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‘We propose a theoretical scheme to realize two-dimensional higher-order Weyl semimetals using
a trilayer topological film coupled with a d-wave altermagnet. Our results show that the trilayer
topological film exhibits two-dimensional Weyl semimetal characteristics with helical edge states.
Notably, the Weyl points are located at four high-symmetry points in the Brillouin zone, and the
topology of symmetric subspaces governs the formation of these Weyl points and edge states. Upon
introducing a d-wave altermagnet oriented along the z-direction, gaps open in the helical edge states
while preserving two Weyl points, leading to the realization of two-dimensional higher-order Weyl
semimetals hosting topological corner states. The nonzero winding number in the subspace along
the high-symmetry line serves as a topological invariant characterizing these corner states, and the
other subspace Hamiltonian confirms the existence of the Weyl points. Finally, a topological phase
diagram provides a complete topological description of the system.

I. INTRODUCTION

In recent years, the study of topological phases has ex-
panded significantly, uncovering novel properties across a
wide range of systems [1, 2]. Beyond the traditional bulk-
boundary correspondence observed in topological insu-
lators [3-10] and semimetals [11-14], the emergence of
higher-order topological phases has marked a paradigm
shift. A d-dimensional nth-order topological phase is
characterized by gapless boundary modes living on (d —
n)-dimensional boundaries rather than on the conven-
tional (d — 1)-dimensional ones. In particular, in two
dimensions a second-order topological phase has all one-
dimensional edges gapped, while zero-dimensional corner
states appear inside the edge excitation gap. Initially
proposed for insulators, these higher-order topological
phases exhibit distinctive bulk-boundary relations, in-
cluding corner states in two- or three-dimensional sys-
tems and hinge states in three-dimensional systems [15-
25]. A major research focus has been the induction of
higher-order corner states by breaking the edge states of
two-dimensional (2D) topological insulators [26-34].

Building on these 2D corner states, second-order topo-
logical semimetal states with hinge states, such as Weyl
semimetals, Dirac semimetals, and nodal ring semimet-
als, have been predicted in bulk-closed three-dimensional
systems [35-48]. The dimension reduction may pro-
duce unique physical properties, such as parity anomaly
in (2 4+ 1)-dimensional (space-time) quantum field the-
ory [49-52], giant Berry curvature dipole [53, 54], and
topological quantum criticality [55]. Moreover, in con-
trast to hinge states, corner states in higher-order topo-
logical systems exhibit enhanced spatial localization and
greater tunability [56], rendering them promising can-
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didates for novel quantum functionalities. Incorporat-
ing such localized zero-dimensional modes into semimetal
systems, which are characterized by gapless bulk, may
give rise to unconventional boundary phenomena. De-
spite its theoretical appeal, the realization and char-
acterization of higher-order topology—specifically, the
presence of corner states—in two-dimensional semimet-
als remain largely unaddressed. A systematic exploration
of this regime is therefore of fundamental importance,
as it may uncover new classes of gapless higher-order
phases and broaden the conceptual framework of topo-
logical quantum matter beyond the conventional gapped
paradigm.

Recently, altermagnetism, distinct from both ferro-
magnetism and antiferromagnetism, has been proposed
within the framework of spin group theory [57-59]. In
altermagnetic systems, sublattices with opposite spins
are not related by spatial inversion or fractional trans-
lation operations but are instead connected by rotation
or mirror symmetry operations. This unique symme-
try constraint gives rise to non-relativistic, anisotropic
spin splitting in the Brillouin zone. As a result,
altermagnets-combining real-space antiferromagnetic or-
der with momentum-space anisotropic spin splitting,
present a promising platform for realizing 2D higher-
order semimetals.

In this work, we theoretically propose a pioneering
scheme to realize 2D higher-order Weyl semimetals with
corner states, utilizing trilayer topological films and d-
wave altermagnets. As illustrated in Fig. 1(a), the 2D
system hosts helical edge states and four bulk Weyl points
at high symmetry points. Introducing a d-wave altermag-
net along the z-direction opens a gap in the helical edge
states while preserving two bulk Weyl points. The emer-
gence of corner states within the edge gaps signifies the
realization of 2D higher-order Weyl semimetals, as shown
in Fig. 1(b). The topological invariants of the symmetric
subspace characterise the topological nature of the sys-
tem. Finally, a topological phase diagram is determined.
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FIG. 1. (a) Schematic of a trilayer topological film. The films
are represented in yellow and light blue layer, respectively.
Red and blue lines indicate helical edge states. (b) Schematic
of a trilayer film with d-wave altermagnet. The green arrows
indicate the direction of the altermagnet parallel to the out-
of-plane. The purple cones indicate the Weyl cones in the
first Brillouin zone and the blue spheres indicate the corner
states.

II. SYSTEM HAMILTONIAN

We design the theoretical model based on the Hamil-
tonian form of the BisSes topological film [60-62], the
Hamiltonian for the trilayer films as shown in Fig. 1 can
be expressed as follows:

H(k) =vp(sinkys, —sinkysy)p, + m(k)sopz, (1)

where k = (k;, k), the first term corresponds to the ki-
netic energy, vg is the Fermi velocity, and the second
term is the coupling term between the different layers,
m(k) = mo + 4my — 2mq cosk, — 2mq cosk,, mp and
m1 are the hybridization gap and parabolic band com-
ponents, respectively. Here p, ., denote the layer degrees
of freedom, and the three degrees of freedom correspond
to the top, middle, and bottom layers, the concrete form
is

o = O

1
0
1

o = O

Notably, the higher-order Weyl phase, along with the as-
sociated helical edge and corner states, arises only under
the antisymmetric Fermi velocity configuration (1, —1,1).
In contrast, alternative configurations such as (—1,1,1)
or (1,1,1) fail to induce the necessary band inversions
and do not support topologically protected boundary
modes. The (1,—1,1) configuration, representing oppo-
site Fermi velocity signs between the middle and outer
layers, can in principle be realized via structural asym-
metry or layer-selective gating in van der Waals trilayers.
And s; ., in Eq. (1) is the Pauli matrices for the spin.
The system is assumed to be half-filled with the Fermi
level at zero energy.

The model presented in Eq. (1) extends the low-energy
theory of BiySes thin films [60] to a trilayer configura-
tion. It is formulated as a lattice model incorporating in-
terlayer hybridization and spin-momentum locking and
features idealized symmetries, such as chiral symmetry
in specific momentum subspaces, that enable analytical
topological classification. Although not derived from a
k - p expansion around the I'" point, and not intended

to quantitatively reproduce the full band structure of a
real BisSes trilayer, the model provides a phenomeno-
logical framework for exploring higher-order topological
mechanisms. In particular, the symmetric interlayer cou-
pling facilitates the coexistence of gapless Weyl points
and gapped helical edge states, enabling the emergence
of corner states even without a full bulk gap. This con-
struction thus offers a tunable platform for investigating
second-order topology in two-dimensional Weyl systems.

The spin splitting of altermagnets exhibits various
forms, including p-wave, d-wave, g-wave, and i-wave [59].
We employ d-wave spin splitting altermagnets, as follows

100
H sy = J(cosky —cosky)s, @ [0 0 0Of . (3)
001

Here s, represents altermagnet in the z-direction, and
only the top and bottom layers are affected by alter-
magnet, which can be induced by magnetic proximity
effect [63].

Although time-reversal symmetry can be broken by
conventional magnetic ordering, we deliberately em-
ploy a d-wave altermagnetic exchange field due to its
momentum-dependent structure. This unique feature
enables selective gap opening in the edge states while
preserving the bulk Weyl points, thus realizing an ideal
“gapless-bulk, gapped-boundary” topological phase. In
contrast, conventional magnetic orders typically act more
uniformly on both bulk and boundary states, making
them less suitable for achieving such coexistence.

The d-wave altermagnetic term introduced in Eq. (3)
is not postulated arbitrarily but can be microscopi-
cally justified from a perturbative self-energy correc-
tion induced by interfacial coupling between the Weyl
semimetal and an altermagnet. Specifically, considering
a tunneling strength ¢ and an altermagnet Hamiltonian
Ham = J(cosky — cosky)s, + 1, the leading-order self-
energy correction takes the form

2 ~
DI EJ(COS kg —cosky)s.,

which naturally leads to a momentum-dependent d-wave
exchange structure consistent with Eq. (3). In addition,
this form is constructed based on symmetry considera-
tions and a theoretical understanding of spin-splitting
patterns in altermagnetic systems. Notably, similar
momentum-dependent d-wave exchange terms have been
employed in recent theoretical studies [33, 64-66], which
support the formal structure adopted in our model.

Our effective Hamiltonian Hanm = J(cosky —cosky)o,
is a phenomenological model designed to capture the
essential feature of momentum-selective spin splitting.
This form corresponds to the B, irreducible represen-
tation in a tetragonal crystal and is consistent with the
general symmetry-allowed terms discussed in Ref. [67].
In their classification, this term arises from a Néel-type
altermagnetic order with inversion-symmetric orbitals lo-
cated at Wyckoff positions compatible with Dsyj, or Cop
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FIG. 2. (a) Bulk energy band structure of the trilayer film
along the high symmetry points. The bands far from the
Fermi energy are twofold degenerate, and the bands near the
Fermi energy are not degenerate. (b) Locations of the four
Weyl points in the first Brillouin zone, with Weyl points in-
dicated by cyan. (c¢) Energy band structure of nanoribbons.
The solid red and dashed blue lines indicate gapless helical
edge states. (dl) and (d2) denote the probability distribu-
tions of the edge states for E = 0.2 in A and B of (c), re-
spectively. The blue and red edge states on the same bound-
ary propagate in opposite directions, hence the overall helical
edge state. The parameters are chosen as vp = 1, m; = 1,
mo = —2, and J = 0.

point groups. We emphasize that our model should
be viewed as a symmetry-guided minimal construction,
rather than a material-specific tight-binding model. A
full multiorbital derivation from first principles would in-
deed require a detailed treatment of spin, orbital, and
crystal symmetry couplings, which could be pursued in
future studies. Nonetheless, our simplified Ha\ captures
the key ingredients for realizing momentum-dependent
mirror-symmetric exchange fields that gap out edges and
generate higher-order topology.

Throughout this work, we adopt dimensionless units
by setting the lattice constant a = 1 and Planck constant
h =1, following standard practice in tight-binding lattice
models. Within this convention, parameters such as the
Fermi velocity v, interlayer coupling strength m, and
altermagnetism J possess the same dimensional form, al-
though they originate from distinct physical mechanisms.
For reference, the Fermi velocity vg in BisSes thin films
typically lies in the range of (2-5) x 10°> m/s [68]. The in-
terlayer coupling m corresponds to an energy scale of sev-
eral to tens of meV depending on the film thickness [69].
The exchange coupling J induced by proximity to a d-
wave altermagnet is estimated to be a few meV up to
about 10 meV [33]. Based on these experimental es-

timates, we confirm that the parameters chosen in our
model are physically reasonable.

ITI. RESULTS AND DISCUSSION
A. Weyl semimetal with helical edge state

Let us first examine the system without the altermag-
net (J = 0). The bulk band structure of the trilayer films
along the high-symmetry points is shown in Fig. 2(a).
One can see that the bulk bands far from the Fermi en-
ergy are twofold degenerate, while those bulk bands near
the Fermi energy are non-degenerate and close at the
high-symmetry points. It indicates that the Weyl points
in the 2D system are fixed at these high-symmetry points,
and are not cleaved from Dirac point because of the lack
of a spatial inversion counterpart. The positions of the
Weyl points (highlighted in cyan) within the Brillouin
zone are shown in Fig. 2(b).

To further investigate the edge states, we calculate the
energy spectrum of nanoribbons as a function of k., with
the y-direction subjected to open boundary conditions
(Ny = 50a), where a denotes the lattice constant. In-
terestingly the 2D Weyl semimetal exhibits edge states,
as illustrated by the red solid and blue dashed lines in
Fig. 2(c). To characterize these states more precisely, we
analyze the wave function distribution corresponding to
the edge states at energy E' = 0.2, as shown in Fig. 2(d1)
and Fig. 2(d2). We observe that the two edge states at
point A are localized at opposite ends of the nanoribbon.
Similarly, the edge states at point B are also distributed
at opposite ends, but their spatial distribution is reversed
compared to those at point A. This spatial distribution
confirms that these are helical edge states. Thus, the
above analysis establishes that the trilayer film system is
a 2D Weyl semimetal with helical edge states.

To elucidate the physical origin of the Weyl points and
helical edge states, we examine the symmetry of the bulk
Hamiltonian H (k). In the absence of altermagnet, the
Hamiltonian H (k) retains invariance under the symme-
try M, where

0 s, O
M:Q s, 0 s.|. (4)

0 s, O

We note that the mirror-like operator M is a Hermitian
matrix that does not represent a conventional physical
symmetry. Instead, it defines an algebraic symmetry of
the lattice model, satisfying the commutation relation
[H(k), M] = 0. This commuting property allows H (k)
and M to be simultaneously diagonalized. In particular,
symmetric trilayer van der Waals heterostructures nat-
urally provide the structural conditions for realizing the
algebraic structure encoded by M: the two outer layers
can be made symmetry-related by stacking design, while
the interlayer hybridization can be tuned via stacking ge-



ometry, spacer layers, or electrostatic gating. Such tun-
ability enables the effective Hamiltonian to acquire the
same block structure generated by M, even though M
is not a conventional mirror operation. In this basis, the
eigenvectors of M form a unitary matrix U that can be
used to transform H (k) into a block-diagonal form:

H'(k) = U'H(k)U,

where each block corresponds to a subspace labeled by a
distinct eigenvalue of M. This decomposition enables the
topological properties to be analyzed separately within
each symmetry-respecting subspace. It is straightforward
to find that M has three eigenvalues: —1, 0, and +1.
The corresponding eigenvectors form a unitary matrix
U, which can be explicitly written as

o L1 2 o9 1 9
-1 0 o -¥ o -1
po| 0 -2 0 0o 2o
-2 9 0 0 ¥ 0
0 3 ¥ 0 1o
- 0 0 ¥ 0 -1

Here, the columns of U correspond respectively to eigen-
values —1, —1, 0, 0, +1, and +1. In the subspaces as-
sociated with three eigenvalues, H (k) can be decoupled
into three independent parts:

Hyy = —vpsink,r, £ vpsink,r, + \/ﬁm(k)rz,
Hy = —vpsinky7, + vpsink, 7, =do(k) -7, (5)

where 7 = (74,7, 7,) are the Pauli matrix. Each of
H_1, Hy, and Hj exhibits chiral symmetry, and the chi-
ral symmetry operators are denoted by (7, — 7))/ V2,
(Te +71y)/ V2 and T, respectively. Notably, Hy is zero at
the four high symmetry points I'(0, 0), X; (7, 0), Xz (7, 0),
and M (w, ), which correspond to the four Weyl points,
as shown in Fig. 2(b). To determine the nature of the
band touching, we expand H around each point by writ-
ing k = ky + q with |q| < 1. This yields

H(<)W) (Q) =Vfp (O‘W(]r’ry + BW(]mi) 5 (6)

where (aw, Sw) = (+1,-1), (=1, -1),(+1,+1), (-1, +1)
for W =T, X1, X5, M, respectively. The corresponding

dispersion
EM)(q) = +up /a2 + a2, (7)

is linear in q, demonstrating that all four degeneracies
are genuine linear Weyl crossings pinned to the high-
symmetry points. We further investigate the topological
charge associated with each Weyl point in the subspace
Hamiltonian Hy. The winding number for each Weyl
point is calculated using the following expression [1]:

o = 2L dk T (k) Org(K)),
T Jo

q(k) = —vp(sink, + isink,), (8)

where W = T', X7, X5, M and C denotes an enclosing
loop around a Weyl point in the 2D Brillouin zone. It
follows that vpr = vy = —vx, = —vx, = 1, corre-
sponding to the four Weyl points. The total topolog-
ical charge of the two Weyl points along the k, = 0
and k; = 7 projections is zero, i.e., vr + vx, = 0 and
vy + vx, = 0. As a result, the energy band structure
of the nanoribbons, shown in Fig. 2(c), does not exhibit
one-dimensional Fermi arcs connecting the Weyl points.
It is worth noting that quasi-flat one-dimensional Fermi
arc edge states emerge, connecting Weyl points of oppo-
site chirality, as long as the nanoribbon is oriented away
from the k, or k, directions.

The Chern numbers of bulk gapped H; and H_; can
be calculated using the following expression [70-72]

1
= — d’kQ,,
=52 /B o, (9)

where k = (kz, k) and Q,, is the momentum-space Berry
curvature for the nth band [73-75]

Z 2Im<wnk|vm |wmk> <wmk|vy |'(/)’ﬂk> ]

(wm, - wn)2

0 (k) = — (10)

m#n

In this expression, the sum runs over all occupied bands
below the bulk gap, where w, = E,/h represents the
energy of the n-th band, and v, , are the velocity opera-
tors. By integrating the Berry curvature, we calculate the
Chern numbers and find Cy, = —Cpx_, = 1, which corre-
sponds to a pair of the opposite chiral edge states in open
boundary, i.e., helical edge states. These integer Chern
numbers remain numerically stable under Brillouin-zone
mesh refinement, with their values unchanged within ma-
chine precision. These results indicate that the Hamil-
tonians of the three subspaces collectively describe a 2D
Weyl semimetal with helical edge states.

B. Corner states in Weyl semimetal

We now introduce a d-wave altermagnet (J = 0.6) to
demonstrate the emergence of corner states. The en-
ergy spectrum of the nanoribbon is shown in Fig. 3(a),
with the helical edge states being gapped by the alter-
magnetism (indicated by the solid blue and dashed red
lines). Notably, the momentum-dependent d-wave al-
termagnetic field vanishes along the k, = =+k, direc-
tions, preserving band degeneracy and yielding a quan-
tized Berry phase of 7 along these cuts. As a result,
topologically protected edge states emerge in ribbons ori-
ented along the [11] and [11] directions. Interestingly, the
bulk bands remain unaffected. Despite the disappearance
of the first-order edge states, we observe the emergence
of second-order topological phases. To investigate cor-
ner states, we analyze the energy spectrum of finite-size
nanoflakes, such as a rectangular nanoflake with dimen-
sions 40a x 40a. As shown in Fig. 3(b), four zero-energy
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FIG. 3. (a) Band structures of nanoribbons of the topological
film with d-wave altermagnet. The blue solid line and the
red dashed lines indicate the gapped helical edge states. (b)
Energy levels of the rectangular-shaped nanoflake. Blue dots
correspond to corner states. The wave function probability
distribution of the corner states is shown in the inset (blue
density dots). (c) Bulk energy spectrum along the high sym-
metry points. (d) Locations of the two Weyl points in the
first Brillouin zone, with Wely points indicated by cyan. The
altermagnet is set to J = 0.6 and the other parameters are
the same as in Fig. 2.

states appear at the Fermi level (highlighted by blue dots)
within the continuum spectrum. The inset shows the
wave-function probabilities of these corner states at half-
filling, revealing that the electronic charge is localized
at the corners of the nanoflake. The number and spa-
tial localization of the corner modes remain unchanged
for different nanoflake sizes, indicating that they are not
finite-size artifacts.

The energy bands shown in Fig. 3(a) confirm that the
bulk bands remain gapless. However, a key character-
istic of a semimetal is the crossover of the bulk bands.
We plot the bulk band structure of the topological film
with d-wave altermagnet in Fig. 3(c). It is clear that
while the Weyl points at X; and X5 become gapped, the
Weyl points at I' and M persist. The positions of these
remaining Weyl points in the first Brillouin zone are in-
dicated by cyan markers in Fig. 3(d). The simultaneous
presence of corner states in finite-size nanoflakes and the
Weyl points in the bulk band directly signals the realiza-
tion of 2D higher-order Weyl semimetals. Because the
four corner modes are spatially separated, finite-size hy-
bridization can generate a small splitting away from zero
energy. For the system size employed in our calculations,
however, this splitting is already negligibly small, and the
corner states remain well isolated and strongly localized.
We emphasize that the realization of the higher-order
Weyl semimetal phase requires a uniform out-of-plane d-

wave altermagnetic exchange field applied to both the
top and bottom layers. When the orientations differ, no
corner states emerge, indicating that the second-order
topological phase cannot be realized under such condi-
tions.

In conventional Weyl semimetals, Fermi-arc states typ-
ically connect Weyl points along specific momentum-
space directions. In contrast, in our system, the two
Weyl points always carry a net topological charge of zero
for any fixed k, or k,, thereby preventing the forma-
tion of flat-band Fermi arcs along these directions. As
a consequence, no hybridization occurs between Fermi-
arc states and corner states along the k; and k,-oriented
edges. Furthermore, the vanishing density of states at
the Weyl nodes ensures that bulk states do not hybridize
with the zero-energy corner modes, even as the system
size increases.

To understand the physical origin of the corner states
and the persistence of Weyl points, we analyze the sym-
metry properties of the system. Although the d-wave
altermagnet breaks time-reversal symmetry and the M
symmetry, leading to gaps in both the helical edge states
and the Weyl points at X; and X5, the Hamiltonian along
the high-symmetry directions &k, = k, and k, = —k, re-
tains M symmetry. Here, the symmetry operator M is a
Hermitian matrix that commutes with the Hamiltonian
along high-symmetry lines, i.e., [M, H(k;, tk;)] = 0.
We emphasize that M is not associated with any physi-
cal mirror reflection or rotational symmetry of the crys-
tal lattice. Rather, it represents an algebraic symme-
try emergent from the model’s structure, which enables
block-diagonalization of the Hamiltonian into symmetry-
respecting subspaces and facilitates the analytical com-
putation of topological invariants such as winding num-
bers. In particular, this allows H(k,,k;) to be decom-
posed into three subspace Hamiltonians,

Hiq =vpsink,(r, F1y) + V2m(ky)r, = daq (k) - 7,
Hy = vpsink, (1, — ). (11)

Clearly, the subspace Hamiltonians H_;, Hy, and Hy all
exhibit chiral symmetry, and the chiral symmetry oper-
ators are denoted by (1, — 7,)/V2 , (7. + 7,)/V2 and
T, respectively. The Hamiltonians Hj has two gapless
points in momentum space at k, = 0 and k, = =, cor-
responding to the Weyl points located at the I' and M
points. For the bulk gapped Hamiltonians H_; and Hq,
we calculate their winding numbers using the following
expression[76]:

1 T
Vi) = —— d
+1 Imi . T

dlnh(k,)
s (12)
where h(k,) denotes the Hamiltonian Hy; and it is eval-
uated along the high symmetry line k; = +k,. The cal-
culated winding numbers are v4; = +1, which indicates
the presence of two corner states in the 2D finite-size
system, located at the endpoints of the k, = k, path.



For the case of k, = —k,, the Hamiltonian H(ky, —kz)
can similarly be decomposed into three distinct compo-
nents:

Hiy =vpsink,(r, £7y) + \/im(k)TZ,
Hy = vpsinky (1, + 7). (13)

The winding numbers v41; = F1 are calculated for H_;
and Hj, confirming the presence of two corner states
at the endpoints of the k, = —k, path. Therefore,
the corner states are not trivial defect modes but in-
trinsic topological boundary states. Their emergence re-
quires edge gap opening induced by a finite d-wave ex-
change field J and is characterized by a quantized wind-
ing number within the symmetric subspaces. The ab-
sence of corner states at J = 0 and their appearance
for J > 0 signify a topological phase transition from
a first-order to a second-order Weyl semimetal, which
may be probed experimentally via scanning tunneling
microscopy (STM). This analysis demonstrates that the
system is a 2D higher-order Weyl semimetal, character-
ized by bulk Weyl points and corner states. These find-
ings are in excellent agreement with the numerical results
presented in Fig. 3.

C. Edge theory

In this subsection we derive an effective edge theory
for the trilayer Hamiltonian and analytically clarify the
origin of the corner zero modes in the higher-order Weyl
phase. We start from the lattice model H(k)+ Hay and
expand it around the I' point. Using sink, , ~ k,, and
coskyy>~1— k%yy/Q, we obtain the continuum form

H(k) ~vp(kysy — kasy)p: + [mo + ml(ki + ki)]sopm
— g(kg — k)s. Py,

(14)
where Py, = diag(1,0,1) acts in the trilayer space and
selects the top and bottom layers.

Diagonalizing the trilayer matrix p, yields three eigen-
values 0, +1/2 with orthonormal eigenvectors wg, u_, Uy .
In our model the helical edge states originate from the
bands associated with w, while the band corresponding
to ug does not participate in the edge modes and is ne-
glected in the following. We therefore project onto the
two-dimensional subspace spanned by w4. Introducing
the 3 x 2 projection matrix @ = (u4,u_) the effective
layer operators become

P;ﬂ = QTPIQ = \/5(727 piﬁ = QTPZQ =0, (15)
where o, . are Pauli matrices in the effective layer space.
For later convenience we define

m) =v2my.
(16)

A A /
T, =0g, Ty=0, mozﬁmo,

Projecting the kinetic and interlayer-hybridization terms
in Eq. (14) then gives the effective continuum Hamilto-
nian

H" (k) = vp(kyso — kaosy) 72+ [mo +mi (k2 + k)] 7/,

(17)
which reproduces the helical edge structure. The d-wave
altermagnetic term is projected to

Jeff
2

Hi\(k) = === (k2 — ky)s27., (18)
where Jog o< J is a renormalized exchange parameter
determined by QfP;Q. This effective term acts as a
momentum-dependent Zeeman field in the edge subspace
and is responsible for opening Dirac masses on the bound-
aries.

For ease of discussion, the four edges of a square
nanoflake are labeled as I, IT, III, and IV in counterclock-
wise order, as shown in Fig. 3(b), where edges I and III
are parallel to the y axis and edges II and IV are parallel
to the = axis. We first focus on edge I, which corre-
sponds to a semi-infinite region x > 0 with the boundary
at = 0. Along this edge k, is a good quantum number,
while k, — —i0,. The effective Hamiltonian is conve-
niently decomposed as

Hep(—i0,, k) = Ho(—id,) + Hy(—idy, k),  (19)

with
Ho(—i0,) = ivpdysyt. + (m{ — my02) 72, (20)
. ’ Jeft 2 /
H,(—i0y, ky) = vpkys,T, + 5 055.T.. (21)

Here we have used k2 —kz ~ —? for modes localized near
the edge and neglected the kifdependent corrections in
the mass term, which only give subleading changes to the
gap magnitude and do not affect the sign of the Dirac
mass. The unperturbed part Hg describes the helical
edge modes of the pristine trilayer film, while H,, encodes
the dispersion along the edge and the d-wave altermag-
netic perturbation.

To obtain the edge modes, we set k, = 0 and H,, =0
and solve the zero-energy equation Hy(—i0;)1(x) = 0 on
the half-line x > 0 with hard—wall boundary conditions
¥(0) = 1(+00) = 0. This equation admits two linearly
independent normalizable solutions of the form

I,ZJQ(I) = f(fE) Xas a=1,2 (22)
where f(x) is an exponentially decaying function and the
spinors xq satisfy (is,7.+507,)Xa = 0. These two states
span the low-energy subspace of helical edge modes on
edge 1. In this two—dimensional subspace we introduce
Pauli matrices 7, 4, . acting on the edge degrees of free-
dom.



Treating H, as a perturbation, the effective edge
Hamiltonian for edge I is obtained by projecting H,, onto
the subspace spanned by {1, 1s},

(HDaplt) = [ dovl@) By=idn. ks (o). (23
The first term in Eq. (21) generates the kinetic term
| dwl@rhy st = veky(as, (21)
0

while the second term produces a Dirac mass,

[e%) Je ,
| drvl @ i@ = milnes, (25)

with m; = C; J92%737 where C; > 0 is a dimensionless
1

constant determined by the detailed profile of f(z) and

does not affect the sign of the mass. Thus the low-energy

dispersion on edge I is described by the one-dimensional

Dirac Hamiltonian

Hl(ky) = 'UFkynw +mn.. (26)

The sign of the Dirac mass m;y is controlled by the sign
of Jogmy, while its magnitude is set by the altermagnetic
exchange scale and the bulk gap parameters. In the ab-
sence of altermagnetism (Jog = 0), edge I hosts a pair
of gapless helical modes, consistent with the numerical
spectra in Fig. 2(c); a finite Jog gaps these modes and
generates a Dirac mass m; on edge I.

For the other edges (II, III, IV), similar analyses yield
the effective Hamiltonians

Hir = —vpkyny — mym:,
Hirp = —vpkyng +mpm.,
Hrpy = UkaUy —mynz. (27)

Thus the Dirac effective masses at the four edges I, II,
II1, and IV are given by mj;, —my, my, and —my, re-
spectively. These mass terms indicate the formation of
Dirac mass domain walls at all four corners of the rectan-
gular nanoflake. According to the Jackiw-Rebbi mecha-
nism [31, 77], such mass-domain-wall configurations host
zero-energy bound states at the corners, which is fully
consistent with the corner-localized states found in the
numerical spectra in Fig. 3(b).

D. Robustness against disorder

Finally, we examine the stability of the corner states
against disorder in the higher-order Weyl phase. As dis-
cussed in Sec. IIT B, the zero-energy corner modes orig-
inate from a quantized winding number defined within
the M-symmetric subspaces of the effective Hamiltonian.
Perturbations that preserve this subspace structure and
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FIG. 4. (a) Energy spectrum of a 40a x 40a nanoflake as a
function of the strength W of the random magnetic disorder
H2. Gray lines denote bulk and edge states, while the four
corner levels are highlighted in blue. The corner states remain
pinned near zero energy over a wide range of W. (b) Eigen-
value spectrum near zero energy for a fixed disorder strength
W = 0.5. Blue dots mark the four corner states, and the inset
shows their wave-function probability distribution, localized
at the four corners of the nanoflake.

do not close the corresponding gaps are therefore not ex-
pected to destroy the higher-order boundary modes.

To test this explicitly, we first consider magnetic dis-
order in the form of a random exchange field

chi\f[s = Z(le C;'r (]Ilaycr®sz)ci7 5Jz S [_W, W] (28)

This term preserves the overall spin quantization axis
and the M-subspace structure of the effective Hamilto-
nian. Figure 4(a) shows the evolution of the low-energy
spectrum of a 40a x 40a nanoflake as a function of the
disorder strength W. Gray lines denote bulk and edge
states, while the four in-gap levels are highlighted in
blue. Over the whole range 0 < W < 1, these levels
remain pinned close to zero energy, whereas all other
states form a broadened continuum. The correspond-
ing eigenvalue spectrum near zero energy for W = 0.5 is
shown in Fig. 4(b); the four corner states are marked by
blue dots, and the inset confirms that their wave-function
probability is strongly localized at the four corners of
the nanoflake. These results demonstrate that the corner
modes are robust against symmetry-preserving magnetic
disorder.

In contrast, scalar onsite-potential disorder of the form
HY =Y, wicjci, acts identically on all internal degrees
of freedom, mixes different M subspaces, and strongly
couples the corner modes to the gapless bulk continuum.
As the disorder strength W grows, the four in-gap levels
broaden and eventually merge into the bulk spectrum,
so that the corner states are no longer spectrally iso-
lated. This behavior reflects a generic feature of gapless
higher-order Weyl semimetals: corner modes are pro-
tected against symmetry-preserving perturbations, but
not against arbitrary, symmetry-breaking scalar disorder.
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FIG. 5. (a) The energy bands correspond to the parameters
vp = 1,mg = —6,m; = 1, and J = 0.6. The blue solid
lines and the red dashed lines indicate the gapped helical edge
states. (b) Energy levels of the rectangular-shaped nanoflake.
Blue dots correspond to corner states. The wave function
probability distribution of the corner states is shown in the
inset (blue density dots). (¢) The energy bands correspond
to the parameters vp = 1,mg = —6,m1 = 0.7, and J =
0.6. (d) Topological phase diagram of the trilayer film as
functions of m1 and mg with vp = 1, and J = 0.6. The black
dashed lines indicates the phase boundaries (|mo| = 8|m1| and
|mo| = 4|m1]). HOWSM corresponds to a higher-order Weyl
semimetal phase with corner states, WSM for normal Weyl
semimetal. Parameter point coordinates (my,mo) : A(1,—2),
B(1,—6), and C(0.7, —6).

E. Topological phase diagram

In the above analysis, we have chosen specific param-
eters to analyze the topological phases. In this section,
we systematically explore the effect of varying param-
eters on the topological phase of the system. We first
adjust the value of mg, setting the system parameters to
vp = 1,mg = —6,m; = 1, and J = 0.6, i.e. changing
my = —2 in Figs. 2 and 3 to my = —6. Interestingly,
as shown in the energy band structure in Fig. 5(a), the
gapped helical edge states now appear at k, = 7, which is
different from the case shown in Fig. 3(a). To understand
the topological properties of the gapped edge states, we
plot the energy levels of the rectangular-shaped nanoflake
in Fig. 5(b). The inset displays the wavefunction dis-
tributions of the four zero-energy states (highlighted in
blue), uniformly distributed over the four corners, indi-
cating a two-dimensional higher-order topological phase.
Although the system remains in the higher-order Weyl
semimetal phase both before and after adjusting mg, the
edge states shift from k, = 0 to k, = 7), suggesting that
a topological phase transition has occurred. We next ad-

just my to analyze the system in more detail, with the
system parameters set to vp = 1,mg = —6,m; = 0.7,
and J = 0.6. The energy band structure of the nanorib-
bon is shown in Fig. 5(c), where the helical edge state
disappears, and the system behaves as a normal Weyl
semimetal phase.

To clearly understand and determine the phase bound-
aries, we analyze the Hamiltonian of the symmetric sub-
space in Eq. (13). It is clear that no matter how m;
and mg vary, a bulk band of Hy always closes, giving
rise to two Weyl points in the trilayer system. The bulk
band closure (or phase boundary) of H1y corresponds to
momy = 0 or |mgo| = 8ma| or |mg| = 4|mq|, dividing
the phase diagram in Fig. 5(d) into three distinct re-
gions. Using Eq. (12), we calculate the winding number
of H1; and find that the winding number vy, = F1 while
momy < 0 and |mg| < 8my| (excluding |mo| = 4|m1]),
while v4; = 0 in all other cases. Therefore, the yellow
region corresponds to the higher-order Weyl semimetal
phase, and the blue region corresponds to the normal
Weyl semimetal phase. This is consistent with the nu-
merical results. The parameter points A, B, and C' corre-
spond to the energy band structures in Figs. 3(a), 5(a),
and 5(c), respectively. Since the d-wave altermagnetic
term enters Hi; through A(k) = cosk, — cosk,, which
vanishes at the bulk gap-closing momenta, it does not af-
fect the mass term determining the phase boundaries, so
the lines |mg| = 4|m| and |mg| = 8|m4| in Fig. 5(d) re-
main independent of J for moderate exchange fields such
as J = 0.6.

IV. CONCLUSIONS

We have demonstrated that an out-of-plane d-wave al-
termagnet can transform a trilayer topological film into
a 2D higher-order topological Weyl semimetal, featur-
ing corner states. Specifically, the pristine trilayer topo-
logical film functions as a 2D Weyl semimetal, exhibit-
ing helical edge states and four bulk Weyl points. The
systems’s topological properties are characterized by the
Chern number and the winding numbers of symmetric
subspaces. Introducing an out-of-plane d-wave altermag-
net on the top and bottom layers induces a gap in the
helical edge states while preserving two bulk Weyl points.
We have further analyzed the energy levels of a rectan-
gular nanoflake, which confirms the existence of corner
states. The emergence of these corner states is attributed
to the nonzero winding number along the symmetric sub-
space of the high-symmetry line k, = +k,. Finally, we
provide a complete second-order topological phase dia-
gram. Our findings provide compelling insights into the
realization of pioneering 2D higher-order Weyl semimet-
als.

We also point out that embedding the trilayer film
between two layers of an altermagnetic material, such
as MnTe, which has been proposed as a realistic alter-
magnet with appropriate symmetry and lattice compat-



ibility [78], offers a feasible route for realizing the pro-
posed higher-order Weyl semimetal phase. Experimen-
tally, charged topological corner states can be detected
using STM [79]. When the STM probe is at the en-
ergy of the other states, a broadening peak can be ob-
served. After the corner states are induced by altermag-
net, sharp peaks can be observed at the corners of the
sample with STM. Therefore, observing changes in the
energy spectrum peaks with STM can be a strong evi-
dence for the existence of corner states. Beyond STM, the
bound corner modes are also expected to leave distinct
fingerprints in transport. In particular, they can gener-
ate sharp resonant features in conductance as a function
of gate voltage and enhance nonlocal resistance between
corner contacts in multi-terminal geometries. We further
point out that several experimentally accessible pertur-
bations can, in principle, distinguish the proposed topo-
logical corner states from trivial localized modes. First,
the altermagnetic exchange field J is essential for gen-
erating the corner states, and varying its magnitude or
reversing its sign, e.g., via magnetic reorientation, can
drive a topological phase transition. Second, the cor-
ner modes are protected by crystalline mirror symme-
try. Applying uniaxial strain or introducing asymme-
try between the top and bottom layers can selectively
break this symmetry and remove the corner states, while
trivial defect states remain unaffected. Third, STM-
based mapping of spatial charge density provides a di-
rect method for identifying symmetry-related localiza-
tion at the corners, offering an additional route to dis-
tinguish the topological origin. These knobs make our

model not only theoretically interesting but also experi-
mentally testable in van der Waals heterostructures and
magnetic film platforms. Beyond these experimental
probes, the key ingredients required in our symmetry
guided model are known to occur in magnetic topolog-
ical insulator heterostructures. First principles studies
of MnTe/Biy(Se,Te)s/MnTe stacks have demonstrated
strong proximity induced exchange coupling and related
topological phases [80], while ARPES measurements on
MnSe/BisSes interfaces have observed a sizable exchange
driven Dirac gap [81]. These works indicate that the es-
sential building blocks of our mechanism are experimen-
tally accessible in van der Waals magnetic heterostruc-
tures. A concrete material realization of the higher order
Weyl semimetal proposed here requires a dedicated ab
initio study, which lies beyond the scope of the present
work and will be pursued in future investigations.
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