Hasse Diagrams for Gapless SPT and SSB Phases with Non-Invertible Symmetries
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We discuss (1+1)d gapless phases with non-invertible global symmetries, also referred to as cate-
gorical symmetries. This includes gapless phases showing properties analogous to gapped symmetry
protected topological (SPT) phases, known as gapless SPT (or gSPT) phases; and gapless phases
showing properties analogous to gapped spontaneous symmetry broken (SSB) phases, that we refer
to as gapless SSB (or gSSB) phases. We fit these gapless phases, along with gapped SPT and SSB
phases, into a phase diagram describing possible deformations connecting them. This phase diagram
is partially ordered and defines a so-called Hasse diagram. Based on these deformations, we identify
gapless phases exhibiting symmetry protected criticality, that we refer to as intrinsically gapless SPT
(igSPT) and intrinsically gapless SSB (igSSB) phases. This includes the first examples of igSPT and
igSSB phases with non-invertible symmetries. Central to this analysis is the Symmetry Topological
Field Theory (SymTFT), where each phase corresponds to a condensable algebra in the Drinfeld
center of the symmetry category. On a mathematical note, gSPT phases are classified by func-
tors between fusion categories, generalizing the fact that gapped SPT phases are classified by fiber
functors; and gSSB phases are classified by functors from fusion to multi-fusion categories. Finally,
our framework can be applied to understand gauging of trivially acting non-invertible symmetries,

including possible patterns of decomposition arising due to such gaugings.
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FIG. 1. Hasse diagram for Z(Vecz,): On the left hand side we show the Hasse diagram of condensable algebras. In each box we
show a condensable algebra. The lowest level are the maximal, i.e. Lagrangian, algebras. Picking one of these as the symmetry
Lagrangian algebra Ls that fixes the symmetry S allows the classification of all S-symmetric phases.

is given in terms of a maximal condensable algebra, i.e.
a Lagrangian algebra [18]. In turn, the physical bound-
ary condition is specified by either a Lagrangian alge-
bra (gapped boundary condition) for gapped phases, or
a non-maximal condensable algebra for gapless phases.
Every condensable algebra in Z(S) defines an S-

symmetric phase. In turn there is a partial order on the
set of condensable algebras, defined as A; < Ay if Ay isa
subalgebra of A,. This ordering defines a Hasse diagram,
which is a graph where each vertex is a condensable al-
gebra and a connection between two vertices is drawn if
there is a partial order. This is a directed graph.

Phase Physical characterization Energy gap A Condition on A| n
Symmetry gap As

Gapped system with energy gap A > 0. The IR theory is a trivial TQFT.

SPT The charges of S confined in the IR start to appear A >0 A=L 1
at an energy scale (called symmetry gap) As > A > 0. As >0 ANLs=1
Order parameters (OPs) are all of string type (i.e. in twisted-sectors for S).
Gapless system with A = 0 and a unique ground state on circle.

oSPT Not all charges of S appear in the IR. A =0 A#L 1
The confined charges appear at a symmetry gap As > 0. As >0 ANLs=1
OPs are all of string type.

igSPT A gSPT phase that cannot be deformed to a gapped SPT phase, A =0 A#£L 1
because it has confined charges not exhibited by any of the gapped SPTs. As >0 ANLs=1
Gapped system with n degenerate vacua (labeled by i) permuted by S action.
Each vacuum ¢ has energy gap AD > 0. ()
Excitations . . (i5) A >0 A=r

SSB xcitations between two vacua i and j cost non-zero energy A'*7’ > 0. A s -1
Not all charges are realized in the IR = symmetry gap As > 0. As >0 ANLs 21
OPs are multiplets involving both conventional (non-string-type) o
and string-type operators.
Gapless system with n degenerate gapless universes labeled by 1.
Each universe has a unique ground state on a circle. ()

o . . . ” AY =0

oSSB Excitations between two universes i and j cost non-zero energy A9 > 0. A6 S 0 A#L <1
Not all charges are realized in the IR = symmetry gap As > 0. A 0 ANLs 21
OPs are multiplets involving both conventional (non-string-type) s>
and string-type operators.

iaSSB A gSSB phase with n universes that cannot be deformed to a gapped AA((”-)) ;% A#L <1
SSB phase with n vacua. As >0 ANLs 21

TABLE I. Types of (1+1)d phases, their physical characterization with properties of the energy and symmetry gaps. The last
two columns list the conditions on the condensable algebra A in terms of which the phase is determined and the number of
universes (equivalently vacua for gapped systems) n. £ denotes a condensable algebra that is Lagrangian, and Ls denotes the
Lagrangian algebra for S symmetry.

The

types of phases, e.g. the lowest level are all the gapped

Hasse diagram contains information about the phases. The top layer is always the trivial algebra given

by the identity line, which corresponds to a canonical




gapless phase in which all of symmetry S acts faithfully
in the infrared (IR) and there are no charges for S missing
from the IR, i.e. no charges that are confined. We note
here that we employ ‘generalized charges’ in the sense of
[19]; every simple object a € Z(S) is a topological bulk
operator/defect and is simply called a ‘charge’, irrespec-
tive of whether in a group-like presentation it would be
labelled ‘electric’ or ‘magnetic’.

We can classify phases as spontaneous symmetry
breaking (SSB) and symmetry protected topological
(SPT) phases, either gapped or gapless. Gapless SPT
(gSPT) have been recently studied in [9, 20-29]. A par-
ticularly interesting class of gSPTs are intrinsically gap-
less SPTs (igSPTs), which are gSPTs that cannot be de-
formed to SPT phases. A summary of all types of phases
is given in table I.

An example of a Hasse diagram for a SymTFT is shown
in figure 1 for the group-like symmetry Z,, which also
appeared in [9]. The topological lines in the Drinfeld
center are generated by the lines e and m with e* = m?* =
1. On the left hand side we have shown the condensable
algebras, with the lowest level given by the Lagrangians.
In this Hasse diagram of condensable algebras we have

not yet chosen any symmetry S.

On the right hand side of figure 1 we have picked the
symmetry S = Zy4, i.e. Lagrangian Ls =1® e ® e? @ €3,
and indicate what type of phase each of these condens-
able algebras corresponds to. Gapped and gapless SPT
phases are given in terms of condensable algebras A such
that AN Ls = 1. If the condensable algebra is maxi-
mal (Lagrangian) it is a gapped SPT, otherwise a gapless
SPT. In addition, if there is no edge in the Hasse diagram
that connects a gSPT with a gapped SPT, then this is an
igSPT. For Z, there is precisely one igSPT phase, which
has been observed in previous literature.

Our approach allows identification of not only gapped
and gapless SPT phases, but also gapped and gapless SSB
phases for any fusion category symmetry, and the associ-
ated phase Hasse diagram describing possible patterns in
which these phases can be deformed into each other. We
carry this out for Vec(.S3), and non-invertible symmetries
Rep(S3) and Rep(Dsg) in figures 2 and 3, and find a new
igSPT phase for Rep(Ds), which to our knowledge is the
first igSPT phase for a non-invertible symmetry.
We also provide igSPT phases for Rep(Ds,,) symmetries
for any m > 1. The Hasse diagram remains unchanged if
we change the symmetry S to 8’ with the same SymTFT,
merely the types of phases have a different interpretation.

Physically, the phases can be characterized by the en-
ergy gap A (standard gap in the spectrum of states and
operators) but also by the symmetry gap As. When
Ag > 0, not all charges of S are realized in the IR phase.
The confined charges are realized in such an instance by
excited states. The symmetry gap Ag is the energy of the
first excited state carrying one of the confined charges.
We have summarized this in table I.

Generalized Superconductivity Interpretation.
The gapped and gapless phases discussed here can be
given a generalized superconductivity description [30].
Given the symmetry S, the key objects are the charges
that can be carried the operators in the SymTFT bulk.
(Such operators may correspond to extended or disorder
operators in the microscopic theory.) These charges are
captured by anyons of the SymTFT 3(S), which form the
Drinfeld center Z(S) [5-7, 19, 31-33]. The mutual braid-
ing between two anyons describes the mutual non-locality
between two local operators carrying the charges associ-
ated to the two anyons. Each phase (gapped or gapless)
is characterized by a set of mutually local charges that
condense. This set of condensed charges is character-
ized by a condensable algebra in Z(S). Any charge that
is non-local with the condensed charges is confined and
does not appear in the IR, showing up only after a sym-
metry gap Ag in the spectrum. This may be viewed as
a generalized Meissner effect. On the other hand, any
charge that is not condensed and that is local with all
the condensed charges is deconfined, i.e. it must be car-
ried by a gapless excitation arising in the IR. The phase
under consideration is thus necessarily a gapless phase
if there are deconfined non-condensed charges. On the
other hand, for a phase to be gapped, we must have a
maximal amount of condensed charges such that it is not
possible to have deconfined non-condensed charges. This
translates to the fact that the corresponding condens-
able algebra is maximal, or in other words, Lagrangian.
A phase P; can be obtained by a (small) deformation
of another phase P, only if P; can be obtained from Py
by further condensing some of the charges deconfined in
P>. This translates to the fact that the condensable al-
gebra corresponding to P, must be a subalgebra of the
condensable algebra corresponding to P;. (Gapped or
gapless) SSB phases are distinguished from (gapped or
gapless) SPT phases depending on whether or not there
are untwisted sector (i.e. genuine) local operators that
are condensed.

Although our main discussion is in the context of
(14+1)d theories and S a fusion category symmetry, the
general setting, already outlined in [1], is applicable in
higher dimensions as well for higher fusion category sym-
metries or non-invertible symmetries recently uncovered
in higher dimensions [34-37] (for reviews see [38, 39]),
which we intend to explore in the future.

Finally, we note that our approach for the classifica-
tion of S-symmetric phases in this work relies on the use
of condensable algebras at the object level, without ex-
plicitly verifying the possible multiplication structures of
the algebras which can pose certain limitations in more
complex examples than the ones studied here. A forth-
coming work [40] by a subset of the authors will compute
the algebra multiplication for all group theoretical cases
considered here and formally confirm the present results.



II. GAPPED SPT PHASES

In this section we review the case of gapped symmetry
protected topological (SPT) phases, which will simply be
referred to as SPT phases without the additional adjec-
tive ‘gapped’. The case of gapless SPT (gSPT) phases
will be discussed in section III.

Consider a symmetry S that can act on (D + 1)-
dimensional systems [41]. This could be a 0-form i.e.
group symmetry possibly with a 't Hooft anomaly, a
higher-form or higher-group symmetry possibly with a ’t
Hooft anomaly, or a non-invertible (higher-)categorical
symmetry [42]. An S-symmetric (D + 1)-dimensional
gapped system ¥ is in an SPT phase for S symmetry
if it lies in the trivial gapped phase once the symmetry S
is forgotten. The IR effective theory for a system lying in
a trivially gapped phase is the trivial TQFT, which has
a single vacuum, a unique ground state on every closed
spatial manifold, and a trivial partition function on every
closed spacetime manifold.

Two S-symmetric gapped systems are said to be lying
in different SPT phases for S symmetry if the S symme-
try is realized differently on the trivial IR TQFT. That
is, the spectrum of (possibly extended or non-genuine)
operators/defects or states in the IR that are charged
under S is different for two systems lying in two different
SPT phases. For a non-anomalous finite group symmetry
G, one often distinguishes SPT phases by inspecting the
projective (fractional) charges of ground states in each
symmetry-twisted sector on a circle: this however fails for
the example of order 128 constructed in [43], where every
twisted-sector ground state carries the trivial G-charge,
even though the phase is non-trivial since its 2-cocycle is
non-trivial in H2(G, U(1)).

Also, not all the charges of symmetry S are realized
in the IR. The ‘confined charges’ are simple objects of
the bulk theory Z(S) that do not survive as local bound-
ary excitations, i.e. they are realized by gapped excited
states. This allows us to define a symmetry gap Ag,
which is the energy of the first excited state (which could
be in a twisted or untwisted sector) carrying one of the
confined charges. This should in general be distinguished
from the energy gap A, which is the energy of the first
excited state irrespective of how it transforms under S.
Closing Ag necessarily closes A, but the converse is not
true. This distinction between Ag and A will be im-
portant when we discuss gapless SPT phases, for which
A =0 but Ag # 0 [44].

It is not possible to connect two S-symmetric systems
lying in different SPT phases by S-symmetric deforma-
tions without closing the energy gap. This is because
two different SPT phases have different sets of confined
charges. In fact, there always exists a confined charge for
one of the SPTs that is realized in the IR for the other
SPT. Thus, one necessarily needs to go through a point
where Ag = 0 to transition between two SPT phases,
but that means going through a point with A = 0.

As mentioned earlier, the SPT phase occupied by the

system is captured by how the & symmetry is realized
in the trivial IR TQFT. The symmetry S is a collection
of topological defects forming the structure of a pivotal
[45] fusion D-category. A realization of the symmetry
on a theory ¥ means that we find topological defects of
T labeled by elements of S that obey the fusion rules
and have the quantum dimensions of the elements of S.
Mathematically, this amounts to choosing a pivotal ten-
sor D-functor

p: S—S87), (IL.1)
where S§(%) is the D-category formed by topological de-
fects of ¥. Choosing such a functor ¢ converts a theory
T to an S-symmetric theory T°, whose underlying non-
symmetric theory is €. An SPT phase is an S-symmetric
TQFT whose underlying TQFT is trivial, which we de-
note by Ty [46]. Thus, an SPT phase can be described
as a functor

S 8(Tuiv) (11.2)

where S(%4yiv) is the D-category formed by topological
defects of iy, which can be identified with TQFTs of
spacetime dimension less than or equal to D.
In (1 + 1)-dimensions, i.e. for D =1, we have
S(ZTiriv) = Vec, (I1.3)
which is the category formed by vector spaces. Physi-
cally such a vector space describes the Hilbert space of a
topological quantum mechanics regarded as a topological
defect of a trivial (1+1)d TQFT. Thus, an SPT phase in
(1+1)d is characterized by a functor of the form

¢: S — Vec. (I1.4)

Such a functor is also referred to as a fiber functor,
reproducing the description of (14+1)d SPT phases ap-
pearing in [3].

In order to describe confined charges, or equivalently
the charges realized in the IR, associated to a fiber func-
tor ¢, it is useful to first discuss the Symmetry Topolog-
ical Field Theory (SymTFT) construction, also known
as topological holography, of SPT phases. This is be-
cause the charges for a symmetry S are neatly encoded
as topological defects of the SymTFT 3(S) associated to
S [19].

Symmetry TFT Description. Any d-dimensional S-
symmetric theory T admits a sandwich construction as
an interval compactification of the (d + 1)-dimensional
SymTFT 3(S) associated to the & symmetry, with one
end of the interval occupied by a topological boundary
condition (known as symmetry boundary) B&™ of 3(S)
capturing the symmetry S, and the other end of the in-
terval occupied by a possibly non-topological boundary
condition (known as physical boundary) %g};ys of 3(8),
capturing the dynamical information of T5. The topo-
logical defects arising at the boundary BE"™ form the fu-
sion (d—1)-category S, and realize the symmetry defects



of T° after the interval compactification. The sandwich
construction is depicted schematically as

sym phys
B Ds TS

(IL5)

where we display only two of the (d + 1) dimensions for
simplicity of exposition. For d = 2, a symmetry S is
described by a fusion category and the 3d SymTFT 3(S)
is obtained by performing Turaev-Viro-Barrett-Westbury
construction based on the fusion category S. For § =
Vecg, i.e. a symmetry group G with 't Hooft anomaly
w, a lattice model for the 3d SymTFT is provided by
a (possibly twisted) quantum double model based on G
[47-49]; while for general S one may use a Levin-Wen
string-net model [50] with the fusion category S as an
input.

A p-dimensional operator O, of T° carrying a non-
trivial charge under § is constructed by compactifying a
non-trivial (p + 1)-dimensional topological defect Q41
of 3(S) sandwiched between the symmetry and physical
boundaries:

h;
T8 B Brs”

08

p

0, =

(I1.6)

where we have suppressed p spacetime dimensions of O,
and Qp+1. As the symmetry generating topological de-
fects are localized completely along the symmetry bound-
ary BY™, the charge of the resulting p-dimensional op-
erator O, under S is determined completely by how the
topological defects of B™ act on the ends of Q4 along
the boundary BE™. Thus, the charge of a p-dimensional
operator O, is labeled by the topological defect Q1
involved in its sandwich construction. Specializing to
d = 2, the charges of (untwisted and twisted sector) lo-
cal operators under a fusion category symmetry S are
described by anyons (i.e. topological line defects) of the
Turaev-Viro theory 3(S), which mathematically form the
modular tensor category Z(S) known as the Drinfeld cen-
ter of S [51].

S-symmetric d-dimensional TQFTs are realized by
taking the physical boundary BP™$ to also be topo-
logical. Not all topological defects of 3(S) can end
along a topological boundary: roughly only half of them
can end. These ending topological defects character-
ize the charges for S-symmetry that are realized in the
corresponding S-symmetric TQFT. The (possibly ex-
tended) operators creating IR states carrying non-trivial

charges are recognized as the order parameters for the S-
symmetric gapped phase described by the S-symmetric
TQFT. These operators also carry the same charges un-
der S, and thus topological defects of the SymTFT end-
ing along the physical boundary capture charges of order
parameters [1, 2]. The topological defects of 3(S) that
cannot end along BPWS describe the confined charges
that do not arise in the IR TQFT, but are carried in-
stead by excited states.

Let us specialize now to d = 2. A topological bound-
ary is specified (up to continuous deformations) by a La-
grangian algebra £ in the Drinfeld center Z(S). The
objects of Z(S8) appearing in £ are the anyons that can
end along the topological boundary. The charges real-
ized in an S-symmetric 2d TQFT are thus the objects
of the Lagrangian algebra Lnys associated to the topo-
logical physical boundary B8P, which also capture the
charges of local operators acting as order parameters for
the associated S-symmetric gapped phase. The objects
of Z(S) not appearing in Lpynys are the confined charges
not realized by the TQFT but are realized instead by
the excited states. Note that the anyons appearing in
a Lagrangian algebra must all be bosons and must have
trivial mutual braidings.

SPT phases for S are special S-symmetric TQFTs
whose underlying non-symmetric TQFT is the trivial
TQFT. The corresponding physical boundaries are also
some special topological boundaries of the SymTFT. For
(141)d SPT phases, it is easy to describe the special con-
dition that a topological physical boundary for an SPT
phase has to satisfy. Let Lgy, be the Lagrangian al-
gebra for the symmetry boundary BY™ and Lyhys be
the Lagrangian algebra for the physical boundary BPs
The (non-symmetric) TQFTs in 2d (up to continuous de-
formations associated to Euler terms) are characterized
by the number of vacua (or ground states on a circle)
they have. By the state-operator correspondence, this
is equal to the number of linearly independent topolog-
ical local operators of the TQFT. The trivial 2d TQFT
corresponds to having a one-dimensional vector space of
topological local operators generated by the identity lo-
cal operator. Since the underlying non-symmetric TQFT
for an SPT phase is trivial, we want to choose a topolog-
ical physical boundary BP"* such that the resulting 2d
TQFT has no non-identity topological local operators.
There are three sources for such operators:

1. Topological local operators of 3(S).
2. Topological local operators of Ba™ and BPWYs,

3. Topological line operators of 3(S) ending along
both BY™ and BPYS,

In other words, the last type of local operators are ob-
tained as interval compactifications of bulk line opera-
tors. The first type of local operators are all proportional
to the identity, which has to do with the fact that 3(S)
is a SymTFT for a fusion category symmetry S. This



may fail for multi-fusion category symmetries. The sec-
ond type of local operators are also all proportional to
identity, which has to do with the fact that the bound-
ary conditions are associated to Lagrangian algebras, or
relatedly that the topological defects on the boundaries
form a fusion category. If, instead, the topological de-
fects on the boundary form a multi-fusion category, then
just by definition, there are non-identity topological lo-
cal operators hosted by the boundary. The third type of
local operators do not arise if we demand
Esym N Ephys = ]-, (117)
i.e. the only anyon appearing both in Ly, and Lpnys is
the trivial anyon 1. Thus, the condition (IL.7) provides a
SymTFT characterization for 2d SPT phases.

A. Example: Za X Zo

Let us discuss a couple of examples. First consider an
invertible symmetry S given by a non-anomalous group
Zgo X 7o, which is denoted as

S= VeCszz2 . (IIS)
The anyons of the SymTFT are
Z(Vecz,xz,) = { ile‘;szamzé si, s, € {0, 1}} ,
(I1.9)

where e; and m; are bosonic lines, with the braiding
between e; and m; given by a non-trivial sign. The
SymTFT can also be recognized as two toric codes
stacked together. The symmetry Lagrangian algebra is

f,fg;ﬂ@ =1d®e; DesDeres. (I1.10)
There are two possible SPT phases since for a group sym-
metry in 2d they are simply characterized by the coho-
mology group

H?*(Zy x Zy,U(1)) = Zs . (I.11)

The Lagrangian algebras for the two SPT phases are

LO™® =1®my © ma ® mymy

hys
Cl[) ys

=1®esmi Begmg Dejeamims.

Indeed the two physical Lagrangian algebras satisfy
(IL.7).

Let us now discuss the Zél) X Zf) (generalized) charges
realized in the IR for these SPT phases, and the charges
confined in the IR. All possible charges are parametrized
by the SymTFT anyons as follows:

e The interval compactification of the anyon e¥e)

constructs an untwisted sector local operator with

charge k under Zél) and charge [ under Zg).

e The interval compactification of the anyon e¥ebm;

constructs a local operator in the twisted sector for
ZS) with charge k under Zél) and charge [ under
72

e The interval compactification of the anyon e¥elms,

constructs a local operator in the twisted sector for
Zg) with charge k£ under Zgl) and charge [ under
7P,

e The interval compactification of the anyon
e¥ebmimsy constructs a local operator in the
twisted sector for the diagonal Zs in Z(Ql) X Zf)
with charge k under Zgl) and charge [ under Zg).

The charges realized in the IR are captured by the corre-

sponding Lagrangian algebra. The SPT phase for £5"*

thus realizes only uncharged twisted sector operators,

while the SPT phase for £ realizes

°a Zgl) twisted sector operator charged under Zg)

but not under Z(Ql),

°a Zg) twisted sector operator charged under Zél)

but not under Z(QQ),

e an operator in the twisted sector for the diagonal
7 which is charged under both Z{" and 7{¥.

It is actually a general fact that the only non-trivial oper-
ators realized by an SPT phase are all in twisted sectors
for the symmetry. The corresponding order parameters
are referred to as string order parameters.

B. Example: Rep(Ds)

Next consider a non-invertible symmetry
S = Rep(Ds) (I1.13)

formed by representations of the dihedral group Dg of
order 8. We denote the elements of Dg as

Ds = {1,a,ad? d®, z,azx,a’z, a’x)} (I1.14)
with multiplication rule
a*=1=2% wma=ad’x (IL.15)

Its irreducible representations, which are taken to be the
symmetry generators, are

1,10,14, 140, E, (I1.16)

where 1 is the trivial one-dimensional representation, 1,
is a one-dimensional representation in which a acts triv-
ially but  and ax act by a non-trivial sign, 1, is a one-
dimensional representation in which x acts trivially but a
and ax act by a non-trivial sign, 1,, is a one-dimensional



representation in which ax acts trivially but a and x act
by a non-trivial sign, and E is a two-dimensional repre-
sentation comprised of basis vectors vy, vy having trans-
formations

a: V] — U1, U —> —1iU2

(II.17)
x V1 — Vg2, Vg — V1.

The fusion rules of symmetry generators are described by
tensor products of representations. The one-dimensional
representations form a group Zs X Zs under tensor prod-
ucts, and the other tensor products are

E®l,=1,0F=FE

(IL18)
EQFE=161,81,& 1,4,

for all i € {a,z,az}.

The Drinfeld center for Rep(Dsg) is equivalent to the
Drinfeld center for the group Dg as a braided fusion cat-
egory, i.e.

Z(Rep(Ds)) ~ Z(Vecp,) - (I1.19)
Yet for our intents and purposes, we may crudely equate
these two Drinfeld centers as even though these two cat-
egories are technically not the same, they define a bulk
SymTFT with the same braided monoidal structure. For
any finite group G, the Drinfeld center has simple objects
labeld by

(lgl, p) s

where [g] is a conjugacy class in G and p is an irreducible
representation of the centralizer H, of an element g € [g].
The conjugacy classes for Dg are

1={1}, a®=1{d*}, a={a,d®},

r = {x,d’r}, ax = {ax,d’x},

(11.20)

(11.21)

where we have also labeled them. Note that the label-
ing is in terms of group elements, and it should be clear
from the context whether a certain label refers to a group
element or a conjugacy class. The centralizers are
Hy=Hp=Dg, H,=H, =73 H,=17,4.
(11.22)
Table II lists the anyons in the Drinfeld center of
Rep(Ds), Z(Rep(Ds)), as ([g], p) along with the labels
of reference [52] (which we shall also adopt in the fol-
lowing), their quantum dimensions and T-matrix ele-
ments (which encode the anyon spins). The modular
data (S, T matrices and fusion coefficients N;k) for
Z(Vecg) = Z(Rep(G)), with G a finite group, can be
computed from the expressions in references [53, 54].
As shown in [55] and later discussed in [52],
Z(Rep(Ds)) exhibits the same topological order as the
twisted Drinfeld center Z(Vecys) of three copies of the

toric code, each of which is generated by the bosons

ec,mc, Ce {R,G,B}7 (11.23)

l (lgl, p) [Anyon label[Dim[ T ‘
@, 1) 1 T [1
(1, 1a) ERG 1 1
(1,1,) er 1|1
(1, Laa) ec 1|1
( ,E) mp 2 1
((127 1) €RGB 1 1
(az,la) €B 1 1
(a2, 195) €GB 1 1

(a2, Lw) €RB 1 1
(a* E fa 2 -1
(a,1) MRaG 2 1

a,1) SRGB 2 |14

(a,—1) frc 2 |—1
a,—i) SRGB 2 | —1

(x,+,+) mae 2 |1

(x,+,—) ma 2 |1

(z,—,—) fae 2 |—-1

(z, _7+) fes 2 |1

(az,+,+) MRB 2 1

(ax,+,—) mg 2 |1

(ax,—,—) fr 2 -1

(ax,—,—i—) fRB 2 [—1

TABLE II. Anyons in Z(Rep(Ds)) can be classified by a choice
of conjugacy class [g] and an irreducible representation p of
the corresponding centralizer Hy (first column). Equivalently,
they can be labeled in terms of three copies of the toric code
(second column) [52]. The quantum dimensions of each anyon
and diagonal T-matrix elements (which encode the anyon
spins) are listed in columns 3 and 4 respectively.

labeld by a color index. The ec’s satisfy invertible fu-
sion rules, whereas those of the m¢’s are non-invertible.
Each m¢ braids non-trivially with the corresponding ec.
Furthermore, there are 343 non-invertible fermions

Je =mc ®ec

(11.24)
feic, = me.c, ®ec, = me,c, D ec, ,

where C,C1,Cy € {R,G,B}, a semion sggp (which
braids with all ec’s) and an anti-semion

SRBG = SRGB ® €RBG - (I1.25)

The Lagrangian algebra that corresponds to the sym-
metry Rep(Dg) is

Lren(ns) = 1 ® ercp ® map @ mrp ®mpe . (11.26)

There are three SPT phases for the S = Rep(Dg) sym-

metry corresponding to Lagrangian algebras
£8hys =1®erg Per Deg ®2mp
ﬁlljhys =1®egPerPerp P 2mg

Eghyszl@eB@ecB@ec@2mR,

(I1.27)

which satisfy condition (I1.7).
Let us now discuss all the charges for Rep(Dg) sym-
metry, and the ones that can arise in these three SPT



phases, which are also the charges of the (string) order
parameters for these SPT phases. But first to connect
with the anyon notation we introduce the following rela-
beling of the Rep(Ds) generators (I1.16) as

rR=1,, G=14, RG=1, B=E, (11.28)
where the 1d representations p € {1, R,G, RG} are re-
lated to the invertible anyons e, and the 2d representa-
tion B is related to the non-invertible anyon mp rather
than ep which is an invertible anyon. We therefore write

the fusion rules (I1.17) for Rep(Dsg) as

Bp=p@B=B

11.29
B®B=13R®G®RG, (11.29)

for all p € {1, R, G, RG}.
As we discussed earlier, the charges are labeled by
anyons of the SymTFT:

o Multiplets uncharged under Rep(Dg): 1, eg, eg,
€RG, MB
The anyons e, for 1d irreducible representations p
of Dg describe multiplets of (single) twisted sec-
tor operators attached to the line operator p €
Rep(Dsg) generating the symmetry, where we de-
fined e; = 1. On the other hand, the mp mul-
tiplet includes two linearly independent operators,
both in the B-twisted sector. All of these opera-
tors are uncharged under Rep(Dg). These anyons
correspond to (1, p) in the alternative notation.

e Multiplets charged under B: e, eap, €rRB, €RGB,
fB

The anyons eraBg, for 1d irreducible representa-
tions p of Dg describe multiplets of (single) twisted
sector operators attached to the line operator p €
Rep(Dsg) generating the symmetry. Note that the
ercp multiplet contains an untwisted local oper-
ator. The fp multiplet includes two linearly in-
dependent operators, both in the B-twisted sector.
All of these operators transform by a sign —1 under
the action of B but are uncharged under the rest
of Rep(Dg). These anyons correspond to (a2, p) in
the alternative notation.

o Multiplets charged under R, G, B: mga, fra,
SRGB, SRGB

The anyon mpgg describes a multiplet of two oper-
ators: one untwisted and one in RG twisted sector.
The anyon frg describes a multiplet of two opera-
tors: one in R twisted sector and one in G twisted
sector. The anyons sgap and Sgep describe multi-
plets of two operators, both in the B-twisted sector.
The two operators in each multiplet are exchanged
by the action of B, transform by a sign —1 under
the action of R and G, and are uncharged under
RG. Note that the spgp and Sgrep multiplets are
distinguished by the precise exchange action of B.

These anyons correspond to (a,”) in the alterna-
tive notation.

o Multiplets charged under G, RG, B: mgp, faB,
me, fa

The anyon mgp describes a multiplet of two oper-
ators: one untwisted and one in R twisted sector.
The anyon fgp describes a multiplet of two op-
erators: one in G twisted sector and one in RG
twisted sector. The anyons mg and fg describe
multiplets of two operators, both in the B-twisted
sector. The two operators in each multiplet are ex-
changed by the action of B, transform by a sign —1
under the action of G and RG, and are uncharged
under R. Note that the mg and fg multiplets are
distinguished by the precise exchange action of B.
These anyons correspond to (z,s,s’) in the alter-
native notation.

o Multiplets charged under R, RG, B: mgp, frB,
meg, fR

The anyon mgp describes a multiplet of two oper-
ators: one untwisted and one in G twisted sector.
The anyon fgp describes a multiplet of two op-
erators: one in R twisted sector and one in RG
twisted sector. The anyons mp and fr describe
multiplets of two operators, both in the B-twisted
sector. The two operators in each multiplet are ex-
changed by the action of B, transform by a sign —1
under the action of R and RG, and are uncharged
under G. Note that the mp and fr multiplets are
distinguished by the precise exchange action of B.
These anyons correspond to (za, s, s’) in the alter-
native notation.

The three SPT phases are thus distinguished by the
charges that they host:

1. The SPT phase corresponding to ﬁghys only hosts
twisted sector local operators uncharged under the
full Rep(Dsg). In this sense, it may be viewed as a
trivial SPT phase.

2. The SPT phase corresponding to L£P™* hosts
twisted sector operators charged under G, RG and
B, but uncharged under R.

3. The SPT phase corresponding to £5™* hosts
twisted sector operators charged under R, RG, B,
but uncharged under G.

III. GAPLESS SPT PHASES

In this section, we discuss (D + 1)-dimensional S-
symmetric gapless phases that generalize the SPT phases
discussed above. By definition, the energy gap A = 0 for
gapless systems. We say that a gapless system lies in a
gapless SPT (gSPT) phase if it has a unique ground



state on every closed spatial manifold [56]. This require-
ment ensures that we do not have spontaneous symmetry
breaking or topological order.

Given an S-symmetric gapless system lying in a gSPT
phase, we can ask what are the charges realized in the IR
of the system. If all possible charges of S are realized in
the IR, then we say that the system lies in the canonical
gSPT phase for § symmetry. Otherwise, if some charges
are confined in the IR, we have a non-zero symmetry gap
Ag > 0, which is the energy of the lowest excited state
carrying one of the confined charges. In such a situation,
the system lies in a non-canonical gSPT phase.

Physically, in the SymTFT picture each simple object
Q of the center Z(S) may or may not end on the physical
boundary BPYs, If ) can end, its endpoint is a local,
finite-energy operator; inserting a segment of () parallel
to the boundary costs energy proportional to its length
and thus does not generate low-energy modes. A bound-
ary realizing a Lagrangian condensable algebra condenses
a maximal set of mutually local lines: all lines mutually
local with the condensate are either condensed or con-
fined, so no deconfined lines remain. The collapsed one-
dimension-lower theory is therefore fully gapped. Con-
versely, if the physical boundary is non-Lagrangian, at
least one line @, is not condensed or confined and re-
mains deconfined: it can slide along the boundary with
arbitrarily small energy cost, giving rise to a continuum
of low-energy states whose energies accumulate at zero
and whose correlation functions decay as power laws.
The presence of any such deconfined line implies the the-
ory is gapless, whereas their absence guarantees a finite
spectral gap.

Considering the (1+1)d examples in this work, dif-
ferent gSPT phases are distinguished by the confined
charges. More generally, however, the set of confined
charges may not suffice to distinguish phases, particularly
in higher dimensions where e.g. symmetry fractionaliza-
tion data can also play a role. Constraining ourselves to
the cases highlighted in this work in (141)d, then if we
have two gapless systems ¥; and Ty lying in two differ-
ent gSPT phases with sets @)1 and @2 of confined charges
respectively, such that neither of the two is included in
the other

Q1 ¢ Q2 and Q2 ¢ Q1,

then one cannot deform the two systems ¥; and Ty into
each other without breaking & symmetry and without
closing the symmetry gap As. However, if Q1 C Q2
then there are no obstructions to deforming ¥; into %o
[67] without breaking S and without closing Ag, but T
cannot be deformed into ¥; without breaking S and with-
out closing Ag.

Note that the confined charges exhibited by gapped
SPT phases can also be exhibited by gapless SPT phases.
The only way such gapless SPTs differ from gapped SPTs
is that the former have A = 0 while the latter have A > 0;
however, both have Ag > 0. There is no obstruction to
deforming such gapless SPTs to gapped SPTs, which can

(ITL.1)

in principle be done by simply opening up the energy gap
A.

We define an intrinsically gapless SPT (igSPT)
phase to be a gSPT phase that cannot be deformed to a
gapped SPT phase because it exhibits a confined charge
that is not exhibited by any of the gapped SPTs. If a
gSPT phase has no such obstruction to be deformed to
a gapped SPT phase, we refer to it as a (non-intrinsic)
gSPT phase.

The physical idea behind the consideration of igSPTs
is that of symmetry protected criticality. Since an
igSPT cannot be deformed to a gapped SPT, the gapless-
ness A = 0 is protected under deformations as long as we
do not explicitly or spontaneously break the symmetry S.
In (141)d, this obstruction guarantees a genuinely gap-
less phase, i.e. one that cannot be made gapped with-
out breaking or extending the symmetry. However, in
d > 3, the same anomaly may instead be saturated by a
gapped symmetry-enriched topologically ordered (SET)
phase. Let us emphasize, then, that although an igSPT
cannot be deformed to an SPT phase while preserving S,
it can still be gapped either by spontaneously breaking
the symmetry S, or by entering an SET phase that re-
tains S. In the rest of this work, we restrict our use of the
term “symmetry-protected criticality” to the d = 2 set-
ting, where the absence of a gapped symmetric endpoint
enforces true gaplessness.

Let us now describe the mathematical structure of
gSPT phases. Consider a gapless system lying in a gSPT
phase. Due to the presence of confined charges, the sym-
metry S does not act faithfully on the gapless IR degrees
of freedom, but only a smaller symmetry S’ acts faith-
fully on the IR degrees of freedom [58]. Mathematically,
S’ is some quotient of S and we have a “projection”

¢p: S— 8. (I11.2)
More precisely ¢ is a pivotal tensor D-functor between
two pivotal fusion D-categories having the property that
every object or (higher-)morphism of &’ (up to isomor-
phisms) lies in the image of ¢. Thus, the problem of
classification of gapless SPTs in (141)d is essentially the
problem of classification of functors between fusion cate-
gories.

Such a functor specifies a functor in the opposite direc-
tion on the Drinfeld centers (i.e. the generalized charges)

Z(¢) :

If ¢ is not injective, i.e. if S’ is strictly smaller than S,
then Z(¢) is not surjective. The elements of Z(S) not
lying in the image of Z(¢) are the confined charges. A
gSPT phase for § symmetry is thus specified by a pair

(S 9)

comprising of an IR symmetry &’ < § and a projection
¢ of S onto §’.

There are no obstructions to deform an S-gSPT
(81, ¢1) into another S-gSPT (S5, ¢2) if there exists a

Z(8) — 2(S). (IIL.3)

(I11.4)



functor

$21: S; — S (IIL.5)
such that

P2 = P21 0 1, (I1L.6)
i.e. we can decompose & — S} as

S§—8 8. (II1.7)

Thus, an intrinsically gapless SPT phase is one for
which the IR symmetry S’ does not admit any gapped
SPT, or equivalently using (II.2), &’ does not admit a
functor of the form

¢ S = S(Thuiv) - (111.8)

Let us now discuss the SymTFT description of gSPT
phases. A D-functor ¢ of the form (II1.2) allows one to re-
gard an &’-symmetric system as an S-symmetric system,
on which the & symmetry acts non-faithfully. A canoni-
cal system with &’ symmetry is the symmetry boundary
B3™" for the SymTFT 3(S’). Using the functor ¢ we can
regard the topological boundary B3™ as an S-symmetric
boundary condition of 3(S”). This means that we can ob-
tain BY™ as an interval compactification of the SymTFT
3(S) taklng the following form

By B

(111.9)
where 74 is a topological interface from 3(S) to 3(8’ )
associated to the functor ¢.

The IR theory T of a gapless system lying in the
gSPT phase (S§',¢) is obtained by inserting a suitable

physical boundary %%‘f{s [59] on the right and performing

the full interval compactification

sl R % Sym I¢ B gkgs

(IT1.10)

which also captures how the S symmetry acts on T'R.
The physical boundary for TR viewed as an S-symmetric

system is obtained by colliding Z, with %g%i which may

be denoted as Zy ® %P;;KS.

We have seen that the functor ¢ determines a topo-
logical interface Zy from 3(S) to 3(S’). This interface
has to satisfy a special property described below. A gen-

eral topological interface Z from 3(S) to 3(S’) can be
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acted upon by the topological boundary B§™ of 3(S) to
produce a topological boundary BY™" @ T of 3(8"). For
an arbitrary Z, the resulting boundary BI" @ T hosts
a multi-fusion D-category of topological defects localized
along it. However, Zy has to be a special topological in-
terface for which the resulting boundary BY™ ®Z,, hosts
a fusion D-category, which is called S’ above, leading to
identification

BY™ @ T, = BI™. (ITL.11)

The interface Z, has to satisfy another property fol-
lowing from the fact that the functor ¢ is surjective in a
suitable sense described above. Equivalently, the functor
Z(¢) must have a trivial kernel. Physically this means
that a non-trivial charge of S’ has to be a non-trivial
charge of & when an &’-symmetric system is viewed as
an S-symmetric system. In the SymTFT description, the
functor Z(¢) is captured as a transformation of topolog-
ical defects of 3(S’) into topological defects of 3(S) as
they pass through the interface Zy

Iy

(I11.12)

Indeed, consider a p-dimensional operator O, in T®
whose &’ charge is captured by a (p + 1)-dimensional
topological defect Qpy1 of 3(S’), i.e. O, is constructed
as an interval compactification

phys
_— By B

o, =

(I11.13)

Note that to avoid confusion, we depict boundaries and
domain walls as vertical lines while charges/topological
defects of the SymTFT are depicted as horizontal lines.
Using (II1.12), we can equivalently construct O, as

sym phys
IR B 3 %TIR

O, =

(IT1.14)

which means that the S charge of O, is captured by the
topological defect Z(¢) - Qp+1 of 3(S).

The fact that the kernel of Z(¢) is trivial means that
no non-identity (non-condensation) g-dimensional topo-
logical defect Qg of 3(S’) can end along Zy, which is



equivalent to the requirement

2(9)-Q, # 2(9) -1, (I11.15)
where 1, is the g-dimensional identity defect. Thus,
gSPTs for & symmetry are classified by topological in-
terfaces Z, from the SymTFT 3(S) to other SymTFTs
3(8’), satisfying the two conditions (III.11) and (IIL.15).

A gSPT phase described by a topological interface Z,
from 3(S) to 3(S1) has no obstruction to being deformed
to a gSPT phase described by a topological interface Zy,
from 3(S) to 3(S5) if there exists a topological interface
Ty, from 3(S7) to 3(S5) such that

I¢,1 ® I¢21 = I¢2 (11116)

or pictorially we have

I¢1 I¢21

(I11.17)

Let us now specialize to (1+1)d gSPT phases. The
SymTFT description of (141)d gSPT phases for non-
anomalous group symmetries was discussed in [9, 27].
Here we discuss the SymTFT setup for (1+1)d gSPT
phases with arbitrary, possibly non-invertible, symme-
tries described by fusion categories. The general setup
is a special case of the club quiches discussed recently in

[10].

Characterization by Condensable Algebras. In
(141)d, a topological interface Zy corresponding to a
gSPT phase for fusion category symmetry S can be de-
scribed in terms of a special type of (not necessarily La-
grangian) condensable algebra A, in the Drinfeld center
Z(S), as explained below. A topological interface from
3(S) to 3(S’) can be described as a topological boundary

condition of the folded TQFT 3(S)X 3(S’) whose anyons
are described by the MTC Z(S) X Z(S’). Thus Z is de-
scribed by a Lagrangian algebra Ly in Z(S)XZ(S’). Let

us express it as

Ly =P QQl (IIL.18)

a,a’

where Q, are simple anyons of 3(S), QJ, are simple
anyons of 3(S8’) and n,, are non-negative integers. This
expression concretely captures the information of the
functor Z(¢) describing what happens to anyons of 3(S’)
as they pass through the interface Zy. We have

Z(¢> : Q:z’ = @ naa’QZ ) (11119)
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where Q7 is the orientation reversed dual of Q,. Picto-
rially, we have

Iy

(111.20)
The condensable algebra Ay is specified by

Z(p) 1= A3, (I11.21)
where 1 is the trivial anyon of 3(S’). That is, A, captures
the anyons of 3(S) that end along Zs. Note that for Zy
to correspond to a gSPT phase, no anyons of 3(S’) are
allowed to end along Zy, i.e. we have

Nig — 610/ . (11122)
A Lagrangian algebra L4 satisfying the above condition
is determined fully by the condensable algebra A4 up to
the action of 0-form symmetries of 3(S’) which do not
change physical results.

For the condensable algebra A4 to describe a gSPT
phase, we also need to satisfy condition (III.11), which
translates into the requirement that there should not be
a non-identity anyon of 3(S) that can end both along
BI™ and Ty, ie.

LI"NA,=1. (111.23)
Otherwise, compactifying such an anyon stretched be-
tween BY™ and Z,, produces a non-identity topological
local operator along the resulting topological boundary
BT ® Iy of 3(S’), which means that the topological
defects along the boundary form a multi-fusion category,
in violation of condition (ITI.11).

In conclusion, while (1+1)d gapped SPT phases with
S symmetry are characterized by Lagrangian algebras
in Z(S) having trivial intersection with £3™, the (141)d
gapless SPT phases with S symmetry are characterized
by (not necessarily Lagrangian) condensable algebras
in Z(8) having trivial intersection with £3™. The canon-
ical gSPT corresponds to Ay = 1, and gSPTs showing
the same confined charges as gapped SPT's correspond to
Ay being Lagrangian.

The confined S charges for a gSPT phase correspond
to the anyons Q, of 3(S) that do not appear in Ly, i.e.
for which we have

Naar = 0, Va. (111.24)
On the other hand, the order parameters are local opera-
tors of the gapless system that appear as topological local
operators of the IR effective theory (but are not topolog-
ical in the full system). The charges of order parameters
are thus captured by the condensable algebra A4.



In terms of condensable algebras, a gSPT Ay, can be
deformed into a gSPT Ay, if

Ag, C Ay, s (I11.25)

ie. if Ay, is a subalgebra of Ay,. An igSPT is a gSPT

such that it cannot be deformed to an SPT phase, i.e.

the associated condensable algebra is not contained in

any Lagrangian algebra that has a trivial intersection
with the symmetry Lagrangian algebra.

Finally, we note that the categorical framework con-
strains the possible phases and transitions, it does not by
itself determine the spectrum or dispersion of low-energy
excitations. In gapped systems, the algebraic classifica-
tion of topological charges is sufficient to infer spectral
gaps. In contrast, for gapless systems, the nature of the
excitations, such as their scaling or spectrum, requires
additional physical input, such as a specific lattice model
or a CFT description of the IR fixed point.

A. Example: Z, igSPT

A well-known example of a (1+1)d igSPT phase is for
Z4 symmetry [24, 26], for which the fusion category is
S = Vecy,. The anyons of the SymTFT 3(Vecy,) are

Z(Vecz,) = {ekml ’ ke {0,1,2,3}} . (I11.26)

where e* and m! are bosons, with the braiding between e
and m given by the fourth root of unity . The symmetry
Lagrangian algebra is

Ly, =loepeiac. (I11.27)
The various condensable algebras are
A =1
A2 =1 e2
Am2 =1 D m2
Az = 1@ e*m? (IT1.28)

A =1ded e e’
An=1dmaem?aem?
Aom =1 D2 dm? @ e®>m?.

The first four are non-Lagrangian, while the last three

are Lagrangian. Out of these the gSPT's are the ones sat-

isfying the condition (IT1.23) of trivial intersection with

Lo are

4
gSPTs for Z, Symmetry = {A1, A2, Acziz, A}

(I11.29)

while there is only one gapped SPT corresponding to

A.,. Looking at which of these are subalgebras of other
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algebras, the various possible deformation patterns are
determined to be

Al = Az — A,

II1.
.A1 — "452177,2 . ( 30)

Thus A,,2 is a non-intrinsic gSPT, while A.2,,2 is an
igSPT.
The IR symmetries S’ for these two gSPTs are
S! » = Vecy,, S’

m 22 = Vecz, (II1.31)

ie. & . is non-anomalous Zy symmetry, while S/, . is
Zo symmetry with a non-trivial 't Hooft anomaly

we HZy, UL)) = Zs . (I11.32)

That these are the IR symmetries in these cases can be
shown by exhibiting by appropriate Lagrangian algebras
L,z and L.2,,2 completing A,,> and A.2,,2. These can
be taken to be

Lo2=1eomm om?>em®*m @e?e @ e*mem
®e*m?e @ e*mPem’ € Z(Vecy,) K Z(Vecy,)
L2z =1 @ em3de*m?> @ em3s P em3s @ e? s5

@ e*m s & m?® ss € Z(Vecy,) X Z(Vecy)
(I11.33)
as reproduced from [10], where we have represented the
anyouns in Z(Vecy,) as

Z(Vecz,) = {1,¢/,m',e'm'} (I11.34)
and the anyons in Z(Vecy,)) as
Z(Vecz,) = {1,s,3, 55}, (II1.35)

where s and § are semion and anti-semion respectively,
and ss is a boson, with the braiding between s and ss
being a minus sign.

The non-anomalous Zy symmetry admits a gapped
SPT phase, while the anomalous Zs symmetry does not.
This is another way to understand why the gSPT A.2,,2
is intrinsic and cannot be deformed to a gapped SPT for
Z4 symmetry, but the gSPT A,z is not intrinsic and has
no obstruction to being deformed to a gapped SPT.

The corresponding functors

Om2 © Vecg, — Vecy,
De2m2

are described in detail respectively in sections IV.B.2 and
IV.B.3 of [10].

As a generalized charge, the anyon e*m! in Z(Vecz,)
describes a local operator in P'-twisted sector carrying
charge k under Z,, where P is the generator of Z, sym-
metry. The charges of the order parameters for the gSPT
phases are captured by the associated condensable alge-
bras. Thus, the order parameter for the gSPT phase cor-
responding to A,,> is an uncharged local operator in P2-
twisted sector, while the order parameter for the gSPT

I11.36
Vecz, — Vecy, ( )



phase corresponding to A.z,,2 is a local operator in P2-
twisted sector carrying charge 2 under Z,.
The confined charges for these gSPT phases are

Q2 = {e,em,em? em?, 3, e3m, e3m?, e3m3}

Qezmz = {m,m? e,em?, e*m, e*m?, 3, e3m?} ,

(T11.37)
which are the charges not lying in the images of the func-
tors Z(¢) on the centers, following from the Lagrangian
algebras (111.33)

Z(¢pm2) : Z(Vecg,) — Z(Vecy,)
1—1®m?
e — e @e?m?

m' — m®m?

em' — e?m @ e?m?

Z(Vecy,) — Z(Vecz,)

1= 1®e?m?

s em®e’m?

Z(goas) (I11.38)

§r—>em36963m
s§|—>e2€Bm2.

The associated club quiches are as follows:

Ly ,

m

(I11.39)

D22

(T11.40)

B. Example: Rep(Dsg) igSPT

Let us now consider a non-invertible symmetry, namely
the representation category of the non-abelian group Dg

S = Rep(Ds), (IT1.41)
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which corresponds to the Lagrangian algebra (11.26).
There are several condensable algebras that satisfy the
trivial intersection with the symmetry Lagrangian alge-
bra (II1.23). We will here discuss an algebra correspond-
ing to an intrinsically gapless SPT. Other algebras are
discussed in section V B. The transformation properties
of local operators carrying Rep(Dg) charges are discussed
in detail after (II.27).

The condensable algebra we consider is

A¢ =1®ercg Degn Dern (111.42)

satisfying the gSPT condition (I11.23). This algebra ap-
pears inside the Lagrangian algebra

Ly =1®erc®ecp D erp
@ 55 [er D eq D eraB @ €p)

©255ren ® 25 Spop (111.43)
€ Z(Rep(Dg)) X Z(Vecy,)
meaning that the IR symmetry is anomalous Zso
S" = Vecy, . (I11.44)

and hence Ay describes an intrinsic gSPT phase, as &’
does not allow gapped SPTs. Equivalently, one can check
that Ay is not a subalgebra of any of the Lagrangian
algebras (I1.27) corresponding to gapped SPT phases for
Rep(Dsg) symmetry.

From (II1.42), we find that the order parameters for
this gSPT phase are:

e a local operator in RG-twisted sector which is un-
charged under Rep(Ds),

e a local operator in R-twisted sector which trans-
forms by a sign —1 under B € Rep(Ds),

e and a local operator in G-twisted sector which
transforms by a sign —1 under B € Rep(Ds).

From (II1.43), we compute the map of the charges to
be

Z(¢): Z(Vecz,) — Z(Rep(Ds))
1= 1®erc Pegnp ®ern
s+ 2SRGB (II1.45)
5+ 25raB

ss—erpDegDergB DeEB,

which implies that the confined Rep(Dg) charges exhib-
ited by this igSPT are

Q = {me¢B,ma, fa, faB, mrB, MR, fr, frRB}. (111.46)



The associated quiches are:

Iy

(I11.47)

I¢1 I¢e2 m?2

(I11.48)

Generalization: Rep(Ds,,) igSPTs. There is a gener-
alization of the above igSPT phase to

S = Rep(Dsgp) , (I11.49)

where

D8m = Z4m X Z2 (11150)
is the dihedral group of order 8m. We represent elements
of Dg,, as

DSm = {a'i7ajx ‘ Z7.7 € {071727 e 74m - 1}} (III51)

such that we have

m_, 2?2 =1, Am—1 (I11.52)

rar = a

The irreducible representations of Dg,,, which are the
symmetry generators, are
17 la’ ]-z, ]-aZ7 Eka

ke{1,2,---,2m—1}, (IIL53)
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where 1 is the trivial one-dimensional representation, 1,
is a one-dimensional representation in which a acts triv-
ially but z,ax act by a non-trivial sign, 1, is a one-
dimensional representation in which x acts trivially but
a,ar act by a non-trivial sign, 1., is a one-dimensional
representation in which ax acts trivially but a,z act by
a non-trivial sign, and E}, is a two-dimensional represen-
tation comprised of basis vectors vi,ve having transfor-
mations

a: v — wffmvl, Vo — w;n’fbvg (III 54)
xT v1 — V2, V2 — V1, '
where wy,, = exp(2mi/4m).
The conjugacy classes are labeled as
1= {1}? a?" = {QQm}a ak = {a’kv G’Qn_k}a
r = {z,d’x,d’x, -, a*™ 2}, (I11.55)
ax = {ax,d®z,a’x,--- ,a"™ x},
where 1 < k < 2m — 1, with centralizers
Hy = Hpm = Dgyyy,  Hye = Zyp, Hp = Hy, =75,
(I11.56)

The Drinfeld center Z(Rep(Ds;,)) is thus comprised of
anyons

(1,R), (a*™, R), (z,s,5'), (ax,s,5"), (a®,} ) (IIL57)

where R is an irreducible representation of Dg,,, s,s" €
{+, —} capturing irreducible representations of Z%, and
p € {0,1,2,---4m — 1} capturing irreducible represen-
tations of Zg,,. Our convention is that (x,+,s’) and

(az,+,s’) are bosons, while (x,—,s) and (ax,—,s’) are
fermions.
The symmetry Lagrangian algebra is
Lo(peny =(1,1) @ (6, 1) @ (2, +,+) @ (az, +,+)
2m—1
D @1
k=1
(IT1.58)

The following non-Lagrangian condensable algebra

A, = (1L,1D) @ (1,1,) @ (a®™,1,) @ (a*™, 14,)  (I11.59)

has trivial intersection with ESR}:;( Dy, @nd thus gives

rise to a gSPT phase with S = Rep(Dsg,;,,) symmetry. We
claim that the symmetry acting faithfully on IR degrees
of freedom is

S" = Vecz, (II1.60)

where
w=m € H*(Zoym,U(1)) = Zom (111.61)

is the anomaly of order two. Thus the gSPT under dis-
cussion is actually an intrinsic gSPT.



The Drinfeld center Z(Vecz, ) is comprised of anyons

etm?, i,7€{0,1,2,---,2m — 1}, (I11.62)
where e’ are bosons, the spins of m? are
o(m’) = wi (I11.63)

and the braiding between e and m is w?,,. A Lagrangian
algebra completion L4 of Ay is

2m—1
Lo= D (@ wip)o + (@2 Wit eimd,
e (IIL.64)
where we define
(a®,whn)o
(a® Wb ), 1<k<2m—1
(@™ F Wi ), 2m4+1<k<4m-—1
D) e,1,), k=0,p=0
(1,1;)® (1,142), k=0,p=2m
(@®™,1) @ (a®™,1,), k=2m,p=0
(a®™1,) ® (a*™, 1az), k=2m,p=2m.
(I1L.65)

IV. SSB PHASES

Now let us study gapped and gapless phases in which
the symmetry S is spontaneously broken [60]. We will
restrict our attention to (1+1)d as in this paper we do
not study systems with topological order, for simplic-
ity. Indeed, a fusion D-category S for D > 2 generically
contains (possibly non-invertible) p-form symmetries for
p > 1, which if spontaneously broken, lead to topological
order in the IR. In (1+1)d, since there is no topological
order, the definition of a gapless or gapped SSB phase
is taken to be simply a phase which is not a gapless or
gapped SPT phase respectively.

A. Gapped SSB Phases

A (141)d system in a gapped SSB phase, which would
simply be referred to as an SSB phase from now on, has
multiple gapped vacua i € {0,1,2,--- ,n — 1} in the IR.
The excited states in each vacuum ¢ cost at least an en-
ergy A > 0. Moreover, we can have domain wall ex-
citations that go from vacuum i to vacuum j costing at
least an energy A(¥) > 0. The symmetry fusion category
S mixes the vacua into each other.

The IR effective theory is a TQFT TR with n vacua
that describes physics below all these energy scales. Each
vacuum i itself is governed by an invertible 2d TQFT T}
with a single vacuum, which is an Euler term. These Eu-
ler terms are continuous parameters, so naively one would
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think that they are invisible at the level of phases, but the
fact that the system has to be S symmetric rules out de-
formations that change the relative Euler terms between
two different vacua. If S is a (possibly anomalous) group
symmetry, then these relative Euler terms are all trivial,
and the IR TQFT T is just a sum of trivial TQFTs
TR On the other hand, when S is a non-invertible sym-
metry, then the relative Euler terms can be non-trivial,
and hence one cannot choose all “S%R to be trivial TQFTs
(i.e. invertible 2d TQFTs with trivial Euler terms). An
example of this phenomenon studied in detail in [2] is
provided by & = Rep(Ss3) for which there are two SSB
phases, both of which have three vacua, which are called
Rep(S5)/Z2 SSB and Rep(S3) SSB phases in [2]. The
three vacua of Rep(S3)/Z2 SSB phase have trivial rela-
tive Euler terms between them, while the three vacua of
Rep(S3) SSB phase have non-trivial relative Euler terms
between them. These phases will be discussed in more
detail below.

We emphasize that the presence of non-trivial Eu-
ler terms does not reduce to whether the anyons la-
belling vacua have quantum dimension greater than one.
Rather, non-trivial Euler terms arise when deformations
preserving the symmetry & permute degenerate vacua
in a way incompatible with trivial TQFT data between
them. In this sense, the phenomenon is sharper than
quantum dimension alone and encodes information about
symmetry action across the IR vacuum sector.

Just like SPT phases, SSB phases can also be distin-
guished in terms of confined charges, i.e. the charges
under S that are not realized by states/operators in the
IR theory. In fact, the confined charges differentiate all
SPT and SSB phases from each other, and all (1+1)d S-
symmetric gapped phases are classified by their confined
charges under S.

Mathematically, what differentiates SSB phases from
SPT phases is the multiplicity of vacua. An SSB phase
corresponds to an indecomposable module category over
the symmetry category S that is not equivalent to Vec
[3, 4], in contrast to SPT phases, which are classified
by fiber functors & — Vec. Physically, one can also de-
scribe these SSB phases via functors § — M, where M
is a multi-fusion category that encodes domain wall and
defect operators between the symmetry-broken vacua
[61]. In this setting, the Vec-valued functors describe
symmetry-preserving SPTs, while more general targets
reflect vacuum degeneracy due to spontaneous symme-
try breaking. The multi-fusion category M describes the
topological defects of spacetime dimension 1 and 0, i.e.
topological line operators and local operators of the IR 2d
TQFT T, and the functor describes the subset of line
operators that generate the symmetry S. Essentially the
multi-fusion category is comprised of line operators 1;;
that transforms vacuum 4 to vacuum j while annihilat-
ing all other vacua. The only non-zero fusion rules of
these line operators are

1i; @ 1jp = 1. (IV.l)



In addition to this there is information about the pivotal
structure, or physically speaking relative Euler terms,
captured in the quantum dimensions of 1;;. If the quan-
tum dimension of 1;; is 1, then there is no relative Euler
term between vacua ¢ and j. On the other hand, if the
quantum dimension of 1;; is not equal to 1, then there is
a relative Euler term between vacua i and j specified by
the quantum dimension. We refer the reader to [2] for
more details. The functor then specifies each symmetry
generator S, € S as some combination of these lines

i
Sa = @ najlij .
2

In terms of the SymTFT, an S-symmetric gapped SSB
phase is specified by a Lagrangian algebra L that does
not satisfy the condition (IL.7), instead satisfying

Ephys N E;ym 21,

(IV.2)

(IV.3)

i.e. the intersection of Lphys with the symmetry La-
grangian £3™ contains non-identity anyons (along with
the identity anyon). The generalized charges realized in
the IR are the anyons appearing in Lppys, which corre-
spond to the order parameters of the phase. The anyons
not appearing in Lphys are the confined charges associ-
ated to the SSB phase, which correspond to gapped ex-
citations of the phase. The number of vacua involved
in the SSB phase are the anyons determined in terms of
Lonys and LI™ as follows. Let Q, € Z(S) be an anyon
and npjy o, NGy, be its multiplicities in the Lagrangian al-
gebras Lpnys and L™ respectively. Then, the number
of vacua in the SSB phase are

_ § a” a
n= nphysnsym )
a

where Qg is the dual of the anyon Q,. This follows from
the fact that np, . describes the dimension of the vector
space of local operators living at the end of Q, along
BPLYS and Ngym describes the dimension of the vector
space of local operators living at the end of Q, along
BY™, and so the sandwich interval compactification of
Q. produces ng;ysngym dimensional vector space of (un-
twisted sector) topological local operators. Finally, the
number of vacua is the same as the dimension of the space
of topological local operators. Other information about
the SSB phase, like the determination of n% in (IV.2)
requires a more detailed analysis as discussed in [2]. The

charges of order parameters are encoded in Lppys.

(IV.4)

B. Example: Rep(S;) SSB

Let us now describe the examples for symmetry

S = Rep(Ss) (IV.5)

discussed above. We denote the elements of S5 as

Ss = {1,a,a* b,ab,a’b} (IV.6)
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with multiplication rule

a®*=1=0b*, ba=a. (IV.7)
Its irreducible representations, which are taken to be the

symmetry generators, are

1,1_,F, (IV.8)
where 1 is the trivial one-dimensional representation, 1_
is a one-dimensional representation in which a acts triv-
ially but b, ab and a?b act by a non-trivial sign, and F
is a two-dimensional representation comprised of basis
vectors vy, v2 having transformations

. 2
a V] —» WU, Vg — W V3 (IV 9)
X v — V2, V2 — U1, )

where w = €2™/3. The fusion rules of symmetry genera-
tors are described by tensor products of representations.
The one-dimensional representations form a group Zs un-
der tensor products, and the other tensor products are

E®l_=1_QFE=FE

V.10
EQE=101_0FE. ( )
The conjugacy classes for S3 are
1={1}, a={a,d*},
iy ) { ) (IV.11)
b= {b,ab,a*b},

where we have also labeled them. The centralizers are

H =953, Hy=2Zs, H,=1Zs. (IV.12)
The Drinfeld center Z(Rep(S3)) is thus comprised of
anyons

(1’ R)’ (b7 8)7 (a’ wp) ) (IV.lS)
where R is an irreducible representation of S3, s €
{+,—} captures irreducible representations of Zs, and
p € {0,1,2} captures irreducible representations of Zs.

The symmetry Lagrangian algebra for Rep(S3) is

Laisy = (L) @ (a,1) @ (b, +). (IV.14)
Consider the physical Lagrangian algebras
L = (1,1) @ (L,1-) & 2(a, 1
1 (L)@ ,1-)®2(a1) (v .15)

Lghys =(1,1)® (a,1)® (b, +),

which respectively describe Rep(S3)/Z2 SSB and Rep(S3)
SSB phases.

Note that both phases have three vacua each, which we
label by ¢ € {0,1,2}. The Rep(S3) symmetry is realized
in the Rep(S3)/Z2 SSB phase as

1_ =190 @ 111 ® 122

(IV.16)
E=1p1 ®1loa @112 ® 119 ® 120 @ 121



and on Rep(S3) SSB phase as

1_=1p0@ 112D 1

V.17
E=10®101®1loa® 1l10® 1g. ( )

Thus, even though both the SSB phases have three
vacua, they are distinguished by the action of Rep(S3)
on them. Moreover, the underlying TQFTs for the two
phases are also different; in particular the two phases
carry different relative Euler terms. The Rep(S3)/Z2 SSB
phase has trivial relative Euler terms between all three
vacua. On the other hand, the Rep(S3) SSB phase has
trivial relative Euler terms between vacua 1 and 2, but
non-trivial relative Euler terms between vacua 0 and 7 €
{1,2}, which are encoded in the quantum dimensions of
vacua changing line operators
for i € {1,2}. These quantum dimensions are essential
for the quantum dimension of the symmetry generator £
being 2. See [2] for more details.

The order parameters for Rep(S3)/Z2 SSB are deter-

mined from £°™* to be:

e A 1_-twisted sector local operator uncharged under
Rep(S3).

e Two linearly independent (a, 1) multiplets of local
operators. Each (a,1) multiplet contains an un-
twisted sector local operator and a 1_-twisted sec-
tor local operator which are exchanged by the ac-
tion of E € Rep(S3). See [2] for more details.

Similarly, the order parameters for Rep(S3) SSB are de-
termined from £5™* to be an (a, 1) multiplet and a (b, +)
multiplet, for which more details can be found in [2]. The
confined charges for the two phases are all the charges in
Z(Rep(S3)) which are not the charges of the respective
order parameters.

C. Gapless SSB Phases (gSSB)

A (141)d system in a gapless SSB (gSSB) phase for
S symmetry has multiple gapless universes [62] i €
{0,1,2,--- ;n — 1} in the IR. There are gapless excita-
tions in each universe, which means we have A®) = 0
for all 4, but excitations transitioning between two dif-
ferent universes ¢ and j cost a minimum non-zero energy
AU > (0 [63]. The symmetry fusion category S mixes
the universes into each other.

The IR effective theory describing each universe ¢ is
some conformal field theory (CFT) T* whose only topo-
logical local operators are multiples of the identity op-
erator. Thus the total IR effective theory describing all
universes is a CFT T which is a sum of all these CFTs

TR =Pt

K2

(IV.19)
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The total CFT TR has an n-dimensional vector space of
topological local operators.

Different gSSB phases are characterized by the charges
for symmetry S that are not realized in the IR CFT TR,
i.e. by the confined charges. These charges again define
a symmetry gap Ag > 0 which is the lowest energy of an
excitation carrying one of these confined charges. A gSSB
phase T; with confined charges @)1 has no obstructions to
being deformed to a gSSB phase o with confined charges
@2 without breaking S and without closing the symmetry
gap Ag if Q1 C Q2. On the other hand, if Q1 ¢ Q2 then
Ty cannot be deformed to To without either closing Ag or
breaking S at some point along the deformation. In such
a deformation, the number of universes monotonically
increases (and may remain preserved).

Note that the confined charges exhibited by gapped
SSB phases can also be exhibited by gapless SSB phases.
The only way such gapless SSBs differ from gapped SSBs
is that the former have A() = 0 while the latter have
A® > 0; however, both have Ag > 0. There is no
obstruction to deforming such gapless SSBs to gapped
SSBs, which can in principle be done by simply opening
up the energy gaps A,

We define an intrinsically gapless SSB (igSSB)
phase to be a gSSB phase with n universes that cannot
be deformed to a gapped SSB phase with n vacua, but
only to gapped SSB phases with more than n vacua. An
igSSB phase exhibits symmetry protected criticality in
the sense that criticality is preserved as long as we do
not explicitly break S or do not further spontaneously
break S (thus increasing the number of universes) [64].

Given two different universes 7 and j, we must have at
least one topological interface between them, taking us
from T} to ‘Z%R. This is because there must be some
symmetry in S that sends universe i to universe j, which
has to be realised in the IR by such a topological in-
terface. This means that the CFT T5% can be obtained
from the CFT TI® by gauging (possibly non-invertible)
topological defects of TIF.

The mathematical structure of the full IR CFT TR is
thus as follows. There is a fusion category S’ of topo-
logical defects in TL® which are responsible for realising
the part of the symmetry S that keeps the universe 0
invariant. Other IR CFTs TI® are obtained from Tt
by gauging S’. Different gaugings of S’ are parametrised
by indecomposable module categories of §’. Thus T!F is
obtained by performing a gauging of TH* corresponding
to some module category M, which we express as

TR —gl’R/M; . (IV.20)
The module category M; describes a set of topological
interfaces from TH to T on which &’ acts from the left.
After gauging we obtain a dual symmetry of TI¥ that we
label as S/, which are topological defects of TIF acting
from the right on the interfaces described by M; such
that M, is a bimodule category of &’ and S;. Mathemat-
ically, S/ is computed as the category of endofunctors of



M, compatible with the action of &’. It is these topo-
logical defects S; that realise the part of the symmetry
S leaving the universe ¢ invariant.

We can in fact express any T§R as a gauging of T by
some module category M,; of S;

TR =T /M, . (IV.21)

This module category M;; is fixed by the condition that

Mj = Ml |Z|5; Mij s (IV22)
where K/ is the relative Deligne product. The fusion
categories S; and (bi)module categories M;; combine to
form a multi-fusion category that we label as S; ;- The
symmetry S is realised as a pivotal tensor functor

p: S—= 8

multi *

(IV.23)

Thus the problem of classification of (1+1)d gSSB
phases is essentially the problem of classification of
functors from fusion categories to multi-fusion
categories.

A gSSB phase can thus be labeled by a tuple of the
form

(S M1, My, My_159), (IV.24)

where (S/, Ml, Mz, ce
multi-fusion category S,
we have

,Myp_1) specifies the pivotal
ai- For a gapped SSB phase,

S’ = M; = Vec (IV.25)
for all 7, however the pivotal structure can be non-trivial
which accounts for the presence of relative Euler terms
in the IR.

In terms of the SymTFT, an S-symmetric gapless SSB
phase is specified by a condensable algebra A4 that does
not satisfy the condition (I111.23), instead satisfying

AgNLY™ D1, (IV.26)
i.e. the intersection of Ay with the symmetry Lagrangian
L™ contains non-identity anyons (along with the iden-
tity anyon). The IR theory T'® of a gapless system lying
in the gSSB phase (§’, ¢) is obtained by inserting a suit-
able physical boundary %g}fgs to the club quiche defined
by Ay as in (II1.10).

The information on S’ is encoded in the reduced topo-
logical order 3(S’) arising on the right of the topolog-
ical interface Z; defined by As. As before, 3(S’) can
be determined by seeking a Lagrangian algebra comple-
tion Ly € Z(S) X Z(S’) of the condensable algebra Ay
which takes a similar form as in (II1.18). The topologi-
cal order 3(S’) only determines 8’ up to gauging (or in
other words Morita equivalence). To completely deter-
mine &', we need to compactify the interval occupied by
3(S) in the club quiche. The procedure for doing this is
discussed in detail in [10], to which we refer the reader.
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This results in a reducible topological boundary condi-
tion B of 3(S’) hosting the multi-fusion category
S/ i from which the information on &” and M; can be
deduced. The number of irreducible topological bound-
ary conditions involved in B, is the same as the num-

ber of universes n participating in the gSSB phase and
can be determined simply as

_ ¢ , sym
n= g ng-nd™
a

where n3Y™ are the number of linearly independent topo-
logical ends of a simple anyon Q, in Z(S8) along the sym-
metry boundary BE™, as reflected by the coefficient of
Q. in the symmetry Lagrangian algebra £2™, n¢ are the
number of linearly independent topological ends of a sim-
ple anyon Q, in Z(S) along the interface Z, as reflected
by the coefficient of Q, in

Ay = @ niQa

and Qg+ denotes the dual of Q,. The functor ¢ is also
deduced by compactifying the club quiche, as described
in detail in [10].

The confined charges for a gSSB phase are encoded in
Ay in exactly the same way as for a gSPT phase. That
is, we have a functor on the centers

2(¢): Z(S) = 2(5),

which is determined in terms of A, as in (II1.19). The
confined charges are the charges in Z(S) not in the image
of Z(¢). Just like for gSPT phases, possible deformations
of gSSB phases are captured by inclusion of associated
condensable algebras as discussed around (111.25).

(IV.27)

(IV.28)

(IV.29)

D. Example: Rep(S3) gSSB

For & = Rep(S3), the condensable algebras are

A = (1,1)
Ao =(1,1) @ (a,1)
A= (1,1)®(1,1-)
IV.30
Aup = (1,1) & (0,1) & (5, +) (v.30)
A—,a = (17 1) S3) (1’ 1—) S3) 2(&, 1)
"4—7E = (17 1) S2) (17 1—) S2) 2(13 E)
AE,b - (17 1) @ (LE) 2 (b7 +)
with L5200 ¢ ) = Aap. Using (IV.26), we find that gSSBs

are given by

gSSBs for Rep(S3) Symmetry = {A,, Aqp, A— o, A}
(IV.31)
and gapped SSBs are

SSBs for Rep(S3) Symmetry = {Aq 4, A_ 4, A}
(IV.32)



as these algebras are also Lagrangian. These gapped
SSBs were discussed in the previous section, and the
structure of the corresponding gSSBs is exactly the same,
with each universe realizing a CFT instead of a TQFT
in the IR. This leaves behind the sole gSSB phase A,
exhibiting confined charges not exhibited by any of the
gapped SSB phases. The structure of this gSSB phase
was worked out in section V.J of [10]. We have two uni-
verses ¢ € {0,1}. The relevant IR symmetry in both
universes is a non-anomalous Zsg

S =8} =Vecz,, S =Vecy,. (IV.33)

However, the two Zs symmetries are duals of each other,
i.e. one Zs symmetry is obtained as the quantum/dual
symmetry after gauging the other Zs symmetry. This is
reflected in the module categories being

M1 = M()l = Vec

Mo — Vec (IV.34)

If the two Zs symmetries were not related by gauging,
then the module categories would have been M;; =
Vecz,. The two IR theories in the two universes are thus

related as

T =T/ Zs
R R (IV.35)
Tl == TO /Z2 .

The resulting multi-fusion category was denoted in [10]
as

Sr/nulti = Isingﬁ/fz, (IV36)
which contains lines
{100, Poo, 111, P11, So1, S10} (IV.37)

where {1;;, P;;} form the sub-fusion category S/ = Vecy,,
and S;; forms the sub-category M;;. The fusion rules
are
T T (IV.38)
Sij ®Sji =14 ® Py .
The v/2 in the superscript on the RHS of (IV.36) denotes
that there is a non-trivial pivotal structure on this multi-
fusion category which reflects in quantum dimension of
Sij being

which differ by a factor of /2 from their naive quan-
tum dimensions dim = v/2. From the point of view of
SymTFT, the reducible topological boundary condition
of 3(Vecz,) is B, DB, where B, is a topological bound-
ary condition on which e is condensed, and B,, is a topo-
logical boundary condition on which m is condensed.
The functor ¢ is such that the Rep(S3) lines are iden-

tified as
1_ =190 ® P11

V.40
E = Sp1 @ S10 D Poo - ( )
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The Lagrangian algebra completion of A, in the folded
setup is

Lo=(1,1)®(a,1)®(1,1_)ed(a, 1)ed (b, +)md(b, —)em,

(Iv.41)
which implies that the map of generalized charges is
Z(¢): Z(Vecz,) = Z(Rep(S3))
1= (1,1)® (a,1)
e— (1,1.)® (a,1) (IV.42)
m > (b, +)
em — (b, —)

and thus the confined charges associated to the gSSB
phase are

ch = {(17E)7 (avw)v (a»UJQ)}'

Let us note that this gSSB phase A, is actually an in-
trinsic gSSB (igSSB) phase. Its only deformations are
A_ , and A, p, both of which are associated to gapped
SSB phases with 3 vacua. Thus, any gapped deformation
of the A, gSSB phase necessarily increases the number
of universes, further spontaneously breaking the Rep(S3)
symmetry.

The order parameter for this igSSB phase is an (a, 1)
multiplet of local operators. The confined charges are
those that do not appear in the image of the functor Z(¢)
described above, which are (1, E), (a,w) and (a,w?). As
we deform this igSSB phase to Rep(S3)/Z2 SSB phase, we
add (b,+) and (b, —) to the list of confined charges. On
the other hand, as we deform it to Rep(S3) SSB phase,
we add (1,1_) and (b, —) to the list of confined charges.

(IV.43)

V. HASSE DIAGRAM OF PHASES

In this work, we have discussed at length (1+1)d
gapped and gapless SPT and SSB phases. We have also
discussed possible deformation patterns of these phases.
All of this information can be collected together in a
Hasse diagram — i.e. a graph depicting a partially or-
dered set — as we will describe below.

A. Partial Order on Algebras and Phases

We first describe a mathematical Hasse diagram of con-
densable algebras in a (2+41)d topological order 3 that
admits a topological boundary condition. This Hasse di-
agram becomes a Hasse diagram for physical phases
after choosing a specific symmetry fusion category S such
that 3 is the SymTFT for S, i.e.

3(8)=3. (V.1)

The Hasse diagram is constructed as follows:



e The nodes of the Hasse diagram are condensable
algebras (not necessarily Lagrangian) in the MTC
Z formed by anyons of 3. We arrange these alge-
bras in layers according to their quantum dimen-
sions, with the lowest quantum dimension on the
top-most layer and the highest quantum dimen-
sion (i.e. Lagrangian algebras) at the bottom-most
layer. The top-most layer is always occupied by
a single node corresponding to a trivial algebra

A=1

e Given two condensable algebras A; and As with
quantum dimensions

dim(A;) < dim(As) (V.2)

we draw an edge connecting A; and A if A; is a

subalgebra of As. This establishes a partial order-

ing on the condensable algebras. Paths in the Hasse

diagram are monotonous, from top to bottom, thus
respecting the partial order.

The Hasse diagram obtained in this way is a priori blind
to specific symmetry and depends only on the SymTFT.
See the left side of figure 1 for an example where we
have taken 3 to be the Z4 Dijkgraaf-Witten gauge theory
(without twist).

Hasse Diagram for S-Symmetric Phases. In or-
der to convert this into a Hasse diagram for phases we
choose a symmetry S whose SymTFT is 3. Concretely,
this means that we choose a Lagrangian algebra £3™
in Z corresponding to a topological boundary condition
hosting symmetry S along it. There may be multiple La-
grangian algebras leading to & symmetry, which would
give equivalent but different translations of the Hasse di-
agram into a phase diagram. After choosing £Z™, each
condensable algebra in Z defines a gapped or gapless SPT
or SSB phase with & symmetry. The nodes of the Hasse
diagram are now identified with these phases. The edges
describe possible deformations between the phases. That
is, if Ay is connected to Ay with dim(A;) < dim(As),
then there are no obstructions to deforming the phase
corresponding to 4; to the phase corresponding to Ay
on symmetry grounds (though the deformation may not
be possible dynamically) without closing the symmetry
gap Ags and without breaking the symmetry S along the
deformation. See the right side of figure 1 for an exam-
ple where we have taken S to be a non-anomalous Z4
symmetry and £3™ to be the collection of all electric
anyons.

In this phase diagram of S-symmetric phases, the top-
most layer is the canonical gSPT phase, and the bottom-
most layer contains all the gapped SPT and SSB phases.
In between these layers, we have other layers contain-
ing gSPT and gSSB phases, which may or may not be
intrinsic.

To characterize these phases in more detail, we need
to assign a positive integer n to each node, which is com-
puted using the formula (IV.27). n counts the number
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of interval compactifications of anyons between the sym-
metry boundary BY™ and the interface Zy defined by
the condensable algebra, by using various possible ends
of anyons along B¢ and Z,. Physically this is the num-
ber of universes in each phase. Note that n monotonically
increases as one goes to lower levels in the Hasse diagram.

We can now characterize the different phases as:

1. SPT (gapped): A condensable algebra in the lowest
level (i.e. Lagrangian) for which we have n = 1.

2. gSPT (gapless): A condensable algebra not neces-
sarily at the lowest level for which we have n = 1.
In the phase diagrams we will only label the phases
with n = 1 above the lowest level as gSPT phases
and the phases with n = 1 at lowest level as SPT
phases to avoid multiple labelings of the same node,
but it should be kept in mind that a Lagrangian
algebra with n = 1 can describe both gapped and
gapless SPT phases.

3. igSPT: A condensable algebra not at the lowest
level for which we have n = 1 and which cannot
be joined by an oriented path in the Hasse diagram
to a condensable algebra in the lowest level with
n=1.

4. SSB (gapped): A condensable algebra in the lowest
level for which we have n > 1.

5. gSSB (gapless): A condensable algebra not neces-
sarily at the lowest level for which we have n > 1.
In the phase diagrams we will only label the phases
with n > 1 at non-lowest levels as gSSB phases and
the phases with n > 1 at lowest level as SSB phases
to avoid multiple labelings of the same node, but it
should be kept in mind that a Lagrangian algebra
with n > 1 can describe both gapped and gapless
SSB phases.

6. igSSB: A condensable algebra not at the lowest
level for which we have n > 1 and which cannot
be joined by an oriented path of edges to a con-
densable algebra in the lowest level with the same
value of n.

Note that if we choose a different Lagrangian algebra
L7 leading to a choice of a symmetry S # S with

(V.3)

then the phase diagram obtained from the same Hasse
diagram of condensable algebras is different, with differ-
ent values of n and different distributions of SPT, gSPT,
igSPT, SSB, gSSB and igSSB phases. An example is
discussed in figure 2 where we choose two different sym-
metries S3 and Rep(Ss) that have the same SymTFT.



Phase Transitions. Consider a node X in the Hasse
diagram not in the bottom-most layer that is directly
connected to two nodes Y7 and Y5 in the bottom-most
layer. By a direct connection, we mean that there is an
oriented path from X to Y7 or Y5 that does not pass
through any other node. In particular the gapless phase
Px corresponding to the node X has no obstruction to
being deformed to gapped phases Py, and Py, corre-
sponding to the nodes Y7 and Y5. If we have a gapless
theory Tx in gapless phase Px which dynamically ad-
mits relevant deformations to gapped theories in phases
Py, and Py,, then we say that Tx is a phase transition
between phases Py, and Py,. In this way, the Hasse
diagram encodes various phase transitions. Similarly,
it also also encodes phase transitions between two gap-
less phases, or phase transitions between more than two
gapped/gapless phases (parametrized by other types of
nodes in non-bottom layers). This strategy was used in
[10] to realize phase transitions between gapped phases
with non-invertible symmetries in (1+1)d. In the lan-
guage of this paper, the gapless theories exhibiting these
phase transitions lie in gSPT and gSSB phases.

The key tool to characterize the gapless phases describ-
ing the transitions is the club sandwich [10]

phys
B Ly Bk

(V.4)
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where Zy is an interface between 3(S) and the reduced
topological order 3(S’), and defines a KT transformation

IC%)S/ : {S'-symmetric QFTs} — {S-symmetric QFTs}

(V.5)
This enables one to start with a phase transition for S’
symmetry, characterized by an S&’-symmetric CFT TgFT

between the gapped S’-symmetric phases Si/ and K“g

(which can be obtained from T .- by a deformation with
the operator @’ uncharged under S'):

’ ! + !
5 Torr T3

(V.6)

and then construct S-symmetric phase transitions us-
ing the KT transformation, resulting in an S-symmetric
CFT & r acting as a phase transition between two S-
symmetric gapped phases T and T3:

-0 S +0
Terr

o (V.7)

The operator O is uncharged under S and is obtained
from O’ by means of a KT transformation and the club
sandwich compactification, as explained in [10].
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1ol @2 :
Lol o

Canonical S3 gSPT

Ls = Ls,
and S5 SSB

’Canonical Rep(S3) gSPT‘

-

] Rep(Ss)/Z igSSB \ [eSPT|

Ls = Lrep(ss)
and Rep(S3) SSB

| Rep(S3)/Z2 SSB|

FIG. 2. Hasse diagram for Z(Vecs,): The top figure shows the Hasse diagram of the condensable algebras. The lowest level
are the maximal, i.e. Lagrangian, algebras. Picking one of these as the symmetry Lagrangian algebra that fixes the symmetry
S allows classification of all phases: this is done for Vecg, in the middle figure and Rep(Ss) in the bottom figure. There are no

igSPT's for these symmetries.



B. Example: Rep(Ds) Gapped and Gapless Phases

We now turn to the Hasse diagram for Rep(Dsg). The
condensable algebras are listed in table IIT and the Hasse
diagram is shown in figure 3. A detailed discussion of
all the condensable algebras is given in appendix B, and
the corresponding phases are described in appendix C.
We note that there is an igSPT for Rep(Ds), which we
discussed in section IIIB and three Ising igSSB phases,
described in Appendix C2f.
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Again we can reinterpret the Hasse diagram for any
symmetry S which has the same center Z(Rep(Ds)), by
specifying the associated Lagrangian to be the symmetry
boundary: there are 11 distinct such symmetries.

As can be seen from the Hasse diagram in figure 3,
condensable algebras in Z(Rep(Dsg)) with
S’ = Zs, Ly, Ty X Zo correspond to gapless phases de-
scribing transitions respectively between two, three or
five gapped phases. We derive this in detail in appendix
D. The results are summarized in tables IV,V,VI.

' Dim ‘Label‘ Condensable Algebra of Z(Rep(Ds)) ‘ Reduced TO 8’ | Phase for S = Rep(Ds) ‘ n '
1 Ao 1 S Canonical Rep(Ds) gSPT| 1
2 Aq 1® erc Ly gSPT 1
2 As 1P egn ym gSPT 1
2 As 1® ern m gSPT 1
2 A4 1 D €eRr ZQ X ZQ gSPT 1
2 ./45 1 P ea ZQ X Zz gSPT 1
2 AG 1 b ep ZQ X ZQ gSPT 1
2 A~ 1® eranB Zo X T Rep(Dg)/(Zg X Zz) gSSB 2
4 As 1®ecB ®er ® erc 53 igSPT 1
4 Ao 1®er ®mes Zo Zs gSSB 2
4 Aio 1®er ®me Zo gSPT 1
4 A 1®er ®mp Zo gSPT 1
4 Az 1®ec ®mrp Zo Z2 gSSB 2
4 Aiz 1@ eqc ®mr Zs gSPT 1
4 A 1®eqc®ms Zo gSPT 1
4 Ais 1® e ®mrc Zo Z> gSSB 2
4 Ais 1®es ®mn Zo gSPT 1
4 Az 1®ep & ma Zo gSPT 1
4 Aus 1® ergB ® Mrac Zo Ising igSSB 3
4 Ao 1®erar ® maB Zo Ising igSSB 3
4 Azo 1® ercB ® MrB Zo Ising igSSB 3
4 A2 1@ ec Der P erc Za gSPT 1
4 Azz 1®ep®ec ®ecn Zo gSPT 1
4 A2 1®epPBer®ern Lo gSPT 1
4 -A24 1 DecB Der D ercgB ZQ Rep(Dg)/(Zg X Zg) gSSB 2
4 Aas 1@ ec ®erp ®ercn Za Rep(Dg)/(Z2 x Z2) gSSB| 2
4 Az 1®ep ®erc ® eran Zo Rep(Ds)/(Zs x Z2) gSSB | 2
8 Asr 1®eqg®er ®erag ®2mp trivial SPT 1
8 Aoas 1®en @ era ®eraB ®2mra trivial Zo X Zz SSB 4
8 Asg l1®ecs Per Peragn @ 2man trivial Zo X Zo SSB 4
8 Aso l1®esDer D erp D 2mg trivial SPT 1
8 Asi 1®ec ®erB P ercB ®2mrp trivial Zo X Zo SSB 4
8 Asa l1®egDegBean ®2mp trivial SPT 1
8 A3z 1® ercB ®mas ©® meB ® MErG trivial Ls and Rep(Ds) SSB | 5
8 Asa 1®es ®ma®mr® mec trivial Z2> SSB 2
8 Ass 1@ er®mp ®&me & mes trivial Z2> SSB 2
8 Ase 1®ec®mp®mr®dmes trivial Z2> SSB 2
8 Az7 |1®epDec Decn ®er®ern D erc ®ercn trivial Rep(Ds)/(Z2 x Z2) SSB | 2

TABLE III. Condensable Algebras of Z(Rep(Dsg)) with their quantum dimension, label and associated Reduced Topological
Order &’. The last two columns describe the phases once the symmetry S = Rep(Ds) is fixed and the number of universes n,
defined in equation (IV.27).
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Gapless phase

l

Gapped phase A

l

Gapped phase B

Rep(Ds)-symmetric CFT

igSPT Rep(Ds)/(Z2 X Z3) SSB sU@s 7)
As Asz -
sec. 111 B sec. C3c sec. D1c
gSPT SPT 72 SSB
Ao Aso Ass
A Aoz Ass :
|
Ais A3z Ase sing 3
Ais Aoz Ass
Ais A3 A3
Az Aso Asza
sec. C2a sec. C3a sec. C3b sec. D1a
gSPT SPT Rep(Ds)/(Z2 X Z) SSB
Aot Aoz A3z .
Az Ass A Ising )
Aos Aso Asr
sec. C2b sec. C3a sec. C3c
Z» gSSB Z SSB Za X 7 SSB —
Ay Ass Ao ! .
A1z Asg As1 C Ising, @ lsing, D
Ais A3z Aag
sec. C2d sec. C3b sec. C3d
Rep(Ds)/(Zz X Zz) gSSB Rep(Ds)/(Zz X Zz) SSB Zo X Zo SSB
Aoy Asz Aag
Aas A3z A3y /—\«
Aae Asz Aag C Ising,, & lsing, 3
sec. C2e sec. C3c sec. C3d
Ising igSSB Za X Za SSB Rep(Ds) SSB ﬁ\
Aig Ass Ass ‘/m\ . N
Ao Aag Ass Isingy" @ (lsing$) 5 @ (Ising3) 5
Aao Asi Ass /\,5 ’\_/
sec. C2f sec. C3d sec. C3e
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TABLE IV. Non-maximal condensable algebras in Z(Rep(Ds)) of dimension 4 (first column) have &’ = Z¢ for the igSPT,
(first row) which can only flow to one gapped phase (an SSB) or S’ = Z, (following rows) in which case they describe phase
transitions between two Rep(Ds)-symmetric gapped phases (columns 2 and 3). The corresponding Rep(Ds)-symmetric CFT is
shown in the last column. We represent the functor for the example described in the section linked to in the first column and
denote the Rep(Ds) symmetry generators as follows: R in red, G in green, B in blue. We use purple for R and B and teal for
G and B. Gray denotes the Zy X Zz subsymmetry of Rep(Ds) and black the full Rep(Ds).

[ Gapless phase [ Gapped phase A [ Gapped phase B [ Gapped phase C [ Rep(Dg)-symmetric CFT ]

gSPT SPT Rep(Ds)/(Z2 X Z2) SSB Zo X Z2 SSB
Al ./427 A37 AQS
As A3z Asz Aazg 4-Potts 3
AS A3O A37 ASI
sec. Cla sec. C3a sec. C3c sec. C3d sec. D2a

TABLE V. Non-maximal condensable algebras in Z(Rep(Ds)) with 8’ = Z4 (first column) describe phase transitions between
three Rep(Ds)-symmetric gapped phases (columns 2,3 and 4). The CFT responsible for the transition, shown in the last column,
is the 4-state Potts model regarded as Rep(Ds)-symmetric.



26

Gapped Gapped Gapped Gapped Gapped .
Gapless phase phase A phase B phase C phase D phase E Rep(Ds)-symmetric CFT
gSPT SPT SPT GDe) SSB|  Z; SSB | Z; X Z; SSB
As A7 Aso As7 Ass Azg lsing?
As sy Az sy e sy sing” 7)
As Aso Asz Asz Az Aag
sec. C1b sec. C3a sec. C3a sec. C3c¢ sec. C3b sec. C3d sec. D2b

Rep(Dsg) gSSB

(Z2 XZz2) (Z2 XZ2)
Az Asz Aag Aag
sec. Clc sec. C3c¢ sec. C3d sec. C3d

Rep(Ds) QSB |7, X Z2 SSB|Z2 x Z» SSB

N
C Isingg @ lsing? 3

sec. D2c¢

Za X Z» SSB|Rep(Ds) SSB

Az Ass
sec. C3d sec. C3e

TABLE VI. Non-maximal condensable algebras in Z(Rep(Ds)) with &' = Zs x Zy (first column) describe phase transitions
between five Rep(Ds)-symmetric gapped phases (columns 2 to 6). The Rep(Ds)-symmetric CFT responsible for the transition
is shown in the last column. Ising® denotes the Zs x Za-symmetric CFT Ising X Ising. In the first row it is regarded as Rep(Ds)-
symmetric, whereas in the second there are two copies Isingf, for i = 0,1, exchanged by the B symmetry of Rep(Ds) and

invariant under the Zs X Zo subsymmetry of Rep(Ds).

VI. GAUGING TRIVIALLY ACTING
SYMMETRIES AND DECOMPOSITION

At the end of the previous section, we saw that gauging
a (gapped or gapless) SPT phase can lead to a (gapped
or gapless) SSB phase. In the IR of a system in a SPT
phase, the full symmetry S is only acting as a smaller
symmetry &’ via a map

¢p: S— 8 (VL.1)
and the symmetries lying in the kernel of ¢ act trivially.
On the other hand, the IR of a system in a SSB phase
is decomposed into multiple universes, with the symme-
try S mixing the universes into each other. This is a
special example of a general phenomenon known as de-
composition [65-72], which occurs when trivially acting
symmetries are gauged.

Thus, in the process of studying these phases, what we
have discovered is a general formalism for understanding
decomposition in the presence of non-invertible symme-
tries using the SymTFT. Let us describe this formalism
in more detail. Consider a 2d QFT ¥ and a symmetry
S that does not act faithfully on ¥. Let S act on ¥ via
a map ¢ as displayed above. The symmetry S’ involved
in this map is a faithfully acting symmetry of ¥, which
means that ¥ admits (possibly non-topological) local op-
erators transforming in all possible generalized charges
(which are valued in the Drinfeld center Z(S’)) of S’
The charges of S realized by the operators of ¥ are the
ones lying in the image of the map

Z(9): Z(S) — Z(S) (VIL.2)
discussed in section III.
In terms of the SymTFT, we can express ¥ as a club

sandwich of the form

T B Zs B

(VL3)

with a physical boundary %%hys of 3(8’), a topological
interface Z, from 3(S) to 3(S’) associated to ¢, and
a symmetry topological boundary BE™ of 3(S). The
boundary BY™ is associated to a Lagrangian algebra
L™ € Z(8) and the interface Zy is associated to a La-

grangian algebra of the folded model £, € Z(S)RZ(S').
The part of L4 which does not involve non-trivial anyons

of Z(S’) describes a condensable algebra Ay € Z(S) sat-
isfying the condition (II1.23).

A gauging of a symmetry S is specified by a module
category M of & which determines a topological bound-
ary condition %fsy/njw of 3(S) having the property that the
topological interfaces from BF™ to B\, are described

by the module category M. The boundary 8% /n/“w is as-
sociated to a Lagrangian algebra E‘Sgy/n/“\/[ € Z(8). The

2d QFT T/ M obtained after performing the gauging M
of the symmetry S is obtained by constructing the club
sandwich with the boundary BY™ replaced by %‘Ssy/%

;Bphys

T/ M Bs) T x

(VL4)



Now, the condensable algebra A; may not satisfy the
condition (II1.23) with respect to the symmetry La-
grangian algebra E?'/val, i.e. we may have

AN LT, 21

Y21 (VL5)

In fact the number of universes in the gauged theory
T/ M is

nam = Z n?. ny (VI.6)
a

cf. (IV.27), where n¢ are the coefficients of the simple
anyons Q, in Ay and n}")y are the coefficients of Q, in
£,

LY = P Q. (VL7)

a

Note that na¢ may be equal to 1, but is generically
greater than 1. Thus, it may happen that gauging triv-
ially acting symmetries does not lead to decomposition.
These naq number of universes are permuted into each
other by the action of the dual symmetry S/ M obtained
after gauging. Note that the S/ M symmetry is also not
realized faithfully on ¥/M if the original S symmetry
is not realized faithfully on ¥. This is because the con-
fined charges are a property only of the interface Z, or
equivalently of the functor (VI.2), which is an invariant
of the gauging procedure, as the gauging procedure only
manipulates the symmetry boundary while leaving Zy in-
variant.

The properties of ¥/M including the number of uni-
verses and the relative Euler terms (also known as dila-
ton shifts) between the different universes, along with the
precise realization of the dual symmetry S/M on ¥/ M
can be computed by studying the club sandwich as de-
scribed in detail in [10]. In the language of this reference,
the gauged theory T /M is obtained by applying a KT
transformation associated to the topological interface Z,
on the original theory ¥. The reference also discusses
how the (possibly non-topological) local operators of T
are transformed under the gauging, and how their charges
are modified realizing the functor (VI.2).

One can equally well begin with a symmetry S that is
realized in a decomposed fashion on a 2d QFT ¥ having
multiple universes. In such a situation, § is never realized
faithfully, i.e. the sandwich construction of ¥ can always
be decomposed as in (VI.3) with the condensable algebra
Ay associated to the interface 7, satisfying

A, NLI™ D1 (VL8)

The M gauging of & is again implemented simply
by changing the symmetry boundary condition and
evaluating the club sandwich (VI.4).

Decomposition Interpretations of the Hasse dia-
gram. Finally, all possible (non-faithful and possibly de-
composed) realizations of a symmetry S are in one-to-one
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correspondence with S-symmetric gapless and gapped
phases, and hence are described by the same Hasse di-
agram. In fact, the IR theories for systems in these S-
symmetric phases are examples of theories manifesting
the corresponding realizations of the symmetry S. We
thus have the following one-to-one correspondence:

1. Canonical gSPT: The top of the Hasse diagram cor-
responds to the symmetry S being realized faith-
fully.

2. gSPT: As we move down in the Hasse diagram,
the S symmetry is realized more and more non-
faithfully. A gSPT phase corresponds to a non-
faithful realization of symmetry S such that there
is no decomposition.

3. gSSB: Corresponds to a non-faithful realization of
symmetry S with the symmetry S realized in a de-
composed fashion on multiple universes.

4. igSPT: The edges of the Hasse diagram describe
paths in which new confined charges are added. In
other words, they describe how a realization of S
can be made more non-faithful. An igSPT phase
corresponds to a non-decomposed non-faithful re-
alization of S, which cannot be made more non-
faithful without making S act in a decomposed way.

5. 1igSSB: Corresponds to a decomposed non-faithful
realization of S, which cannot be made more non-
faithful without increasing the amount of decom-
position.

The result of gauging S to S/M for a (non-faithful,
possibly decomposed) realization of S, corresponding
to a node X of the S-Hasse diagram, is encoded in the
same node of the S/ M-Hasse diagram.

Example: S5 — Rep(S3). Let us consider S = Vecg,,
i.e. non-anomalous S3 symmetry, whose Hasse diagram
appears in figure 2. The various possible realizations of
S3 symmetry are:

1. A= (1,1): Faithfully realized S3 symmetry.

2. A=(1,1)® (1,1_): Two universes exchanged by
Zo projection of S3 symmetry, with the Zjz sub-
group acting faithfully within each universe.

3. A= (1,1)® (1, FE): Three universes permuted by
S3 such that a Zy subgroup of S5 acts faithfully in
each universe.

4. A= (1,1) ® (a,1): Zs projection of S3 symmetry
is realized faithfully on a single universe.

5. A=(1,1)® (a,1) ® (b, +): All of S5 realized non-
faithfully on a single universe.

6. A= (1,1)® (1,1-) ® 2(a,1): Two universes ex-
changed by Zs projection of S5 symmetry, with the

Zs subgroup acting non-faithfully within each uni-
verse.



7 A= (1,1 (1,1-) @ 2(1, E): Six universes per-
muted by Ss.

8. A=(1,1)® (1,E) & (b,+): Three universes per-
muted by S3 such that a Z, subgroup of S3 pre-
serves each universe but acts non-faithfully within
it.

We now perform full gauging of S5 symmetry correspond-
ing to M = Vec, for which the symmetry obtained after
gauging is the non-invertible symmetry S/ M = Rep(S3).
Its Hasse diagram also appears in figure 2. The results
of S5 gauging and the realizations of Rep(S3) symmetry
in them are:

1. A = (1,1): Faithfully realized Rep(S3) symmetry.

2. A=(1,1)® (1,1_): Single universe on which the
Zs subgroup of Rep(S3) generated by 1_ acts non-
faithfully, while the non-invertible element E acts
faithfully via a Zs symmetry according to the rela-
tion E = P @ P2?, where P is the generator of the
Zs symmetry.

3. A= (1,1)®(1, E): Single universe on which the Zs
subgroup of Rep(S3) generated by 1_ acts faithfully
and F acts non-faithfully as E=1¢1_.

4. A= (1,1) ® (a,1): Two universes related to each
other by gauging of a faithfully acting Z, symmetry
along with a non-trivial dilaton shift (relative Eu-
ler term). The Zy subgroup of Rep(S3) generated
by 1_ acts non-faithfully in the first universe and
faithfully via the Zs symmetry of the second uni-
verse. The non-invertible element E exchanges the
two universes and also acts within the first universe
via its Zo symmetry.

5. A =(1,1) @ (a,1) ® (b,+): Three universes i €
{0,1,2} with relative Euler terms between uni-
verses 0 and 1, and universes 0 and 2, but no rel-
ative Euler terms between universes 1 and 2. The
1_ symmetry acts by exchanging universes 1 and
2, while preserving universe 0, inside which it acts
non-faithfully. The F symmetry acts within uni-
verse 0, and also sends universe 0 to universes 1
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and 2, while also sending universes 1 and 2 to uni-
verse 0.

6. A=(1,1)@ (1,1-) ®2(a, 1): Three universes with
no relative Euler terms which are all preserved by
1_ that is realized non-faithfully in each universe.
The symmetry F acts by sending each universe into
the sum of the other two.

7. A=(1,1)® (1,1-) ® 2(1, E): Single universe in
which all of Rep(S3) is realized non-faithfully.

8. A= (1,1)® (1,E) ® (b,+): Two universes ex-
changed by 1_ and F acting non-faithfully as £ =
1e1_.

The examples of decomposition of Rep(S3) symmetry re-
sulting from gauging S5 symmetry acting (partially) triv-
ially (i.e. non-faithfully) on a single universe are provided
by A=(1,1) & (a,1) and A= (1,1) ® (a,1) & (b, +).

VII. CONCLUSIONS

The main focus of this paper is the systematic explo-
ration of gapped and gapless phases in (1+1)d theories.
In the realm of these theories, fusion category symmetries
and their SymTFTs, as well as Drinfeld centers can be
applied to achieve a comprehensive picture of all phases,
and their interconnections — depicted by the Hasse dia-
gram of phases.

The approach to study gapped phases and gapless
phases using the SymTFT for a categorical symmetry
extends beyond the (1+1)d realm, and will give new in-
sights into QFTs and their IR phases in higher dimen-
sions, in the presence of categorical symmetries. There
has been enormous activity in particular in high energy
physics in the study of generalized, non-invertible sym-
metries, in 2+ 1d and 3+ 1d, for reviews on this topic see
[38, 39, 73-76], and a list of recent papers to illustrate the
sheer wealth of activity and ubiquity of such symmetries
see [1, 2, 9, 10, 19, 27, 33-37, 70, 77-175]. Some of the
challenges will be in the analysis of all gapped boundary
conditions, as well as the mathematically precise defini-
tion of condensable “algebra” in the context of higher
fusion-categories.
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Appendix A: Fusion Rules of Z(Rep(Ds))

In this appendix we summarize the fusion rules for Z(Rep(Ds)), which we computed from the formulae in [54].
These fusion rules have already appeared in reference [52].

® €R €RG Mg MRG MRB SRGB

€Rr 1 ea fr fra frB SRGB

eq era er MR fra MRB SRGB

ep €RB €RGB Mg MRG frB SRGB
€RG eG 1 fr MRG frB SRGB
€RGB €GB eB fr MRG MRB SRGB
MR fr fr 1@ ecPerDecn ma ® fa mp ® fp maB @ faB
mg ma fa mrc D fra mr ® fr srGB P SRGB mrB D frB
mp mp mp mgrp ® frB SRGB @ SRGB mgr ® fr mgra ® fra
MRG fra MRG ma D fa 1®erc ®eraB ®er| mar ® fab mp @ fB
SRGB SRGB SRGB maB @ foB mp ® [B me® fc |1PercDecn P ern

TABLE VII. Fusion rules (up to permutation of colors) of the anyons in Z(Rep(Ds)).

Appendix B: Condensable Algebras of Z(Rep(Ds))

In this appendix we provide some details on the con-
densable algebras and reduced topological orders for
Z(Rep(Dsg)). These are already listed and their partial
ordering shown in a Hasse diagram in section V.

1. Condensable algebras of dimension 2

The Drinfeld center of Rep(Dg) has 7 condensable alge-
bras of dimension 2. However, only 6 of these have a triv-
ial overlap with the Lagrangian algebra for the Rep(Dg)
symmetry

ACSR);H(DE;) =1®erep ®mep ®mrp ®mpa. (B.1)
We can further divide these 6 condensable algebras into
two groups, those that reduce the center Z(Rep(Dsg)) to
Z(Vecz,) and those that reduce it to Z(Vecz, xz,)-

The two conditions that can help us realize which 2d
condensable algebra reduces to which center are:

e The anyons sgrcp,Srap € Z(Rep(Dsg)) braid triv-
ially with the given algebra.

e Anyon spins match on both sides of the condensable
interface.

All elements of Z(Rep(Dg)) have either spin 1 or —1,
expect for sgaB, Srap which have spins +4. Thus if the
first condition is not satisfied then the reduced center
must be Z(Vecz,xz,). On the other hand, if the first
condition is satisfied then the second condition ensures
the spins match those of Z(Vecy,).

a. Z(Vecz,) reduced center

Non-trivial elements of Z(Rep(Ds)) that braid trivially
with sraB, SraB are era, eaB, and egp. Out of these we
can build the following dimension 2 condensable algebras:

o Ali=1®egq,
o Ay=1®egp,
e As=1d egp.

We will now go on to show these reduce Z(Rep(Dg))
to Z(Vecz,), i.e.

Z(Vecz,) = Z(Rep(Ds))/A;, i€{1,2,3}. (B.2)
To show this, we have to show that the topological
interface Z; corresponding to A; is indeed an inter-
face between Z(Rep(Ds)) and Z(Vecz,). This can be
shown by exhibiting a (folded) Lagrangian algebra £; in
Z(Vecp,) B Z(Vecgz,) of which A; is a subalgebra. De-
tails on how to determine the reduced topological order
by condensing a non-Lagrangian condensable algebra can
be found in Appendix B of [10] or in [176, 177].

In the present case, the Lagrangian algebra L; can

then be found as

L1 =1Derg @ [eran ® eple® @ [er ® e
® leap @ €RB]€2m2 ® mpm O mpm°
@ mprge ® mrge® ® fpeem @ fpeim°  (B.3)
S fRGeiﬂi2 ©® fRG53m2 ® spgpem

S SRGBESmS S7] ERGBE?’W 57 ERGBem?’.



One can check that all elements in £; are indeed
bosons and have trivial mutual braidings with each other,
among the other conditions for the algebra to be La-
grangian (maximal). One can thus see that A; reduces
Z(Rep(Dsg)) to Z(Vecz,).

As a side note, this result was expected as
Z(Rep(Ds)) = Z(Vecp,) which one can obtain by gaug-
ing the Zs outer automorphism symmetry of Z(Vecgz,)
which exchanges e‘m/ < e*~'m*~J for 4,7 € {0,1,2,3}.
Gauging this Zo symmetry of Z(Vecz,) introduces a new
line in the theory which is precisely erg. Thus it is not
surprising that by starting with Z(Vecp,) and condens-
ing erg, one ends up back in Z(Vecy, ).

Analogously, for A one finds the folded Lagrangian
algebra to be

Lo =1Decn ®ler D eranle® ® [ec ® ep|m>
@ lerc © erple®m> © mpm & mpm°
® mape ® mape® ® freem @ frems  (B.4)
@ fapem” ® fape M’ © spapem

@ sRGBEP’m?’ @ ERGBE3W S5 ERGBWP’,
and for Ajg similarly

L3=1Gerp®lec D €RGB]E2 ©ler @ 6B]m2

® [era @ 603}52%2 ® mem ® maT>
® mrpe ® mppe> ® fge*m ® feem°®  (B.5)
S7) fRBm2 &® fRBEsz @ srgpeM

57 SRGBE?’W?) 7] ERGB@SW S7] ERGBemB.

One can then see that (B.2) is indeed satisfied. Equiva-
lent Lagrangian algebras can be determined by relabeling
e <> m in the above expressions.

Furthermore, by condensing 1 @ €?m? in any of the
three folded algebras above, one precisely obtains the
folded algebra Ly in (II1.43) which corresponds to the
reduced center Z(Vecy, ). However, since Z(Vecz,) ad-
mits a fiber functor, taking the symmetry boundary to
be (B.1) and condensing A; for any i € {1,2,3} leads
to a non-intrinsic gSPT. This is contrary to the case of
condensing (I11.42), which leads to an intrinsic gSPT as
Z(Vecy,) does not admit a fiber functor.

2

b. Z(Vecz,xz,) reduced center

The 3 remaining non-Lagrangian algebras of dimension
2 that do not braid trivially with srap,Srgp and have
a trivial intersection with £f§$’( Dy) A€

L4 A4: 1@6R7
o As= 1&®eq,
e As=1Dep,
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together with the 1 remaining 2d condensable algebra
that does not braid trivially with srgp,Srep but has a

i T . . . sym
non-trivial intersection with ﬁRep(DS)

o A;=1@ eraB-

We will now go on to show these reduce Z(Rep(Ds))
to Z(Vecz,xz,), i.e.
Z(Vecz,xz,) = Z(Rep(Dg))/Aj, j€{4,5,6,7}.
(B.6)
First one can notice that in the absence of srap,SrcB
terms in the folded Lagrangian algebra due to non-trivial
braiding with 4;, the reduced center will only include
anyons of spin £1. By also considering the dimension
of this reduced center, Z(Vecz, xz,) becomes the obvious
candidate.

Following similar steps as outlined previously, one finds
a folded Lagrangian algebra for A4 to be

Ly =1Der D leran ® egpleiea
@ [erc ® eg|mima © [ep © erpleieamimy
& mpma & mpmi & mgpe: (B.7)
® mapes & mgeima @ mgeamy
® fpeieams @ fpeieamy @ fgpeimimy
© fapeamima @ fgeama @ feeimi,

where elelmim) € Z(Vecy,xz,) for i,j € {0,1}. One

can also relabel e; <> m; and eg <> mog, or e; <> ey and
my <> mo. From the folded algebra it is also apparent
that it is possible to obtain the center Z(Rep(Ds)) from
Z(Vecz, «xz,) by gauging the outer automorphism m; >
Mg, €1 <> e, with ejes, mims left invariant.

Analogously, for As one finds a folded Lagrangian al-
gebra to be

Ls =1®eq @ [eraB P erpleie2
@ [ep ® egplMiTa ® [era ® erle1eamm Mo
@© mprpma @ mrpm1 © mrpe (B.8)
® mprpez @ mpeima © mpeaimy
® frei1e2my ® frei€2my ® free1MiMe

® frpeamima @ fpeama @ fpeimy,
and for Ag similarly

Le=1Deg® [GR D 633]6162
©® [eG &) eGB]W1W2 b [eRG &b eRGB]élégmlmg
b mgrmo ® mrmi © mgey
® mges B mprge1Mms ® Mprgeamy
© fre1eamy © fre1ealm © fee1mima
& faeamima & frgeaMma & frge1mi.
(B.9)



Finally for A7 one finds

L7 =1®ergp ® [er ® egpléaimy

@ [ec © erple1ma @ [erc © eple1€am1My

@ mrpma2 © mgrpeé1 & magpmi1 & mgpe2

©®© mremimae © mprgeié2

@ frpeamima @ frE1€2M1 ® fapeimima

D fapeieaMmy © frgeama © frge1T

(B.10)

where it is apparent from the folded algebra that it is pos-
sible to obtain the center Z(Rep(Dsg)) from Z(Vecz,xz,)

in this case by gauging the outer automorphism e; <> meo,
e <> mq, with eyms, eamq left invariant.

2. Condensable algebras of dimension 4

Out of the 19 condensable algebras of dimension 4,
there are 10 that have a trivial intersection with CE“;?( De)?
out of which only 1 reduces Z(Rep(Dsg)) to Z(Vec7,) and
the other 9 to Z(Vecy,). Hence there is only one intrinsic

gSPT for E;yer;‘( Dy @nd the others are non-instrinsic.

Only the algebra Ag gives rise to Z(Vecz,) reduced
topological order: the corresponding folded Lagrangian
algebra can be found in (I11.43)

Ly =1Derg ®egn D ern
D 55 [er © eq © ercp D eB]
@ 2s5raB ® 25 SRaB

€ Z(Rep(Dg)) X Z(Vecy,)

(B.11)

which one can also obtain by condensing e?m? in (B.3),
(B.4) or (B.5). For the remaining 18 condensable al-
gebras, the reduced topological order will be Z(Vecyz,).
One can read off the possible 4d condensable algebras by
condensing any bosonic anyon in (B.7), (B.8), (B.9) or
(B.10).

An example of a reduction to Z(Vecy,) can be seen by
taking (B.7) and condensing e;mo, in that case one finds
the following folded algebra

L1 =1Der ®mp® [map ®mgle

@ [erc @ ec Dmp|M® [fop ® felem, (B.12)

from the algebra

Li=1®er @ [eran ® eanleiez
@ [erc @ egmima © [ep ® erple1€amiTz
® mpmo & mpm1 ©® mgpel
® magpes © mgeima @ mgeamy
® fpeieas @ fpeieamy © fgpe1mi My
& fapeamima & fgeama & fgeima,
(B.13)
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where we have identified

1l eimg —1

€911 <> €1€e9M1Mmy — M (B 14)
€1 <> My — € ’

€1€2M1 <> eaMi1Mg — em,

Other elements do not braid trivially with (1 & e;ms)
and are thus discarded. One can then clearly see that
condensing e;my in (B.7) reduces to (B.12) and the cor-
responding 4-dimensional condensable algebra is A1, de-
scribing a Z(Vecz,) topological order.

For completeness, we include here the folded alge-
bras for all the 4d condensable algebras that reduce to
Z(Vecz,). The folded Lagrangian algebras for 4d con-
densable algebras that produce non-intrinsic gSPTs are

Lig=1@er ®mg P [mp ®meple

&) [63 ®erp D mG]m@ [fB S fGB]mv (B'15)
L11=1@®er®mp P [mg S meple

@ lec © era @ mp|m @ [fa © foplem, (B.16)
L13=1@®eg ®mpr®[mp ®mrple

@ [ep ®egp @mplm @ [fp @ frplem, (B.17)
Lis=1GecDmp®[mrdmpgple

®ler P erc Pmp|m & [fr® frelem, (B.18)
Lig=1@ e Bmgr D [mg P mrgle

®lec D egp ®mrm® [fa @ frelem, (B.19)
Li7 =1Dep ®mg ® [mr ®mpgle

@ ler Derp ®me|m & [fr P frelem, (B.20)

Loy =1DBeq ®er P erg ®2mpm

®lep Dean Perp Percpled 2fpem, (B.21)
Lo =1 epDeg ®egp @ 2mrm

® [er ® erp @ erc ® ercple ® 2frem, (B.22)
Loz =1T ep ®er @ erp ®2mem

® [ec @ eap @ erc ® ergBle © 2fgem. (B.23)

The folded Lagrangian algebras for 4d condensable al-
gebras that produce n = 2 gSSBs are

Lg=1Ter®mep®[mp dmgm

© [eap ® ergB ® maBle ® [fp © folem (B.24)
L2 =1®eq ®mpp ® [mp ®mg|m

® [ers ® ergp ® mrple ® [fp © frlem (B.25)
L15 =1® ep ®mpa ® [mag © mg|m

@ lerc ® ercB ® Mrcle @ [fc © frlem  (B.26)
Loy =1®egp ®er D eran ® 2mape

®lep ®eq ®erp ®era)m ®2fgpem  (B.27)
Los =1® e ®erp ® erap ® 2mrpe

Dleg Deag Der D ercgm @ 2frpem  (B.28)
Lo =1 @ ep ® era @ erap B 2mpge

®leq D eagp @ er @ erplm ® 2frgem. (B.29)



The folded Lagrangian algebras for 4d condensable al-
gebras that produce n = 3 igSSBs are

Lis =1 ® ercp B mra B [mcp ® mrple

@ leg ®erg ®mprelm @ [fop ® frelem,
(B.30)

Li9 =1 @ ercp ® map ® [mr ® mpgle

@ lea D er ®mep|m @ [fre ® frelem,
(B.31)

Log =1 ® erap ® mrp ® [magp ® mpgle

© lec © erp ©® mrB|M D [faB © frclem
(B.32)

Note on condensable algebras. The algebras (B.33)-
(B.38) listed below obey the necessary conditions for con-
densable algebras summarized in Appendix B of [10] (see
also [8] and [178]) but do not give rise to reduced topo-
logical order. Those conditions are indeed necessary but
not sufficient (as was remarked in [10]) and (B.33)-(B.38)
are concrete examples of this,

1® erp ® mrB, (B.33)
1®erp ®mg, (B.34)
l1®egp ®mpg, (B.35)
1®egp ®mas, (B.36)
1® erag ® mra, (B.37)
1®epa ®mp. (B.38)

Appendix C: Phases for Rep(Ds)

By fixing the symmetry boundary to be £Rep( D )

(B.1) we can study all the various phases one may get
by choosing different condensable algebras from the list
we determined in Table III. This process is analogous
to studying different gapped phases by choosing differ-
ent Lagrangian algebras for the physical boundary of the
SymTFT sandwich. The major difference is these con-
densable algebras are in general not maximal like their
Lagrangian counterparts and thus may lead to various
gapless phases as well, as described in the main text. We
will follow similar procedures and use related techniques
to those described in [10].

In all of the cases below we shall use the notation for
S = Rep(Dsg) adopted in the main text around (II.28),
i.e. we label the symmetry generators as

S =Rep(Ds) ={1,R,G, RG, B}, (C.1)

where 1, R, G, RG are the 1d irreducible representations,
and B is the 2d irreducible representation.
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1. Condensable algebras of dimension 2
a. gSPT 1

By taking the condensable algebra A;, (and analo-
gously Aj or As), one finds the reduced topological order
to be that of Z(Vecy, ). Furthermore, as found in the pre-
vious section, these algebras define gSPT phases, and as
such no new non-trivial local operators are introduced
after compactification with L‘Rep D)’ Thus colliding the

interface with the symmetry boundary %Rep( Ds) produces

an irreducible boundary B’. In fact, by looking at the
completed algebras in (B.3), (B.4), and (B.5), one can
identify B’ as an irreducible topological boundary con-
dition lying either in the deformation class [B](L.) (or
[B](L,,)) associated either to the Lagrangian algebra

L.=1Dede®de® e Z(Vecy,)
or (C.2)
Ln=1omom?em® e Z(Vecz,).

The unbroken symmetry in this case can be described
by the simple topological lines

S’ =Vecy, = {1,P, P? P3}, (C.3)

where 1 is the identity line on 9B’ and P generates the
74 symmetry of B’
The club quiche picture in this case becomes

LRen(Ds) A L,

Ee

&
Eus

(C.4)
From the picture above it becomes evident that the sym-
metry generators of Rep(Dg) will be projected down to
Vecz, on B’ as

p(1)=1

¢(R) = P?

#(G) = P? (C.5)
#(RG) =1

¢(B) = P& P,

as both charges associated with mgrg and ergp are left
invariant by the action of RG but transform by sign —1
under R and G.

This non-trivial homomorphism indeed ensures that



the Rep(Dg) fusion rules are still respected, especially
¢(B)* =2(1® P?)
=0(1) ® ¢(R) ® ¢(G) ® (RG)
= ¢(B?).

(C.6)

Mathematically, we have thus provided a pivotal tensor
functor that describes a gSPT phase,
¢ : Rep(Dg) — Vecz,, (C.7)

where Vecz, is the fusion category formed by topological
lines living on the boundary 9B’.

b. gSPT 2

By taking the condensable algebra A4, (and analo-
gously As or Ag), one finds the reduced topological order
to be that of Z(Vecz,xz,). Furthermore, as determined
in the previous section, these algebras also define gSPT
phases, and as such no new non-trivial local operators are

. . . . sym .
introduced after compactification with L£Z7 b(Ds)" Collid-

ing the interface with the symmetry boundary ’B;'gl( Ds)
produces an irreducible boundary B’ which is now dif-
ferent from the Z4 case above. From the completed alge-
bras in (B.7), (B.8), and (B.9), one can identify B’ as an
irreducible topological boundary condition lying in the
deformation class [B](L.) associated to the Lagrangian
algebra
Lo=1Fe1 DeyPereg € Z(VeCszz2), (CS)
up to automorphisms - e.g. one can exchange es — mso
or es — e11Mmy ete.
The unbroken symmetry in this case can be described
by the simple topological lines
Sl ZVECszz2 = {I,Pl,PQ,P1P2}, (Cg)
where 1 is the identity line on 9B’ while P; and P, gen-
erate Zo subsymmetries of Zo x Zo on B’.
The club quiche can then be represented as

Lrep(Ds) Ay

(C.10)
It is again not hard to see that the symmetry gener-
ators of Rep(Dg) will be projected down to Vecz,xz, on
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B’ as
o(1) =1
P(R) =1
o(G) = PP (C.11)
¢(RG) = PP
¢(B) =P © Py,

as both charges associated with mgp and egrgp are left
invariant by the action of R but transform by sign —1
under G and RG.

This non-trivial homomorphism indeed ensures that
the Rep(Ds) fusion rules are still respected, especially

$(B)’ =2(1@® P\ P,)
(1) ® ¢(R) © ¢(G) ® ¢(RG)
= ¢(B%).

Mathematically, we have thus provided another pivotal
tensor functor that describes a gSPT phase, in this case

(C.12)

¢ : Rep(Dg) — Vecz, xz,, (C.13)

where Vecyz,xz, is the fusion category formed by topo-
logical lines living on the boundary B’.

C. Rep(Dg)/(ZQ X Zz) gSSB

Unlike for all the other 2d condensable algebras, A7
has a non-trivial intersection with E;’;r;( Dy)» Specifically
the anyon egpgp. This in turn means that collapsing the
interface A; with the symmetry boundary will produce
a reducible boundary condition B’ for the reduced topo-
logical center Z(Vecz,xz,). From the completed algebra
(B.10) one can deduce that the reducible boundary B’
will be of the form

B =B, @B, (C.14)

where 8, is an irreducible topological boundary with as-
sociated Lagrangian algebra

Lo=1®e; Dex@eres, (015)

and ‘B,, is an irreducible topological boundary with as-
sociated Lagrangian algebra

Ly =1®mq ®mo ®myims. (C.16)
We can thus see that the resulting gSSB will have n = 2
universes which was to be expected from considerations
about the dimensions. Also note that generally, there
could be a relative Euler term between 8. and 8,,, which
captures different linking actions of the symmetry gener-
ators, however, in this case, it will be trivial.
The topological line operators on B’ are
Ly (Pr)ii,  (P2)is,

(Plpg)ii, Sij s (017)



where 4,j € {e,m} and i # j. The line 1;; is the iden-
tity line on each boundary 9B;, the lines (P1)ii, (P2)i
and (P Py);; = (P1):i(P2)s; are the Zg generators of the
Zo X Zo symmetry on the boundary B,;, whereas the line
Si; changes the boundary 9B; to the boundary B, with
fusion rules

(Pr)iz ® Sij = Sij(Pr)jj = Sij (C.18)
Sij @ Sji =14 @ (P1)ii ® (P2)is @ (P1P2)ss, '
where all P’s are of dimension 1 while S,,,, and S,,. are of
dimension 2. One can recognize these are also precisely
the fusion rules of Rep(Dg) which is also equivalent to
the Tambara-Yamagami category TY(Zs x Zs).
With these considerations we can now draw the club
quiche picture as

ﬁ;};I;(Dg) A7 ﬁe ©® £m

1,2
ERB

1,2
&cn

1,2
ERG

(C.19)
where the commas signify the fact that e.g. the line mgp
splits at A7 into e; and mo.

By considering the local operators that arise after the
compactification one can construct the vacua/identity
operators of each universe and then study the linking ac-
tions on them by the Rep(Dg) symmetry generators. One

then finds that lines realizing the Rep(Dg) symmetry on
B’ are

¢(1) = Lee @ Lum

P(R) = (P1)ee ® (P2)mm

O(G) = (P2)ec ® (P1)mm (C.20)
P(RG) = (P1Ps)ce © (P1P2)mm

¢(B) = Sem @ Spe-

One can also verify that these are indeed consistent with
the Rep(Ds) fusion rules, particularly that

(P) ( ) ( ) (C.21)
)

&
=

for any 1d representations p,p’ € {1,R,G,RG} C
Rep(Ds). One can see that the two vacua stay invariant
under the Zy X Zg subsymmetry of Rep(Dsg), but change
under the generator B, thus we refer to this phase as a
Rep(Dsg)/(Zs x Z3) gSSB phase.
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Mathematically, we have thus provided information
about this Rep(Dg)/(Zs x Zs3) ¢SSB by defining a piv-
otal tensor functor

¢: Rep(Ds) — Rep(Ds)3x (C.22)

where Rep(Dg)S;;=1 is the pivotal multi-fusion category
formed by 2 x 2 matrices in Rep(Dg) which is also the
category formed by topological lines living on the un-

derlying boundary 9B’ (with a trivial relative Euler term
-
e =1).

2. Condensable algebras of dimension 4
a. ¢gSPT 1

By taking the condensable algebra A4;p, (and analo-
gously A1, Aiz, Aus, Aig, or Air), one finds the re-
duced topological order to be that of Z(Vecz,). Fur-
thermore, as found in the previous section, these alge-
bras also define gSPT phases, and as such no new non-
trivial local operators are introduced after compactifica-
tion with £;3:;1( py)- Colliding the interface with the sym-
metry boundary %R ep(Ds) produces an irreducible bound-
ary ‘B’ which is now Zy-symmetric.

From the completed algebras in (B.15)-(B.23), one can
identify 9B’ as an irreducible topological boundary con-
dition lying either in the deformation class [B](L.) (or
[B](L,,)) associated either to the Lagrangian algebra

L.=1®e€ Z(Vecy,)
or (C.23)
Ly, =1®me Z(Vecy,).

The unbroken symmetry in this case can be described
by the simple topological lines

S’ =Vecy, = {1, P}, (C.24)

where 1 is the identity line on B’ and P generates Zo
symmetry of 9B’
The club quiche picture in this case becomes

Ssym
‘CR);p (Dsg) .Am ﬁe

(C.25)

It is again not hard to see that the symmetry genera-
tors of Rep(Dsg) will be projected down to just Vecz, on



B’ as

(C.26)

as the charges associated with mgp multiplet are left
invariant by the action of R but transform by sign —1
under G and RG. Note that by starting with a different
algebra where the role of mgp was played by e.g. mgqg,
eq. (C.26) needs to be modified accordingly.

This non-trivial homomorphism indeed ensures that
the Rep(Dg) fusion rules are still respected, especially

¢(B)* =2(1&P)
= ¢(1) @ 6(R) © ¢(G) ® (RG)
= ¢(B?).

Mathematically, we have thus provided a pivotal tensor
functor that describes a gSPT phase,

¢ : Rep(Dg) — Vecz,, (C.28)

where Vecz, is the fusion category formed by topological
lines living on the boundary 9B’.

(C.27)

b. gSPT 2

One can also find a gSPT phase by taking the condens-
able algebra As; (and analogously Ags, or Assz) which
again produces a reduced topological order Z(Vecz,) but
with a different functor. This is the case as this time it is
not one of the m’s that go on as e or m after passing the
interface but it is eggp instead. The picture will thus
be very similar but now all functor images of 1d symme-
try generators, R, G and RG will be trivial as the eggp
multiplet acts trivially under these generators. On the
other hand, B should act by linking on the ergp charge
by a factor of —2.

The club quiche picture is now instead

ET??;( Ds) Az Le

(C.29)
The Rep(Dg) symmetry will then be projected down

to Vecgz, on B’ differently than in (C.26), specifically

P(1) =1

P(R) =1

#(G) =1 (C.30)
¢(RG) =1

$(B)=PaP.
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One can then check these fusion rules are again consis-
tent and thus we have provided a different pivotal tensor
functor that also describes a gSPT phase,

¢ : Rep(Dg) — Vecz,, (C.31)

where Vecy, is the fusion category formed by topological
lines living on the boundary 9B’.

c. 1gSPT

As mentioned in the main text, one can find an igSPT
phase with Rep(Dg) symmetry by choosing the condens-
able algebra to be Ag. This case is quite similar to the
gSPT 2 case just above as it involves the line eggp which
is invariant under R, G, RG. The main difference lies in
the fact that the reduced center is the double semion
model, which is the SymTFT 3(Vec,) with Zs symme-
try and a non-trivial 't Hooft anomaly described by

w#0€ H3Zy,UQ1)) =Zs. (C.32)

As collapsing Ag does not produce new non-trivial topo-
logical local operators, the resulting boundary B’ will
be irreducible with an associated Lagrangian algebra
L = 1® ss. The topological lines living on 9B’ will
be

1, P, (C.33)
where P’ generates the anomalous Zy symmetry.
The club quiche picture is then the following
sym
Lrep(Ds) As Les
= gsE
(C.34)

The Rep(Dg) symmetry will then be projected down
to Vecy, on B’ similarly to (C.30), specifically

¢(1) =1

¢(R) =1

$(G) =1 (C.35)
¢(RG) =

¢(B)=P &P,

however, to fully specify these homomorphisms, one also
needs to pick a consistent set of local junctions operators
as in [10] which encodes the anomalous symmetry gener-
ated by P’. Having done so, then one has found a pivotal

tensor functor that describes the igSPT phase,
¢ : Rep(Dg) — Vecy,, (C.36)

where Vec7, is the fusion category formed by topological
lines living on the boundary B’.



d. Zs gSSB

As we have seen above for gSPT phases, we again find
two possible variations of the pivotal functor for the n = 2
gSSB phases here. We first start by taking the condens-
able algebra Ag (and analogously Aja, or Ajs) which
again produces a reduced topological order Z(Vecg,).
However, now there is a non-trivial intersection with the
symmetry boundary of the line mgp (and analogously
mpp Or Mpa), and thus the resulting boundary B’ will
be reducible of the form

B =B o B, (C.37)
where B¢ is an irreducible topological boundary condi-
tion lying in the deformation class [B](L.) associated to
Lagrangian algebra £, = 1 & e (where we can again ex-
change e <> m).

The topological line operators on B’ are
where 4,7 € {0,1}. The line 1;; is the identity line on
each boundary *B;, the lines P;; are the Z, generators on
the boundary ‘B;, whereas the line 1;; for ¢ # j changes
the boundary 93, to the boundary B;, with fusion rules

Lij ® Ligp = Lik (C.39)
and P;; are obtained by fusing
P,‘j =P;® 1; =1; ® ij , (0.40)

where all 1,; and P;; are of dimension 1 as again one finds
that there is no non-trivial relative Euler term.
The club quiche picture in this case is

LRep(Ds) Ag 2L,
O
= 52
&
(C.41)
The products of these operators can be determined to be
2
= ]_ = =
@) , 0& =&, 0& =& (C.42)
&E& =1, E&y =1, £1&:, =0,
From these we can construct the operators
1+ (=10
w= LECD
&1+ (1) (C.43)
R

2
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with ¢ € {0,1} where v; are the identity local operators
on B5, and &; are the ends of e along Bf which can be
seen as

Uﬂ}j = 5ijvj7 ’Uié\j = 5ijé}, é;é; = (Sij’l}j. (044)

By looking at the linking action of the Rep(Ds) gener-
ators, one can again deduce their images on the reducible
boundary B’ as

#(1) =100 @ 111
(R) = Loo @ 111
#(G) =101 © 110
O(RG) =191 ® 119
¢(B) = Poo @ Po1 ® P1o @ P11,

(C.45)

which is again consistent with Rep(Dsg) fusion rules. One
can see there is a broken Zy subsymmetry that exchanges
vacua vy <> v1, hence this phase can be described as a
Zo gSSB phase.

Mathematically, we have provided information on a
pivotal tensor functor describing a Zs gSSB phase

¢ : Rep(Dg) — Maty(Vecy,), (C.46)

where Matq(Vecz,) is the multi-fusion category formed
by 2 x 2 matrices in Vecgz,, which is the category formed
by topological line operators living on the boundary 9’.

e. Rep(Dg)/(Zg X Zz) gSSB

By instead starting with the condensable algebra Aoy
(and analogously Ass, or Agg) one finds the other pivotal
functor that describes an n = 2 gSSB. The analysis is
very similar, the only major difference now is that the
intersection of Agy with the symmetry boundary is the
line eggp. This then changes the club quiche picture to
be

sym
ER);p(Dg) .A24 Q,Ce

o

= .

&
(C.47)
The products of these operators can be determined to be
0% =1, 0O& =&, 0& =E&, (C.48)

E1E1 =0, EE =0, &&=1.
From these we can again construct the operators

140 s & +&

Vo P 80 )

2 2
Cito & (C.49)
1 — 2 ) 1= D) )



where v; with ¢ € {0,1} are the identity local operators

on B7, and &; are the ends of e along Bf which can be
seen as

Uﬂ]j = (Sij’l)j, ’Uigj = (Sijgj 51’5]’ = (5ijvj. (050)
Note that these operators look identical to the Z4 club
quiche operators for algebra 1 @ e? in [10]. However, in
this case, we find a different symmetry action on these op-
erators as the underlying symmetry is a homomorphism
from Rep(Dsg) which does not have a Z, subsymmetry. In
this case, one instead finds that the (non-trivial) linking
action that descends from Rep(Dsg) acts as

G,RG: & —~-&, O—->0, 1—1, (C.51)
B: &—0, 0O0—-20, 1—2, '
implying that we have
G,RG : v; — vy, gi—>—§i,
N (C.52)
B: 51—>0, vg — 2v1, v — 2vp.

One finds that ¢(G) = ¢(RG) act as P? in the Z4 center
which is also consistent with how the vacua v; are left
invariant under P2. The only non-trivial action of Zo x Z
which survives in the Z, is P, P» as it gets mapped to P2.

From this linking action of the Rep(Dg) generators, one

can deduce their images on the reducible boundary 98’ to
be

#(1) = 1o @ 111

¢(R) = 1o ® 111

¢(G) = Poo @ P11 (0.53)
#(RG) = Poo @ Ppy

¢(B) =101 © 110 @ Po1 © Puo,

which is again consistent with Rep(Dsg) fusion rules and a
trivial relative Euler term. As the Zy X Zy subsymmetry
of Rep(Ds) is spontaneously preserved in this phase, it
can be described as a Rep(Ds)/(Z2 X Z2) gSSB phase.

Mathematically, we have thus provided information on
a pivotal tensor functor describing a Rep(Dsg)/(Za % Z2)
gSSB

¢ : Rep(Dg) — Maty(Vecyz,), (C.54)

where Mats(Vecz,) is the multi-fusion category formed
by 2 x 2 matrices in Vecgz,, which is the category formed
by topological line operators living on the boundary 2’.

f- lsing igSSB

Finally, we study the last remaining condensable alge-
bras of dimension 4 which produce n = 3 igSSB phases
for the Rep(Ds) symmetric theory which we show to be
Ising igSSB phases. This feature is unique to the gap-
less story of these phases as by further condensing to a
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Lagrangian algebra for a Rep(Dg) symmetric theory, one
can either end up with a Zy X Zy SSB phase or a Rep(Dg)
SSB phase. The Ising SSB has 3 universes, then further
condensing can only increase the number of universes to
4 or 5 respectively which means this is an intrinsic gSSB
phase as the number of universes must strictly increase
by further condensing.

By taking the condensable algebra A;g (and analo-
gously Ajg, or Asp) one finds two non-trivial intersec-
tions, ergp and mpg, and thus 2 non-trivial local oper-
ators after collapsing the interval which leads to n = 3
universes. The boundary B’ will be reducible and take
form

B =B DB DB, (C.55)
where again B¢ and ‘B™ are irreducible topological
boundaries, Bf associated to L, = 1 @ e and B™ as-
sociated to L, = 1@®m (where the roles of e and m may
be swapped).

The topological line operators on 8’ form are

loo, Llij, Foo. Fij, Soi, Sio, (C.56)
where 7, j € {1,2} label the two e-universes while 0 labels
the one m-universe. The non-trivial lines start with 1;;
for ¢ # j which is a boundary changing operator between
the two e-universes, Py is the generator of the Zs sym-
metry on B, P;; is the generator of the Zs symmetry on
B¢, P;; is again obtained by fusion P;; = Pj;1;; = 155 P;;,
finally the lines Sp; (and Sjo) change the boundary 8™
to the boundary B¢ (and vice versa), with fusion rules

Poo ® Soi = Sois
Sio ® Poo = Sio,
Soi ® Sio = loo ® Poo,

P;; @ Sio = Sios
Soi @ Py = Sois
Sio ® So; = 1i; © Py,

(C.57)

where the linking actions of S-boundary-changing lines

are

SOi L Vg — \/567)\@“ SiO LV — \/56/\1]0, (058)
where A € R captures the relative Euler term between the
boundaries B™ and Bf. There could also be a relative
Euler term between the two e-boundaries coming from
1;;, however, one finds it is trivial so here we only focus
on the one above.

The relative Euler term e = /2 between B™ and
B¢ is again a direct consequence of non-invertibility of
Rep(Ds). This relative Euler term also gives rise to the
non-trivial pivotal structure on this multi-fusion category
which is reflected in quantum dimensions of Sp; and S;q
being
which differ by a factor of v/2 from their naive quantum
dimensions dim = v/2 in the standard Ising setup.



With these considerations we can now draw the club
quiche picture as

sym

Rep(Ds) Aisg 2L ® L,

&
&
&
(@2
Oy

(C.60)
The operators that arise by this interval collapse have
the following fusion rules

07 =1, 03 = (1+01)/2,
0105 = Oy, 028y =0,
01& = =&, 081 = &,
1€0 0 2C1 2 (C.61)
Olgi - gi’ 0252 - 817
E=01-01)/2,  E=0+0y)/2,
&€ =0, £1E = Oy,
for i € {1,2}.
From these we can again construct the operators
1— ~
UOZTOl, Eo = & = &y,
= &1+ &
vy = W’ & = g = &1lv1,  (C.62)
~ & - &
v2:1+014—202’ E = 12 2:511}2,

where vg is the identity local operator on 8" and v; on
B, and & is the end m on B™ and &; are the ends for
e on BY which can be seen as

VaUh = OabVb,  Valb = 0ab&h, Ealp = dapvy,

(C.63)

for a,b € {0,1,2}.
By looking at the linking action of the Rep(Ds) gener-
ators, i.e.

R: vy — v, V1 < V2,
é\o—)—é\o, a—)g\g, 52—>§1,
G: wvy— v, V1 > V2,
go—)—go, g1—>—§2, 52—>—g1, C.64
RG: vy — vy, V] — V1, Vg — Vg, (C.64)
éA‘0—>§0, 5’1_>_§1, éA’2—>—§2,
B: vy —2(v1 +va), V1, V2 = Vg,

8\078\178\2 _>07
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one can deduce their images on the reducible boundary
B’ to be

(C.65)

which is again consistent with Rep(Dsg) fusion rules and
now a non-trivial relative Euler term e~ * = v/2 when
we compare the S action with (C.58). One can see this
describes an Ising gSSB phase.

Mathematically, we thus have provided information on
a pivotal tensor functor describing an n = 3 intrinsic
gSSB with broken Ising symmetry,

¢: Rep(Dg) — S(B'), (C.66)

where S(B’) is the multi-fusion category formed by topo-
logical line operators living on the boundary 98’'.

3. Lagrangian algebras

If we now focus on Lagrangian algebras, rather than
starting from scratch we can simply work out different
cases by starting with the 4d algebras and their phases
that we have already calculated and further condense
down to get the phases for the 8d (Lagrangian) algebras.

a. SPT

The Lagrangian algebras that lead to SPT phases are
Asz, Azg and Ass. We now focus on As7 to represent
the problem, with the other two algebras following analo-
gously. To get to As7 one can see from the Hasse diagram
in figure 3 that there are three paths to Aoz via Az, A4
and As;. The algebras A;; and Ay4 lead to gSPT of the
type in (C.25) while Ay leads to a gSPT of the type
in (C.29). In both cases if one then further condenses
1 ® m which is a Lagrangian algebra of the Z(Vecz,)
center then that is equivalent to simply condensing As;
in one go.

In such a case the club quiche picture becomes a (club)
sandwich, e.g. for Aj; after imposing the Lagrangian
condition on the right for Z(Vecz,) one finds

sym Sym
‘CRep(Dg) Aqp 1dm ‘CRep(Dg) A27

(C.67)



where there is no intersection between ‘CR}; o(Ds) — Ass

and As7 and thus no non-trivial local operators are cre-
ated by collapsing the sandwich and hence this setup
gives rise to a SPT phase.

As the symmetry generators of Rep(Dg) will act triv-
ially on the charges in the multiplets of As; and there
is only one vacuum, after collapsing the sandwich the
target category for the pivotal functor will be just Vec
with only one trivial line 1 and thus one finds the trivial
homomorphisms

o(1) =1
P(R) =1
#(G) =1 (C.68)
6(RG) =1
S(B)=1a1.
This amounts to sending P — 1 in (C.26) or (C.30),

which is consistent with how Vecy, gets projected down
to Vec.

Mathematically, we have provided information on a
pivotal tensor functor describing a SPT phase,

¢ : Rep(Dg) — Vec, (C.69)

which is in fact a fiber functor as expected.

b. Zo SSB

One can arrive at a n = 2 SSB for the Lagrangian alge-
bras with two different symmetry structures. The sym-
metry Lagrangian KSR'ZI; Ds) May have a single intersection
of one of mgra, map, mprp or it can have an intersection
of egap. The former leads to a phase where a Zs sub-
symmetry of Rep(Dg) is spontaneously broken in both
vacua. In the latter case, one finds that the Zy x Zg sub-
symmetry of Rep(Dsg) is spontaneously preserved in both
vacua. Thus for gapped (or gapless) phases we would call
these in the former case Z, SSB phases and in the latter
case Rep(Ds)/(Z2 x Z2) SSB phases.

Here we study first the Lagrangian algebras with a sin-
gle intersection being one of mgra, magg, or mrg, these
are Asy, Ass and Asg respectively. As a representative
example let us pick Ag4 for which we can see from the
Hasse diagram in figure 3 that there are three paths via
A1s, A1 and Aj7. The algebra A;5 is described by a
club quiche (C.41) which produces an n = 2 gSSB thus
in this case one chooses the Lagrangian 1Gm for the right
boundary to not produce any more non-trivial topolog-
ical local operators after collapsing the (club) sandwich
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and thus
sym sym
LRep(Ds) am  Lrep(Ds)

(C.70)

On the other hand, algebras A;g and Ay7 are associ-

ated to the gSPTs described by (C.25) hence for these

one picks a Lagrangian 1 @ e to produce one non-trivial
topological local operator and thus

sym sym
Lep(Ds) e Lrep(Ds)

(C.71)
As expected both paths ultimately lead to the same sand-
wich picture with Asz4 on the right.

Going down the A5 path results in keeping the opera-
tor O and discarding & and & in (C.42). From this one
finds the only non-trivial fusion being O = 1, and the
two vacua

(C.72)

where i € {0,1}.

By looking at the linking action of the Rep(Dg) gen-
erators, one can deduce their images on the collapsed
sandwich as

(C.73)

which is again consistent with Rep(Dg) fusion rules and
the projection P;; — 1;;. Hence we see there is a Zs
SSB in both vacua which is generated by the images of
R and G which act by exchanging these two vacua. We
also see that B is spontaneously broken in both vacua
as B : v; = vg + v1, however, both vacua are physically
indistinguishable as there is no non-trivial relative Euler
term.

Alternatively, by going down the A4 or A7 route one
finds the same vacua, symmetry actions, and ultimately
the same pivotal functor. Hence the routes lead to the
same Zs SSB phase.

Mathematically, we have provided information on a
pivotal tensor functor describing an n = 2 SSB

¢ : Rep(Dg) — Mata(Vec), (C.74)



where Maty(Vec) is the multi-fusion category formed by
2 X 2 matrices in Vec with no non-trivial relative Euler
terms.

C. Rep(Dg)/(ZQ X Zz) SSB

In this case by considering the Lagrangian algebra Az
one also finds an n = 2 SSB but with a different pivotal
functor than in the cases described just above as we show
this describes a Rep(Ds)/(Zz2 x Zz2) SSB phase. This is
the case as the intersection with the symmetry boundary
is formed by the line eggp whose multiplet is uncharged
under R, G, RG but charged under B.

There are 7 paths in the Hasse diagram in figure 3 that
lead to Asz; via the 7 4d condensable algebras: Asq, Ago
and Asz describing a gSPT phase; Agyg, Ass and Asg de-
scribing a Rep(Dg)/(Z2 x Zs) gSSB phase; Ag describing
the igSPT phase. Starting with the gSPT we can take
Asp as the example, where we now need to end the e line
on the right to produce a non-trivial local operator and
thus choosing 1 @ e as the boundary condition to close
the (club) quiche as

sym sym
‘CRep(Ds) Pe ERep(Ds)

(C.75)
Similarly, for the igSPT phase, one needs to end the s3
line on the right to produce a non-trivial topological local
operator after collapsing the sandwich and thus one uses
1 & ss on the right as

L:sym
Rep(Ds) 1®ss Rep(Ds)

(C.76)
Finally for the Zs gSSB phase one can take As4 as the
example, hence to end up with a Zs SSB one needs to pick
16 m as the boundary to not give rise to more non-trivial
topological local operators after collapsing the sandwich
and thus picks

Sym sym
’CRep(Dg) Ddm EREP(DS)

(C.77)
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In all of the cases above, after collapsing the sandwich
we find only one non-trivial topological local operator
& — O which follows ©O? = 1 from which, together with
the identity, one can build the two vacua of this SSB
phase

(C.78)

where i € {0,1}.

By looking at the linking action of the Rep(Dg) gen-
erators, one can deduce their images on the collapsed
sandwich as

(C.79)

which is again consistent with Rep(Dsg) fusion rules and
e.g. the homomorphism 1 — (1o @®111), P — (1o1 D 110)
when compared to (C.30).

We can now see there is a clear difference between this
n = 2 SSB phase and the Zs SSB phase seen above. In
the previous phase, it was ¢(R)(= ¢(G)) that acted to
exchange the vacua, which was the spontaneously broken
Zs subsymmetry of Rep(Dg). Now ¢(R) = ¢(G) =1 and
instead it is ¢(B) that exchanges the vacua but also in
the process multiplies them by a factor of 2, i.e.

B: vy — 2vq, v — 209 . (C.80)
As the Zs x Zs subsymmetry is preserved in this phase,
we can describe this phase as a Rep(Ds)/(Z2 x Z2) SSB
phase.

Mathematically, we have provided information on an-
other pivotal tensor functor describing a different n = 2
SSB phase, in this case the Rep(Dg)/(Za x Z2) SSB phase,

¢ : Rep(Dg) — Maty(Vec), (C.81)
where Maty(Vec) is the multi-fusion category formed by
2 x 2 matrices in Vec with no non-trivial relative Euler
terms.

d. Zz X ZQ SSB

For the Lagrangian algebras Asg, Aag and Asq, one
finds a n = 4 SSB phase. Let us again work with a rep-
resentative example by picking Asg for which we see there
are 3 paths in the Hasse diagram in figure 3 via the 4d
algebras Ajs, Ai1s and Agg. The algebra A;5 is described
by a club quiche (C.41) which produces an Zs gSSB thus
in this case one chooses the Lagrangian 1@ e for the right
boundary to produce 2 additional non-trivial topological



local operators after collapsing the (club) sandwich and
thus

ﬁsym

sym
‘CRep(Dg) Ais 1de Rep(Ds) Aas

Eo

&,
Ee,

(C.82)
The algebra Ayg follows very similarly as it is described
by a club quiche (C.47) which produces the other n = 2
gSSB phase (which is in fact a Rep(Dsg)/(Z2 x Z2) gSSB
phase) thus in this case one chooses the Lagrangian 1 &
e again for the right boundary to produce 2 additional
non-trivial topological local operators after collapsing the
(club) sandwich and thus

Esym

sym
‘CRep(Dg) Asg 1de Rep(Ds) Aas

o

Es,
Ee,

(C.83)
Finally, the algebra A;g is described by a club quiche
(C.60) which produces the Ising igSSB phase thus in this
case one chooses the Lagrangian 1 & m for the right
boundary to produce one more non-trivial topological
local operator after collapsing the (club) sandwich and
thus

ESym

sym
‘CRep(Dg) Ais 1&m Rep(Ds) Aos
Ee,
= £o,
Eo,

(C.84)
One can see all three ways of ultimately condensing the
Lagrangian algebra Asg as captured in the Hasse dia-
gram.

In the case of algebra A;5, one finds that after collaps-
ing the sandwich all £’s become local operators related
to the original operators in (C.42) where £o descends to
operator O, &g, descends to O; which is the collapsed op-
erator £ and &, descends to O which is the collapsed
operator &. The fusion rules for the new set of local op-
erators {1,0, 01, 02} will then follow the one in (C.42)
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with 01 < & and Oy + &. Now we can again form
more canonical-looking operators by defining

~ 01 + Oy ~ 01— Oy
0=, 0= et > (C.85)
where @1 and (52 are related to the canonical ends 51
and 52 respectlvely Now_ after introducing O; and Os,
or equivalently Ol and (92, one finds that the orlgmal
vacua vg and vy are no longer good vacua as (’)1 = g
and (92 = v1, and the newly broken symmetry exchanges

(’)1 > (92. One instead finds that the two original vacua
now split into two each as

’U(:)t = + 0 , viﬁ =R +0, , (C.86)
2 2
which means we further break down another Zs subsym-
metry of Rep(Ds) in both original vacua and thus pro-
duce 4 vacua in total which are exchanged by Zs X Zo
spontaneously broken subsymmetry of Rep(Ds). The
originally broken Zs exchanged the vacua vy <> v; and
now it is enlarged as it exchanges vg <> vy and vy > vy .

One can proceed similarly for Asg with corresponding
notations. Yet in this case the original vacua vy and wvq
are invariant under the entire Zo X Zy subsymmetry of
Rep(Dg) as this is condensing from a Rep(Dsg)/(Z2 x Zs)
gSSB phase. By analogously introducing the operators
O; ~ &; for (C.48), one finds that the newly broken sym-
metry sends @Z — —(/’)\i while @% = vy and @S = 1. One
then needs to construct new vacua from the old which end
up being the same as (C.86) but the symmetry action will
be vy < vy and v « vy. Thus suddenly one finds a
phase where the Zy X Zo subsymmetry is spontaneously
broken again. Thus by condensing the last Zy symmetry
suddenly the phase where the Zy x Zy subsymmetry was
preserved is entirely broken, i.e. the Rep(Ds)/(Z2 X Z2)
gSSB goes to Zo X Zo SSB. Encouragingly, by relabeling
vy ¢+ v] one finds a complete agreement with the result
for ./415.

Finally, for A;g the situation is slightly different as in
this case the ends 51 and 52 Wlll not be collapsed to non-
trivial operators but 50 ~ (90 w1ll The newly created
operator Oo will transform as (90 — (90 and (90 = 1.
Hence the vacua v; and vy in (C.62) stay the same but
the vacuum vy which was invariant under Zo X Zg now
splits as

ot = 0% (C.87)
2

Now the newly broken symmetry acts to exchange vacua
vy <> vo and "uar < vy . So in the end one again finds the
same phase with a broken Zy X Zy subsymmetry after
a relabeling as expected. This is the case where the re-
maining symmetry of the Ising igSSB phase gets further
broken down, increasing the number of vacua by 1, as it
ends up as a Zo X Zo SSB phase.



One can then conclude that all three ways of sequen-
tially condensing various algebras ultimately lead to the
same result. However, as we have shown, by utilizing
the club quiche/sandwich picture, one can observe how
these condensations affect the given phases in finer de-
tail. For example in the case of Asg, which descends from
the Z4 symmetric club quiche (C.4), before imposing the
1 ® e boundary condition to close the club quiche, the
phase has two vacua which are invariant under the entire
Zs X Zg subsymmetry of Rep(Dg), but right after it has
4 vacua with the Zs x Zs fully broken.

By fixing the notation in (C.86) to be vy = v, v1 =
vy, v2 = vy, v3 = vy and by looking at the linking action
of the Rep(Ds) generators, one can deduce their images
on the collapsed sandwich as

d(1) = 1o ® 111 ® 1oz B 133

H(R) =101 D 110 ® 123 @ 132

A(G) =101 @ 110 D 123 ® 132

H(RG) = 1go ® 111 @ 1a2 @ 133
)

A(B) =102 ® 103 ® 112 ® 113 ® 120 © 121 & 130 © 131,
(C.88)
which is again consistent with Rep(Dg) fusion rules.

Mathematically, we have provided information on a
pivotal tensor functor describing a n = 4 SSB phase

¢ : Rep(Dg) — Maty(Vec), (C.89)

where Mat4(Vec) is the multi-fusion category formed by
4 x 4 matrices in Vec with no non-trivial relative FEuler
terms. We refer to a phase with such symmetry structure
as a Zo X Zs SSB phase.

e. Rep(Dg) SSB

If one chooses the Rep(Dg) symmetry Lagrangian
,CSRf;( De) = Ass itself as the condensable algebra one ends
up breaking the entire Rep(Dg) symmetry in that phase.
We can see from the Hasse diagram in figure 3 that there
are 3 paths to Ass via the 4d algebras A1g, A1g9 and Asgg.
All three of these 4d condensable algebras are described
by the quiche in (C.60) which is the Ising igSSB phase,
hence we focus on A;g to be the representative exam-
ple. In this case, we impose the 1@ e boundary condition
on the right to produce 2 new non-trivial topological lo-
cal operators after collapsing the (club) sandwich, thus
bringing the total number of non-trivial operators to 4.
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The club sandwich picture will then be

sym sym
CRep(Dg) Aig 1de ERCP(DS) Ass

Es,
Es,
Eo,
Eo,

(C.90)
One finds that after collapsing the sandwich all &£’s
become local operators related to the original operators
in (C.61) where o, descend to operator O;, &g, descend
to Of which are the collapsed operators &;, whereas the
original end & will not end on the right and thus not
descend to a non-trivial local operator. The fusion rules
for the new set of local operators {1, Oy, 0z, OF, 05} will
then follow the one in (C.61) with Of ~ &;. The new set
of local operators now follows the fusion rules

07 =1, 0,0 = 03,
0105 = Os, 0,08 = OF,

D P (C.o1)
0107 =05, (07)"=(1+01)/2,

03 =(1+01)/2, OO = 0,.

Now we can again form more canonical-looking operators
by defining

y 1-0
0= "5
2
Ae 07+ 05
& _ X1 2
vlzw, Oy = 9 ; (C.92)
1+0,-20, @e_01-05
vng, 2 D) )

with this redefinition one finds

VaUp = 0apUb, va@f = 5ai@f, @f@f = 0;5vy,

(C.93)
for a,b € {0,1,2} and i,5 € {1,2}.

As the original end of the m line on B’ denoted by 50
is now trivial, one finds that the vacuum vg remains a
good vacuum. However, as the original ends of the two e
lines & and & now become local operators (5‘19 and (55
after collapsing the sandwich, the original vacua v, and

vo both split in two, so one finds a new set of vacua
+ (%1} + @f +

Vo = Vg , v1:T7 vy =

’Ug:l:@g

(C.94)
However for our purposes, it may be easier to take these
vacua and relabel them as

— — 7t — T _
V1 =V1, VR=Vy, Vg =1y, vp = Vo,

(C.95)

VRG = ’1)1_,



as this will make it easier the effect of the linking actions
of Rep(Dg) on these vacua

R: wvp — g, V1 & VR, VG > VRG ,
G: wvp —wvp, v VG, VR <> VRG ,
RG: v — g, V1 > VRG , VR VG,

B: wvp — v +vr+vg+vRrg,
(C.96)
from which we can see that the vacua indeed transform
among themselves according to the broken Rep(Dg) sym-
metry, with no non-trivial relative Euler terms between
the vacua. From these linking actions of the Rep(Dg)
generators, one can deduce their images on the collapsed
sandwich as

¢(1) =1 @ 111 ® 1rr ® lag @ L(re)(RG)
9(
(

)
R) =1 ® ir ® 11 @ lg(re) © l(ra)c
#(G) =1 @ lic ® 11 © lrra) © L(ro)R
)
)

(C.97)

p<§
=

G) =1 ® ly(ra) ® L(ra)1 @ lrG D lGR
¢(B) =11 ® 1pr ® 1pe ® 1p(ra)
®lip®1lre ®lee ® l(ro)B

which is again consistent with Rep(Dg) fusion rules.
Mathematically, we have provided information on a
pivotal tensor functor describing a full n =5 SSB
¢ : Rep(Dg) — Mats(Vec), (C.98)
where Mats(Vec) is the multi-fusion category formed by
5 X 5 matrices in Vec with no non-trivial relative Euler

terms. We refer to a phase with such symmetry structure
as a Rep(Dg) SSB phase.

Appendix D: Kennedy-Tasaki (KT) transformations
for Rep(Ds) and phase transitions

In this Appendix, we discuss a few representative
examples of Kennedy-Tasaki (KT) transformations for
theories with Rep(Ds) symmetry using the SymTFT
Quiches found in the preceding Appendix. These exam-
ples provide further details on the results shown in Table
IV, Table V and Table VI.

The maps constructed below are inspired by the
Kennedy-Tasaki (KT) unitary [179], which converts the
Zo X Zo Haldane SPT into a symmetry-broken phase with
the symmetry. Here we adopt the term in a broader
sense: our “generalized KT” transformations, introduced
in [10, 180], realize a categorical analogue of the original
KT duality of the Haldane chain.

Let & denote the target symmetry category and let
T 4 be the gapped interface determined by a condensable
algebra A € Z(S). Collapsing the two intervals in the
diagram

SymTFT(S) Ja SymTFT(S’) --» sgphys

U1, VR, VG, VRG —7 VB,
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implements a functorial map

K%+ QFTs — QFTs, (D.1)

which sends any S’-symmetric phase — gapped or gapless
—to an S-symmetric one. On the level of topological lines
this map is the charge-conversion functor

FIA (ny) = @ Na,a’ Qm

(D.2)
where the integers n, o are the multiplicities appearing
in the minimal Lagrangian L7, = @a,a, Ng,a/ QGQ;/ €
Z(8) X Z(8') that completes the interface. Thus the
transformation simply re-labels symmetry defects (and
hence phase data) without closing the gap, thereby re-
producing the structural role of the lattice KT unitary
[179] in a fully topological framework.

When Lz, is minimal, the map IC?“S, preserves ir-
reducibility: it carries irreducible S’-symmetric gapped
phases and critical points onto irreducible S-symmetric
ones. Whether the resulting theory is gapped or gap-
less is dictated solely by the choice of physical boundary
BPhys: the KT transformation itself simply transports a
known critical point (such as the Ising CFT) between
different symmetry categories.

Thus, generalized KT transformations are a powerful
tool that allows one to construct a map from a theory
with an &’ symmetry to a theory with a larger symmetry
S. The main use case of such a tool can then be found in
realizing new phase transition theories from ones which
are known. A classic example of phase transition theory
is the 2d Ising CFT

T8 = Isingj Zo

Fr,: 2(8") — Z(8),

(D.3)

which serves the role of a Zs-symmetric phase transi-
tion. It turns out that for Rep(Dg) symmetry one can
effectively construct any phase transition using the Ising
CFT or a few copies of it.

The Ising CFT has three operators of interest for our
discussion which listed in Table VIII:

‘ Name ‘Zz—charge‘ Zo-sector
o |spin/order -1 untwisted
1| disorder +1 twisted
€| energy +1 untwisted

TABLE VIII. Operators in the Ising CFT

where a twisted-sector operator is attached to the line
P generating Zs symmetry. If we take the SymTFT

3(Vecyz,) with
%sym

Vecz, =Le=1& €, (D4)

then from table VIII, we deduce that the generalized
charges are [10]:

qo) =e, q(p)=m, q(e)=1. (D.5)



As is well-known, the Ising CFT describes a phase tran-
sition between an SPT phase for Zs symmetry and a Zo
SSB phase, which we denote by ‘I\S/;c? and Eggcég respec-
tively. The former consists of a single vacuum on which
Zs is realized trivially

Ve(:L2

Tepr® = Trivial 3 Zy D)

which has a string order parameter given by u, whereas
the latter presents two vacua exchanged by the sponta-
neously broken Zs symmetry generator

Vecz,

Togp® = Trivialy @ Trivialy

N S

2 (D.7)

We denote the identity local operators (also called vacua)
in each theory as v;, i € {0, 1}, which satisfy

vv; = 04505, 1=vo+v1. (D.8)
The broken Zs generator P acts by exchanging the two
vacua

P: vy . (D.9)
The order parameter for SSB of Zs symmetry is the spin
operator o of the Ising CFT, which acquires a non-zero
vacuum expectation value (vev) in each vacuum. It can
be identified as the operator

o =vy— V1 (D.10)
where the coefficients are the vev that o takes in each
vacuum. We note that the action of the Zy generator P,
eq. (D.9), sends o — —o, as required.

1. Condensable algebras of dimension 4

Here we provide an example of a simple Rep(Dsg)-
symmetric transition using a KT transformation from Zo
to Rep(Dsg) on the Ising CFT. Other phase transitions can
be found analogously using the machinery found in [10]
or using similar calculations in this Appendix. We also
provide KT transformation describing the igSPT with
non-invertible symmetry which is one of the main heroes
of this work which we note is not a phase transition as it
can only flow to a single gapped phase.

a. KT from Zy to Rep(Dsg) symmetry I

Let us discuss the KT transformation associated to
the condensable algebra A1, (and analogously A, A13,
A4, A, or Aj7), whose properties we described in sub-
section C2a.
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From the folded Lagrangian algebra £11, eq. (B.16)
and associated to the condensable algebra A;1, we learn
that the map of generalized charges

Z(Vecz,) — Z(Rep(Ds)) (D.11)
is the following:

1—>1®er ®mp,
m — eq © epg ©®mp,

e — mg © mgg,

em — fa ® faB. (D.12)

According to this map, one finds the following operators:

e An untwisted operator O} of TS uncharged under
S’ = Zy descends to four operators of T° that are
all uncharged under & = Rep(Ds):
an untwisted operator 1, an R-twisted opera-

tor Oe,, a B-twisted sector operators 07(711)371 and
1
oL 5
0, =0 O, =01,
) / 1) / (D-13)
Onp1 =01, Opp2=07.

Recalling the homomorphism given in eq. (C.26),
O.,, is the operator O] recognized as sitting at the
end of the R line since ¢(R) = 1. Similarly, from
#(B) = 1@ P, we interpret (9( ) 5.1 and (9(1) o as
living at the end of the B line as the 1dent1ty line
of the Zy symmetry is sits within ¢(B).

e An untwisted operator O, of 5" charged under
S’ = Zsy descends to four operators of T5 charged
under G, RG, B:

Omg,1 and Opy, 2 in the B-twisted sector, O 5.1
which is untwisted, and Oy, 2 in R-twisted sec-
tor:

/ /
Omc,l = Oe7 Omc,2 = Oea

D.14
Och,l = O/ev OchQ = O;a ( )

Ome,1 and Oy, 2 are interpreted as local operators
at the end of the B line since ¢(B) = 1@ P contains
1, Omgyp,1 is untwisted and Oy, 2 lives at the end
of the ¢(R) =1 line.

e A P-twisted operator O, of TS uncharged under
S’ = 7 descends to four operators of T5 uncharged
under § = Rep(Ds):

O, and O.,,,, respectively in G and RG twisted

sectors, and B-twisted sector operators (9 1 and
(’)f;’;) PY
Oci, =00, Ocpe =0,
) _ o ™ _ o (D.15)
OmBl_O’H’L’ OmBQZO
From eq. (C.26), we deduce that O, and O, are

local operators respectively at the end of gZ)( ) =P

and ¢(RG) = P, while both O'") | and O
at theend0f¢( )=1aP.

2 live



e A P-twisted operator O, of T5° charged under
S’ = 7y descends to four operators of T charged
under G, RG, B:

Oy, .1 and Oy, 2, both B-twisted operators; Oy, 1
and Oy, 2, that are in G and RG-twisted sectors,

respectively:
OfGal = O(}’ITL’ OfG72 = O%m’ (D16)
OfGB,l = O » OfGBQ = O

We interpret Oy, 1 and Oy, o as operators O, liv-
ing at the end of ¢(B) = 1@ P; similarly, the oper-
ators Oy, 1 and Oy, 2 as operators O, living at
the ends of ¢(G) = P and ¢(RG) = P respectively.

b. Ezample phase transition between SPT and Zo SSB
phase for Rep(Ds) symmetry

In this short example, we discuss a phase transition af-
ter obtaining the relevant KT transformation. The con-
densable algebra A;;, (and analogously Ajg, A1z, Ai4,
Ajg, or Aj7), describes a phase transition between an
SPT and Zs SSB phase for Rep(Dg) symmetry, as can be
seen from the Hasse diagram in figure 3 and phase table
ITI. Indeed, the club quiche (C.25) has reduced center
Z(Vecy, ), which admits two topological boundary con-
ditions, listed in equation (C.23). We can thus obtain
two gapped phases after compactifying the club sand-
wich: picking £,, as BP"* gives an SPT phase (i.e. with
S = Rep(Ds) fully preserved), as described in subsection
C 3 a, whereas by choosing L. as BPYs the final gapped
phase is a Zs SSB, discussed in subsection C3b. In the
Zo SSB to which the gapless phase associated to A;; can
flow, the broken Rep(Dg) generators are G, RG, B and
their action on the two vacua vg, vy is:

G, RG :
B: v; — Vg + U1,

Vo < V1,
i € {0,1},

whereas R is preserved in both vacua. The gapless phase
responsible for the transition between Rep(Dsg)-SPT and
Zo SSB phases is simply the Ising CFT regarded as a
Rep(Dsg)-symmetric theory:

T3, = lsin Rep(Ds)
e 3 P (D.17)

where the homomorphism ¢ between the Rep(Dsg) gen-
erators R, G, RG, B and the Zs generator P is given in
equation (C.26). The relevant operator responsible for
the Rep(Dg)-symmetric transition is e.

The SPT phase for Rep(Ds) symmetry is obtained by
closing the club quiche with £, = 1®m, therefore, from
equations (D.13) and (D.15), the order parameters for
this phase are realized by the operators:

01=0., =00 =0l , =

mB,l - mB,Z_

(D.18)
Oec = OERG = 0(233,1 = 07(333,2 = M,

m
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where, for 07(723,27 we used that in the SPT phase P = 1.
w is a string order parameter, however, since in the SPT
phase all Rep(Dsg) generators are trivial, the image of u
in the IR is the identity local operator at the end of the
P line:

OGG = OGRG = 07(3) 1= OgL,Q =1

B,

(D.19)

The Zs SSB phase is instead obtained by closing the
club quiche with £ = 1 & e, which, along with equations
(D.13) and (D.14), implies that the local order parame-
ters for the Zs SSB phase are:

1 1
01=0,, =00 =00 , =

(D.20)
Ong = Omg,Q = OmGB,l = OmGB,Q =0,

The IR images of these operators follow from equations
(D.8) and (D.10):

O1=0., =05 =0, =vy+u,

mB,2 =
Omc,l = Omc,2 = Och,2 =79 — V1.

(D.21)

= OchJ

c. KT from Z5 to Rep(Ds) symmetry

Let us discuss the KT transformation associated to the
condensable algebra Ag of the igSPT, whose properties
we described in subsection C2c. In this case we are not
describing any phase transition as the igSPT has only a
single gapped phase it can flow to. Nevertheless, it is still
interesting to study how operators map from a theory
with anomalous group symmetry to a theory with non-
invertible symmetry. It also allows one to combine two
known/existing KT transformations to produce a new
KT transformation which may not be known or easy to
compute.

From the folded Lagrangian algebra Lg, (B.11) and
associated to the condensable algebra Ag, we learn that
the map of generalized charges

Z(Vecz,) — Z(Rep(Dg)) (D.22)

is the following;:

1—+1®erc ®erp ®ean,

s — 2SraB, 5 — 25paB -
(D.23)

According to this map, one finds the following operators:

e An untwisted operator O] of TS uncharged un-
der 8" = Z¢ descends to four operators of T°: an
untwisted operator O; and an RG-twisted opera-
tor O, which are uncharged under Rep(Ds), and
a G-twisted operator O, and an R-twisted op-
erator O.., which are both charged under B €
Rep(Ds):

/! /
01: 1> OeRczolv

D.24
OGRB - 0/1 ’ OGGB - 0/1 ’ ( )

s§s > erDergB Deg Dep,



where O, is the operator O] living at the end of
¢(RG) =1, while O, and O, are operators O}
living at the end of ¢(G) =1 and ¢(R) = 1 respec-
tively. The fact that O, and O, are charged
under ¢(B) = P’ @ P’ can be traced to the KT map
in [10]:

Z(Vecz,) — Z(Vecyz,). (D.25)

Effectively by taking the KT transformation we
have already found in (D.31) for

Z(Vecz,) — Z(Rep(Ds)) (D.26)

one can combine two known KTs to produce the
KT which we are after

Z(Vecz,) — Z(Vecz,) — Z(Rep(Dg)) . (D.27)

From this one finds that while RG is regarded as 1
in Zy, R and G as P? and B as P® P3, both O, ,
and O, are identified with Ogz,,2> at the end of
P2, This then gives rise to non-trivial Z, junctions
characteristic of the anomalous phase even though
O’ on its own is not uncharged under P’:

P oP

(D.28)

e An untwisted operator O’ of 5 with charge 1
under &’ = 74 descends to four operators of TS:
a G-twisted operator O, and an R-twisted opera-
tor O,,, which are uncharged under Rep(Ds), and
a untwisted operator Oe,,, and an RG-twisted
operator O, which are both charged under B €
Rep(Ds):

/ !/
Occ = Ofs’ Ocn = Ofs’ (D.29)
Ocren = Oss s Ocp = Ogs,
where O, is the operator O, living at the end
of $(RG) = 1, while O, and O., are operators
O/ living at the end of ¢(G) = 1 and ¢(R) =1
respectively. Now we see as Ol is charged under
P’ that both O, and O., will be charged under

¢(B) = P’ @ P’. On the other hand, O, and O,

e A P'-twisted operator O’ of TS5 with charge % un-
der 8’ = 7§ descends to four operators of T, all
transforming in the sggp multiplet under Rep(Dsg):
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B-twisted operators OV and 0% fori,j =

SRGB>? SRGB>J]
1,2. These operators can be seen as

(1) _ (1) _
OSRGBvl - O; ’ OSR6872 - O; ) (D 30)
0(2) L= o' 0(2) , = o ’
SRGB)» s SRGB» s

where all O{)) - and O should be regarded
as operator O, living at the end of line ¢(B) =
P’ @ P'. Similarly to (D.28), the presence of non-
trivial junctions ensures that all operators above
are charged under R and G, even though ¢(R) =1
and ¢(G) = 1, while the action of B exchanges

O(l) and 0(1) (2)

snep.l SHeB.20 and similarly for OSRGBJ.

e Finally, very analogously a P’-twisted operator O%
of T with charge 3 under &’ = Z§ descends to

four operators of T, all transforming in the Sgpap
multiplet under Rep(Ds).

2. Condensable algebras of dimension 2

Here we provide a few examples of KT transformations
from Zs X Zs to Rep(Dg) as well as the one example of
KT transformation from Z4 to Rep(Dg). The input phase
transition for Zy X Zs symmetry is simply an Ising® Ising
CFT whereas for Z, it is the 4-State Potts model. No-
tably for the Zs xZs case, we show the KT transformation
describing the Rep(Dg)/(Z2 x Z2) gSSB phase which can
be used as a guide for finding other complicated phase
transitions within the Rep(Dsg) system.

a. KT from Z4 to Rep(Ds) symmetry

From the expression for the condensable algebra A4; in
(B.3) (and analogously Ay and A3) we observe that the
map

Z(Vecy,) — Z(Rep(Ds)) (D.31)
of generalized charges is
1—1®egrqg, 62—>€B@6RGB7
m? — ep & eq, e*m? = eqp @ erp,
e, €2 — mpa, m, m® — mg,
em?, €$m? = fra, e?m, e’m>® — fg,
em, e3m’ = SRGB, e‘n’m7 em® — SRGB,
(D.32)

According to this map, one finds the following operators:

e An untwisted operator O] of TS’ uncharged un-
der Z, descends to two operators of T° that are
uncharged under Rep(Dsg): an untwisted operator
O; and an RG-twisted operator Oc,,. It is then
straightforward to recognize these operators as

0,=0,, O =0, (D.33)



where O, is the operator O] viewed as sitting at
the end of ¢(RG) = 1.

An untwisted operator O, of TS5 with charge 2
under Z, descends to two operators of T charged
under B € Rep(Dg): an untwisted operator O,
and an RG-twisted operator O.,. These operators
can be recognized as

Ocrop = ;2 v Oep = 0/62 s (D.34)

where O, is the operator O, viewed as sitting at
the end of ¢(RG) = 1.

An operator O , in P2 twisted sector of T5 and
uncharged under Z, descends to two operators of
TS that are uncharged under Rep(Dg): an R-
twisted operator O, and a G-twisted operator
O, . We can recognize these operators as

Oer, =02, O, =0, (D.35)

m2

where O, and O, are both the operator O/ ,
viewed as sitting at the end of ¢(R) = P? and
#(G) = P? respectively.

An operator (9;2m2 in P2-twisted sector of T5 and
with charge 2 under Z4 descends to two operators
of T° that are charged under B € Rep(Dg): an
R-twisted operator O, and a G-twisted operator
O We can recognize these operators as

€RB*
Occp = é?'m? s Ocrp = OQQmQ ) (D.36)
where O, and O, are both the operator O., .

viewed as sitting at the end of ¢(R) = P? and
#(G) = P? respectively.

An untwisted operator O/, of 75" with charge k =
1 or k = 3 under Z,4 descends to two classes of oper-
ators of T°, all charged under R, G, B € Rep(Dsg):

k
an untwisted operator 07(213)(;,1 and an RG-twisted

k
operator o) These operators can be recog-

MRG,2"
nized as
(e) e
OmRG,l = Oé’ 01(71;@,2 = 0/67
() ) () ) (D.37)
OmRG,l = 063 ) OmRG,Q = 063 ?

k
where (’)fﬁR)GQ for k& = 1,3 is the operator O,
viewed as sitting at the end of ¢(RG) = 1.

A Pk-twisted operator Ol .. of TS with k = 1,3

descends to two classes of operators of T°, all
uncharged under Rep(Dg): B-twisted operators

Ogn ) and 0. These operators can be rec-

B>l mp,2°
ognized as
O =00, O, =0,
A 5 (D.38)
O(m ) _ O(m ) —

mp,l — Ym3> mp,2 m3
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where both Or(:j:)l and (’)fnn;kg for k = 1,3 are

the operator O/ , viewed as sitting at the end of
#(B) = P ® P? which includes P*.

A P2%-twisted operator Oly,.2 of 75" with charge

k =1 or k = 3 under Z, descends to two classes

of operators of T°, all charged under R,G,B €
k, 2

Rep(Dg): an R—twist(zd 2operf:mtor O;ZG",LI) and a G-

twisted operator O};:’LQ ).

recognized as

These operators can be

(em?) _ (em?) _

Ofnai = Ocmrs Ofga = Ocn

O(esmz) v O(e3m2) o (D39)
fra, 1 — “Yedm2> frG,2 — Ye3m?2>

k, 2 k 2

where O;e ml) and ng m2) for k = 1,3 are the
RG> RG>

operators O/, ., viewed as sitting at the end of

#(R) = P? and ¢(G) = P? respectively.

A P*_twisted operator Oy, of T8 with k = 1,3
and charge 2 under Z, descends to two classes of
operators of T°, all charged under B € Rep(Dg):
B-twisted operators 0" ™) and 0™ T

wisted operators O} | " and Oy 5 " ese
operators can be recognized as

O(eQm) _ O/ O(e2m) _
fB,1 e2m > fB,2 e2m
(2m?) , (2m?) , (D40)
OfB’l = Ug2,,3 5 OfB,2 = Oe2m3 ,

where OS:ATIC) and O;‘:’:glk) for k = 1,3 are the
operator O/, . viewed as sitting at the end of
$(B) =P o P3.

e A P-twisted operator Oékmk of T5' with charge

k = 1,3 under Z4 descends to two classes of oper-
ators of T5, all charged under R, G, B € Rep(Dg):

B-twisted operators Og; G";i and Og; G";% These
operators can be recognized as
(em) o (em) —

OS;GB,l - O:amv OSRZB,Q - O;m7

O(e3m3) P~ O(e3m3) _ o (D41)
sraB,1 = “edm3 > srgB,2 ~ “edm3)

where O(ekmk) and O(ekmk) for k = 1,3 are the
SRGB,1 SRGB,2 )

operator O, . viewed as sitting at the end of
#(B) =P P3.

e Finally, there is the P-twisted operator O’ = with

charge 3 under Z, and the P3-twisted operator
(’)é ms With charge 1 under Z4 which descend to op-
erators of %, all charged under R, G, B € Rep(Dg):

the B-twisted operators O(esm)‘ and (’)(emg) . for

o SRGB,t SRGB,J
1,7 = 1,2. These operators can be recognized as

0(637n) _ O, O(ESW) _ O/
SrRGB,1 e3m SRGB,2 e3m D .49
o : (D.42)
O em o O(em )y

SreB,l — “em3> SrRGB,2 em3



where O&Jm)‘ and (’)(ems) . for 4,7 = 1,2 are the

SRGB,! SRGB,J
operator O/; ~and O, respectively viewed as sit-
ting at the end of ¢(B) = P & P3.

b. KT from Za X Z2 to Rep(Dsg) symmetry

From the expression for the condensable algebra A, in
(B.7) (and analogously As and Ag) we observe that the
map

Z(Vecz,xz,) — Z(Rep(Dsg)) (D.43)
of generalized charges is

1—>1®eg
e1ez = egp ® eran
mimg — eg @ era
eieomimg — eg D erp
12 mes (D.44)
mi, Mo — Mp
e1Mmsg, €aMmi1 — MqgG
e1mimy, egmima — fap
eieams, ereamg — fp

eimi, eamg — fa .
According to this map, one finds the following operators:

e An untwisted operator @ of 5 uncharged un-
der Zo X 7o descends to two operators of S that
are uncharged under Rep(Ds): an untwisted oper-
ator Op and an R-twisted operator O.,,. It is then
straightforward to recognize these operators as

0,=01, O =07, (D.45)

where O, is the operator O} viewed as sitting at
the end of ¢(R) = 1.

/
€1€2

e An untwisted operator O of T’ charged under
Zo x Ty descends to two operators of T° charged
under B € Rep(Dg): an untwisted operator O
and an R-twisted operator O
can be recognized as

O =0

€e1€eg ?

€RGB

ear- These operators

€e1€e9 )

o (D.46)

€RGB €GB

/

where O, is the operator O .,

at the end of ¢(R) = 1.

viewed as sitting

e An operator Oy, .. in P P-twisted sector of 15
and uncharged under Zs X Zo descends to two oper-
ators of T° that are uncharged under Rep(Dg): an
G-twisted operator O, and a RG-twisted operator

Oe¢pre- We can recognize these operators as

Oep, = O Ocpes = O

mims ? mims ?
/

where O, and O are both the operator Oy, .,
viewed as sitting at the end of ¢(G) = Py P2 and
¢(RG) = Py P, respectively.

(D.47)

e An operator O

48

b1 camym, 1 P1Po-twisted sector of
75" and charged under Zs X Z5 descends to two op-
erators of T° that are charged under B € Rep(Dsg):
an G-twisted operator O,,,, and a RG-twisted op-

erator O.,. We can recognize these operators as

OGRB = OélelemQ ; OBB = OélelemQ ; (D48)
where O.,, and O., are both the operator
O cymym, viewed as sitting at the end of ¢(G) =

Py Py and ¢(RG) = Py P, respectively.

e An untwisted operator O, of T8 with k = 1 or

k = 2 charged under Zs X Zs descends to two classes

of operators of T°, all charged under R,G,B €
(ex)

mep.1 and an R-

Rep(Dsg): an untwisted operator O

twisted operator OSSZ)B)Q. These operators can be
recognized as

(e1) _ (e1) _
Omésvl - 0/61 ) Omch,2 - Olel ’ (D.49)
Osz‘)BJ = Oé2 ’ 0552)3,2 = 0/62 ’

where 0% for k = 1,2 is the operator O,

map,2

viewed as sitting at the end of ¢(R) = 1.

e A Pp-twisted operator Oy, —of TS with k = 1,2

descends to two classes of operators of TS, all
uncharged under Rep(Dg): B-twisted operators

Of:; ’“)1 and Of:; ’“)2 These operators can be rec-

ognized as

0;117)1 -0, @7(3;17)2 =0, b
O(m2) _ O/ O(m,g) o O/ ( 50)
mp,l — Ymg> mp,2 — Y m2

where Off; ’“)1 and OZ'A;’C)Q for k = 1,2 are the op-
erator O, ~viewed as sitting at the end of Pk >
¢(B) =P DB

e A P,-twisted operator O’ and P;-twisted oper-

e1mso
of T5' charged under Zs X Zy descend
to two classes of operators of T°, all charged un-

der G, B € Rep(Ds): B-twisted operators olermz)

ma,i
and (’)552;;1) for 4,5 = 1,2. These operators can be
recognized as

ator O

€2mg

(exma) _ (exma) _
Omé,f - OélmZ ’ Omc,22 - Oélmg ) D51
0(527"1) — 0 O(ezml) — 0 ( : )
mg,l T eami ? mag,2 eomy

where (’)7(22::2) and (’)7(:;273-1) are the operators O, .

and Oy, respectively viewed as sitting at the end
of ¢(B) D P, and ¢(B) D Py respectively.

A P, P,-twisted operator O of T5' with

erpMmimso
charged under Zs x Zy descends to two classes of

operators of T°, all charged under G, B € Rep(Ds):



a G-twisted operator O}Zkgllmz’) and a RG-twisted

(exmima) These operators can be recog-

operator O} 'y
nized as

O(ekm1m2) — 0 O(ekm1m2) — 0

fem,1 €xmimsz ? faB,2 epmims
(D.52)
where (9;2";”1”"2) and O;ec";ngmﬂ for k = 1,2 are

the operators O, ,,, viewed as sitting at the end

of ¢(G) = P1 P> and ¢(RG) = Py P, respectively.

e A Pp-twisted operator O .. of T8 with k = 1,2
charged under Zs x Zy descends to two classes of

operators of T°, charged under B € Rep(Dg): B-

twisted operators (9;;16127”") and O;if;zm’“). These

operators can be recognized as

O(elezrm) 0 0(61627711) Y

fB,1 erexmy fB,2 ereamy

033" = Olreama s Oas™ = Olyeam,

(D.53)
where O;;efmk) and O;;?mk) for £ = 1,2 are the
operator O ., ... Viewed as sitting at the end of
¢(B) =P ®P,DF;.

e A Pi-twisted operator O . and Pp-twisted oper-
ator O, of 5" charged under Zy x Zo descend
to two classes of operators of T5, all charged under

G, B € Rep(Dg): B-twisted operators (’)}ZI,TI) and

(9;662?2) with 4,7 = 1,2. These operators can be
recognized as

O}ZTI) = Oélml ) O;eclgh) = Oélml ’
(e2m2) / (eama2) / (D54)
OfG,l = Oezmz ’ Ofc72 = Oezmz ,

where (’)ffclgnl) and 0}?;’12) are the operators O, .
and O, respectively viewed as living at the end

of ¢(B) D Pl,PQ.

c. KT from Za X Z2 to Rep(Dg) symmetry II

From the expression for the condensable algebra A7 in
(B.10) we observe that the map

Z(Veczzng) — Z(Rep(Dg)) (D55)

49

of generalized charges is

1= 1®eran

eam; — eg D egp
eimg — eg @ erp
ereamime — eg © era

€1, M2 — MRB (D.56)
€2, M1 — MGRB

€1€e2, M1Ma — MRG
eamima, ereamy — frB
e1mima, eteama — fap

eimi, eama — fra .

Now one can again write out all the operators and their
maps, however, given we have already shown these for
Zo X Loy — Rep(Ds) we will only show a few examples of
dealing with some complications here while the rest can
be computed similarly. The main difficulty here lies in
the fact that the SymTFT Quiche will have a reducible
symmetry boundary of the form
B =B, DB, (D.57)

where B, = B./(Z2 x Z3) mixes two gauge-opposite ir-
reducible boundaries of the SymTFT for Z32 symmetry,
with a trivial relative Euler term between the two bound-
aries.

The Rep(Dg)-symmetric, KT-transformed phase tran-
sition theory can be written in terms of an input Z3-
symmetric theory L5 as

qRep(Ds) = p (5% @ (T%2/23) D »
N
B (D.58)

where p = 1, R,G, RG C Rep(Dsg). In fact, we can rec-
ognize 7% as a product of two copies of a Zs-symmetric
input theory ¥%2. For our minimal case, we can take
%2 10 be the 2d Ising CFT, and therefore our Z3 input
transition T2 will simply be Ising ® Ising = Ising®.

Now we are in a position to discuss how operators of
an input theory map to operators of the KT-transformed
theory. For example:

e An untwisted operator O} of 7L uncharged un-
der Zs X Zo descends to two operators: an un-
twisted operator O; uncharged under Rep(Dsg) and
an untwisted operator O, charged under B €
Rep(Dsg). These operators can be recognized as

0, = (Oll)e + (Oll)my Ocrap = (Oll)e - (Oll)mv

(D.59)

where (O}). is a copy of O} in T¢ := T% and (O},

is a copy of O} in T™ := T% /72 of (D.58). This

is consistent with the (passing-through) symmetry



action seen in (C.20) as

Sem (Oll)e - (Oll)ma Sme (Oll)m - (Oll)ea
(D.60)
while O] is invariant under P; and Ps, hence the
operators O; and O, are uncharged under R
and G but under ¢(B) = Sy, @ Spe one finds

B(B): O »201, O,,., — —20 (D.61)

€RGB €RGB

as expected.

e A Pr-twisted operator O, = of 3% with charge
(1,0) under Zy x Zy descends to two operators
of TReP(Ps): 5 G-twisted operator O, uncharged
under Rep(Dg) and a G-twisted operator O,
charged under B € Rep(Dg). These operators can

be recognized as

OeG = (O;1WL2)8 + (Olelmz)m )
Ocpp = (O/

/
elmg)e - (Oelmg)m )

(D.62)

where (O, ,,,)e is a copy of O .. in T¢ which is

erm
(Pg)ee—twisltea and (O, ,,,)m is a copy of O, in
3™ which is (P1)mm-twisted after gauging of the
73 symmetry. Both operators can thus be viewed
as sitting at the end of ¢(G) D (Po)ee, (P1)mm as
required. This is consistent with the B symmetry
action (and hence also the linking action) seen in

(C.20) as

Sem : (O;1m2)€ — (O;ﬂng)ﬁh
, , (D.63)
Sme : (Oelmg)m — (Oelmg)e ’

however, we also require O, and O, to be invari-
ant under ¢(R) and ¢(G), while in its current form
it would seem they are both charged under ¢(R)

a0

and ¢(RG). To remedy this, one chooses a par-
ticular non-trivial junction between the ¢(G) and
¢(R) lines to cancel this inconsistency. The pres-
ence of such a junction is then important for other
operators in the theory to be charged correctly as
we will see shortly with the mgrp multiplet.

Hence the operators O, and O.,, are then un-
charged under R and G but under ¢(B) = Sep, @
Sme one finds the linking action

d(B): Oy = 20cn, Ocpp = —20.,.,, (D.64)

which is consistent with the results for O; and
Ocrep above as Oy = Ocr, @ Ocpip-

e Finally for a more complicated multiplet, we can
pick the untwisted operator O, of TZ5 with charge
(1,0) under Zs X Zo which descends to two opera-
tors of TRP(Ds) in the mpp multiplet: an untwisted
operator Oy} | and a G-twisted operator O,

both charged under R, RG,B € Rep(Ds). These

operators can be recognized as

Onppa =(00)es On o= (0 )m,  (D.65)

where (O, ). is a copy of O, in T¢ which untwisted

and (O, ) is a copy of O, in T which is (P1)mm-
twisted after gauging of the Z2 symmetry. Thus

Oy 2 should be viewed as an operator living at

the end of ¢(G) D (P1)mm, while O | is un-

twisted as required.

Both O;; , and O, are charged under R but
not G, while the symmetry action of B exchanges
Omppa and O o as Se 0 (Of)e = (Of,)m
and similarly for (O ),,. Note that the charge of
O 2 under R can be obtained from a choice of a
non-trivial junction operator between the symme-
try line ¢(R) and twist line ¢(G) as was the case
for O, and O

€RB"

Other examples can be computed similarly.
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