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Abstract

We study the dynamics of charge fluctuations after homogeneous quantum quenches in one-
dimensional systems with ballistic transport. For short but macroscopic times where the
non-trivial dynamics is largely dominated by long-range correlations, a simple expression
for the associated full counting statistics can be obtained by hydrodynamic arguments. This
formula links the non-equilibrium charge fluctuation after the quench to the fluctuations of the
associated current after a charge-biased inhomogeneous modification of the original quench
which corresponds to the paradigmatic partitioning protocol. Under certain assumptions, the
fluctuations in the latter case can be expressed by explicit closed form formulas in terms of
thermodynamic and hydrodynamic quantities via the Ballistic Fluctuation Theory. In this
work, we identify precise physical conditions for the applicability of a fully hydrodynamic
theory, and provide a detailed analysis explicitly demonstrating how such conditions are
met and how this leads to such hydrodynamic treatment. We discuss these conditions at
length in non-relativistic free fermions, where calculations become feasible and allow for
cross-checks against exact results. In physically relevant cases, strong long-range correlations
can complicate the hydrodynamic picture, but our formula still correctly reproduces the first
cumulants.
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1 Introduction

In a generic quantum mechanical state, most relevant observables typically do not have a particular
value but are rather described by a probability distribution specific to the state and the observable.
The problem of understanding the corresponding fluctuations in many-body systems has therefore
been a central problem in quantum mechanics. This topic has recently regained a large amount of
attention, with a significant drive being the advent of experimental platforms that are capable of
simulating nearly isolated interacting many-body systems and fluctuations therein [1,2]. Particular
focus was given to charges that are conserved quantities for the full system; when restricted to a
subsystem they exhibit nontrivial fluctuations and dynamics. This has been studied especially in
low dimensional systems [3-24].

When equilibrium scenarios in extended systems are regarded, fluctuations on large regions
are entirely determined by thermodynamic functions. For instance, in an infinitely large system
of particles at finite density, the cumulants C,(Q) = (Q™)€ of an extensive conserved quantity Q
(such the energy, particle number, electric charge, etc) when supported on a region of space of finite
but large volume V are encoded in the generating function F(A, ) consisting of the difference
of Landau free energies Vf(f3): F(A,B) = Z::il AMC,/n! = V(f(B)—f(B + A)), where 3 is
the generalised temperature, or Lagrange multiplier, associated with the conserved charge within
the equilibrium ensemble, and A is referred to as the “counting field”. The generating function
F(A, a) is often called the “full counting statistics” (FCS), whose Legendre-Frenchel transform is
known to give the probability distribution. This is true, more generally, in steady-states, including
non-equilibrium steady-states (NESS), as long as they exhibit short-range correlations. Importantly
in this setting a large-deviation principle holds, both in quantum and classical systems.

By contrast, characterising the fluctuations of dynamical quantities, such as the total amount of
charge going through an interface in a finite but large time T, is not possible merely by thermody-
namics. Nevertheless, in some cases, obtaining the large-deviation form of such fluctuations only
requires the knowledge of the hydrodynamic theory associated with the many-body system. In par-
ticular, if the charge admits ballistic transport, Euler hydrodynamics via ballistic fluctuation theory
(BFT) [25-29], or the more general ballistic macroscopic fluctuation theory (BMFT) [30,31] can be
used; while if transport is diffusive, one can rely on macroscopic fluctuation theory (MFT) [32,33].
It is worthwhile to note that in non-stationary but slowly-varying states, where local entropy max-
imisation has already occured, hydrodynamic principles still hold, and BMFT or MFT apply [34].
However there are also certain situations when fluctuations are anomalous and the large-deviation
principle is broken [35-40].

When genuinely out-of-equilibrium cases are regarded, much less is known and even the basic
physical principles are poorly understood. A common and important non-equilibrium protocol is
that of quenches, that is, sudden changes of coupling constants or other parameters determining
the dynamics. It is known that in most systems entropy maximisation constrained by the extensive
charges, i.e. (generalised) thermalisation, occurs at long times [41-48]. Although, in correspondence
with the above, averages of simple, local or few body operators can therefore be obtained by
thermodynamic (Gibbs or generalised Gibbs) ensembles, the characterisation of fluctuations (or
correlation in general) is highly non-trivial, both technically and conceptually. For instance, when
considering the problem of how conserved charges restricted to a large volume X fluctuate after
time T, difficulties are faced. First, the long-time steady-state only describes the regime T > X
where (generalised)-thermalization has occurred, but not the large-scale fluctuations for T o< X
or T < X, because it misses long-range correlations that are known to emerge after the quench.
Second, simple hydrodynamic fluctuation arguments based on linear response are not applicable
far from equilibrium. Therefore, the main challenge is, on the one hand, to identify how much
information of the quench should be kept and, on the other hand, incorporating this information in
a theory of non-equilibrium fluctuations in a feasible way.
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In this paper we reconsider the hydrodynamic picture introduced in a companion paper [24],
for large-scale fluctuations after quenches, in one dimensional models with ballistic transport. The
theory, in principle, is able to characterise the fluctuations of ballistically propagating Noether-type
conserved charges in a large subsystem at ballistic but short times T < X, thus describing the
initial time evolution of the associated FCS at such time scales. A cornerstone of the hydrodynamic
picture is that it can take care of the strongest long-range correlations arising from quenches by
exploiting the continuity equation. Crucially, this amounts to recognising that in the regime of

short but macroscopic times, the dynamical fluctuation of the charge f(f dx q(x, T) specified by the

generating function (¥| exp (A f;{ dx q(x, T)) | W) after quenching from |¥) can be characterised by

the FCS of the associated current fOT dt j(0, t) in the biased initial state exp (% fooo dx q(x, O)) W)
(upon normalising it). This corresponds to a version of the paradigmatic “partitioning protocol”,
hence the theory establishes an unexpected connection between the charge fluctuations after a
homogeneous quench and the associated current fluctuation after a particular (inhomogeneous)
partitioning protocol (cf. eq.(8) below). Further, under conditions of temporal clustering, the
time-dependence of the FCS is determined in terms of the long-time non-equilibrium steady-state
emerging from the aforementioned partioning protocol (see Fig. 1 and Sec. 2 (especially eq.(9)) for
details). In this case, to characterise the current fluctuations in the non-equilibrium steady-state,
the theory utilises the BFT flow equations, and thus is expected to apply to general interacting
many-body systems with ballistically propagating conserved quantities. For certain (but not all)
integrable models and exactly solvable quenches, time clustering indeed holds and the formula
specialises to a recent conjecture from space-time swap techniques [20, 21]. For technical reasons,
our results are shown for the particle number FCS, which is “ultra-local”, but are expected to be
valid for generic local charge.

Importantly, limitations of this hydrodynamic picture were also highlighted in [24]. In particu-
lar, while spatial long-range correlations are believed to be taken care of by using the continuity
equations and by reformulating the problem of charge fluctuations in terms of the current fluctua-
tions, the BFT framework only provides a legitimate way of computing the latter if no dynamical
long-range correlations, arising from the bipartite inhomogeneous quench, are present. Accordingly,
this requirement is one the main criteria for the applicability for the hydrodynamic picture, and
we stress again that in realistic models, is not always satisfied [24]. Although this means that the
simple hydrodynamic picture needs further refinements to be able to deal with a broader class
of physical situations, in this work we do not initiate such an enterprise. Instead we, thoroughly
discuss the emergence of this picture and discuss physical situations when it is readily applicable.
Additionally, it is worth emphasising that corrections to the naive predictions can be "small" even
when long-range correlation are present: for the particular problem studied in [24] it was found that
first 5 cumulants of the charge fluctuations are unaffected by such corrections.

In this work, we review this hydrodynamic framework, provide precise conditions under which
it is applicable (the viewpoint taken here is slightly modified wrt. that in [24], see the discussion
about the characterisation of the non-equilibrium steady-state there), and demonstrate in details that
they are met in a non-relativistic free fermion model. The aim is to give a thorough understanding
of the emergence of this simple picture demonstrating the main guiding principles. Computations
in free fermion models also allow for indirect cross-checks thanks to known exact results for their
FCS [22].

The structure of the paper is as follows. In Section 2 we review the hydrodynamic theory and
list three main physical conditions the system must satisfy in order for the hydrodynamic treatment
to apply. The exposition and the discussion of the conditions are followed by the derivation of
the theory using thermo- and hydrodynamic arguments and exploiting the three conditions. The
derivation is reasonably compact, however, two more technical steps (cf. Factorisation Property 1
and 2) are relegated to Section 4. Additionally, we comment on the characterisation of the NESS:
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this task is rather non-trivial but considerable simplifications are expected to occur which we shall
discuss.

Section 3 is dedicated to free non-relativistic fermions and a specific family of solvable quench
problems, and there are numerous reasons for their discussion. First, the demonstration of the two
Factorisation Properties for theories with an infinite Lieb-Robinson velocity can been carried out
for free theories. Second, for this specific class of quenches in free-fermion theories, exact analytic
results are known for the time-dependent FCS [21], and these results offer an immediate benchmark
for the hydrodynamic framework. In addition, this setting makes it possible to transparently check
the fulfillment of the main physical conditions, but also to study the emergence and the properties
of the NESS after the inhomogeneous charged-biased initial state. This latter study is particularly
insightful, as it allows us to conjecture a generic and conceptually simple way of charaterising the
NESS. After introducing the class of integrable quenches, the main results concerning the NESS
are summarised in this section (detailed calculations are instead presented in Sec. 5, Sec. 6 and in
some appendices, as explained there), and the non-equilibrium FCS is expressed explicitly in terms
of the solution of the BFT Flow Equations.

Sections 2 and 3 are self-contained and demonstrate the key findings of the paper with little
technicalities. The rest of the paper is instead more technical, and although important details are
presented therein, the following sections are not necessary for obtaining a clear understanding of
the main ideas behind the hydrodynamic theory and its applicability.

In Section 4, the aforementioned Factorisation Properties are discussed. We argue in this
section that these properties are indeed present if the initial state is a strongly clustering one. We
demonstrate this for the first property in complete generality (no restriction to free fermions is
needed here) for systems with a finite Lieb-Robinson velocity. For the case of an infnite Lieb-
Robinson velocity, we only deal with non-relativistic free fermions and apply a suitable series
expansion wrt. the counting field A. We demonstrate the presence of the second property for
clustering initial states as well, but in this case, we focus only on free fermions. We perform a
series expansion up to the 3rd order in the counting field and we argue for the behaviour of higher
orders. In this section, we use the explicit case of particle number FCS, however we argue how our
results are expected to be valid more generally.

In Section 5 we explicitly demonstrate via microscopic computations and by focusing on the
particle current density operator that, for solvable quenches and non-relativistic free fermions,
a NESS is indeed reached after the bipartite quench (the same is shown for generic ultra-local
operators and for a representative class of quasi-local operators as well in Appendix D). Here we
also show that the NESS emerging from the microscopic inhomogeneous initial state equals the
NESS that develops after two maximal entropy states restricted to half-infinite subsystems are
joint together. These maximal entropy states are the steady-state of the original quench problem,
and the homogeneous steady-state that develops after the biased initial state, where now the
charge-bias is made in a homogeneous way. We believe that the aforementioned equality of the
two NESS-s is generally valid, although we can demonstrate it explicitly for free fermions. The
computations in the section are carried out via a non-trivial systematic series expansion wrt. the
bias in the inhomogeneous initial state, focusing on the first few orders. Finally, for solvable
quenches it is possible to describe the maximal entropy state emerging after the homogeneously
biased initial states. While this result is already present in [22], and was derived in [24] for generic
interacting integrable quenches, here a microscopic derivation in the free fermion case is provided
(see Appendix C).

Section 6 focuses on long-range temporal correlations of the current density. Such correlations
are proved to be sufficiently weak after quenching from the charge-biased inhomogeneous state in
free fermion systems if the original initial state is solvable. This check is again carried out by explicit
microscopic computations applying the same series expansion wrt. the bias in the inhomogeneous
initial state. In addition, we also demonstrate how the cumulants describing the charge fluctuation
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Spatial long-range correlations
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Figure 1: Illustration of the universal hydrodynamic principles for full counting statistics
of the total charge Q on length X at time T after a quench. The dotted red line is where the
generator F = ln(1/;|elQ|g(T)|1/)) is evaluated in space-time. The full red line represents
the deformed path obtained by the local continuity equation. Turquoise bars represent
the biased initial state (on the right locally e*?|4) and on the left locally [+))). The
inhomogeneous state give rise to a partitioning protocol, in whose non-equilibrium steady-
state (NESS) the current full counting statistics is evaluated to obtain the linear growth of
F with T.

converge to their values in the NESS, which is in accordance with the convergence of local and
quasi-local operators to the NESS.

Finally we conclude in Section 7. Besides summarising our main findings, we comment on
further important quench problems which fall inside the range of applicability of the presented
hydrodynamic treatment, discuss a possible way go beyond that, and list a few particularly relevant
open problems.

2 Main Result

2.1 Full counting statistics after a quench in the ballistic regime

The quantity of main interest of this paper is the initial growth of the FCS of a conserved charge
after homogeneous quantum quenches in closed quantum systems undergoing Hamiltonian time-
evolution. Our focus is on the large-scale fluctuations of a conserved charge lying on the region
[0,X] C R atime T after a quench, f é( dx q(x, T), where g(x, t) is a parity-even and local density,
which obeys the continuity equation

atq(x: t)+axj(x’ t)zoa (l)
with some current j. Here we use the Heisenberg picture, i.e., O(x, t) = e*H0(x, 0)e**H where
H is the Hamiltonian of the system. Both subsystem size X and time T are large compared to
microscopic and sub-ballistic scales: they are both on the Euler scale associated with ballistic
propagation. But we consider “intermediate times”, such that

X>T>1. )

The dynamics which results under this scaling is subject to long-time, emergent effects. The quench
is specified by a parity and translation invariant initial state |¥) that is not an eigenstate or a simple
superposition of a few energy-eigenstates of the Hamiltonian of the isolated many-body system —
we provide more precise requirements on [¥) below.
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For simplicity we shall concentrate on the charge Q being the particle number,

Q=fdxp(x)

with p the density of particles. However, most of the steps go through for any local and extensive
charge (not to be confused with the extensivity of its fluctuation in the initial state, discussed below)
and the result is argued to hold in general.

For the dynamics in the region (2), it turns out that the fluctuations of the conserved charge
in the initial state |¥) itself play an important role. In particular, they can be extensive (that is,
with cumulants growing linearly with the size X of the region on which the charge is evaluated) or
sub-extensive. We shall mostly deal with the extensive case throughout this paper, but comment on
certain sub-extensive situations in our conclusions.

Results for the aforementioned problem have first been obtained in [20,21] for free fermion
and integrable systems, where the authors focused on initial states with non-extensive [20] and
extensive [21] fluctuations for specific charges, using a framework called space-time duality [49].
Let us review the main structure of these results, which was clarified in [24].

Based on [20, 21, 24], the logarithm of the full counting statistics,

FOLX, T) = In(®|e*fo a0 g) 3)
can be written as
F(A,X,T) = (Xfu(A) +0(X)) + (T fayn(A) + o(T)) + 0(X)y @)

where we emphasize that the first parenthesis on the right-hand side is independent of T and that
the second parenthesis is independent of X. Here, 0(X°); means terms that may depend on both X
and T, but that decay as X — oo for T fixed. Below we use the notations

X T
Q|§(T)=f dxq(x,T) and JX|§=J dej(X,1). (5)
0 0

In (4), fy(A) is the scaled cumulant generating function (SCGF) of the charge fluctuation in the
initial state defined as

1
fo@) = Jim — In(¥|e* % Olp), (6)

and fqyn(A4) accounts for the dynamics of these fluctuations due to time evolution defined as

1 {(w]erR D)
fagn(A) = Tlglgo T Xhm In (7

=00 (e O)g) |
Recalling (2), we interpret (4) as follows. After sending the subsystem size to infinity, for any
finite and large T, limy_, o (F(A,X, T) — F(A,X,0)) has a leading linear-in-T growth with the
corresponding coefficient fqy,(1). Loosely speaking this also means that for very large and fixed
subsystem sizes the dominant change in F(A,X, T) is linear in T as long as T remains much smaller
than X. In addition, for any finite and fixed T > 1, F(A, X, T)/X is finite and tends to f,(A) as X
is increased.

2.2 Main result

Our main result is the characterisation of the dynamics of fluctuations after a quench, encoded by
fdyn(x) in (4)
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Formula for a hydrodynamic-type description

We show that, under a certain weak condition of spatial clustering, the following identity holds:
el/2Q|§°|\y> (\I;lel/ZQ|§°
(w]e*”|w)

2
fa() = lim ZInTr[Mhp, (D], with  piy(2) = ®)
T—o0 T
Further, we show, that under an additional condition of time-like clustering, this can be re-written
in terms of a special non-equilibrium steady state (NESS) coming from a partitioning protocol as
follows

.2
fan(A) = lim - InTr I:CAJ()'gpNESS(A)] : ©)

We specify the conditions precisely below.

Here pngss 1S the non-equilibrium steady-state that emerges after the “bipartite quench” from
the initial state e?/2Qo" ©|w). It is defined as the maximal entropy state ((generalised) Gibbs
ensemble, GGE) obtained by the limit

Jim Tr[O(0, £)pin(A)] = Tr[O(0, 0)pxess ()] (10)

for every local operator O. The temporal clustering condition below guarantees that (19) holds.
Additionally, it implies clustering of currents in the non-equilibrium steady-state,

C
e — /| Tr( papss(R) 70, 00j(0,£)) =0, as [t—t/| > 00, (11

and similarly for higher-point functions. The latter is guaranteed if there are no zero-velocity modes
coupling to the currents, see the discussion in [50]; and a counter example in [36]. Here and below,
the superscript ¢ denotes connected correlation functions,

C

Tr( s (1) (0, (0, ¢)
Tr(pNEss(A)]‘(O, t)](o, t/)) - Tr(pNESS()’)j(O’ t))Tr(pNESS(A’)](OD t/)) . (12)

Crucially, Eq. (11) guarantees that the right-hand side of (9) can be evaluated by hydrodynamic
principles via the Ballistic Fluctuation Theory (BFT) [25-29]. This therefore provides a simple and
general hydrodynamic-type theory for the full counting statistics after a quench F(A,X,T) in the
regime (2). We will show (9) in Subsection 2.3 order by order in A: the FCS f4,,(1), Eq. (7), is
seen as a generating function and A as a generating parameter, and the right-hand side of (9) is also
to be expanded in A.

Formula (9) is inspired by results of Refs. [21,24]. However, the characterisation of pygss(A4)
given here in terms of a bipartite quench is more accurate. We will explain below how one can
argue that pygss(A) is in fact a steady-state for a bipartitioning protocol of a more standard form
coming from two maximal entropy states, as is obtained in [21] in a particular family of integrable
models, and argued more generally in [24].

Conditions

An important part of our result is to determine precise conditions under which (8) and (9) hold.
Eq. (8) requires only the first condition, while Eq. (9) holds only if all conditions are met. The three
conditions are as follows.

i) (even, homogeneous, clustering initial state). We require parity and translation invariance,
and sufficiently strong clustering of the initial state. That is, connected correlation functions
behave as

(T|0(x)0’(y)|¥) - 0 fastenoughas |x—y|— o0, (13)
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for every local operators O, O’ (and similarly for higher-order correlation functions). As
above, the superscript ¢ denotes connected correlation functions,

(T10()0"(YI)¢ = (¥|0()O (V)W) — (¥|O() ) (¥]0"(y)¥) (14)

We do not specify “fast enough", but exponential decay, or a power law decay with large
enough exponents, is expected to work. This condition is sufficient for (8).

i) (local relaxation). We require relaxation to a NESS pnggs(A) (normalised) at x = O after a
bipartite quench with initial state

eM/2Q15°0)| )

&), = 15
| >l <\I,|eAQ|§°(O)|\I,>’ ( )

that is ) )
tl_lflgo l(‘ylo(oa t)l\II>l =Tr [pNESS(A') O(O: 0)] 5 (16)

for every local or quasi-local operator O, where by “quasi-local" we mean in general products
of local operators, which may be evolved in finite times.

iii) (temporal clustering). We require temporal clustering of current correlations after the bipartite
quench above. That is, connected correlations for the current operators at different times
decay as

|t —t'] 2(¥1j(0,)j(0,t)¥)§ — 0, as [t—t'| > 00, (17

uniformly for t, t" > 0 (and similarly for higher-order correlation functions). For technical
reasons, we also assume that |, (¥|j(0, t);(0, t’)l\f/)il is uniformly bounded on t,t’ > 0.

The discussion of whether and when these conditions are met is presented in the sections that follow,
mostly concentrating on two-point clustering' and on the leading orders in A. For this purpose, we
will restrict our focus to the case of free non-relativistic fermions, but we discuss in Sec. 7 how the
applicability of the hydrodynamic picture can extend to interacting systems (see the companion
paper [24]).

Additionally, for technical reasons in some parts of the calculations we will use the assumption
that a Lieb-Robinson (LR) bound [52] holds, with finite LR velocity v g < ©0. Note that as part of
a Lieb-Robinson bound, the algebra of observables is typically assumed to have a finite norm || - |[;
this implies the technical uniform bound in condition iii): |, (¥|j(0, t)j(0, t’ )|\f/)i| < ||jl|. This
holds for spin chains and fermionic chains, but does not hold in many important situations, such as
non-relativistic fermions on the continuum. Therefore we would like to regard the requirement of a
Lieb-Robinson bound as an auxiliary condition facilitating a more transparent presentation of parts
of the derivation of the results, but to be eliminated eventually, and possibly replaced by a weaker
condition to be determined. We provide partial calculations in this direction in Sec. 4.1.2 (see also
Sec. 7).

Our derivation of the main results (8), (9) using the above conditions is presented in Subsection
2.3 is general. This is so except for one step, which relates to an “Asymptotic Commutativity"
phenomenon, that we discuss below. Asymptotic Commutativity is intuitively natural, but as far as
we know, there is no general rigorous or semi-rigorous statements in the literature concerning this
property — we provide supporting calculations in the context of free fermions in the sections that
follow.

Let us comment on conditions i) - iii) and their physical meaning.

'We note that as per the results of [51], two-point clustering is sufficient in order to establish certain forms of
higher-point clustering. However we have not shown that these forms of higher-point clustering are sufficient for our
results, which is beyond the scope of this paper.
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Condition i): even, homogeneous, clustering initial state

This condition is expected to hold in many physically relevant quench initial states. In particular,
exponential clustering is known to occur in ground states of gapped Hamiltonians. The requirement
of parity is for simplicity. Without parity, we have instead

.1 _ _
fapn(A) = lim T (IHTT[QMOQPITIESS(M] +InTr [e AJOlgpNESS(k)]) , (18)
where

(25" (0, t) e*2Us” O] p)

i — +

tl—l>Igo (‘I/|eAQ|go(0)|\I/) - TrI:O(O, O)pNESS(A)] 9)
) <\1;|e?»/2Q|900(0) 0(0, t) el/ZQIO,w(O)N,) B

lim - =Tr[0(0,0)pxpss(A) ]

e (W]e* W] )

for every local operator O. In translation and parity invariant states and for charges which are even
under parity (so that the associated currents are odd), these two contributions are equal (see [24]
and below).

Condition ii): local relaxation

Condition ii) is also relatively weak, as local relaxation to some NESS is generically expected to
occur. The characterisation of the NESS itself is a rather non-trivial task, but this is not necessary for
the result. We nevertheless articulate an intuition regarding this problem, which we shall explicitly
verify for a certain class of quenches.

Recall that the initial states e*/2Qlo"(0) |W) and e* 2ngoo(o)l\ll) are expected to uniquely define
the NESS pngss(A) = prESS(A) via (19). But in fact, it is natural to assume that the dynamics
from the initial state e*/2Qo" (O)|w) is such that the left and the right halves of the system at spacial
points |x| > 7 satisfy

Tr[O(—x,T)pL] ~ Tr[0(0,0)p] and Tr[O(x,T)pr]~ Tr[O(O, O)pm] (20)

after some microscopic time 7, where p and p™ are the maximal entropy or (generalised) Gibbs
ensembles emerging after the homogeneous quenches from the initial states |¥) (i.e., the original
quench problem) and e 2Q|w), respectively. Then, the leading dynamical behaviour of local
observables in space-time regions x ~ 0 and t > 7 in the problem is captured by the NESS pbpp(l)
of the bipartite quench protocol built up from left and right maximal entropy states (Gibbs or
Generalised Gibbs Ensembles) p and p™, which is a paradigmatic problem in studying transport
properties and non-equilibrium physics. That is, we expect that

Tr[O(0,0)pngss(A)] = Tr[O(0, 0)pppp (A)], (21)

with
lim Tr[0(0,0) ((p)" ® (e™)R)] =Tr[0(0,0)pppp(A) ] , (22)

for every local operators O, where (p)~/R means a normalised density matrix that is restricted on
the left/right half of the system. In other words, we expect that pxgss(A) = pppp(4), where the two
NESS’s originate from, strictly speaking, two different quench protocols, cf, Egs. (19) and (22).
We will explicitly verify this intuition for integrable quenches in free fermion systems and we note
that (21) follows from the results of [21] also for the Rule 54 model and certain initial states.

10
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Condition iii): temporal clustering

Whereas the fulfillment of i) - ii) is naturally expected, condition iii), by contrast, is a rather
non-trivial requirement, which is not necessarily fulfilled (except for the technical uniform bound
on |, (¥]5(0, t)j(0, t’)l\f/)il, which is expected to hold?). The physical meaning of iii) is that strong
long-range temporal correlations for the current must be absent in the microscopic bipartite quench
problem (from the initial state [¥);). This is non-trivial, because after quantum quenches such
strong correlations generically develop, which may lead to the violation of iii) [24,53]. We shall
demonstrate that iii) is fulfilled in the physically important class of integrable quenches in free
fermion models. An example where iii) is broken was given in [24], in which long-range temporal
correlations were found of the form |t — t’|2/(t + t)* in the current-current 2-point function after
a similar quench problem. An important part of our result is that indeed, (9) is not expected to hold
if condition iii) is broken, something which happens in certain physical situations. However, as we
argued in [24], even if iii) is violated, the simple hydrodynamic framework we discuss in this work
can be applied and can yield exact prediction for the scaled cumulants up to a given order. We shall
elaborate more on this issue in our conclusions, Section 7.

An important additional remark is that, as we show in Section 2.3, condition iii) guarantees that
the scaled cumulants fcj.(n) associated with the current in the state |¥), are finite:

#5(n):=2 lim —f l_[dtll\ml_[](o (B <oo ¥n>1. (23)

Further, combined with condition ii), the result (11) holds, and scaled cumulants may be evaluated
within PNESS>

kj.(n) = kfiyn(n) (24)
with

1 /
k‘fiyn(n) =0, (2 lim = lnTr [e’1 JolgpNESS(A)D ‘ o

_2Tlggo—f l_[df Tr pNESS(A)l_[](O t; ))

Note how we distinguished the counting field in the exponential and the inhomogeneity parameter
of the density matrix of the NESS to obtain a partial expansion of f4,, wrt. the scaled cumulants
(which themselves depend on A). Also note, that these are not the cumulant associated to the

(25)

d n
cthrge in the original problem, as for the latter equating A’ = A first is necessary.

That is, the cumulants in [¥), grow at most extensively® with T, and their leading behaviour is
equal to that of the cumulants in pngss-

Finally, as we mentioned, we remark that in order to evaluate (9) from hydrodynamic and
thermodynamic data using the BFT, the absence of temporal correlations is required [26]. However,
we note that at least in integrable systems, there exists a theoretical framework, the Ballistic
Macroscopic Fluctuation Theory (BMFT) [30], which can take into account the effect of temporal
correlations in quantities such as (9), relying the thermodynamic and hydrodynamic properties of
the system as well as the knowledge of initial correlations [24]. The rather challenging task of
integrating the BMFT into our current hydrodynamic picture is, however, out of the scope of this
work.

2As mentioned, if the algebra of observables has a norm, the bound is immediate. If not, then a bound in terms of

cumulants of currents is IC\;JJI < (suptew \/l(\illj(o, t)j(0, t)I‘iJ);)z. In field theory, one would need a finite-separation
or UV regularisation.

3Tt is natural to also demand that kfiyn(Z) > 0, as if k;yn (2) =0 then K's (n) =0 for all n > 2; that is, we ask that the
large-deviation principle is valid for current fluctuation with a linear-in- T behav1our

11
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2.3 Derivation

We now show how conditions i)-iii), along with a principle of Asymptotic Commutativity (which
we will describe), yield the identity (8) and hydrodynamic formula (9). We recall that this is to hold
order by order in A.

Contour deformation

The prime difficulty in computing the FCS of ng (T) after quenches, is that the quench generally
gives rise to long-range dynamical correlations, which may be interpreted as “entangled quasi-
particles" emitted by the initial state. Expanding the exponential in the cumulant generating function
(\Plelng(T)llll) in powers of A, we see that we need to compute connected n-point correlation
functions of the time evolved density of the conserved charge and perform a spatial integration. In
particular, considering the n-th derivative we have

aTl
aAn

X n n
j=1

0 j=1

The problem is that it is not known how to directly evaluate such correlation functions. If T is
much larger than X, then the system converges to the maximal entropy state (MES) associated to
|¥) and the problem is reduced to that of correlation functions within it. This is a simpler problem,
namely that of the thermodynamics of the MES, for which many techniques are available. However,
for the opposite regime (2), long-range correlations appear due to the quench, and modify the
thermodynamic result. This is what makes the dynamical problem more difficult, and for which the
present paper proposes a general theory.

The main idea is to circumvent the problem of long-range correlations via suitable contour-
manipulations inspired by [53]. As we shortly demonstrate such contour manipulations eventually
allow for the usage of specific non-equilibrium states more likely to lack strong long-range correla-
tions and hence make it possible to evaluate the integrated correlation functions by much simpler
means, in particular using the BFT. The contour manipulations are based on the continuity equation
of conserved quantities (1) and by rewriting the integrated charge appearing in the FCS as

X X T T
Q|§(T) = f dxq(x,T) = f dx q(x,0) +J dt j(0,t) —J de j(X,t). 27
0 0

0 0

We modified the integration contour over space-time points as (0, T) — (0,0) — (X,0) - (X, T).
Performing this step we avoid the correlations along the contour (0, T) — (X, T') due to entangled
quasi-particles emitted by the initial state.

Large-X: separation between left- and right-contributions (Factorisation Property 1)

To proceed we recall the separation of spatial and temporal scales (2) and use the cluster property
of the initial state i) and the Lieb-Robinson condition a). From this we may rewrite the SCGF as

F(AL,X,T)=(Xfg+0(X))+(T deyn(A) +T f(;;n(A) +0(T)) +0(X°); (28)
where

X/2

(W|eMolo T2 QL (0) )

TfL (A):= lim In +o(T
T = oy 2
deﬁn(x):lelrgo In +0o(T)

X
(et Uz | )

12
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and

Xfy(A) = In(w[e* Q@@ + In(w|e* 2O 1w + o(X). 30)

By translation invariance, it is clear that fq,(k) = fy(A) according to definition (6). Further, in the
second line of (29), we may shift every spatial argument by —X, and use parity transformation, under

which |¥) is invariant (by condition i)) and under which Q| 12(0) = Ql /2(0) and Jolg = —Jolg

showing that fdl;n(k) = fdl;n(l) =: fayn(A).

A sketch of a rigorous proof of the asymptotic form (28), at all orders in A, is provided in
Sec. 4.1. There, we use exponential clustering of two-point functions, and the recent results for
clustering of higher-point correlation functions [51] that follow from it. The proof fails at large
orders in A if only power-law clustering is assumed, however, many of the bounds can be made
tighter, and we expect power-law clustering still to be sufficient at all orders.

The intuition behind (28) is as follows. We note that on the right-hand side of (27), ng (0) may

pe split into ng/ 2(O) + Q|§ /2(0). The resulting set of operators are all commuting in the regime of
interest:

[Qly"2(0), QI ,(0)]=0 31)
from ultra-locality, and assuming finite LR velocity momentarily,
[xlg, QL3 2(0)] = o], QL% ,(0)]=0, and [Jolf,Jx|5]1=0, (32)

when X > T, as the operators will be supported on different regions; for instance, Jolg is supported
on a region of length at most 2v;g T around x = 0. Thus operators can be re-ordered (the exponential
of the right-hand side of (27) separates as a product of exponentials). But most importantly, the
pairs of operators in (32) are all far from each other. Thus by clustering, the averages involving
these, and their powers, factorise — these give corrections terms o(X O)T in (28). Operators in (31)
are not far from each other, but clustering guarantees that the resulting averages only give finite,
O(1) contributions that are independent of T — these are parts of correction terms o(X) in (28).
This intuition is worked out in details in Sec. 4.1.

If there is no Lieb-Robinson bound, then one can still argue that as long as the occupation
of high velocity quasi-particle is strongly suppressed the contribution of fast excitation can be
neglected, and similar arguments can be made. In Sec. 4.1, we also argue more explicitly that (28)
is justified up to 2nd order in A.

The modified quench state: Asymptotic Commutativity (Factorisation Property 2)
From now on, let us focus on fdl; .(A). The next step is thus rewriting de'; ,(A) in (29) as
(q,le?LJolgelngo(O)l\I/) (@lel/2Q|3°(0)e7Uo|gel/2Q|g°(0)|q_,>
(e w) (e )
That is, the exponential in (29) may be written as a product of exponentials, for the leading-in-T
asymptotic behaviour. This is the very non-trivial step of “Asymptotic Commutativity", which says
that for the sake of the large-T behaviour, currents and charge may be considered to be commuting
observables. We provide in Sec. 4.2 a check in the context of free fermions, relying on condition 1).
Note that this does not require a Lieb-Robinson bound. Our checks are performed for the case of the

particle number, where higher order terms can be treated in a transparent way, but the calculations
make (33) plausible for generic conserved charges. We therefore have that

deLyn()L) =In +o(T)=In +0o(T). (33)

.2 T
fayn = Tll)rro10 T lnTr[eMOIO pin] 34)
where
Pin = V) 2(¥| (35)

with |¥), defined in (15) yielding the hydrodynamic identity (8).
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Emergence of the NESS, and its temporal decay

The last step in our derivation is to use conditions ii) and iii) in order to show that f4,,, from (34),
can be evaluated in the state pygss instead of p;,, as in Eq. (9), and that currents have fast-enough
vanishing correlations in pygss, Eq. (11).

Eq. (11) follows from conditions ii) and iii), and Lieb-Robinson bound. Indeed, for every
s,s’ € R, by the Lieb-Robinson bound, the observables O;(0,0) = j(0,5)j(0,s"), 0,(0,0) = j(0,s)
and 05(0,0) = j(0,s’) are quasi-local at the origin x = 0. Hence on the left-hand side of
(16) (condition ii)), we may use 0;(0,t) = j(0,t +5)j(0,t +s’), 05(0,t) = j(0,t +s) and
05(0,t) = j(0,t +s’), and we get, with the definition (35),

Te(pinf(0,t+)j(0,t+5)) = Tr(pw01(0, ) = Tr(p1n05(0, ) Tr( 1 05(0, 1)
= TT(PNESSO1(0, 0)) - Tr(PNESSOZ(O: 0))TT(PNE5303(0, 0))
= Tr(pnessi(0,¢ +)j(0, ¢ +57) . (36)

Then, applying condition iii) with the replacements t — t +s and t’ — t +s’ in (17), the uniformity
requirement in condition iii) implies that the vanishing in the limit |s —s’| — oo holds uniformly in
t, and we recover Eq. (11) by taking the limit t — o0.

Now we show that if conditions i) and iii) hold, that is, if the system after quenching from |¥),
locally converges to a NESS around x = 0 and no temporal long-range correlations are present
in the current multi-point functions, then integrated temporal current correlation functions in p;,
converge to those of the NESS pngss- For simplicity, we shall focus on the 2-pt function and the
associated cumulant, that is

TQT
kz(T)ZJJ dedt”, (¥5(0, 1)j(0, t)¥)5,
0Jo

1/—T/2 V2T—o - 37
:f f dTC”(o ’L')+J J dr Célj(o,r),
0 V2T /2 V2T+o
where we introduced new integration variables o = (t + t")/+/2 and 7 = (t —t")/+/2, and
Cl(a,7) = 1(E1j(0, (0, ) E)5. (38)
Now we introduce 0 < ¢ < +/2T and rewrite the integral as
\/_T —c \/_T/Z
KZ(T)—J f dTC”(O' ’L')+f (J J )drC”(a T)
(39)

V2T —c —C V2T—0o
+J do J +J dr C\];(o,r)+B(c, T),
V2T /2 —V/2T+o c

where B(c, T') corresponds to the part of the integral on regions of linear lengths o< c, independent
of T. By the uniform bound on IC\J; (o, 7)| of condition iii), we therefore have

|B(c, T)| <Boc sup |CJJ(O' ] (40)

t,t’>0

for some constant (c, T-independent) By > 0.
In the second and third terms on the right-hand side of (39), for clarity we write

Céj(o,f)=A(a,T)/T, (41)
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where, by condition iii), Eq. (17), lim._,o, A(0,7) = 0 uniformly in 0. We note that for any
u=u(o,T),

U A(GT). J_dlA(OT)I J_ i AD y L) @)

T oo T

uniformly in o, T. This is because by the condition on A(o, T), the integral of IA(Z—’TN over
T € (—00, —c) exists, and as the integrand is non-negative, the integral is non-increasing and its

limit is 0 as ¢ — oo uniformly in o. A similar result holds for fcu dt @

. Therefore,

x/—T —c
f<2(T)=J J dTCJ](O' T)+(T/vV2—=c)o(1)+B(c, T) (c = o0) 43)

uniformly in T.
By (36) we have, for every T,

lim CY(0,7) = Tr(pxessi(0,j(0,t)) (44)

which is independent of o by stationarity of pngss. Hence, for every c,
1/_T —c 1/—T —c
_1f f dTC]](O' T) = T_lf f dr Tr(pNESS](O t)j(o, t)) +¢(o, T))
‘ ¢
-~ V2 f dv T press (0, 0j(0,¢)) (T — 00)
—C

= f dtTr(PNEssj(O, t)j(O,O))c~ (45)

In the second line, we used the fact that lim,_, ., £(c, 7) = 0, which implies

x/—T —c b c
’T*J J dre(o,7)| < ﬂf daf drt|e(o, 1)

C C —C

c+b ¢

+(1/§— T )J_Cdfsupoe[b’oo]le(a,f)l
V2T —c c
= Tlim ’ J J dre(o,7)| < ﬁj dT supserp, 0il€(, T)I. (46)
— 00 ’

—C

We then use the bounded convergence theorem: as b can be taken as large as desired, |e(o, 7)|
is uniformly bounded, and lim;,_, oo SUPe[p, 0011€(0, T)| = 0, the limit in (46) vanishes, and the
second line of (45) follows.

Using this result in (43), along with (40) and uniformity in T of the ¢ — o0 decaying term
0(1), we obtain (recall (23))

C

#@)=2 lim T—lkzmezj de Tr(puess (0,05(0,0))  (c—00). @)

—C

Because the left-hand side is independent of ¢, we may take the limit c — o0 and we find

7(2) =2 J de Tr( press (0, i(0,0)) (48)

—0Q
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Due to (11), which we have shown above, the derivation above can be repeated with Cé’j (o,7)

replaced by Tr(pNESS j(0,t)j(0,t ))C (in which case £(o, T) = 0). Recalling the definition (25),
we therefore obtain o
C
Ryn(2) =2 J dt Tr( pess (0, )j(0,0)) . (49)
—0o0
This shows (24) in the case n = 2.

Therefore, using (34), we have shown (9) at second order in A.

Finally, one can show that (24) also holds for higher cumulants. The way to show this
is analogous to what has been presented. In particular, one can introduce a "centre of mass"
o =(t; +ty+...t,)/n and n—1 relative coordinates 7; and first apply a cut-off ¢ in the integration
wrt. to the relative time-coordinates. Then it can be argued that for large o, the non-vanishing
contribution to the cumulant comes from the bounded region for the relative integration coordinates
in which the n-point connected correlation function can be replaced by its value in the NESS.

3 Free non-relativistic fermions and integrable quenches

We now explain the example of the free fermion and its integrable quenches. In later subsections,
we will confirm that the three conditions above hold, and justify some of the steps above leading to
our main result, using this model.

3.1 Model and charges

The free fermion Hamiltonian is defined as
Hpp= fdx l,b"r(x)[—af]w,b(x) = Jdp Epa;ap , (50)

where we have set the mass to 1/2, integration is implicitly over R, and 17 (x), 1 (x) are canonical
fermionic operators, with anti-commutation relation {1(x),"(y)} = 8(x — y). The Hamiltonian
can be diagonalised using the Fourier decomposition of the fundamental field resulting in the rhs.
of (50), where {a,, a;,} =6(p—p’), and E,=E(p)= p2. The diagonalisation is achieved by

1 _ . 1 oo
a, = E J dxe ¥ (x), a, = E J dxe )T (x) (51
and by the corresponding inverse transformation
1 ikx—iE;t T 1 —ikx+iEit T
’l/)(x,t):‘/? dke Hap, Y (X,t):‘/? dke k a, . (52)
s T

The conserved charges in the model are also worth introducing. The local conserved charges
can be written by the densities

q2n(x) = 01T (x)I] % (x)

. 53
Q2ns1(0) =1 (8] YT ()P (x) = 8 () (X)), 9

where Q; = f dx q;(x) and in particular Qy is the total particle number, Q; is the total momentum,
and Q, is the total energy and charges with an even/odd index are even/odd under spatial parity
transformation P. In addition, in free models it is also true that the total current associated with an
even charge Q,,, is the total, odd charge Q,,,, and vice versa; for instance, the total momentum
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equals the total particle number current and the total momentum current equals the total energy. The

current densities can be obtained from the charge densities of (53) by applying the id, operation.
The specific gauge we have chosen for the charge densities also guarantees that the current density
associated with an even charge Q,, equals the charge density of the odd charge Q,,,,; (but not vice
versa in this case due to differences accounting for a total derivative).

It is possible to define quasi-local charges in a simple a manner [54,55] using

Qu(x) =T Y (x + @), (54)
where a is a real and continuous parameter, and which, when combined as
 qa(x) +qf (%)  qa(x)—qf(x)

g (x, 1) 2 s Qolx,0) ; (55)

are made self-adjoint, and parity even and odd, respectively, as well.

In fact, one can define the full space of extensive charges by integrating fda f(a)q, with
a suitable L2 space of functions f; the q,’s form a “scattering basis”, and the g,,’s span a dense
subspace.

We may characterise the conserved charge densities in Fourier space, that is, using the fermionic
oscillator modes. They can be written as

2i

1 . . .
q<°(x, t) = o f dkdp e ExEpltemitk=pP)xgelo(k pyala), (56)

where k can be an integer m (even or odd depending on the parity of the charge) or a continuous
real number a, and with a slight abuse of the notation qi/ °(k, p) are defined as

a5, (k,p) = (kp)", q3,.1(k,p)=(k+p)(kp)"

ika —ipa ika __ ,—ipa (57)
+
ai(kp)=———. qo(kp) ="

. / _ / .
Using the shorthand q7°(k) = g5 °(k, k), the total charges can be written as

Qo= J dkqe°(k)a] ay, (58)
where qi/ (k) is the 1-particle eigenvalue of the charge, that is,
QL) = QY ay|0) = g (K)Ik) , (59)
where |0) is the free fermion vacuum, and which read for the local and quasi-local charges as
a5, (K) = k", g3, (k) =2K>""1, g (k) = cos(ak), q§(k)=sin(ak). (60)

The current densities of the local parity even operators expressed via the fermionic creation and

annihilation operators clearly equal that of (56), but the currents of the odd charges are also easy to

express

Ex—E,
k—p

1 [ . )
o, t) = — J dkdp l(Ex—Ep)t ,—i(k—p)x Gon(k, D) alap

27
[ BB ik .
= —— | dkdp e Pk 4 p)gy, (K, p) afa,
2m |
-1
N 27 |
1
N 27 |

as a simple consequence of the continuity equation (1) and by demanding that the current vanishes
|x| — oo.

- (61)
dkdp e F)t e 6Pg, (K, p)aja,

[ ) . .
Jans1(x, ©) dkdp B Ep)t e kP)X () 1 p)q,, 1 (K, p) ala,
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3.2 Integrable quenches and hydrodynamic predictions for FCS

For the out-of-equilibrium dynamics we shall consider integrable quenches [56] in the free fermion
model, specified by the initial state, which we denote by |2) to distinguish them from the non-
integrable counterparts. The reason for this choice is multifaceted. Besides belonging to an
important class of quenches, integrable initial states admit the exact characterisation of the steady-
state GGEs [44,57]. Regarding the microscopic bipartite quench from 2" |2), the integrability
of |Q2) in a free fermion theory allows us to perform numerous microscopic computations to check
our derivation and the fulfillment of the criteria. In particular for such quenches one can not only
show the fulfillment of conditions i), but it is also possible to demonstrate explicitly the rapid
convergence to pygss and the suppression of temporal correlations in current multi-point functions
(i.e., conditions ii) and iii)). In other words, we can demonstrate the validity of both (8) and (9)
together with how the latter expression emerges from the former. The NESS for the microscopic
problem <Q|ek/2Q|g° 0(0, t)e?2s” |2) can also be specified explicitly: pxgss can be shown to be
identical to the NESS py,,, after the bipartitioning protocol with pggg and pgg’E (see the discussion
around Eq. (20)). Crucially, it is also possible to determine the GGE of the modified quench

problem as well, that is, pggE emerging after quenching from e*/2Q|Q). This GGE can be written

as pggE o< pggee?*?, which is a rather non-trivial finding. Interestingly, this latter GGE also

encodes the FCS of the initial state fo(A) which is a further surprising non-trivial statement and
was demonstrated in [21,22]. Last but not least, the original non-equilibrium problem of computing
the FCS after integrable quenches can be solved by correlation matrix techniques [20,21] and the
corresponding results allow us to benchmark our theory.

Integrable quenches have the distinctive property that the initial states have non-vanishing
overlaps with only those eigenstates of the post-quench Hamiltonian that consist of pairs of
particles with opposite momentum. For free fermions we have an infinite family of such initial
states defined as

_ “ dk o
Q) =N 1/2 exp (J;) %K(k)aka—k) |0), (62)

where |0) is the vacuum, az and a;, are fermionic creation and annihilation operators in momentum
space defined in (51). In (62), N ensures the normalisation of the initial state and K(k) is an
arbitrary function which decays fast enough for large k and has the property K(—k) = K(k) which
is required for the consistent definition of (62). Additionally and for simplicity we shall also assume
that the K-function has a zero at the origin and it is (complex) analytic. For these initial states,
it possible to carry out microscopic computations as well as to compute the steady-state spectral
densities corresponding to the GGE due to the Bogolyubov transformation. The Bogolyubov
transformation for the quench problem can be defined as

aj = ukdk + VkCNlik s a£ = V:(Nl_k + uk&£ (63)

with ) K(k
SO N I o5

THKOE I+ KPR
ensuring that
aeQ) =0,Vk. (65)

Thanks to the above, it is immediate to show that the initial state satisfy the strong enough cluster
property i) (cf. Appendix A), moreover, the GGE after the quench can be written explicitly (cf.
Appendix C) as

PGGE o< € J dk(inlK(R)Pajar) (66)
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The GGE can be unambiguously characterised by the corresponding fermion occupation number or
filling 6(k) (1 = 6(k) = 0) which in this case reads as

o) = KL

= TH KR 7

The initial states |Q2) allow us to show that conditions ii) and iii) hold for these particular
quenches. Regarding ii) we recall that it requires that every local observable relaxes to a NESS after
quenching from the bipartite state |[2),. Because of the inhomogeneous initial state, rigorously
demonstrating ii) in full generality is rather complicated even for free systems, although this
condition is generally assumed to hold. Therefore our analysis is restricted to the class of conserved
densities (53) and (55) (the details of the calculation can be found in Appendix C), since the
relaxation of conserved densities is expected to be sufficient for the relaxation of local and quasi-
local operators. For instance, in theories such as BMFT [30], a core assumption is that non only the
steady-state expectation values of local operators can be expressed as a functional of the conserved
densities as O(x, t) = O[{q;(x, t)}], but also their fluctuations via the same functional. Regarding
now the behaviour of conserved densities, via series expansion wrt. A in , (€2|(.)[{2); with

), = 2209 6 - de (x,0) (68)
= = an = = X qux, 5
Y @len) ° 0

and performing explicit microscopic calculations we have checked in the first three orders for parity
even conserved densities, and in the first two non-trivial orders for the current operator and for
parity odd charge densities, that the corresponding expectation values at x = 0 indeed match with
that of a GGE py,, specified by the filling function

Oness (ks A) = Bypp(k, 1) = O(v(K))O[IK [P1(k) + Oy (—v(K))O[IK [*e**](k),  (69)
up to the specific orders in the counting field and where
v(k) =E'(k) = 2k (70)

is the velocity of the free fermion excitations (note the factor of 2 due to the definition of Hgg (50)
with E(k) = k?). For the sake of transparency, brevity, and due to its special role we discuss the
case of the current density (despite not being a charge density) in the main text in Sec. 5. The
analogous treatment of parity-odd densities and eventually the parity-even ones requiring a slightly
different approach are presented in Appendix D. Additionally, the approach to the dictated value of
ONEss i also identified and is found to be ©(t ™) in both orders wrt. A for the current and for parity
odd conserved densities, and ©(t~3/2) for the parity even conserved densities in the first non-trivial
order (which is A? in the case of densities). This result also ensures that for integrated current
f OT dt j(0, t) in the exponential (9), the power-law corrections originating from the convergence to
the GGE vanish for large T.

Importantly, we also show in Sec. C.2 based on exact microscopic calculations for the modified
homogeneous quench problem with

Q) = (4 1q),)
), = ——1L(£10),), (71)
v (Qle?|Q)
that [ ZAQ]
- _ Tr|{ 0(0,0) e
lim (S0(t, x)|2) = Poce (72)
T—00 Tr[pgeee**<]
where 2 24§
pg\éE oc pGGEGZAQ oc ef dk ln(lK(k)l e?M )akak , (73)
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that is, pggE o< e?*Qp g for integrable quenches. The emergence of this GGE is highly non-

trivial, and relies on the integrability of both the initial state and the model (see a derivation for
arbitrary integrable model and initial states via the Quench Action method in [24]). However, from
this finding and from (69), it also immediate that pNgss = Phpp a8 Ongss(k, A) = Oppp(k, A), that is,
we have demonstrated the intuition we phrased in (21) (and also in (22)).

Additionally, for integrable initial states the fulfillment of iii) can be explicitly checked as well
assuring the absence of strong long-range correlations in current 2-pt functions and the detailed
computation can be found in Sec. 6. In particular using the same expansion i.e., expanding the
initial states wrt. A and computing the microscopic time evolution and the first two non-trivial
orders both predict a separate |t — t'|™> and (t + t’)™> behaviours, asymptotically. As t,t > 0,
clearly the entire correlation function vanishes fast enough for large separations, i.e., for large
|t — t’| (as for positive times t +t’ > |t — t’|), hence iii) is satisfied, at least for 2-pt functions
in the first two non-trivial orders in A. Importantly, the terms that account for the |t — t’|~2, that
is, time-translation invariant asymptotic behaviours match exactly with the behaviour predicted
by pngess as we show in Sec. 5. This finding is in accordance with (44). It is also easy to see
that |t — /|~ term gives rise to an extensive cumulant, that is, x(2) o< T which is captured by
the NESS. On the contrary, the (t + t")™ term gives an ©(1) correction to the cumulant. These
findings strongly suggest that when considering higher orders, the behaviour of current correlation
functions remain weak enough to fulfill iii).

Finally, as was already shown in [20, 21], for integrable quenches the dynamical SCGF fgy,
of (7) in free fermion systems can be expressed in an explicit way via the BFT Flow Equations,
which we have also justified above within our theoretical framework. In the hydrodynamic picture,
the use of these equations is based on the fact that the NESS pygsg of the inhomogeneous quench
problem is a maximum entropy steady-state, a GGE which is known to characterise explicitly, and
that in integrable systems the current SCGF in such GGEs can be computed explicitly via these
Flow Equations. In other words, the hydrodynamic formula (9) can be evaluated via the BFT Flow
Equations which take following shape in our case:

dk

A
fagn(X) = 2£™(2) =2 f ap f S E (100, (k), (4)
0

where g(k) denotes the aforementioned 1-particle eigenvalue of the conserved charge under con-
sideration, and finally 6 (k) denotes fermion occupation functions in specific macro-states. The
quantities in the integrand of (74) satisfy

dpep(l) = —sgn(v(K))q(k), or 3p0p(k) = B(k) (1= G () sen(v(k))g(k)

By (k) = — th Gy(k) = Opss(k A) = —— 7
5 ( )—m, wit o(k) = Oxgss(k, )—m,

where the initial condition is specified via the filling function of the NESS (x < t) Oygss(k, A)
after the bipartitioning protocol (19) given by (69) and v(k) is the velocity of the fermionic modes
cf. (70). We note that in free fermion systems we can explicitly perform the f3-integration in the
Flow Equations after solving the equation for € (k) or equivalently, 9_/5 (k)

E'(k)q (k)0 (k, )

05 (k) =
ﬁ( ) (1 - Gbpp(k: 7(,))6_/5 sgn(k)q(k) + prp(k: 7(') ’

(76)
from which

fagn(A) =2 f %E’(kn In[(1 = Bypp(k, A)) + Oy (k, A)e? sE0RNO] a7
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In summary, for free fermions after integrable quenches we have explicitly shown how the BFT
equations Egs. (74) and (75) and more generally, hydrodynamic quantities allow the computation
non-equilibrium fluctuations and we also specified the necessary thermodynamic data (69) in terms

of pagr and pggre™*<.

Remark. We note that in principle, the microscopic treatment of the inhomogeneous quench
2(Q]0(x, t)|2), is tractable via an appropriate inhomogeneous Bogolyubov transformation, at
least when Q is the particle number, and the reader may wonder about the need for series expansion
when ii) and iii) are checked. The reason for this, as discussed in Appendix E, is that the inverse
of this transformation, which is necessary for computations, cannot be obtained analytically. The
problem of computing the inverse transformation boils down to inverting the object (1 —%') with an
integral operator K, and this task is known to be accomplished only via series expansion in general.

4 Factorisation properties

In this section we argue for the validity of two non-trivial steps in the derivation: the factorisation of
exponentials as in Eq. (28) and (29) (Factorisation Property 1); and the Asymptotic Commutativity
(Factorisation Property 2) in Eq. (33). We show that these properties are indeed satisfied if the
initial state |¥) is clustering and translation invariant (Condition i)). We consider two setups:
models with a Lieb-Robinson bound (for Factorisation Property 1), and the non-relativistic free
fermion model, Section 3 (for both Factorisation Properties). We specify more precisely the type
of clustering that we need depending on the setup and the property to prove: either we are able to
assume only power law decay, or we need exponential decay. Our claims are based on expanding
exponentials in A, either to all orders (for Property 1) or only to the first leading orders.

4.1 Factorisation Property 1
In this section we argue that

ln(\lf|elfor dej(0,044 [ dxq(x,0-2 [, deiC0 ) = ln<\y|eu0|g+m|g(0)—mx|g ) (78)
can be split into the sum

X/2

X - T
(\Ij|eAJ0|g+AQ|0 (0)|\IJ> N (‘I—’lelQlX/z(O) AJxlO |\IJ>

+In(w[e O @) 4 1n (w52 w) (79)

X/2

X
(w|e*b”Oy) (w]e )

up to sub-leading errors which vanish faster than o< X as X — o0, order by order in A. That is,
defining

A=Jlb+Ql? B=ql¥,— Kl (80)
we must show
In(¥ | B0 = In(¥|eM| W) + In(¥|e*B|¥) + o(X) (81)

where o(X) is to be understood order by order in A.

This factorisation property is physically natural: as velocities of propagation should be finite,
Jol g , for instance, should be supported on a region of length o< T around the point x = 0, and
therefore, by clustering of the state and quantum locality (vanishing commutators of operators
supported on regions at non-zero distances from each other), should separate from Q|§ nt Jx |g .
Further, by ultra-locality of the U(1) charge density,

[q(x),q(¥y)]=0Vx,y, (82)
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and the homogeneous part of ng/ % and Q|§ /2 should give rise to linear-in-X contribution well
captured by the last two terms in (79). Ultra-locality simplifies the argument, but we expect it not to
be strictly necessary, as for generic local conserved densities, [q(x),q(y)] = 0(x)8'(x —y) +...
with higher-order derivatives of -function involved (or the equivalent in systems on discrete space);
these would give rise to additional local observables around X /2, which by quantum locality and
clustering again, should have sub-leading contributions.

However, working out more precisely these expected properties requires some analysis.

We consider two situations: first we assume the model admits a Lieb-Robinson bound and
that the state is exponentially clustering. This holds for lattice models with finite local Hilbert
spaces, where operators are bounded. (Hence, for this case, the space variable x takes values in
Z and f dx — >, ; but this does not conceptually affect the calculations.) Second, we consider
the case of the free fermion model (50); there is no Lieb-Robinson bound associated to this, as (1)
operators are unbounded (for instance, the fermion density is not bounded), and (2) the dispersion
relation does not admit a maximal velocity. There, we assume a weaker power law clustering. We
will use different techniques in order to argue (less rigorously, and only to leading order) that the
factorisation holds.

4.1.1 In the presence of a Lieb-Robinson bound

We assume that a Lieb-Robinson bound is available, and that the state |¥) has exponentially
decaying correlations (this is a more precise version of (13)): there is u > 0 such that for every
local O, O’, there is C > 0 such that

(W]0(x)0’ (x| W) < Ce M=l (83)
We write

In(¥|e?AB)|0) — In(W|eM ) — In(T|e*E W)

oo

An
= 2 ((lCA+ BY' W) — (1A |9)° — (¥|B"|¥)°)
n=1 "
oo A” .
= D20 2 (ECE) (84)
n= * Eje{AB}Vi=l,..,n

{E;}#{A,...,A},{B,....B}

Note how the sum in the last line keeps the appropriate operator ordering, and avoids the two
configurations where only A’s and only B’s appear — these two configurations are those that are
subtracted by the two terms with negative sign on the left-hand side. We use the results of [51],
which show that, in the presence of a Lieb-Robinson bound and for exponentially clustering states,
connected correlation functions, which may involve operators evolved to finite times, where a group
of operators is far from the rest of the operators, vanish exponentially with the distance between
the groups, no matter the ordering of the product of operators. As we assume that |¥) is clustering
strongly enough — say exponentially — we may use these results.

In order to do so, we expand both A and B into their two terms in (80), and further, expand the
operators Qlé(/ 2= f(f 2 dx q(x) and QIf( o= f;( /o dx q(x) into their integrands. We note that in
(84) there is at least one operator A and one operator B. The idea of the argument is to take the
term(s) with the “worst behaviour”, that is, whose upper bound is the largest, and bound all terms
by this.

Let us first take for at least one of the A’s the operator Jolg (and the same argument will have
to be done, instead, for the B operator). Then, from the operator B, there will be terms g(x) for
x>X/2,and/ or Jxlg, and from the other possible A’s, there will be terms g(x) for x € [0,X /2],
and / or J0|g . The situation with the closest operators is that with q(X /2) from the B’s, and n — 2
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operators g(x)’s for x € [0,X /2] from the A’s, distributed uniformly. In this case, there are two
groups of operators a distance at least X /(2(n — 1)), hence the correlation function is bounded by
Ce™#X/Cn=1) for some C > 0, and for u > 0 as above. Taking this bound, the integrals over x
give contributions that grow at most proportionally to X" . Because for each of A and B we have
two choices (currents or local density), and because for each E; we have two choices, this gives a
total of at most 4" such terms. The only term that we have not considered, for given E;’s, is that

where we take for all A’s the term ng/ 2 and for all B’s the term Q|§ /2 Therefore,

> (WIE B )

Ej€{AB}Vi=1,..n
(E{}#{A,....AL{B,....B}

< gu(T)4"x™let/Cm) g ’ > (U|E; - E,[@)°|, (85)

X/2 . x
gietay/2.atf
A2l

}Vi=1,..,n

QX

X
1al X2

2 }

where we have indicated explicitly the dependence on n and T of the bounding constant g,(T).
The last term would require a more detailed analysis. Here we simply note that, for instance,

(\If|(Q|§/ 2)n|\I/)C grows like X, and that this growth is due to the “diagonal” part of the integration

of (¥|q(x;)---qlx,)|¥) over xq,...,X,, thatis, x; & x, & -+ & X, ~ x. € [0,X/2]. For

-1
(\Pl(ng/ 2)n Q|§ /o | W)€, this diagonal integration gives a finite contribution because of the pres-
ence of operators on x € [X/2,X], which provide an exponential decay for x, < X /2. For the
case n = 2 the calculation is worked out in (105) below.

Therefore, we have found that

oo
An
In(¥|e*@B) ) —In(¥|eMw) — In(wle?B|w) = > =, (86)
n!
n=1
with
|Col < gn(T)A"X e #X/C=1) 4 £ (X) (87)

and f,,(X) = O(1) as X — oo for all n. Hence, the quantity
hl(q,|eMo|g+lQ|§§(0)—Mx|§ %) (88)

equals (79), up to correction terms, at order A", bounded by

4I’an—1 9
gn(D)——e D4 f,X) with  £,() = O(D). (89)
This bound indeed satisfies (81) order by order in A.

4.1.2 Infinite Lieb-Robinson velocity: free non-relativistic fermions

In order to illustrate how Factorisation Property 1 does not necessarily need a Lieb-Robinson bound
and exponential clustering, we now consider the non-relativistic free fermion model of Section 3,
for which there is no Lieb-Robinson bound, and, instead of the exponential decay (83), we assume
power law decay.

Assumptions.
For simplicity, we assume that the state |¥) satisfies Wick’s theorem with zero average of
single-fermion fields (which is the case, for instance, for the integrable quench state of Section 3),
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and that the state is translation and parity invariant. Thus we have

(Tl YEIE) =C, (y—2)=C,_(z—y) =58(y —2) — (TP (@)¥)
(Tl (Y ()W) = Ci(y —2) =Cii(z— ) (90)
(TP YP(E)IP) =C__(y—2)=C*,(y —2).

We further impose conditions on these functions as follows. First, there is power law decay: there
is C > 0 and € > 0O such that for every x,

C
|Cpyry ()] < e’ n,m € {%}. On

Second, we require conditions on the short-distance behaviour of these functions. We assume that
Cpr(x) is twice continuously differentiable for every x, and further that there is r > 0, Ay > 0 and
bounded functions A;(y) > 0, A,(y) > O such that for all |[x| <r andall y €R

|C17'r)/(x)| SAO) |Cn1')/(y + X)— Cnn’(y)_XAl(y)| < XzAz(J’), mn, 77/ € {:I:} . (92)

Recall that, for this model, the charge Q is taken to be the fermion particle number for simplicity.
In particular, by Wick’s theorem, we have

, 2C?
(Tlg(x)q(x)¥)° < XX (93)

Derivation.
For what follows, it is useful to re-write j(x, t) using the real-space fermionic fields, yielding

j0e, ) =i((B " (e, e, ) =T (e, )P (x, 1)) = fdydz YIOIF(y —x,2—x,09(2),

%94)
where -
1 ~ ~ eH (x+Y)
F(x,y,t)= — | dkdpe®PIHEE) ()4 py=—2 = 772 95)
472 872
with
F(x,y,0)=16'(x)5(y) —i6(x)5'(3). 96)

The time integration of the current can be performed as well, and in order to proceed we use the
following expression for the integrated current

T T
J= Jdtj(O, t)= lir%Jdtfddez F(y,2, 09 (y)(z) = lim dejdz G2, DAY (Y (),
0 Ve e

7
where
252 . y2_52
G(y,5T), = —it— —¢ = 98
y)Z: € — 1 27'5(_}/—2) > ( )

Additionally, G, has the property that G(y,z,t). = G(2,y,t), and it is possible to perform the
€ — 0 limit resulting in

et
157

1
ling) G(y,2,T). = —j—p¢
€E—

1
ot )z +56(y —=)sgn(y). 99)

although when the product of two or more G, functions are regarded, this identity cannot be directly
used.
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Turning to the main task of this subsection, it is convenient to organise the calculation by using
the Zassenhaus formula to write

In(W|eM+28|g) = 1n(q;|eMe*Be—%[A’B]e%2[3’[&3]““’[/“’311) x (..)W). (100)
We want to demonstrate that

2
In (@] [%) =In(W]eM W) + In(¥]e™|¥) +Infwle~ T A]w) (101)
+In(e s IBABIHALBD|g) 4

and that only the first two terms on the right hand side of (101) are the leading ones (we must
show that the other ones decay faster than X as X — ©0). Demonstrating this fact (Factorisation
Property 1) is achieved via a series expansion: we consider the expansion up to second order in A
for simplicity.

More precisely, we first spell out the expansion of the 1.h.s. of (101) and compare it with the
expansion of its r.h.s., showing that they are identical for any finite T as X — o0 up to o(X) terms.
As a second step, we show that the r.h.s. of (101) indeed equals In{¥|e*|¥) + In(¥|e*B|¥) under
the aforementioned limit.

Therefore, considering first the Lh.s. of (101), we have that

In(¥|e*@B)|w) = A(¥|(A+ B)|¥) + %2(<w|(A+ B)?|¥) — (¥|(A+ B)|¥)?) + O(2°)

2 2
= A(IA) + (I 1) — (BIA1)?) + ABIBID) + - (91B9) — (¥IBI2)?)

2
+2(WIABI) — (@lAle) (11BI9)) — & (1A BIW) + OY).

(102)

On the other hand, the r.h.s. reads
2
In{¥[eM W) + In(¥|e*E[¥) + In(¥le~ T AB@) + O(A3)

2 2
= A(IAI) + (R 1) — (91AI)) + AIBIE) + - (@IB%1) — (PIB9)Y)  (103)

A’Z
—?(\Ill[A,B]lkIJ) +0O(1%).

In order to show their equality, one must demonstrate that ((¥|A B|¥) — (U|A|¥)(¥|B|W¥)) is
o(X). We first deal with the integrated charges in A and B (cf. (80)) and we check that

(wlQly2QlY ,1w) — (Wl e} (¥IQI %) = o(x) (104)

holds. Its analysis is completely analogous to the case of finite Lieb-Robinson velocity. In particular,
the second expression in (104) equals (X /2)?(¥|q(0)|¥)? due to translation invariance. For the
first term, we have that

X/2
f f dy (¥]q(x)q(y)I¥) =
X

X/2 (105)
f f dy (Tlq(O)[¥) (Tlq(y) 1) + O(lx — y|717¢) = (X /2)*(¥|q(0)|¥)? + o(X)
X/2

due to the strong cluster property and translation invariance of the state |¥), and hence (104) indeed
holds.
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To continue with the analysis of ((¥|A B|¥) — (¥|A|W)(¥|B|¥)), we have to consider three

more terms, namely 2-pt functions (‘I’|Jo|gQ|§/2(0)|‘I’)7 —(‘IJIQIB(/Z(O)JX |o 1) and (¥|Jo|dTx |3 1)

(since (¥|Jy| g |¥) = 0) and we have to show that they are sub-leading for X > 1 and finite T. To
show that ((¥|A B|¥) — (¥|A|W)(¥|B|¥)) is o(X) and we start by studying

(T|Jolg Jx g 1) = (E|Jolg Jx g 1) =
T T

= J dtf dt’ dedzdy’dz’F(y,z,t)F(y’—X,z’—X, NPT (DY), P (o W(2)w)e
0 0

= lim J dy dzdy’dz'G(y,2, T)eG(y' =X, =X, T)e (¥ (¥ )i (2), ¥ ' (v W () ®)*
(106)

where on the right-hand side, we put a comma in order to specify the connected correlation function
taken. Now, we use the simplifying feature that the state satisfies Wick’s theorem and is translation
invariant, see (90). According to Wick’s theorem, we may rewrite the integrated current 2-pt
function as

(TlJolg Jxlg 1W) = (¥ lJolg Jxlg W)€ =
= 1i1r(1) fdy dzdy’dz'G(y,z, T).G(y' —X,2' =X, T). [ C, _(y —2)(6(y' —2)— C,_(y' —2"))
€

~Cyi(y —y)C_(z 2]
— 72 2 2
=Jx1 5ot Jx3-
(107)
Let us start by the evaluation of J)% 1- We employ two sets of changes of variables: first y’ — y'+X,

7z’ — 2z’ + X yielding

f‘
J)%’l =lim |dydzdy’'dz’'G(y,z, T).G(y',2',T).C,_(y —2' —X)6(z —y' —X)

e—0 J

(.
=lim |dydz dwG(y,2,T).G(z—X,w,T).C._(y —w—X) (108)

e—>OJ

f‘
= lirr(l) dydz dwG(y,z2+X/2,T).G(z—X/2,w,T).C,_(y —w—X)
€E— J

and then in the second line we renamed 2z’ to w and afterwards performed the z — z + X /2 change
of variable as well. Now introducing the variables

Ki=y—2—X/2, ky=z2—w—X/2, o=y+w (109)

accounting for a Jacobian 1/2, as well as the notation for function G, written in terms of these new
variables as

—jkxo —jxo
e 14T — e 14

G(x,0,T)e =—i ; (110)

2T K
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we have that

J)% = hm JdKl dK2 do G(K],O' + Ko +X T)GG(KZ’ K1 _X, T)6C+_(K1 + K2)

= lim
e—0

1 ~ ~
- del dkydo G(kq1,0+ K9+ X,T).G(Ky,0 —k1 —X,T).Cy_(x1 +K3)

Ko(k1+X) x1(x +X) K1(k9+X) Ko(k1+X)
| (% 4 3)(H D) (k) ()
=1im2 |dx;dx, +
e—0 2T KKy 2T KKy

5 (KI;KZ ) e_iX(Kzlﬁ_"KZ) 5 (Kl'gkz) X(K}‘E—KZ)

2T KKy 2T KKy

) C+—(K1 + KZ))
111)

since the integration wrt. o can be carried out explicitly, resulting in Dirac-6 functions. Taking
them into account, we end up with a single variable integral

. K2 Kze
C,(0)—Cy_(k—x&)e erar)
J2 =lim2 [dx T o (e =xf) e isT
€0 27K2
(K KT 112)
Co (0)—Co_(k—rD)e 5D (
+lim2dee i i ( ) e i%
€0 2mK2
=c+c",

where it is easy to see that the two terms are complex conjugates of each other, after changing
integration variables in the second line as k — —«xe/T. Now we can send € to zero inside the
integrand for c. This holds by the bounded convergence theorem, and because the integrand is
bounded by a function that is integrable in k, uniformly for € small enough. The latter is immediate
by using (91) and the second bound of (92), and separating the integral into k < r and x > r (here
we replace the regularisation parameter € — €’ as € is used in the bound (91)):

2

co -0 (song) FED
etar (113)
K2
i(KZ K26/)
€'\2 |1—e 737 a2’ |C,—(0)] 1 C

< (1- ?) A,(0) + |C,_(0)| - (k<r), ——=+ A=y (k> r).

This way we arrive at

i
o7 [aie SO =G i (114)
2mK2

k2
This is the Fourier transform of the function f (k) = C+,(0)—2C7:;2(K)e L with X the Fourier parameter.

As we have assumed that C,_(x) is twice continuously differentiable, and as it is an even function,
£ (x) is continuous everywhere. Further, by the bound above, it is integrable. Therefore by a general
result of Fourier analysis, ¢ decays as X — 00, and we find

lim J2, =0. (115)

X—00
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We now continue with the evaluation of J )% ,. We employ a change of variables: first y’ — y'+X,
7z’ — 2’ + X yielding

Jig=— lim de dzdy’dz'G(y,2, T)G(y',2', T)eCi(y —2' = X)Cy_(z2—y'—X)  (116)
, P
and afterwards we introduce the variables
Ki=Y—%, K2:.yl_z/: K3:Z_y/’ U:z+y/ (117)

accounting for a Jacobian abs(—1/2). Via (110) J)% , can now be rewritten as we have that

1 . -
J2, =—lim = |dk;dk,dk;do G(x1, k1 + K3+ 0, T).G(Ky, 0 —Ky—K3, T). X
X2 61_{1(1)2[ k1drydi3do G(ky, k1 +Kk3+0,T)G(Ky, 0 —Kky—K3,T), (118)

X Cy (K1 +Ky+Kk3—X)Cp_(k3—X),
and just like in the previous case, the integration wrt. o can be performed yielding Dirac-6-s:
K Ko\ i M_Kl(ﬁeﬂg)
5 (5 + 52) el 1))

2T KKy

J)%,Z = —21_r>1(1)2 JdKl dK2 dK3 C+_(K1 + Ky + K3 _X)C+_(K3 _X)

S K1(kytrg)  Kolkgtws) . (k1—K2)(K1+Ko+K3) . (k1—x9)(Kk1+K+K3)
Ki o K\ W —37 "4 KitKp) —i— 223 Kitkp) —j—l 2=l 2 -5
L5+ T s(mpmye e 5 ()

2T KKy 2T KKy B 2T KKy
'K% K%G
Ci (k3—X)—Ci_(Kk;—K15+K3—X e GTarz) .y
=—lim2 |dx;dk3 T s i ( L lzT 2 ) C+_(K3—X)e_1%
e—0 27K
k2 K27
Ci_(k3—X)—C,_ (Kl — k1L 415 —X) ez 5z) k1K3
—1lim2 |dk;dx;e€ 26 Ci_(kg—X)e'2¢
€—0 27’[K1
= +c*,

(119)

where the two terms are again complex conjugates of each other, which can be seen after changing
integration variables in the second line as k; — —k€/T. Therefore, we only have to deal with

. K] K%G
Ci (k3—X)—C,_(K;—Ki5=+K3—X e e —52) .
¢ =—1im2 |dx;dk3 T 3 A ( ! 12T 3 ) C+_(K3—X)e_‘%
e—0 27Ky
KZ
r C_K_X_C_K+K_Xe_l4_% .K1K
=—2T |dx,dxs — ey %)~ Gy (21 2= %) C+_(;<3—X)e—l%
J 27Ky
K2
[ C, (k3)—C,_(k;+xK e iat K1 (k3+X)
= _9T dKlng + ( 3) + (21 3) C+_(K3)C_l%
J 27Ky
2c0s("2)C_(x3) — (Com (k3 + 1) e H +Co_ (15— K1) e H°)
=-2T rdK dx 2r T M ! 3 ! x
J ' >0 ’ ZWK%
K2 K
x e~iaT C+_(K3)e_121_TX
(120)
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where in the second line we sent € to zero*, and in the 3rd line we performed a change of variables
shifting .
Consider the function

2cos(K1K3)CJr (k3)— (C+ (kg +x)e” i +C_(k3—xq)el 2¥3)e_i4

f(KB) = JdKl 2 x

2m<1

17

5|

LK1 X
X C+_(K3)e_‘21_T .

(121)

Note that because C. (k3 + K1) is twice continuously differentiable in k1, then the integrand is finite
and continuous at k; = 0. Using (91) and (92), and in particular the constants C > 0, r > 0, € > 0,
Ap > 0 and the bounded functions A;(y), A;(y) involved there, we find that for every x5,

C,_ Cye 1 C
ol = SN[ gl A e
T licy[>r K 24 b [y £ xcq [T reny

1

|[k3£K1[>r
1| |sin (57|
+]C;_(x3)| dic; 5 +A1(x3) K1 +2rAy(x3)
lky|<r K7 lyl<r |1
+
ZJ |kq|>r )
|K3:kk1\<r
|Cy—(x3)| C 1
< T (16l 4 +Ag) | dky—
i K2
1> 1
K'% in
11— Isin (5£)
+1C;(x3) dx) ——— +A1(K3) dx 1 +2rA(ks) |
[kql<r Kl |

(122)

Because |C,_(x3)| is integrable on x5, we find that f (x3) is uniformly bounded by an integrable
function of k5. Further, because C,_(x3 + k) is twice continuously differentiable in k for all k3,
then for every x5 the expression (121) is the Fourier transform of a continuous function, and hence
vanishes as X — oo for every k3. By the bounded convergence theorem, we conclude that

lim ¢’ = —2TX1Ln;oJ drs f(kg) = —ZTJ dxs Xlirgof(Kg) =0 (123)
>0 >0

X—00
whence limy_, o J)% 5=0.
Finally, the treatment of J 2 % 3 18 completely analogous to that of J X o> merely the correlation

functions C,_(x)C,_(y) are to be replaced by C,,(x)C__(y), hence we find limy_, J)%,s =0.
In summary, we have demonstrated that

. T T — 1 T ;T — 1 2 2 2y _
Xlggo(\IJlJO|0 Jxlo ¥) —XILIEO(\IIUOIO Jxlo 1¥)° —Xlggo(JX’l +Jxo+Jx53) =0, VO<T<oo.
(124)
As a next step we move onto the other two multi-point functions, and in particular the combi-
nation (\IJIJOI QIX/Z(O)I\I/) — (\IIIQIX/Z(O)JXIgI‘IJ) as it turns out to be useful to group these terms.

“We note that by a rescaling of k,, the parameter e simply rescales the parameters of the integrand — the various
occurrences of T in this expression — by a scaling factor that tends to 1 as € — 0. In order to take the limit € — 0
inside the integral, we have used the bounded convergence theorem, along with the bounds established below, which are
uniform in these parameters.
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For the second term, we use the following manipulations and write

X /2

— (¥]Ql,/“(0) Jx|{ W) =

X/2
Jdtf dy (T OB TX, NP, ) = (X, )3 (X, )] 1®)
X/2
Jdtf dy (Tl (=) (=i [ (B T (=X, O (=X, ) = (=X, )Y (=X, )] |¥)
JdtJ dy (Tl OY DI (G T (=X, O (=X, ) = (=X, )3 (=X, t) | [¥)
—X/2

J dtJ dy (Tl () (i [ (B (0, D)) (0, £) =3 7(0, £) B, (0, 1) ] 1) .
X/2
(125)
In the above, on the second line we applied a spatial parity transformation P, which we defined as
Pap(x)P = —p(—x) and P2, (x)P = 8,7)(—x), and we exploited that the state is invariant under

this transformation. In the fifth line translational invariance of the state was exploited. This way,
we showed that

(@1o1TQEE ,(0)1) — (BIQLY*(0)x L) = ([ JolZ, QL ,(0)] %) (126)

which is a term that also needs to be analysed as it appears in Zassenhaus contribution [A, B] as
well.

Now we demonstrate the last step, that is, that the relevant Zassenhaus terms (¥|[A, B]|¥) are
also o(X). This necessitates the study of the current-current and and the current-charge commutators.
Focusing on the current-charge commutator [j(0, t),q(x,0)], we may write that

[i(0,8),q(x,0)] = —— J dkdpdk’dp’ e K P HEE (k 4+ p)af a,,afa,]
(127)

= J dy Y F(y, x, p(x) —f dy Y ()F (x, y, Op(y),

where F(x, y, t) is defined in (95). Integrating this expression we end up with

T X
(461805 ,(@)] = J dtf dx f dy ¥ ()F(y,x, () = (F(x,y, OP(y).  (128)
0 X/2

We perform the T integral using (99) to get

)

COS(
([ Jol]. Q% ,(0)] 1) = f dxfdyc _(x—y)P——— (129)

where we used symmetry of C,_(x — y) under x «<— y and the fact that the anti-symmetrisation of
8(x —y)sgn(x) is 35(x — y)(sgn(x) —sgn(y)) = 0. This is

.orX oo X/2 cos x?—y?
(@[ Jol], Q% ,(0)] 1) = iJ dx( f +J )dy ch—ﬂﬂ (130)
T Jx)2 X —o0 X—Yy

where we used the fact that the part with y integral on [X /2, X ] vanishes by anti-symmetry under
x <« y. The principal value is not required anymore, because the singularity at x = y is reached
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only at two points (x,y) = (X,X) and (x,y) = (X/2,X/2), hence it is integrable under the
remaining double integral. By (91), (92) there is C’ such that

/

Ic, (131)

I e

c’ X oo X/2 1
< — dx + dy . (132)
S (N T =

The integration over y is integrable at £00 and the resulting integral over X vanishes as X €. We
conclude that

Therefore

‘014 [Jol]. Q% ,(0)] 1)

(@[ Jold, Q% ,(0)] 1) = 0. (133)

For the current-current commutator, we have already shown the o(X) behaviour when its
separate 2-pt functions are considered, but for the commutator we can also argue as follows: on
a parity- and translation-invariant, (¥|Jo|dJx |3 %) = (U|T_x |3 Jold W) = (¥lJx |5 Jolg [¥), where
we use the fact that the current is parity odd (this works also for parity even). Thus

lim
X—00

(¥ [Jold, Jx 12 ]1®) =0. (134)

Differentiability requirement and filling function.

Finally, we briefly comment on the requirement that C,_ (cf. (90)) shall be two-times differen-
tiable in order for J )%’1 to be finite. To do so, for physical interpretation, let us study the temporal
behaviour of the 2nd cumulant of the current in a GGE, that is, when Wick’s theorem holds and
only the {"(x)(y)) 2-pt function is non-vanishing. In particular, setting X = 0 in (114) and
(120), we can easily see that

C,_(0)— c+_(;<)cos(j{—;)

. -1 T\2 T
Jm T ((Jolg ) Voce = Tlggo4fd'<

27mK2
<3
C_K _C_K + K 6_14_T LK1K
—2 lim |dx;dx; — (r3) = Cs (21 ) C+_(K3)6_1%
T—o0 27’[K‘1
2
C,_(k3)—C,_(xk,+xK ei4_% KK
—2 lim [dxdx; — (r3) = Cs (21 2) C+_(K3)e‘%,
T—o0 27'”(1

(135)

which we may rewrite as

— C,_(x)(1—-cos Ll
Kc+_(0) c+_(;<)+4 P (x)( (z7))
272 T—o00 27K2

. -1 T2 _
Jim T (@ (Jold) |\11)_4fd
—cos("f—;—wc)

(2m)2k2

C,_(0)—C,_(x) A R 1—cos(xT)
= 4JdK K2 —4JdeT C+_(—T)C+_(T)W

dt A dr A
= f %mm_m—f 2 1271CE (7)

= f ;1—;|2T|CA’+—(T)(1 - é’+_(r)) = f ;1_:[|27|9(T)(1 —0(1)),
(136)

. £ K A 1
— Tll)ngo 4JdeT C+_(E —1)C,_(7)
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where in the second line we used similar considerations as previously, and in particular the bounded
convergence theorem; and C,_(7) denotes the Fourier transform of the 2-pt correlation function
C,_(x). Importantly, in free fermion GGEs C,_(7) = 6(t), where 0(7) is the filling function
associated with the GGE. Now we can see how the fact that C,_ is even (just like its Fourier
transform) and two-times differentiable guarantees that the second current cumulant is finite; the
finiteness of (114) equivalently means that 8(7) asymptotically decays stronger than 7~2, making
the f dt|27|6(7) integral finite. This finding can be interpreted as the sufficiently fast decay of
quasi-particile occupation wrt. the momentum or rapidity, which implies finite current cumulants,
is guaranteed by the smoothness of the correlation functions in the initial state.

4.2 Factorisation Property 2 for free non-relativistic fermions

In this subsection relying on free non-relativistic fermions, we demonstrate that under generic
conditions, i.e., the sufficiently strong clustering of a given state the following equality holds:

WMol +2QAC O DleMoll AP )y
Wle™oo "0 M) (Wle”oeT T oy, (137)
(W]er”©)w) (W]er”O)]w)

when T is large, and we shall further simplify our notations by

oo

T
J=Jo|§=J de j(0, 1), Q=Q|8°(0)=J dx q(x,0). (138)
0

0

Note that for brevity and simplicity, we restrict our analysis to the case of the asymmetric case
above (137), however, from this one

W |eA/2Q15°(0) g Mol 02/2QI5° (0) 1y W|eMolg o2 QS0 1y
(¥ . ) _ il >+O(T)’ (139)
(W |eMQils”(0) ) (|e? Qo Op)

also follows. To see this, one can group AJ + AQ as AJ + A/2Q + A/2Q in the exponent, first
show the factorisation of AJ + A1/2Q and 1/2Q, and afterwards that of AJ + A/2Q based on the
procedure we immediately explain. However, for preciseness, we shall also demonstrate in the
Sections 5 and 6 that regarding the time evolution in the modified, inhomogeneous quench problem,
the symmetric ((¥]e*/220;...0,e*?Q|¥)) and asymmetric initial states ((¥]0;...0,e*?|¥)) yield
the same result, at least for free fermionic systems and integrable quenches.

The main idea to demonstrate the validity of (137) is performing an expansion wrt. A and
check if certain correlation functions, specified below, give negligible contributions. For the sake of
simplicity we will focus on non-relativistic free fermions and the particle number and the associated
current. Nevertheless the calculations presented below are expected to generalise to other charges
or currents, which are still bilinears of the fermion creation and annihilation operators. In the
following we shall carry out the expansion wrt. the counting field directly of (137) up to the 3rd
order and show that in each order, the leading T behaviour is identical. For further brevity, the
details of the 3rd order computations are relegated to Appendix B, but the treatment of the second
order together with the main techniques we use are presented here.

4.2.1 Series expansion of (137)
Using the shorthand (138), let us rewrite the lhs. of (137) using the Zassenhaus formulas:

(‘IJ|6M+AQ|‘IJ) _

- ln(\IlleUeme_é[J’Q]eé(z[é’[j’é]mj’[j’é]]) x (..)|¥) —ln(\IllemN/) . (140)
(TlerQ|w)
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In the above expression, up to 3rd order, we have the following terms

A (W)
225 {@IP19) — (@102 + 2(1TG1Y) — 201 W) (EIQle) — (UL, Q1) }
A% é{(wlf’lw — 3(U|T2 ) (T|T W) + 2(@|T|¥)° + 3(¥|J2Q|¥) — 6(T|JQ¥)(¥|]|¥)

+3(W|JQ* ) — 6 <\IJ|JQ|\P><\P|Q|\P>— (UIQLT, Q1Y) + 3(¥|QI¥) (¥|[J,Q]I¥)

—3(U|J[J, Q1) + 3(L|J ) (®|[J, Q1) + 2(¥|[Q,[J,Q1] 1w} + (¥|[J,[J,Q1] %)} .
(141)

Up to the same order, the expansion of the rhs. of (137), that is, ln(\I1|e”em|lI/) - ln(\Illemllll)
reads instead as

A (W|Jw)

22 % {(@IT2 @) — (@1T@)? + 2(W1TQI¥) — 2(w|T W) (W|Q|¥) }

A3 é {(W|J3 @) — 3(W|J2 @) (@I |@) + 2(|T )3 + 3(V|T2Q|¥) — 6(W|TQI¥) (W] |w)

+3(T|JQ% W) — 6(T|TQIE) (¥|Q|T)} ,
(142)

with the same terms as in (141), except for the last term on the 2nd order, and the last six terms in
the 3rd order in (141). That is, in other words, it is sufficient to show for (137) that

2% (¥|J, Q1) = o(T)
A% (W J,Q1¥) = (IQ[J,Q11¥) — (¥|Qw) (¥|[J,Q]|¥) = (143)
= (@|[Q,[J,Q]1] %) = (¥|[J,[J,Q]] %) = o(T)

hold, where we assume that |¥) is a translationally invariant parity even state with short range
correlations, hence (W|J|¥) and consequently (W|J|¥)(¥|[J,Q]|¥) are zero. Although it may
happen that in the 3rd order only combinations of the above terms are sub-leading wrt. T we
anticipate that this is not the case and shall demonstrate it for each term, with the exception of
(T|Q[J,Q]1¥) and (¥|Q|W)(¥|[J,Q]|¥), which are sub-linear in T but also extensive wrt. the
volume, hence only their difference is finite in a strict sense.

To show the vanishing of the above terms, we shall work with non-relativistic free fermions and
assume that the initial state is exponentially clustering and is translation and parity invariant. For
the sake of simplicity, we also assume that it has a definite fermion number parity, which means
that (¥ (y)|¥) = 0 as well as (¥|)(y)|¥) = 0. Because of the aforementioned properties, we
may write the fermion 2-pt functions according to (90) since |¥) is translation invariant, the 2-pt
correlation functions can depend only on the difference of spatial arguments, and additionally, due
to |¥) being parity even and since the fermionic field operators transform as P (x)P = —(—x),
the 2-pt functions must be even functions as well. Additionally, C,_(y —z) is non-divergent and
when z = y it should give the charge density (¥|q(0)|¥) which we denote by the shorthand (g(0)).
For simplicity, we shall also assume that the other 2-pt functions C, (x), C__(x) are also regular.

To proceed we use (97) for the integrated current in which we shall often split and rewrite the
function G defined in (98) as

L y2—g2 : ),2722

16_14_T —1 +ie_l4_6 —1 , (144)
2n(y —2) 2n(y —2)

G(}’;Z, T)e = Gl(yJZJ T)_Gl(szze) =
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where the second term is independent of T which we can make advantage of. When a series
expansion is regarded, G; can be easier to deal with, although the integration of G; on specific
regions may be divergent which has to be taken into account. Additionally, both G, and G; have
the properties that G(y,2,t) = G(z, y, t)*. A further important property is that for G,(y, 2, €) one
can show that in a distribution-sense

2_,2 2_,2
—L= —L=
e —1 e —1 1 1 1
lim —iL = lim —iPL =—=06(y —2)sgn(y)+i—P , (145)
e=0  2m(y—z) -0 21n(y —2) 2 2n y—%

which follows from (179) (cf. Section 5).
Now, exploiting that

[T (), Y @ W) ] = TP w)s(y —2) =Y @ ()6(x —w),  (146)

we can move onto the analysis of the first commutator appearing in the second order.

4.2.2 Second order in A

For the commutator itself, i.e., the sole term appearing at the 2nd order, we have that
[J,Q(0)]= lim fdy sz f dx G(y,2, [P () (2), 9 () (x)]
0
= lim fdy J dx {G(y,x, D)ty (NP (x) =G, y, I ()} (147)
0

0 oo
=£%J dyf dx {G(y, %, T () (x) = G(x, 7, T)ep ()P ()} .
—0o0 0

In order to evaluate the expectation value of (147) in exponentially clustering initial states, we
proceed as follows. As a first step we split G, into a T- and an e-dependent bits according to (144)

0 e}
(¥I[T,Q(0)]¥) = ;ig(l)f dyj dx {G(y, %, T)eCy(y =x) = G(x,, T)Cs(x = y)}
—00 0
0 (o)
=J dyf dx {G1(y,x, T)C,_(y —x)—G1(x,y, T)C,(x—y)} (148)
—0o0 0

0 (o)
- lli%J dy J dx {G1(y,x,€)Ci_(y —x)—G1(x,y,e)Cy_(x—y)},
—00 0

where the integrals including G;(.,., T) and G,(., ., €) are finite. The next observation is that, due
to the integration range and the exponential decay of the 2-pt function, the dominant contribution
comes from the origin. In addition, T is large, therefore, we perform a double-expansion of the
T-dependent oscillatory G-functions. The crucial property is that, at any order in the expansion, we
obtain polynomials of x and y multiplied by growing negative powers of T and the exponentially
decaying correlation function. Due to the decay of the latter and the range of integration, we obtain
finite integrals at any order, as

0 (o3}
—00 < f dyJ dx(x+y)'(x—y)"Ci_(y —x) < 00. (149)
—00 0
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This implies that the obtained series, eventually consisting of the inverse powers of T, is a well-
defined asymptotic expansion. In particular, performing the expansion of G;(.,., T) we have

(W|[J,Q(0)]|¥) = J dyf dx {[(y + x)T ! + (higher powers of X,y) x T_”] Ci_(y—x)

— [(y +x)T ! + (higher powers of x,y) x T_"] C,_(x— y)}

—hmf dyJ dx {G1(y, x,€) = Gyi(x,y,€)} C,(x—y)

=O(T™)+ O(1)=0o(T),
(150)

since in (150) we expect the eventual cancellation of the O(T™) term, as C,._iseven,and T™"
means growing negative powers of T wrt. the order of the expansion. The second integral gives
—2ic; + v/€2¢y, (cy ~ 0.39891) with

C(y—x)
= f dyf ZTr(y ) <00, (151)

according to (145); due to the specific integration range, the Dirac-6 term in (145) is vanishing,
and no divergence emerges from the region x ~ y &~ 0 hence the taking the principal value is
not necessary. That is, we obtain also a ©O(1) quantity, which is non-vanishing despite having a
difference in (150). We note that thanks to the range of integration, in the distribution sense we

have that
2_.2

—Z

—1 _iy %e
hmf dyf dz oty —2) f dyf dz 127‘[(_)/—2) (152)

where the rhs. does not account for divergences due to integration range.

4.2.3 Summary of the third order in A

The analysis of the 3rd order terms in (143) are carried out explicitly in Appendix B and here we
merely summarise the results of the corresponding computations. We have managed to demonstrate
that each term in (143) are o(T) in exponentially clustering, parity even and translation invariant
states. We note that the precise requirement for the clustering of higher-point function is as follows:

(@19 (e Gep)ip T (eg ) ()19 < Ce™ (153)
for some positive ¢ and C, where
d= max dist(A, B), (154)
AUB={x1,X2,X3,X4}
ANB=0 ,A#( ,B#(

that is, the 4-pt correlation functions decay exponentially wrt. the maximum distance of all possible
bipartitions of the arguments x, X5, X3, x4 excluding empty sets. We anticipate that the above
clustering condition can be relaxed to demanding the decay of the connected function only when one
argument is far away from the others, and when the decay is slower than exponential, i.e., it is a high
enough power of the appropriate distance. However, (153) facilitates a transparent demonstration
of the factorisation property and relaxing (153), which would include more technicalities, is left for
future studies.

For simplicity, we also assumed that the connected 4-pt functions do not have any singularities
when carrying out our calculations in Appendix B. In continuous models, such as non-relativistic
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free fermions, this may not be the case. However, upon implementing suitable short distance
regularisations, the 4-pt and higher point functions can be regularised, therefore we expect that and
our results remain unchanged.

To summarise our findings, in Section 4.2.2 and in Appendix B, we have shown that

12 (¥[[J,Q1I¥) = O(1) +o(T™)
J

<|J ,QIIW) =0(1)+O(T™), (¥IQ[J,QI¥) — (¥|Qw)(¥|[J,Q]I¥) = O(1)+ O(T™),
v|[Q,[J,Q1]1w) =0, (¥|[J,[J,Q]]1¥) =0,
(155)
i.e., that o o
(wle2w) | (wleMe W) (156)
(U[erQ|w) (U[erQ|w)

for large T up to o(T) corrections and up to the 3rd order wrt. the counting field A.

4.2.4 Higher orders

In this part we discuss the behaviour of certain terms coming from higher orders upon expanding
the left and right sides of (137). In particular, we can argue in a transparent way, that all expectation
values containing fully nested commutators give not stronger than o(T) contributions. Whereas we
refrain from the study of multi-point functions of nested commutators and Q and/or J operators,
the vanishing expectation value of nested commutators is a strong indication for validity of (137),
at any order.

Let us concentrate on a generic nested commutator,

[X1,[Xos oo [Xno, [J,G]].1] (157)

where each X; can be either J or Q. The first observation is that, by symmetry, the expectation
value of such nested commutators is always zero in even parity states, if the parity of the number of
J operators denoted by k and the parity of the number of Q operators denoted by [ are different
(k +1 = n). This is because under spatial reflection (P), J transforms as J — —J, and Q as
Q — Q—Q. Since (for any charge) an arbitrary nested commutator always consists of precisely
one fermion creation field 1" and one annihilation field 2, any nested commutator vanishes which
includes the total charge. That is, we have that under parity

(W[ X1, [ X, o [Xnoe, [T, Q1] ] ] 19) —ﬁ>(—1)k+l(\IJ||:X1,[XZ,...[Xn_l,[j,Q]]...]]I\I!). (158)

If the parity of k and [ is the same, we can use the fact that the expectation value of the nested
commutator can be written in the form

k+1
> d(k,z,o)(]_[ f clx)l_[G(xj,xm,T)ec+ (k1 —x1)

k121,ky21 0€Sc({+1,,—k, }) i(+-)

Ky +ko=k+1

— l_[ G(Xrt2—j> Xir1—j» T)eCo— (1 — X141,
j=1
(159)

where S.({+,,—,}) means all different cyclic permutations of the k; = 1 ” +” symbols, and
k, > 17”—" symbols, and d(k, [, o) denotes numerical factors that depend on the number and order
of J and Q operators. Here the symbols o;(+,—) denote the range of integrations, which are either
[0,00) (+), or (—00, 0] (-).
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We can now argue by a scaling argument that the corresponding expectation value is always
o(T): we use new variables x; = £x; and T = £ T and after this change of variables, (159) can be
rewritten as

k1+k2:k+1 k+1
¢ >, > d(k,l,o)(l_[J dx)l_[G(Ex],ExJH,ET)EC (X — LX)
g;

k1=1,ky =1 0€Sc({+1;—ky}) i(+-)

—l_[ G(UXpya—jy LXpq1-j, LT) Cp (LX) — € Xpyq),
i=1
(160)

where £ can be taken large and there is one overall £ factor in (160), as we have k + 1 integration
variables (accounting for £5*1) and k G functions (accounting for £7). Exploiting that we have
one multiplicative £ factor in (160), we can write that that

14 f dix C,_(£x) = const, (161)

that is, when £ is taken large we may approximate C, _ as
0C._(Lx)~d(x), (162)

that is, the correlation function in the integrals can be replaced by a Dirac-6 at large spatio-temporal
scales and the resulting expression shall account for the same temporal scaling behaviour wrt. T.
Using 6-functions in (160), we can see that if the range of integration for the x; and x;_; integrals
are different +,— or —, +, then the resulting expression is 0, hence o(T) by the definition of the
6-functions. In general, the integration range for the x; and x,; variable can be the same (+, + or
—,—) as well. However, also in this case we expect o(T) contribution: considering a single term
from (159), we have an expression

k k
d(k,l,o)(]_[J )]_[G(xj,xm,T)e—]—[G(xk+z_j,xk+1_j,T)e =0,  (163)
i oi(+-)

j=1 j=1

where we switched back to the original variables after performing the integration including the
O-function. In the expression above x;.,.; = x;, and the integral is zero, since in the two products
consisting of the same functions, the same integration with the same range is carried out but in
a reversed order wrt. each other. That is, given the reasonings including the assertion that the
6-correlated 2-pt function gives the same o(T) scaling behaviour as exponentially decaying 2-pt
function, we can argue that the expectation values of all fully nested commutators are o(T).

5 Local relaxation to the NESS: microscopic results for free fermions

The aim of this section is twofold. First of all we demonstrate that quenching from |Q2); (cf.
(68)), local operators relax to a NESS for free fermions and integrable initial states. Second, we
show that pngss(A) characterising the NESS equals py,p,(4), where py,p,(4) is the NESS of a
slightly different partitioning protocol, where the initial states on the left/right are assumed to be
the generalised Gibbs ensembles emerging from the left/right microscopic initial states (see (20)
and below). In addition, we shall also investigate the asymptotic time dependence, which provides
valuable insight into how fast the stationary state is reached.
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Whereas these claims should be shown for any local operator and a certain class a quasi-local
operators (see Sec. 3.1) as well, as we argued earlier, it is sufficient to consider the relaxation
of conserved densities, which are expected to imply that of the former ones. For brevity, in this
section we shall only concentrate on the behaviour of the current j associated with the charge under
investigation (which, for the case of particle number is proportional to the momentum density) but
in Appendix D we demonstrate the convergence in the more general case namely for local operators
and a representative class of quasi-local operators as well.

Our strategy consists of performing a series expansion of the correlation functions in the
counting field A. In particular, we need to consider two states: |Q),, defined in (68), and |2*),;,
defined as

e*0)
(QlerQ|q)’
(note the absence of the square root in the denominator, that will be clear below). Such states allow
to define the "symmetric" and "asymmetric" expectation values via, respectively,

Q)95 = (164)

(Ql0(x, t)e*?0)

Q A/ZQO tl/ZQQ ~
(Qle (x, )M=%|) and {(Q|O(x, t)|Q*)y, = ’

2{QI0(x, D)I); =

(QlerQ|Q) (Qler|q)
(165)
In the series expansion, we shall use the fact that (from the definitions (165))
35, ({Q10Cx, 0)I€2)22) [r-0 = (210(t, x)QIQ)° (166
07 ({210(x, t)I9%)22) lr=0 = (21O(t, x)Q?|Q)°,
and
. . Ql0(t, x)QIN)¢ + (Q|Q O(t, x)|Q)°
ax (A(Qlo(x,tﬂﬂ)l)l)L:O:( | (t X)Ql ) 2< |Q (t X)| )
. N Q|0(t, x)Q?%|Q) + 2(2]Q O(t, x)QIN)¢ + (QQ2 O(t, x)|N2)¢
(167)

where we can utilise connected correlation function to account for the normalisation. The computa-
tions of the aforementioned quantities are straightforward but the formulae quickly become lengthy.
In the following, we will concentrate on the case O(x, t) = j(0, t) (so from the above formulae, we
will evaluate correlation functions of j and Q).

It has to be noted that applying such series expansion is not entirely trivial. At time t =0
the initial state is discontinuous at x = 0, thus expectation values (at x = 0) are expected to
be ill-defined and the expansion may break down. As we shall see, this is indeed the case, at
t = 0 some terms from the expansion diverge. However, for finite positive times t > O the initial
configuration smoothens out and the series expansion yields finite terms that converge to the
expected steady-state order by order which are cross-checked by the analogous results obtained via
expanding the expectation value in the NESS (cf. Appendix C.3).

In order to set up these calculations, let us start by recalling the following expressions for the
current

. 1 .
](O: t): %Jdkdpfk,p(t)a;(ap> (168)
where we introduce the short-hands

frp(®)=eE BN +p), fi,=fi,(t=0)=k+p, (169)
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and for the integrated charge

oo
~ 1 —i 5
— 1 —€X _ 14 € [
Q _ll—{%fo dx q(x, 0)e™™ = ll—r}(l) 27 f dkdp (k—p)—ieq (k. P)aya
(170)

)qe(k,p)a;;ap,

1 1
= ﬂfdkdp (né(k—p)—1Pk

where the limit € — 0 regularises the integration (note the last equality is not obvious in some of the
relevant cases for our purposes, cf. the discussions in Sec. 5.1.1 and Sec. 5.1.3). In the following,
we shall drop the function g°(k, p) from Q to shorten the expressions, and just keep in mind that
q°(k, p) is an even function (¢°(—k,—p) = q°(k, p)).

Below, in order to evaluate the building blocks of our calculations, we are also going to use that
both quantities have the structure

1 .
%JddeHk,Paliap (171)

for some function Hy , associated to the bilinear operator H.
To proceed we now recall the Bogolyubov transformation that simplifies the homogeneous
initial state |Q), i.e.,

_ - ~T T ~ s
a, =upd, +v,d_,, al’) = v;a_p + upal') (172)
where the @ operators annihilate the state d;|2) = 0 and where
1 K(k
Upy=——— V= _ Kk (173)

THIKOE ¢ VItKOP

Importantly, |2) is Gaussian, hence according to (173), expectation values involving the original
creation and annihilation operators are simply obtained by the contractions rules (cf. Appendix C.2)

e K@EP
(Qla,a,|Q) =275 (k p)1+ KOOR and oy
. K(k)' K(=K) (7%
(Qlakaplﬂ) —2ﬂ5(k+p)w, (QlakaPIQ) —2%5(k+p)w

and by applying Wick’s theorem. It is therefore immediate that for one bilinear H") we have the
simple expectation value

dk @) K (k)[?

QHY|Q) = —_
() 2m k14 |K(k)|?

(175)

For the current 1-pt correlation function, the first two non-trivial orders are A and 22, whereas for
the 2-pt function (needed in next section) they are A°, and A. For both quantities, we shall need the
expectation value of two and three fermion bilinears.

For two bilinears H ,El)aZa and H9d'q corresponding to some operators H M and H®, we
P p k,p kP
have that,

dk, dk, dk5 dk N .
€9)2(0)) — 15R2 53 704 (1) () 1 [
(QHYWH'Y|Q) = o 97 27 o Hkl,szkg,k4<Q|ak1akzak3ak4|9> (176)

and performing the contractions (174) using Wick’s theorem, we have that the connected part
(neglecting the contraction between k; — k, and k3 — k) reads
(QHVH?|Q) =
_ [ dkdp |K(K)? 1 e K*(k) K(p) 1) 44(2) (77)
=| —— h et 5 sz HZ .
2n2n 1+ |K(k)|2 1+ |K(p)|2 P Pk 1+|K(k)|21+|K(p)]2 *p —&P
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For three bilinears H a )aliap, H ](fgalap and H (3) l’(ap, we already focus on the connected part

(Q|H WHEIH®) |2)€. In order to extract this component, we cannot have contractions which link
a/a’ within the same operator H @i =1,2,3, as these would correspond to factorised expressions,
like (HOYH®YH®), (HWY(HPHB)), etc. We have 8 sets of contractions using (174) and
Wick’s theorem, which give rise to the following expression for the connected component:

(S)|f{(1)f{(2)f{(3)|§2)c —

d_klﬁd_k?)[ K" (ki) 1 K(-ks) 0 4@ 4®
21 21 27 L1+ |K(k)I2 14 [K(ko)|2 1+ |K(kg)|2™ ke —kiks™ ko, —ks
K*(kq) 1 K(=k3) 1) @ .3
o Hi o Hig i ok —k
1+ |K(kp)12 1+ |K(ko)|? 1+ |K(kg)|? ke kaks =i,k
K (kq)I? 1 IK(ka)I* 1) ..2) .03)

TIHIK()PR 1+ K2 1+ [K(kg)]2 Koke' Kok ks
K*(kq) K(—ky)  IK(k3)* () H®  y®
1+ K (k)2 1+ K (k)2 1+ |K(k3)[2 ke kaimha™ ki ks (178)
__Kk)  K(=ka) 1L 0 g Lo
1+ |K(k)|I2 1+ |K(ky)|% 1+ |K(ks)|? kyky™ " —=ky,ks” k3, —ky
K(k))I>  K(—ky) K*(ks) 1) @ ,©
1+ K2 1+ [K(k)[? 1+ [K (k)2 Kuke' Kok —ka—k
|K(k1)|2 1 1 H(l) (2) (3)
1+ K(k)2 1+ |K(ky)|? 1+ |K(k3)|2  Foke kaks™ ks ke
_KKDP K(=ky) K*(ks) 1) .2 ..03)
T+ KD 1+ K2 1+ [K (k)2 Kuske keimk —kaikr | -

Finally, for what follows, it is useful to consider some additional distribution identities, namely

1
Jdk' ' tp L oy Oy fdk el _ | 5 sEnp) ifn=0
2mi K o K sgn(0) 6 D) ifn >0,
(179)
where we used that 8,,1/2sgn(tp’) = t5(tp’) = t/|t|6(p") = sgn(t)5(p").

5.1 Current 1-pt function and its expansion and approach to the NESS

Below we compute quantities like (©2|7(0, t)Q|2)¢ and (] (0, t)Q?|2)¢, which correspond to the
Ist and 2nd order expansions of (€];(0, t)|f2)C and , (] (0, t)|Q) (cf. (166)-(167)). To this aim,
we will use (177) and (178), with H ,((l; specialized to the corresponding expression for either j or

Q.

5.1.1 First order in A of (Q[j(0, t)|C2*),;

According to (166), this is equivalent to the expectation value (Q|j(0, t)Q|Q)¢. Using (177), we
have

o [dkdp KGR 1 e, P
150,000 = | 5 s TRy (k+p))(n5(p K lp_k)
KR K(p)

i(E—E,)t . P
(e (k+p))(7t6(—k+p)—1 P p) .
(180)

1+[K(K)* 1+ [K(p)l?
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Before the eventual evaluation of (180) let us briefly comment on a technical aspect. Notice that
we used the last line of (170), (i.e., a Dirac-6 and a principal value contributions) in (180), which is
more transparent to deal with and whose application is justified by the following considerations.
Namely, one could equivalently use the representation lim,_,, —i/((k—p)—ie), which corresponds
to integrating the charge density up to a finite X which is sent to infinity as € is sent to zero. In this
procedure to arrive at the last line of (170), one has to apply contour manipulations and infinitesimal
shifts of integration variables by *ie. This step, however, makes the integration wrt. p divergent
due to the oscillating factor exp(itp?). The integral can be regularised by multiplying the integrand
of (180) by exp(—5(k? + p?)) with some small and positive § > te. This regularisation is in fact
quite natural as it can be interpreted as a cut-off for the maximal time we can take. In addition,
the procedure of sending first € to zero and then & to zero, which we have implicitly carried out
to arrive at (180), is in accordance with the physically motivated order of limits, that is when first
the subsystem size X is sent to 00 and afterwards the time variable T. Note also that regularising
the integrand this way makes the integral also convergent for arbitrary currents of local conserved
charges which would involve polynomials of k and p.

Turning back to analysing (180), we can see that non-vanishing contributions in (180) only
come from the principal value integrals which we now evaluate explicitly as the quadratic dispersion
relation Ej, = k2 facilitates an easy and transparent analysis of the above expression. We rewrite
the integrals as

1 |K(K)I*+K*(KK(p)

(Qlj(o, H)QIa)° = J %d_pei(Ek—Ep)tip

2m 21 k—p (1+|K()R)(1 + K (p)2)
Y 181
_ f k' dp’ e rp 1 IK("*P>|2+K*("+P)K(‘%> e
2) 2n2n" kK (1 + K CEEY12)(1 + [K(EFD)P)

where we introduced new variables k’ = k —p, p” = k + p, with Jacobian 1/2 and E; —E, = k'p’.

The next step is to perform the integral wrt. k’, assuming K (k%) functions can be expanded into
Taylor series wrt. k. When t — 00, we end up with

K(K)?

T+ KOP? (182)

(%&w@WﬁﬂJ—H

due to the properties of |K(k)|?. It is now easy to check that this expression is equals (289), that
is, the Ist-order in A of the GGE expectation value (j) after the partitioning protocol, using
v(k) = 2k.

Regarding the time evolution, we have to consider sub-leading terms in (181), which can be
addressed using (179) (with the order n term giving rise to a t~"* contribution). It is easy to see
that the n = 1 term (179) gives zero since K(p = 0) = 0 and is an odd function. Furthermore, one
can also show that the n = 2 term is zero as well, that is, the first non-trivial term is the n = 3
contribution coming from Eq. (181), given by

P bpp

(Q1j(0,0)QIQ)° =
=3

34871

(183)

03{7) oy 120 — (BK* (0)K®(0) + K*(S)(O)K (0)— 6K* (0)*K’ (0)2) +O(t™,

that is, the convergence of the current expectation value to its GGE value is O(t~3) at the first order
in A.
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5.1.2 First order in A of ; (Qj(0, t)|2),

When considering the symmetric expectation value , (2]j(0, t)lfl);L we also have to deal with
(91Q j(0, t)|£2)¢. This contribution yields asymptotically

(Q1Q (0, 0IQ)° = ((Qlj(0, NAIN))" =

— _zf %lld |K(k)|2 N t—3 (lK*’(O)K(S)(O) + %K*(S)(O)K/(O) _6K*’(0)2K/(0)2) ,

2 (1+|K(k)[2)2 3487\ 2
(184)
up to O(t™*) corrections, hence
(2e*22j(0, De?/22j)
A = A=0 =
(QlerQ|) (185)
=3

= 91(J) pyyp l1=0

~ 5oen (K (0K®(0) — K*®(0)K'(0)) + O(t™).

It is worthwhile to note that as long as K (k) = e'®K,(k) with a real function K, and a real number
5, the t =2 type time-dependence is absent in the symmetric expression, and one can check that the
t~* term is the leading and non-vanishing component. For generic K (k) = K; (k) + iK,(k), the t 3
time-dependence is the leading one.

5.1.3 Second order in A of (Q]j(0, t)|2*),,

This quantity at second order in A is equivalent to (Q[j(0, t)Q?|Q)¢ (cf. (166)). Specifying (178)
to the case of interest, we arrive at

iy dky dky 1 1 1
21 21 21 1+ |K(ky)|? 1+ |K(ky)|2 1+ |K(ks)|?

[K*(kl)K(—kg)(n6(k1 +kq) +iP )(nS(kz +kq)—iP

(Qlj(0, )Q*Q) =

X fie ke, (E)%

1 1 )
ki + ks ky + kg
—K*(kl)K(—kg)(n5(k2—k3)—iP L )(mS(kl —ky) +iP— )

ko — ks ky—ks

B ) ) IR | oo L
KC)PIR k)P 80k — k)= P ) (= — k)= P

186
ko + ks ) (186)

1
ky +ks
—K*(ky)K(=k5) (m’i(k1 +ks)+ 1Pk1 s ) (7'55(](3 + ko) — IPk3 n kz)

1
6(ks —ky) +iP
kg_kl)(n (ks — ko) +i ks—kz)
1 1
O0(kg—ky)—iP
K )(7? (ks 1) —i kg_kl)

ky —ks
1
o(ks +kq)+1iP s
)(Tf (ks 1) +i k3+k1)]

where we kept the shorthand fi, i, (t) = explit(Ey, — Ex,)](Ex, — E,)/(k; — kz) as in (169).
When arriving at (186) with Dirac-6 and principal value terms accounting for Q, we implicitly
implemented the procedure we have discussed in 5.1.1. It is easy to see that contributions with
two Dirac-6-s or two principal value integrals are zero. The first type because fi  (t) reduces

HR Gk PR (k)K" (k) (75 (ks — k) =P

+|K (kp)? (né(kz —kz)—iP

K (ky)PK (—k)K (ks) (7T5(k2 tho) P
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t0 fi, k, = v(k) (cf. (70)) and v(k) is an odd function; and the second type because of k; — —k;
(i =1,2,3) transformation. That is, we only have to deal with cross-terms.

There is, however, one subtlety, which is very important to stress although it does not change
the aforementioned conclusions neither the evaluation of the relevant terms in the topical case.
Namely, in (186) the order of integration matters, and although it is implicit, the order is such that
first the k; or k, integration is performed. This remark will only be important later on in Appendix
D.2.2.

Turning back to the evaluation of (186) and without specifying the details of the computations,
we present the resulting expressions for each line of (186) obtained by evaluating the cross-terms
(i.e., a Dirac-6 term multiplied by a principal value), where the asymptotic time-dependence is
obtained following a similar logic to the previous subsection. Denoting the lines of (186) by L1,
L2, etc., we have for L1 in particular that

L1 =i &% |K(k1)|2 1 eif(Ekl—Ekz)(k + k)P 1
2| 2m 21 (1 +|K (k)22 1+ |K(ky)|2 VR e =k, 187)
+l &% K*(kl) K(kZ) eit(Ekl—Ekz)(k + k )P 1
2 | 21 2m 1+ |K(ky)I2 (14 |K(ky)[2)2 PR e =k,

One can check that L1 = L2 and L6 = L8 and, focusing on the leading temporal behaviour, we can
extract two distinct contributions to which each line contributes equally. Namely,

d K(p)|?
_p2| | IK(p)

—— 4+ O(t? 188
2wy ) ()

L1+L2+L5+L7=—2J

where adding up L1 and L2, and L5 and L7 certain ©(t2) terms cancel each other. From the other
lines we have, similarly,

K 4
L3+L4+L6+L8=2jd—PZ|p|&|3+@(t_3). (189)
2n = (1+IK(p)P)
Altogether, we have that for
, . d K(p)I? d K(p)I* _
(Qlj(0, Q%) = —2f —pzlpl% +2f —pzlpl% +O(t7°). (190)
2 (1+K(p)?) 2 (1+[K(P)P)

We note that the stationary value agrees with the GGE prediction Eq. (290), that is
02(7) pugy I2=0 = (210, 00)QQ)°, (191)

using v(k) = 2k. It is straightforward to compute the numerical coefficients for the O(t™3) term
and to check that the 8 lines do not cancel each other, hence

(Qlj(0, Q%) =
-3

 396m

(36 (0)K®(0) + K*P(0)K'(0) — 24K* (0)2K'(0)*) + O(t ™).
(192)

= 812 (j)pbpp |A=0

5.1.4 Second order in A of ; ({2]j(0, t)|2);

In order to evaluate the 2nd order expansion of the symmetric quantity , (€2[;(0, t)|fl)fl, we need to
compute two additional correlation functions besides (£2]j(0, £)Q2|2)¢, namely (£2|Q2j(0, t)|2)¢
and (Q|Q j(0, t)Q|Q)¢. For (£2]Q2j(0, t)|2)¢ we find that

(21Q2 j(0, 1)) = ((Q1j(0, HQ*IQ)°)" =

-3
2 t

_ 193)
al (])pbpp|l=0 + 13967'[

(K7 (0)K®(0) + 3K*P(0)K’(0) — 24K* (01K’ (0)2) + O(t ™),
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and for (©|Q j (0, t)Q|Q), repeating the computation of the previous subsection, we have that

=3
i396mn

(Q1Qj(0, QI = 37(j)p,,, 12=0 (k¥ (0)k®(0) — K*@(0)K'(0)) + Ot ™). (194)

Summing up every bit, the second order expansion of , (2|;(0, t)|f)); gives
2 (212950, )20
A=0 =

» (QlerQ|) | (195)
(K (0K®(0) — K (0)K'(0)) + O(t™).

— 32(;

- ak <J>pbpp |l=0 - 13967T
Similarly to the first order expansion of the current, it can again be note that as long as K (k) = e®K (k)
with a real function f;, and a real number &, the t — type time-dependence is absent in the symmetric
expression, and one can check that the t~* term is the leading and non-vanishing component. For
generic K(k) = K; (k) +iK,(k), the t > time-dependence is the leading one.

6 The current 2-pt function after biased free fermion quenches

The main goal of this section is to demonstrate that the temporal cluster property or condition iii)
holds for integrable free fermion quenches. Additionally, as we shall see, we can also explicitly
highlight the validity of (44), that is, the convergence of autocorrelation type multi-point functions
to the NESS, in an appropriate sense.

In order to carry out microscopic computations (similarly to the previous one), we perform an
expansion in the exponential e*? or in |{2); wrt. the counting field and proceed order by order to
compute {€[j(0, t);j(0, t/)lfl”‘);)L and , (€]5(0, t)j(0, t’)lﬁ);, that is, for the deformed integrable
initial states.

Similarly to the expansion of the current expectation value the expansion may not converge for
certain times, in particular when t = t” = 0 and also for t = t’. In this case, however, the reason is
not the discontinuous state at t = 0. The only terms that diverge at these time instances, at least up
to the order we carried out our calculations, are the ones that are also present in the expansion of
the 2-pt function evaluated at the NESS. In fact the current-current autocorrelation function in the
NESS (using the time translation invariance of the NESS) itself diverges when t = t’.

Omitting such time instances from our analysis, we concentrate on the asymptotic time de-
pendence of this 2-pt function at zeroth and first order in A and our goal is to show that the
required strong enough temporal cluster property iii) is satisfied. First we focus on the non-
symmetric expectation value (Q]j(0, t)j(0, t’ )|S~2*); , and afterwards discuss the symmetric case
2(€1j(0,)j(0, t’)lfl)i. Similarly to the case of 1-pt functions, we can use the fact that when the
initial states are expanded wrt. A, calculating the fully connected correlation functions, now also
including @, takes into account the normalisation of the deformed states. To compute quantities
like (2]5(0, t)j(0, t)|Q)¢ and {2](0, £)j(0, t)Q|Q)¢ we use (177) and (178). In these expressions
H]E’l; and H]EZ; are replaced by f ,(t) and fk’p(t’), and H,(j; by (n5(p —k)— iPp%k).

6.1 Zeroth order in A of ,(Q[j(0, £)j(0, t")I2)

At the zeroth order this is equivalent to compute the 2-point function (2[5 (0, t)j(0, 0)|22) = (£2j(0, t);j(0,0)|Q)¢
as the expectation value of j is zero in the homogeneous state. Substituting into (177) it is immediate
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that

dk dp |K(K)I? 1
2121 1+ [K(K)]2 1+ K (p)|2
dk dp K*(k) K(p)
) 2rm2m 1+ [K(OR 1+ [K(p)2

(Q1j(0, )j(0, Q)¢ = el EE)(=) (ke 4 py?

(196)

ei(Ek—Ep)(t-l—t/) (k +p)2 .

From the above integrals via asymptotic analysis it is easy to obtain @(tf’) and O(t~2) behaviours
(with ty = t £t), and as expected, the integral for t_ is divergent when t_ = 0.

6.2 First order in A of (Q|;j(0, t);(0, t’)lfl*)g/1

This is equivalent to evaluating (€2[j(0, t)j(0, t")Q|€2)¢. Using (178) as well as performing the
thermodynamic limit, we can express it as

<Q|](O9 t)J(O)t )Q|Q> - 27'C 27'[ 27_[ X
K*(ky) 1 K(-ks) , o
[1 TRODR T4 KO 1+ Ky 2 e (s (8 )(”5("2 the) =P kg)
K*(kq) 1 K(—k3) / . 1
TTH RGP 1+ IKGR)P 1+ (K (k) ke e (8 )80k P —kg)
K (ky)I? 1 K (k3)I? , . 1
TTH RGP 1+ IKGRP 1+ K (k)2 ke s )(”5(k2 ~he) =P —ks)

K*(ky)  K(=ky)  |K(ky)?
1+ K (kp)I2 1+ |K(ky)2 1+ K (k3)|2
_ K*(kq) K(—k5) 1
1+ |K(k)I? 1+ |K(ky)I? 1+ |K(ks)[?
K(k))I*  K(=ky)  K*(ks)
1+ |K(k1)[2 1+ |K(kg)|? 14 |K(ks)|?
K (k;)? 1 1

1
fkpkz(t)fk:ss_kz(t/) (TEé(kl + kg) + IPkl + k3 )

1
Fia o (Of e, () (”5(k3 th) =i kz)

Feota O () 700k =)+ P

fkl,kz(t)sz,kg(t’)(ms(kg—kl)_ip 1 )

T+ IK(kOP 1+ KO)P 1+ IK(k)P s
KkDP  K(ok)  K*(ks) , o
T+ KR T4 KO 1+ K (k)P ket )(“5("3 s )] |
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Below we proceed line by line of the expression above. In particular, we compute the -
contributions as it is easy to see via the ky — —k;, kg = —ky,ks — —ks transformation that
the contributions originating from the principal value integrals are identically zero.

Eq. (197) gives rise to two types of temporal contribution, functions of t,. = t £ t’, respectively.
It is not hard to see that t_ type dependence originates from lines 2,3,6 and 7 of (197). Namely,
from line 2 the term

1 (dkydky p 5 vy K (k)| 1
L2== | =22 ) () 4 k) . 198
ZJ T Y (S DA I A
from line 3
1 [ dkydky g, —B y(e—t)) 2 |K(kp)P? K (ky)I?
[3=—= | —L=22,i(Eq—E ki +k . 199
2J arant 0 k) T S E T K (e PR (199)

and from line 6 and 7
L6=L3, L7=1L2. (200)
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Collecting them together

%%ei(Ekl_Ekz)(t_t/) (k1+k2)2 K (ky)P? 1
2m 2m (1+ K (kP2 1+ [K (k)P
[ dea dRs im0 4 gy y2 KGO KRy
2m 2w 1+ [K(kp)[? (1 + K (kp)[?)?’
(201)

(1j(0, (0, £l =

where the subscript t_ means that in the rhs only the t_ contribution is considered.
It is also immediate to see that {(€|j(0, t)j (0, t’ )QIQ)‘L equals the corresponding 1st order GGE
results, cf. Eq. (297) in Appendix 297, that is

91(j(0,6)j(0, 1), 110 = (1j(0, 1)j(0, )QI); . (202)

We can also analyze the corresponding time dependence in t_. Exploiting the quadratic dispersion
relation and using the integration variables k] = kj — ko, k), = k; + k, (accounting for a Jacobian
1/2), we can differentiate the expressions containing the K-functions wrt. k’, with the n-th derivative

yields a term
1

(i(c—t))n
Hence we have from L2 (and L7) a term O(|t_|~2) dependence; and from L3 (and L6) a term
O(le_I).
Eq (197) also gives rise to t -type temporal correlations. Proceeding analogously, we find that
these contributions originate from lines 1, 4, 5 and 8 of (197), and more explicitly they are

sgn(t —t’)

(n)r1./ 1Y) —
5 W (ky(t—t")) = oy

sW(K)). (203)

o L dkdky KU(k)  K(ky)
2 2m 2m 14K (k)2 (1 + [K(ky)|2)2

BB (+0) (e 4 1,)2 = o(t?), (204

1 [ diy diey K*(ky)IK (k)2 K(ka) s~y o0 2 —4
L4==- | ——= k1 ~Ek ky + k)2 = O™, 205
*=2) 2n2n A+ KEDP2 1+ KPS (ky +ky) (2, (205)

and
L5=L1, L8=14, (206)

respectively. Hence

dky dky K*(ky)IK (k)PP K(kp)
21 21 (14K (ky)|2)2 1+ |K(k,)|2

(€1j(0, 0j(0,t)QIR):, = el ~F) ) () 4 fep)?

. &% K*(kl) K(kz) ei(Ekl —Ey, )(t+t) (kl + kz)z
21 21 14 |K(kp)I2 (1 + [K(ko)|2)2
=0(t;?),

(207)

where the subscript t, means that in the rhs only the ¢, = t + t’ contribution is considered. These
asymptotic expressions were obtained analogously to the case of the t_-type correlations.

6.3 First order in A of ,(j(0, t)j(0, t’)lfl)f1

When considering the symmetric expression ; (€]j(0, t)j(0, t’ )Ifl)cA at the first order in A we also
need to deal with the term (©2|Qj(0, t)j(0, t")|2)¢. Exploiting the fact that

(©1Q (0,050, Q) = ((215(0, t)j(0, )RIQ)°) (208)
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we readily have that

(Q1Q(0,0)j(0, NIRY. = (Qlj(0,)j(0,t)QIN); =3, (j(0,)j(0,tNp, lr=0, (209
and that

* 2
dky dk,  K*(kq)  |K(ky)|"K(ky) oi(Ee, ~F,

P N+ (e 4 k)2
21 21 1+ |K(ky)|2 (1+ |K(ky)|%)? (kq + k)

(Q1Qj(0,0)j(0,NIQ);, =

| dkq dky K*(kq) K(ky) 1By —Ei, J(t+t) (y + Key)?
21 21 (14 |K(kq)|2)? 1+ |K(ky)|?
=0(t;?).

(210)

The O(t?) leading order contributions in ([j(0, t)j(0, t’)QlQ)i+ and (Q|Qj(0, t)j(0, t’)|§2)§+
are identical.

6.4 Opverall asymptotic time-dependence of the current 2-pt function

It is instructive to put together the pieces of the current 2-pt function and analyse its overall time
dependence. Up to first order in A, we have

2{17(0,0)j(0, 0I5 = Gy () + 95 (6) + AG; (t2) + AG{ (£.) + O(A*) =
_ [ dkdp KK 1
) 2m2n 1+ |K(K)12 1+ |K(p)|?
[ dkdp K*(k)  K(p)
21 2m 1+ |K(k)|2 1+ |K(p)|?
dk; dky K (ky)I*(1 — [K(kIPIK (k2)I?) i(Ex, ~Ex,
21 21 (1 + |K(kp)[2)2(1 + K (ky)[2)2
dky dky K*(ky)K (kg)(1 = K (ko) P IK (k2)I*)
21 21 (1 +|K(ky)|2)2(1 + |K (ky)|2)2

ei(Ek—Ep)(t—t/) (kl + k2)2

ei(Ek—Ep)(t-H/) (kl + k2)2

+A

K0 (kg + k)?

o 1B ~Ei ) ) (1 4 )2 + O(A2),

211)

where the functions g:(ti) correspond to the contributions in t.. at order n(=0,1) in A. We recall
that the asymptotic behaviour of g(;fl(t+) is @(tf’), whereas of g&l(t_) is O(|t_|™).

The first remark we wish to stress again is that, up to first order (included) in the counting
field, the time translation invariant bit in , (2| (0, t);(0, t’)lﬁ);, ie. gy (t2)+ A9y (to), equals
the corresponding contribution in the NESS, described by the GGE py,,(4). In other words, we
can explicitly demonstrate that when t, — oo for all t_,

 Jim 2 (8210, )70, £IER)5 = Go(t-) + AG1 (t) + O(A%)

= (1423 Tt [ popp(1) j(0,£)j(0,0)] 120 + O(A?),

where py,,, is normalised, and we exploited the time translation invariance of the NESS. This
finding strongly confirms the reasoning used in section 2.3, where we argued for the convergence
of multi-point functions in certain temporal domains in the hypercube spanned by t{, t,,...t, > 0.
Our second remark is that we can explicitly verify the fulfillment of iii) for , (€2[j(0, t)j(0, t’ )|£~2)§L
at least up to the first non-trivial order in the counting field, using the asymptotic time dependence of

~ ~ t_—
ggfl(ti). In particular, what we have to show is that t_ ; (€];(0, t);j (0, t’)lﬂ)f1 =0 uniformly
when t, t’ > 0. First we recall that we were able to write the functions goil(ti) as

(212)

+ f](:)tl |C(:)|:1| +
Yo, (te)— —|<— for ti>15,, (213)
3 t:t ti El
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+ +
0,1 0,1°

of the integrals associated to ggtl(ti). We need to study the behavior of these functions when ¢t_ is

for some positive 7, , and some positive constants c, ,, and for j(fl being the leading terms in t*
sent to infinity. Clearly, as ¢ is only a function of t_, t_§" (t_) — O which can be regarded as
uniform convergence. Now, focusing on the functions g0+ , We can assume t > t" without loss of

generality, and write t, = (t —t’) + 2t’ = t_ + 2t’. Therefore from (213), we have that

+ Joa [3%1 (391
0< lim |t_ t.)—t_.—————|< limt_ ——— < lim t_—— =0 214
t_—o00 ‘g0>1( +) (t_+2t’)3 t.—oo  (t_+2t')4 T t_—oo ti ( )
t,t'>0 t,t'>0 t,t'>0

(where used that t_ becomes larger than ’rg , in the limit) and at the last inequality we can bound
the expressions on lhs. uniformly, as t’ > 0. That is, we have that,

0<| lim t_ ¢+ (t)|= lim t ll/({l' < lim t ljar’ll =0 215
- t,l—r>noo —go,l i t,l—{noo T(t_+2t)2 T t,gnoo 3 (2135)
t,t'>0 t,t'>0 t,t'>0 -

where after the last inequality we can have a uniform bound for any t’ > 0. Henceforth

0< t}glawt_ggl(t+) =0, (216)

t,t'>0

uniformly, and since the function is continuous, we can omit the absolute value.

Finally, we note that just by the asymptotic behaviour of the functions ggfl(ti) it is easy to see
their contribution to the second cumulant, that is when integrating , (2]j(0, t)j(0, t’ )Ifl)fl wrt. to
both t and t’ from zero to T, cf. (37). In particular, we obtain O(T) contributions from Yo, (t2)
and O(1) contributions from g& ,(t1). In other words, we can explicitly see that the NESS bits
only contribute to the scaled cumulants as was demonstrated in Sections 2.3.

7 Conclusion and outlook

In this work we discussed a general framework and showed how it allows for the computation of
the fluctuations or the full counting statistics (FCS) of conserved charges after quantum quenches in
one-dimensional systems. Despite the non-trivial out-of-equilibrium problem, we demonstrated that
the time-dependent FCS can be expressed in terms of the fluctuations within the initial state, and of
the dynamical fluctuations of the current (associated with the conserved charge), still expressible
via thermodynamic and hydrodynamic quantities. More specifically, we focused on the fluctuations
of the integrated charge densities fé( dx q(x, T) for large X and “intermediate” times such that
{icro K T < X. That is, while T is much smaller than X, it is much larger than all microscopic
scales £ jicro» SO that the dynamics can be described by the emergent Euler hydrodynamics for
ballistic propagation of conserved quantities. In this regime, assuming the validity of large-deviation
principles with a linear behaviour, the scaled cumulant generating function shows a T-independent
linear growth in X with an O(X°) correction that scales as T at the leading order. Our results show
that the slope of the latter temporal behaviour can be obtained solely in terms of thermodynamic
and hydrodynamic quantities. In particular, it is related to the fluctuation of the current in specific
non-equilibrium stead-states, which can be evaluated using the Ballistic Fluctuation Theory and the
Flow Equations (which can be further specified and solved explicitly for integrable systems cf. (74)
and (75)).

The core idea of the hydrodynamic approach is to circumvent the problem of spatial long-range
correlations present on [0,X ] at time T, which give the main difficulty for directly computing the
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FCS of f(;x dx q(x, T) after quenches. This is accomplished via suitable contour-manipulations
inspired by [53], exploiting the continuity equation of Noether charges. As shown in this paper,

characterising the fluctuations of f(f dx q(x, T) boils down to dealing with that of f ;{ dx q(x,0)

in the initial state |¥) and f OT dt j(t) after the paradigmatic partitioning protocol, i.e., joining
two semi-infinite systems with different homogeneous states. The corresponding inhomoge-
neous state is a charge-biased, modified version of the original initial state |¥), proportional to
exp(A f OOO dx q(x,0))|¥) where A is the counting field entering the FCS generating function. This
recognition corresponds to what is phrased in (8), and is referred to as a non-trivial hydrodynamic
identity. As argued, under suitable circumstances, one can make a further step showing that this is
equivalent to evaluating the current fluctuation in the non-equilibrium steady-state emerging after
the aforementioned partitioning protocol. The advantage is that this non-equilibrium steady-state
is not affected by spatial long-range correlations. Specifying conditions that guarantee that there
are no new dynamical long-range correlations on time [0, T ], and specifying this non-equilibrium
steady-state, are the first new results of our work. Our manipulations provide a simple explanation
for how such an inhomogeneous problem encodes the physics of the time-evolved FCS after a
homogeneous quench. If the steady-state is a maximal entropy state, as generally assumed, the
lack of dynamical long-range correlations guarantees that the current fluctuations are encoded
by thermodynamic and hydrodynamic quantities via BFT, and in particular by the hydrodynamic
formula (9). The evaluation of (9) (that is characterising the non-trivial current fluctuations) is
possible by much simpler and tractable means if the system is integrable, i.e., through the explicit
form of the Flow Equations dictated by BFT.

The applicability of the fully hydrodynamic picture, formula (9), necessitates the fulfillment
of three conditions, out of which only the first one is required for the hydrodynamic identity (8):
the strong enough spatial clustering of the initial state |¥) (wrt. local operators); the relaxation
to the NESS after the bipartite quench; and a strong enough temporal cluster property of the cur-
rent operators in the bipartite state, (¥| exp(A fooo dx q(x,0))j(t)j(t") exp(A fooo dx q(x,0))|¥)e.
Here j is the current associated with Q, and we assume the temporal cluster property to hold for
higher connected multi-point functions as well. Also local relaxation has to be phrased slightly
more precisely, i.e., we assume that generic local operators, and also certain quasi-local operators
relax to a maximal entropy ensemble.

It is worth clarifying the importance of these conditions and commenting on the different
roles they play concerning various aspects. These range from conceptual ones, such as how they
contribute to the derivation of the hydrodynamic picture or how well-established certain related
manipulations are in the derivation, to practical considerations such as the difficulty of checking
their fulfillment and the predictive power of the hydrodynamic framework they allow for.

* The strong cluster property of the initial states is an important physical requirement, prac-
tically it is often easy to check and in fact most natural initial state satisfy this condition.
This property was crucial for some steps in our derivation, in particular, for the "Large-X:
separation between left- and right-contributions" and the " Asymptotic Commutativity"
property, cf. Sec. 2.3 and Egs. (29) and (33), accordingly.

In particular, based on this condition, the validity of the "Separation" step was rigorously
demonstrated for generic systems with a finite Lieb-Robinson (LR) velocity. For infinite LR
velocity, we analysed the case of non-relativistic free fermions in a perturbative manner (wrt.
the counting field). The behaviour of the lowest order contributions is strongly indicative that
this property holds at any order. An intuitive argument can also be put forward, namely, if
the occupation of high-velocity modes are suppressed enough after the quench, then relevant
physical properties of the system shall not be different from the case of finite LR velocity
(cf. Appendix A to link short range correlations of the initial state and decay of the mode
occupation). This intuition and the analysis of the free fermion case makes it plausible that
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the "Separation” step is valid in any short-ranged initial state and for generic short-range
Hamiltonians also admitting an infinite LR velocity.

The justification of the "Asymptotic Commutativity" property was carried out only for the
more general case of the infinte LR velocity but relying on the free-fermion theory again
assuming exponentially clustering but otherwise rather generic states. In this setting, we have
performed an order-by-order treatment up to third order in the counting field. The structure
of the terms and how the clustering correlation functions result in negligible corrections for
the factorised expression again promotes a more general validity of this property. However, a
broader analysis including interacting systems (with infinite LR velocity) would be clearly
desirable.

Additionally, we would like to briefly comment on possible connections among the following:
the analytic properties of multi-point functions in the initial state, the fast-enough suppression
of high velocity modes ensuring the "Separation” step, and the fulfillment of a linear-in-
T large-deviation principle for the current fluctuations, which has remained an implicit
assumption in our work. As shown by the analysis of 4.1.2, the finiteness of the scaled
second cumulant in GGE:s is linked to the sufficiently fast decay of the fermionic occupation
function and is guaranteed by two-times differentiable 2-pt functions at least in free-fermion
theories. Whether the smoothness of certain multi-point functions implies a large-deviation
principle more generally, and if yes, in what set of models, are interesting questions, hopefully
attracting more attention in the near future.

Finally, as we have already stressed, the cluster property together with the principle of
Asymptotic Commutativity, which we believe to be the consequence of the former, establishes
the hydrodynamic identity (8), which, however, has limited predictive power. For the fully
hydrodynamic hydrodynamic theory encapsulated in (9), the following two requirements are
also necessitated.

* The condition of local relaxation to a steady-state pygss(A) from exp(A/2 fooo dx q(x,0))|¥),
is also important. Whereas local relaxation to maximal entropy steady-states generally occurs
in isolated quantum systems, it must be mentioned that the characterisation of such states
can be extremely complicated. However, only the knowledge of these states can provide
predictive power to the hydrodynamic framework (9) of this work, at least in its present form.

It is worth noting that in some cases this task can be made easier via an intermediate step,
involving the relaxation after the quench of the left and right part of the systems to their
associated steady-states, p and pm, first. Then the asymptotic state is PNEss = Popps
where Py, 18 the NESS emerging after joining p and p™. In other words, the system

when quenched from exp(A fooo dx q(x,0))|¥) first converges to these two maximal entropy
states on its left and right sides, and the NESS in the middle region emerges from these two
ensembles further away in space. Importantly, we have explicitly verified this intuition in free
fermion systems for a special class of quenches in terms of GGEs, but the findings of [21]
confirms the validity of this idea for the Rule 54 model (i.e., an interacting integrable system)
as well.

However, the characterisation of either p or p(’u can remain very complicated. In free or
interacting integrable models, where the steady-states are generally GGEs, their determination
is known for integrable initial states, such as the squeezed-coherent initial states in the free
fermioin case. For such states, integrable or free dynamics also guarantees the local relaxation
from e*/2Q|W) to pgg_E o< pggee?t? where pga is the GGE emerging from the unbiased
initial state |¥). This is a non-trivial results originating from the specific structure of the
initial state, which we demonstrated in this work by explicit microscopic computations and

via the Quench Action method for generic integrable systems in [24].
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If the system and/or the initial state is non-integrable, as already mentioned, the computation
of the steady-state is generally difficult. There is, however, an interesting case, namely initial
states for which e*?/ 2|w) relaxes to pe’Q, if |¥) relaxes to p. In this case, the stationary
property of the steady-state and the non-equilibrium fluctuation relations imply that the
hydrodynamic picture (9) predicts a o(T) temporal bit for the non-equilibrium FCS, i.e., a
weaker than linear behaviour (cf. [24]). Note that in this case the hydrodynamic predictions
may not be valid since an O(T) behaviour in the FCS, was assumed to hold in our derivation.
However, the naive predictions imply either the temporal invariance of the FCS or a sublinear
growth in the cumulant generating function, which would be important to test by different
means and in other relevant class of initial states.

* The last condition about temporal clustering is a non-trivial requirement. In fact, it has to be
pointed out that checking it is highly non-trivial even in the case free fermion and integrable
quenches, and it is an interesting question, whether this condition can be replaced by any
other which might be easier to test. Another noteworthy comment is that (inhomogeneous)
quenches generally give rise to long-range correlations and clarifying under what circum-
stances they may be strong enough to violate the temporal cluster property is non-trivial as
well. This temporal cluster property is an important ingredient in the current formulation of
our hydrodynamic picture to compute non-equilibrium FCS, as only in the absence of strong
temporal correlations can this quantity be computed in terms of solely thermodynamic and
hydrodynamic properties of the system via BFT.

However, there are a few points to mention at this stage. An intriguing finding of the
companion paper [24] of this work is that the temporal cluster property is in fact violated in
the quenched Lieb-Liniger model, (that is, in an interacting integrable model). Nonetheless,
the same hydrodynamic picture (i.e., the same formula (9)) specifying the particle number
fluctuations still gives exact results up to the 5th scaled cumulant. In other words, long-range
correlations and the violation of the temporal cluster property still allow for the usage of
the fully hydrodynamic picture (9) in a constrained yet rather non-trivial and powerful way.
The other comment we wish to make is that at least in integrable systems, a rather new
theoretical framework, the Ballistic Macroscopic Fluctuation Theory (BMFT) [30,31] could
in principle take into account the effect of temporal correlations directly in quantities such as
the dynamical free energy [24] (accounting for the time dependent fluctuation of the FCS).
This method relies on the thermodynamic and hydrodynamic properties of the system as
well as on the knowledge of initial correlations. However, we leave the challenging task of
integrating BMFT into our current hydrodynamic picture for future work.

In our work an important role was played by non-relativistic free fermions for two reasons.
On the one hand, we could rigorously show certain steps in the derivation of the hydrodynamics
picture for the case of free fermions. Such steps are the "Separation" step with infinite LR velocity,
or the "Asymptotic Commutativity" property for which free fermions offered a transparent analysis,
despite the guiding principles underlying these properties are expected to be general. On the other
hand, we also studied integrable or solvable quantum quenches in free fermion models to study the
fulfillment of the required conditions in physically relevant situations, and to eventually cross-check
the hydrodynamic predictions. For the fulfillment of the physical conditions, we performed explicit
microscopic computations and obtained closed-formed expressions or carried out suitable series
expansion wrt. the counting field. Since the FCS after such quenches has been computed in
Refs. [20] and [21] by different means, independent cross-checks could be carried out easily to test
the hydrodynamic picture.

Finally, we would like to stress that the range of applicability of the hydrodynamic framework
(9) includes further interesting situations on the top of the ones we explicitly discussed. In particular,
the extensivity of the initial fluctuations (i.e., that the scaled cumulant generating function in the
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initial state scales linearly with X) can be relaxed, at least to cases when certain charges have no
fluctuations in the initial state at all. An example can be the spin variable and states defined on the
lattice with consecutive spin-up spin-down structure, such as the Néel state. In such case of zero
initial fluctuations, the contour manipulations do not alter the initial state. Moreover, the NESS
clearly remains a homogeneous maximal entropy state p of the original homogeneous quench prob-

lem (with dynamical partition function given by limy_, oo T71 >, InTr exp(£2A f OT dej(0,t))p).
In fact, in this case, for interacting integrable lattice models and integrable initial states, the fact that
the modified quench problem gives rise to a state that looks, at hydrodynamic scale, homogeneous,
and consequently the absence of the "hydrodynamical waft effect" [24, 58], strongly suggests that
this condition is actually satisfied. That is, in such cases, the hydrodynamic picture predicts that the
dynamical fluctuations of the specific conserved charge are encoded by the current fluctuation in the
steady-state after the original quench problem. The dynamical fluctuations can hence be expressed
by the (integrable version of the) Flow Equations which can be recast in very similar fashion to (74)
and (75) using the effective velocity and dressed quantities [21,24] but without any inhomogeneity
involved. An important consequence of our reasoning is that the results of [20], indeed generalise
to generic integrable systems and such non-fluctuating initial states with pair-structure, which are
necessarily integrable initial states [59].

Last but not least, besides the numerous aforementioned open problems, let us finish by
mentioning some additional natural directions and improvements that our work offers. It would be
particularly important to extend the hydrodynamic picture to generic X /T ratios and obtain the full
temporal behaviour of the FCS on the Euler-scale. Describing the time evolution of standard and
symmetry-resolved Rényi entropies (associated with non-Noether conserved charges) in interacting
cases is anticipated to be feasible within this approach and achieving this task would be of great
importance as a possible derivation of the quasi-particle picture and its generalisations. Finally,
elaborating on cases which violate the large deviation principle (such as the behaviour identified in
connection with "squeezed ensemble" [40]) is of high interest as well.

Acknowledgements

DXH is grateful to F. Hiibner and C. von Keyserlingk for inspiring discussions. The work of
BD and DXH has been supported by the Engineering and Physical Sciences Research Council
(EPSRC) under grants number EP/W010194/1 and EP/Z2534304/1. PR acknowledges support from
Engineering and Physical Sciences Research Council (EPSRC) under the New Investigator Award
scheme (Grant number EP/Y015363/1).

A Clustering of the free fermion integrable initial states

Whereas the strong enough clustering property 1) is expected to hold quite generally, in particular,
in initial states associated with ground states of gapped Hamiltonians, it is easy to show that the
squeezed-coherent free fermion initial states satisfy i) which we now explicitly demonstrate below
at least for the case of 2-pt functions.

First, let us consider densities of conserved charges. The density operators corresponding to the
class of local and quasi-local operators are always fermion bilinears with a general structure

1 f i(k—p)x
q(x)= o J dkdp q(k,p)alapel(k p)x 217)

Thanks to the Bogolyubov transformation (63) and (64) for the intggrable quench, the operators
in the connected 2-pt functions can be easily expressed via d; and &; which annihilate the initial
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state |2), (€|, respectively, and using Wick’s theorem the correlation functions are easy to evaluate.
This way we end up with

dk K@K

dk dk  K(k) ik(x—y)
21 1+ |K(k)|?

27 1+ [K(K)|? ’
(218)

QT (IR = f k=) QY (y)IR) = f

with (Q|y () (1)12)¢ = (2 ()yP(¥)I2)°)* and hence with

(Qlq;(x)g; (NI =
dk dp { IK(k)|*> qi(k,p)q;(p,k) K*(k)qi(k,p)K(P)q]‘(_ka_P)} i(k—p)(r—y)
2m2n |1+KOR 1+ KPR | 1+KOE  1+KEPE J° '

(219)

It is easy to see a 6(x — y) contribution in (219) and exponential decaying terms both in (218)
and (219).We start by clarifying that K(k) = K;(k) + iK,(k) with two real functions, therefore
|K(pk)|? is rather understood as Klz(k) +K22(k) defining a non-trivial complex function for complex
arguments. Using the theorems of complex analysis, |[K(k)|?> = Klz(k)+K22(k) as a complex function
cannot be a bounded function as it is assumed to be analytic and not a constant. Consequently,
on the complex plain there exists k* values with —1 = |K(k*)|?> and according to the residue
theorem (after subtracting the contribution giving rise to the Dirac-6 contribution) the decay of the
correlation function is e 2™*IX=¥| with the smallest Im(k*) and with some possible power-law
pre-factors.
Regarding O as a more generic local operator of the form

0(x,0) = f(P(x), BP(x), ..., YT (x), B (), ...), (220)

where ... indicate higher order derivatives and f is a generic function, we can use Wick’s theorem,
thanks to the properties of the initial state, and (218), which ensure that composite fermion operators
also give rise to exponentially decaying correlations.

B Factorisation property 2 in the 3rd order wrt. A

In this appendix we provide more details on demonstrating the validity of (137), that is,

<q;|e7uo|g+7tQ|§°(0)|\p> <\y|eMo|gelQ|§°(0)|\p>
oo = n oo
(\I/|e’1Q|0 (0)|q;) (q;|elQ|0 (0)|\p)

+0o(T), (221)

in free fermion systems, but generic, exponentially clustering and even parity states. In particular,
continuing with the series expansion started in Section 4.2 here we focus on the 3rd order, which
means we have to show that for the corresponding terms in (143), namely

A% (WIJ,QUIe) = (¥IQ[J,Q1Iw) — (¥|QI¥) (¥|[J,Q]Iw) =
= (2| [Q.[J,Q1] 1) = (¥I[J, [J,Q]] 1¥) = o(T)
holds in the aforementioned clustering states. For simplicity, we shall assume that fermion 4-pt

functions are free of divergences and use the cluster property (153) in what follows.
Staring with the evaluation of the two nested commutators, and first focusing on [Q, [J, Q]],

(222)
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we can write that

[@.1,Q)] = lim Jo‘jx J_Oiy Jo‘jz {G(y.2, T) L (O p(x), 9" (1) (2)]
—G(z, Y, T)LY (), 9 (2)p (1)1}
= lim J:;x J_Oiy J:;z {6032, 1) (5(x—y)—8E—xNY ()  (223)
—G(2,y, T)e (6(z —x) = 5(x — y DY @ (»)}
=—hmf dXJ dy {G(y, x, Ty (Y (x) + G(x, y, T ) (3)}

Comparing the above formula with the one obtained for the single commutator in (147) we can
immediately see that

w|[Q,1J,Q]1]1w) =0, (224)

since

(w[Q,1J,81] 1) =

roo 0 [oe)
—lim | dx f dy G(y,x,T)cCy_(y —x)—lim f dx J dy G(x,y,T).Ci(x—Y)
GHOJO —00 €0 0 —00

(ele} 0 (e3e]
_lin(l)J dxf dy G(y, x, T)€C+_(y—x)—1in(1)J de dy G(—x,—y,T).C,_(y —x)
% Jo —00 V) 0

(e%e] 0 0
—lingJJ dXJ dy G(y,x, T)6C+_(y—X)+1iH(1J dyf dx G(y,x,T)Cy_(x—y)
e 0 —00 e —00 0

=0
(225)

as G(—x,—y,T). = —G(x,y,T). and C,_ is an even function.
Turning to the other nested commutator [j L0, Q]], we can write that

[J,[J,Q]] = lim dedede J Az’ G(y,2,T) {G(y", %', T) ¥ (Y (=), ¥ T (y )P ()]

e—0
—G(, Y, Tl ()Y (2), 9 (2 )P (y)]} -
(226)

Working out the commutators using (146) and applying suitable changes of integration variables,
we end up with the following expression,

[i [J, Q = hm deJ ddez{G(x ¥, T).G(y,2, T)p (0 (2) — Gz, x, T).G(y,2, T).x

xp (Y (x) = G(x,2, T)G(z, y, T)ep P (¥) + G(y, %, T)G(z, y, T (2 ) (x)} -
(227)

To proceed with taking the expectation value of the above expression we only need to consider the
first and the third terms in (227) (as the second and the fourth can be treated in complete analogy)
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and which we denote as 4. This quantity can be written as

0 oo
A = deJ dyj dz{G(z+x,y,T)cG(y,2, T)e = G(y + x,2,T).G(2, ¥, T)c} C;_(x)
—00 0

0 oo
= def dyf dzI(y,z,x,T,€),
—00 0

due to the range of integration and to the fact that the function I integrand satisfies (as C,_(x) is an
even function)

(228)

I(}’,Z,X; T,E) :—I(Za}’,X’ T:E) :I(—y’—Z,—X, T,E), (229)

from which it follows that

0 [ee} 0 [e%e}
fdxf dyf dzI(y,z,x,T,e)=—deJ dyf dzI(z,y,x,T,¢€)
—00 0 —00 0
0 [ee] 0 [e%e]
=—fdxf dyJ dz I(—z,—y,—x, T,e):—fdxf dzJ dyI(z,y,x,T,e)= (230)
—00 0 —00 0
0 (o)
z—fdxf dyf dzI(y,z,x,T,¢€),
—00 0

and hence the integral of I is zero. That is, we have that
(v|[J,[J,Q]]1¥) =0, (231)

if the state | W) is translation invariant and parity even.
Our last task is to elaborate on the mixed expressions consisting of a single commutator and an
operator, (¥|Q[J,Q]|¥) and (¥|Q[J,Q]|¥). For the former term we can write

[ee} 0 [ee]
(¢1QLJ,QI¥) = lim J dxf dy J dz {G(y,2, T) (¥ [P ()P ()Y (¥ (2)®)
0 —00 0
—G(2,y, T) P[P )PP ()P} (232)

e e] 0 e e]
= lim J dxf dyJ dz{G(y,2,T)Cy_i_(2,x,¥,2)—G(2,¥,T)Cy_1_(x,x,2,¥)},
=0 Jo —o0 Jo

where C,_,_ denotes the corresponding 4-pt correlation function of fermion creation and fermion
annihilation operators. Using the fact that (¥|v(x)|¥) = 0, this function can be rewritten in terms
of connected correlation functions as

C+—+—(x; X, J’;Z) = Ci_+_(x) X, }’;Z) + C+—(O)C+—(y —Z)

233
i (x—2)C_(x—y) 4 Co (x—2)Ca(x—y), D

where we exploited translational invariance of the state and C,_(0) = (g(0)). We can immedi-
ately note that the expression C,_(0)C,_(y — 2) type expression plugged in (232) cancels with
(W|QIw)(¥|[J,Q]|¥). We rewrite (232) via the remaining expressions including the connected
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correlation functions as

(WIQ[J,Qllw) = g +CF +CF,

el = hmf dXI dyf dz{G(y,2,T)cC5_, _(x,%,¥,2)=G(2,y,T)Ci_,_(x,x,2,y)}

roo
GQ ——hm f dy dz{G(y,z T)eCyi(x—2)Ci, (x—y)
0 Jo —c0 Jo

—G(2,y,T).Cy s (x —y)CI, (x —2)}

r‘OO 0 roo
ng = llII(l)J dxf dy dz {G(J’, Z, T)6C+—(X _Z)C+_(X —y)
“~Jo —00 0

—G(z,y,T)eC+_(x—y)C+_(x—Z)}—lig(1J dyf dzG(z,y,T).Ci—(z—Y),
—00 0
(234)

where we used that all the 2-pt functions are translation invariant, and in addition, C, . (x) = C*_(x),

and C_,(x) = 6(x)— C,_(x). We now analyse first the terms Gg associated with products of 2-pt
functions before turning to the connected 4-pt functions.
Starting with GzQa we can repeat the steps of (150) and expand G,(y,2,T) (o< (y +2)/T +...)

oo o0
Gga = —f de dyf dz {((y +2)T~! + higher powers x T_”) Cii(x—2)C (x—Yy)
0 —00
— ((z + y)T ™! + higher powers x T_") Cri(x—y)CT, (x —z)}
C++(X Z)C (X J’) + C++(X }’)C (x —z)
+ — dx dy

=©(1)+o(T 1)=o(T),

(235)

where the integrals are finite, and higher powers refer to higher powers of the spatial coordinates
y and 2z, and T~ stands for increasing negative powers of T as the order of the expansion grows.
Analogously for we have that

r oo oo
ng =—| dx f dy J dz {((y +2)T ™! + higher powers x T_") Ci(x—2)Ci_(x—Yy)
0 —00 0

e

- ((z + y)T ™! + higher powers x T_") Ci(x—y)Ci_(x —z)}

rO (o)
— ] dy J dz ((z + )T~ + higher powers x T_”) Ci_(z2—y)
—00 0

_ i J dx J O dyfodoz Cr (x—=2)C, (x—¥)+Cy (x—y)C; (x—2)

Sl

=O(1)+0O(T™H) = o(T).

(236)
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For the bit GQ including the connected 4-pt function C{__,_ we have

= hmJ dxf dyJ dz{G(y,z T).C; ., (x,x,y,2)—G(z,y,T).CS _(x,x,z,y)} ,

e—0
(237)
and recognise, that due to the integration range either the y or the z argument is always far away
from the other coordinates. Accordingly, we can proceed the usual way, namely by expanding the
T-dependent oscillatory functions around the origin wrt. their spatial variables. By (144), we we
have that

e} 0 o]
:f dxf dyf z{((y+2)T 1 +..)C_,_(x,x,y,2)
0 —00 0

—((z +y)T1 + ) Cfr_+_(x,x,z,y)}

. [e%e) 0 (ele] c c

C S— _(X’x, SZ)+C —_ _(X}X’Z) )

——lfdxf d_yfdzJr+ 4 S d
21 0 —oo Jo y—z

=O(T™H+01)=0o(T),

(238)

where we used that for small arguments G,(y, 2, T) ~ (¥ +2)/T and that the integrals are finite
due to the exponential cluster property (153) and to the range of integration.

Finally, let us now elaborate on the last term (¥|J [J,Q]|¥), (as it is immediate to see that
C’ic = (W|J|W)(¥|[J,Q]|¥) = 0), which we write as

(WlJ[J,QIw) = 11rn deszf dy’ J dz'G(y,z, T)E{G(y 2/, T)x
(T Y)Y (I ()W) = G, ¥/, T)e (T (Y ()Y (2 ) ()W) }
= llmjdyfdzj dy’ J dz'G(y, 2, T)E{G(y 2", T)eChy_(y,2,¥",2")

—G(Z Y JT)€C+_+_(yJZJZ Y )} .
(239)

Assuming that (¥[1p7(y)|¥) = 0, we can easily express the 4-pt correlation function in terms of
the connected ones:

(T J,QIw) =Cy +C5  +Cy , +C5
—llmjdyfdzf dy’ f dz'G(y,z,T). [G(y 2z’ ,T)eCl_ (.2, y',2")
—G(z,y, T)eC_,_(y,2,2,¥")]
Cya =—lim f dy fdz f_oiy’ LOZZ’G(y,z, N [6(y,%, T)CS, (v, ¥)CE_(2,2)
—G(z, ¥, T)C5,(3,2)CE_(2,y)]  (240)
Cyp = lim J dy fdz f_oiy’ LOdOZ’G(y,z, N [G(/,2, T)C5_(y,2))C (2, ¥)
—G(z,y', T)eCE_(y,¥")CE (2,2 ]
GJ —hrn fdyfdzj dy’ J dz'G(y,2,T). [G(y z ,T)eCS _(y,2)C_(¥',2))
—G(z',y', T)eCS_(,2)C5_(2', ¥)] -
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For Gg o after suitable change of integration variables, we can write that

0 )
—f dyJ dz f dy’ f dz'G(y’ +y,2' +2,T).G(y',2", T).C . (¥)C}, (2)
—00 0

—GE +y,y +2,T).GE,y,T)C (¥)Ci,(2) (241)

0 [e%e]
:fdyjdzf dy’f dz'I'(y’,2’,y,2,T,e) =0
—00 0

due to the specific integration range and to the fact that
I/(y/) Z/) )’: z, T, e) = _I/(zla J’/, )’, z, T) 6) = I/(_)’/: _Zla _J’, -z, T, e) 5 (242)

which is a consequence of the properties of the G functions as well as the fact that the fermionic
2-pt functions are even ones in even parity states (cf. (230)). We can proceed in an analogous way
for GJ 5 and we make use of the fact that C__(x) = 8(x) — C,_(x). This way, again performing
changes of integration variables we have that

0 e3¢}
—J dyJ dzf dy’f dz'G(z' +y,y' +2,T).G(y',2',T).C._(¥)C_(2)
—o0 0

—G(y' +y,2 +2,T).GE,y', T).Ci_(¥)Ci_(2)
0 (%)
+ J d}’J d}’/J dz'G(y,y’, T).G(y',2", T).Cy_(y —2') (243)
—00 0

—G(y,%',T).G(z",y', T).Co_(y — ')

0 (e3¢
=defdzf dy'J dz'1"(y",%',y,2, T,€)+ A =0,
—00 0

where A = 0 is defined in (228) and where the 4-fold integral is zero as the integrand has the
properties

I”(J’/: Z/, )’, z, T: 6) = _I//(Z/, _)’/, J’aZ, T) 6) = I”(__)’/, _Z/: _}’, -z, Ty 6) . (244)
That is, we have that
¢3,=0,0,=0,0) =0. (245)

Now the only remaining bit the connected 4-pt function

= 11m fdy szf dy’ J dz'G(y,z,T).x (246)

x(G(y'",#, T).CS_,_(v,2,y,2) =G,y , T).C-_,_(¥,2,2,y")

Here we can proceed as previously and note that due to the restricted integration range for the
variables y’ and z’ the connected correlation function is not exponentially small only when all
the variables are close to the origin. Assuming the lack of divergencies, we again expand the T-
dependent oscillatory functions around the origin. Because G, can be splitto a T and an e-dependent
term, and we have two products of G, we shall investigate the corresponding contributions Gi (T, T),
C;(T,€), Ci(e,T), and C; (e, €) separately. In particular, approximating G for small arguments,
we can write

0 [e%e]
Gi(T, T)= fdy fdzf dy’f dz' (y +)T +.){(+2)T 7 +..) Cc_, (v,2y,5)
—00 0

— ((y’ +2)T71 + ) Cfr_+_(y,z,z’,y’)}
=O(T7?)=o(T),
(247)
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where we assumed the 4-pt function is regular and the finiteness of the integral follows from (153).

We can now repeat a very similar analysis for the cross terms coming from G.G, and first write,
after expanding G,(y,z, T),

0 (e3¢
Gi(T,e) = lim de fdzf dy’f dz/((y +2)T 1 + ) X

x (G1(y',2,e)C_,_(¥,2,¥",2)—G(z', ¥, €)C_,_(¥,2,2',¥"))

—llmfdyfdzfdyj dz’ ((y+z)T +.. )

y iiC+_+_(y,z,y’,2’)+Ci_+_(y,z,2’,y’)
27 y'—z’

=O(T™H)=0(T),
(248)

since the Dirac-6 terms from (145) do not contribute due to the range of integration and similarly,
the principal value operation can be omitted. For the other cross terms coming from G.G, we write

0 oo
Cy(e,T)= lim fdy szf dy’J dz’'G1(y,2, €)%

{(/+2H)17 P +.)C, (1.2,y,2)— ((y +2)T7 4. C, (1,22, Y}

o o o |-t 1,

<{((y/ +2)T71+...) C_, (.2,y.2 )—((y +2)T~ +...)Cfr_+_(y,z,z’,y’)}
=O(T™) =o(T),

(249)

where the integrals are finite due to (153). Finally, we invoke that

GJ(e €)= 11rn dejdzf dy’ J dz’G,(y,2, €)%

Gl(y Z G)C (.yzz .y Z) Gl(z).y E)C +_(}’;Z,Z/’}’/))

:defdzj_iy’fo dz’ —55(3/ _Z}x

1 C, (2y,2)+C . (v,2,2,Y)
X —_—
127[ y' =g

(250)

is finite as well.

That is, we have argued that also (¥|J [J,Q]|¥) = o(T), and in summary, that at the 3rd order
each term

(¥

Qw><mn+@wl)<kﬂf () — (E|QIE)(¥|[J,Q]I¥) = O(1)+ O(T ),
[J, 1]1w)

Wl [J o\5
(¥[[Q,1J,Q1]1w) =0, (®|[J,[J,Q]]1¥) =0.
(251)
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C Free fermion GGEs

In this appendix we characterise certain GGEs for the free fermion problem. In particular, we first
consider the GGEs corresponding to the integrable quenches, characterised by the state |Q) via
a K-function. Then we show the emergence of the modified GGE pGGEeZ’lQ after the modified,
homogeneous quench e*2Q|Q). Finally we compute the certain 1- and 2-pt functions in the NESS
emerging after the bipartite quench with initial left and right density matrices pggg and pé’lGE
where pggg is the GGE after the homogeneous integrable quench defined by a K-function.

C.1 The GGE after integrable quenches

It is well-known [46, 60] that GGEs in a free fermion system can be written as

1
PGGE = - €XP (—J dp ﬂ(P)a;,ap) . (252)

The normalisation can easily be expressed by using that Tr(a; a,)" =1and Tr1 = 2 and assuming
discrete fermionic oscillator modes monetarily. In particular,

Tr [exp (—/5 (p’)a;,ap/)] =1+ P@) (253)

from which, in very large volume

raraint dp’ -
InTr [exp (—f dp'B(p )ap,ap/)] = LJ Eln(l +e P )) (254)

and hence

dp’ /
7= exp[Lf (140 ))} (255)
27
In the GGE emerging after and integrable quench, (p) can be fixed by prescribing that
dp |K(p)|2 1 + / Nt
LJ ﬁw = ETI‘ dp apap exp| — dp ﬁ(p )ap,ap/ (256)
from which
L _K@P _1_[. rag
EW(P)P = ETr a,a, exp | — dp'B(p )ap,ap/
= —lTr J exp|— | dp’B(p")a’,a, (257)
Zz | 6B(p) PP
1 6z o

- = 1
Z56@) B

and hence e PP = |K(p)|? or B(p) = —In(|K(p)|?). Whereas the above explanation is completely
rigorous, we whall demonstrate it in the next subsection via microscopic computations as well.
Therefore the GGE after the quench reads as

1 ,
PGGE =  €XP ( J dp 1n(|1<(p)|2)a;,ap) (258)

with
Z = exp [LJ g—iln(l + |K(p)|2):| . (259)
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Now we can continue by computing

TI'[O(t, X)PGGE] =: <O>PGGE’ (260)

where O is a generic local operator which can be cast as a bilinear of the creation and annihilation
operators. In any free fermion GGE written in terms of number operators we have the following
relations

K(p)I?
1+ K(p)P’

+

(a;ap/>PGGE =0, <aPaP')PGGE =0, <a;ap/>pGGE =5(p—p’) (261)

together with the applicability of Wick’s theorem. Recalling the form of the operator O(t, x) in
infinite volume

o(t,x) =f . ho(p, p)ala, el®Px e it(EEy)
V21 /21 PP (262)
n ;%(p,p/)a;a;/e—i(p+p’)xeir(Ep+EP/) n Eo(p’p/)apap/ei(erp’)xe—it(Ep+Ep,) ’
it is clear that
Tr [O*Wt,x)pééiE] = [O__(t,x)pégE] =0, (263)
and from O™ only the diagonal parts have non-vanishing expectation values. That is,
2
00 ] = | 2RI H (264

C.2 Microscopic demonstration of the emergence of the biased GGE after integrable
quenches

Below we show that

(Q]e*220(0,0)e}2QQ) . (Q10(0,0)e*R) 1 22Q
Jim, (Qle*QQ) = im (QleQQ) _ﬁTr[O(O’O)e Poce] (265

for generic local operators O after integrable quenches. While below we do that via microscopic

computations in the free fermion model, we mention that in [24] the authors provided a general

derivation valid for interacting integrable models using the Quench Action method. The GGE

density matrix is defined by the integrable quench |©2) whose explicit form is well-known but for a

self-contained presentation, we shall recall this result and its derivation at the end of this section.
We first consider the case of the biased homogeneous initial state

Q)2 =eM22Q), Q) =€), (266)
and the non-symmetric expectation value

(@lo(t, x)e*?Q) _ (210(t, x)Q)sn
(QlerQ|Q) 2(Q192)2

= (Q|o(t, x)e* Q)¢ = (QlO(t, x)I)S, (267)

but the analysis is straightforward to repeat for the symmetric cases ; (Q|(.)|), as well and the
only difference regards the time evolution of operators that do not commute with Q.

We start by rewriting the biased initial state in finite volume as can be done directly and in an
easy way. The key observation is that

*Qq), =N, | [eri®eaera®aa (1 + K(k)ala',)[0) (268)
k>0
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as q(k) = q(—k). The above expression is is easy to evaluate, since

[d'a,a']=d" > [(d"a)",a"]=d, forn>1,— [eﬁh“i‘a, a'1=(eP"=1)d", (269)
therefore

e/lQm)L :NL—I/Z l_[ exq(k)aZakexq(k)aT_ka_k (1 n K(k)a;';aik) |0)
k>0

=N, ] [(1+k(K)eP1@ala’, ) 0),
k>0

(270)

or in other words, the K-function K (k) merely modifies to K (k)e**4®). Considering for simplicity
a quadratic, but generic local operator O(x, t) and writing it as

1 N i(p—p))x —it(E,—E,)
o(t,x) —ZZho(p,p )a;ap/elp L s
p.p
+ }”lzk)(p’p/)a;a;e—ii(p+p’)xeit(Ep+Ep/) + flo(p,p')apap/ei(p+p/)xe_it(EP+EP’)

=0 +0"+0,

271)

we have to deal with 3 types of terms. From its a'a part only the p = p’ elements are non-vanishing
consequently no space or time-dependence is originates from the diagonal term, as expected. The
corresponding expectation value is easy to obtain. Focusing on a single bilinear a;a with a fixed
p, we have

p

(Qlajape* ) (01 Ty (1+K* (Ve ar) afa, [Tiso (1 + K(K)e*Mazal, ) 0) (272)
(QlerQla) [Tiso (1 + K (k) [2e22a(00) |

Form the products, only k = |p| and k = |p| have to be taken into account. For positive and
negative p, we have

(Qla;apem|§2) IK(p)[2e2M00)
(Qle*Q|Q) 1+ |K(p)[2e2tak)

(Olaspal, o) (273)

respectively, where |[K(—p)| = |K(p)| and q(p) = q(—p) were used. Therefore, summing over all p
values, we have

Q0™ (£,x)e’Q) 1 K (p)|2e224®) “ dp
= Z;ho(m = o=

K (p)[*e*}4®)
2 0PI k) e
oo
(274)
in the thermodynamic limit. We can easily evaluate the a’a’ and the aa type terms as well. In
these cases only p = —p’ terms from the expansion of O**(x, t) and O~ (x, t) give non-vanishing
contributions resulting in the overall expression. In particular,

(QlerQ|) 1+ |K(p)[2e2rae) —

(0l (1+K*(p)a_pa,)aia’, (1+K(p)e?®Pala’,)0)

(275)
(1+ K (p)[2e22a@)
contributes to .
K*(p)hg(p,—p)
(p)ho(p,—p ’ 276)
(1+ K (p)I2e22a(®))
and a; aip amounts to the same factor due to g(p) = q(—p); whereas
(0] (1 + K*(p)a_pap) a,a_, (1 + K(p)euq(p)a;aip) |0)
277)

(1+ K (p)[2e2a())
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yields

K(p)e**1®hy(p,—p)
(1+ |K(p)|2e2ra®)
Therefore, again performing the thermodynamic limit as well, we end up with the final expression

(Qlo(t, ) [~ dp B (0) K (p)|2e22®
Aaly, ) 2r O T (p)Rerra®)

< dp fl*{)(p)K*(p)eZiTEp + ho(p)K (p)e?Map)e—2TE,

+ Py .
2m 1+ |K(p)|2e2ra(p)

(278)

(279)

—0Q

and it is easy to see that for the symmetric initial state only the time dependent part gets modified to

2(Q210(t, x)|Q) 5 :fw dp IK(p)|?e2*)

Sk h
L{QI19), 2oy IK(p)[2e22a(®)

—00
J > dp h5(p)K*(p)e* B eX4P) + o (p)K (p)etPe 2T E
oo 2T 1+ |K(p)|2e2*a(p)

(280)

If now we send t to infinity too, we obtain

(le*2%0(t,x)e* Q) _ . (2l0(t,)e*|Q) _ f°° dp

- 21

K (p)|?e*44@
m
o0 (QlerQQ) 5% () .

1+ |K(p)[2e2ra®”

(281)
which equals the expectation value wrt. pggge~"™* as shown in Appendix C.1 upon substituting
IK(K)|? by |K(k)[2e229(K) in the corresponding expressions.

ho(p)

22Q

C.3 Bipartite quenches and A-expansion for free fermion GGEs

We first consider expectation values of the 1- and 2-point functions in the NESS emerging after
the partitioning protocol at ray lim, ;o X/t = & = 0. The aforementioned NESS is a maximum
entropy state and can be written as a GGE. The initial condition for the partitioning protocol can be
written as

R
pin o< (paee)” ® (PEgE (282)
where the R and L superscripts mean that the density matrices are constrained on right and left

semi-infinite halves of the system and we assume them to be normalised as well. The NESS can in
fact be described by a GGE py,,(4) [61]

oo

oo 0

0
1 4
Popp(A) = i exp ( J dp In(|K(p)PPe** 1) ala, +J dp ln(IK(p)IZ)aI',ap), (283)

and by the filling function filling function
Obpp(k) = O(v(k)OLIKI*1(k) + O (—v(K))O[|K [*e**](k), (284)
same as in (69) and by the fermionic contraction rules
(a;a;/)pbpp =0, (apap’>pbpp =0,
<all;ap’)pbpp = 5(p —P/)G(P)

|K(p)[*e44(®)
1+ [K(p)[2e2*a(p)

K(p)”

+6(p—p"Ou(p)7 TKQE (289

= &(p—p")Ou(-p)
(apal)p,,, = 5(p —p)G(p)

=6(p—p")Ou(—p) +68(p—p")Ou(p)

1
1+ |K(p)I2e22a(p) 1+ |K(P)I?’
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together with the rules of Wick’s theorem, since the above GGE is Gaussian. We used the shorthand
notation

Tr[0(0,0)pppp(A) ] =: (0) P (286)
We evaluate the 1- and 2-point functions in this GGE and expand them up to 2nd and 1st order in A,
respectively. The charge and current densities can be generally written as

1 1
6i(x,0) = o~ Jdkdp e k=P g.(k, pala,, ji(0, 0=o- Jdkdp e EE (ktp) q;(k, plala,,

(287)
for local quantities.

C.3.1 Current 1-pt function in the GGE py,,,

It is easy to evaluate the expectation value of the current in the non-equilibrium steady-state after
the partitioning protocol described by above GGE (j) Popp and also its value at the first and second
orders wrt. A. Note that it is sufficient to focus only on the particular current associated with the
charge whose FCS we are interested in, since we are eventually interested in autocorrelation type
multi-point function of this current in GGE-s and after the biased quench. The entire expectation

value is given by

S k k)12 0 k k)|2e27a(k)
W= |, Srn0 0+ [ SEvoao KO 28
PP 0 2T 27

1+[K(®I2 ) o 1+ |K(k)|2e22a(k)
and hence
0 oo
. _ dk K> dk K(k)|*
al(])Ppr'lZO = ZJ_OO %V(k)Q(k)W = —f_m %W(k)M(k)W .

(289)

For the second order, we have

0
. dk K(K)?(1—|K(k)|?
32 (o l1m0 = 4J S0 D C )

- (290)

B % dk o JK(R)P(1— K (K)[?)
——2J 2 I R =

—0Q0

C.3.2 Charge 1-pt functions in the GGE py,

It is easy to evaluate the expectation value of the charge in the non-equilibrium steady-state after the
bipartitioning protocol described by above GGE (g,.) Popp and also its value at the first and second
orders wrt. A. Note, that to argue for the fast enough emergence of the above NESS, we need to
consider all local charges, hence we will use the subscript x to distinguish them, but it can refer to
a quasi-local charge with a continuous index as well. It is also important to distinguish the parity
even and odd charges, therefore we shall you the corresponding superscript e or o as well and we
keep in mind that the charge, biasing the GGE is an even one. The expectation value for both even

and odd charge densities is given by

dk K(K)|? ° dk K (k)|2e2*a00
(4 oy = f (i) +f (i)W e (291)
0

1+ KO 1+ |K (k) [2e22a(®)

—0Q

and hence

( e) | _JOO d e( )ﬂ
D! P 12=0 = - (1+|K(k)|2)? (292)

(q2>pbpp |A=0 =0,
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since q(k), and g, (k) are even and q,.(k) are odd functions; and

‘ ° dk KR dk . KR
83(45) pugy 1m0 = 2 J 27 SRR G e ome = f_oo O NGB

, * dk o K (k)2
010Dy 1m0 = = Lo 2 B OO T oy
(293)

For the second order, we have
0
dk IK(K)[*(1— K (K)?)
82(a%) p, lazo = 4f —qt(k)q*(k)
A K pbpp oo 2 (1 _|_ |K(k)|2)3
< d

_ k oy 204 KA - K(K)P)
_zf o 20 MO Ry 299

o “ dk o K21 — K (k)2
3f<q,<>pbppla=o=—2j %Sgn(k)q,((k)qz(k) AT IKIORY

—0Q

C.3.3 Current 2-pt function in the GGE py,,,

Regarding the 2-point functions, for our analysis it is again sufficient to focus only on the particular
current associated with the charge whose FCS we are interested in. For this two-point function, we

simply have that
. . / C _
(J(O) t)]((); t )>pbpp -

1 : i /—E )t 1
(2m)? J dkdpdk’dp’ elCEx EP)tCI(k,p)(k +P)€1(E" Ep )t q(k’,p") (k" +p’) <a1£ap’)Pbpp <apak’>pbpp
dk d — —t’ ;
J ap l(Ex—Ep)(t—t )qz(k,p)(k +p)2 G(k)G(p).

21 21
(295)

To obtain its value at the first order wrt. A, we have
8,470, 0(0, )5, |10 =

dk d w L .,
J o zfr BB =02k, p) (k + p)* (G (k) G(p)ls=o + G(k) G'(P)|5—0)

_ 9P s g ) |K(k)|? 1 (296)
=2 J_ J (e p) e+ P e e ome2 T+ K ()P

_ aK P ik, 1) 2 2 K()I? K(p)I?
ZJ_OO 2m J_oo 2m ¢ A N R OBk

and eventually

d,(j(0,£)j(0, )5, | —0 =

d_P i(E—E,)(t—t") 2 2 K (k)* 1
J 2 J_oo 2m ¢ TPkt P R oPR TH RGP 297)

_ dk (7 dp i (e~ K(k)I* K(p)I?
J_oo x J_oo 2r € P () )G e

where we recall that g(k) = q(k, k).
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D Relaxation of conserved densities to the NESS for free fermions

In this appendix we eventually demonstrate that quenching from |€), in free fermion systems,
conserved densities converge to a NESS pngss(A) and the corresponding density matrix also equals
Popp(A), where py,,(A) is the NESS of a slightly different partitioning protocol defined in (22).

D.1 1-pt functions of parity odd conserved densities and their approach to the NESS

Now we consider the relaxation of parity odd local conserved densities. The main recognition is,
that the treatment of these densities is completely analogous to the charge of a parity even density.
This is because they have the same parity properties and consequently the corresponding function
H ,((1; has the same symmetry properties, given that g?(k, p) is an odd function (upon changing sign
of both variables, i.e., q7(—k,—p) = —q;(k, p)). This means, that we can readily write down the
results of the series expansion for any local odd currents, using the results of the previous subsection
i(Ek_El’)tqlf’(k, p). As clear from the notation, throughout this appendix we
will label the parity odd local charges as g7 where i is a non negative odd integer number (53).

by specifying H IEI; ase

D.1.1 First order in (Qq°(0, £)|Q2*),; wrt. A: the current expectation value (Q|q?(0, t)Q|)°

Regarding (©2|q{(0, £)QI2)¢, we can immediately write that

kl+p/ 2 « k/+p/ p/_k/
~ 1 [ dk’dp’ /. "+k" p"—kK'\ P |[K(—=—)|*+K*(——)K(——
(qul?(O,t)QIQ)C:—f—ie‘kpf ‘?(p P )'—l Sl (GK(T)

1 ) l k/ / /_k/
2) 2n2n 27 2 R a+IK(EGEPA + K(ESHR)
(298)
from which the stationary value is
~ dk |K(k)|?
Q|q?(0 Qf=—| — K)gP (k) —————= . 299
(Q1q7 (0, 00)QI2) f2n sgn(k)q;'( )(1+|K(k)|2)2 (299)

It is now easy to check that this expression equals (289), that is, the expansion of the GGE
expectation value (q?) Popp UP 1O first order after the partitioning protocol, since v(k) = 2k.
Regarding the time evolution, for local odd parity charges, we have

(Q1q7(0, )RIN)® = 32(a7) p,,, Ir=0 + O™, (300)

but the actual exponent is actually larger than 3 and depends on i in a monotonous way (but
not strictly monotonous); these details are not important for our purposes to demonstrate the
convergence to the NESS.

D.1.2 First order from the symmetric expression ; (fZIq?(O, )|,

When considering ; (2|g°(0, £)|2), we also have to deal with (Q|Q g?(0, £)|2)° at the first order,
similarly to the case of the current 1-pt function. Omitting the completely analogous calculations
we readily have

(Qle*22g0(0, 1)eM?Q Q)
(QlerQ|Q)

A =0 = 33{a}) pyp, l=0 + O™2), (301)

with an actually again an i-dependent, larger then 3 exponent. Contrary to the case i = 1, the

leading order asymptotic time dependence may differ for larger i-s when the symmetry and the
asymmetric expectation values are regarded; but this dependence is at least t > in any case.
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D.1.3 Second order in (©2[q? (0, t)|$2*),, wrt. A: expectation value of parity odd densities
(QlgP(0, 1)Q%|Q)¢

Utilising Eq (178) and eventually (186) we can repeat the analysis and the treatment of the second
order expression of the current 1-pt function. Omitting straightforward steps, we arrive at

(Q1g7(0, Q) = 95,41 pypy la=0 T O(ET). (302)

Similarly to the first order case, the eventual asymptotic time dependence is stronger than t > where
the exponent again monotonously depends on i. This dependence is not strictly monotonous, but
the asymptotic time dependence from the second order is no stronger than that of the first order, as
we checked fori =1, 3, 5.

D.1.4 Second order from the symmetric expression ,L(fz|q;’(0, ),

In order to evaluate the 2nd order expansion of ; (Q|q$(0, t)|),, we need to compute two additional
correlation functions besides (£2|q? (0, £)Q?|2)¢, namely (Qleql‘.’(O, £)|2)€ and (Q2|Q q?(0, £)Q|Q)e.
These can be done analogously to the case of the current. The end result is also analogous: the
second order expansion gives

,(Qle*?2q3 1 (0,0)e*??|0)
* (QlerQ|)

la=0 = 354a{) pyyp l2=0 + O™2). (303)

Similarly, the eventual decay is stronger than t > for i > 1 but it is not stronger than the corre-
sponding behaviour from the first order as checked for i = 1, 3, 5. The exponent may be different
(weaker) in the symmetric case than for the asymmetric expectation value.

D.2 1-pt functions of parity even conserved densities and their approach to the
NESS

D.2.1 Zeroth and first order in , (|qf(0, 1)I2), wrt. A

When the zeroth order is considered, it is immediate that
dk K (k)I?
Qe (0,0)|2) = | —m—F—F—=
(Qlq; (0, 0)I2) J 2n (L4 KO
without time dependence, since the initial state is translational invariant and Q; is conserved. Clearly,
(304) matches with (292), that is

(Q|Qf(0, f)eAQlﬂ) (Q|el/2qujC(0’ t)e)l/ZQlQ)

p— €
(QlerQ|2) A=0 (QlerR|Q) A=0 <qi>pbpp|A:0'

q; (k), (304)

(305)

Regarding (Q|q5 (0, )QI2)¢, according to (177), that we have
dk dp |K(Kk)|? 1

(Qlgf(0,QIQ)° = e“Ek—Ep)fq;?(k,p)(mS(p—k)—ip ! )

21271 1+ [K(K)|2 1+ |K(p)2 p—k
K*(k) K(p) i(Ek—Ep)t e ( _ s )
T KORTH KRS | dkep)(moktp)miPo o )
(306)

Non-vanishing contributions only comes from the Dirac-6-s: the contributions from the principal
value integrals vanish, which can be seen by performing the transformations k — —k and p — —p.
We can therefore write the integrals as

dk _ K(K)?

(21g5(0, QIR)° = J 2 A IKOREL (307)
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It is also obvious that (€2|g;(0, t)Q|Q)¢ = (Qqu‘;’(O, t)|Q2)€ and it is immediate to check that this
expression equals (293) when q(k) = 1 (i.e., when the FCS of the particle number is regarded),
that is, the expansion of the GGE expectation value (q5) popy UP O first order after the partitioning

protocol and regarding the time evolution, no time-dependent term is obtained in the first order in
A

(Qlq: (o, £)e* Q) (Q|el/2Qq?(0, £)eM22|Q)

—0 = _=208,(a° o
A QlerQQ) A=0 " %4 ) =0 = 0A(4q;) py,,, 11=0

(308)

D.2.2 Second order in A(fz|q§(o, )|, wrt. Az (Qlqs (o, )Q%|Q)¢

The analysis is the second order expression is slightly more complicated. Using (178), we arrive at

) dk, dk, dk 1 1 1
Qlac(0. )O2|Q) = ke B Bt 1(Ek—Ek)tf'3kk
(92lq; (0, )71 om 21 21 14 KGR 1+ IKGE 1+ KRS - ditkike)

1 1
6(k, +ky)—1iP
) k3)(“ (ka +ks) 1k2+k3)

—K* (k1)K (—ks3) (m‘S(kz —k3)— iPk2 i 5 ) (n5(k1 —k3)+ iPk1 1 kg)

)(né(kz—kg)—ipkziks)

. 1
LK () PIK (k)P (na(kg k) —iP
P—s

K (e K (=) [K (K )2 (n5(k2 +k3)— 1Pk2 " kg) (ﬂ5(k1 +k3) + 1Pk1 " kg)
—K* (k1)K (—kz) (nﬁ(kl hs) P ) (“5“{3 tha) P kz)

+|K (kK (—ko)K*(k3) (nS(kg —ky)—iP ) (Tté(kg, —ky) + iPk3 i kz)

1 1
+|K (k)|? (né’(kz —k3)—iP — ) (na(k3 —kl)—IPkS - kl)

1 1
O(ks+k iP .
k2+k3)(ﬂ: (3+ 1)+1 k3+k1):|

1
ks — ki

—|K (ky)PK (—k)K*(k3) (ﬁ5(k2 +k3)—iP
(309)

Since q;(k,) is an even function, we find that, performing the change of variables k; — —kq,
ky — —k, and k3 — —kg, that by symmetry, the non-vanishing contributions come from multiplying
two Dirac-0-s, or two principal value terms. This means, that the treatment of (309) is slightly
different from that of the parity odd current. It is easy to see that the Dirac-0-s contribute to
time-independent expressions, which are immediate to evaluate

dk |K(K)|* — |K(k)|*
2m (1+IK(K)1?)?

(2g5(0, 00)Q%Q)° = f qs(k) = %af (@)py =0 (10)
However, the double principal value terms also contribute to such time independent term. In
particular, we have recall that the order of integration matters in such case, and in (309) the first
integration is performed wrt. k; (or k;) as we claimed in Section 5.1.3 and as we shall now
demonstrate it explicitly.

Concentrating on the order of integration, the easiest way to see this as follows. One has to
realise that when the charge operators are multiplied, the correct way of writing their contribution is

—i i
kg—kl_iekg—k2+i€,

e—
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and sending € to zero (corresponding to first integrating the charge density up to a fine region and
then extending the upper boundary of this region to infinity). The term (311) is therefore present
in all in 3-fold integrals of (186) and in this rewriting the order of integration does not matter.
However, writing

—i i
li =|mé(ks—ky)—1i
61—I>I(1)k3—k1—i€k3—k2+i€ (TC ( 3 1) 1

)(n5(k3—k2)+i ) (312)

P P
ks — ki ks — ks
that is, using the (170) for a product like (311) is only allowed if first the k; or ko is performed.
This is due to the fact that k5 appears in two terms, whereas k; and k, in only once. Unlike k;
and k,, ks approaches two poles close to the real line; moreover, it is not obvious how to carry
out the contour manipulations (discussed in 5.1.1) if first the k5 is intended to be performed and
ki = k,. On the contrary, if first the k; and/or k, integration is performed no ambiguity appears. In

summary, we eventually have that, in the distribution sense,

i
:l:kl—iel k3:|:k2+162

lim J dk, dk, dks c

P
313
kgikl) G13)

. P R
= Jdk3fdk2f dk; (n5(k3 :I:kl)—lk3 ikl)(n5(k3 :I:k2)+1k3 :I:kl)

where from the third line the order of integration goes from the right to left in f dk;.

However, to evaluate (313) within (309), it is useful to perform first the integration wrt. k.
Changing the order integration for the principal value integrals can be carried out thanks to the
Poincaré-Bertrand theorem, which claims that

fdkg, Jdkz fdkl 5 i Kk i kz—nzé(k3:|:k1)5(k3:|:k2) = Jdkl Jdkz fdkg 5 i s i 5

(314)
in which the integrations wrt. k; and k, can be exchanged. The way how the "double principal
value" integration is understood in the rhs. of (314) is as follows: the integration wrt. k5 can
be performed for any fixed k; # k, with |[k; — k,| > 2€ > 0 and afterwards € (regulating the
principal value integration) is sent to zero. After this step, the k; — ko limit can be applied. We
shall explicitly demonstrate the evaluation of such term in Appendix D.2.2. Using (314), we can
eventually rewrite (313) as

. P P
fdkgfdszdkl (n5(k3:I:kl)—lkgikl)(né(k:),:l:k2)+1k3ik1)

P P
= | dk dk dk O(ks £k,)—1i O(ka £ ko) +1i
J 1f 2J 3(”(3 1) lkgikl)(n(s 2) 1k3ik1
+ 25 (ky £ k1)8(ky £ ky).

P
ks % ky

) (315)

Applying the aforementioned consideration to the problem of evaluating (309) by first carrying out
the ks-integral (as the oscillating functions are independent of k3) we can proceed by focusing on
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only the integrands from all the double principal value terms as

dk; dk, dk dk dk dk
1 2 3 P(klij: k3: t) _J 3 J 2 f 1 P(klakZ:k3: t)

21w 21 27
dk3 dkz dkl 1 i(Ex, —Ex, )t e
it “(kq,k
J f 2n 1+|K(k1)|21+|K(k2)|21+|K(k3)|26 k)
1 1 1 1
—K*(k;)K(k P P K*(k)K(k P P
[~ ekt (P ) (P ) + K ko) (= ) (P= )

)P )P (P ) (P2 ) - Gkt (P ) (P )

i Gk k) (P ) (P )~ IKGROPR Gk ) (P ) (P2

Hk )P (P ) (P )+ IKG0PK G ) (P ) (P ) |
(316)

Hence we find, according to (314), that

k k k .
Jd 3Jdk2Jd 1 P(k]_:kZ)kS:t)_J d ljdszd > P(kl’kz,kB’t)

dk1 dkz dk3 1 BBt
“(kq,k
J J f 2m 1+|K(k1)|21+|K(k2)|21+|K(k3)|26 k)

[—K* (k1)K (k3)7o (ks + k1)1 (kg + ko) + K™ (k1)K (k3) 76 (k3 — k)6 (ks —k3)

—|K (k1) P|K (kg)* 118 (ks — k1 )76 (kg — ky) — K*(ky )K (ko)IK (k) |* 716 (k3 + k1) 76 (ks + k;)
+K* (k1)K (ky) 78 (ks + k)18 (ks + kp) — K (kq)|*K (k )K* (k)8 (ks — kq )76 (ks — k)
+HK (k) |* 16 (ks — ky)78 (kg — ko) + |K (ky ) K (ky)K* (k3) 5 (ks + ky )78 (ks + ko) ] -

(317)
It is now easy to see that the additional 6 contributions emerge in (309) which yield
1(dk q;(k) 1
— | — ————[4lK(k)I*—4|K(K)|*| = =22(¢® 0> 318
4J 2% 0T KIOPY [41K (e )2 = 4IK (O] = 58465 pypp |10 (318)

that is, we have that

dk dk dk
(Q1g5(0, Q%N = 32(af) |2 f — f - f o Plkaks, ), (319)

where P(kq, ko, k3, t) is defined in (316).

Now we would like to comment on the time dependence, that is, the convergence to the NESS as
well. It is easy to see that the double principal value integrals in (319) are regular, at least for t > 0.
It is also immediate that for large t, the asymptotic time-dependence can be approximated as t=3/2,
which can be seen by replacing the integration variables k; — k; 4/t and exploiting that the dominant
contribution to the integral comes from regions close to the origin, either due to the suppression
of the K-functions, or to the oscillatory exponential function. However, it is less obvious whether
non-time-dependent bits may be present. If we still assume that |[K(k)|? = K;(k)? + K,(k)? as
a complex function is entire and analytic and also tends to zero at |k3| — oo on the upper half
complex plane, we can be slightly more precise. In this case, we can perform the integration wrt.
ks in (319) and use that

dk P 1 i flEky) — f(Eky)
f 2 3)k3¢k1k3:Fk2 (fsf( 3))k*:Fk1k*:Fk2 2 ok O
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where we applied the residue theorem for f (k3) assuming that it is complex analytic and has one
single pole at k3 (on the upper half complex plane Im k3 > 0) for simplicity, and we also used
the "half-residue” theorem to evaluate the pole contributions at £k; and +k, from the principal
value terms. Applying (320) to each term in P(kq, ko, k3, t) is again easy to see by the k; — —k;,
k, — —k, transformation in the integrands, that all (f (k;) — f (k5))/(k; — ks) type contributions
from (320) vanish. Hence, we end up with the residue contribution of 1/(1 + |K(k3)|?) and the
expression

dk dk dk
J 1 f Zf 3 P(klakz’kBJ t)_
1

dkydk, 1
21 21 1+ |K(ky)|2 1+ |K(ky)|?
1 1 1 1

—K*(ky)K (K} + K* (kK (KX
[ (kDK )k*+k1k*+k2 (K )k* ky ki —ky

1 1 1 1
—K*(k)K (k)|K (K|
k* P (k1)K (ky)|K (K3)] ik Tk

1 1 1
K(k)|*K (ko )K*(k*
k*+k1k*+k2 — |K (k1)K (k) (3)k§_k1k;_k2

1 1 1 1
+Kk 2K (ko )K* (K — .
Kk k= |K (kq)|“K (ko)K*( )k§+k1k§+k2}

1
i(Ex, —Ex, )t e k. k R
ek Tk (1, 2)1( es*—1+|K(k3)|2)

(321)
—IK (k) PIK (k)P ——

+K*(ky)K (ko) 75—

+K (kp)I?

Because each term in (321) is multiplied by at least one functions (K(k;)) which is at least
linear at small k;, the asymptotic time dependence, using the rescaling argument k; — k;+/t is at
least t~3/2, but q;(ky, ky) # 1 eventually makes this decay even stronger. To summarise, we can
claim that

(QUg5(0, )Q%IQ)° = 81(af)py,, Ia=0 + O ™>?) (322)

asymptotically for any i, that is, for any parity even local conserved density operator. In other words

2Q
,(Q1g8(0, e )

o i) ln=0 = 874} pyy l1=0 + O ™/%). (323)

D.2.3 Second order in A(fllq?(o, t)|2), wrt. A; the symmetric expectation value

To obtain this quantity, we also need to deal with (Q|Q q; (0, £)Q|2)¢, noting that

(1Q? ¢80, )I2)° = ((R0gE(0, )Q?0))" . (324)
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Using (178), we arrive at

(Q2lQg5(0,)QIN) =
_[dedkod 1 1 1
) 2m 2m 2m 14 |K(k)I2 1+ K (k)2 14 |K(k3)|

: 1
[K*(kl)x(—kg)e‘@kr@s>qu(—k1,kg)(ns(kz tky)—iP )
ky + kg

. 1
(7‘[5(1{1 — kz) —IPkl —kz)

) 1
(kK (kg B g ) Ky — ) + P
1~ A3

I . 1
IR Ol PR Cks) e B g, ) 5k — k) = P )
27 R3

+K*(kq )K(_kz)|K(k3)|2€i(Ek3_Ek2)tqie(k3; —k3) (7T5(k1 +k3) +iP

1 (325)
ki + ks )

kK (g)es~qe(—k, k)  8ks + ko) =P
3+ ky

+|K(k1)|2K(—k2)K*(k3)ei<Eks—Ek1”qf(ks,kl)(na(ks—kz)+1Pk - )
37 "2

+|K(k1)|2e“Ekaks)fq$(k2,kg)(na(kg—kl)—ipk - )
37 K1

RGP K ke 785, ) (3t + k) 1P )
3 1

Since g;(k, p) is an even function, we find that, performing the change of variables k; — —kq,
ky — —k, and k3 — —kg, that by symmetry, the non-vanishing contributions come from multiplying
two Dirac-8-s, or two principal value terms. This means, that the analysis of (325) is similar to
that of (309). The Dirac-6-s contribute to time-independent expressions, which are immediate to
evaluate

dk KO = [K (k)
21 (1+K(O2)?

~ ~ 1
(21Q45(0, 00)AI) = f =53, liz0  (326)

However, in complete analogy with the previous term, (€2|q5(0, t)Q%|Q)¢, the double principal
value terms also contribute to such time independent term. In particular, we recall that in (326) the
first integration is performed wrt. k; or k3. However, as the oscillating function is independent on
k,, it is worthwhile change the orders of integration and first carry out the k,-integral. Denoting the
integrands from all the double principal value terms as

dk, dk, dk,

—= P(kq,ky, kq,t) :=
2T 27 27 (1) 2> 3:)

dk, dkj dks 1 1 L.
21 2m 2m 1+ |K(k)[2 1+ |[K(ky)I2 1+ |K(ks)|?
* * i — e ]. 1
{1 R )+ K g 0B gy, R PP
[ (kK (—ks) + K (ky)[2] €25 ) e (e, ey )P—— P
l ky—ky ky—ks
. 1 1
+[1K(kp) 12K (k) [? — [K (k) PR (—kg)K* (k) | e Fra~E)t g8 (kg p )P P
l ky—ky ky—ks

(B, — 1 1
+[K*(kq )K (—k)IK (k3)1? — [K (k) |PK (—kp)K* (ks ) ] eFhs ~E2)t g (K5, —k, )P P }
ki—ky ki+ks

(327)
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we can rewrite the expression by relabeling integration variables as

dk; dk, dk dk dk dk
f 1 2 3 P(klakZJ kBJ t) _f 2 f 1 f 3 P(klszJ k3: t)

2m 21 271
dk, dk; dks 1
21 21 21 1+ |K(k))|21+ |K(k2)|2 1+ |K(k3)|2

|tk - - - ) - - c )k Ce—ks) - P c ) - P kB)

R (k) PIK () 2 (k;kg ) (kz L kl) + K (kg )K (k3)|K (kp ) (kz . kg) (kz g kl)

R (e )R (k) (kz i 3 ) (kz JI: kg) ’ 'K(k"’)lzK(_kz)K*(kl)(kz = ks ) (kz - ky )

P P P P
+|K (k 2( )( )—Kk 2K (k3)K*(k ( )( )]
K0P () (e )~ KO PR O 00 (i ) s
Now, according to (314), we find that

dk, dk; dk dk dk dk
f 27: 277:1 21 . P(kl,kZ’ k3’ t) _,f 1 J Bf 2 P(kla kz; k3: t)

f dk [K(k)I* =K (K)I*

X ei(Ekl_Ek3)th(k1, k3)x

(328)

(329)

2n Q+ Ko 4R

The principal value terms can be evaluated assuming the analyticity of |[K(k)|%. Using (320) and
accounting for the residue contribution of 1/(1 + |K (k,)|?) we can write that

dk dk dk
f 1J BJ 2 P(kl;kZJkB:t)_

_ J%% 1 L n e(kl,kB)l(Res—l )

21 21 1+ |K(k1)|2 1+ [K(ks)|? ;14 K (ko)
[K (kl)K(k?’)k* +ky k; Jlr kg, RO T k1 k;—ks 1 ks (330)
_K*(kl)K(kZ)k; Jlrkl k;j—kg ek 2)|2 k1 k;— : ks
—IK(kl)Ile(kg)lzk* _k3 k +K*(k§)K(k3)IK(k1)|2k* n k3 = i X
—|K(k3)|2K(k*)K*(k1) k3 5= L — K (k3)IPK (k3)K* (k) o k3 = Jlr kl]

Repeating the argument in the previous subsection, we can say that each term in (330) is multiplied
by at least one functions (K (k;)) which is at least linear at small k;, the asymptotic time dependence,
using the rescaling argument k; — k; v/, is at least t /2, but q; (kq,ks) # 1 eventually makes this
decay even stronger. To summarise, we can again claim that

(Q1Q 450, QIR) = 87(q5) p,,, Ir=0 + O ™>?) (331)

asymptotically for any i, that is, for any local parity even conserved densities.
That is, we have demonstrated that (QIQqu(O, t)|92)¢ and (QIQq?(O, £)Q|2)¢ behave the same
way, which implies that

, (20e*224(0, )e/22|0)

% (Qlekém) lr=0 = 8}%(q?)pbppllzo + @(t—g/z). (332)

73



SciPost Physics Submission

D.3 Quasi-local charge densities qg"’(x, t)

Concerning the behaviour of the quasi-local charges, it is useful to recall (55) and focus first on
qq(x, t). In the Fourier basis it can be written as

1 . . N
9a(,0) = o~ f dkdp BBt P (k, p) aya, (333)

where now q,(k, p) = e7P% = cos(ap) —isin(ap), hence q,(x, t) itself can be split into an even
and an odd operator and we can readily use the results of the previous subsections. Similarly, for
ql(x, t) we find that q:;(k,p) = ek = cos(ak) + isin(ak). Accordingly, it is immediate that

(Qle*2%g,4(0, 1)e*>9|Q) 3

_ —3/2 .1 .—
lr=0 = 01(qa) pyy, lam0 + a1t —ibyt

e (334)
(Q1g,(0, )e*?|0) o
ey A0 = Gldadey, a0+ i1,
and similarly for the second order
(QleUZQq (O,t)el/2(~2|ﬂ) . o
% (QTeAQIQ) 1=0 = 35 {da) pyyy 10 + Aot 32 _ip,t~3
: (335)
AQ
5 (g, (0,0)e™ ), DU
e 0T O el + a5,
Therefore, accounting for the g, part as well, we have that
(mex/zéqp (0, t)e’mélﬂ) .
(QTeAQm) =0 = a)t(‘lﬁ)pbpph:o +O(t™ %)
(Qlq5(0, )e?|Q) (336)
qal0, t)e B
A (?ﬂemm) lr=0= 3A(qg)pbpp|;t:0 +O(t™ %),

where p= e or o, refers to the parity even and odd self-adjoint densities of the quasi-local charges,
and a, = 3/2, and a, = 3. For the second order, similarly, we can write that

5 (Q1e*2Qg0 (0, )e*2Q|0)
& (QleQ|)
, (Q1qh(0, )e*?|Q)
A(Qlern)

lr=0 = 312 (qg)pbpph:o +O(t™%)
(337)

la=0 = 35 (a0 py,, 1=0 + O(£™%).

E Bogolyubov transformations

In this appendix we elaborate more on the microscopic treatment of the inhomogeneous quench
(Q]e}2" O (x, £)e*2Q5° (0)|Q)¢ via an appropriate inhomogeneous Bogolyubov transformation
and show where the approach breaks down. To ease the notation, we shall focus on the particle
number and denote Q|;°(0) by Q.

Let us start by specifying the inhomogeneous microscopic initial state and the Bogolyubov
transformation which makes it formally tractable. We have canonical fermion operators a; and a;

and their linear combinations d; and C_l; which annihilates the homogeneous squeezed-coherent
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initial state |Q2) and its adjoint (€|, respectively. This can be phrased as

a,|Q) = «/__f dx e * [wap(x) — v T(x) ] 122) = 0, for Vp,
(338)
J__J dx e* (0] ukzl)T(x)—vk"L/J(x)] 0, for Vp.
The modified, inhomogeneous state is
) =¢390), and (] = (Qle3? = (e3%0))' (339)

and we can obtain another set of operators d; and d;, via the similarity transformation. We have
ay, a;i diagonalizing the ’initial Hamiltonian’ (in terms of those, the homogeneous vacuum |£2) is a

squeezed state). Then we have ay, C_l;i which annihilate |2). Then we have a third set of operators,
A, Ezl’< which annihilate the inhomogeneous vacuum |2)]

w|>»

- s i
a =e2%e 29, and @4 =e 2%, e29, (340)

which satisfy

) = e 2 e 2 7Q|Q) = e 22, Q) = 0 i)

(Qla, = (leMQe a1 eM2 = (qlale? = 0.
Importantly, the operators d, and c"l; are not canonical. Although ak = a " and {a,,d;} =0and
{N’ al o} =0, {d,,a} # 6(p—k), which is easy to see and we demonstrate shortly. However,
via the algebra these operators define, they facilitate, in principle, a completely legitimate way of
computing correlation functions and, additionally, they can be expressed in a particularly compact
way. Using that

AA AA ~ 2 ~ ~
e2?0e7 2% =0+ %[Q,O] + % (%) [Q,[Q,0]]+... (342)
and that
[Q,¢(x)] = —0x(x)Y(x), [QY(x)]=06n(x) (x), (343)

we end up with
a = J% f_mdx ek [ (e720h(x) + O (—x)) (x) — V(e 2O (x) + O (—x)) (%) ]

P T _
a=da = EJ dx e [w (6720 (x) + O (=) (x) — vi(eM20h(x) + Ox(—x)(x)] .
—00
(344)
We now demonstrate the transformation is not canonical. It is easy to see that
{ar,a,} =—0(k + p)(wev_i + viuy) =0, (345)

due to the properties of u and v, the former being even and the latter odd. For {dy, &;}, we have that

oo
+ 1 .
{aa) = J dx e P w740y (x) + Op(—x)) + vy (€O (x) + Oy(—x))
—00

1 _ .
=5 (ukupe At vkv;‘e’l) (7I5(k —p)—iP

1
346
k_p) (346)

)
_p,

1 . .
+ o (ukup + vkvp) (n5(k—p) + 1Pk
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that is the transformation is not canonical unless A = 0.
The essential question is whether we can invert the transformation in order to express the original
operators a; and a; in terms of @, and &1/)’ whose algebra we know and which annihilate the inho-

mogeneous initial state |2) and (€|. Introducing the field operators v (x) and )’(x) corresponding

to & and dj, satisfying {yp(x), Pp(x)} = {4p'(x),9’(x")} = 0 and {¢(x),9’'(x")} # 6(x —x),

and
oo

oo

1 . 1 )

U(x)=— dke**u,, and V(x)=— dk ey, (347)
27 oo 27 oo

we can use the real space representation of the transformation (346) (where U(x — x”) contains a

6(x — x”) piece as well). This can be written as

[zp(x)}_ f T i [ U(x —x")@5(x") —V(x—x’)el(x’)][w(x’)
'(x)

- V=)0, (x)  Ulx—x)8,(x") a/ﬁ(x’)}’ (4%

-0
with
©,(x) = e20y(x) + Oy(—x)

349
8,(x) = e*?0y(x) + Oy(—x), 9

which we further rewrite as

G [ [ Use—x)  —h(e—x)[ ()
|:J)/(x)i| - f_wdx [_Vl*(x — x’) Uy(x _x/) :| |:¢T(x/):| (350)

using the notation, for simplicity,
Uy(x —x)=U(x —x")0,(x"), and Vi(x—x")=V(x—x")0;(x"). (351)

Inverting the integral kernel in (348) is not obvious due to the presence and the particular
alignment of the ©; and ©, functions, but can be carried out, in principle, using known formulas
for inverting 2x2 block matrices. These formulas dictate that the inverse transformation is given by
the kernel

Uyt o+ Uy Vi (U =V e Uy V) VU —Up eV x (Up — Vi U * V)
— (U= ViU V) Vi 5 Uy (U, — Vs U 5 vp)” ’
(352)

where each star denotes a convolution. Whereas the inversion of U or U, is easy via Fourier
transform, namely
Uy (x —x") =6,(0)Ft u ' 1(x —x'), (353)

(where F¢~! denotes the inverse Fourier transform and V is not invertible, but its inverse is not
needed), inverting (U2 —VixUy, Ly V1) or, equivalently,

(1-U ViU 1) = (1— %K) (354)

is non-trivial. In particular, this step is not known how to carry out in real space, and in Fourier
space one faces the following difficulty. In real space, K = U, L Vi x Uy 1%V consists of
both convolutions and multiplication of functions (due to the ©,, factors, which do not cancel),
hence after Fourier transform K can only be expressed again in terms of both multiplications and
convolutions. For the inversion of (1 — %) in Fourier space, K should be expressed solely in terms
of multiplication of functions, which is not the case. Therefore, although (1 — K) is invertible
(unlike V, itself), (1 — % )~! can only be obtained by a systematic expansion.

In summary, despite the linear nature of the bipartite microscopic quench problem, we are not
aware of any mathematical method which could provide closed-form predictions.
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