensions
	Mixed anomalies


	SymTFT enriched by lattice translation
	Modulated symmetries
	Example: exponential symmetry
	Example: dipole symmetry
	Classifying modulated SPTs

	LSM anomaly with translations
	LSM theorem from the SymTFT
	Dual symmetries from gauging


	SymTFT enriched by reflection
	Example: LSM anomalies and extensions with reflections
	Reflection enriched SymTFT
	Stabilizer code
	Gapped boundary conditions
	LSM theorem from SymTFT


	SymTFT enriched by time-reversal
	Example: anomalies and extensions with time-reversal
	Time-reversal enriched SymTFT
	Stabilizer code
	Gapped boundary conditions
	Mixed anomaly from SymTFT


	Outlook
	Introduction to SymTFT
	Introduction to group extensions
	Background foliation fields
	ZN dipole SymTFT as a foliated field theory
	Z2 symmetry fractionalization in Z2 topological order
	References

