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Abstract

We construct two classes of continuous phase transitions in 341 dimensions be-
tween gapped phases that break distinct generalized global symmetries. Our analysis
focuses on SU(N)/Zn gauge theory coupled to Ny flavors of Majorana fermions in
the adjoint representation. For N even and sufficiently large odd Ny, upon imposing
time-reversal symmetry and an SO(Ny) flavor symmetry, the massless theory realizes
a quantum critical point between a gapped phase in which a Zy one-form symmetry
is completely broken and a phase where it is broken to Zs, leading to Zy/s topolog-
ical order. We provide an explicit lattice model that exhibits this transition. The
critical point has an enhanced symmetry, which includes non-invertible analogues of
time-reversal symmetry. Enforcing a non-invertible time-reversal symmetry and the
SO(Ny) flavor symmetry, for N and Ny both odd, we demonstrate that this critical
point can appear between a topologically ordered phase and a phase that spontaneously
breaks the non-invertible time-reversal symmetry, furnishing an analogue of deconfined

quantum criticality for generalized symmetries.
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1 Introduction

The Landau theory of phases and phase transitions is a cornerstone of twentieth-century
physics. In this framework, phases are distinguished by the global symmetries they preserve
or spontaneously break, as detected by the expectation value of a local order parameter.
Continuous transitions are associated with universal critical exponents that depend on the

symmetries and number of dimensions of the system but not on its microscopic details.

Much of modern condensed matter physics is dedicated to phases and transitions that are
not captured by Landau theory. Topologically ordered phases do not have any local order
parameter but are characterized by long-range entanglement and excitations with fractional
statistics [1, 2]. There also exist symmetry-protected topological phases (SPTs), which do
not have topological order or symmetry breaking but nonetheless cannot be deformed into
a trivial product state as long as a given symmetry is preserved [3-8]. These states are
characterized by their response to background gauge fields or by the 't Hooft anomalies
of their boundary states. Similarly, with a global symmetry, topological orders may be
distinct as symmetry-enriched topological phases (SETs) [9, 10]. They may have a different
response to background gauge fields that probe the symmetry or have distinct patterns of
symmetry fractionalization—the excitations can carry different fractional quantum numbers

of the symmetry.

While substantial progress has been made on topological phases themselves, a general
theory of phase transitions between them is lacking. An important first step in develop-
ing such a theory is to identify examples of these continuous topological transitions. Some
examples of continuous transitions between phases with distinct topological orders are well
known in (241)d. For example, gauging the Zy global symmetry of the (2+1)d Ising tran-
sition leads to the confinement-deconfinement transition of Z, lattice gauge theory [1, 11].
However, in (341)d continuous transitions between phases with different topological orders
remain elusive since most of these transitions turn out to be first order [12-15]. Although
topological transitions may still arise from gauging the discrete symmetry of an ordinary
symmetry-breaking transition [16, 17], examples beyond these are rare. Therefore, it is of
great importance to identify models with continuous transitions between phases with distinct
topological orders in (3+1)d.

A possible source of insight on this problem comes from generalized global symme-
tries [18-26]. Two kinds of generalized symmetries will be important for us. The first is
higher-form symmetry. An ordinary global symmetry acts on local operators through uni-

tary (or antiunitary) symmetry operators that are topological and supported on codimension



one manifolds. In contrast, the operators for a ¢-form global symmetry are topological but
are defined on codimension ¢+ 1 manifolds and act on operators supported on ¢g-dimensional
manifolds. Another generalization, non-invertible symmetry, has symmetry operators that
are topological but have no inverse and thus are not unitary. An ordinary global symmetry

is then said to be an invertible zero-form symmetry.

Generalized symmetries can be useful since this perspective allows us to draw analogies
with conventional spontaneous symmetry breaking (SSB).! For example, Abelian topological
orders may be viewed as spontaneously breaking an emergent discrete invertible one-form
global symmetry.” In (2+1)d, the braiding of two Abelian anyons results in a phase factor,
which can be interpreted as the action of a one-form symmetry associated with the worldline
of one anyon acting on the other. Similarly, non-Abelian topological orders arise from the

breaking of emergent non-invertible one-form symmetries.

Topological phase transitions can thus be viewed as part of a broader effort to under-
stand transitions between phases that break different generalized global symmetries. This
perspective has led to the development of an analogue of Ginzburg-Landau theory for in-
vertible one-form symmetries known as mean string field theory (MSFT) [27]. While MSEFT
accurately captures phases and topological defects, it is difficult to use this framework to an-
alyze phase transitions reliably, primarily because string observables have many more degrees

of freedom than local operators.

In this work, we present two families of continuous phase transitions between phases
that spontaneously break different generalized global symmetries. Our analysis focuses on
PSU(N) = SU(N)/Zy gauge theory coupled to Ny odd flavors of Majorana fermions in the
adjoint representation, a theory we refer to as PSU(N) adjoint QCD. Imposing an SO(Ny)
flavor symmetry and time-reversal symmetry constrains the allowed deformations to a single
relevant operator: a common mass term for all fermions. Tuning the mass m can then induce
a transition between distinct gapped phases. Similar constructions in SU(N) gauge theory,
which partially inspired this work, were found to host unconventional SPT transitions [28]

and symmetry-breaking transitions [29, 30].

LOf course there are also important differences. In realistic condensed matter systems, generalized sym-

metries are often either emergent or appear only in fine-tuned limits.
2To define SSB for a zero-form symmetry, we perturb the system with a local symmetry-breaking field

h(z) and examine whether the expectation value of the order parameter is nonzero if we first take the
thermodynamic limit and then h(z) — 0. This definition does not generalize to one-form symmetries since
the observables are nonlocal. Instead, the appropriate criterion involves the expectation value of pairs of
oppositely oriented loop operators wrapping nontrivial cycles; nonvanishing correlation at large separation

indicates spontaneous symmetry breaking.



For sufficiently large N¢, when the fermions are massless, the theory will be either an
interacting conformal field theory (CFT) [31, 32] or an infrared (IR) free theory, with the
gauge coupling becoming small at low energies. The IR free theories are typically of limited
interest to high energy theorists since their IR dynamics are simple by construction, and the
gauge coupling becomes large in the ultraviolet (UV), rendering the field theory ill-defined
at high enough energy scales. However, this issue is unimportant from the perspective of
a low energy physicist, who regards the PSU(N) adjoint QCD theory as an effective field
theory valid near a phase transition, just as ¢* theory describes the (3+1)d Ising transition.
Moreover, in the IR free case, since the gauge coupling becomes small in the IR, we can be
sure that there is a direct continuous transition at m = 0 and can easily compute critical
exponents reliably. For this reason, we focus on the IR free theories in this work, but we
note that the topological transitions we observe may also occur for a theory with a smaller

value of Ny with an interacting CFT at the transition.

For m > 0, at energies far below the fermion mass, we can integrate out the fermions to
obtain pure PSU(N) gauge theory with vanishing theta angle. This phase has a Zx magnetic
one-form symmetry, which becomes spontaneously broken at low energies, leading to Zy
topological order (i.e., Zy toric code topological order). The point-like anyons are magnetic
monopoles of the PSU(N) gauge theory, but since we view the PSU(N) gauge theory as
an emergent theory of a condensed matter system, we emphasize that these quasiparticles

should not be confused with magnetic monopoles of the U(1) electromagnetic field.

For N even and Ny odd, the m < 0 phase flows to PSU(N) gauge theory with’ 6 =
TNN;. As we discuss below, the theta term induces partial breaking of the Zy one-form
symmetry to Zs, resulting in Zy/, topological order enriched by the SO(Ny) flavor symmetry
and time-reversal symmetry. For N > 4, this transition is between SETs with different
topological orders. The N = 2 case, corresponding to gauge group PSU(2) = SO(3), is a
transition between a phase with Zy topological order and an SPT state, providing a novel
example of a continuous confinement-deconfinement transition. To our knowledge, this class
of models is the first in (34+1)d with an exact one-form symmetry that have an unambiguously
continuous transition between phases with different patterns of one-form symmetry breaking.

When the fermions are massless, the symmetry of PSU(N) adjoint QCD is enhanced
by a family of non-invertible time-reversal symmetries [33, 34], which are associated with
topological operators T,, that act on the PSU(N) theta angle as ¢ — —0 + 27n, where
n is an integer mod N. For n € NZ, this transformation reduces to the usual invertible

time-reversal symmetry. This observation raises a natural question: What phases arise if

3The normalization of the PSU(N) theta term is such that 6 has periodicity 2w N.



we perturb the critical point by operators that preserve both the flavor symmetry and a

non-invertible time-reversal symmetry T,7

Once again, the symmetries permit only a single relevant local operator that can tune
a continuous transition between two gapped phases. An important non-perturbative con-
straint indicating a potentially rich phase diagram is that, for N odd and n > 0 such that
ged(N,n) > 1, the theory exhibits an anomaly: no single ground state can preserve both
the Zy magnetic one-form symmetry and the non-invertible time-reversal symmetry. In-
deed, when these anomaly conditions are met and Ny is odd, we show that the relevant
deformation controls a transition between a phase with topological order and a phase that
spontaneously breaks the non-invertible time-reversal symmetry. In the special case n = 0,
the time-reversal symmetry is invertible, and the transition will be between a phase with

Zy topological order and a phase that breaks time-reversal symmetry spontaneously.

To illustrate this kind of transition in a class of models for which the time-reversal
symmetry is non-invertible, we take N = k% and n = 2k with odd & > 1 for concreteness. At
low energies, where the fermions may be integrated out, one phase becomes pure PSU(N)
Yang-Mills at # = mn, and the other phase has § = m(n+NNy). The § = 27k phase preserves
the non-invertible time-reversal symmetry but spontaneously breaks the Z;2 magnetic one-
form symmetry to Zj, leading to Zj, topological order. In contrast, the 6 = 7(2k + k*Ny)
phase retains the full one-form symmetry but spontaneously breaks the non-invertible time-
reversal symmetry, resulting in non-invertible domain walls that interpolate between distinct
one-form SPT states. In both phases, the SO(N;) flavor symmetry remains unbroken. Since
this transition is between two gapped phases that break completely different symmetries, it
may be viewed as an analogue of deconfined quantum criticality [35-37] but for generalized
symmetries.

Gapless phases and phase transitions with non-invertible symmetries have been explored
in many recent works. In (141)d, several studies have examined transitions between phases
with SSB of an ordinary symmetry and SSB of a non-invertible symmetry [38], transitions
between phases that break different non-invertible symmetries [39], transitions between an
SPT protected by a non-invertible symmetry [40] and a non-invertible SSB phase or another
non-invertible SPT [41], transitions with Haagurup symmetry between Haagurup-symmetric
gapped phases [42]. Gapless SPTs enriched by non-invertible symmetries have been inves-
tigated in several different dimensions [43-47]. Furthermore, recent efforts have sought to
characterize (2+1)d conformal field theories (CFTs) arising at transitions between distinct
topologically ordered phases enhanced by non-invertible one-form symmetries [48]. Our sec-

ond construction introduces a novel example of a critical point in (3+1)d between a phase



that spontaneously breaks an invertible one-form symmetry and a phase that spontaneously
breaks a non-invertible symmetry, thereby broadening the known landscape of unconven-

tional critical phenomena enriched by generalized symmetries.

We proceed as follows. To keep this work self-contained, we begin in Section 2 by re-
viewing the topological phases that occur in SU(N) and SU(N)/Zy gauge theories, and
we discuss an SPT transition in SU(N) adjoint QCD in Section 3. We then combine these
ingredients in Section 4 to find a continuous topological transition in SU(N)/Zy adjoint
QCD, which in general is a transition between SETSs that have different topological orders.
In Section 5, we introduce the critical point between a topologically ordered phase and a
phase that spontaneously breaks a non-invertible zero-form symmetry. We conclude in Sec-
tion 6 with a discussion of our results and possible future directions. Additional details and

technical background are included in the appendices.

2 'Topological phases in pure Yang-Mills

Before we discuss non-Abelian gauge theories coupled to matter in the adjoint representation,
we review the topological phases that occur in pure SU(N) and PSU(N) = SU(N)/Zy
gauge theories since these phases will be realized at low energies in adjoint QCD when the
fermions are massive. As we will explain below, pure SU(N) gauge theory with a theta term
is a Zy one-form SPT at 6 € 27x7Z. Correspondingly, PSU(N) gauge theory at 6 € 2nZ
is characterized at low energies by a particular TQFT, which can describe a topologically

ordered phase depending on the particular value of 6.

2.1 SU(N) gauge theory

We start by reviewing the physics of pure SU(NV) gauge theory in (3+1)d with a theta term.

The action is

SYM[Q] = —%/Tr(f /\*f) + % /TI‘(f VAN f), (21)

where f =da —ia A a is the field strength for the dynamical SU(N) gauge field a,, and the
trace is taken in the fundamental representation. A Wilson loop represents the worldline of
a probe electric quark-antiquark pair, and can be defined for any representation R of SU(N)

as

Wr(7) = Trr P exp (z 7{ a> , (2.2)



where P denotes path ordering and 7 is a closed loop in spacetime. For the purposes of
topological physics, the electric loop operators are organized into classes labeled the center
of the gauge group. Thus, for SU(N), which has a center of Zy, these classes are labeled
by an integer g. mod N [49, 50]. For example, the fundamental representation has ¢. = 1,
but more generally, g, is the number of boxes (mod N) for the Young tableau diagram of
the representation R. The integer g, is defined mod N because of screening; for instance, a

Wilson loop in the adjoint representation can be opened and end on the field strength.

We can also introduce 't Hooft operators [51],

Tf]m (/77 Q)7 (23)

where v is a loop attached to an open surface €2 such that v = 0€2. To insert an 't Hooft

operator into the path integral, we transform the SU(N) gauge field by
ay — Uy ay (Uv)_l +1U, 0, (U”/)_l ’ (2.4)

where U, is singular along 7. For any other closed curve 7/, parametrized by s € [0, 27], that
winds through v with winding number w (in a specified direction), the singularity of U, (s)
is such that

U, (27) = > /N 17,(0). (2.5)

Despite the resemblance of Eq. (2.4) to a gauge transformation, the insertion of the 't Hooft
operator is not a gauge transformation because of its singularity along . Physically, 't Hooft
operators represent worldlines of magnetic probe particles characterized by an integer charge
¢m mod N [49, 50, 52]. The surface 2 attached to 7 is the worldsheet of a Dirac string that
is detectable by Wilson loops. Upon canonically quantizing the theory, at equal times the

Wilson loop in the fundamental representation and the 't Hooft operator obey [51]
WF(’}/) TQ'rn (’7/7 Q) = 627ri am w(’y”}/)/N TQWL (7,7 Q) WF(/Y)7 (26)

where v and 7 = 0 are loops in space and ¢(7,7’) is their linking number. The Dirac
string is thus detectable unless ¢, = 0 mod N. Indeed, for a gauge theory with gauge group
G, the 't Hooft operators that are genuine loop operators (i.e., do not require a choice of
surface 2) are classified by the first homotopy group m1(G), which is trivial for G = SU(N).

Combining Wilson loops and 't Hooft operators allows us to form a more general class

of dyonic loop operators,

Do, 4m) (7, Q2) = Wr(7) Ty, (7, ), (2.7)



which carry both electric and magnetic charge. We denote their charges collectively as
(Ge, gm)- These operators are genuine loop operators in SU(N) gauge theory only if ¢, = 0
mod N.

The pure SU(N) gauge theory has a global Zy electric one-form symmetry, also known
as the “center symmetry”, that acts on Wilson loops. The symmetry operator is a surface
operator U, (X), where X is a closed surface and g, is an integer mod N. Physically, U, (X)
can be thought of as the insertion of the worldsheet of a background magnetic flux tube.
This operator may be constructed by taking the limit of the 't Hooft operator T, (v,X) as
v = 0% is shrunk to a point so that ¥ is a closed surface. This surface operator acts on
Wilson loops as

(U (B) Wr(y) ...} = e an ORI (W (y) ), (2.8)

where ®(v,X) is the linking number in spacetime of the loop 7 and the closed surface X,
and the ellipses denote insertions of other operators.

Pure SU(N) gauge theory is believed to be gapped and non-degenerate at zero temper-
ature for any 6 # (2k + 1)m with k£ € Z. Moreover, electric charges are confined, as signaled

by the area law for a Wilson loop in the fundamental representation [53],
<WF(7)> -~ e—UArea(v)’ (29)

where Area(y) is the area of the minimal surface that bounds the loop 7 and ¢ is a constant
called the string tension. The area law signals that the Zy electric one-form symmetry is

unbroken.
While the 't Hooft operator is not a genuine loop operator, it can still be used as a probe

to characterize the phase of the gauge theory. At # = 0, where conventional confinement is

expected, the basic 't Hooft operator (i.e., with ¢, = 1) has a perimeter law [51],
(T1(7,Q)) ~ e7Prensth@), (2.10)

where Length(~y) is the length of the loop v and p is a non-universal constant, which is
generically scheme-dependent. This perimeter law is consistent with the notion of confine-
ment arising from the condensation of magnetic monopoles [51, 54-56]. Specifically, because
monopoles with charge ¢,, = N are screened, we view this phase as arising from the conden-

sation of charge N monopoles.

The parameter 6 is 2 periodic (on a spin manifold), so the spectrum of the theory at
0 = 27k, where k € Z, is the same as at § = 0. However, the 6 parameter gives an electric

polarization charge to magnetic monopoles—a phenomenon known as the Witten effect [57].

9



After a change in theta by Af = 27k, a dyon that originally had charges (g., ¢,,) becomes

(Ges @m) = (g + K G,y @m)- (2.11)

As argued by 't Hooft, the Witten effect can lead to phases with condensed dyons known
as oblique confinement [58, 59], which, as we discuss below, can lead to rich topological
physics [18, 60-68]. Since the 't Hooft operators have a perimeter law at 6 = 0, a dyon with
charges (ge, gm) at 8 = 0 has a perimeter law at 6 = 27k if

(¢ + K Gms Gm) = (0,¢) mod N (2.12)

so that these loops are purely magnetic once the Witten effect is taken into account. At
0 = 27k, we then have
(D( kg, ) (7, Q)) ~ e PLeneh), (2.13)

where we use the convention of labeling the dyon charges prior to the Witten effect (i.e., we
label by the charges of dyons at §# = 0). The dyon condensed at § = 27k likewise has charges
(=Nk,N). Here, the constant p associated with the perimeter law is again non-universal
and scheme-dependent.

Another important way to characterize an oblique confining phase is by its response upon
coupling to a background field that probes the Zy one-form symmetry. Following Ref. [69],
we first embed the original SU(N) gauge field a,, into a U(N) gauge field «,, which has field
strength (f.),.,. We then use a two-form Lagrange multiplier £, to constrain Tr(f,) to be
trivial so that the theory is still SU(N) gauge theory. Introducing a background U(1) two-
form gauge field B, and a background U(1) one-form gauge field C), such that dC' = N B,
we then couple these background fields so that the partition function is invariant under the

gauge transformations,
B — B +dA, C—C+ NN+, a— a— Ay, (2.14)

where £ is a 27 periodic scalar field and A, is a U(1) one-form gauge field. Upon coupling

to these probes, the action is now

Syuil0, B] = —giz/Tr[(fa+B]1N) Ax(fo+ BIy)] +$/Tr[(fa+BﬂN) A (fa + BIy)]

A [Tr(fa)—i—NB}/\[Tr(fa)—i-NB]+%/5/\[Tr(fa)+NB}

82
1 -
+%/6/\(—d(]+NB),
(2.15)

10



where BW is another two-form Lagrange multiplier that constrains dC = NB. Without
the background fields present, the 6 angle is 27 periodic in the pure SU(N) gauge theory
because of the quantization of the theta term. If we take 8§ — 6 + 27wk, where k € Z, then

the action changes (modulo an integer multiple of 27) by [69]

Sspr[B] = N(A;—;Uk/B A B, (2.16)

Consequently, assuming that SU(N) gauge theory at 6 = 0 is a trivial confining phase, then
the oblique confining state at # = 27k is an SPT protected by the Zy electric one-form
symmetry [18; 70] and characterized by the response in Eq. (2.16). This SPT is nontrivial

unless k € N7Z on a spin manifold or k£ € 2NZ on a generic manifold.

The physical meaning of the response, Eq. (2.16), is related to dyon condensation. The
background field B, can be constructed from a configuration of the Zy one-form symmetry
operators U, (2) that end on loops. At # = 0, as discussed previously near Eq. (2.8),
these operators are precisely the 't Hooft loops. At 6 = 2xk, the response, Eq. (2.16),
indicates that the loops carry a charge ¢. = (N — 1)k ¢, = —k ¢, mod N under the one-
form symmetry. Thus, the loop at which the one-form symmetry operator U, (3) ends has
charges (—k qm, qm). As discussed near Eq. (2.13), dyons with these charges are precisely
those that have a perimeter law at 6 = 27k. Indeed, dyons with charges not of this form
are confined and energetically suppressed, so the symmetry operators can only end on loops
that have a perimeter law. We recall that the dyonic loops that have a perimeter law must
be attached to surfaces (unless k € NZ, in which case the SPT is trivial), so these objects

are analogous to string order parameters in (1+1)d zero-form SPTs [71].

Because there is a change in response to background fields as 6 is tuned continuously from
0 = 27k to @ = 2w(k + 1), there must be at least one phase transition as 6 is varied. Based
on evidence from lattice simulations, large N [72], 't Hooft anomalies [69], and deformations
of supersymmetric theories [73], a single first order transition with spontaneously broken
time-reversal symmetry [74] is believed to occur at § = 2wk + 7, where the Zy one-form
SPT states become degenerate. Although this picture is not fully settled, it holds rigorously
for large enough N [72].

To summarize, pure SU(NN) Yang-Mills theory has a Zy electric one-form symmetry and
realizes SPT phases protected by this symmetry at 6 € 277Z. These SPT phases are realized

by the mechanism of dyon condensation and oblique confinement.

11



2.2 SU(N)/Zy gauge theory

We next review the continuum description of PSU(N) = SU(N)/Zy Yang-Mills theory [18,
50, 75, 76], which includes PSU(2) = SO(3) as a special case. The PSU(N) gauge theory
can be constructed by gauging the Zy electric one-form symmetry of SU(N) gauge theory.
Hence, we promote the background fields in Eq. (2.15) to dynamical fields. The explicit form
of the action is*

N
Sesun 6, B = Syul6, ] + 5 / bA B, (2.17)

where Sym[0,b] is the same as Eq. (2.15) but with C,, — ¢, and B,,, — b,, promoted to
dynamical U(1) one-form and two-form gauge fields respectively.” Naturally, the fields a,, ¢,,
and b,, have gauge transformations descending from Eq. (2.14). We have also introduced
a new Zy two-form background gauge field B,,, which probes a Zy magnetic one-form
symmetry.

We constructed PSU(N) gauge theory by gauging the full electric one-form symmetry
of SU(N) gauge theory, so unsurprisingly, the center of PSU(N) is trivial, and PSU(N)
gauge theory accordingly has no electric one-form symmetry. Because of the coupling to
the dynamical two-form gauge field b,,, a generic Wilson loop is no longer gauge invariant.

Rather, it is supported on a loop 7 = 0f2 attached to an open surface €2 as

Wr(3.9) = [ Ton P f )] e (0. [ 1), (218)

where ¢. is the one-form gauge charge for the representation R. The attached surface is
trivial only if q. € NZ, which is true for the adjoint representation, but a Wilson loop in the
adjoint representation is screened by the gluons.

The possible magnetic charges are classified by m (PSU(N)) = Zy, so there should be N
distinct 't Hooft loops that are genuine loop operators. These 't Hooft loops are expressed
most easily if we integrate out c,, which implements the constraint that B = da, where a,
is a U(1) one-form gauge field. The 't Hooft loops are

T (7)™ = exp (z qm£d> : (2.19)

4We could have added a discrete theta term [50] (proportional to the integral of b A b) to the action, but
this term can be absorbed into the definition of 6.

>The two-form gauge field b, is roughly b = (27/N) wéjSU(N), where w§SU(N) is the second Stiefel-
Whitney class for PSU(N), which characterizes the obstruction to lift the PSU(N) gauge bundle to an

SU(N) bundle.

12



where ¢, is an integer mod N. The 't Hooft loop is now always a genuine loop operator.
Indeed, by definition, gauging the electric one-form symmetry of SU(N) gauge theory trivi-
alizes the symmetry operator Uy, (X). Because 't Hooft loops are attached to open surface
versions of U,, (¥), gauging the electric one-form symmetry renders the attached surface

trivial, turning the 't Hooft loops into genuine loop operators.

As with SU(N) gauge theory, dyon operators can be formed from products of the Wilson
and 't Hooft loops as
Digesqm) (7, 82) = Wr (7, Q) T (7). (2.20)

We again label the dyonic operators by their charges (g., ¢n) at 8 = 0, prior to the Witten
effect. These operators are genuine loop operators in PSU(N) gauge theory only if g. = 0
mod N.

A magnetic Zy one-form global symmetry, probed by the Zy two-form background field

B,., acts on the 't Hooft loops. The operator, supported on a closed surface >, that acts

UD) = exp (—i}ib) . (2.21)

This operator is a closed surface version of the Wilson loop, Eq. (2.18), so it can be viewed

with this symmetry is

as the worldsheet of a string of electric flux.® This magnetic one-form symmetry is the dual

symmetry that arises after gauging the electric one-form symmetry.

Next, we characterize the phases realized in PSU(N) gauge theory. Gauging the Zy
electric one-form symmetry does not modify whether operators have a perimeter law or area
law. Therefore, at § = 0 the basic 't Hooft loop has a perimeter law, signaling deconfinement
of monopoles, and the charge N monopoles are condensed. But in PSU(N) gauge theory,
since the 't Hooft loops are genuine loop operators, their deconfinement signals that the Zy
magnetic one-form symmetry is spontaneously broken at low energies, resulting in topological
order. Indeed, assuming that SU(N) gauge theory at = 0 is a trivial confining phase, then

gauging its Zy electric one-form symmetry results in a phase with a TQFT of

Spr[B] = % bA (di + B), (2.22)

which is BF theory at level N. This relation between the phases of SU(N) gauge theory
and PSU(N) gauge theory has an analogue in (3+1)d Zy lattice gauge theory, which has a

Zy electric one-form symmetry. Under gauging this Zy one-form symmetry and modifying

6The origin of the minus sign in the exponent of Eq. (2.21) can be traced to the ordering of operators in
Eq. (2.6).

13



the gauge coupling in a particular way, the partition function for Zy lattice gauge theory
remains the same, but the confining phase, which is topologically trivial, is exchanged with
the topologically ordered deconfined phase [75, 77, 78].

Following the discussion from Section 2.1, shifting § — 0+ 2wk, where k € 7Z, changes the
action by Eq. (2.16) but now with B, — b,, dynamical. Consequently, the periodicity of ¢
in PSU(N) gauge theory is 2rN. At 6 = 27k, the condensed dyons have charges (—Nk, N),

and the dyons obeying a perimeter law have charges of the form

(Qe7Qm) = (_kqman)a (2'23)

which is consistent with the 27 IV periodicity of 8 since ¢. and ¢,, are integers defined mod N.
However, not all of these dyons in Eq. (2.23) correspond to genuine loop operators. The one-
form symmetry can act nontrivially only on operators supported on noncontractible loops,
but loops attached to a surface are always contractible.

The subset of dyons in Eq. (2.23) associated with genuine loop operators must have
electric charges satisfying q. = —k ¢, = 0 mod N. Such operators must thus have magnetic
charges such that ¢, € %Z, where L = ged(N, k). The dyonic loop operators that have a

perimeter law and are genuine loop operators therefore have charges

Nk N N
=|-—"—0q, —q| = — N 2.24
(Ge, Gm) ( I 4, LQ) (07 LQ) mod N, ( )

where ¢ is an integer mod L = ged(N, k). The minimal magnetic charge of these deconfined
dyons is N/L, so the Zy magnetic one-form symmetry is spontaneously broken to Zy,, in
this phase. This phase is characterized by a topological order that is the same as in the
deconfined phase of Zy/Zy/. = 7Zj, gauge theory. Indeed, the braiding phase between a
deconfined magnetic charge 7 (v)V%% and an electric flux tube U(X)? is

TOrruey) - en (5 06,9), (2.25)

where ®(v, ) is the linking number of v and ¥ in (34+1)d spacetime.

Naturally, the effective TQFT that describes the phase at 8 = 27k is the gauged version
of the SPT action, Eq. (2.16). The specific action for the TQFT is

N N
Srqer[p, @, b, B] = Q—/bA (dd+B)—|—4—p/b/\b, (2.26)

™ v

where p = (N — 1)k. As reviewed in Appendix A, this TQFT indeed describes a topological

order realized by spontaneously breaking a Zy one-form global symmetry to Zy,;, at low
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energies, where L = ged(N,p) = ged(N, k). Phases of this type are also realized [65, 79] in
a lattice model introduced by Cardy and Rabinovici [59, 80].

The unbroken Zy/;, one-form symmetry also has a nontrivial response to a background

field B,,, given by
Nr

Sresp|B] = H/B A B, (2.27)
where r is an integer mod N/ L such that rp = r(N—1)k = —L mod N. The interpretation of
this response is similar to that of Eq. (2.16). A surface operator that acts with the unbroken
Zyy magnetic one-form symmetry is U (X)E. The configurations of the background field
B, are constructed by allowing these surface operators to end on loops. Because U (3)E
represents an electric flux tube, it must terminate on a loop with electric charge ¢. = —L.

This loop must have a perimeter law, so its charges must be of the form in Eq. (2.23) so that
ge = —k@n =—L mod N. (2.28)

A solution to this equation for the magnetic charge is then ¢,, = r mod N so that the loop
on which U(X)* ends has charges (—L,r). Likewise, the symmetry operator [Z/{ (Z)L} M/ L,

where M is an integer mod N/L, must end on a loop with charges
(Qe:Qm) = (_k M7 M) . (229)

These dyons are those that have a perimeter law but are not genuine line operators. Thus,
although these operators do not contribute to the topological order, they can have physical
consequences that manifest in the response, Eq. (2.27).

Similar to SU(N) gauge theory, as 6 is varied from 6 = 27k to § = 2w (k + 1), there must
be a phase transition. It is believed that a first order transition occurs at 6 = 27k + 7w, where
the ground states of the TQFT, Eq. (2.26), with p = (N — 1)k are degnerate with the ground
states of the same TQFT but with p = (N — 1)(k + 1). This statement is rigorous for large
N [72]. If ged(N, k) = ged(N, k + 1) = 1, then there are two degenerate Zy one-form SPTs
at the first order transition. Otherwise, there will be topologically ordered ground states

degenerate with an SPT state.

3 SU(N) adjoint QCD: SPT transition

Now that we have established the gapped phases of pure SU(N) and PSU(N) gauge theories,
we are equipped to couple to matter and examine the transitions between these topological

phases. We begin with SU(NN) gauge theory coupled to N flavors of Majorana fermions in
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the adjoint representation, which we refer to as SU(N) adjoint QCD. We focus on the case
in which N is even and Ny is odd. Because the adjoint representation is real, coupling to the
SU(N) gauge field is consistent with imposing the Majorana condition. The relation of this
theory to SPT transitions was previously studied in Ref. [28], but in that case, the authors
explicitly broke the electric one-form symmetry and found transitions between distinct zero-
form SPTs. In this work, because we are ultimately interested in SU(N)/Zy gauge theory
coupled to fermions, we will leave the electric one-form symmetry unbroken in anticipation

of Section 4 where we will gauge this symmetry.

Since the fermions are in the adjoint representation of SU(N), it is convenient to express
the fermions as matrices, given by’ v¢;(z) = ¥%(z) T, where J is the flavor index, « is
the gauge index, and 7% are the generators of the su(N) Lie algebra in the fundamental

representation. The action is

Saqon = /d4xZTr [07(2) C(iDy — m) y(z)] — %/Tr(f Axf), (3.)

where we define D107 = " (9,007 — i[au,¥s]), YT (x) denotes the transpose of ¢ ;(z) for
spinor indices only, v are Dirac matrices, and m is the fermion mass. The charge conjugation

T and

matrix C is a unitary matrix acting on spinor indices that obeys Cy*C~! = — (y*)
CT = —C. The ¢;(z) are Majorana fermions obeying the constraint, ¢;(z) = ¥T(x)C. A

brief review of Majorana fermions may be found in Appendix B.

3.1 Global symmetries

We proceed by describing the global symmetries of SU(N) adjoint QCD, Eq. (3.1). Since the
fermionic matter is coupled to the gauge field in the adjoint representation, the Zy electric
one-form symmetry of the pure SU(N) gauge theory is retained. The zero-form symmetry

that will be important for us is

G = SO(Ny) x Z, (3.2)

where Z2 is time-reversal symmetry and SO(N;) is the global flavor symmetry® of the

fermions at a generic mass m, acting as

Yi(z) = Osr Y (z), (3.3)

"We suppress spinor indices for simplicity.
8For m # 0, the full flavor symmetry is O(Ny). For odd Ny, this group factorizes to O(Ny) = SO(Ny)xZ%

(it is a semidirect product for even N;), but the ZZ factor is equivalent to fermion parity. As we discuss

below, this symmetry is already included in time-reversal.
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for some matrix O € SO(Ny). Time-reversal symmetry is associated with an antiunitary

operator T that acts on the fields as
V5 (x,t) — CY° 5 (x, —t), ag(x,t) = —ag(x, —t), aj(x,t) = aj(x,—t).  (3.4)

Hence, electric charge is odd under time-reversal while magnetic charge is even. From the
general properties of C described above, we can also deduce that T? = (—1)¥, where (—1)%
is fermion parity. Since fermion parity acts as a global symmetry, adjoint QCD describes
a fermionic theory in the sense that there exist local gauge invariant fermionic operators,
such as Tr[(¢L C1;) ¥k]. An important observation is that every gauge invariant bosonic
local operator is a Kramers singlet, whereas every gauge invariant fermionic local operator
transforms under time-reversal as a Kramers doublet. We refer to this constraint as a
spin/Kramers relation (in analogy with a spin/charge relation [81]). A formal consequence
is that the Wick rotated theory (in Euclidean spacetime) may be placed on a non-orientable
manifold that admits a Pin™ structure [82]. A manifold of this type must have a trivial

second Stiefel-Whitney class, ws = 0.

Parity and charge conjugation symmetries are not essential for our purposes in this work,
but we mention them for completeness. Parity is associated with a unitary operator P that

acts on the fields as
V5(x,t) = iV 5 (—x, 1), ag(x,t) = ay(—x,1), aj(x,t) = —ajf(—x,t).  (3.5)

Acting with parity twice then also gives P2 = (—1)¥. For N > 2, there is a global charge

conjugation symmetry, which is associated with a unitary operator C acting as

Pi(x,t) =5 (x, ) T = —5(x,t) (T)", au(x,t) = a;(x,t) T — —aj(x,t) (T*)",
(3.6)
but for N = 2 this transformation is equivalent to a gauge transformation. These discrete

symmetries are not entirely independent because of the CPT theorem.
At the massless point, m = 0, the zero-form flavor symmetry is enhanced to

SU(Nf) X ZQNNf
Gsuny = Tn :
¥

(3.7)

The Zynn, factor is a remnant of the classical U(1) axial symmetry,

Wy(z) = 7Y, (a). (3.8)

By the Adler-Bell-Jackiw anomaly [83, 84], this transformation is equivalent to a shift of the
SU(N) theta angle by
0 —0+2NN;0. (3.9)
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Since the SU(N) theta angle has periodicity 27, the action is invariant mod 27 under
the transformation, Eq. (3.8), only if NNy € wZ. The axial global symmetry is thus
anomalously broken to Zayy, quantum mechanically.

This Zynn, symmetry has a mixed 't Hooft anomalies. Suppose we couple Eq. (3.1) to
a background Zy two-form gauge field B,,, a background gauge field A, for the SO(Ny)
flavor symmetry,” and a background metric g, (to keep track of thermal response [85-88]).
Transforming ¢ ;(z) by the discrete axial transformation,

; _2nk 5

V() = PN (), (3.10)

for some integer k, is equivalent to changing the action by

2rk 2
~ N(N - 1)k g (VF = 1) 2k (N2 1)

where F),, is the two-form field strength of the SO(Ny) background field A, and R is the
curvature two-form."Y Eq. (3.11) signals a mixed 't Hooft anomaly for the Zonn, axial
symmetry with the Zy one-form symmetry, the flavor symmetry, and gravity. The first term
in Eq. (3.11) arises because Eq. (3.10) is equivalent to a change in the SU(NV) theta angle
by 27k (cf. Eq. (3.9)). As discussed in Section 2.1, upon coupling to a background two-form
gauge field B,,,, a shift in the 6 angle of SU(V) gauge theory by 27k is equivalent to stacking
with an SPT, Eq. (2.16), which matches the first term of Eq. (3.11).

3.2 Massive phases: SPTs

Next, we discuss the phases that occur when the fermions are massive. At low energies,
well below the mass scale |m/|, the fermions may be integrated out. For m > 0, the physics
is governed by pure SU(N) gauge theory with # = 0, which is gapped, confining, and
topologically trivial. For m < 0, integrating out the fermions gives pure SU(N) gauge
theory with § = wNN;, which is an integer multiple of 27 for NV even. As discussed in
Section 2.1, SU(N) gauge theory is also gapped and topologically trivial at this value of 0,
but it can differ from the 6§ = 0 state as an SPT.

To understand precisely what SPT this state is, we again couple to a background metric

Guv, @ background field A, for the SO(Ny) flavor symmetry, and a background field B,,, for

9We couple only to a background field for the SO(Ny) subgroup rather than SU(Ny) because this

subgroup is the symmetry that remains when we introduce masses for the fermions.
10See Appendix C for a more detailed definition of R and a review of how to couple fermions to gravity in

(3+1)d.
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G x ZY) SPT Trivial
m < ( ' m > 0

Figure 1: Schematic depiction of the phase diagram of SU(N) adjoint QCD, Eq. (3.1), for N even and
Ny odd flavors of Majorana fermions, as a function of the mass m. For m > 0, the theory flows to SU(N)
gauge theory at # = 0, which is adiabatically connected to a trivial product state. For m < 0, the state is a
nontrivial fermionic SPT protected by the Zg\l,) electric one-form symmetry and G = SO(N;) x Z%, which

consists of a flavor symmetry and time-reversal.

the Zy electric one-form symmetry. The theory with negative mass m = —|m| is equivalent
to the theory with a positive mass m = |m| acted upon by an axial transformation, Eq. (3.10),
with k = NNy /2. Thus, if we choose a regularization such that the positive mass phase is a
trivial SPT, then the negative mass phase is a nontrivial SPT with classical action,

N?(N — 1)N; 7(N? — 1) TNH(N? — 1)
(3.12)

The negative mass and positive mass phases thus differ as fermionic SPTs protected by the

Sspr =

/Tr(F/\F) +

Zy electric one-form symmetry, the SO(Ny) flavor symmetry, and time-reversal symmetry.

If we introduce a (241)d boundary to the SPT state in Eq. (3.12), several different
boundary states are possible. The bulk anomaly from the second and third terms of Eq. (3.12)
can be matched at the boundary by N;(N? — 1) free massless Majorana fermions. The
anomaly for the one-form symmetry can be matched by SU(N) Chern-Simons theory with
level NNy /2, though other boundary states are also possible [69, 76]. A simple way to check
that this topological order matches the anomaly is to observe that the bulk theory is SU(N)
gauge theory at § = mN Ny, which can be coupled to the two-form gauge field in a manifestly
gauge invariant way as in Section 2.1. Applying Stokes’ theorem to the SU(N) theta term
yields SU(N) Chern-Simons theory at the boundary with level NN;/2.

3.3 Phase transition

Having established the SPT phases that arise for m # 0, we address the transition between
these phases, which is related to the IR fate of the massless point, m = 0. The low energy
dynamics crucially depends on the number of flavors Ny. If the non-Abelian gauge field is
coupled to N;(R) flavors of massless Majorana fermions in representation R is, then under

the scale change x, — e‘z,, the one-loop beta function'' for the Yang-Mills coupling g

1 Our sign convention is such that 8(g) > 0 signals a flow to strong coupling at low energies.
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2 11
_ _ 3 _ E _
ﬁ(g) = df = (CYM — CM)g > CM — 3(471‘)2 — IR Nf(R), CyM — 3(471’)2 Iadja (313)

where the group theoretic factor I is given by Tr(73 Tfé) = I §°% for generators T of
the gauge group in representation R. For SU(N), we have I; = 1/2 for the fundamental

representation and [,q; = N for the adjoint representation.

For Ny flavors of Majorana fermions in the adjoint representation, the beta function in
Eq. (3.13) indicates that the m = 0 point of SU(N) adjoint QCD, Eq. (3.1), is infrared free
for Ny > 6. As discussed in our introduction, since the gauge coupling becomes small in
the IR, we can be sure that there is a direct continuous transition at m = 0 from the trivial
SPT to the nontrivial SPT (cf. Eq. (3.12)), as depicted in Figure 1. The critical exponents
can also be easily determined reliably in this case. Because we are interested in Ny odd, the

smallest value for which the transition is unambiguously continuous is Ny = 7.

The cases 2 < Ny <5 are less well understood, 12 but we briefly summarize what is known
about them here for completeness. The standard lore (see Ref. [93], for example) is that
higher values of Ny are interacting conformal field theories of the Banks-Zaks type [31, 32]
while smaller values of N; ultimately confine and spontaneously break Ggyvy — O(Ny),
resulting in N copies of an SU(Ny)/SO(Ny) sigma model. But this picture is not firmly
established, so other infrared behaviors are possible [94, 95] as long as they are consistent
with anomaly constraints [96]. Current evidence suggests that Ny = 4 and Ny = 5 are
conformal [97-104]. Thus, the Ny = 5 theory may also have a continuous SPT transition
associated with an interacting CFT.'?

The Ny = 1 theory is better understood since it has supersymmetry. This theory confines
and breaks G'sy(n) = Zoy — Z% spontaneously [105, 106], resulting in N degenerate ground
states. Each of these N vacua is associated with the condensation of a different dyon [107—
109] and a Zy one-form SPT of the form in Eq. (2.16) [18]. In this case, the transition

between the m > 0 phase and m < 0 phase is first order since two of the N ground states

12CFTs in 4d have a universal quantity a that is similar to the central charge of a 2d CFT [91]. For the IR
free theories, we can compute that a = (62 + Ny /2)(N? — 1), where we use units in which a = 1 for a single
real free massless scalar field. For the asymptotically free theories, which have Ny < 5, the UV value of a is
also ayy = (62 4+ N;/2)(N? — 1). Since a monotonically decreases along RG flows [92], a useful constraint

is that the IR value for Ny < 5 must satisfy air < auv.
13There does not necessarily have to be a direct transition between the two SPT phases in this case. It

is possible that there could be an intermediate “quantum phase” that is not obvious from the Lagrangian

description, or criticality could possibly extend to small nonzero m.
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at the m = 0 point are associated with the trivial state at m > 0 and the nontrivial SPT at

m < 0.

Hence, the global flavor symmetry G = SO(N;) x Z1 plays an important role. At the
m = 0 point, the mass term in Eq. (3.1) is the only relevant perturbation that respects the
symmetry G. For large enough Ny, if this symmetry is preserved, then there is a continuous
transition directly between the two SPT states as in Figure 1. If the symmetry G is not
mandated, then other perturbations can drive the m = 0 theory to various intermediate

phases or to a first-order transition.

4 SU(N)/Zy adjoint QCD: SET transition

We now turn to our first main result—a topological transition between different (3+1)d
SETs that have distinct patterns of one-form symmetry breaking (i.e., different topological
orders). The theory in which this transition occurs is SU(N)/Zy = PSU(N) gauge theory
coupled to Ny flavors of Majorana fermions in the adjoint representation, where we again
take N even and Ny odd. The action for PSU(N) adjoint QCD theory is

L T - B L I X
5= [ A ST [0 Py —m)vole)] = [ Tl 4 BL) x4 D)

+%/B/\[Tr(fa)+dc]+%/BA(—dc+Nb)+%/b/\B,
(4.1)

where we have gauged the Zy one-form symmetry of Eq. (3.1) using the same methods as in
Section 2.2. Namely, «, is a dynamical U(N) gauge field with field strength (f,),., ¢, is a
dynamical U(1) one-form gauge field, and b, 5., and BW, are all dynamical U(1) two-form
gauge fields. We have also coupled to a background Zy two-form gauge field B,,, which

probes a Zx magnetic one-form symmetry that acts on 't Hooft lines.

Because gauging the discrete one-form symmetry does not change the renormalization
group (RG) flow of the gauge coupling g, the low energy physics of the theory at m = 0 can
be deduced from our knowledge of SU(N) adjoint QCD. In particular, for m = 0 the theory
is IR free for Ny > 7 flavors, and Ny = 5 is believed to be an interacting CFT. Hence, the
transition we discuss below will be continuous or first order for the same values of N; as
in the SU(N) theory. However, as we discuss below, the gapped phases for m # 0 will be
rather different from the SU(N) case.

21



4.1 Global symmetries

As with SU(N) adjoint QCD, the zero-form global symmetry of PSU(N) adjoint QCD,
Eq. (4.1), at generic m is G = SO(Ny) x Z3. The SO(N;) flavor symmetry acts on the
fermions 1;(x) in the same way as in Eq. (3.3). Under time-reversal symmetry, the fermion
fields and the U(N) gauge field transform analogously to Eq. (3.4),

Yr(x,t) = CyY°s(x, —t), ap(x,t) = — ap(x, —1), a;(x,t) = oj(x, —t). (4.2)

Again, we have T? = (—1)¥. The transformations of b,, and ¢, under time-reversal can
be inferred from the local constraint, —Tr(f,) = Nb = dc. The Lagrange multiplier £,

changes as

BOJ' (X7 t) - 6OJ(X7 _t)v ﬁjk(xa t) - - Bjk(x7 _t)7 (43)
and BNW changes in the same way since 3,, = B/w locally. Like in SU(N) adjoint QCD, here
magnetic charge is also even under time-reversal while electric charge is odd. Furthermore,
PSU(N) adjoint QCD obeys the spin/Kramers relation described in Section 3.1, so all local

gauge invariant operators are either bosonic Kramers singlets or fermionic Kramers doublets.

Under parity P, the fields transform as

Vr(x,t) = iy (—x,1), ap(x,t) = ap(—x,1), a;(x,t) = —a;(—x,1),

(4.4)
Boj(x,t) = Poj(—x,1), Bie(x,t) = — Bjr(—x, 1),

so magnetic charge is odd under parity while electric charge is even. Charge conjugation C
(for N > 2) acts on the fields as

¢J(X> t) = - [wJ(Xﬂ t)]*> Oéu(X, t) - = [au<X? t)]*v B/W<Xa t) - = B/W(X’ t)> (4'5)

where, as in Eq. (3.6), the complex conjugation acts only on complex numbers and not the

Grassmann fields. We see that both electric and magnetic charges are odd under C.
At m = 0, the flavor symmetry is enhanced to

SU(Nf) X Zng
ZN, '

Gpsu(n) (4.6)
While SU(N) adjoint QCD has a Zyyy, axial symmetry, this symmetry is reduced to Zoy,
in the PSU(N) theory because of the mixed anomaly, Eq. (2.17), or equivalently, because
the theta angle of PSU(N) gauge theory has periodicity 27N rather than 2w. However,
upon gauging the Zy electric one-form symmetry of SU(N) adjoint QCD, the Zy C Zann;,
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subgroup of the axial symmetry can be viewed as a non-invertible symmetry in the PSU(N)
theory [33, 110, 111].

As long as the subset G = SO(Ny) x Z3 of the G psy(n) symmetry at m = 0 is preserved,
then the only relevant deformation of the m = 0 point that respects the symmetry G is
the mass in Eq. (4.1). We are now ready to examine the gapped phases that result from
introducing a nonzero fermion mass m, which can be deduced from gauging the Zy one-form

symmetries of the phases in Section 3.2.

4.2 Zy topological order

For positive m, after integrating out the fermions, the gapped phase at low energies is pure
PSU(N) gauge theory at # = 0. As discussed in Section 2.2, the 't Hooft loop T () has
a perimeter law in this phase. Because all magnetic charges are deconfined, the full Zy
magnetic one-form symmetry is spontaneously broken. The low energy physics is described
by BF theory at level N, Eq. (2.22).

Since charge N monopoles are screened, this phase may be viewed as a condensate of
charge N monopoles, analogous to a superconductor. The analogue of an Abrikosov vortex
is an electric flux tube, which is associated with the Wilson surface operator U(X) for b,,.
A magnetic monopole experiences a dual Aharanov-Bohm effect when it is adiabatically

transported around an electric flux tube, as captured by the correlation function,

271

TOUD) = e (5 06.5). (47)

where ®(v,X) is the linking number of the loop v and surface ¥ in spacetime.

Because PSU(N) adjoint QCD has the zero-form symmetry G = SO(Ny) x Z1, this
Zy topological order is also enriched by G. Indeed, the PSU(N) monopoles can trans-
form projectively under G since they are not formed by local operators. Thus, there are
several possible symmetry fractionalization classes [9, 10] for this phase, which are deter-
mined by specifying how the PSU(NN) magnetic monopoles transform under G. We remark
that symmetry fractionalization in adjoint QCD has been studied previously in other con-
texts [112-115].

Formally, the distinct choices of symmetry fractionalization for the monopoles are given
by the pullback of H2(G},T") under the projection Gy — Gy = Gy/Zj [116, 117] where G
is the full fermionic symmetry, ZZ is fermion parity, [ = Zy is the one-form symmetry,
and p describes how the symmetry acts on I'. To specify p, we recall that magnetic charge

is even under time-reversal while electric charge is odd, and the SO(Ny) symmetry does
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not permute any line operators. We also note that the full fermionic symmetry G should
include the appropriate spacetime symmetry. Upon Wick rotating to Euclidean spacetime,
we can place the theory on a non-orientable Pin™ manifold (see Section 3.1), and the Lorentz
symmetry acting on the fermions becomes Pin*(4). Thus, we have G; = Pin™(4) x SO(Ny),
which corresponds to G, = O(4) x SO(Ny), giving

Hg(Gb,ZN) = Zz X ZQ X ZQ, (48)

where we used that N is even. The three generators that can induce changes in the symmetry

. .. 2 SO(N
fractionalization class for Gy, are 7 (wy)”, T ws, and mw, 7). Here, w; and w, are the first

O(Nf) iS

SO(Ny)
2

and second Stiefel-Whitney classes of the spacetime manifold, respectively, and wg
the second Stiefel-Whitney class of SO(N;). In taking the pullback, 7 (w;)* and 7w
remain nontrivial, but we take w, = 0 since this condition is required for a Pin™ manifold.
Thus, the symmetry fractionalization classes for the monopoles in this fermionic topological
order are labeled by Zsy X Z.

We now elucidate the physical meaning of these symmetry fractionalization classes. Un-
der the SO(Ny) symmetry, the monopoles can transform either as tensors or spinors, so
the fractionalization class depends on whether the monopoles transform under a 27 rota-
tion of SO(Ny) by +1 or —1. If the unit monopole is an SO(Ny) tensor, then taking
B— B +7Tw§O(Nf)

sion, if the ¢, = 1 monopole is an SO(Ny) tensor (spinor), then monopoles with odd charge

transforms it into an SO(Ny) spinor. For consistency of the anyon fu-

are SO(Ny) tensors (spinors), and monopoles with even charge are always SO(Ny) tensors.

Next, we discuss the possible fractionalization classes of time-reversal symmetry, which
may be chosen for the unit monopole independently of the SO(Ny) fractionalization class.
If we were studying a (34+1)d time-reversal invariant bosonic SET, we would specify inde-
pendently whether the point-like anyons are bosons or fermions and whether they transform
under time-reversal as Kramers singlets or doublets (i.e., whether T2 = +1 locally on the
anyon). However, we recall from Section 4.1 that adjoint QCD has a spin/Kramers relation—
local operators are either bosonic Kramers singlets or fermionic Kramers doublets. Thus,
attaching a fermionic Kramers doublet to a point-like anyon should not be viewed as chang-
ing the symmetry fractionalization class. This statement is the physical meaning of the
restriction wo = 0 on Pin' manifolds. Thus, if the unit monopole is a bosonic Kramers sin-
glet or a fermionic Kramers doublet, then we should regard the topological order as having
the “trivial” symmetry fractionalization class for time-reversal. The nontrivial class can be
induced by the transformation B — B + 7 (w)?, which transmutes a bosonic Kramers sin-

glet (fermionic Kramers doublet) unit monopole into a bosonic Kramers doublet (fermionic
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Kramers singlet) [118]. Again, for consistency with fusion rules, if the ¢,, = 1 monopole is a
bosonic Kramers singlet (doublet), then all monopoles with odd ¢, are also bosonic Kramers
singlets (doublets) while monopoles with even ¢,, are always bosonic Kramers singlets (or

fermionic Kramers doublets).

Finally, in a general (3+1)d SET, it is possible for the symmetry G to fractionalize on loop
excitations [112, 119, 120]. In the Zy topological order we study here, the loops excitations
are represented by surface operators U(X) in spacetime. In this phase, although there is
an emergent Zy two-form symmetry acting on U(X), this symmetry is explicitly broken in
PSU(N) gauge theory since the surface operators U (X) can be opened and end on a Wilson
loop as in Eq. (2.18). These Wilson loops do not carry any fractional quantum numbers under
G and hence are not fractionalized, which simplifies the possible symmetry fractionalization
classes considerably. Since the Zy electric two-form symmetry has a mixed anomaly with
the Zy magnetic one-form symmetry, if the loop excitations could transform projectively
under G, we would have to check whether combinations of symmetry fractionalization for
the point-like anyons and loop excitations are anomalous. Because the loops do not transform
projectively here, all the possible fractionalization classes discussed above for the monopoles

are not anomalous.

4.3 Zy/; topological order

Next, we examine the other gapped phase, which occurs for negative m. The nature of this
phase can be deduced from Eq. (3.12) by promoting the background Zy two-form gauge field
in Eq. (3.12) to a dynamical field. Thus, the low energy physics of this phase is governed by
a TQFT with effective action,

Sser = N(N_4173NNf/2/bAb+%/bA(d&jLB)JF%/Tr(FAF)
NS (N? — 1) (4.9)

TR /Tr(R A R),

where b, is a dynamical U(1) two-form gauge field, a, is a Lagrange multiplier that con-
strains by, to be a Zy gauge field, B, is a background Zy two-form gauge field, F' is the
field strength of the background gauge field probing the SO(Ny) flavor symmetry, and R
is the curvature two-form. The topological order for the two-form gauge theory TQFT is
worked out in Appendix A. The Zy magnetic one-form symmetry is spontaneously broken
to Zs, resulting in Zy /Zs = 7 ~/2 topological order, and the unbroken Z; magnetic one-form
symmetry has nontrivial SPT order. For N = 2, there is no topological order, so in that

case, this phase is a Z, one-form SPT state.
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Let us understand this topological order from a physical perspective. If m is nega-
tive, then integrating out the fermions at low energy results in pure PSU(N) gauge theory
with 6 = 7NN;. Because the theta term is odd under time-reversal symmetry and 6 has
periodicity 2rN in PSU(N) gauge theory, the theory is indeed time-reversal invariant at
0 = nNN; ~ mN, where we have used that N is an odd integer.

For N even, § = 7N is an integer multiple of 27, and according to Eq. (2.23), the charges

of dyons with a perimeter law are of the form

(—gqm, qm) (4.10)

for some integer ¢,, mod N. As a consistency check, we note that time-reversal symmetry

acts on dyon charges as
Z3 0 (Ges@m) = (—Ges Gm)- (4.11)

Hence, each dyon with a perimeter law, Eq. (4.10), is essentially mapped to itself under
time-reversal symmetry. A minor caveat is that the (—N/2,1) dyon is actually mapped to
(N/2,1), but these dyons simply differ by a neutral fermion, so they should be identified

with each other since the topological order is fermionic.

The subset of the dyons in Eq. (4.10) that are associated with genuine loop operators are

the purely magnetic charges,
(¢, qm) = (0,2¢) mod N, (4.12)

where ¢ € {O, 1,..., % — 1}. The Zy magnetic one-form symmetry is therefore sponta-

neously broken to Z, at low energies, resulting in a Zy/Zy = Zy/» topological order.
If we couple to a background field B,, that probes the unbroken Z, one-form symmetry,

according to Eq. (2.27), we obtain the response,

2

SerlB] = - / BAB, (4.13)

resulting from the dyon (—N/2, 1) that has a perimeter law but is not a genuine loop operator.
Indeed, the symmetry operator for the unbroken Z, magnetic one-form symmetry is ¢(3)"/2,
and if we open this surface, it must end on a loop with electric charge —N/2. The response,

Eq. (4.13), indicates that the loop must also have magnetic charge 1.

Now suppose we place the bulk phase on a manifold X with a boundary 0.X. The second
and third terms of Eq. (4.9) are the same as in Eq. (3.12), so the topological order in X
is stacked with a fermionic SPT protected by the zero-form symmetry G = SO(Ny) x Z1.
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G x 7" SPT
Zyys TO Zy TO
m < 0 m >0

Figure 2: Schematic depiction of the phase diagram of PSU(N) = SU(N)/Zy adjoint QCD, Eq. (4.1), for
N even and Ny odd flavors of Majorana fermions as a function of the mass m. The m > 0 phase spontaneously
breaks the full ZS\I,) magnetic one-form symmetry at low energies, giving rise to Zy topological order described

by BF theory at level N, Eq. (2.22). For m < 0, the low energy physics is described by Eq. (4.9). The

Zg\}) magnetic one-form symmetry, is spontaneously broken to Zél), resulting in Zy/, topological order.

Additionally, the m < 0 phase is stacked with a nontrivial fermionic SPT for the unbroken Zél) and G =
SO(Ny) x ZL symmetries. The G symmetry may be fractionalized on the point-like anyon excitations of
the bulk topological order in the m > 0 phase. These different choices of symmetry fractionalization in the

m > 0 phase are correlated with the particular G x Zgl) SPT order realized in the m < 0 phase.

Thus, as in Section 3.2, a possible boundary state on X that saturates the anomaly for this

SPT sector of G is Ny(N? — 1) free massless Majorana fermions.

The boundary states associated with the first term of Eq. (4.9) that preserve the Zy
magnetic one-form symmetry have been studied previously [76]. The minimal topological
order on 0X must include the deconfined bulk particles (cf. Eq. (4.12)), a semion, and an
anti-semion. The semion can be formed by fusing the anti-semion and a transparent fermion
from the bulk. Physically, the anti-semion is the (—N/2,1) dyon, associated with operator
D_ny2,1)(7, Q) in Eq. (2.20), which has a perimeter law but is not a genuine loop operator.
If the bulk phase, Eq. (4.9), is placed on a closed manifold, then because the dyon operator
D_ny2,1)(7, Q) is supported on a loop vy attached to an open surface €2, the loop v is always
contractible. However, if Eq. (4.9) is placed on an open manifold X with a boundary 90X,
then v can be noncontractible on X with (2 extending into the bulk. Since D(_n/2.1)(7,£2)
has a perimeter law, it will be deconfined on 0X. Fusing the (—N/2,1) anti-semion with
itself generates the dyons in Eq. (4.12) that contribute to the bulk topological order. Because
these dyons braid trivially with all other anyons on 90X, the topological order along 0.X is
non-modular and cannot exist in a purely (241)d theory, just as in boundary topological
orders of Walker-Wang models [121, 122].

Finally, as in Section 4.2, we discuss the possible symmetry fractionalization classes for
G = SO(Ny) x Z¥. In the m < 0 phase, the PSU(N) monopoles with odd magnetic
charge are not part of the bulk topological order. Only the monopoles with even magnetic
charge remain (cf. Eq. (4.12)). The symmetry fractionalization class for the m < 0 phase is

correlated with the class for the m > 0 phase, so the even charge monopoles of the m < 0
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phase are also not fractionalized under the G symmetry—they are bosonic Kramers singlets

(or fermionic Kramers doublets) and SO(Ny) tensors.

Although all the point-like anyons in the topological order of the m < 0 phase always
transform linearly under the symmetry G, the different choices of symmetry fractionalization
for the unit monopole will result in different SPT responses in the m < 0 phase.'* If the unit
monopole is a bosonic Kramers singlet and SO(Ny) tensor in the m > 0 phase, then in the
m < 0 phase, the minimal boundary topological order described above is enough to match
anomaly inflow from the bulk. If we take B — B + 7 (w;)? so that the unit monopole is a
bosonic Kramers doublet, then the bulk response in Eq. (4.13) will be modified, thus changing
the nature of the SPT order. To be specific, fermionic SPTs with time-reversal symmetry
such that T2 = (—1)¥ are classified by a topological invariant v € Zg [82, 123-125], and
taking B — B+ (w;)? changes this topological invariant by Av = +4 [28, 115]. A boundary
topological order consistent with this modified bulk response is {1,s1} ® {1,s:} ® {1, f},
where s; and s, are semions transforming under time-reversal as T? = £i and f is fermionic
Kramers doublet [123, 125]. Similarly, if the unit monopole of the m > 0 phase is an
SO(Ny) spinor, then the boundary topological order must contain a semion that transforms
as a spinor under the SO(Ny) symmetry [126, 127].

To summarize, the negative m phase has Zy/, topological order that results from spon-
taneously breaking the Zy magnetic one-form symmetry to Z,. This topological order is
enriched by the G = SO(N;) x Z1 zero-form symmetry and the unbroken Z, magnetic one-
form symmetry. The topological order is stacked with a nontrivial SPT for the symmetry
G and the Zs one-form symmetry, and the precise nature of this SPT is determined by the
choice of symmetry fractionalization class for the unit monopole. The transition between
this phase and the positive m phase discussed in Section 4.2 is depicted schematically in Fig-
ure 2. While we have focused on SU(N)/Zy gauge theory coupled to N; Majorana fermions
in the adjoint representation, similar constructions exist for other gauge groups, which we

discuss in Appendix E.

4.4 String tension critical exponent

Since we have an example of a critical point between phases with different patterns of one-
form symmetry breaking, it is natural to study critical exponents for loop operators. In the
PSU(N) theory coupled to adjoint fermions, the basic 't Hooft line 7 () has an area law in

the negative mass phase, but this monopole becomes deconfined both at the critical point,

14Gimilar observations were described in Ref. [28].
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m = 0, and in the positive mass phase. As m approaches zero from the negative mass phase,

the string tension of 7 () is expected to vanish as
o~ |mlt (4.14)

for some critical exponent p, which can be reliably computed for Ny > 5 so that the m =0
theory is infrared free [128, 129].

For m < 0, the low energy physics, well below the fermion mass |m/|, is governed by pure
PSU(N) Yang-Mills at § = 7 NN;. On grounds of dimensional analysis, the string tension
of T(v) scales as

o~ (Aym)?, (4.15)

where Ay is the energy scale dynamically generated in the pure non-Abelian gauge theory.
To compute the critical exponent p, we must then relate Ayy to the mass scale |m| of
the fermions. For energies far above |m|, the beta function for g is well-approximated by
Eq. (3.13). In contrast, at energies far below |m/|, the fermions may be integrated out, and
the beta function is governed by that of pure Yang-Mills. To estimate the string tension, we

approximate the beta function as

_dg ) (evm—cam)g®, A >ml,

Blo) =4, = (4.16)

CYMg37 A< |m|7

where A = Ayy e~* is the energy associated with scale ¢ and Ayy is a high energy reference
scale.

Integrating Eq. (4.16) from Ayy to the mass scale gives

5 B *(Auv)
g-Iml) =1 2 (ent — eymt) 2(Auy) In(Auy /[m]) (4.17)

We also integrate Eq. (4.16) from |m/| to an energy scale Ay below |m|, resulting in

. ¢ (im)
9 (80) = =g o g2l Wl Ae) (4.18)

The scale Ayy is determined by setting 1/¢g?(Ayy) = 0 using Eq. (4.18). Solving for Ay

and using the expression in Eq. (4.17) for g*(|m|) gives

A 1 Ao o @eigaoy) (I )™
_ _ _ Ayy eV @enu g oy . 4.19
o |m‘exp( 20YM92(|m|)> e (AUV) (419)

Although this calculation is based on Eq. (4.16), this approximation becomes reliable as

|m|/Auyv — 0 if the m = 0 point is infrared free since the coupling g remains small at energy
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scales near |m|. Indeed, Refs. [128, 129] numerically solved the coupled RG equations for g
and m to obtain Ayy/Ayy as a function of |m|/Ayy, which agrees with Eq. (4.19) for small
Iml/Avv.

Thus, the critical exponent p for the string tension of the 't Hooft loop 7 (7) is

26M 4 IR 4Nf
a CyM 11 Z Iadj f( ) 11 ’ ( )
R

where we specialized to Ny flavors of adjoint fermions in the last step. Note that we did
not have to specify a particular gauge group, so this critical exponent is the same for the
adjoint QCD transitions with other gauge groups discussed in Appendix E. It is interesting
to compare this exponent with the prediction p = 1/2 from mean string field theory [27].
For the values of Ny where we expect Eq. (4.20) to be valid (i.e., Ny > 7), we have p >
28/11 ~ 2.55. Thus, in these cases, the string tension vanishes more strongly as the critical

point is approached than mean string field theory predicts.

5 SET to non-invertible SSB transition

As we have established, massless PSU(N) adjoint QCD with a sufficiently large odd num-
ber of flavors Ny can appear at a critical point between two SETs with different topological
orders, provided that both the SO(Ny) flavor symmetry and time-reversal symmetry are
preserved. Recent work has introduced non-invertible analogues of time-reversal symme-
try [33, 34], which are also symmetries of massless PSU(N) adjoint QCD. This observation
then raises the question of what kinds of phases can emerge if we consider deformations
of the massless point that respect the non-invertible time-reversal symmetry and SO(Ny)

flavor symmetry.

In this section, we will analyze the theory with action,
Sp =50+ ;—:2 / {Tr[(fo +0In) A (fo +0IN)] — [Tr(fa) + Nb| A [Tr(fa) + NOJ},  (5.1)

where Sy is the PSU(N) adjoint QCD action defined in Eq. (4.1). The additional term is
a PSU(N) theta term with § = 7n. While Sy is invariant under the standard invertible
time-reversal transformation, the additional theta term in not unless n € NZ.

Below, we will review the notion of non-invertible time-reversal symmetry and show that
Eq. (5.1) respects this symmetry. Imposing this non-invertible time-reversal symmetry and
the SO(Ny) flavor symmetry, for large enough odd Ny, we can again have a direct continuous

transition tuned by a single parameter. For N and Ny both odd, as we demonstrate below,
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this transition can be between a topologically ordered phase, which breaks the magnetic
one-form symmetry to a subgroup, and a phase that breaks the non-invertible time-reversal
symmetry spontaneously. To keep the discussion simple, we will primarily focus on the case
N = k? and n = 2k, where k > 1 is odd, though these choices for N and n are not the only
ones that give transitions between a topologically ordered phase and a non-invertible SSB

phase.

5.1 Non-invertible time-reversal

To establish the non-invertible symmetry, it is useful to define the following transformations

on a theory with a Zy one-form global symmetry with action S[B],

S swy+ﬂw+g/ﬁAa

™

T:  S[B]— S[B+ g / BAB. (5.2)

T
C: S|B] — S[-B],

where B, is a background Zy two-form gauge field for the Zy one-form global symmetry

and b, is a dynamical Zy two-form gauge field. These transformations obey

S?=C, c? =1, ™V = 1. (5.3)

To summarize, S denotes gauging of the Zy one-form symmetry, T stacks a Zy one-form

SPT, and C simply changes the sign of the background field.

A non-invertible time-reversal transformation can be defined by [33, 34]
K, = CSTW-"SK, (5.4)

where K is the standard invertible time-reversal transformation and n is an integer mod N.
From the relations, Eq. (5.3), we observe that if n € NZ, then K,, reduces to K. We recall
that the theta term is odd under K, and we observe that CST®-1"S ghifts § — 6 + 27n.

Hence, the non-invertible time-reversal transformation maps
K, : 0 — — 0+ 2mn. (5.5)

Since 6 has periodicity 27NV, the values of § that are invariant under K, are § = nn and
0 = m(n+ N). Because the theta term added to Eq. (5.1) is such that § = nn, K,, indeed

leaves Eq. (5.1) invariant as promised.
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For n ¢ NZ, while the transformation K,, leaves Eq. (5.1) invariant, it cannot be asso-
ciated with a unitary operator because it involves S. However, K,, may be associated with
a non-invertible defect T,, = D,, T which is topological. Here, T is an interface that reverses
orientation,” and D, is defined as [33, 34, 110, 111]

N(N —1 N N
D, = /Dal Day exp zj{ ual ANday + —a; Adas + —as Ab )|, (5.6)
v 4 2m 2m

where Y is a closed three-dimensional manifold in spacetime while (a;), and (az), are dynam-
ical U(1) one-form gauge fields defined only on Y. Hence, T, is constructed by decorating

T with a particular fractional quantum Hall state. The defect T,, obeys the fusion rules,

T, x (Tn)]L =D, xD_, = (ZN)N(N—I)n CO?

(5.7)
ToXxT,=D,xD_, x T? = (Zx)nv-1)nCo (—1),

where (—1)% is fermion parity, (Zy) N(N-1)n is the partition function for Zy Chern-Simons
theory at level N(N — 1)n,

N N(N -1
(ZN)(N—l)nN = /Da1 DCLQ exp |:Z% (—a1 VAN daz + (—)nal VAN dal)} s (58)
v \ 27 47
and Cp is a condensation defect [130-134],
[ N
CO = /DOM DCLQ exXp (2% 2—((11 VAN dCLQ + a1 A b)> s (59)
y 2w

where the Zy one-form symmetry is gauged only along Y.

The defect T, is topological in the theory, Eq. (5.1), for any value of the fermion mass m,
so we refer to T,, as a non-invertible time-reversal symmetry. In the remainder of Section 5, we
will examine the phases of Eq. (5.1) as a function of the T, preserving mass m. Importantly,
the non-invertible symmetry can have important non-perturbative constraints on the phase
diagram, a notion explored for (3+1)d systems in a number of recent works [64, 135-141]. As
we demonstrate in Appendix I, for N odd and n such that gecd(N,n) > 1, the non-invertible
time-reversal symmetry and Zy magnetic one-form symmetry have a mixed anomaly in the
sense that no single ground state can preserve both these symmetries. The phase diagram

we find, Figure 3, is consistent with this constraint.

15At @ = 0, T is an invertible symmetry, and the operator associated with T transforms the fields as

described in Section 4.1.
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5.2 SET phase

For m > 0, at energies far below the mass scale of the fermions, the physics is governed
by pure PSU(N) gauge theory with § = 7mn. Taking n even with n = 2k, the low energy
physics, as established in Section 2.2, is described by the TQFT,

Sraqer[(N = 1)k, @, b, B] = M/zm bt o /b/\ (da + B), (5.10)

47 2

where @, is a dynamical U(1) one-form gauge field, b, is a dynamical U(1) two-form gauge
field, and B, is a background Zy two-form gauge field. As discussed in Section 2.2 and
Appendix A, the physics of this phase depends on ged(NV, k). If ged(N, k) = 1, then this
phase is an SPT protected by the Zy magnetic one-form symmetry and is also invariant
under the non-invertible time-reversal symmetry. Otherwise, there is topological order. For
n = 0, the time-reversal symmetry is invertible, and this phase has Zy topological order
described by BF theory with level N.

To focus on a class of examples in which this phase has topological order enriched by a
non-invertible time-reversal symmetry, we take N = k? with k& > 1 odd, which we assume
for the remainder of Section 5.2. Within the m > 0 phase, the Zy = Z,» magnetic one-
form symmetry is spontaneously broken to Z; at low energies, resulting in Z2/Z; = Zy
topological order, and the unbroken Z; one-form symmetry has nontrivial SPT order. This
topological order is also enriched by the unbroken SO(Ny) symmetry.

To understand the Zj topological order more physically, we observe from Eq. (2.23) that
the dyons in this phase with a perimeter law have charges of the form (—k ¢, ¢y,) for an
integer ¢,, mod N. The non-invertible time-reversal symmetry T,, maps the charges of a
dyon as

(Qea Qm) — (_Qe - Qk dm Qm> (511>

Thus, each dyon with a perimeter law in this phase is mapped to itself (up to a neutral
fermion) under Ty.

The dyons with a perimeter law that are also associated with genuine loop operators are
the purely magnetic charges,

(¢es @m) = (0,kq) mod k2, (5.12)

where ¢ € {0,1,...,k — 1}. Thus, there are k anyon particles associated with the 't Hooft
loops T (7)*4. These 't Hooft loops can also have nontrivial correlation functions with the

electric flux tubes associated with the surface operators U(X),

(T UE)) = exp (% D(v, 2)> , (5.13)
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where @ (v, Y) is the linking number of the loop v and surface ¥ in spacetime.

Following the analysis of the TQFT, Eq. (5.10), in Appendix A, the response to a back-
ground field B,,, for the unbroken Zj C Zj2 one-form symmetry is

k

SenlB] = - / BAB. (5.14)

To interpret this response, we note that the symmetry operator for the unbroken Z;, one-form
symmetry is U(3)*, which describes the worldsheet of an electric flux loop with flux —k.
When this operator ends on a loop, the loop must carry electric charge —k, and the response
indicates that it also carries magnetic charge 1. Indeed, this operator will be nontrivial in the
low energy limit only if the loop on which it ends has a perimeter law. Hence, the physical
meaning of Eq. (5.14) is that the (—k,1) dyon, which is not genuine loop operator, has a

perimeter law.

5.3 Non-invertible SSB

Next, we determine the phase that arises for m < 0. In this case, at energies well below the

scale of the fermion mass |m|, the fermions may be integrated out to give an effective action
of
m(N?—1)

&2

WNf(NQ - 1)

St = S NNy), B
g = Spsuv)[T(n+NNy), B]+ 38472

/ TH(FAF)+ / TH(RAR), (5.15)

where F),, is the field strength of the background field A, for the SO(N;) flavor symmetry,
R is the curvature two-form (see Appendix C), and Spsy(n)[m(n + NNy), B] is the action
for pure PSU(N) gauge theory (cf. Egs. (2.15) and (2.17)) with 8 = 7w(n + NNy), which is
equivalent to § = m(n + N) for odd Ny. For odd N and even n, then 6 is an odd multiple
of m. As we discuss below, this phase spontaneously breaks the non-invertible time-reversal
symmetry T,. We can then ignore the theta terms for the background fields F),, and R in
Eq. (5.15). Since this phase does not have unbroken time-reversal symmetry (invertible or
not), the theta terms for these background fields may be continuously tuned to zero without
encountering a phase transition.

As we reviewed in Section 2.2, there is evidence that at § = nn for odd integer n, the
ground states at § = w(n — 1) and 6 = w(n + 1) are degenerate, which may be established
more rigorously for large N [72]. This IR behavior may be interpreted as the spontaneous
breaking of the non-invertible time-reversal symmetry associated with the operator T,,, which
exchanges the ground state(s) at § = m(n—1) with the state(s) at 0 = m(n+1) forn =n+ N.
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Figure 3: Schematic phase diagram of PSU(N) = SU(N)/Zx adjoint QCD with a theta term 6 = mn,
Eq. (5.1), for Ny odd flavors of Majorana fermions as a function of the fermion mass m. Here, we take N = k?
and n = 2k with & > 1 odd. In the m > 0 phase, described by the TQFT in Eq. (5.10), the Zn = Zj2
magnetic one-form symmetry is spontaneously broken to Zj, resulting in Zj topological order. The unbroken
Zy, one-form symmetry also has nontrivial SPT order. For m < 0, the Zy one-form symmetry is unbroken,
but the non-invertible time-reversal symmetry associated with operator Tor = Do T is spontaneously broken,
resulting in two ground states that are distinct Zy one-form SPTs with responses given by Eq. (5.19). The
domain walls in this phase obey the non-invertible fusion rules in Eq. (5.7). The SO(N;) flavor symmetry
remains unbroken throughout the phase diagram.

In the special case n = 0 (or equivalently, n = N), the time-reversal symmetry is invertible
and spontaneously broken in this phase, at least for large enough N.

For the remainder of Section 5.3, let us take N = k? and n = 2k for odd k£ > 1. The
time-reversal symmetry operator Ty is non-invertible, and we can still in principle access
the large N limit by taking k large. We then have i = 2k + N = 2k + k2. The TQFTs
describing the states at § = 7w(n + 1) are

Si:N(N—l)(g?k:—i—Nil)/b/\b_i_zﬂ/b/\(d&—i—B), (5.16)
T N

where @, is a dynamical U(1) one-form gauge field, b,, is a dynamical U(1) two-form gauge
field, and B, is a background Zy gauge field. The ground states described by these TQFT's
become degenerate at § = mi = 7w(2k + N), and they are exchanged by the non-invertible
time-reversal symmetry Tox. Indeed, the dyons with a perimeter law at 6 = 7(2k + N + 1)

are
N +2k+1
(G, Gm) = (—JFT qm,qm) mod k. (5.17)
According to Eq. (5.11), the non-invertible time-reversal symmetry Ty, maps these dyons as
N+2k+1 N +2kF1
(_T qm,qm) — (—T Qma(Jm) : (5.18)

Thus, at 6 = 7(2k + N) the non-invertible time-reversal symmetry Ty is spontaneously

broken. The domain walls obey the non-invertible fusion rules of Eq. (5.7).
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There is no topological order for either of the TQFTs'® in Eq. (5.16) because of the
identity'” ged(N, (n 4 1)/2) = ged(k?, (k* + 2k £+ 1)/2) = 1, which holds for any integer k.
Thus, the Zy magnetic one-form symmetry is unbroken, and the ground state degeneracy
in this phase is two on any manifold. Integrating out the dynamical fields in Eq. (5.16), we

obtain responses for the background Zj: two-form gauge field B, of

k22 (2k F 1
Stop[B] = —#/B/\B, (5.19)

so the degenerate ground states are Z;2 one-form SPTs.

To summarize the conclusions of Section 5, we have found that for N odd, sufficiently large
odd Ny, and even n, there can be a continuous transition between a topologically ordered
phase and a phase that spontaneously breaks a non-invertible time-reversal symmetry. If
we take N = k? and n = 2k with k& > 1 odd, the m < 0 phase spontaneously breaks the
non-invertible time-reversal symmetry To, while the Z;2 one-form symmetry is unbroken.
The m > 0 phase preserves the non-invertible time-reversal symmetry but spontaneously
breaks the magnetic Z;2 one-form symmetry to Z;, resulting in Z; topological order, and
the unbroken Zj; one-form symmetry also has nontrivial SPT order. The SO(Ny) flavor
symmetry is unbroken in both phases. For large enough Ny, there is a continuous transition
between these phases at m = 0 (see Figure 3). In the special case n = 0, the time-reversal
symmetry is invertible, and the m > 0 phase has Zy topological order while the m < 0

phase spontaneously breaks the invertible time-reversal symmetry.

5.4 Critical exponents

Following the methods of Section 4.4 and Refs. [29, 128, 129], the critical exponents for this
transition may be easily computed if Ny is large enough that the m = 0 point is IR free. For
the m > 0 phase, the 't Hooft loop has an area law, and following the same reasoning as in

Section 4.4, we find that the string tension o for small m behaves as o ~ |m|* with p given
in Eq. (4.20).

16This statement does not always hold for generic odd N and k. It is also possible for one of the TQFTs to
have topological order so that the Zy magnetic one-form symmetry is spontaneously broken to a subgroup.
But since k + (N — 1)/2 and k + (N + 1)/2 are coprime, if Sy has topological order, then St necessarily
does not.

17This identity follows from

1=k @2k+4F1)+ (k%r;kil) (—2)(2k ¥ 1).
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Turning our attention to critical exponents associated with the non-invertible time-
reversal symmetry, we note that an operator odd under T,, which can serve as a local

order parameter, is
Ny
$lx) =Y i Tr [f](x) Cy° ()] (5.20)
J=1

Unlike the Zx magnetic one-form global symmetry, the non-invertible zero-form symmetry
has a local order parameter, and thus, the kinds of critical exponents we can study for this
symmetry have closer analogues in conventional Landau theory. Because the critical point is
IR free, the order parameter has scaling dimension Ay = 3, so its two-point function scales

as [29]
1

(o(z) o)) ~ e (5.21)

at the critical point.

Next, we examine the critical exponent for how the order parameter vanishes as the
critical point is approached from the ordered phase. For m < 0, consider weakly perturbing
the action S,, Eq. (5.1), by a term that explicitly breaks the non-invertible time-reversal

symmetry,

Sy — S, + /d%: he ¢(x), (5.22)

where the coefficient h. is small, |h.| < |m|. Here, h. is the analogue of an external symmetry-
breaking field. At low energies, where the fermions may be integrated out, the effect of the
perturbation in Eq. (5.22) is to modify the theta angle of the m < 0 phase to

he

m|

0 =n(n+ N)— nm(n+ N)+ —NNy. (5.23)

Hence, for small |m|, we expect the expectation value of the order parameter to scale as [29]

1 UvAe (AYM)4 (8Nf/11)—1
<¢(l‘)> ~ W <TI' (8 fuuf)\o)> ~ |m’ ~ ’m‘ f ) (524)

where we used Eq. (4.19). This critical exponent is analogous to f = (8N;/11) — 1 in
Landau theory. For similar reasons, if we add the symmetry-breaking perturbation h. but
with m = 0, we obtain

(@(x)) ~ |he| GV (5.25)

which is analogous to an exponent of § = 11/(8Ny — 11) in Landau theory. These critical
exponents characterize the universality class of the transition and highlight its analogy with
conventional Landau transitions despite that both the phases and the transition are beyond

Landau.
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6 Discussion

In this work, we have introduced two families of exotic transitions between phases that
break different generalized symmetries, both of which involve PSU(N) = SU(N)/Zy gauge
theory coupled to Ny odd flavors of Majorana fermions in the adjoint representation. Our
first example is a critical point between SET phases that have distinct topological orders—a
phase with Zy topological order and another with Zy/, topological order for NV even. While
we have focused on this transition for a PSU(N) gauge group, a topological transition of
this type can occur for adjoint QCD with other gauge groups, as discussed in Appendix E.
To our knowledge, this theory provides the first clear example in (3+1)d of a model with an
exact one-form symmetry that displays a continuous transition between phases with different

patterns of one-form symmetry breaking.

The second kind of unconventional transition we have explored is a continuous transi-
tion between a topologically ordered phase, which spontaneously breaks a discrete one-form
symmetry, and a phase that spontaneously breaks a non-invertible time-reversal symmetry,
providing an analogue of deconfined quantum criticality for generalized symmetries. This
critical point represents a “beyond Landau” transition between phases that also lie beyond
Landau. Taken together, our two examples of exotic transitions can serve as guides for dis-
covering other topological critical points and developing a more general theory classifying

these transitions.

There are several promising directions for future work. Omne is to analyze symmetry
fractionalization of the non-invertible time-reversal symmetry in the SET phase discussed
in Section 4.2. While fractionalization of non-invertible symmetries has been studied in
some examples in (2+1)d [142], there is currently no general framework for fractionalization
of non-invertible symmetries. The (3+1)d Zj topological order enriched by non-invertible
time-reversal symmetry in Section 5.2 provides a concrete example where this analysis can

be done.

Another possible avenue is to investigate the fate of the SET phase discussed in Section 4.3
when the magnetic one-form symmetry is explicitly broken. Concretely, this question can be
explored by studying the lattice model of Appendix D, where the degree to which the one-
form symmetry is explicitly broken is determined by the two-form gauge coupling §?. For
small enough ¢2, the phase discussed in Section 4.3 will have topological orders both in the
bulk and on the boundary. At large g2, these topological orders are expected to disappear.
A natural question is whether the transitions must occur simultaneously, or if there can be

an analogue of the extraordinary transition for one-form symmetries. Similarly, it would
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also be interesting to study boundary criticality in the transition between the Zy/, and

Zy topologically ordered phases.

Finally, all the transitions discussed in this work involve magnetic one-form symmetries.
It would be interesting to develop a dual description in which these magnetic one-form
symmetries are mapped to electric one-form symmetries. Such a duality would not only
offer a complementary perspective on the dynamics of these transitions, but would also
constitute a rare example of a non-supersymmetric duality in (3+1)d.

Note: While completing this manuscript, we became aware of a related work [143] that
also studies transitions of invertible one-form symmetries in theories with local quantum

fields but without imposing a flavor symmetry on matter fields.
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A Twisted BF theory

In this appendix, we review the topological quantum field theory (TQFT) for twisted BF
theory [18, 75], given by the action,
N N N -
Stqrr[p, @, b, B] = 2—/bA(dEL+B) +4—p/b/\b+2—/B/\da, (A.1)
T T

T
where @, and &, are dynamical U(1) one-form gauge fields, b,,, is a dynamical U(1) two-form
gauge field, and B, is a background U(1) two-form gauge field. The gauge field @, is a
Lagrange multiplier that constrains B, to be a Zy gauge field. The parameters N and p
are integers, and p is defined mod N on a spin manifold (mod 2N on a generic manifold).

We first remove the background field, setting B,,, = 0. Consider the gauge transformation,
b— b+ dA, a—a—p+dE, (A.2)

where £ is a 27 periodic scalar and A, is a U(1) one-form gauge field. If this TQFT is placed

on a closed four-manifold, then the partition function is invariant under Eq. (A.2) if N and
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p are integers and Np is even. If the manifold is a spin manifold, then N and p can be

arbitrary integers.

We can form gauge invariant operators of the form,

D(v, )" = exp (iK]{EL + sz/Qb) , (A.3)

where 7 is a loop and (2 is an open surface bounding . The local equation of motion for b,
is that
da+pb=0, (A.4)

which renders D(v, Q)X trivial unless it is a genuine loop operator. Unlike loops attached to
surfaces, genuine loops can be noncontractible and are not necessarily trivial globally. The
surface in D(vy, Q)X is trivial only if pK € NZ. This condition is satisfied by K = %q where
L = ged(N, p) and q is an integer mod L. Thus, there are L physically distinct genuine loop

operators, given by
Ng/L Nq [
T ()" " =exp i pal. (A.5)
gl

where v can now be a non-contractible loop.

We can also form an operator supported on a closed surface X, given by

U = exp (—iq’ j’é b) . (A.6)

Here, ¢ is equivalent to ¢’ + N since @, is a Lagrange multiplier that constrains b,, to be
a Zy gauge field. However, ¢’ is also equivalent to ¢’ + p because of Eq. (A.4). Hence, ¢ is

defined mod L, and there are L distinct surface operators.

The genuine loop operators and surface operators have correlation functions given by
Nq/L q/ . 27TZ ’
(TO)TUE)T) = exp | —ad (7, %) ), (A7)

where ®(7, Y) is the linking number of v and ¥ in (3+1)d spacetime. Thus, the topological
order realized by the loop and surface operators is equivalent to a topological Zj, gauge theory.

A key distinction, however, is that 7(7)"/* can represent the worldline of a fermionic particle
if Np/L?* is odd.
The TQFT has a Zy one-form symmetry that acts as

a—a+m, (A.8)
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where 7 is a flat connection, satisfying dn = 0 locally and ¢ n € (2n/N)Z globally. The
surface operator that acts with this one-form symmetry is ¢4(X), and the background field
B, probes this symmetry. The loop operators T (v)N/E transform nontrivially under this
global symmetry, so the Zy one-form symmetry is spontaneously broken to Zy,; at low

energies.

Next, we reintroduce the background field B, which will allow us to observe conse-

nz
quences of the unbroken Zy,; one-form symmetry. The theory is invariant under gauge

transformations,
b—b+d\, a—a—pr+dé—X, B B+d\, a—a-—-i+dé, (A9

where ¢ and € are 27 periodic scalar fields while A, and S\M are U(1) one-form gauge fields.
Integrating out @, and «, respectively constrain b,, and B, to be Zy gauge fields, so they

are locally trivial, but globally they satisfy

27/ ol ~
jéb_ o fiBGW’ 0 eZ, (A.10)

for any closed surface X. The action that remains after integrating out the Lagrange multi-

pliers is
N
Set|B] = 27T/b/\B—i——/b/\b (A.11)

We next integrate out b,,. Both b,, and B, are locally trivial, so we only have the global

3\] €+p€ (Y{B—ij{ )e%Z (A.12)

for any closed surface ¥. We thus find that

equation of motion,

(Z + pe) e NZ, (A.13)
which is consistent only if (€ LZ, where L = ged(N, p). Hence, we must have

2
jiB € N_/LZ’ (A.14)

which implies that B,, must be probing the unbroken Zy,;, subgroup of the Zy one-form
symmetry. This restriction of the background field to configurations consistent with the

unbroken symmetry is analogous to the Meissner effect in a superconductor. To integrate

out by, we must solve Eq. (A.12) for £. Writing (= L0, where ¢ € Z, a solution is
N rN N
b =(=rl B d — Al
I (=rl = 9L mod —, (A.15)
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where 7 is an integer such that rp = — L mod N. (Such an r must always exist.) The

response after integrating out all dynamical fields is then

ﬂ?"
Sresp| B] = i—ﬂ/B A B, (A.16)

signaling nontrivial SPT order for the unbroken Zy,;, one-form symmetry.

B Charge conjugation and Majorana condition

We briefly review Majorana fermions in this appendix. A more detailed recent discussion
may be found in Ref. [144]. For the 7, = diag(l, -1, —1, —1) metric, the Dirac equation
admits real spinor solutions if the Dirac matrices are purely imaginary, which is true in the

Majorana basis,
o [0 0? . [id® 0 , [0 —0?
T = 0_2 0 ) Tm — 0 Z.O_g ) Tm = 0_2 0 ’
(B.1)
5 [—ict 0 N
T = 0 _2.0_1 ) T = 0 _0_2 :

The Dirac matrices v* in a generic basis are related to the above 74, by a similarity trans-
formation M as
MM~ = A, (B.2)

Because the 74, are purely imaginary, there must be a matrix Us such that
Uc UG = — (v, (B.3)
where Ug = (M*)"' M.
In the Majorana basis, a Majorana fermion 1, obeys the constraint,
(h)" = Yur. (B.4)

To determine the analogue of this condition in a generic basis, we express ¥y, = M1 to

obtain the condition,
(" = U (B5)
In terms of the matrix C = (Us)T4°, the Majorana condition on v is
) =191 =T (Uo)"’ = ¢TC. (B.6)
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This version of the Majorana condition is what generalizes most naturally to other spacetime
metrics. For Dirac matrices in any basis, it can be shown [144] that there exists a unitary

matrix C that satisfies
CyrCt = — (7, ¢t =-c, (B.7)
for both sign conventions of Lorentzian signature and for Euclidean signature.

As an example, we can take C = 7 in the Majorana basis. Similarly, if we use the Weyl

basis for Dirac matrices,

0 ot , - 0
V= (5# 0) ;=i = ( 02 I ) : (B.8)
2

where o/ = (I, 07) and 6 = (I, —07), then
, —io? 0
C=iv"" = ( . 2) (B.9)

is a suitable charge conjugation matrix.

The charge conjugation matrix C may be used to define the action for a Majorana fermion
in an arbitrary basis for the Dirac matrices. The Lagrangian density for a single Majorana

fermion of mass m is .
Ly = 5 T () C(id — m) P(x). (B.10)

The partition function is

Iy = /Dwexp (z’/d4x£M) =Pf[C(iJ —m)], (B.11)

where Pf denotes the Pfaffian.

C Thermal response for fermions

Here, we summarize our conventions for curved spacetime and review how to couple fermions
to a background metric g,,, which is useful for keeping track of thermal response [85-88].
The spacetime metric g, can be expressed in terms of a set of local Lorentz frame fields e,*
as

G = €4 €,° Nap, (C.1)
where 1), is the Minkowski metric. The Christoffel symbols are constructed from the metric

as
1
FNV}\ - 5 QW (aug)\a + a)\gua - aaQuA) . (02)
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The spin connection is
w,ﬂb =e,° (aue”b + F”uAeAb) , (C.3)
which can be used to define a one-form,

w? = w, " da*, (C.4)

and a corresponding curvature two-form,

Rab = dw“b + wac A wcb. (05)
Using the notation Tr(R A R) = R% A RY,, the gravitational theta term is
09
=—9— | Tr(RAR). C.6
)= s [ TERAR) (C6)

This term is quantized so that 6, has periodicity 27 on a spin manifold and periodicity 327 on
a generic four-manifold. This bulk response leads to a boundary gravitational Chern-Simons
response with chiral central charge ¢ = §,/4r. The boundary thermal Hall conductivity is

then
k3T

6h ’

(C.7)

Kay = C
where T is the temperature.

Next, we review how to place fermionic fields in curved spacetime. The Dirac matrices

in flat spacetime y* satisfy

{Va> W} = 270 (C.8)
The generators of Spin(1,3), the double cover of the Lorentz group, are
i
Oagb — Z [’)/a,’}/b], (09)
and obey the algebra,
[Uaba Ucd] =1 (gad Ope + Gbc Oad — Yac Obd — Jbd Uac) . (ClO)

To couple a Majorana fermion () to a background metric g, (x), we introduce the covariant

derivative, '
VW:(@—%%M%QW (C.11)
Additionally, we define
V =e"u(z) 7" V. (C.12)
The action of the fermion coupled to the metric is

S = [ ey (@)C (¥ - m) vlz). (C.19)

where g is the determinant of g,,, and m is the fermion mass.
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D Topological transition on the lattice

Here, we provide a lattice gauge theory model in the Hamiltonian formalism [145] that
realizes the topological phase transition discussed in Section 4. See Refs. [146-148] for a
review of lattice gauge theory.'® First, we review how to place PSU(N) = SU(N)/Zy
gauge theory on the lattice [75, 149, 150] by gauging the Zy electric one-form symmetry of
SU(N) lattice gauge theory.

We work on a cubic lattice. On each link (r;j), which is labeled by a lattice point r

i T A2 (r)

and a direction j, we place an SU(N) gauge variable U;(r) = e , where T are the

generators of the su(N) Lie algebra in the fundamental representation. On each plaquette

(r; j, k), we define the operator,
Wik(r) = Uj(x) Up(r + ;) U; ' (r + e) U ' (), (D.1)

where e; is a unit vector in the j direction (and we set the lattice constant to unity). The

Hamiltonian for SU(N) lattice gauge theory is
Hsyn _g ZE"‘ E( Z Tr( )+ Wh(r )) (D.2)
r;j,k

where the self-adjoint operators E¢(r) are defined on links and obey
[A%(r), B (x)] = i0pw 0,607, [EX(r), B}(x))] =i f*"V B} (r) 6,0 650, (D.3)
which also implies

[E5 (), Uk (x')] = T Uj(x) Or,v 0,

O U () O  exp (1607 by 0,0 U1,

for some parameters £¢. The generators of SU(N) gauge transformations are
= [Ea — (UMY (r —ej) EP(r — ¢y)] (D.5)
7j=1

where (U} dj)aﬂ (r) = ¢! Taa)*? A7) — of*7AJ() 16 matrix elements of the gauge variables
in the adjoint representation. The gauge charges Q*(r) commute with the Hamiltonian,
[Q(r), Hsy(ny] = 0, and annihilate physical states so that Q(r) [phys) = 0.

18We note, however, that the Gauss law for SU(2) lattice gauge theory is incorrect in Ref. [148]. The
author of this (otherwise excellent) textbook is aware of this issue.
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To obtain PSU(N) lattice gauge theory, we now gauge the Zy electric one-form symmetry
of SU(N) lattice gauge theory. To couple to a Zy two-form gauge field, we introduce unitary

operators 0j(r) and 7;;(r) on plaquettes that satisfy

O = [ =L o)) = exp (5 6 ) mwle) ()
(D.6)
In addition, we have 74;(r) = Tka(r) and oy;(r) = a}k(r). The three-form analogue of a field
strength, defined on cubes (r;1,2,3), is

hi2s(r) = 012(r) ol (1 + €3) 0a3(r) o3 (r + €1) 31 (r) ol (r + €2). (D.7)

The Hamiltonian for PSU(N) lattice gauge theory is

Hpsun = ZEQ B 1) = 503 2 T (W) oelw) + W) (o)

R . (D.8)

<h123(r) + h123(r)> ) Z (Tjk(r) + Tjk(r)) '

r;j,k

1
242

The Zy two-form gauge field has its own Gauss law. To define the operator for this gauge
charge, we must identify the operator that generates the Zy center transformation of SU(N)

on each link. We can always take a generator of SU (V) to be diagonal, which we take to be

N 11 1 1
T — di — — -1+ — D.
2(N — 1) 1ag<N NN +N) (D-9)

for some ag. A Zy center transformation on Ug(r) is then given by

einE;“O(r) Uk(r’) e—inE;‘O(r) _ €2m6j’k Sp et /N Uk(r'), (DlO)

where n = 27w1/2(N — 1)/N. For each link (r, 7), the generator of gauge transformations for
the two-form gauge field is

Q,(r) = — B HT]k ]k (r —eyp). (D.11)
k#j
This operator commutes with the Hamiltonian, [Q;(r), Hpsyny] = 0, and physical states

must be invariant under this operator, Q,;(r) |phys) = |phys). This constraint also ensures

that the 't Hooft loop, which must be attached to a surface in SU(N) gauge theory, becomes
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a genuine loop operator in PSU(N) gauge theory. Indeed, the 't Hooft loop in SU(N) gauge

theory, which is defined on a loop 4 on the dual lattice attached to a surface i, is

TH) = [ =", (D.12)

(r;j)€S

where the product is over links intersecting 5. However, the invariance of states under Q,(r)
in PSU(N) gauge theory ensures that the choice of surface ¥ does not matter since this

operator acts on physical states in the same way as

T =[] melx). (D.13)

(r;5,k) €5
where the product is now over plaquettes intersecting the loop 7.

Before coupling the gauge fields to fermions, let us check that Zy topological order is
produced in a certain limit of the PSU(N) lattice gauge theory. We take the limit g2 — 0 so
that the terms in the Hamiltonian with 7j,(r) and its Hermitian conjugate may be ignored.

Now the ground state |¢)y) must satisfy,

Ias(r) o) = Rias(r) [} = [tho) . (D.14)

so the 't Hooft loops cannot end. In this limit, there is an exact Zy magnetic one-form global
symmetry, as in the continuum PSU(N) gauge theory. For finite g? (but not too large), we
expect that this symmetry will be emergent. The operator that acts with the Zy one-form

symmetry, defined on a noncontractible surface X,
uz)= [ o), (D.15)
(r;j,k)eX

now commutes with the Hamiltonian. Taking g> — oo also, the ground state must satisfy,
E7(r) [tho) =0, (D.16)

so that
(ol T(7) [to) =1 (D.17)

for any contractible loop ¥ on the dual lattice. For finite g, the 't Hooft loop will instead
have a perimeter law. Hence, the Zy magnetic one-form symmetry will ultimately be spon-
taneously broken at low energies by deconfined monopoles, leading to Zy topological order.

Another way to observe the topological order is to note that for g> — oo the 't Hooft loop

T (%) commutes with the Hamiltonian. For noncontractible 4 this operator generates a Zy
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two-form global symmetry that acts on the surface operator U(X) for noncontractible ¥. For
example, we take periodic boundary conditions in all directions. Let 4 be a noncontractible
loop in the j direction and > be a plane perpendicular to the j direction. The operators
U(X) and T (%) both commute with the Hamiltonian and obey

UE)T(F) =N UE) T (), (D.18)

which implies a ground state degeneracy of N on the torus, thus confirming the Zy topo-
logical order.
Finally, we introduce fermions. On each site r, we place a four-component Majorana

spinor ,(r), which obeys the anticommutation relations,

{¢a(r), Yo (r)} = (4" C)ap Or ey (D.19)

where a and b are spinor indices and C is the charge conjugation matrix (see Appendix B).

The Hamiltonian for a single free Majorana fermion ¢ (r) of mass m is

1

Hy = Z§¢T(T)C(DW +m)(r), (D.20)

r

where 97 (r) is the transpose of the spinor ¥ (r) and Dy, is the Wilson operator [53],

3
1 o _ _
DW:§Z[_WJ (A7 +A7) = (AF =A7)], (D.21)
j=1

where Aft(r) = (r + e;) — ¥ (r) and A9 (r) = ¢(r) — ¥(r — e;). The gapped phases of
Eq. (D.20) are time-reversal invariant topological superconductors in class DIII, characterized
by a topological invariant v, which is classified by Z for free fermions [151-153] but collapses
to Z1¢ when interactions are taken into account [82, 123-125]. The topological invariant for

Eq. (D.20) as a function of m is

0, m < —6, m >0,
v=<-1, —6<m<—4,-2<m<0, (D.22)
2, —4<m< =2,
In particular, notice that the m > 0 phase is a trivial superconductor, and there is a transition
at m = 0, where the Majorana fermion becomes massless, to the phase at —2 < m < 0, which

is a topological superconductor with a gravitational response of 6, = 7 (see Appendix C).

Thus, in the continuum limit, the transition at m = 0 becomes the transition of a single
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Majorana fermion whose mass changes sign. If we take N; (N? — 1) copies of this Majorana
fermion and couple them to a PSU(N) gauge field in the adjoint representation, then for N
even and a sufficiently large odd number of flavors N, there will be a continuous transition
at m = 0 that corresponds to the topological transition discussed for the continuum PSU(N)
adjoint QCD theory in Section 4.
To couple fermion fields ¢(r) that transform in a representation R of the gauge field, we
define
D (R)¢(r) = Uf(r) ¥(r +e;) — ¥(r),
D5 (R)¢(r) = (r) — (UF) 7 (r — e)) v (r —ey),

where U JR (r) = ¢ TR47™) are the gauge variables in representation R. We also define

(D.23)

3
1 o _ _
Dfy = 5> [-i7 (Df (R)+ D} (R) - (Df (R) - Dy (R))].  (D.24)
j=1
Taking R to be the adjoint representation and introducing Ny flavors of Majorana fermions,

indexed by J, the Hamiltonian is

Ny
H=3"5 L0l ) € (D3 +m) () + Hesuom, (D.25)

J=1 r
where Hpgy(ny is given in Eq. (D.8). Even with the coupling to fermions, the one-form gauge
charge Q;(r), defined in Eq. (D.11), remains the same. However, the generator of zero-form

gauge transformations, Eq. (D.5), must be modified to

Ny
Q) = 3 [Brn) = W) — o) B (r — )] — 5 3 0 (1) €0 Ty (). (D260
j=1 J=1

This operator commutes with the Hamiltonian, Eq. (D.25). As discussed above, for N even
and sufficiently large odd Ny, there will be a continuous transition in the lattice Hamiltonian,
Eq. (D.25), at m = 0. Taking ¢g* large and §* small, the phase for m > 0 will be the
Zy topological order discussed in Section 4.2, and the —2 < m < 0 phase is the SET with
Zy2 topological order explained in Section 4.3.

As noted previously, for finite §? the Zy magnetic one-form symmetry that is present in
the continuum theory is explicitly broken by dynamical magnetic monopoles. This symmetry
is expected to be emergent for small (but still finite) g2. Because the magnetic monopoles
in this lattice model, Eq. (D.25), transform trivially under the SO(Ny) flavor symmetry and
time-reversal symmetry, the SET orders arising from the Hamiltonian in Eq. (D.25) will have
the trivial symmetry fractionalization class—the deconfined anyons will be bosonic Kramers
singlets and SO(Ny) tensors.
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E Other gauge groups

In Section 4, we discuss a transition between SETs with different topological orders for
PSU(N) adjoint QCD. An analogue of this topological transition can occur for adjoint
QCD with other gauge groups. Consider a gauge field with a gauge group G, coupled to Ny
odd flavors of Majorana fermions in the adjoint representation. As in Section 4, we impose
an SO(Ny) flavor symmetry and time-reversal symmetry, and we take N, large enough so
that the transition is continuous. In the discussion below, k& will always be a nonnegative
integer, and we regularize the theory so that the phase with positive fermion mass m is the
pure gauge theory with # = 0. The full magnetic one-form symmetry will be spontaneously
broken in this phase. To determine the nature of the m < 0 phase, we use the relationship
between the traditional G theta term and discrete theta terms for various gauge groups as
given in Refs. [50, 154].

If the gauge group is Gy = Sp(4k + 1)/Z,, the magnetic one-form symmetry is Z,. The
m > 0 phase has Z, topological order, and at low energies, the m < 0 phase has a theta
angle for G, of 0 = w(4k 4+ 2) Ny, leading to the effective action,

Seﬂ:2Nf(2k+1)(4k;+1)/b/\b+(2k+1)(4k+1)w/Tr(F/\F)

s 2
Nj(2k + 1)(4k + D)7

TV /Tr(R A R),

where b, is a dynamical Z, two-form gauge field, F},, is a background field for the SO(Ny)

(E.1)

flavor symmetry, and R is the curvature two-form. Because Ny(2k+ 1)(4k+ 1) is odd, there
is no topological order in this phase. If we couple to a background field B,, for the Z,

magnetic one-form symmetry and integrate out b,,, we find that this phase has nontrivial

s
SPT order for the unbroken Z, magnetic one-form symmetry. Given that Sp(1) = SU(2),
this analysis is consistent with our results in Section 4.

If the gauge group is Gy = Spin(8k + 6)/Z,, then there is a Z, magnetic one-form
symmetry, so the m > 0 phase has Z, topological order. The m < 0 phase has a theta angle

for G, of 8 = 7(8k + 4) Ny, giving the effective action,
4(4k + 3)(4k + 2)Ny /b At (4k + 3)(8k + 5)m

47 &2

Ny (4k + 3)(8k + 5)7
TV /Tr(R A R),

where b, is a dynamical Z, two-form gauge field. Since ged(4, (4k + 3)(4k + 2)Ny) = 2,

the Z4 one-form symmetry is spontaneously broken to Z,, and the unbroken Z, one-form

Seff =

/ Tr(F A F)
(E.2)
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symmetry has nontrivial SPT order. For Spin(6) = SU(4), this conclusion is consistent with
Section 4.

The gauge groups Spin(8k)/(Zq X Zs) and Spin(8k +4)/(Zq X Zs) have Zy X Zy magnetic
one-form symmetries. The m > 0 phase thus has Z, X Zs topological order in both cases. If
the gauge group is Gy = Spin(8k)/(Zy x Zs), then the m < 0 phase has a G, theta angle of
0 = w(8k — 2) Ny, which leads to an effective action of

2(4k — 1) N / 4k(8k — 1) / N;4k(8k — )7 /
= — ——— [ T*(FAF T
Seft 5 by A by + = r(FAF)+ 3842 r(RAR),
(E.3)

where (b1),, and (by),, are dynamical Z, two-form gauge fields. Since (4k — 1)N; is odd,

there is no topological order in this phase. If we couple to background fields, (By),, and
(B2)uw, for the two Zy magnetic one-form symmetries and integrate out (b1),, and (b2),.,
we find that the Z,; magnetic one-form symmetries have a mixed SP'T response,

2
Smixed[B1, Ba] = %/31 N By, (E.4)

in addition to the zero-form SPT response in Eq. (E.3).
For G, = Spin(8k+4)/(Zy x Z5), the m < 0 phase has a G, theta angle of § = 7(8k+2)N;

so that the effective action is

Seﬁ _ 2(4]€ + 1)4(2k + 1)Nf / (bl A by + by A bz) + (4k + 2;<82k + 3)7T /TI'(F A F)
m T (E.5)
Ny (4k +2)(8k + 3)
/ T /Tr(R A R).

Since (4k+1)(2k+1)N; is odd, this phase is also an SPT. However, it has a different response

for the magnetic one-form symmetry, given by

2
Stnmixed [ B1, Ba] = T / (Bi1 A By + By A\ By), (E.6)

which does not couple the two background fields.

F Anomaly of non-invertible time-reversal

Here, we identify the conditions under which the non-invertible time-reversal symmetry
associated with the operator T,,, defined in Section 5.1, has a mixed anomaly with the Zy
one-form symmetry. Specifically, the anomaly implies that no trivially gapped phase can

simultaneously preserve both symmetries.
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We first consider the most general fermionic Zy one-form SPT in (3+1)d, given by the

action N
SsenlB) = 32 [ BAB, (F.1)
78

where p is an integer mod N and B, is a background Zy two-form gauge field. The action

for this SPT transforms under the non-invertible time-reversal transformation K,, to

Sk, = — Zf/mm—/mm /5 ﬁ——/ﬁ/\B (F.2)

where b, and 3,, are dynamical Zy two-form gauge fields. To integrate out b,,, we must

uv
have gcd(V, p) = 1. Integrating out b, then gives the action

seﬁ«:N“*ZX‘”“/M&—%/@AB, (F.3)

where £ is an integer such that £p = 1 mod N. Finally, integrating out f3,,, which requires
ged(N, ¢ —n) = 1, results in the SPT,

Sspr[B] = —Z—E/B A B, (F.4)

™

where £ is an integer such that ¢ (¢ —n) = 1 mod N.

The original SPT state, Eq. (F.1), is then invariant under the non-invertible time-reversal

transformation K, if £ = — p mod N, which implies that
1=0(({-n)=—-p({l—n)=—1+pn mod N. (F.5)

Hence, we must have

pn =2 mod N (F.6)

for some p, indicating that ged(N,n) is either 1 or 2. If N or n is odd, a solution for p
exists only if gcd(N,n) = 1. If N and n are both even, there exists a solution for p only if
ged(N/2,n/2) = 1. Thus, there is an anomaly for ged(N,n) > 1 if N or n is odd and for
ged(N/2,n/2) > 1 if N and n are both even. In these cases, no trivially gapped state can

preserve both the Zy one-form symmetry and non-invertible time-reversal symmetry.

References

[1] F. J. Wegner, Duality in generalized Ising models and phase transitions without local
order parameters, Journal of Mathematical Physics 12 (1971), doi:10.1063/1.1665530.

92


https://doi.org/10.1063/1.1665530

[2] X.-G. Wen, Topological orders in rigid states, International Journal of Modern Physics
B 04 (1990), doi:10.1142/50217979290000139.

[3] X. Chen, Z.-C. Gu, Z-X. Liu and X.-G. Wen,  Symmetry-protected topolog-
ical orders in interacting bosonic systems,  Science 338(6114), 1604 (2012),
doi:10.1126 /science.1227224.

[4] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders
and the group cohomology of their symmetry group, Phys. Rev. B 87, 155114 (2013),
doi:10.1103/PhysRevB.87.155114.

[5] F.Pollmann, E. Berg, A. M. Turner and M. Oshikawa, Symmetry protection of topolog-
ical phases in one-dimensional quantum spin systems, Physical Review B - Condensed
Matter and Materials Physics 85 (2012), doi:10.1103/PhysRevB.85.075125.

[6] L. Fidkowski and A. Kitaev, Topological phases of fermions in one dimen-
sion, Physical Review B - Condensed Matter and Materials Physics 83 (2011),
doi:10.1103 /PhysRevB.83.075103.

[7] A. Vishwanath and T. Senthil, Physics of three-dimensional bosonic topological insu-
lators: Surface-deconfined criticality and quantized magnetoelectric effect, Phys. Rev.
X 3, 011016 (2013), doi:10.1103/PhysRevX.3.011016.

[8] T. Senthil, Symmetry-protected topological phases of quantum matter, Annual Re-
view of Condensed Matter Physics 6(1), 299 (2015), doi:10.1146/annurev-conmatphys-
031214-014740.

[9] M. Barkeshli, P. Bonderson, M. Cheng and Z. Wang, Symmetry fractionaliza-
tion, defects, and gauging of topological phases, Phys. Rev. B 100, 115147 (2019),
doi:10.1103/PhysRevB.100.115147.

[10] X. Chen, Symmetry fractionalization in two dimensional topological phases,
doi:10.1016/j.revip.2017.02.002 (2017).

[11] E. Fradkin and S. H. Shenker, Phase diagrams of lattice gauge theories with higgs
fields, Physical Review D 19 (1979), doi:10.1103/PhysRevD.19.3682.

[12] M. Creutz, L. Jacobs and C. Rebbi, Monte Carlo study of Abelian lattice gauge theories,
Physical Review D 20 (1979), doi:10.1103/PhysRevD.20.1915.

[13] M. Creutz, L. Jacobs and C. Rebbi, Monte Carlo computations in lattice gauge theories,
doi:10.1016/0370-1573(83)90016-9 (1983).

[14] M. Vettorazzo and P. de Forcrand, Electromagnetic fluzes, monopoles, and the
order of 4d compact U(1) phase transition, — Nuclear Physics B 686 (2004),
doi:10.1016/j.nuclphysb.2004.02.038.

[15] O. Akerlund and P. de Forcrand, U(1) lattice gauge theory with a topological action,

53


https://doi.org/10.1142/s0217979290000139
https://doi.org/10.1126/science.1227224
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.85.075125
https://doi.org/10.1103/PhysRevB.83.075103
https://doi.org/10.1103/PhysRevX.3.011016
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1103/PhysRevB.100.115147
https://doi.org/10.1016/j.revip.2017.02.002
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevD.20.1915
https://doi.org/10.1016/0370-1573(83)90016-9
https://doi.org/10.1016/j.nuclphysb.2004.02.038

[16]

[17]

[18]
[19]
[20]

[21]

22]

23]

[24]

[25]
[26]
[27]

28]

[29]

Journal of High Energy Physics 2015 (2015), doi:10.1007/JHEPO6(2015)183.

T. Filk, M. Marcu and K. Fredenhagen, Line of second-order phase transitions in the
four-dimensional Zs gauge theory with matter fields, Physics Letters B 169 (1986),
doi:10.1016/0370-2693(86)90381-3.

Y. Blum, P. K. Coyle, S. Elitzur, E. Rabinovici, H. Rubinstein and S. Solomon, In-
vestigation of the critical behavior of the critical point of the Zo gauge lattice, Nuclear
Physics B 535 (1998), doi:10.1016/50550-3213(98)00636-1.

D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, J.
High Energ. Phys. 2015(2), 172 (2015), doi:10.1007/JHEP02(2015)172.

J. McGreevy, Generalized symmetries in condensed matter, Annual Review of Con-
densed Matter Physics 14 (2023), doi:10.1146/annurev-conmatphys-040721-021029.
P. R. Gomes, An introduction to higher-form symmetries, SciPost Physics Lecture
Notes (2023), doi:10.21468/SciPostPhysLectNotes.74.

C. Cérdova, T. T. Dumitrescu, K. Intriligator and S.-H. Shao, Snow-
mass white paper: Generalized symmetries in quantum field theory and beyond,
doi:10.48550/arXiv.2205.09545 (2022), https://arxiv.org/abs/2205.09545.

T. D. Brennan and S. Hong, Introduction to generalized global symmetries in QFT
and particle physics, doi:10.48550 /arXiv.2306.00912 (2023), https://arxiv.org/abs/
2306.00912.

S. Schéfer-Nameki, ICTP lectures on (non-)invertible generalized symmetries, Physics
Reports 1063, 1 (2024), doi:https://doi.org/10.1016/j.physrep.2024.01.007, ICTP
lectures on (non-)invertible generalized symmetries.

L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden, D. S. Gould, A. Platschorre
and H. Tillim, Lectures on generalized symmetries, doi:10.1016/j.physrep.2023.11.002
(2024).

R. Luo, Q. R. Wang and Y. N. Wang, Lecture notes on generalized symmetries and
applications, doi:10.1016/j.physrep.2024.02.002 (2024).

S.-H. Shao, What’s done cannot be undone: TASI lectures on non-invertible symme-
tries, doi:10.48550/arXiv.2308.00747 (2024), https://arxiv.org/abs/2308.00747.
N. Igbal and J. McGreevy, Mean string field theory: Landau-Ginzburg theory for 1-
form symmetries, SciPost Physics 13, 114 (2022), doi:10.21468/SciPostPhys. 13.5.114.
Z. Bi and T. Senthil, Adventure in topological phase transitions in 3 + 1-D: Non-
Abelian deconfined quantum criticalities and a possible duality, Phys. Rev. X 9 (2019),
doi:10.1103/PhysRevX.9.021034.

7. Bi, E. Lake and T. Senthil, Landau ordering phase transitions beyond the Landau

o4


https://doi.org/10.1007/JHEP06(2015)183
https://doi.org/10.1016/0370-2693(86)90381-3
https://doi.org/10.1016/S0550-3213(98)00636-1
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.21468/SciPostPhysLectNotes.74
https://doi.org/10.48550/arXiv.2205.09545
https://arxiv.org/abs/2205.09545
https://doi.org/10.48550/arXiv.2306.00912
https://arxiv.org/abs/2306.00912
https://arxiv.org/abs/2306.00912
https://doi.org/https://doi.org/10.1016/j.physrep.2024.01.007
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.1016/j.physrep.2024.02.002
https://doi.org/10.48550/arXiv.2308.00747
https://arxiv.org/abs/2308.00747
https://doi.org/10.21468/SciPostPhys.13.5.114
https://doi.org/10.1103/PhysRevX.9.021034

[30]

[31]

[32]

[33]

[34]
[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

paradigm, Physical Review Research 2 (2020), doi:10.1103/PhysRevResearch.2.023031.
J. Wang, Y. Z. You and Y. Zheng, Gauge enhanced quantum criticality and time
reversal deconfined domain wall: SU(2) Yang-Mills dynamics with topological terms,
Physical Review Research 2 (2020), doi:10.1103/PhysRevResearch.2.013189.

W. E. Caswell, Asymptotic behavior of non-abelian gauge theories to two-loop order,
Physical Review Letters 33 (1974), doi:10.1103/PhysRevLett.33.244.

T. Banks and A. Zaks, On the phase structure of vector-like gauge theories with
massless fermions, Nuclear Physics, Section B 196 (1982), doi:10.1016/0550-
3213(82)90035-9.

J. Kaidi, K. Ohmori and Y. Zheng, Kramers-Wannier-like  duality de-
fects in  (3+1)d gauge theories, Physical Review Letters 128 (2022),
doi:10.1103/PhysRevLett.128.111601.

Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible time-reversal symmetry, Physical
Review Letters 130 (2023), doi:10.1103/PhysRevLett.130.131602.

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M. P. Fisher, Deconfined
quantum critical points, Science 303 (2004), doi:10.1126 /science.1091806.

T. Senthil, L. Balents, S. Sachdev, A. Vishwanath and M. P. Fisher, Quantum criti-
cality beyond the Landau-Ginzburg- Wilson paradigm, Physical Review B - Condensed
Matter and Materials Physics 70 (2004), doi:10.1103/PhysRevB.70.144407.

T. Senthil, Deconfined Quantum Critical Points: A Review, chap. Chapter 14, pp.
169-195, World Scientific, doi:10.1142/9789811282386_0014 (2024), https://www.
worldscientific.com/doi/pdf/10.1142/9789811282386_0014.

A. Chatterjee, Omer M. Aksoy and X.-G. Wen, Quantum phases and transitions
in spin chains with non-invertible symmetries, SciPost Physics 17, 115 (2024),
doi:10.21468 /SciPostPhys.17.4.115.

Y.-H. Chen and T. Grover, Analogs of deconfined quantum criticality for non-invertible
symmetry breaking in 1d, doi:10.48550 /arXiv.2506.01131 (2025), https://arxiv.org/
abs/2506.01131.

S. Seifnashri and S.-H. Shao, Cluster state as a mnoninvertible symmetry-
protected  topological  phase, Phys. Rev. Lett. 133, 116601 (2024),
doi:10.1103/PhysRevLett.133.116601.

L. Li, R.-Z. Huang and W. Cao, Noninvertible symmetry-enriched quantum critical
point, Physical Review B 112 (2025), doi:10.1103/mz32-k1zk.

L. E. Bottini and S. Schafer-Nameki, A gapless phase with Haagerup symmetry,
doi:10.48550/arXiv.2410.19040 (2025), https://arxiv.org/abs/2410.19040.

55


https://doi.org/10.1103/PhysRevResearch.2.023031
https://doi.org/10.1103/PhysRevResearch.2.013189
https://doi.org/10.1103/PhysRevLett.33.244
https://doi.org/10.1016/0550-3213(82)90035-9
https://doi.org/10.1016/0550-3213(82)90035-9
https://doi.org/10.1103/PhysRevLett.128.111601
https://doi.org/10.1103/PhysRevLett.130.131602
https://doi.org/10.1126/science.1091806
https://doi.org/10.1103/PhysRevB.70.144407
https://doi.org/10.1142/9789811282386_0014
https://www.worldscientific.com/doi/pdf/10.1142/9789811282386_0014
https://www.worldscientific.com/doi/pdf/10.1142/9789811282386_0014
https://doi.org/10.21468/SciPostPhys.17.4.115
https://doi.org/10.48550/arXiv.2506.01131
https://arxiv.org/abs/2506.01131
https://arxiv.org/abs/2506.01131
https://doi.org/10.1103/PhysRevLett.133.116601
https://doi.org/10.1103/mz32-k1zk
https://doi.org/10.48550/arXiv.2410.19040
https://arxiv.org/abs/2410.19040

[43] L. Bhardwaj, D. Pajer, S. Schéfer-Nameki and A. Warman, Hasse diagrams for gap-
less spt and ssb phases with non-invertible symmetries, doi:10.48550 /arXiv.2403.00905
(2024), https://arxiv.org/abs/2403.00905.

[44] L. Bhardwaj, L. E. Bottini, S. Schifer-Nameki and A. Tiwari, Lattice models for phases
and transitions with non-invertible symmetries, doi:10.48550 /arXiv.2405.05964 (2025),
https://arxiv.org/abs/2405.05964.

[45] L. Bhardwaj, Y. Gai, S.-J. Huang, K. Inamura, S. Schéfer-Nameki, A. Ti-
wari and A. Warman, Gapless phases in (2+1)d with non-invertible symmetries,
doi:10.48550/arXiv.2503.12699 (2025), https://arxiv.org/abs/2503.12699.

[46] L. Bhardwaj, L. E. Bottini, D. Pajer and S. Schéfer-Nameki, The club sandwich:
Gapless phases and phase transitions with non-invertible symmetries, SciPost Phys.
18, 156 (2025), doi:10.21468 /SciPostPhys.18.5.156.

[47] A. Antinucci, C. Copetti and S. Schéfer-Nameki,  SymTFT for (3+1)d gap-
less SPTs and obstructions to confinement, SciPost Phys. 18, 114 (2025),
doi:10.21468 /SciPostPhys.18.3.114.

[48] C. Cérdova, D. Garcia-Sepilveda and K. Ohmori, Higgsing transitions from topo-
logical field theory € non-invertible symmetry in Chern-Simons matter theories,
doi:10.48550/arXiv.2504.03614 (2025), https://arxiv.org/abs/2504.03614.

[49] A. Kapustin, Wilson-"t Hooft operators in four-dimensional gauge theories and S-
duality, Physical Review D - Particles, Fields, Gravitation and Cosmology 74 (2006),
doi:10.1103/PhysRevD.74.025005.

[50] O. Aharony, N. Seiberg and Y. Tachikawa, Reading between the lines of
four-dimensional gauge theories, Journal of High Energy Physics 2013 (2013),
doi:10.1007/JHEP08(2013)115.

[51] G. 't Hooft, On the phase transition towards permanent quark confinement, Nuclear
Physics, Section B 138 (1978), doi:10.1016/0550-3213(78)90153-0.

[52] P. Goddard, J. Nuyts and D. Olive, Gauge theories and magnetic charge, Nuclear
Physics, Section B 125 (1977), doi:10.1016/0550-3213(77)90221-8.

53] K. G. Wilson, Confinement of quarks, Physical Review D 10 (1974),
doi:10.1103/PhysRevD.10.2445.

[54] Y. Nambu, Strings, monopoles, and gauge fields, Physical Review D 10 (1974),
doi:10.1103/PhysRevD.10.4262.

[55] A. M. Polyakov, Compact gauge fields and the infrared catastrophe, Physics Letters B
59 (1975), doi:10.1016,/0370-2693(75)90162-8.

[56] S. Mandelstam, [II. Vortices and quark confinement in non-Abelian gauge theories,

56


https://doi.org/10.48550/arXiv.2403.00905
https://arxiv.org/abs/2403.00905
https://doi.org/10.48550/arXiv.2405.05964
https://arxiv.org/abs/2405.05964
https://doi.org/10.48550/arXiv.2503.12699
https://arxiv.org/abs/2503.12699
https://doi.org/10.21468/SciPostPhys.18.5.156
https://doi.org/10.21468/SciPostPhys.18.3.114
https://doi.org/10.48550/arXiv.2504.03614
https://arxiv.org/abs/2504.03614
https://doi.org/10.1103/PhysRevD.74.025005
https://doi.org/10.1007/JHEP08(2013)115
https://doi.org/10.1016/0550-3213(78)90153-0
https://doi.org/10.1016/0550-3213(77)90221-8
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.4262
https://doi.org/10.1016/0370-2693(75)90162-8

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

Physics Reports 23 (1976), doi:10.1016/0370-1573(76)90043-0.

E. Witten, Dyons of charge e /2w, Physics Letters B 86, 283 (1979), doi: 10.1016/0370-
2693(79)90838-4.

G. 't Hooft, Topology of the gauge condition and new confinement phases in non-
abelian gauge theories, Nuclear Physics B 190(3), 455 (1981), doi:10.1016/0550-
3213(81)90442-9.

J. L. Cardy and E. Rabinovici, Phase structure of Z, models with a 6 parameter,
Nuclear Physics B 205(1), [FS5] 1 (1982), doi:10.1016/0550-3213(82)90463-1.

S. Gukov and A. Kapustin, Topological quantum field theory, monlocal operators,
and gapped phases of gauge theories, doi:10.48550/arXiv.1307.4793 (2013), https:
//arxiv.org/abs/1307.4793.

A. Kapustin and R. Thorngren, Topological field theory on a lattice, discrete theta-
angles and confinement, Advances in Theoretical and Mathematical Physics 18 (2014),
doi:10.4310/ATMP.2014.v18.n5.a4.

M. Honda and Y. Tanizaki, Topological aspects of 4D Abelian lattice gauge
theories with the 6 parameter, J. High Energ. Phys. 2020, 154 (2020),
doi:10.1007/JHEP12(2020)154.

P.-S. Hsin, W. Ji and C. M. Jian, FEzxotic invertible phases with higher-group symme-
tries, SciPost Physics 12 (2022), doi:10.21468/SCIPOSTPHYS.12.2.052.

Y. Hayashi and Y. Tanizaki, Non-invertible self-duality defects of Cardy-Rabinovici
model and mized gravitational anomaly, J. High Energ. Phys. 2022, 36 (2022),
doi:10.1007/JHEP08(2022)036.

B. Moy, H. Goldman, R. Sohal and E. Fradkin, Theory of oblique topological insulators,
SciPost Physics 14 (2023), doi:10.21468/SciPostPhys. 14.2.023.

S. D. Pace and X. G. Wen, FEmergent higher-symmetry protected topological or-
ders in the confined phase of U(1) gauge theory, Physical Review B 107 (2023),
doi:10.1103/PhysRevB.107.075112.

B. Moy and E. Fradkin, Intertwined order of generalized global symmetries, SciPost
Physics 18, 157 (2025), doi:10.21468/SciPostPhys. 18.5.157.

N. Katayama and Y. Tanizaki, 2d Cardy-Rabinovici model with the modified Villain
lattice: Exact dualities and symmetries, doi:10.48550 /arXiv.2505.19412 (2025), https:
//arxiv.org/abs/2505.19412.

D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, time reversal and
temperature, J. High Energ. Phys. 2017, 091 (2017), doi:10.1007/JHEPO05(2017)091.
A. Kapustin and R. Thorngren, Higher Symmetry and Gapped Phases of Gauge Theo-

57


https://doi.org/10.1016/0370-1573(76)90043-0
https://doi.org/10.1016/0370-2693(79)90838-4
https://doi.org/10.1016/0370-2693(79)90838-4
https://doi.org/10.1016/0550-3213(81)90442-9
https://doi.org/10.1016/0550-3213(81)90442-9
https://doi.org/10.1016/0550-3213(82)90463-1
https://doi.org/10.48550/arXiv.1307.4793
https://arxiv.org/abs/1307.4793
https://arxiv.org/abs/1307.4793
https://doi.org/10.4310/ATMP.2014.v18.n5.a4
https://doi.org/10.1007/JHEP12(2020)154
https://doi.org/10.21468/SCIPOSTPHYS.12.2.052
https://doi.org/10.1007/JHEP08(2022)036
https://doi.org/10.21468/SciPostPhys.14.2.023
https://doi.org/10.1103/PhysRevB.107.075112
https://doi.org/10.21468/SciPostPhys.18.5.157
https://doi.org/10.48550/arXiv.2505.19412
https://arxiv.org/abs/2505.19412
https://arxiv.org/abs/2505.19412
https://doi.org/10.1007/JHEP05(2017)091

[82]

[83]

[84]

ries, pp. 177-202, Springer International Publishing, Cham, [SBN 978-3-319-59939-7,
doi:10.1007/978-3-319-59939-7_5 (2017).

F. Pollmann and A. M. Turner, Detection of symmetry-protected topological phases
in one dimension, Physical Review B - Condensed Matter and Materials Physics 86
(2012), doi:10.1103/PhysRevB.86.125441.

E. Witten, Theta dependence in the large N limit of four-dimensional gauge theories,
Physical Review Letters 81 (1998), doi:10.1103/PhysRevLett.81.2862.

K. Konishi, Confinement, soft supersymmetry breaking and 6 parameter dependence
in the Seiberg- Witten model, Physics Letters, Section B: Nuclear, Elementary Particle
and High-Energy Physics 392 (1997), doi:10.1016/50370-2693(96)01527-4.

R. Dashen, Some features of chiral symmetry breaking, Physical Review D 3 (1971),
doi:10.1103/PhysRevD.3.1879.

A. Kapustin and N. Seiberg, Coupling a QFT to a TQFT and duality, J. High Energ.
Phys. 2014, 001 (2014), doi:10.1007 /JHEPOA(2014)001.

P.-S. Hsin, H. T. Lam and N. Seiberg, = Comments on one-form global sym-
metries and their gauging in 3d and /4d, SciPost Physics 6, 039 (2019),
doi:10.21468 /SciPostPhys.6.3.039.

S. Elitzur, R. B. Pearson and J. Shigemitsu, Phase structure of discrete Abelian spin
and gauge systems, Phys. Rev. D 19 (1979), doi:10.1103/PhysRevD.19.3698.

A. Ukawa, P. Windey and A. H. Guth, Dual variables for lattice gauge theo-
ries and the phase structure of Z(N) systems, Phys. Rev. D 21, 1013 (1980),
doi:10.1103 /PhysRevD.21.1013.

C. W. Von Keyserlingk and F. J. Burnell, Walker-Wang models and axion electrody-
namics, Phys. Rev. B 91, 045134/1 (2015), doi:10.1103/PhysRevB.91.045131.

J. L. Cardy, Duality and the 8 parameter in Abelian lattice models, Nuclear Physics B
205, [FS5] 17 (1982), doi:10.1016/0550-3213(82)90464-3.

N. Seiberg and E. Witten, Gapped boundary phases of topological insulators via weak
coupling, Progress of Theoretical and Experimental Physics 2016, ptw083 (2016),
doi:10.1093 /ptep/ptw083.

A. Kapustin, R. Thorngren, A. Turzillo and Z. Wang, Fermionic symmetry pro-
tected topological phases and cobordisms, Journal of High Energy Physics 2015 (2015),
doi:10.1007/JHEP12(2015)052.

S. L. Adler, Axial-vector vertez in spinor electrodynamics, Physical Review 177 (1969),
doi:10.1103/PhysRev.177.2426.

J. S. Bell and R. Jackiw, A PCAC puzzle: 7° — vv in the o-model, 11 Nuovo Cimento

58


https://doi.org/10.1007/978-3-319-59939-7_5
https://doi.org/10.1103/PhysRevB.86.125441
https://doi.org/10.1103/PhysRevLett.81.2862
https://doi.org/10.1016/S0370-2693(96)01527-4
https://doi.org/10.1103/PhysRevD.3.1879
https://doi.org/10.1007/JHEP04(2014)001
https://doi.org/10.21468/SciPostPhys.6.3.039
https://doi.org/10.1103/PhysRevD.19.3698
https://doi.org/10.1103/PhysRevD.21.1013
https://doi.org/10.1103/PhysRevB.91.045134
https://doi.org/10.1016/0550-3213(82)90464-3
https://doi.org/10.1093/ptep/ptw083
https://doi.org/10.1007/JHEP12(2015)052
https://doi.org/10.1103/PhysRev.177.2426

[85]
[36]

[87]

[95]

[96]

[97]

[98]

A 60 (1969), doi:10.1007/bf02823296.

J. M. Luttinger, Theory of thermal transport coefficients, Physical Review 135 (1964),
doi:10.1103 /PhysRev.135.A1505.

G. E. Volovik, The gravitational-topological Chern-Simons term in a film of superfluid
3He-A (1990).

N. Read and D. Green, Paired states of fermions in two dimensions with break-
ing of parity and time-reversal symmetries and the fractional quantum Hall ef-
fect, Physical Review B - Condensed Matter and Materials Physics 61 (2000),
doi:10.1103/PhysRevB.61.10267.

S. Ryu, J. E. Moore and A. W. Ludwig, FElectromagnetic and gravitational responses
and anomalies in topological insulators and superconductors, Physical Review B -
Condensed Matter and Materials Physics 85 (2012), doi:10.1103/PhysRevB.85.045104.
D. J. Gross and F. Wilczek, Asymptotically free gauge theories. I, Physical Review D
8 (1973), doi:10.1103/PhysRevD.8.3633.

H. D. Politzer, Reliable perturbative results for strong interactions?, Physical Review
Letters 30 (1973), doi:10.1103/PhysRevLett.30.1346.

J. L. Cardy, Is there a c-theorem in four dimensions?, Physics Letters B 215 (1988),
doi:10.1016/0370-2693(88)90054-8.

Z. Komargodski and A. Schwimmer, On renormalization group flows in four dimen-
sions, Journal of High Energy Physics 2011 (2011), doi:10.1007/JHEP12(2011)099.
M. Shifman, Remarks on adjoint QCD with k flavors, k > 2, Modern Physics Letters
A 28 (2013), doi:10.1142/S0217732313501794.

A. Athenodorou, E. Bennett, G. Bergner and B. Lucini, Infrared regime of SU(2)
with one adjoint Dirac flavor, Physical Review D - Particles, Fields, Gravitation and
Cosmology 91 (2015), doi:10.1103/PhysRevD.91.114508.

C. Cérdova and T. T. Dumitrescu, Candidate phases for SU(2) adjoint QCD, with
two flavors from N = 2 supersymmetric Yang-Mills theory, SciPost Physics 16, 139
(2024), doi:10.21468/SciPostPhys.16.5.139.

C. Cérdova and K. Ohmori, Anomaly obstructions to symmetry preserving gapped
phases, doi:10.48550/arXiv.1910.04962 (2020), https://arxiv.org/abs/1910.04962.
D. D. Dietrich and F. Sannino, Conformal window of SU(N) gauge theories with
fermions in higher dimensional representations, Physical Review D - Particles, Fields,
Gravitation and Cosmology 75 (2007), doi:10.1103/PhysRevD.75.085018.

T. A. Ryttov and R. Shrock, Higher-loop corrections to the infrared evolution of a

gauge theory with fermions, Physical Review D - Particles, Fields, Gravitation and

59


https://doi.org/10.1007/bf02823296
https://doi.org/10.1103/PhysRev.135.A1505
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevB.85.045104
https://doi.org/10.1103/PhysRevD.8.3633
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1016/0370-2693(88)90054-8
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1142/S0217732313501794
https://doi.org/10.1103/PhysRevD.91.114508
https://doi.org/10.21468/SciPostPhys.16.5.139
https://doi.org/10.48550/arXiv.1910.04962
https://arxiv.org/abs/1910.04962
https://doi.org/10.1103/PhysRevD.75.085018

[101]

[102]

103]

104]
[105]

[106]

[107]

[108]

[109]

[110]

111]

Cosmology 83 (2011), doi:10.1103/PhysRevD.83.056011.

T. Degrand, Y. Shamir and B. Svetitsky, Near the sill of the conformal window: Gauge
theories with fermions in two-index representations, Physical Review D - Particles,
Fields, Gravitation and Cosmology 88 (2013), doi:10.1103/PhysRevD.88.054505.

R. Shrock, Higher-loop structural properties of the 3 function in asymptotically free
vectorial gauge theories, Physical Review D - Particles, Fields, Gravitation and Cos-
mology 87 (2013), doi:10.1103/PhysRevD.87.105005.

J. Rantaharju, T. Rantalaiho, K. Rummukainen and K. Tuominen, Running coupling
in SU(2) gauge theory with two adjoint fermions, Physical Review D 93 (2016),
doi:10.1103 /PhysRevD.93.094509.

G. Bergner, P. Giudice, G. Miinster, I. Montvay and S. Piemonte, Spectrum and mass
anomalous dimension of SU(2) adjoint QCD with two Dirac flavors, Physical Review
D 96 (2017), doi:10.1103/PhysRevD.96.034504.

G. Bergner and S. Piemonte, Running coupling from gluon and ghost propagators in
the Landau gauge: Yang-Mills theories with adjoint fermions, Physical Review D 97
(2018), doi:10.1103/PhysRevD.97.074510.

G. Bergner, G. Miinster and S. Piemonte, Ezploring gauge theories with adjoint matter
on the lattice, Universe 8 (2022), doi:10.3390/universe8120617.

E. Witten, Constraints on supersymmetry breaking, Nuclear Physics, Section B 202
(1982), doi:10.1016/0550-3213(82)90071-2.

K. Intriligator and N. Seiberg, Lectures on supersymmetric gauge theories and
electric-magnetic duality, Nuclear Physics B - Proceedings Supplements 45 (1996),
doi:10.1016/0920-5632(95)00626-5.

N. Seiberg and E. Witten, FElectric-magnetic duality, monopole condensation, and
confinement in N=2 supersymmetric Yang-Mills theory, Nuclear Physics, Section B
426 (1994), doi:10.1016/0550-3213(94)90124-4.

P. C. Argyres and A. E. Faraggi, Vacuum structure and spectrum of N=2 su-
persymmetric SU(n) gauge theory,  Physical Review Letters 74, 3931 (1995),
doi:10.1103/PhysRevLett.74.3931.

A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Simple singularities and
N = 2 supersymmetric Yang-Mills theory, Physics Letters B 344, 169 (1995),
doi:10.1016/0370-2693(94)01516-F.

Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible global symmetries in the standard
model, Physical Review Letters 129 (2022), doi:10.1103/PhysRevLett.129.161601.

C. Coérdova and K. Ohmori, Noninvertible chiral symmetry and exponential hierarchies,

60


https://doi.org/10.1103/PhysRevD.83.056011
https://doi.org/10.1103/PhysRevD.88.054505
https://doi.org/10.1103/PhysRevD.87.105005
https://doi.org/10.1103/PhysRevD.93.094509
https://doi.org/10.1103/PhysRevD.96.034504
https://doi.org/10.1103/PhysRevD.97.074510
https://doi.org/10.3390/universe8120617
https://doi.org/10.1016/0550-3213(82)90071-2
https://doi.org/10.1016/0920-5632(95)00626-5
https://doi.org/10.1016/0550-3213(94)90124-4
https://doi.org/10.1103/PhysRevLett.74.3931
https://doi.org/10.1016/0370-2693(94)01516-F
https://doi.org/10.1103/PhysRevLett.129.161601

[112]
[113]

114]

[115]

[116]

[117]
[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

Physical Review X 13 (2023), doi:10.1103/PhysRevX.13.011034.

P.-S. Hsin and A. Turzillo, Symmetry-enriched quantum spin liquids in (3 + 1)d,
Journal of High Energy Physics 2020 (2020), doi:10.1007/JHEP09(2020)022.

P.-S. Hsin and H. T. Lam, Discrete theta angles, symmetries and anomalies, SciPost
Physics 10 (2021), doi:10.21468/SCIPOSTPHYS.10.2.032.

T. D. Brennan, C. Cérdova and T. T. Dumitrescu, Line defect quantum numbers
& anomalies, doi:10.48550/arXiv.2206.15401 (2022), https://arxiv.org/abs/2206.
15401.

D. Delmastro, J. Gomis, P. S. Hsin and Z. Komargodski, Anomalies and symmetry
fractionalization, SciPost Physics 15 (2023), doi:10.21468/SciPostPhys.15.3.079.

D. Aasen, P. Bonderson and C. Knapp, Characterization and classification of fermionic
symmetry enriched topological phases, doi:10.48550/arXiv.2109.10911 (2022), https:
//arxiv.org/abs/2109.10911.

D. Bulmash and M. Barkeshli, Fermionic symmetry fractionalization in (2+1) dimen-
sions, Physical Review B 105 (2022), doi:10.1103/PhysRevB.105.125114.

R. Thorngren, Framed wilson operators, fermionic strings, and gravitational anomaly
in 4d, Journal of High Energy Physics 2015 (2015), doi:10.1007/JHEP02(2015)152.
M. Cheng, Symmetry fractionalization in three-dimensional Zo topological order and
fermionic symmetry-protected phases, doi:10.48550/arXiv.1511.02563 (2015), https:
//arxiv.org/abs/1511.02563.

X. Chen and M. Hermele, Symmetry fractionalization and anomaly detec-
tion n three-dimensional topological phases, Physical Review B 94 (2016),
doi:10.1103 /PhysRevB.94.195120.

K. Walker and Z. Wang, (34 1)-TQFTs and topological insulators, Front. Phys. 7,
150 (2012), doi:10.1007/s11467-011-0194-2.

C. W. V. Keyserlingk, F. J. Burnell and S. H. Simon, Three-dimensional topo-
logical lattice models with surface anyons, Phys. Rev. B 87, 045107/1 (2013),
doi:10.1103 /PhysRevB.87.045107.

L. Fidkowski, X. Chen and A. Vishwanath, Non-Abelian topological order on the
surface of a 3d topological superconductor from an exactly solved model, Phys. Rev. X
3 (2014), doi:10.1103/PhysRevX.3.041016.

C. Wang and T. Senthil, Interacting fermionic topological insulators/superconductors
in three dimensions, Physical Review B - Condensed Matter and Materials Physics 89
(2014), doi:10.1103/PhysRevB.89.195124.

M. A. Metlitski, L. Fidkowski, X. Chen and A. Vishwanath, Interaction effects on 3D

61


https://doi.org/10.1103/PhysRevX.13.011034
https://doi.org/10.1007/JHEP09(2020)022
https://doi.org/10.21468/SCIPOSTPHYS.10.2.032
https://doi.org/10.48550/arXiv.2206.15401
https://arxiv.org/abs/2206.15401
https://arxiv.org/abs/2206.15401
https://doi.org/10.21468/SciPostPhys.15.3.079
https://doi.org/10.48550/arXiv.2109.10911
https://arxiv.org/abs/2109.10911
https://arxiv.org/abs/2109.10911
https://doi.org/10.1103/PhysRevB.105.125114
https://doi.org/10.1007/JHEP02(2015)152
https://doi.org/10.48550/arXiv.1511.02563
https://arxiv.org/abs/1511.02563
https://arxiv.org/abs/1511.02563
https://doi.org/10.1103/PhysRevB.94.195120
https://doi.org/10.1007/s11467-011-0194-z
https://doi.org/10.1103/PhysRevB.87.045107
https://doi.org/10.1103/PhysRevX.3.041016
https://doi.org/10.1103/PhysRevB.89.195124

topological superconductors: surface topological order from wvortex condensation, the
16 fold way and fermionic Kramers doublets, doi:10.48550/arXiv.1406.3032 (2014),
https://arxiv.org/abs/1406.3032.

[126] C. Wang, A. Nahum, M. A. Metlitski, C. Xu and T. Senthil, Deconfined quan-
tum critical points:  Symmetries and dualities,  Physical Review X 7 (2017),
doi:10.1103/PhysRevX.7.031051.

[127] M. Cheng, P. S. Hsin and C. M. Jian, Gauging lie group symmetry in (2+1)d topological
phases, SciPost Physics 14 (2023), doi:10.21468/SciPostPhys. 14.5.100.

[128] J. Rantaharju, T. Rindlisbacher, K. Rummukainen, A. Salami and K. Tuominen, Spec-
trum of SU(2) gauge theory at large number of flavors, Physical Review D 104 (2021),
doi:10.1103/PhysRevD.104.114504.

[129] T. Rindlisbacher, K. Rummukainen, A. Salami and K. Tuominen,  Nonper-
turbative decoupling of massive fermions, Physical Review Letters 129 (2022),
doi:10.1103/PhysRevLett.129.131601.

[130] L. Kong, Anyon condensation and tensor categories, Nuclear Physics B 886 (2014),
doi:10.1016 /j.nuclphysb.2014.07.003.

[131] L. Kong and X.-G. Wen, Braided fusion categories, gravitational anoma-
lies, and the mathematical framework for topological orders in any dimensions,
do0i:10.48550/arXiv.1405.5858 (2014), https://arxiv.org/abs/1405.5858.

[132] D. V. Else and C. Nayak, Cheshire charge in (3+1)-dimensional topological phases,
Physical Review B 96 (2017), doi:10.1103/PhysRevB.96.045136.

[133] D. Gaiotto and T. Johnson-Freyd, Condensations in higher categories,
doi:10.48550/arXiv.1905.09566 (2025), https://arxiv.org/abs/1905.09566.

[134] K. Roumpedakis, S. Seifnashri and S.-H. Shao, Higher gauging and non-invertible
condensation defects, Communications in Mathematical Physics 401 (2023),
doi:10.1007/s00220-023-04706-9.

[135] C. M. Chang, Y. H. Lin, S.-H. Shao, Y. Wang and X. Yin, Topological defect lines and
renormalization group flows in two dimensions, Journal of High Energy Physics 2019
(2019), doi:10.1007/JHEP01(2019)026.

[136] Y. Choi, C. Cérdova, P.-S. Hsin, H. T. Lam and S.-H. Shao,  Noninvert-
ible duality defects in 3 + 1 dimensions, Phys. Rev. D 105, 125016 (2022),
doi:10.1103 /PhysRevD.105.125016.

[137] Y. Choi, C. Cérdova, P. S. Hsin, H. T. Lam and S. H. Shao, Non-invertible condensa-
tion, duality, and triality defects in 3+1 dimensions, Communications in Mathematical
Physics 402 (2023), doi:10.1007/s00220-023-04727-4.

62


https://doi.org/10.48550/arXiv.1406.3032
https://arxiv.org/abs/1406.3032
https://doi.org/10.1103/PhysRevX.7.031051
https://doi.org/10.21468/SciPostPhys.14.5.100
https://doi.org/10.1103/PhysRevD.104.114504
https://doi.org/10.1103/PhysRevLett.129.131601
https://doi.org/10.1016/j.nuclphysb.2014.07.003
https://doi.org/10.48550/arXiv.1405.5858
https://arxiv.org/abs/1405.5858
https://doi.org/10.1103/PhysRevB.96.045136
https://doi.org/10.48550/arXiv.1905.09566
https://arxiv.org/abs/1905.09566
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.1007/JHEP01(2019)026
https://doi.org/10.1103/PhysRevD.105.125016
https://doi.org/10.1007/s00220-023-04727-4

138

[139)]

[140]

141]

[142]

[143]

[144]

[145]
[146]
147]
[148]
[149]
[150]

[151]

[152]

A. Apte, C. Cérdova and H. T. Lam, Obstructions to gapped phases from noninvertible
symmetries, Physical Review B 108 (2023), doi:10.1103/PhysRevB.108.045134.

J. Kaidi, E. Nardoni, G. Zafrir and Y. Zheng, Symmetry TFTs and anoma-
lies of mon-invertible symmetries, Journal of High Energy Physics 2023 (2023),
doi:10.1007/JHEP10(2023)053.

A. Antinucci, F. Benini, C. Copetti, G. Galati and G. Rizi, Anomalies of non-invertible
self-duality symmetries: fractionalization and gauging, doi:10.48550/arXiv.2308.11707
(2023), https://arxiv.org/abs/2308.11707.

C. Cordova, P.-S. Hsin and C. Zhang, Anomalies of non-invertible symmetries in
(8+1)d, SciPost Physics 17, 131 (2024), doi:10.21468 /SciPostPhys. 17.5.131.

P.-S. Hsin, R. Kobayashi and C. Zhang, Fractionalization of coset non-
invertible symmetry and exotic Hall conductance, SciPost Physics 17, 095 (2024),
doi:10.21468 /SciPostPhys.17.3.095.

P.-S. Hsin, Generalized symmetries phase transitions with local quantum fields,
doi:10.48550/arXiv.2506.07688 (2025), https://arxiv.org/abs/2506.07688.

M. Stone,  Gamma matrices, Majorana fermions, and discrete symmetries in
Minkowski and Fuclidean signature, Journal of Physics A: Mathematical and The-
oretical 55 (2022), doi:10.1088/1751-8121 /ac61b7.

J. Kogut and L. Susskind, Hamiltonian formulation of Wilson’s lattice gauge theories,
Physical Review D 11 (1975), doi:10.1103/PhysRevD.11.395.

J. B. Kogut, An introduction to lattice gauge theory and spin systems, Rev. Mod.
Phys. 51, 659 (1979), doi:10.1103/RevModPhys.51.659.

R. Savit, Duality in field theory and statistical systems, Rev. Mod. Phys. 52, 453
(1980), doi:10.1103/RevModPhys.52.453.

E. Fradkin, Quantum Field Theory: An Integrated Approach, Princeton University
Press, Princeton, N. J., ISBN 9780691149080 (2021).

I. G. Halliday and A. Schwimmer, The phase structure of SU(N)/Z(N) lattice gauge
theories, Physics Letters B 101 (1981), doi:10.1016/0370-2693(81)90055-1.

I. G. Halliday and A. Schwimmer, Z(2) monopoles in lattice gauge theories, Physics
Letters B 102 (1981), doi:10.1016/0370-2693(81)90630-4.

A. P. Schnyder, S. Ryu, A. Furusaki and A. W. W. Ludwig, Classification of topological
insulators and superconductors in three spatial dimensions, Phys. Rev. B 78, 195125
(2008), doi:10.1103/PhysRevB.78.195125.

A. Kitaev, Periodic table for topological insulators and superconductors, In M. Feigel-

man, ed., Advances in Theoretical Physics: Landau Memorial Conference, vol. 1134,

63


https://doi.org/10.1103/PhysRevB.108.045134
https://doi.org/10.1007/JHEP10(2023)053
https://doi.org/10.48550/arXiv.2308.11707
https://arxiv.org/abs/2308.11707
https://doi.org/10.21468/SciPostPhys.17.5.131
https://doi.org/10.21468/SciPostPhys.17.3.095
https://doi.org/10.48550/arXiv.2506.07688
https://arxiv.org/abs/2506.07688
https://doi.org/10.1088/1751-8121/ac61b7
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1103/RevModPhys.52.453
https://doi.org/10.1016/0370-2693(81)90055-1
https://doi.org/10.1016/0370-2693(81)90630-4
https://doi.org/10.1103/PhysRevB.78.195125

[153]

[154]

p. 22. American Institute of Physics, AIP Conference Proceedings, College Park, Mary-
land, doi:10.1063/1.3149495 (2009).

S. Ryu, A. P. Schnyder, A. Furusaki and A. W. W. Ludwig, Topological insulators and
superconductors: tenfold way and dimensional hierarchy, New Journal of Physics 12,
065010 (2010), doi:10.1088/1367-2630/12/6/065010.

C. Cérdova, D. S. Freed, H. T. Lam and N. Seiberg, Anomalies in the space of
coupling constants and their dynamical applications II, SciPost Physics 8 (2020),
doi:10.21468 /SciPostPhys.8.1.002.

64


https://doi.org/10.1063/1.3149495
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.21468/SciPostPhys.8.1.002

	Introduction
	Topological phases in pure Yang-Mills
	SU(N) gauge theory
	SU(N)/ZN gauge theory

	SU(N) adjoint QCD: SPT transition
	Global symmetries
	Massive phases: SPTs
	Phase transition

	SU(N)/ZN adjoint QCD: SET transition
	Global symmetries
	ZN topological order
	ZN/2 topological order
	String tension critical exponent

	SET to non-invertible SSB transition
	Non-invertible time-reversal
	SET phase
	Non-invertible SSB
	Critical exponents

	Discussion
	Twisted BF theory
	Charge conjugation and Majorana condition
	Thermal response for fermions
	Topological transition on the lattice
	Other gauge groups
	Anomaly of non-invertible time-reversal

