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Abstract

Non-invertible dualities/symmetries have become an important tool in the study of quantum field
theories and quantum lattice models in recent years. One of the most studied examples is non-invertible
dualities obtained by gauging a discrete group. When the physical system has more global symme-
tries than the gauged symmetry, it has not been thoroughly investigated how those global symmetries
transform under non-invertible duality. In this paper, we study the change of global symmetries under
non-invertible duality of gauging a discrete group G in the context of (1+1)-dimensional quantum lattice
models. We obtain the global symmetries of the dual model by focusing on different Hilbert space sectors
determined by the Rep(G) symmetry. We provide general conjectures of global symmetries of the dual
model forming an algebraic ring of the double cosets. We present concrete examples of the XXZ models
and the duals, providing strong evidence for the conjectures.
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1 Introduction

Duality is an important concept in theoretical physics. Back in 1941, Kramers and Wannier designed the
celebrated duality under their names to study the critical point of the classical Ising model in 2d [1]. In
recent years, we have gained new understandings of these duality transformations. For example, the Kramers-
Wannier (KW) duality now has new interpretation as gauging a O-form Zs symmetry [2, 3], a topological
defect lines separating two phases [4-8], a non-invertible symmetry in a spin chain [2,3], a sequential quantum
circuit [9], and a composition of quantum operations [10]. A general duality transformation can be designed
from a given fusion category [7,8,11,12]. Similar to KW duality, some duality transformations are identified
as finite group gauging and are non-invertible. These non-invertible duality transformations become global
symmetries at self-dual points [2, 3], exemplifying the concept of non-invertible symmetry. Even away from
the self-dual point, interesting non-invertible symmetries can also be found in the dual theory for some
duality transformations [11-15].

The goal of this paper is to discuss the following questions in the non-invertible duality transformation,
in a concrete setup of (1 + 1)-dimensional quantum lattice models, where all the operators are defined on a
tensorized or constrained Hilbert space that is finite-dimensional locally.*

The first question is how the non-invertible duality transformation affects the symmetries of the theory.
While we gauge a group symmetry G under the duality transformation, the symmetry S of the original
theory can be larger than G, and the question is to understand the counterpart of the symmetry S after the
gauging. When S in itself is given by a group, we find that the symmetry in question is given by a ring of
the double cosets G\S/G, clarifying imprecise statements in the literature.

The second question is further refined by considering a detailed analysis of sectors of the theory. We
have twist-sectors defined by different twisted boundary conditions, and also symmetry-sectors defined by

4If we also discretize the time direction, we will arrive at the same setting of statistical mechanics or quantum circuits, such
as in [7,8].



different representations of the symmetry group. In each sector we have in general different sector-preserving
symmetries, while we will also have symmetries exchanging different sectors. Indeed, the non-invertibility
of duality transformation is closely tied to the fact that different sectors are exchanged under the duality
transformation. This means that we need to discuss the effect of the duality transformation on each sector,
including its effects on the symmetries. Indeed, we can find symmetries acting on the extended Hilbert
space, consolidating all the topological sectors. We verify that the familiar statement in the literature that
we obtain a symmetry Rep(G) after gauging G, arises in this extended Hilbert space, and the double coset
mentioned above arises as one of the ingredients in this discussion relevant to the identity sector of the
extended Hilbert space.

Following this idea, we analyze the quantum symmetries after non-invertible duality transformations in
the example of XXZ (partially anisotropic Heisenberg) models and their duals. We first perform duality
transformations equivalent to gauging a finite Abelian group symmetry (Zs,Zs in our examples) and find a
double coset structure of the dual quantum symmetry. By performing duality transformations sequentially,
we can have a composite duality transformation equivalent to gauging a non-Abelian group symmetry (S3)
and a Frobenius subalgebra of its representation category (Rep(S3)). We also identify duality transformations
equivalent to gauging a subalgebra of non-invertible symmetry on the lattice for the first time. We relate
our findings to the results from field-theoretical and categorical analysis. We emphasize that to obtain full
quantum symmetry in the dual model, we need to turn on twisted boundary conditions and consider twisted
duality transformations.

We take a down-to-earth approach with minimal assumptions, where many of our statements can be
verified explicitly. While part of our discussion is inspired by works in field theory [16-21] and lattice
models [11-13,22],> many of these results are either not necessarily rigorously proven or based on abstract
mathematical formalism, and here we present a detailed and down-to-earth discussion of concrete examples,
as a step towards more rigorous results on general lattice models.

The rest of this paper is organized as follows. In Sec. 2 we discuss the prototypical example of gauging
a Zo symmetry of the XXZ model to obtain the Ising zig-zag model. In Sec. 3 we formulate our duality
transformation in general and formulate two conjectures. In Sec. 4 we discuss several more examples of the
duality transformation between the XXZ model and their duals. We end in Sec. 5 with concluding remarks.
We have included several appendices for technical materials.

2 Example I: XXZ to Ising zig-zag

Before developing the theory of global symmetries under the duality transformation, we start by explaining
an example of gauging the Z% symmetry of the XXZ model. This example is well-known in the study of
symmetry-protected topological orders, in the context of decorated domain-wall [46]. As we shall see, this
example contains all the essential ingredients of the general theory in Sec. 3.

2.1 XXZ model
We consider the following Hamiltonian defined in the Hilbert space sxxz = (C2)®L,

L
HXXZ - Z Cp, (Xan+1 + YnYn+l + AZnZn+1) ) (1)

n=1

where A is the anisotropic parameter and X,,, Y,, and Z,, are the Pauli matrices acting non-trivially on the
n-th site. We impose a periodic boundary condition Wy = Wi, W € {X,Y, Z}; we will also work with
twisted (quasi-periodic) boundary conditions later in this paper.

We have introduced the disorder parameters ¢,. The model is non-integrable for for generic inhomoge-
neous couplings, except for homogeneous couplings ¢, = ¢, ¥n € {1,2,---, L}. Since the global symmetries
discussed in the paper are present regardless of disorders, we take ¢, = 1 for the rest of the paper without
losing generality.

5While the literature is too vast to be exhausted here, we refer the readers to [11-15,23-45] for a sample of recent references
for non-invertible symmetries in (1 + 1)-dimensional quantum lattice models.



Global symmetries The global symmetry of the XXZ model is O(2) = U(1)* x Z3. The generator for
the U(1)* symmetry reads

L
0z(¢) = [[exp (i62;) , ¢€0,7), (2)
j=1

while the generator for the Z5 symmetry reads

L
ox=]]x%;- (3)
j=1
We will hereafter denote the generators of U(1)" symmetry and ZY symmetry as
L L
Ow(¢) = [[exp (igW;) , ¢€U1); Ow:=Ow (g) =[[wi; we{xy,z}. (4)
j=1 j=1

An SU(2) symmetry emerges at the isotropic point A = 1 of the XXZ model, also known as the
XXX (isotropic Heisenberg) model. For an arbitrary group element gz € SU(2), the generator becomes

Ogﬁ = exp (lﬁ &) ’ = (¢$a¢ya¢2) ’ g= (Xa}/aZ) ) (5)

where the generators of the su(2) algebra are X = Zle X, Y = ZJL:I Y;, and Z = Zle Z;.

Twisted boundary conditions We consider the XXZ model with twisted (i.e. quasi-periodic) boundary
conditions for the latter discussions. In general, the twisted Hamiltonian is given by

L—-1
Hyxz,eow) = 3 (X;Xj01 + YY1 + AZ;Zj) + e O (X X0 + YV + AZpZ0) €92 (6)
j=1

where we included a twist by W € {X,Y, Z} with an angle ¢. In this example, we would like to consider the
XXZ models with a twist compatible with the Z3 symmetry, i.e. a w-twist in the z direction. The m-twisted
Hamiltonian reads
L—1
Hxxz,(-1,x) = Z (XX +YY 0 +AZ; Zj0) + (X Xy —YLYT — AZLZy) (7)
j=1

defined in the Hilbert space #xxz,(—1,x) =~ #xxz. For simplicity of the discussion, we focus on the even-
length case for the rest of the paper.

The (—1, X) twisted Hamiltonian (7) no longer possesses the full O(2) symmetry, as the 7 twist explicitly
breaks the full O(2) symmetry. The Hamiltonian (7) possesses a Z3 x Zj symmetry for even length L.
When A = 1, ie. at the isotropic point, the SU(2) symmetry of the untwisted Hamiltonian becomes
0O(2) = U(1)* x Z35 instead.

2.2 Gauging the Z; symmetry: XXZ to Ising zig-zag

We will now gauge the Z3 symmetry of the XXZ (XXX) models (with and without twist compatible with
the Z3 symmetry), resulting in the model called Ising zig-zag model [13] (also known as the dual XXZ model
in the literature [47-50]). We use the following notation for the Zs group that contains two elements {1, b}
with 6% = 1.

Duality operator By gauging the Z3 symmetry, we transform the XXZ model to the Ising zig-zag (1zz)
model. The duality operator is related to the renowned Kramers—Wannier duality operator (dressed by an
additional unitary transformation), which can be written as a matrix product operator (MPO) with bond
dimension y = 2 [3,7,13],

(T L
Pres = The (HA> A= (1000 THER), )



Ker (DIZZ)

Dlzz
(Z2;b) (Z31)
Hyxs, Hyxs, el
Izz
Ker (D{}))
(0]
b) Izz
(Z2;b) (Zg31) ¢ %zz 3
c}f;(XZ,(—l,X) %XXZ,(—I,X)

Figure 1: The mapping between the Hilbert spaces of twisted XXZ models and the Izz model. In the Hilbert
space of twisted XXZ models, the Zy odd sectors (orange) are kernels of the duality operators, while the Zs
even sectors (blue) are mapped to the Hilbert space of untwisted Izz model (red). We use the same notation
in figures of other examples later in Sec. 4.

where | 1), | ) and |+), |—) are eigenstates with +1 eigenvalues of the Pauli Z and X operators, respectively.
The auxiliary space a is 2-dimensional, i.e. the bond dimension is 2.

The relation between the duality operator Di,, and gauging the Z3j symmetry can be understood as
inserting dynamical Zy gauge fields between each lattice sites and integrating out the original spins. This
will result in the Izz Hamiltonian, which is equivalent to applying the duality operator to the XXZ model
Hamiltonian. Consequently, Dy,, projects the states from the Hilbert space 5%xz to the Zs invariant
subspace [2,3,25]. Therefore, we shall not distinguish between the gauging of a discrete symmetry and the
corresponding duality operator.

The Hamiltonian of the Izz model reads

L
Hy, =Y (Zj1Zj1(1+ X;) - AX;) (9)
j=1

which is related to the XXZ Hamiltonian via the duality operator,
DIzz . HXXZ - HIZZ . DIZZ . (10)

The dual Hilbert space 74,, = ((C2)®L happens to be isomorphic to #xyz. This is not the case for the
other examples in Sec. 4.

Twist sectors To take into account the entire Hilbert space of Hy,,, we need to consider the XXZ model
with a (=1, X) twist (7). After a duality transformation in the presence of the twist, we have

D}, - Hxxz,(-1,.x) = Hi, - DY) , (11)
where
Di,) = ZiDy,, , (12)
where Dg; = Dy,, and the superscripts are labeled by the Zs elements 1 and b.
The duality operators satisfy
i L
n=1



where the right-hand side is proportional to a projector to the even sector of the Z5 symmetry of the XXZ
model (with and without twist) that we gauge. These relations can be explicitly deduced from the MPO
formalism of the duality operators (8).

The Izz Hamiltonian possesses Rep(Zs) ~ Zs symmetry as a consequence of gauging an Abelian group
symmetry Zso, generated by

D" ] Xn - (14)
n=1
Meanwhile, we have the following properties of the twisted duality operators,

I+ (-D)ETTE X, =1
D(o),@(o) + (D[ Xn, o=1, (15)

T
Izz Izz) - {]I _ (_1)L Hf;:l Xn , o= b.

;
Tt implies that D7) - (D(U)> are projectors, projecting onto two orthogonal parts of the Hilbert space J4,, ©.

12z 12z

Symmetry sectors Due to Maschke’s theorem [51], the Hilbert space of the Izz Hamiltonian can be
labeled by the conjugacy class of Zy 7

S, = w19 _ ] ® jfi[b] (16)

1zz 1zz 7z
gEZLo

where the superscript stands for the eigenvalues of (14). The Hilbert spaces of the XXZ models factorize
into
s D A = A
GERep(Z2)

_ (Z2;9) _ ap(Z231) (Z2;b)
%XXZ,(fLX) - @ %(Xzz,q(—l,X) - %XXQZ,(—LX) ® 3@()52,(-1,)() :
g€Rep(Z2)

(17)

From (13) and (15), we can deduce that, the duality operators act non-trivially on the two sectors of
Hilbert space 54,,, i.e.

Dy, € Hom(%@g%’l),%[l]) , D) ¢ Hom(%)((if"z;}()il’x),%g) . (18)

1zz Izz
Moreover, considering the operator acting in the entire Hilbert space J¢,,, we have
T
> 22 (2() ' =16 )
AP
where the order of the group G = Z is |G| = 2.
Symmetries. We gauge the Z2 group, which is a non-normal subgroup of O(2). We start with the even

sector of the Hilbert space of Hy,,. We arrive at the ring of double cosets Z[Z5\O(2)/Z3], with the generators
of the previously U(1)* part

L
OLZZ(QS) = Dl <H €xXp (1¢Zn)> D}Lzz ) (20)

n=1

where the group multiplication is modified into

I I I I
O (¢1) - O (¢2) = (O (d1 + ¢2) + O (¢1 — 62)) (21)
6The entire Hilbert space of the Izz model J4,, ~ ji”)gizz;l) @ %)E?(I"Z;l()_l x)» Which can be considered as a subspace of the

extended Hilbert space of the XXZ models before gauging.
"Since group Zs is Abelian, the conjugacy class of Zo is isomorphic to itself, where [1] = {1} and [b] = {b}.



in accord with the multiplication of the ring of double cosets. The detailed explanation will be given in
Sec. 3 and App. B.

This symmetry is referred to as cosine symmetry in [23]. In fact, the multiplication rule can be derived
either using the properties of the duality operators (13) and (15), or expressing the operator O%%(¢) as an
MPO from the explicit MPO formalism of the operator O**(¢), which we present in the App. C. The cosine
symmetry (in the critical regime |A| < 1) is a reminiscence of the Zy orbifolded U(1) symmetry in the ¢ =1
compactified free boson CFT [13].

The cosine symmetry has been previously identified with a coset O(2)/Z% in [23]. We will show in
Sec. 3 and App. B that this identification is, in fact, inappropriate. The mathematical structure of the
cosine symmetry is an algebraic ring with elements being the double cosets Z2\O(2)/Z2.8 The addition and
multiplication of the ring are defined in App. B.

From the discussions above, we know that the cosine symmetry acts only non-trivially in the Hilbert
space Jf}ilz] For the other half of the Hilbert space .7 ZQ%QZQ

12z

= Zo symmetry remains after gauging,
where the generator of the remaining Z, symmetry in %Lbz] sector is

D T o\ L ik
Dﬁlﬂlzj-(%l) = |1 G I ) TT X (22)
J= J= m=

It is easy to check that an/j 1 Xom—1 is a global symmetry in %’}EZ] sector too. Therefore, for the entire

Hilbert space J4,,, the global symmetry acting on the entire Hilbert space becomes Zs X Zs, generated by
the operators (—1)F Hle X; and HL/2 Xom—1, while the sector Y has the enriched cosine symmetry.

At the isotropic point, according tncl)_tlhe derivation outlined in Sec%ziz’), we expect the Izz model with A =1
to have the Z[Z2\SU(2)/Zs] symmetry in Hilbert space sector %’}EZ], and O(2)* = O(2)'/Z% symmetry ? in
Hilbert space sector %”ILI;], where the symmetry of (7) with A = 1is O(2)) = U(1)® x Z5. (The O(2) C
Z[Z2\SU (2)/Z2] symmetry acts on both sectors of the Hilbert space %”IEZ] and %’igi thus a global symmetry
of the entire Hilbert space J4,,.)

Even though the ring of double cosets Z[Z3\SU(2)/Z2] does not have a group structure, it still contains

a U(1) part, i.e.

L L

L
Dis | [[ expi0X;) | D}, - Drow | [ exp(i0X;) | D), = D | [ [ exp(i(¢ +0)X;) | DY, - (23)
j=1 j=1 j=1

If we combine the two U(1) symmetries in each sector, we obtain a U (1) symmetry that acts on the entire
Hilbert space 74,,,

L L
1 . . T
Oty(@) = 5 | Prs | [T expliox;) | DL, + DY) | [TexwlioX,) | (D7)
Jj=1 j=1
24
) (24)
= H eXp(i¢Zij+1) .
j=1
The generator of the U(1) symmetry counts the number of domain walls in the x-direction, i.e.
L
> ZiZj . (25)
j=1

Combining the Z,; symmetry an/jl Xom—1 and the U(1) symmetry (25), we obtain the O(2) symmetry
acting on the entire Hilbert space 4,,. Meanwhile, we still need to take into account the Rep(Zs) =~ Zs
symmetry generated by (—1)F Hle X, that commute with the O(2) generators, which result in a global
symmetry O(2) x Zy. In the meantime, the cosine symmetry is still present, as part of the ring of double
cosets Z[Z2\SU(2)/Zs)].

8The appearance of the double coset was noted in [52] and Example 9.7.4 of [53].

9Z% is a normal subgroup of O(2)" = U(1)® x Z5. We use O(2)’ and O(2)* (both are O(2) symmetries) to distinguish from
the O(2) = U(1)* x ZF symmetry of the XXZ model without twist.




Relation to Rep(S3) and Rep(Dg) symmetries. When we specify the cosine symmetry parameter ¢ to
root-of-unity values (e!*V = 1 with N € N), we can obtain other categorical symmetries that are related to
the category of representations of dihedral groups Da,,.
Here we give the explicit expressions for the Rep(S3) (n = 3, Dg ~ S3) and Rep(Ds) (n = 4) symmetries.
Consider

L
0¥ (0) =1+ (-)* [[ Xa =T+R, (26)

n=1

where operator R is the Z, symmetry of the Izz model. Moreover, we consider the following relations,

2 2 4 2
o (5) e (3)ormeon () v (). oo

. 1zz 2i _ 1zz 21
oo () ~om () -

s-or (%) o

and

We can then identify the operator

such that
S?=I1+R+S, R-S=8S. (30)

The relations above coincide with those of the fusion algebra of the Rep(S3) category: the operators {I, R, S}

give a representation of the Rep(S3) category {1,7,s} on the tensorized Hilbert space ((C2)L with fusion
algebra!?
r?=1

This fact has been discussed in [12,13].
When the system size L is even, we can find a realization of the Rep(Ds) category from the cosine
symmetry. We have an additional Zs X Zo symmetry at even L, which can be seen from the operator

, r-s=s5, st=14+r+s. (31)

o (g) =R, +R., (32)
where two Zs operators are
L/2 L/2
Ro = H X2n71 5 Re = H X2n . (33)
n=1 n=1

Together with operators mentioned previously I and R = R,, - Re, they form a representation of the Klein
4-group Zg X Zs.
Moreover, we consider the following relations,

ol (1) -0 (1) = 0(0) - 0% (§) =T+ Ro + R+ R, (34)
R0t (5) <ot () r0t (3) -0 (7). .

When we identify the non-invertible object T = O#* (7/4), and the relations reproduce the fusion algebra
of the Rep(Dg) category'!: {I, Ry, Re, R, T} is the representation of the Rep(Dg) category {1,7,,7¢,7,t} on
the tensorized Hilbert space (((ZQ)L.12

10The three irreducible representations are: 1 is the trivial representation, r is the sign representation, and s is the standard
two-dimensional representation.

11 Actually the fusion algebra is the same for category TY (Z2 x Z2) with different bicharacters and Frobenius-Schur indicators.

12The irreducible representations of Dg are: the trivial representation 1, three sign representations 7o, 7e, r, and a two-
dimensional representations ¢ where a is given by a 7 /2 rotation and b is a reflection.



3 A general theory of symmetries under dualities

In the following, we outline the properties of the dual Hamiltonian after gauging a group symmetry G, and
how the global symmetry of the Hamiltonian S O G transforms under a gauging (i.e. duality transformation).

3.1 Gauging a group

Generalities on gauging We start with a Hamiltonian H defined on a Hilbert space . We assume
that the Hamiltonian H has a global symmetry S, i.e.

H,0,]=0, s€S, (36)

where O; is the representation of S on the Hilbert space . The symmetry S is described mathematically
by a monoidal category.

We consider the gauging of a discrete symmetry S’ of H, where S’ is a fusion subcategory of S. After
gauging we obtain the dual Hamiltonian H defined in a different Hilbert space JZ via the duality operator
D € Hom(s#, /), such that D intertwines H and H:

D-H=H-D. (37)

For the lattice models we consider, S’ is either a finite group G or its category of representations Rep(G);
for the former, a model can be realized by specifying a fusion category C = Rep(G) and the corresponding
module category M. The duality operator D is thus the bimodule functor between two module categories
M and N [11,12], which can be viewed as a domain wall in the field theory picture [54].

We focus on the strongly symmetric duality ', which requires further properties on the duality operator
D. The duality operators that carry out the gauging procedure are assumed to be strongly symmetric [55],
ie.

D -0y =dim(s")D, §e€8, (38)

where Oy € End(42) is the representation of the symmetry S in the Hilbert space . Quantum dimension
is dim(s’) =1 if S’ is a group G, which needs not be the case for a general fusion category.

In general, the duality operator can be weakly symmetric [55], especially when gauging a generic categor-
ical symmetry 4. We do not extend the discussions to the most general case and postpone the categorical
study of the relations between the global symmetries and weakly symmetric dualities to future works.

A consequence of gauging is that

DD =" dim(s') Oy € End(#) , (39)
s'es’

where DI € Hom(47, #) is an operator representing the gauging of the symmetry dual to . The right-
hand side of this equation is a symmetric Frobenius algebra object of category C(G) (the category canonically
associated with the group G), which gives a general defining data of gauging [17,56,57]. This is compatible
with the strongly symmetric condition (38), as shown in App. A.

Gauging a group Let us now specialize in the case where S’ is a group G, which is either Abelian or
non-Abelian.

Let us consider the twisted Hamiltonian HY with g € G. We denote the corresponding Hilbert space by
gy, and the symmetry of the twisted Hamiltonian by Sq C S. If G is non-Abelian, the symmetry G of the
original theory is broken to the stabilizer (commutant subgroup):

Gy ={keGlk-g=g-k}CG. (40)

Consequently, we can only gauge the subgroup G, C S, symmetry for the twisted Hamiltonian.

13The gauging of finite discrete groups will lead to strongly symmetric duality operators [55].
MThe gauging of a Frobenius subalgebra of a fusion category might lead to weakly symmetric duality operator. We demon-
strate this in the example of Sec. 4.3.



From Maschke’s theorem [51], the Hilbert space can be decomposed into

H= P 7, (41)

G€Rep(G)

with respect to the symmetry group G. The dual Hilbert space is decomposed into the conjugacy class
Conj(G) of G [58]:
H= P (42)
ceConj(G)

where we define
Conj(G) :=={lg,g € G}, [gl:={h-g-h" ", heG}. (43)

For Abelian groups, each element belongs to its own conjugacy class. The identity element 1 always belongs
to the conjugacy class [1].

This is due to the Tannaka—Krein duality, which establishes exact mappings between the category of
representations Rep(G) and the conjugacy class Conj(G) [58]. A simple observation is that the number of
conjugacy classes of G is equal to the number of irreducible representations, which is the number of simple
objects in Rep(G).

When we apply (39) to a group G, we obtain

D' -D =)0, €End(X). (44)
geG

The dual object is in the dual category Rep(G), and by exchanging the role of G and Rep(G) in (39), we
obtain ~
D-Di= > dim(g)O; € End(42) (45)
GERep(G)

where dim(§) is the quantum dimension of the simple object § in category Rep(G).

Duality transformations on twist/symmetry sectors In order to find symmetries in all sectors, we
need to move on to the dualities between the twisted Hamiltonian and the dual Hamiltonian.
We gauge the discrete symmetry Gy of the twisted Hamiltonian HY, resulting in the same dual Hamil-
tonian through duality operator D),
D9 .HI=H.DW . (46)

Since we gauge the discrete symmetry G, we expect the duality operator to satisfy
T
(D<5>) D& = 3" 0, €End () | (47)
keG,

where the formula corresponds to the symmetric Frobenius algebra object of the discrete subgroup G, [17].
We conjecture that the dual formula to be

D) . (D<g))T _ QGR%;(G) xs(9) Oy € Bnd () (48)

where x5(g) = Tr[g(g)] is the character for the ¢ evaluated at g.
For g = 1 we have x;(1) = dim(g), which recover the previous formula (45). The conjecture implies that
for g and h in the same conjugacy class,

DO | (D@))T _ D). (D(h))T =11 (49)



The conjecture also implies
T - ~
S D). <D<g)> =Y > xi(9)0;=1G|0; =G, (50)
geG 9€G GeRep(G)

where we used the orthogonality of the character.
Another conjecture is about the reconstruction of the dual Hilbert space.
For the twisted Hamiltonian, the Hilbert space is decomposed with respect to the category Rep(Gy), i.e.

Hy= P A (51)
gERep(Gy)
In addition, we conjecture that
%C:j‘{;}, when gecc. (52)

From (47) and (48), we realize that both (D9))¥D) and DY (D¥)} are proportional to a projector in
Hilbert spaces ¢ and . We therefore conjecture that the kernel of the duality operator (with or without
twist) is precisely

ker D) = e%”/t%’;l , Vgec, (53)

and analogously the cokernel of the duality operator becomes
T O
coker DY) = ker (D(g)) =H/H°, Vgec. (54)

It is straightforward to show that (53) and (54) are compatible with the properties of duality operators (47)
and (48).

Hence, the isomorphism between the aforementioned Hilbert sub-spaces can be realized through duality
operators,

L pw . gl e (55)
Gy Y ’
1 f 5 -
@) . c 1
o (D ) LA A (56)
so that
1 t - )
rem (D<g>) DY A (57)
1 f s N
- (‘1) (q) . c C
TR D ('D > s HC > H (58)

are identity operators in the Hilbert sub-spaces %f} and ¢, respectively.
As a consequence of the conjectures, from (37) and (46), we can relate the spectra of the (twisted)
Hamiltonian and the dual Hamiltonian, i.e.

Specy (%”1) = Specgy (L%Z[l]> ) (59)
Specy, (%i) = Specg (%ZC) , g€c. (60)

The entire spectrum of the dual Hamiltonian thus can be obtained by studying parts of the spectra of twisted
Hamiltonian,

Specg (%Z) = CJ SpecHgm (%”QIT) , gz €ECy (61)
z=1

where ¢y, o, - - - ¢¢ are the {-many conjugacy classes of the group G.
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3.2 Symmetries under duality

We now move on to the original question of how global symmetries transform under the duality (gauging)
transformation.

To answer this question, we use the “sandwiched construction” of the symmetry operators, keeping in
mind that they only act non-trivially on Hilbert sub-spaces according to the decomposition.

The duality operator can be considered as a “half-gauging” operation [16]. By acting the symmetry op-
erator of the original Hamiltonian between two duality operators (half-gaugings), such an operator naturally
commutes with the dual Hamiltonian. We refer to this procedure as the sandwiched construction. In terms
of formulae, we start with a Hamiltonian H with group symmetry S. There is a discrete sub-symmetry
G C S, which we will gauge. The resulting Hamiltonian is H, with at least Rep(G) symmetry as a result of
gauging G. We will answer the question of what happens to the full symmetry S.

The gauging is through a strongly symmetric duality operator D € Hom(5, ), i.e.

D-H=H-D. (62)

Let us start with the S symmetry operator Os € End(#), for generators s € S. Tt is straightforward to
observe that 5 B
O, =D -0, D' € End(H) (63)

commutes with the dual Hamiltonian H,
[@s,ﬁ]:o, s€S. (64)

The operators O, form a representation of a ring of double cosets S = Z[G\S/G] ', as demonstrated in
App. B. In the context of category theory, a similar discussion of the role of the ring of double cosets in the
mathematical literature was mentioned in [52].

However, S only acts non-trivially on the Hilbert sub-space M ~ 71 The symmetries in the cokernel
of D are not included. Therefore, we need to consider the twisted Hamiltonians HY.

For the twisted Hamiltonians HY, the total symmetries satisfy S, C S. The discrete symmetries are the
stabilizer subgroup G, C G, which we can gauge. We have the sandwiched symmetry operator of I:I,
. T
01=Dp .07 (D), ses,, (65)

S

which again form a representation of the ring of double cosets S, = Z[Gy\S,/G,].

Global symmetries of the entire dual Hilbert space From the sandwiched construction, we are able
to obtain global symmetries of the dual Hamiltonian that act on certain sectors of the Hilbert space according
to the Rep(G) symmetry. What remains to be addressed are the global symmetries that the Hilbert space
H has.

Combining the global symmetries obtained via the sandwiched construction, we obtain the common part
between symmetries of different sectors, i.e.

Seomm = [ ] S » (66)

geG

where the generators act on the entire dual Hilbert space # by adding different contributions,

. 1 t
Os = 71)(9)05 D(g) 3 Scomm )
QEZG Tem ( ) se (67)

where the common part of the global symmetries of each twisted Hamiltonian is

Scomm = m Sg . (68)

geG

I5When G is a normal subgroup of S, the ring of double cosets becomes the quotient group S/G.
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If the group G is Abelian, the common part of the global symmetries in the dual Hilbert space can be
expressed as

Scomm = Z[G\Scomm/G} . (69)

Moreover, the dual Hamiltonian has Rep(G) symmetry, which leads to a decomposition of the Hilbert

space. Since the symmetry Scomm acts in the dual Hilbert space H , all the generators of gcomm commute

with the generators of Rep(G). Therefore, we have the global symmetry of the entire dual Hilbert space of
the dual Hamiltonian ¢ as ~

Scomm X Rep(G) . (70)

We remark that the dual Hamiltonian might have additional global symmetries other than (70), which

do not commute with the Rep(G) symmetry. The reason is that the generators of the additional symmetry

do not just act within each sector from the decomposition according to the Rep(G) symmetry. Those

additional symmetries cannot be obtained directly from the sandwiched construction, and we will present

such an example in Sec. 4.1.

D1, (Sec. 2.2; Zs)
XX7Z > 7z

DZ3 (Sec. 4.1; Zg) DIZZ,IRL (Sec. 4.3; .A of Rep(Sg))

3-state » [IRL
DZg,IRL (Sec. 42, ZQ)

Figure 2: Four models with the dualities between them, where the symmetries gauged are shown inside the
brackets. The arrow from the Izz model to the IRL model represents a gauging of the Frobenius subalgebra
A of the fusion-category Rep(Ss) symmetry, while other lines represent gaugings of finite discrete groups.
The diagonal arrow from the XXZ model to the IRL model requires the gauging of the non-Abelian S3
symimetry.

4 XXZ models and their duals

We write down the general theory of global symmetries under the gauging of a discrete group, which is
associated with strongly symmetric dualities in Sec. 3. In the following, we will demonstrate the general
theory above using a few concrete examples with the gauging of spin-1/2 XXZ models'® and their duals.
Those examples provide evidence for the conjectures in Sec. 3.

We will start in Sec. 4.1 by gauging the Abelian group Zs, which results in the 3-state antiferromagnet
model. The 3-state antiferromagnet model also has the O(2) symmetry of the XXZ models, where the U(1)
part can be deduced from the sandwiched construction in Sec. 3.

We then continue in Sec. 4.2 with gauging the Zy symmetry of the 3-state antiferromagnet model, leading
to a Rydberg ladder model. Similarly, we obtain the same Rydberg ladder model by gauging the Frobenius
subalgebra A of the Rep(Ss) categorical symmetry of the Izz model. As discussed in Sec. 4.3, the duality
operator in this example is weakly symmetric, whose details are postponed to future investigation. However,
the exact form of the duality operator is useful for our study of gauging the non-Abelian discrete group
symmetry.

16Even though the XXZ model is integrable, integrability does not play any significant role in the discussion of global
symmetries.
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Finally, by combining the two gaugings, we study in Sec. 4.2 the gauging of the non-Abelian S5 symmetry
of the XXZ models. The decomposition of Hilbert spaces in the presence of twists and the properties of the
duality operators match perfectly with the conjectures in Sec. 3, providing solid evidence for the latter. We

believe that the examples can be easily generalized to other instances.
The results of the global symmetries in all three models are curated in Tables 2 and 3.

Hamiltonian || Global symmetries | Hamiltonian Global symmetries
HXXZ 0(2) = U(].)Z A Zg HXXX SU(?)
Hxxz,(-1.x) Ly x L Hxxx,(—1.x) || O2) = SU(2)* xZ3
Hxxz,(w.2) u@)* Hxxx,(w.2) u@)*
Hxxz,(w2,2) UQ@)* Hxxx,(w?,2) U(@)?

Table 1: Global symmetries of the XXZ and XXX Hamiltonians with different twists. We assume the system

sizes to be even.

Model Gauged symmetry Global symmetries Global symmetries
from XXZ by sectors in the entire dual Hilbert space
XX7Z T T 0(2)
Izz ZQ 2[22\0(2)/22] ‘ Zg ZQ X ZQ
3-state Zs 0(2)1UQ)|U((1) (U(1) X Z3) x Zq
TR 5 Z7\00)/2] | U() | Z5 7o % Rep(S5)

Table 2: Symmetries of different models when |A| # 1 with even length.

Model Gauged symmetry Global symmetries Global symmetries
from XXX by sectors in the entire dual Hilbert space
XXX T T SU(2)
1zz ZQ Z[ZQ\SU(2)/ZQ] | 0(2)* 0(2)* X ZQ
3-state Zs Z|Z3\SU(2)/7Z3] | U(1) | U(1) (U(1) X Z3) ¥ Zy
IRL S3 Z[S35\SU(2)/55] [ U(1) | O(2)* Zs x Rep(Ss)

Table 3: Symmetries of different models at isotropic point A = 1 with even length. The O(2)* symmetry is
the O(2) symmetry coming from the ungauged U(1)* x Z3 symmetry of the XXX model with (—1, X) twist.

4.1 XXZ to 3-state antiferromagnet model

By gauging the Z3 symmetry, we transform the XXZ model to the 3-state antiferromagnet (AFM) model,

where the Z3 group is {1,a,a?} with a® = 1.

Duality operators and twist sectors The duality operator can be written in terms of a bond-dimension-

3 MPO,

DT e 120
0 [2)(1]

. 0 )

(71)

L
DZg = Tra (H Ba,n) ’ Bam
n=1

which is a generalization of the Z, gauging case.
The Hilbert space of the 3-state AFM is a constrained Hilbert space, 3¢, C ((CB)L, where the state

|s1, 89, - s) satisfies

s; €{0,1,2}, je{1,2,---,L},

8j 7 Sj+1 (72)

with periodic boundary condition sz 11 = s1. The dimension of the Hilbert space is 2& + (—1) [13].
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The Hamiltonian of the 3-state AFM reads

Z Pz,

+A( E;; Ef,?if“+E;;;_1Ef;if‘1—st)]%,

B —1,s+1 +1,5—1
ZEm 1Em+1 ES * +Efn ° )

(73)

where Pz, - ~77£3 projects the Hilbert space ((C?’)L to #,, cf. (72) and the local operator E%? = ]I?(m_l) ®

(la){b]) ® H?(L—m). The identity operator I3 acts on C* and Iz, is the identity operator of . Physically,
the first part of (73) means that if (m — 1)-th and (m + 1)-th sites are both in |s) state, the Hamiltonian
flips the m-th site from (s £ 1) to (s F 1), while the second part of (73) gives a potential proportional to A
when (m — 1)-th and (m + 1)-th sites are in different state. Another version of the Hamiltonian in terms of
the 3-state Potts operators can be found in Eq. (3.14) of [13].

Locally the duality maps the state in the Hilbert space of the XXZ model to the state in the Hilbert
space J#7, [13]

Dryi [ootoe) = [oovs (st 1) o), [oebon) 5 s (s=1)0), s€ {012}, (74)

due to the property of the MPO structure (71).
Since we gauge an Abelian Z3 symmetry, we can take into account the twisted Hamiltonian. In this case,
we need to consider the XXZ model with a 2s7/3 twist in the z-axis, i.e.

L1
HXXZ7(WS7Z):Z(X Xj+1+YY}+1+AZ ZJ+1)+2(L«J O-Lo—l +UJ UL01)+AZLZl 5 (75)
j=1
where w = €27/3 is the third root of unity. Here we denote orji = (X, £iY;)/2.

Meanwhile, the duality operator of the twisted sectors can be expressed as,

2
DY = [Z w T (B E;TT 4 E‘Z’SE“{_l""_l)] Dz, , z€{0,1,2}. (76)
s=0

The duality between the twisted Hamiltonians and the dual Hamiltonian becomes
DY) Hxxz,(wez) = Hz, - DY), s€{0,1,2}. (77)

Moreover, the duality operators satisfy the following properties,

(DX’) =1+ H exp ( ) + H exp ( ) : (78)

denoting the Z% symmetry of the XXZ models (with and without twists) that we gauge.

o N , .
DY) @;3 >) = Tz + WXz, +w X2, s € {0,1,2} (79)
where the Rep(Zs) ~ Zs symmetry of the 3-state AFM model becomes
L (0 1 0
2o =Pz, X-Ph =Po, - [ [] [0 © Pl (80)
n=1\1 0 0
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Ker (Dz,)

Z3;02 Zs;a Z3;1
G | A | A

Ker (D(Zag))
gl)
(Z3;0%) (Z3;0) (Z3;1) 3 a
%xx%,(w,z) ijX%,(w,Z) ijX%,(w,Z) < > jfo
Ker (D)) )
er Zs ( 2) Zs
a
'DZ3
(Z3;0%) (Z3;0) (Z3;1)
jfxx;,(uﬂ,z) jfxxaz,(bﬂ,z) jfxxaz,(waz)

Figure 3: The mapping between the Hilbert spaces of twisted XXZ models and the 3-state AFM model.

Symmetries For the twisted Hamiltonian (75), the symmetry becomes U(1)?, instead of the full O(2)
symmetry or SU(2) symmetry at the isotropic point.

OZ(ZZ) ~ O(2), since Zj}
3

is a normal subgroup of the O(2) symmetry. Moreover, for the twisted sectors, S, = S,z = U(1)?, and the

u()
iz

The symmetry of the 3-state AFM model in the sector L%ﬁz[sl] is the quotient group

~ U(1) in each sectors.

Combining the U(1) part in all three sectors, we obtain a U(1) symmetry that act on the dual Hilbert
space 7, i.e.

2 ‘ L 2
0%, (9) %Z [ ()0 ¢)Dg;)] =[] exp <i¢>z (ES SEST S ESCES ST 1)) . (81

s=0 n=1 s=0

The generator of the U(1) symmetry is thus

L 2
=3 (mE - mE ) 52

which counts the number of plus and minus domain walls. The plus/minus domain walls are defined as
|-+ ,s,8£1,--) respectively.
In the %ﬁz[i] sector, the additional Zs symmetry (part of the O(2) symmetry) reads

L
1 1
3Dz [[ XDl = 5 (Iz, + Xz, +X3,) P, (83)
n=1
where the Zy operator is
L 1 0 0
Foo =Pz [[ |0 0 1] PL, . (84)
n=1 \0 1 0

n
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satisfying F%3 =1lz,.
The Zs operator (84) flips all the plus domain walls to minus domain walls and vice versa, similar to
the spin-flip operator in the XXZ model. In addition to the sector %”Z[;], the Zo operator (84) acting on
2 2 2
the sector jfz[:] (%”Z[g ]) is not a symmetry but an isomorphism from f%’%:] (%”Z[: ]) to jfz[: ) (jfz[:]) This
means that the Zy operator (84) is also a symmetry of the dual Hilbert space 77, i.e.

[Fz,,Hz,] =0. (85)

Physically, the Zo symmetry of flipping domain walls is a reminiscence of the Z35 symmetry of the XXZ
model in the %‘i[;] sector, and maps states to ,%’i[;l] to %‘%52] and vice versa. This is an extra symmetry, due
to the fact that the two twisted Hamiltonians share the same spectra. We should regard this Zo symmetry
as an additional symmetry beyond the sandwiched construction. Together with the U(1) part, we have the
full O(2) = U(1) x Zy symmetry of the dual Hilbert space J#7,.

Meanwhile, the Rep(Z3) symmetry generated by Xz, commute with the U(1) part and anticommute with
the Zg part of the global symmetry, resulting in the final answer to the global symmetry of Hz,, i.e.

(U(l) X Zg) X ZQ . (86)
In the isotropic case, the SU(2) symmetry becomes the ring of double cosets Z[Z5\SU(2)/Z3] in the
Hilbert sub-space ,%ﬁz[;], which contains a U(1) symmetry

1
5D%, * 0:(¢) Dz, . (87)
For a generic SU(2) generator O, that is parametrized by @ = (¢4, ¢y, ¢.), after the sandwiching procedure,
we have

0y =D}, - Oy, - Dz, , (88)
with the fusion product
z Zs _ L zZ zZ
gz Ogs = Ogign + OQS'Q(UYO‘%)'QTH + OQS'Q(UYO‘,%\-)‘Qvﬁ : (89)

At the isotropic point, however, we do not recover the SU(2) symmetry of the XXX model. Instead, we

have the same global symmetry acting on the dual Hilbert space J#7,, (U(1) X Z3) X Z2. In the ,%”Z[;] sector,
additional symmetry of Z[Z3\SU(2)/Zs] is present at the isotropic point compared to the O(2) symmetry
with |A| # 1.

4.2 3-state antiferromagnet to integrable Rydberg ladder

If we further gauge the Zy symmetry (84) of the 3-state AFM model, we will arrive at the integrable Rydberg
ladder (IRL) model [12,13,22]. The physical realization of the IRL model using Rydberg atoms can be found
in [13,22]. We again use {1,b} to denote the group elements of Zs.

The Hilbert space of the IRL model is a different constrained Hilbert space, J#r1, C ((C3)L with the rule
[{h1,ha,---}) such that

hjZOOI‘hj:2:>hj,1:hj+1:1; hj:1:>hj,1€{0,172},hj+1€{0,1,2}. (90)

The IRL Hamiltonian is written as

L
Hipy = Y P

m=1
1
Y (1 -2m)( - 2kERYELERS ¢ Y _ELLELL (BLY B2+ (O1)
h,ke{0,1} he{0,1} \@
1
2h,2h a1 11,1 11 gl 1g2h,2h 1,1 2h.2h 9h.2—2h2h 2k 1,1
A (qu E,'E, , +E,;  EE'T ) + iEmfl (Em +E EN ) Em+1:| PITRL )
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where Prrr, projects the Hilbert space (C3)®% into the constraint Hilbert space for the IRL model. The local
operators E%" are defined in the same way as in the 3-state AFM Hamiltonian.

Since we gauge the Zy symmetry (84) of the 3-state AFM model, which is Abelian. We find the twisted
Hamiltonian using the method outlined in [13]. The twisted 3-state AFM model is defined in a different

. . L .
constrained Hilbert space, %(317) - ((C3) , where the state |s1, $2,-- - sp) satisfies

sj;ésjﬂ, Sj€{0,1,2}, j€{1,2,"',L—1}; §L§é§1, (92)
where
0 =0
5:{ ’ 5 ’ (93)
—s, s§#0.

The dimension of the Hilbert space of the twisted 3-state AFM model is 2% [13]. The twisted 3-state AFM
Hamiltonian becomes

L—-2 2
HZg,(b) =Pzs 0 ZZE m+1 Es 1,541 E;;H,sq)
m=1s=0

s s s+1,s+1 s,8 s—1,s—1
=+ A ( Em+1 =+ Em—lEm+1 - HZJ)

2
s,8 5,5 s—1,s+1 s+1,5s—1
+ Z E; B (EL +E; ) (94)
s=0

+A(E251Es+ls+1+E Es ls I_HZS)

STS,S —1,5+1 +1,5s—1
_’_Est;s (Ei s _’_Ei s )

+A (BB BRI, )| P,

where Pz, p - - '7)%3,6 projects the Hilbert space (C3)% to ,ﬁfz(sb) following the rule in (92).
The duality operator is defined in [13], and the MPO representation is presented in App. D. We have

Dz, 1rr - Hz, = Higy, - Dz 1RL (95)
b b
,Dég,),IRL : HZs,(b) = Higy, - ,Dég),IRL : (96)

The symmetry of the IRL model will be explained in Sec. 4.4, when we combine two gauging procedures.

4.3 Ising zig-zag to integrable Rydberg ladder

The IRL Hamiltonian can be obtained via duality from the Izz Hamiltonian. In this scenario, we gauge one
Frobenius subalgebra of Rep(S3) category discussed in Sec. 2.2 7, instead of discrete groups in the previous
cases. The duality operator Di,, rr, is weakly symmetric, for which the discussion of the Hilbert space
decomposition and the twist Hamiltonians will be postponed to future work. However, in the next section,
we will use the duality operator Di,, g1, to study the gauging of a non-Abelian discrete group Ss. Hence, we
outline a few minimal properties of the duality operator and reserve further detailed discussions for future
work.
The duality operator maps the Izz Hamiltonian to the IRL Hamiltonian,

Diyzary - Hizy, = Hiry - DrggIRL (97)

where both Hamiltonians are defined in (9) and (91). The duality operator can be written as an MPO,
where the details can be found in App. E.

I7A thorough discussion on the Frobenius subalgebra of Rep(S3) category can be found in Sec. 3.1.4 of [20]. For a sample of
recent discussions of gauging non-invertible symmetries, see [20,21].
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As shown in [13], the duality operator satisfies

D;—ZZ,IRL ! DIZZ,IRL =I+S s (98)
Diys1RL - DITzz,IRL = IR + SIRL »

where S = Oz(27/3) and Siry, are the representations of the non-invertible object of the Rep(S3) category
in Hilbert spaces 4#,, and Ry, respectively. We can see from the properties of the duality operators (98)
that we are gauging the Frobenius subalgebra A = (1 + s). ¥ These relations (98) is compatible with the
fact that the duality operator Di,; 1r1, is not strongly symmetric, since

Dyl # Diaz iR R, Diggirr - I+ R) =Dipir - S - (99)

4.4 XXZ to integrable Rydberg latter: gauging the S; symmetry

Now we move on to the gauging of a non-Abelian discrete group symmetry. We concentrate on the example
of gauging the S3 symmetry of the XXZ model.
The S3 group has six group elements {1,a,a? b,a - b,a? - b}, with multiplication rules

ad=0=("-b*=1, a’b=0ba*"*, s€{0,1,2}. (100)

The irreducible representations of Sz are characterized by the Rep(Ss3) category, with simple objects {1, 7, s}.
The fusion algebra is given in (31).
The S35 = Z3 X Zay C SO(2) X Zy = O(2) is a discrete symmetry of the XXZ model.

Table 4: Character table of the S3 group. {1,r,s} are the simple objects in Abelian category Rep(Ss), and
[1], [a], [b] are the conjugacy classes of Ss.

L [0 [[a] [ [¥] ]
111
T 11
s 2 [=1] 0

Duality operators and twist sectors The dual theory is the IRL model, and the duality operator can
be obtained by decomposing the gauging into two separate gaugings: first the Z§ symmetry of the XXZ chain
then the Zy symmetry of the 3-state AFM model (see Fig. 2). Interestingly, as shown in [13], we obtain
the same gauging by gauging first the Z3 symmetry of the XXZ model, and then the Rep(S3) categorical
symmetry of the Izz model (see Fig. 2), i.e.

Dirt. = Dz, 1r1 - Dz, = Digs1RL * Dizs - (101)
It is straightforward to observe that the duality operator transforms the XXZ model to the IRL model, i.e.
Dirr, - Hxxz = Hirr - Dirw - (102)

From decomposing the duality operator into two separate parts, we obtain the duality operators between
the twisted XXZ Hamiltonian and the IRL Hamiltonian,

Dif, - Hxxz,(w.2) = Hirw - Dify, (103)
DI(QL -Hxxz,(-1,x) = HirL - DI(QL , (104)

I8For a similar discussion in the field theory context, see Sec. 4.1.1 of [20].
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where the duality operators are decomposed as

D), = Dz e, - DY (105)
DY) = Diyine - DLV (106)

These three twists cover the three conjugacy classes of S3, i.e.
] ={1}, [a] ={a,a®}, [b] ={b,ab,a’b}. (107)

We have checked the conjectures in Sec. 3.1, and they are satisfied given the character table of S3 in
Table 4,

Diry - DITRL = Iirr + RirL + 2 S1rL
a a T
DI(R)L . (DI(R)L> = Irr + Rirr, — SirL , (108)
t
DI(QL : (DI(QL) =IirL — RirL -
Moreover, by adding up all the products of duality operators, we have
1 o o\ T T
Z Dl(lgt)L : (DI(I%)L) = DrL 'D;rRL + 2DI(R)L : (DI(R)L) + 3D1(1ZBL : (DI(QL) =6IrL , (109)
gESs

where the order of group Ss is precisely 6, matching up with the conjecture (50).

A remark is in order. Suppose that we do not assume the Rep(S3) symmetry of the IRL model. From
(108), we have three projectors that commute with the IRL Hamiltonian (91). Taking the linear combination
of the three projectors in (108), we obtain the operators with Rep(S3) fusion algebra, i.e.

Sirr = % (DIRL  Digy, + Dy, (DI(?{)L)T) )
(110)
Rint, = - <DIRL Dy + 20450, - (PR )T -3, - (PR )T)

6 IRL IRL IRL IRL IRL )
which also commute with the IRL Hamiltonian (91). This can be considered as a demonstration of the
assumption that the dual model has the Rep(G) symmetry after gauging the G symmetry of the original
model.

The Rep(Ss3) operators are Rigy, and Sigr,, where the fusion algebra becomes

Rizy, =l , RirL- Sk = Sirn,  Sfry = ke + Rige + SirL - (111)
The Zs operator reads
L (0 0 1
RirrL = PirL H 01 0 Plar - (112)
n=1\1 0 0

Symmetries The global symmetries of the IRL model within each sector can be obtained as the ring of
double cosets from the symmetry of (un)twisted XXZ Hamiltonian, using the method outlined in Sec. 3, i.e.

AR Z[S3\0(2)/S3] ~ ZZ2\O(2)/Zo]

W . UM)F
ijRL : 7% - U(l) ) (113)
75 X 7.3
%K]L N 72Z§ 2 ~ ZQ 5

where we assume that the number of sites L is even.
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Ker (DIRL)

Ss; Ss; ;
Ay |5 P < D

Al
Ker (D) .
D;;{)L f%ﬂIRL
Al | Hssien | B
A4
b b
Ker (D)) Dy
(Z;b) (Z331)
%XX%( 1,X) %XX%,(—LX)

Figure 4: The mapping between the Hilbert spaces of twisted XXZ models and the IRL model.

First of all, we again find the cosine symmetry in the %E{ sector:

1 T
O (6) = =Dy 0:(9) - (Dleh) (114)
where 1
Ocos’(9) - Ocos'(0) = 5 [Ocos™ (6 + 0) + Ocos (¢ = 0)] - (115)

From the perspective of group theory, the ring of double cosets Z[S3\O(2)/Ss] ~ Z[Z2\O(2)/Zs] gives rise
to the same cosine symmetry as the Izz case in 2.

What is more interesting is that in the %’ﬂg{ sector, we have a hidden U(1) symmetry:

1 a a T
Oty (6) = 3Dl - 0:(6) - (DiRL) (116)
where
Oyt (¢) - Optn) (0) = Oy (¢ +6) - (117)
We can further write down the U(1) generator of this symmetry, which is non local,
d L f
—i OO =X 3P (PiRL) (118)
0 j=1

This U(1) symmetry has not been mentioned in the previous literature on the IRL model, and it can
be obtained in a straightforward manner from the sandwiched construction. However, it is not possible to
express the U(1) density in terms of local operators, at least not through the sandwiched construction.

In the %’}EZ]L sector, the remaining symmetry after the duality transformation is the Zs symmetry, i.e.

L
1 T 1
iDI(%)L H Zn (DI(%)L> =3 (Irrr. — Rirw) Fre » (119)

n=1
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where the Zy generator is

L/2 (0 0 1
Firr = PirL H 010 PITRL ; (120)
n=1 \1 0 0

commuting with the Rep(Ss) generators Rigy, and Sigr..
Therefore, the global symmetry of the entire dual Hilbert space .#ir;, becomes

Z2 x Rep(Ss) , (121)

which implies
[FirL, Hire] = [RirL, Hire] = [Stre, Hire] =0 . (122)

At the isotropic point, we have Z[S3\SU(2)/Ss] symmetry in the jf}g{ sector, where a cosine symmetry
Z[S5\0(2)/8S3] =~ Z[Z2\SU(2)/Zs5] is included.

In the Jf}gli sector, we have the same U(1) symmetry, i.e. the U(1)? symmetry in J#%xz after gauging
the Z3 symmetry.

We now move on to the %”IE]L sector. The symmetry of the (—1,X) twisted XXX Hamiltonian is
O(2) =U(1)* x Z5, and we gauge the Z3 symmetry, resulting in the symmetry of %”I[Rb}L sector as

o2)" = UL)* x 25 , (123)
Z3

where we use O(2)* to distinguish the O(2) symmetry coming from the ungauged U(1)* x Z3 symmetry.

Therefore, the global symmetry of the entire dual Hilbert space gy, at isotropic point is again

Lo X Rep(Sg) y (124)

where the U(1) part of the O(2)* symmetry in the %‘}E{]L sector is different from the U(1) symmetry in the

jfﬂg{ sector.

Remark. The global symmetries of the models away from the isotropic point that are discussed in this
section are shared by a whole family of models, which are not related to the quantum integrability structure
of the models. To understand this, we decompose the XXZ spin chain Hamiltonian (up to a constant) into
projectors, i.e.

L
Hyxz = 32 (Pgo) + AP§1)> , (125)
j=1
where the projectors are
1 1
P = 5 (XX + YY) Pl — U+ ZZj11) - (126)

Both local projectors commute with the O(2) generators, and they form a representation of the chromatic
algebra with @ = 3 [13]. Therefore, we can consider a family of generic models,

L
Hy =Y [[ caP, ave{o1}, (127)

J=lk,o

all of which have the global O(2) symmetry and are generally not integrable.

We then can perform the same duality transformations on any generic Hamiltonian in the form of (127),
resulting in the dual models that have global symmetries discussed in this section depending the gauged
symmetries, including the non-invertible ones. Therefore, our method outlined here is rather versatile in this
regard.

21



5 Conclusion

In this article, we discussed how global symmetries transform under a non-invertible duality transformation
which corresponds to gauging a discrete group symmetry in (1+1)-D quantum lattice models. Despite
numerous previous studies in a similar setup, a thorough explanation of global symmetries of the dual model
is still absent. We aim to take steps to fill this gap.

We start with strongly symmetric dualities that physically imply the gauging of a finite (non-)Abelian
discrete group. We make a few conjectures about the properties of duality operators. By including the
contribution of the twisted Hamiltonians, the global symmetries within each subsector of the dual Hilbert
space can be obtained with the sandwiched structure.

We then exemplify the general theory using the XXZ model and its duals by gauging the discrete sym-
metries Z3, Z5 and S3. The global symmetry O(2) (SU(2) in the isotropic case) gets transformed according
to the sandwiched construction.

In the example of the Izz model, we present a derivation of the “cosine symmetry” and attribute it to
the mathematical structure of the algebraic ring of double cosets Z[Z2\O(2)/Z,)].

In the example of the 3-state AFM model, an additional Zy symmetry is present, in addition to the global
symmetries obtained through dualities. Combining with global symmetries in each sectors of the Hilbert
space, we obtain the global symmetry of the 3-state AFM model as (U(1) X Z3) X Zs.

As for gauging the non-Abelian S3 symmetry, we find the non-invertible “cosine symmetry” in one of the
sectors of the Hilbert space, while a U(1) symmetry is present in another sector, which remained undetected
previously. The global symmetry of the entire dual Hilbert space is identified as Zs x Rep(Ss3).

Similar to the examples in the article, we expect to find the global symmetries of other dual models
related to the gauging of discrete group symmetry. However, the current construction needs to be improved
to include the scenario with weakly symmetric dualities, which we plan to investigate in future work, making
use of the knowledge of the category theory.

Another interesting point is that the models we study, with homogeneous coupling, are integrable. It is
possible to construct the transfer matrices that are the generating functions of infinitely many (quasi-)local
conserved charges. In the scope of the current article, we discuss how global symmetries (regardless of
integrability) transform under the dualities. Equivalently, one might wonder how the integrable structure
(e.g. transfer matrices) changes under the duality transformation. We will address this question in future
work.
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A Evidence for (47) and (48)

We show that (47) and (48) can be derived from the strongly symmetric condition together with a certain
ansatz. This applies whenever gauging a general fusion category %, which naturally includes the case of a
group.
We start with a spherical fusion category ¢ with finitely many simple objects. The fusion symbol among
simple objects is
a-b:ZNabcc, a,b,c€C . (128)
ceEF
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In terms of the quantum dimensions of simple objects, we have

dim(a) dim(b) = > Ngy“dim(c) . (129)
cEE

The duality operator D € Hom (7, H ), where 4% and A are the Hilbert spaces where the Hamiltonian
H and its dual H are defined, respectively. Hence, the combination DT - D acts on the Hilbert space of .7,
ie.

D' . D ¢ End(#) , (130)

and it commutes with the Hamiltonian H and 4 symmetry operators,

[D'D,H,| = [P'D,0,] =0, Vae?. (131)
It is natural to conjecture that
DID=)"0,0,, (132)
a€€

where o, are constants. From the ansatz above, we have

DIDO, = dim(a)D'D = ) dim(a)ayOp = » > Niu“0,Oc (133)
bee€ beE ce¥
so that
dim(a)a, = Z Npo“ap (134)
bew
Using the property of the fusion symbol, ~
Noa® = Nac” (135)
we have B
dim(a)oe = > Nag'ay , (136)
be®

Here we use the fact that the quantum dimensions of an object b and its dual object b are equal if € is
spherical [53]. Thanks to the relation (129) we find the solution

ap = dim(b) = dim(b), Vbe %L . (137)

Therefore, (47) are obtained from the strongly symmetric condition (38) with a reasonable ansatz.
Similar analysis works for the dual case with strongly symmetric duality DT, with ansatz

D-D' = 50, (138)

ac?

where € is the symmetry of the dual Hamiltonian from gauging.
We obtain the constants 3 is proportional to the quantum dimension of the object a, i.e.

B, =dim(a), VaeE. (139)

B Ring of double cosets
For a group G and its subgroup K, the elements of double cosets K\G/K are
K\G/K :={K-g-K|g € G}, (140)

where

KgK:{klngUCl,kQGK} (141)
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The double cosets have the property that
K-g K=K (k1-g-ko)-K, kikoe K. (142)

For instance, we start with G; = S3 = Z3 x Zy = {1,a,a?,b,ab,ab?} with a® = b> = 1 and a"b = ba™".
K1 =Zs = {1,b} is a non-normal subgroup, and generates the double coset

K]_\Gl/KlZ{K1~1-K1,K1-G-K1}, (143)
where

Ki-1- Ky =K, -b-K, ={1,b}

Ki-a-Ki=K,-a®> K=K, -ab- K, = Ky -a*b- K; = {a,a?,ab, a*b} . (144)
In the case of normal subgroup Ky = Z3 = {1, a,a?}, we have
Ko\G1/Ks ={Ky-1-K3,Ks-b- Ky}, (145)
where
Ky-1-Ky=Ky-a-Ky=Ky-a* Ky ={l,a,a®}, (146)

Ko b-Ky=Ky-ab- Ky = Ko -a?b- Ky = {b,ab, a’b} .

For a given group G with a normal subgroup K, the double coset (and left/right coset that form sets, which
are isomorphic to the set of double coset in this case) form the quotient group G/K (Group multiplication
can be defined accordingly.).

In the G = S3, K’ = Z3 example, we have the quotient group G/K' = Z,, where the group multiplication
* is defined as

(K -g1 K)*(K-g2-K)= (K192 K) . (147)

However, when the subgroup K is non-normal, we can no longer define a group multiplication. Instead,
we can define an algebraic ring over field Z, i.e. Z[K\G/K], with the addition + defined in the usual way
and the multiplication x such that

(K- g1-K)*(K-g2-K) =Y K-(g1kgs) - K, 91,92 € G . (148)
keK

The associativity can be can be shown straightforwardly,
(K g1+ K)* (K- g2 K)| % (K- g3-K) = (K-g1-K)*[(K-g2- K)*(K-g3-K)|, (149)

using the fact that K - g- K = K - k1gks - K, for any kq, ke € K.

In addition to the multiplication * for the set of double cosets, we also need to equip the set with the
addition from the integer field Z, i.e. (K\G/K,Z,+,*) := Z|K\G/K], which form an algebraic ring over
the field Z '°. The ring axioms can be checked easily.

Therefore, the sandwiched symmetry operators @g in Sec. 3 satisfy the properties of the ring of double
coset Z[K\G/K], i.e. a representation of the ring of double coset on the Hilbert space H.

We would like to mention that the concept of the algebraic ring of double cosets can be generalized [60],
which plays a role in the context of non-invertible symmetries of field theory and string theory.

Let us present a few examples of the rings of double cosets.

9The ring of double cosets defined here is known as the Hecke ring H(G, K) in the mathematical literature, cf. Chapter V
of [59].
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1. Gauging the Z; = {1,a} symmetry of O(2) symmetry. We arrive at the ring of double coset

Z[Z2\O(2)/ Zs]-
The U(1) C O(2) symmetry generators read
p-0=(p+0), ¢0eR. (150)
The double coset then read
Zo\O(2)/Zy = {Zs - ¢ - L2|¢ = 0}, (151)
where
Z2~¢-Z2=Z2-(—¢)~Z2:Z2~(¢-a)-Z2. (152)
The multiplication thus becomes
(Zo ¢ ZLo)x (Lo 0 Lo) =Zo-(¢p+0) Lo+ Ly (¢p—0) Lo . (153)

It is straightforward to check that the cosine symmetry in the Izz model is a representation of the ring
of double coset Z[Z2\O(2)/Zs] described above.

2. Gauging Z% symmetry of SU(2) symmetry. We arrive at the ring of double coset Z[Z2\SU (2)/Zs).
The group element of SU(2) symmetry is denoted as
(hzs by, ¢-) = exp((ip25") exp(ipys?) exp(ip.s7)) . (154)

We discuss the sub-rings of the ring of double coset. The subrings generated by either (0,0,¢.) or
(0, ¢y, 0) are both isomorphic to the ring of double coset Z[Z2\O(2)/Zs). 5 The sub-ring (¢4, 0,0) becomes

1 xr
Z[U(1)], i.e. the group ring of the quotient group U;I) =U(1).
2

3. Gauging Zj symmetry of SU(2) symmetry. We arrive at the ring of double coset Z[Z3\SU (2)/Zs).
The subrings generated by (¢4,0,0) and (0, ¢, 0) satisfy the following multiplication

75 - (¢2,0,0) - Z5] * [Z5 - (04,0,0) - Z5] =

2
<Z§ (b0 +62,0,0) - 25 + Z5 - {(% 0,0)- <0, 0, ;) (62,0, 0)} .7} (155)

+7Z5 [(%,0,0)- (0,0,—2;) -(935,0,0)] -Z;) .

1 z
The sub-ring (0,0, ¢,) again becomes Z[U(1)], i.e. the group ring of the quotient group é ) =U(1)>

]
Z[Z3\SU(2)/Zs).
4. Gauging S35 = Zi x Z% symmetry of SU(2) symmetry. We arrive at the ring of double coset
Z[55\SU(2)/S5).
For the part (0,0,¢,), we have a sub-ring of double coset Z[S3\O(2)/S3] = Z[Z3\O(2)/Z3] inside
Z[S3\SU(2)/Ss].

[53 . (0707 ¢z) ’ SS] * [SS : (Oa 0, 02) ’ SS]

9 4
- (gg.(o,0,¢z+ez)-53+53- (0,0,¢z+92+;) 53+ 53 (‘)’Ov@*‘)”;) 5

(156)
2 4
+85-(0,0,6, — 6,) - S5+ S5 - (070,@ ez+§) Sy +S;- <o,o,¢z 92+;> 053)
:3(53(0,07¢z+9z) 'S3+SS . (0a07¢z 702) 53) )
where we use the properties that
2 4
S5-(0,0,02) - S5 = S5 (0,0,¢z+§) S5 = S3- (0,0,¢z+;> s, (157)

as a consequence of gauging the Z3 symmetry. The formula is the same as the one of cosine symmetry again.
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C MPO as cosine symmetry

In Sec. 2.2, we show that the O(2) symmetry of the XXZ model becomes the ring of double cosets Z[Z2\O(2)/
Zs] in the Izz model. Moreover, the symmetry operators of the Izz model satisfy the so-called cosine rule (21).
The cosine rule can be readily derived from the property of the MPO, i.e.

L
Oizz(@ = DIZZ (H exXp (1¢Zn)> Dgzz

n=1

L cosp —sinegX, 1 L
= Tra (H (—sin(b —cos(bXn)a :§Tra Hca’"(¢) '

n=1 n=1

(158)

Note that a priori Of,,(¢) should be an MPO with bond dimension 4. However, by block diagonalizing the
auxiliary space, we reduce the bond dimension of Of,,(¢) to 2, i.e. a conserved charge with non-local density.
The symmetry operator OF, (¢) is related to the semilocal charges discussed in [61]. Then we can perform

a similar calculation for the cosine rule,

L
OZ*(¢) - O*(0) = Tra,p

(Ca,n<¢) ® ]Ib) (]Ia ® Cb,n(e))l

=1

’LL (159)
- ’I‘rc (H Dc,n(¢7 9)) 3
n=1
where
cos(p+0) —sin(p+6) X, 0 0
i | —sin(¢+0) —cos(¢p+0) X, 0 0
UcDen(9,0)Uc = 0 0 cos(p—0) —sin(p—60) X,, | ’ (160)
0 0 —sin(¢p —0) —cos(¢p—0) X,/
which are block diagonal with a “gauge” transformation in the auxiliary space
1 0 0 -1
1 ( 1 1 0
Ue = V2T o o0 1 (161)
0 -1 1 0
By taking the partial trace in the auxiliary space ¢, we readily obtain
L L
O0Y(¢) - O7*(0) = Tr, Conl(op+0) ) +Tr Con(p—0
2(4) - 0(9) (r_[ 2(6+0) )+ T I] Cuno-0) 162

= OIZZZ(¢ + 9) + Oizzz((b - 9) ’

providing an alternative derivation of the cosine rule in terms of MPOs, cf. (21).

D MPO for duality between 3-state AFM model and IRL model

The duality operator between the 3-state AFM model and the IRL model can be written as an MPO [13],

h,l ]1/2 hg }L,1

Dz4 1L = s (163)

S1 S9 S3 Sq
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where {s1, 82, -, s} and {hy, ha, - ,hr} are states of the 3-state AFM and the IRL model, respectively.
The variables s; and h; take the value {0, 1,2}, while satisfying different constraints of the corresponding
Hilbert space, cf. (72) and (90). The non-zero matrix elements are

1 1 1 1 h 1 1 h

= =1, = — 2*1/4(,1)55,25;1,2 )

(164)

In the presence of the Zs twist, the duality operator can be obtained by inserting a “defect” between the
last and the first sites in the MPO, i.e.

hy ho hs hy
-1
Dég,I%%L = . . SRR (165)
S1 S2 S3 84

where the “defect” is obtained by adding the Zs flip of the first site,

hr, hy hr, hq
S, S1 SL S1

In the presence of twist, the constraint between sy, and s; changes into 51, # s1 [13].

E MPO for duality between Izz model and IRL model

The duality operator between the Izz model and the IRL model can be written as an MPO,

hy ho hs ha

DiyzRL = © (167)

Ji Jo Ja Ja

where {j1,jo, - ,jr} and {hq,ha,--- ,hy} are states of the Izz and the IRL model, respectively. The
variables j; € {1,]} stand for spin-1/2 states. The variables h; take the values in {0, 1,2} while satisfying
the constraints (90) for the IRL Hilbert space [13].

The non-zero matrix elements are

1 1 1 1 1 h h 1

:271/2, :271/2, . :271/4

(168)

where 7,5’ € {1,]}, the spin-flipped state |j) = X|j), and h € {0,2}.
We do not study the twist duality operator in the scope of this article.
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