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Abstract

We consider the five-dimensional supergravity path integral that computes a supersymmetric
index, and uncover a wealth of semiclassical saddles with bubbling topology. These are complex
finite-temperature configurations asymptotic to S' x R?*, solving the supersymmetry equations.
We assume a U(1)? symmetry given by the thermal isometry and two rotations, and present a
general construction based on a rod structure specifying the fixed loci of the U(1) isometries
and their three-dimensional topology. These fixed loci may correspond to multiple horizons or
three-dimensional bubbles, and they may have S3, S? x S, or lens space topology. Allowing
for conical singularities gives additional topologies involving spindles and branched spheres or
lens spaces. As a particularly significant example, we analyze in detail the configurations with
a horizon and a bubble just outside of it. We determine the possible saddle-point contribution
of these configurations to the gravitational index by evaluating their on-shell action and the rel-
evant thermodynamic relations. We also spell out two limits leading to well-defined Lorentzian
solutions. The first is the extremal limit, which gives the known BPS black ring and black lens
solutions. The on-shell action and chemical potentials remain well-defined in this limit and
should thus provide the contribution of the black ring and black lens to the gravitational index.
The second is a limit leading to horizonless bubbling solutions, which have purely imaginary

action.
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1 Introduction

The gravitational path integral

Z = /DgW... e~ Hgurs ] (1.1)

introduced by Gibbons and Hawking almost fifty years ago [1], lies at the heart of Euclidean
Quantum Gravity. As such, it has played a central role in black hole thermodynamics, quantum
cosmology, and holography. Recently, it has found new applications in the derivation of the
Page curve through replica wormholes [2, 3| and the description of strong quantum effects in
near-extremal black holes [4,5]|, among others. In supergravity, one can impose supersymmet-
ric boundary conditions and attempt to evaluate the path integral beyond the semiclassical
approximation, possibly even exactly if the theory admits a UV completion. This idea is par-
ticularly appealing in the context of black hole microstate counting, since the path integral with
supersymmetric boundary conditions should then compute an index (see e.g. [6] for a review).
When the boundary conditions are those satisfied in the near-horizon of BPS black holes, and
thus the geometry asymptotes to an AdS, factor, the path integral calculates a microcanonical
index and is directly related to the black hole degeneracy [7,8]. Boosted by the use of super-
symmetric localization, initiated in [9], the evaluation of the supergravity path integral with
these microcanonical boundary conditions has now reached a very high accuracy [10], despite
many complications.

In this paper, we work in pure five-dimensional supergravity and impose supersymmetric
boundary conditions defining a grand-canonical supersymmetric index. We will work in the
semiclassical approximation and explore the expansion over the saddles given by supersymmetric

solutions to the classical equations of motion with finite action.

Let us set the stage by briefly recalling how one can define a supergravity path integral
calculating the supersymmetric index of interest. We consider a five-dimensional asymptotically
flat spacetime where one can define the energy F, two independent angular momenta Ji, Jo,
and an electric charge Q. These conserved quantities generate evolution along Lorentzian time
t, translations along 27-periodic angular coordinates ¢1, ¢2, and gauge transformations of the
supergravity abelian vector field, respectively. Now we Wick-rotate ¢t = —ir and compactify
the Euclidean time 7 to a circle S* of period 3, which has a standard interpretation as inverse
temperature. We specify the angular coordinate identifications, including those for a revolution

around the thermal S, as

(7, @1, @2) ~ (T4 B, ¢1 —iwi, 2 —iwz) ~ (7, ¢1 + 2, ¢2) ~ (7, ¢1, 2+ 27) , (1.2)

where w;, ¢ = 1,2, are dimensionless angular velocities, related to the usual angular velocities
Q); appearing in black hole thermodynamics as w; = 5€2;. We can also introduce an electrostatic
potential ® via the holonomy of the supergravity abelian gauge field around the asymptotic
circle, & = —i [, SL A. With these boundary conditions, together with suitable Dirichlet-like



boundary conditions for the fields in the theory, the gravitational path integral (1.1) can be seen
as a thermal partition function in the grand-canonical ensemble, depending on the potentials,
Z = Z(B,wy,w2,®). When the theory is embedded in a UV-complete theory such as string

theory, this partition function may be interpreted as a trace over microstates of the form
Z(B,wi,ws, @) = Tre AE-®Q)+wi/itws o (1.3)

We choose supersymmetric boundary conditions, so that the partition function above re-
duces to a refined Witten index [11], receiving contributions from supersymmetric states only.

In order to achieve this, we take a supercharge Q satisfying the superalgebra relations

(Q.Q)=F-V3Q, [hQ=,0 i=12 [QQ=0. (14)

We need the argument of the trace (1.3) to anticommute with the supercharge, so that pairs of
bosonic and fermionic states related to each other by the action of Q give opposite contributions
and cancel out. In the present setup, this is obtained by demanding that the angular velocities
satisfy

wi +wy = 2mi (mod 47i) . (1.5)

+2miJi — (—1)F, where F is the fermion number operator,

Solving (1.5) for w; and noting that e
we can write e1/1tw22 — (_1)Few2(2=1) - Also using the expression for E from the first
in (1.4), and redefining the electrostatic potential as ¢ = 6(<I> — \/g), the trace (1.3) eventually

takes the form of a refined Witten index,
T(wy, @) = Tr (=1)F e A Qgwa(a=T1)+eQ (1.6)

By a standard argument, this partition function only receives contributions from states pre-
served by the action of @, Q and is independent of 3. We will denote the gravitational path
integral with chemical potentials wy, ws, ¢ satisfying the constraint (1.5) the gravitational indez.

Although the index is a much simpler object than the non-supersymmetric thermal partition
function, computing it exactly would be very difficult for a gravitational theory like the one at
hand. We will thus study this gravitational partition function in the semiclassical approxima-
tion, where it is expected to be dominated by saddles given by regular solutions to the classical
equations of motion satisfying the assigned boundary conditions. We would like to determine
the structure of the saddles, their contribution to the path integral, and the different phases
arising when dialing the chemical potentials. Saddles of the index should be supersymmetric
solutions with finite 3. These non-extremal supersymmetric solutions are not well-defined in
Lorentzian signature. However, it has recently been appreciated that they can arise as complex
field configurations, which are naturally defined in Euclidean signature [12-14]. We neverthe-
less expect that upon taking a § — oo limit, some of these finite-3 configurations should be
connected with supersymmetric extremal solutions having a good interpretation as Lorentzian

supersymmetric solutions. This provides an effective prescription to assign a finite on-shell



action and chemical potentials to the latter.

Since we eventually want to make the connection with supersymmetric solutions in Lorentzian
signature, it may be useful to briefly summarize the state of the art in the Lorentzian setup.
In five dimensions, the celebrated uniqueness theorems that hold in four dimensions do not
apply. This means that specifying the conserved quantities measured at infinity (mass, angular
momenta, electric charge) is not enough for determining an asymptotically flat solution with
an event horizon. Relatedly, horizons can have more general topology than in four dimensions.
In fact, the first example of a regular solution violating black hole uniqueness was provided by
a black ring, namely a solution with an S? x S! horizon topology, which can have the same
conserved quantities measured at infinity as a black hole with S horizon topology [15]. Let us
focus on minimal five-dimensional supergravity, and consider asymptotically flat field configu-
rations having two independent axial symmetries (leading to the angular momenta Ji, J3) in
addition to time translation invariance, so that the symmetry group includes R x U(1) x U(1).
With these assumptions, it has been shown that the cross-section of supersymmetric horizons
can have the topology of S, S? x S', or the lens space L(n,1) ~ S3/Z, [16]. Explicit su-
persymmetric solutions with these horizon topologies have been constructed: the S® horizon is
realized by the BMPV black hole [17], the S? x S! topology is realized by the black ring of [18],
while the L(n, 1) topology is realized by the black lens solutions of [19,20].

There are also regular supersymmetric solutions with non-trivial topology and charges de-
spite the absence of a horizon, see e.g. [21-24]. These are called topological solitons, or “bub-
bling” solutions, due to the presence of a “foam” of two-cycles threaded by flux of the supergrav-
ity gauge field, and play a central role in the fuzzball and microstate geometry programs [25-27].
Horizons can also coexist with bubbling topology in the domain of outer communication; this
was first emphasized in 28], where a solution with a bubble outside a black hole horizon was
presented. More generally, it is possible to add a black hole horizon to a background topolog-
ical soliton containing many bubbles. Additionally, one can construct solutions with multiple
disconnected horizons, the first examples being the concentric black rings of [29]. This variety
of combinations is enabled by the linearity of the supersymmetry equations, which allows one
to sum up the functions that determine the different horizons and bubbles (much in the same
way as how the Majumdar-Papapetrou multi-center solution is obtained from the extremal
Reissner-Nordstrom black hole).

Besides the conserved quantities at infinity, the information needed to specify a solution
is effectively encoded in the rod structure, based on a formalism originally developed for pure
gravity in [30-32|. Given the two-dimensional orbit space obtained by modding out the five-
dimensional spacetime by the action of the R x U(1) x U(1) isometries, the rod structure consists
of specifying the isometries which degenerate and their fixed loci in the orbit space. These fixed
loci can be arranged into consecutive segments — the rods — forming an infinite line. If it is
a spacelike U(1) that degenerates, then the corresponding rod together with the orbits of the
surviving U(1) forms a fixed two-cycle in the spatial section of the geometry. Depending on

whether the latter U(1) also degenerates at the endpoints of the rod or not, the cycle can have



the topology of a two-sphere, a disc, or a tube.! If, instead, the Killing vector becoming null
is timelike, then the corresponding rod together with the axial U(1) x U(1) forms an event
horizon, whose topology depends on which of these axial U(1)’s shrinks at the rod endpoints.
Extremal horizons (including all supersymmetric horizons in Lorentzian signature) correspond
to the limiting case where the horizon rod has vanishing length, namely they are given by special
isolated points on the rod axis.

In order to specify the solution, one should supplement the rod structure with the magnetic
flux of the supergravity gauge field through the non-contractible fixed loci, or alternatively
provide the conjugate potentials. A classification of asymptotically flat, biaxisymmetric su-
persymmetric solutions to minimal supergravity using the rod structure formalism was given
in [16].? These magnetic fluxes and their conjugate potentials have been argued to also play a
role in black hole thermodynamics, although they are not associated to an asymptotic symme-
try: a generalization of the first law of black hole mechanics in a background topological soliton

has been proven in [34,35].

In this paper, we join the two threads reviewed above and investigate how the cornucopia of
supersymmetric Lorentzian solutions relates to saddles of the gravitational index. We are thus
led to study finite-temperature extensions of the extremal solutions, where by “finite temper-
ature” we mean that the parameter § introduced in (1.2) is finite, and may even be complex.
We also assume the solution has U(1)? symmetry, so that we can rely on the rod structure
illustrated above. Our task is thus to consider supersymmetric horizons containing a rod of
finite size, and study the associated regularity conditions.® This is a non-trivial task since the
solutions have a complex metric, however we will still be able to address their topology. The
extremal limit, leading to solutions that have a Lorentzian counterpart, can then be understood
as a limit where the rod contracts to a point.

Our study shows that the set of saddles of the gravitational index with fixed 3, w1, ws, ¢
is much richer than the class identified as “black hole saddles” in [38-42| (see also [14,43-45]
for related studies in four dimensions). By combining different types of rods, namely horizon
rods and bubbling rods, we provide a general framework for constructing solutions with multiple
disconnected horizons of different topologies and an arbitrary number of bubbles. These are
distinguished by the number of times the orbits of the associated rod vector wind around the
three basis U(1)’s in the geometry. The winding numbers needed to specify this information
characterize the topology of the fixed loci. In particular, if the orbits of the rod vector wind
around the thermal circle, then the fixed locus is a horizon, while if they do not, then it is a
three-dimensional bubble. In this framework, the black hole saddles of [38-42] correspond to

the case where there is a unique compact rod, and the orbits of the rod vector wind just once

"When the solutions are embedded in string theory, one may also allow for orbifolds of the sphere and disc
topologies, which yield conical singularities.

2Supersymmetric solutions with just one axial symmetry have been studied in [33]. Although we will not
consider such solutions in this paper, we observe that they share many features with the biaxisymmetric ones,
so we anticipate that at least part of our analysis will go through in that case as well.

3In the context of minimal five-dimensional supergravity, the rod formalism including non-supersymmetric,
non-extremal horizons is discussed e.g. in [36, 37].



around the thermal circle. A simple generalization of this case is one where the orbits wind
multiple times around the thermal circle as well as around an axial circle; this corresponds to
a supersymmetric orbifold of the black hole solution, and provides a saddle which only makes
sense in the complexified setup.

We work out the topology of the rod vector fixed loci within the five dimensional geometry,
including the Euclidean time circle fibration in the description. We find that in general the
topology is the one of an L(p, q) lens space, and allows for S? and 52 x S! as special cases. The
integers p, q characterizing the lens space are determined by the winding numbers associated
with the rod under study and the two adjacent ones, in a way that we discuss in detail. One can
also consider non-freely-acting orbifolds of the above topologies, which produce horizons and
bubbles with conical singularities, namely branched spheres, branched lens spaces and products
of ST and a spindle.?

The characterization of the solutions also requires to specify the electric flux through the
three-dimensional bubbles or, alternatively, certain conjugate potentials that we define and
compute via equivariant localization. When the abelian gauge group is compact, namely U(1),
this leads us to introduce an additional integer for each compact rod. For bubbling rods, the
potential conjugate to the electric flux is now quantized and directly specified by the additional
integer. For horizon rods, the integer enters in the linear map relating the horizon electrostatic
potential and the chemical potential ¢ appearing in the index (1.6).

We then focus on the possible saddle-point contribution of our solutions to the gravitational
index. This requires computing the supergravity on-shell action and expressing it in terms of
the variables appearing in the index. For the case with just one horizon but arbitrarily many
bubbles, we infer a formula for the on-shell action. Relatedly, we study the thermodynamics
of our solutions in the presence of non-trivial topology outside the horizon, focussing on the
contribution of the electric flux through the three-dimensional bubbles.

As particularly significant examples of our general construction, we study in detail the class
of solutions with two compact rods, one being a horizon rod and the other being a bubbling
rod. This includes the supersymmetric non-extremal versions of the BPS black ring and black
lens of [18,19]. By a direct computation we evaluate the on-shell action of these solutions. This
requires some care, since the gauge Chern-Simons term of five-dimensional supergravity has to

be evaluated patchwise. The expression we obtain for the on-shell action reads

3
T 0 (p1op — wp @)
12v3 |wiwe  piws (prwr + (p1 — 1) wa)

I = , (1.7)

where p; € Z and ®'' is the potential conjugate to the electric flux through the bubble.
We verify that by taking the extremal § — oo limit of the solutions thus constructed and
demanding regularity outside the horizon we land indeed on the BPS black ring and black lens.

These correspond to the cases p; = 1 and p; = —1 in (1.7), respectively. The on-shell action

4Starting with [46,47], geometries based on spindles have recently become part of supersymmetric holography.
Quantum field theories on branched spheres and branched lens spaces have been studied e.g. in [48-51].



remains well-defined in the limit and may thus be seen as the saddle-point contribution of these
BPS solutions to the index. As a check of our on-shell action formula, we recover the correct
Bekenstein-Hawking entropy of the black ring and black lens by a Legendre transformation.
In addition to the extremal 8 — oo limit, we consider a different limit leading to Lorentzian
solutions, which involves sending 5 — 0. This limit transforms horizon rods into bubbling rods,
and requires that ws, ¢ satisfy suitable quantization conditions. We thus obtain horizonless
bubbling solutions, belonging to the family found in [21,22]. In this way, we can assign chemical
potentials and an on-shell action to these solutions as well. However, these quantities are purely
imaginary, raising the question of whether the gravitational index can be extended to this regime

and the horizonless solutions be regarded as acceptable saddles.

The rest of the paper is organized as follows. In section 2 we introduce some general
features of supersymmetric solutions to pure five-dimensional supergravity having the assumed
symmetry. In section 3 we illustrate the rod structure and analyze the topology of the rod
vector fixed loci, distinguishing between horizon rods and bubbling rods. A summary of the
general classification which follows from this analysis is given in section 3.1. We also illustrate
the global properties of the gauge field and its role in the thermodynamics. In section 4 we
revisit the two-center black hole solution emphasizing the need to complexify it, and discussing
its shifts and orbifolds satisfying the same boundary conditions. In section 5 we discuss in
detail the three-center solution, providing the on-shell action and specifying the Lorentzian
limits leading to the black ring, the black lens and a horizonless topological soliton. We draw
our conclusions and discuss some open questions in section 6. Three appendices contain some
details on the derivation of the non-extremal solution, a brief account on lens spaces, and the

explicit evaluation of the on-shell action for the three-center solution.

2 Supersymmetric solutions with biaxial symmetry

The bulk Euclidean action of pure five-dimensional supergravity reads

1 1 i
I = —— R*51— -FA*xsF+—AANFAF 2.1
bulk 67 ( 5 5 50+ 33 ) ) (2.1)
where A is an abelian gauge field, and F = dA.

We start by outlining our strategy for obtaining supersymmetric solutions to Euclidean

(complexified) supergravity. In suitable conventions, the Killing spinor equation reads

i
V,———= (v"?—406/~")F,,| e = 0, 2.2
[u 8\/§(W u’V)Vp] (2.2)
where € is a Dirac spinor. In the general framework of FEuclidean supergravity, all degrees
of freedom should be doubled, i.e. the metric and the gauge field become complex, while the
gravitino and its Lorentzian charge-conjugate should be seen as independent. It follows that

the supersymmetry spinor parameter and its Lorentzian charge-conjugate should also be taken



as independent in Euclidean signature. We denote by € and € these two a priori independent
Dirac spinors. It turns out that the Lorentzian charge-conjugate equation of the Killing spinor
equation (2.2) takes exactly the same form, so ¢ and € need to satisfy the very same Killing
spinor equation. This implies that if we have a Lorentzian supersymmetric solution depending
on some parameters, any analytic continuation of those parameters to the complex domain will
give a field configuration solving the doubled Killing spinor equations, as well as the equations
of motion following from (2.1), where the fields are assumed complex. This will be our working
framework, namely we will consider complex solutions which arise as analytic continuations of
Lorentzian supersymmetric solutions. We will not impose any global a priori condition on these
Lorentzian supersymmetric solutions, these will be studied after the analytic continuation.
According to the classification of [52|, supersymmetric timelike solutions with an extra

symmetry commuting with the supercharges take the form

ds? = f2(d7 +iwy (dY + x) +i0)* + F7H |HH (dy + x)? + H ds%s |
. (2.3)
1

V3

where 7 = it is the Euclidean time parameterizing the orbits of the Killing vector 9., arising as a

A = —f(d7 +iwy (dv + x) + i) +iH LK (dy + x) +i4 + de,

Killing spinor bilinear, while ¢ parameterizes the orbits of the additional isometry preserving the
Killing spinor. The four-dimensional metric in the brackets is a hyperkéhler basis of Gibbons-
Hawking form. Moreover, da is a closed one-form to be discussed later, and all other functions
and one-forms appearing in (2.3) are determined by four harmonic functions (H, K, L, M) on
R3. Specifically, the functions wy, and f are fixed as

K2

Wy = =5 +o— + M, f*l_f+L, (2.4)

while x, @, A are local one-forms on R3 satisfying the equations
3 o
x3dy = dH, *3dw = HdM — MdH + 3 (KdL — LdK) , *3dA = —dK, (2.5)

with x3 the Hodge dual in R3. These are the same conditions appearing in [52]. As customary,

we shall assume a multi-center ansatz for the harmonic functions,

s s s s
h k 14
H:ho—}—ZTG, iK:kO_FZ?a’ Lzéo—{—zrfa, iM:m0+Z%, (26)
a a a a

a=1 a=1 a=1 a=1

with s being the number of sources — usually called ‘centers’ in this context — on the R? base-
space, and 7, representing the distance to each of the centers. In Lorentzian signature, all
harmonic functions would be taken real; in particular K and M would be expressed in terms
of coefficients kg = ikg, kg = ike, mg = img, my, = im,, with real kg, ko, mg, m,. Here, we
have chosen to work with the analytically continued parameters kg, kg, mg, my, which satisfy

the condition that if all of them are real, then the Euclidean metric in (2.3) is real. However,



below we will also allow for complex choices of these parameters.

In this paper we shall restrict to solutions admitting an additional isometry, rotating a
plane in the R? base. This implies that all the centers are placed on the rotation axis, which we
identify with the z-axis. The location of the a-th center is thus specified by its position z = z,
on this axis. In addition to the natural cylindrical coordinates on R? given by (p, ¢, 2), where
(p, ¢) are polar coordinates in the R2-plane orthogonal to the z-axis, we will also find it useful
to introduce sets of spherical coordinates: we will denote by (7,0, ¢) the standard spherical
coordinates centered at the origin of R, while we will use (rq,60,,®) for those with origin at

each of the Gibbons-Hawking centers. They are related to the cylindrical coordinates by

p=rsinf, z=rcosl <+ r=+/p*>+22, cos@z#, (2.7)
/p2 + 22
and
. Z = Za
p=resin,, z=2z,+rqco86, <+ ro=+/p*+(2z—24)%, cosb,= )
Ptz )

(2.8)

In terms of these coordinates, one readily finds that the following expressions solve the equations
for x and A:

S S
X =) hqcostyds, iA = = kecosf,dg. (2.9)
a=1 a=1

Solving the equation for w requires a bit more effort. We relegate the details to appendix A,

and present here just the final result, which is:

i = Zmacos@ d¢+zz ab (1+ cosb,) <1 - ra+6ab> do, (2.10)

a b>a T
where 5
it = homa = Moha + 3 (Kofa — Loka) Z T ’ (2.11)
ab
Clap = hamy — hyme + 2 (kaly — kola) | (2.12)

2
and 04 = 24 — 2p. In deriving (2.10), it has been assumed that d,, > 0 if @ < b. Thus, only the

absolute value of d,; appears in (2.10). We have also fixed an integration constant such that

D wa=0. (2.13)

Asympotic flatness condition. We shall consider solutions that asymptote to S' x R?,

where S! is parameterized by the 7 coordinate. This implies, in particular, that the Gibbons-



Hawking base space must be asymptotically R*. This is achieved imposing
ho = 0, > ha =1, (2.14)
a

and that the metric functions f and w,;, tend to constant values at infinity (1 and 0 respectively).

The latter conditions fix the constant terms of the remaining harmonic functions as
ko =0, b =1, m0:—§2ka. (2.15)
2 a

It is convenient to recall that the metric and gauge field strength are invariant under the

following shifts of the harmonic functions,

K — K+uH,

L — L—2uK - p*H, (2.16)

3 3 1
M — M—iuL+§u2K+§u3H,

where p is a constant. We fix this redundancy by imposing
> ke = 0. (2.17)
a

Cap condition. One of the main advantages of working in Euclidean signature is that the
solution one obtains after Wick-rotating a thermal black hole smoothly caps off at the position
of the horizon, thereby excising the singularity. Since the goal of this paper is to construct
gravitational solitons of this kind, we have to demand that the solution has a cap, instead
of the infinite AdSo throat characteristic of the near-horizon of supersymmetric and extremal
black holes. As it turns out, this is equivalent to demanding
lim f~' = O(r? li = 0(r? 2.18
Jm =060, i wy = 00, (2.18)
at each center, which in turn implies that the coefficients of the harmonic functions L and M
are determined in terms of those of H and K by
ka ka

by = —, mg = ——=%. 2.19

a “ a th ( )
Not surprisingly, one can verify that these conditions are also satisfied by the smooth horizonless
“microstate” geometries constructed in [21,22]|. Indeed, a central feature of these solutions is
the absence of an AdSs throat. We further discuss the relation between our solutions and those

of [21,22] in the explicit examples presented in sections 4 and 5.

10



Additionally, in this class of solutions the following property holds

—he lim wy = wg, (2.20)

Tq—0

which will be relevant when analyzing regularity of the metric around the centers in the next

section.

The solution so far. Imposing the above conditions, the harmonic functions specialize to

H= o iK = ka L=1 ke iM = 1 o 2.21
—Zg7 i —Zg’ = +Zm7 iM==5) 33— (2.21)
a a a a a’ a

with >  he = 1 and > ks = 0. The solution then depends on 2s — 2 harmonic function
coefficients, as well as s — 1 distances between the centers. In the Euclidean setup we will
let these parameters take complex values. The coefficients (2.11), (2.12) determining the local

one-form @ given in (2.10) boil down to

. 3 Cab
iw, = —= kg — , 2.22
2" 215, 22
and 5
_ hohy (ka  ky
Cwp = 2 (ha hb> . (2.23)

The coefficients w, satisfy ), w, = 0 and also determine the function w, near to the a-th
center via (2.20).

Asymptotic charges. The mass and angular momenta, associated with the symmetries gen-
erated by the Killing vectors 0y, 94 and 0y, can be read from the asymptotic expansion of the

Lorentzian metric. To this aim, we introduce the coordinates

_9—9
=,

P2 = otv , (2.24)

72 = 4r, o 5

and use the Lorentzian time ¢ = —ir. The asymptotic expansion of the relevant components

of the metric then reads

8 l
gtt:—l-f- Zf;a-f-...,

4 —2m, + 3k, 2,) sin? 2
gt¢1 — Za( a’F2 a a) 2 + , (225)

41y, (2mg + 3kaza) cos? %
Gty = ) +...,

11



from which we extract that the mass F and the angular momenta Jy = # :

k2
E = SWZ}TG, Jp = —3mY kaza, Jo=—miy <. (2.26)

Since the solutions are supersymmetric, according to (1.4) the electric charge ) must be related

to the mass by
E =3Q. (2.27)

We can verify this by considering the asymptotic expansion of the field strength,

8v/3 — k2
Fiz = V30:f = ;3[ P (2.28)

from which it follows that the electric charge is
V3 u
=3 —a . 2.29

2.1 Global identifications and asymptotic boundary conditions

Using the coordinates introduced above, the asymptotic metric and gauge field read

ds® — d7? + di* + #dszs,

(2.30)
A — V3i(dr —das) ,
where again 72 = 4r, while oy is defined as the asymptotic value of o, and
1
ds%e = 5 [d92 + sin2 0dg? + (dp + cos 9d¢)2] . (2.31)

For this to describe the unit metric on a smooth S® parameterized by (6, ¢, ), we must take 6 €
[0, 7] and demand regularity at the poles in § = 0 and 6 = 7, which leads to the identifications

(¢, ¥) ~ (p+2m, ¢ —2m) ~ (¢, th+4m) . (2.32)

Crucially, since we are compactifying the Euclidean time we must also specify how the angular

coordinates are identified when going around the thermal S*. This can be expressed as

(7, ¢, %) ~ (T+ 8, ¢ —iwy, ¥ +iw), (2.33)

where f is interpreted as inverse temperature, while wy play the role of angular velocities (at

least when these are real quantities). Overall, the angular coordinates satisfy the identifica-
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tions,”

(7,0, 9) ~ (T+ 8, ¢ —iwy, Y +iw) ~ (1, 0427, ¢ —27) ~ (7, ¢, P +4m) . (2.34)

A basis of independent Killing vectors having closed 2m-periodic orbits under the identifications
above is given by
1

o (B8O, — iW+8¢ + iw,&z}) , 8¢ — &/) , 8¢ + &p . (2.35)

These generate the U(1)? isometry which will play a central role in the following. We will denote
the first as the thermal isometry, and the other two as axial isometries. The orbits of 0y £ 0y
are contractible, since they collapse to zero size at either one of the poles of the asymptotic
S3. Then fermion fields must be antiperiodic when going around such orbits. Recalling (2.34),
we infer that shifts of the form wi — wy 4+ 4mwing, with ny € Z, are an invariance of the
boundary conditions for both bosonic and fermionic fields. As far as the boundary conditions
are concerned, we can thus take

Imwy € [0,4m) (2.36)

with no loss of generality. Regarding the thermal isometry, we assume that the theory admits
a supersymmetric non-extremal black hole solution having precisely inverse temperature 5 and
angular velocities wy (this will be discussed in section 4). Then the first vector in (2.35) is
proportional to the generator of the horizon, and its orbits are contractible in the bulk of
this solution. Well-definiteness of the spinorial supersymmetry parameter requires it to be

antiperiodic when completing one revolution around the contractible orbits, which imposes
wy = 27i. (2.37)

In order to see this, note that the supersymmetry parameter is neutral under 9;, while (in
our conventions) it has charge +1/2 under both 94 £ 0y, namely it has charge 1/2 under 0,

and charge 0 under dy; hence the choice (2.37) is needed for the spinor to acquire the correct

phase ™3 — —1. This argument, first noted for gauged supergravity in [12] and used for

SMaking the transformation ¢ = ¢1 + ¢2, 1 = ¢2 — ¢1, we obtain standard 2m-periodic coordinates @1, ¢a
satisfying the more symmetric identifications

(T7 ¢1a ¢2) ~ (T+ﬂ7 ¢)1 - iwla ¢2 - 1w2) ~ (T7 ¢1 +27I', ¢2) ~ (T7 4517 ¢2 +27T) )
while the metric (2.31) becomes
d8253 = dv? + sin® 9 d¢? + cos® 9 dg3, with 9 =0/2.

To the vectors 0y, = Oy — Oy and 0y, = Oy + Oy Wwe associate the angular momenta .Ji,J2 and the angular
velocities w1, w2, which are those appearing in the introduction. These are related to the quantities appearing
above as

1
wi:w1in, Jizg(.]1ij2),

which explains the origin of the + labels used in the main text. Note that in our conventions, Jy advances ¢,
while J_ advances —.
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the ungauged case in [14], is very general and applies to many different situations, see [6] for a
discussion.

The boundary conditions are completed by specifying the holonomy of the supergravity
gauge field A around the asymptotic S, which measures an electrostatic potential. We define
it as

p = —1/ (A-V3idr) = —V3 | das, (2.38)
5% SL
where in the second equality we have used the asymptotic form of the gauge field given in (2.30).°

Note that the quantities wy and ¢ are related to the ordinary angular velocities (24 and
electrostatic potential ® appearing in black hole thermodynamics as wy = Q4 and ¢ =
B(® — +/3). The shift in the electrostatic potential is chosen so that ¢ corresponds to the
potential appearing in the supersymmetric index, as discussed in the introduction.

Regularity in the bulk provides a map between 8, w, ¢ and the parameters of the solution
introduced above. This depends on which combinations of the U(1) isometries degenerate,

which leads us to discuss the rod structure of the solution in the next section.

3 Rod structure and topology of fixed loci

3.1 The rod structure

The global properties of the solutions are characterized by a rod structure. This is closely
related to the one introduced for Lorentzian solutions [16,31, 32|, however we will include the
Euclidean time circle in the description. In order to illustrate the rod structure in our setup,
recall that the solutions we consider have a U(1)? isometry generated by linear combinations of
the supersymmetric Killing vector d;, the vector dy, pointing along the Gibbons-Hawking fibre
and the vector 0y generating rotations around the z-axis in the R3 base of the Gibbons-Hawking
space, as seen in the previous section. Denoting by M the five-dimensional spacetime manifold,
we can thus introduce the orbit space M/U(1)3. Parameterizing the R3 base of the Gibbons-
Hawking space with cylindrical coordinates (p > 0, ¢, z), the orbit space is the half-plane
spanned by (p, z), with boundary the infinite z-axis. The action of the isometries generates a
three-torus at each interior point of the orbit space, while it is degenerate at the boundary. The
boundary line is divided into segments — the rods — characterized by the specific U(1) isometry
which degenerates there. At the intersection of two adjacent rods, a U(1) x U(1) isometry
degenerates, hence intersection points are corners of the orbit space. In our supersymmetric
setup, these points coincide with the centers z, of the harmonic functions introduced in section 2.
We call rod vectors the Killing vectors whose closed orbits collapse at a rod. The fixed locus
of a rod vector is the three-dimensional space made by the rod and the two-torus foliated over
it. At the intersection of two rods, a combination of the adjacent rod vectors degenerates; the

corresponding fixed locus is a one-dimensional circle. Borrowing the terminology of [53], we

SAn alternative way of introducing the same electrostatic potential would be to prescribe that the field
identifications around the thermal circle involve a gauge transformation with gauge function a = —i®r.
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will call bolts and nuts these co-dimension two and co-dimension four loci, respectively.

We label by I, = [za, 24+1] the rod joining the centers at z, and z,41, with a = 0,1,...,s,
as illustrated in figure 1. Our convention is that zp = +o0o and 2541 = —o0; hence Iy and
I denote the semi-infinite rods (400, z1] and [z5, —00), respectively. After fixing an arbitrary

overall constant, the Killing vector degenerating at the rod I, is
&1, = a¢—i(:)]a Or — X1, a¢, (3.1)

where wy, and xj, denote the ¢-component of the one-forms w and x evaluated at the rod I,.

These are constant and read

‘:)Iazzwb_zwb:_QZwb’ Xfazzhb_zhbzl_QZhb- (3.2)

b>a b<a b<a b>a b<a b<a

Notice that the rod vectors associated with the two semi-infinite rods Iy and I are always
0p — Oy and Oy + Oy, respectively (indeed, these are precisely the vectors having fixed points
at infinity).

The rod structure of a supersymmetric finite-temperature solution is fixed once certain
integers are specified. Indeed, regularity requires that the orbits of £;, close, hence (3.1) must
be a linear combination of the three U(1) generators (2.35) with integer coefficients, where we

should recall that we have fixed w, = 27i. This combination can be parameterized as’
15} iw_
&1, = Na %07—1—(%4-%&/, +(1—n4) 0y + (2pa+1a — 1) Oy, N, Pa € 7. (3.3)

Comparing with (3.1) and using (3.2), we find that for each rod I, we have

. B Ng lw_

b<a b<a

These relations provide a map between the solution parameters (on the left hand side) and a

"This is obtained as follows. In terms of the basis vectors (2.35) generating the independent 27-periodic
U(1)’s, each rod vector & must be of the form

€ = No (200 40, 5500 ) + N2 (9 = 00) + Na (95 +00)
with integer No, N1, N» satisfying No + N1 + N2 = 1, so that the coefficient of 94 is 1. In (3.3), we have used

N1 =1— No — N2 and renamed No = n, N2 = p.

I, I, I,
° — o °
21 Za Za+1 Zs

N/\

Figure 1: Generic representation of the rod structure. The compact rod I, joins the Gibbons-
Hawking centers placed at z, and z,11, while the dots represents any possible arrangement of
compact rods. The first and last ones are semi-infinite segments originating from z; and z;.
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choice of integers (nq, p,) for each rod, together with the boundary conditions /3,w_ which are
fixed at infinity and are independent of the rod considered (on the right hand side).

In sections 3.2, 3.3 we perform a detailed regularity analysis and show how it constrains the
rod structure data and determines the topology of the fixed loci associated with the rod vectors.
Before diving into this, for the reader’s convenience we provide a summary of the outcome of
the analysis.

We will distinguish between horizon rods and bubbling rods, depending on the value of n,.

Let us discuss them in turn.

Bubbling rods. Bubbling rods have n, = 0, hence the rod vector does not have a component

along the thermal direction and reduces to
f]a = 8¢) + (2pa — 1) 8¢ . (35)

From (3.4) it follows that

> wy, =0, > hy=pa€Z. (3.6)

b<a b<a

Note that the definition includes the semi-infinite rods Iy with pg = 0, and I, with ps = 1.

Moreover, if I, 1 and I, are adjacent bubbling rods, the relations above imply
we = 0, (3.7)
which is known as bubble equation 23], as well as
ha = Pa—Pa—1 € L. (3.8)

Studying the solution near the intersection point at z = z,, one can see that there is a C?/ VAT
orbifold singularity, unless one chooses h, = +1, in which case the metric is smooth around
that point. We will allow for such orbifold singularities in our general discussion, since they
may make sense when the solution is uplifted to string theory. The conditions for bubbling rods
summarized here are equivalent to those known from previous analyses in Lorentzian signature,
see e.g. [23,32].

Horizon rods. Horizon rods have n, # 0, hence their rod vector contains the generator of
the thermal circle and the corresponding bolt is a Fuclidean horizon. We find that if I, is a
horizon rod, then the two adjacent rods I,—; and I,+; must be bubbling rods. From (3.4) it

follows that the solution parameters associated to the horizon rod endpoints z, and z,y1 satisfy

Wq = —Wqt+1 = nam’ (39)
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n lw_ n iw_
ha :pa_pa—1+;(1+2ﬂ_> ) ha+1 = pa-‘rl_pa_?a <1+27'r) R (310)

implying
ha + ha—l—l = Pa+1 — Pa—1 € Z. (311)

We emphasize that these relations must be satisfied by each horizon rod I, with the same f,
w_, since these are boundary conditions fixed at infinity.
We define the angular velocities of the horizon associated with I, as the constant coefficients

wle that can be read from the rod vector expressed as®

1
&1, = o (naBor — whed, + 119y (312)

These are given by

wh = 2ri, wl = ngw_ + 21 (1 — ng — 2pa) - (3.13)
Hence the horizon angular velocity wi" is the same as the chemical potential w; = 2xi, while
w’e is related to the chemical potential w_ by a linear combination controlled by the integers

Na; Pa-

As we will illustrate in the examples, the information above gives a systematic way to
construct solutions by introducing one rod after the other, starting from the semi-infinite rod
Iy, assigning integers n, and p, to each new rod I, and ending with the other semi-infinite
rod, I;. We emphasize that in order to conclude that a solution with a given rod structure
actually exists, one has to solve the algebraic equations (3.7), (3.9), where the expression for
w, was given in (2.22). These equations fix the distances between the centers in terms of
the other parameters and, for horizon rods, in terms of the chosen 5. When there are many
centers, the equations become hard to solve (a method has been proposed in [54]). A complete
analysis of these equations in the complexified setup goes beyond the scope of the present work;
in particular, one should check if they are solved by real or complex values of d,. We will

comment more on this issue while discussing some explicit examples in the next sections.

8These definitions assume that n, is positive. In general, one should define the horizon angular velocities as
&r, = % (|na|BOr — iw!® 9y +iw'*dy), since the vector in parenthesis now generates evolution along the
thermal circle in the same direction as the first of the basis vectors in (2.35). Accordingly, the expressions for
the angular velocities become

wlie = 2risign (na) , W' = |ne|w_ + 27 [sign(na) (1 — 2pa) — |nal] -

Therefore, by choosing the sign of n,, we can engineer different horizons in a multi-horizon solution to realize
both allowed possibilities for the angular velocity: wi“ = +27i. To avoid cluttering the notation, we focus in the
main text on the case n, > 0, although all of the expressions we derive can be readily extended to the general
case. Note that configurations such that wi“ changes sign while w’® remains invariant are obtained by sending
ng — —ng and p, — 1 — p,. Making this transformation for all rods I,, together with z, — —z,, sends the

solution into itself, since it is equivalent to performing the 7w-rotation in R® which sends z — —z and ¢ — —¢.
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Topology of bolts. For each rod vector, we can discuss the topology of the associated fixed
locus in the five-dimensional solution. This is a three-dimensional bolt, made by a foliation
along the rod of the two circles that are non-degenerate in the interior of that rod. We will
distinguish between bubbling bolts and horizon bolts, associated with bubbling rods and horizon
rods, respectively.

We have mentioned that horizons can only sit between two bubbling bolts. On the other
hand, next to a bubbling rod I, one can have either a bubbling rod or a horizon rod, and the
topology of the bolt associated with I, is sensitive to the neighbours. Indeed, the torus foliation
along I, making the bubbling bolt involves the closed orbits of a Killing vector involving 0;;
these collapse at one of the two rod endpoints if the adjacent rod is a horizon rod, while they
remain of finite size if the adjacent rod is a bubbling one. We should therefore distinguish

between the following cases, depending on the nature of the adjacent bolts.

e bubble, ;-HORIZON,-bubble,; ;. We find that the bolt associated with a horizon
rod I, has lens space topology

L(|ng (pat1 —Pa-1)|, 1 +a (Pat1 — Pa-1)) = Sg/Zhla(pa-&—l*pa—l)' ) (3.14)

where a is an integer defined via the equation

a (pa — Pat+1) + bng (Pa—1 — Pat1) = 1, a,beZ. (3.15)

In the special case |ng (Pa—1 — Pasr1) | = 1, the horizon has S topology, while for p,_1 =
Pat1 the topology is that of S' x S2. For |n,| = 1, this reduces to the classification of
(non-extremal) horizon topologies appearing in the Lorentzian analysis of [32], as depicted

in figure 2.

e horizon, ;—BUBBLE,-horizon,;;. The bolt associated to the bubbling rod I, sitting

between two horizons also has lens space topology
L(na-1 (Pa = Pat1) = Mat1 (Pa — Pa-1) s 1+2a (Pat1 — pa—1)) , (3.16)
with
a(pa — Pa+1) + P [Ma—1(Pa — Pat+1) — Nat1 (Pa — Pa—1)] =1, a,be’Z. (3.17)

The circles that collapse smoothly at the rod endpoints intersecting the two neighbouring
horizons are both generated by vectors involving 9. This tells us that if we consider the

hypersurface at constant 7 then we find a 2-tube [16].

e horizon, ;—BUBBLE,—bubble,, or bubble, ;—BUBBLE,-horizon,;. The bolts
have topology
L (’na—1’7 Pa—1 — pa) or L (‘na—&-l" Pa+1 — pa) ) (318)
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respectively. This assumes |hq+1| = [pa+1—Dpa| = 1 (in the first case) or |hg| = [pa—Dpa—1| =
1 (in the second case), so that we have a smooth topology. If these conditions are not met,
then there is a conical singularity C/Zj;, | (in the first case), or C/Zj,| (in the second
case) at the bubbling centers, and the lens space is branched. For |nq+1| = 1 this reduces
to a branched S3. The circle that smoothly collapses at the rod endpoint touching the
horizon is generated by a vector involving 0, while the one at the other endpoint does
not. This implies that the hypersurface at constant 7 has disc topology, possibly with a

conical singularity at the tip.

bubble, ;—-BUBBLE,—bubble, ;. The bolt associated with the rod I, generically has
topology
St x S (3.19)

a7ha+1} )

where X, p,0] = WC]P’[lhm has] denotes a complex weighted projective space, also known
as spindle. This is topologically a sphere with axial symmetry and orbifold singularities
at the two poles, of the type C/Zy,, and C/Zy,,, |, leading to conical deficit angles
2(1 — 1/|hg|) and 27(1 — 1/|ha+1]), respectively. If |hy| = 1 and |hqy1| # 1 (or vice-

versa) then we have a teardrop. If |hy| = |has1| = 1 then we have a smooth S2.

Pas1 —Pa1 F 0 Pa+1 = Pa—1

Eatrl D (
<00 - a -

Zg Za+1 Zp Zp+1

53/Z|Pﬂ+1_Pa—1| Sl X Sz

Figure 2: For |n,| = 1, bolts associated to horizon rods have L(|ps+1 — pa—1],1) topology. In
the case pa+1 — pa—1 # 0, each of the two axial U(1) isometries shrinks at one rod endpoint,
realizing the lens space topology 53/Z‘pa+17pa—l|' When pyt1 = pa—1, instead, the same U(1)
shrinks at both endpoints, while the other never does; then, the horizon has S' x S? topology.

3.2 Regularity of the metric

We next come to our detailed regularity analysis, proving the claims summarized above. This

consists of checking absence of Dirac-Misner strings as well as smoothness of the geometry at the
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rod endpoints — up to orbifold singularities.” We stress that while these regularity conditions
are standard when the metric and the gauge field are real, they become much less obvious for a
complexified solution. However, we explicitly show how implementing suitable complex changes
of coordinates one can reduce to the usual analysis in a real space near to the potentially singular
points. We will comment further on the need to consider complex solutions in section 4.

In order to study regularity of the geometry, it is convenient to choose coordinates adapted

to the rod vectors &7, by making the transformation

Ta:?(7+id)la¢)a Yo =¥+ x1, ¢+ ca(T+ 10, @) ¢a = &, (3:20)

where ¢, is a constant that will be fixed momentarily. Note that this is a linear transformation
with a priori complex coefficients. This change of coordinates leads to §;, = 0y, , and is related
to cancellation of Dirac-Misner string singularities. The latter arise when the connection one-
forms y and @ have a non-vanishing ¢-component on the z-axis, where d¢ is not well-defined.
A string singularity on the z-axis is just a coordinate singularity if there exists a coordinate
transformation that removes it, and the transformation (3.20) indeed does the job. However,
we still have to show compatibility of the new coordinates in the overlaps between the different
regions containing the different rods I,. Let us prove this. We start by specifying the condition
for the new coordinates to obey untwisted periodic identifications. Recalling (2.34), we deduce

the identifications

(Tav ¢aa (ba) ~ (Ta + 271-7 wa +iw_ + 27 + ﬁcan ¢a> ~ (Tav % + 47T7 (ba)

421 . (3.21)
n~ (Ta+ﬁ]aa ¢a+27r(XIa - 1+1W1aca)’ ¢a+27r> .
These are untwisted provided
. - 2miwr »
iw_ 427 + Beg = 47Pa , 3 L = —ng, X1, — 1 +i0r, o = —2pq, (3.22)
where ng, po, Do are a set of convenient integers. Indeed in this way we have
(Taa Ya, ¢a) ~ (Ta + 27, g, d)a) ~ (Ta> Vo +4m, ¢a) ~ (Taa Ya, Pa + 277) . (3'23)

With the conditions (3.22) imposed, the Killing vector &7, contracts smoothly on the rod I, so

that the normal space close to the bolt forms a smooth R?:

ds* = ...+ f7'H (dp* + p*de?) . (3.24)

In principle, one should also check whether the solution admits critical surfaces where H and f vanish, and
if so analyze the regularity of the metric and gauge field there, as done in [16] in the Lorentzian case.
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Solving the first in (3.22) for c,,
Beq = APy — 27 —iw_ , (3.25)

we end up with

27iw lw_ 5
la = _pg, X, = 1—2ps —ng (1 b= 2pa> . (3.26)

s

2

We note that we can set p, = 0 without loss of generality, since it can always be reabsorbed
in a redefinition of p,. We will do so in the following. Egs. (3.26) imply that on the overlap

between two charts containing the rod I, and the rod Iy, respectively, one has

Ty = Taq — (nb - na) QZ)a s ¢b = ¢a’ wb = ¢a -2 (pb - pa) ¢a ) (327)

which ensures compatibility of these coordinate patches, as we wanted to show.

Let us comment on the meaning of discussing regularity conditions for a complexified metric.
We note that the original coordinates (7, ¢, 1) should take complex values, since they satisfy the
generically complex identifications (2.34). However, we can assume that the new coordinates
(Tas Pa,Vq) introduced by the complex transformation (3.20) are real, since they have real
period; this can be done in every patch, since the map (3.27) between (73, ¢p, ¥p) and (74, Pa, Va)
is real. We conclude that if we describe the solution using the real coordinates (7, ¢q,?,) in
every patch, then the complexification is pushed into the metric (and gauge field) components,
and a regularity statement such as the one associated with (3.24), where we check that the
orbits of the rod vector {;, = 0y, smoothly shrink to zero size, appears to make sense.

Using (3.2) and setting p, = 0, egs. (3.26) reduce to (3.4), showing that the condition for
absence of Dirac-Misner string singularities leads us to introduce a pair of independent integers
(na, pa) for each rod I,, which determine the rod vectors as in (3.3). In general, egs. (3.26) form
a set of 2 (s — 1) non-trivial equations, the ones associated to the first (Ip) and last (I5) rods
being trivially solved as they do not involve the parameters of the solution.'” The remaining
2(s—1) equations fall in two categories. The first set in (3.26) can be solved for the h,, providing
an expression of the latter in terms of w_ and the integers ng,, p, (or viceversa). The second
set of equations corresponds to a finite-3 version of the bubble equations arising in the context

of horizonless topological solitons [21,22,24].

We now study the metric near the Gibbons-Hawking centers. At this stage, it is useful to

distinguish two types of centers, horizon poles if w, # 0, and bubbling centers if w, = 0.

Smoothness at bubbling centers (w, = 0). We start by analyzing the geometry near a

bubbling center. To this aim, we introduce the new radial coordinate 7, = 2,/r,. Keeping only

1074 is sufficient to take po =no =ns =0 and ps =1, since Wy, = wr, =0 and x7, = —xr1, = 1.
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the relevant terms in the 7, — 0 limit, one finds that

~2
ds? = f2dr'2 4 e {dfﬁ n % [(d¢; + cos O,dgs, ) + d62 + sin® 6, d%ﬂ } Y, (3.28)

where, using (3.4), we have introduced the coordinates

;U (1= 2V, — he) ¢ — =y
¢7 1/}0, - ha I

/ Bna—l
T, = T —

@ s

$o = ¢,  (3.29)

and

Yo=Y h. (3.30)

b<a

The periodic identifications of the new coordinates are inherited from (2.32) and (2.33), namely:

(7!, s 8) ~ (74 Bt ) ~ (7t + 22 g,
h

or 2V 4 A (3.31)
~ (e o, v = 2R )
a
Demanding regularity of the metric at 8, = 0, 7w yields the following conditions
4 .
Ma-1= 5 > dw, =0, Yy = pa_1 €Z, he = =+1, (3.32)

b<a

which imply that the metric near a bubbling center is that of S' x R*. The last condition in
(3.32) can be relaxed to allow for integer values of h,, if one admits discrete orbifold singularities.

In such case, the periodic identifications (3.31) become
dr
(o 60) ~ (2t B vl ) ~ (bl T )~ (ade v 2 0+ 2m) L (339)
a

and the geometry near the center is that of S! x R*/ Zyp,|> where h, € Z and the Zjj,,| quotient
acts in the same way on the polar angles of the two orthogonal R? planes in R%.

The first condition in (3.32), when combined with (3.26) and with the requirement w, = 0
characterizing bubbling centers, imposes that both the integers n, and n,_1, associated to the

two rods adjacent to the center, must vanish:
Ng—1 = Ng = 0. (3.34)

This implies that no bubbling center can be placed inside a horizon. Finally, let us further note

that the integers p, can be expressed in terms of h, and p,_1, by the relation

Pa = ha + Da—1 = Z hb € Z, (335)
b<a
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as it follows from (3.32). Therefore, the local analysis near a bubbling center gives the conditions
listed around (3.6).

Smoothness at horizon poles (w, # 0). The metric near a horizon pole is given by

2 iwafa 2 | la ~2 ~2 d@g
ds—<ha)d1/1+fa[d+(4

0 0
2 5“ d¢? + cos? 55‘ dff)] +..., (3.36)
where we have introduced coordinates such that

ha
U =0+ (1 - 2Ya —2haXa) 6 — =° T

Wa (3.37)
T =g T Xab, G = (1= Xa) 6~
¢ 2w, ’ @ 21wa
with
Wy .
X, = — v, Yo=Y Iy (3.38)
b<a b<a

The periodic identifications of the new coordinates, inherited from (2.32), (2.33), are given by

(w(,za Tz/za Qb;) ~ (sz)a + 47T7 Tav ¢;) ~ (Trb(,z - 47T (Ya + haXa) ) Tz; + 27TXa’ QZ)iz + 27T (]‘ - Xa))

IB a / B / /6
2m — — .
(wa Fwo 2w iw, Tat 2iw,’ Ya 2iw,
(3.39)
Demanding regularity of the metric at 8, = 0, 7 boils down to the condition
X, € {0,1}. (3.40)

The choice determines whether the horizon pole is a north or a south pole.

e Horizon north pole. A horizon north pole is defined by the condition X, = 0, which

implies
p

4mri”

(3.41)

Ng—1 = 0) Wq = Mg

These follow after using the definition of X, in (3.38), together with (3.26) and (3.2), and
simply tell us that I,_; must be a bubbling rod, while I, is a horizon rod. Moreover,

from the second of (3.26), one deduces

n iw_
Ya = Zha = pa—l N h(l = pa _pa—l —|— 7& <1 + 27T) . (342)
b<a

Putting this information together, the above identifications (3.39) reduce to

(Vo T Fa) ~ (Yo + 47,75, ¢0) ~ (Yo, 72, ¢g+2w)

N <¢£L N A7 (pa—1 —pa) . 77 o — 27T> ’ (3.43)

Ng Ng Ng
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which inform us that the space near a horizon north pole is (S L x R4) /Zn,)|- The orbifold

action is free as long as p,—1 # Pa-

e Horizon south pole. A horizon south pole z, is in turn defined by the condition X, = 1,
which implies

B
Wy = —na_lﬁ, Ng = Zwb =0. (3.44)

Then, I, and I, must be horizon and bubbling rods respectively. This observation also
implies that the center a — 1 must necessarily be a horizon north pole. Namely, horizon

poles are always paired. On top of these conditions, one further deduces from (3.26) that

Ng— iw_
Yo+ heXgq = Zhb = Pa, ha = Pa — Pa-1— a2 ! <1 + > . (3'45)
b<a

Thus, the periodic identifications of the coordinates read

(Voo 1) ~ (4 4m, 70, 60) ~ (447 6 4 2m)
-~ (11}/ AT (pa — Pa—1) o2 , or > (3.46)

ot — " Ta— 7¢a+

Na—1 Na—1 Ng—1
Then the space near the south pole is (S x R4)/Z|na71‘, acting freely provided py—1 # pa-

Thus, the summary of our findings (see also table 1) is that a regularity analysis does not allow
horizon rods to be adjacent to each other: there must be bubbling rods right before and right
after. Moreover, if |ng| # 1, there will appear orbifold singularities at a pole of the horizon if
either p,41 or ps—1 are equal to p,. If |ng| = 1, there is no such regularity condition on the p’s

of the adjacent rods.

Za ‘ Wy Nag—1 I, Ng I,
Horizon north pole #0 =0 bubble #0 horizon
Horizon south pole # 0 # 0 horizon =0 bubble

Bubbling center =0 =0 bubble =0 bubble

Table 1: Classification of centers and their adjacent rods. Centers are distinguished by which
rods meet there. This is reflected in the allowed values for the coefficients w, of the one-form
w and the integer n,, as shown by the regularity analysis.

It can readily checked be that the expressions found here directly imply egs. (3.9), (3.10),
(3.11). This shows the consistency of our previous analysis with the local study around the
horizon poles.

3.3 Classification of bolt topologies

We now come to the study of the three-dimensional bolts associated with each rod vector &;,

given by (3.1), with the aim of classifying the possible topologies. It is convenient to write down
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the metric induced at the rod I, using the adapted coordinates introduced in (3.20):

2 2
dsi — flg? (dqjja — ij:d’?’a> + T H d22 4 2 [fﬂdTa + ity <d¢a — ij:dTa)] , (3.47)

where ¢, is the constant given in (3.25), and all the functions are evaluated on the rod.

3.3.1 Local analysis at rod endpoints

In order classify the possible topologies for the fixed loci of the rod vectors &7,, we need to
specify the local form of the metric near to the centers z, and 2,41 where the bolt caps off, as
well as the periodic identifications when going around the contracting circles. We first analyze

the induced metric (3.47) near to the rod endpoints.

Bubbling center. Condition (2.20) guarantees that near the center the metric reads,

2 2
di?2 + 72 (;f:) ] + <52{:> dr? +..., (3.48)

2 _ ha
©

ds

where 7, = 2,/r,. This shows that the Killing vector with 27-periodic orbits contracting at a
bubbling center is

§a = 20y, = 20y, (3.49)
while the 2m-periodic vector
- 8 iw_
= = — 1+ — .
/\a a‘ra o 87' + + o azp (3 50)

generates a fixed S'. The geometry near to the center is then that of S' x Rz/va. The
orbifold action is singular (unless h, = #1), reflecting the presence of an S! x R?/ Lipy) X R?

orbifold singularity in the full five-dimensional geometry [21].

Horizon north pole. For a horizon rod I,, the following Killing vector contracts at the

horizon north pole z,:

_ fna
21

Or + |2 (pa — Pa_1) + Na (1 n “"‘ﬂ 0y

ga = Ela - glafl o>

(3.51)
= Ng 6Ta +2 (pa - pa—l) 8% .

Here, (74, 1q) are the adapted rod coordinates introduced in (3.20). In order to exhibit the

local metric near the pole, we define the new angles

- T ~
¢a = @Z}a_z(pa_pafl)i, Ta = —, (3.52)
Ng Na
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and expand the metric for 7, = 2,/rq — 0. This takes the form

. 2
ds? = }}“(dngrfgd%f) + (fahlw“> dg2+ ... . (3.53)

It is easy to show that it corresponds to an orbifold (S Ix ]R2) /Zyn,|, with the orbifold action
specified by the identifications:
-7 5 2 - 47 -
(Fas ) ~ (Ta (2 —pa1>> ~ (Far a+4r) - (3.54)
Ng Ng
The orbifold is freely acting if (p, —ps—1) and n, are coprime. Eq. (3.54) identifies a 27-periodic
Killing vector whose orbits describe the fixed S' at the endpoint:
~ 1
)\a = n7a (aﬁl -2 (pa _pafl) 8,;, )
15} iw_
= —0; 14+ — 0.
27 + + 27 v

Note that this is the same vector as (3.50). Finally, the 27-periodic contracting vector (3.51)

(3.55)

in these coordinates reads &, = 0z,.

Horizon south pole. The Killing vector contracting at a horizon south pole reads

B _ Bng iw_
éa = é.]a,1 gla = o O0- + 2(]%—1 pa) +ng-1 1+ o 81[)

(3.56)
= Ng-1 87'(1 +2 (pa—l B pa) 8% ’

where (74, 14) are part of a system of adapted rod coordinates for the bubbling rod I,, with a
being a south pole. The metric near the pole takes the same form as in (3.53), where (74, 1/;(1)

are now given by
~ T ~ T
¢a = ¢a -2 (pafl - pa) = s Ta = = (3.57)

Ng—1 Ng—1

The Killing vector generating the fixed S! is the same as in the second line of (3.55).

3.3.2 Bolt topologies

We now turn to the analysis of global aspects. Aside from the two non-compact bolts associated
with Iy and I,,'! we consider the four types of compact bolts already introduced above, classified
by the nature of the adjacent rods. For each bolt we may write relations between the associated

Killing vectors &, and £,41 of the form:

Q1 éa = Q@&t1 +PNat1s P, Q12 €%Z. (3.58)

"'The rod vectors &1, = Oy — Oy , £1. = Op + Oy associated with the the semi-infinite rods Iy, Is have non-
compact bolts with topology S' x R?/Z;,,| (with a € {1, s}) if they are adjacent to a bubbling rod, or S* x R?
if they are adjacent to a horizon rod.
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We assume that q; g2 are coprime to p. As reviewed in appendix B, when the regions bounding
the neighborhoods about the centers a and a 4+ 1 are glued together, the manifold obtained is
topologically the lens space

L(Pv an) ’ (359)

where
aqi+bp=1, a,be Z. (3.60)

If |p| = 1 and aqs € Z, then the space has S® topology (up to possible conical singularities
at the bubbling centers, as we specify below), while if p = 0 and |aqgs| = 1, then the space

topologically becomes S x S? (again, up to possible conical singularities).

bubble,_-HORIZON,-bubble,;;. Let us begin by considering a horizon rod, connecting
two horizon poles. The vectors contracting smoothly at the horizon north and south pole are

given by (3.51) and (3.56), respectively. Then, we can express

(pa - pa+1) §a - (pa - pa—l) ga—l—l + Nq (pa—l - pa—l—l) )\a—‘rl ) (361>

where
Pa+1 — Pa—1 = ha + ha+1 S Z7 (362)

as it follows from (3.10), (3.11). This shows that event horizons have lens space topology

L (‘na (pa-l—l - pa—l) ’ ) 1 +a (pa+1 _pa—l)) ’ (363)

where a is an integer such that!?

a (pa — Pat1) + 14 (Pa—1 — Pat1) = 1, a,beZ. (3.64)

In the special case where ps+1 — pa—1 = 0, which implies £, = £,+1, the topology becomes that
of S' x S%2. When the orbifold is trivial, namely for n, = 41, the horizon reduces to the lens
space L (|pa+1 — Pa—1], 1) =~ S3/Z|pa+1,pa_l‘. If then py1+1 — pa—1 = hq + ha+1 = 1, the horizon
has S2 topology.

horizon, 1-BUBBLE,-horizon, ;. Next, we consider a bubbling rod whose endpoints co-
incide with the south pole of a horizon rod I, and the north pole of another horizon rod

Io41. In this case the Killing vectors smoothly contracting at the endpoints of the rod are,

respectively,
. ﬁna,l lw_
éa - o aT + 2 (pa—l Pa) + Nag—1 1 + o0 8¢ )
8 ] (3.65)
Na+1 iw_
a = T 2 a — VPa a 1 .
Sa+1 o 3+{(p+1 P)+”+1<+2W>]3¢

?We have used that a(ps —pa—1) = a(Pat1 —Pa—1)+a(Pa — Pat1) = 1+a(Pati —Pa—1) —bna (Pa—1 — Pa+t1),
together with the homeomorphism between the lens spaces L(p,q) ~ L(p,q + pZ) when writing (3.63).
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These are related as

(pa - pa+1) §a = (pa - pafl) Sat1 + [nafl (pa - pa+1) — Nag+1 (pa - pafl)] Aat1 s (3~66)

where

Nag—1 (pa - pa—l—l) — Ng+1 (pa - pa—l) = —Ng+1 hg — Ng—1 hzz+1 S Z, (367>

as it follows from (3.10). According to our previous discussion, this gives the smooth lens space
L (Ina-1 (Pa = Pa+1) = Mat1 (Pa — Pa—1) |, 1 +2a (Pat1 — Pa—1)) , (3.68)

with
a(pa — Pa+1) + P [Ma—1(Pa — Pat1) — Nat1 (Pa — Pa—1)] =1, a,bei. (3.69)

horizon,_;-BUBBLE,-bubble,, or bubble,_;-BUBBLE,-horizon,;;. These bubbling
rods connect either a horizon north pole to a bubbling center or a bubbling center to a horizon
south pole, respectively. We focus on the former case, horizon,_1-BUBBLE,-bubble, 1, the
discussion of the other case being equivalent. The two 27-periodic Killing vectors contracting

at the endpoints of the rod I, are

ga - Bn&_laT + 12 (pafl —pa) + Ng_1 <1 + 1;)7;)] aw,

2m (3.70)
£a+1 == 28¢ .
Using the expression in (3.50), we find the relation
§a = (pafl - pa) £a+1 + naflj\aJrl ) (3.71)
giving the lens space
L (|na—1’a Pa—1 — pa) . (3.72)

We note, however, that there is a conical singularity at the pole associated to the bubbling
center (if |hqt1| # 1, as it follows from (3.48)), giving a branched lens space. For n,_1 = £1,
the bolt reduces to a branched S3.

bubble,_;-BUBBLE,-bubble,;;. Finally, we consider a bubbling rod connecting two bub-

bling centers. The vector contracting at both ends of the rod I, is given by

o = Ear1 = 20y, (3.73)

corresponding, in the notation of (3.58), to the case g1 = g2 = 1 and p = 0. From (3.48)
we see that the geometry near the center a exhibits a conical singularity of the form R?/ Lin,|-

Similarly, a conical singularity R?/ Zjh,,,| arises at the other center a + 1. Then the bubbling
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bolt has the topology of

St x S (3.74)

a7ha+1} ?

where the circle S! is generated by 0.,, and Ylha,hass) denotes a spindle geometry. If either

a+1
|ha| = 1 or |hqy1] = 1, then there is no conical singularity and space caps off smoothly at the

corresponding center.

3.4 Global properties of the gauge field

Since the supergravity gauge field is also turned on, the rod structure as discussed so far is not
sufficient to characterize the solution: additional data encoded in certain gauge fluxes through
compact submanifolds in the interior of the spacetime should be specified. Indeed, as we showed
above, in the Euclidean setup we consider, a five-dimensional space M is allowed to have non-

trivial compact three-cycles outside the horizons. Therefore, denoting by B, the bolt associated

to the rod I,, to any compact bolt (a =1, 2, ..., s — 1) we can associate the electric flux
i
Qla ~ / [*F — —ANA F} : (3.75)
Ba V3

We will fix the overall normalization in a convenient way later in this section. The integrand
appearing coincides with the Maxwell three-form, which is closed on-shell. In general, when
the gauge field cannot be globally defined over B,, including the rod endpoints where the bolt
caps off, the integral (3.75) needs to be carefully defined patchwise.

Any three-dimensional bolt defines a normal two-dimensional non-compact cycle that in-
tersects the bolt once. In our construction this is obtained by foliating the circle generated by
&1, over the radial direction p ending on the bolt (at p = 0), with metric close to the tip given
by (3.24). In the following, we will denote by N, ~ R? this normal space. The A, dual to the
bolt B, can support a non-trivial gauge flux, defining a potential given by the gauge-invariant

expression

Ple N/ F. (3.76)
Na

In general, this integral can be computed by means of the BVAB localization theorem [55,56].13

13Let (M, g) be a Riemannian D-dimensional manifold with boundary dM, and ¢ be a Killing vector gen-
erating an infinitesimal isometry. An equivariant cohomology can be defined from the £-equivariant differ-
ential d¢ = d — ¢¢. The localization theorem of equivariant cohomology, due to Berline-Vergne-Atiyah-Bott
(BVAB), when applied to Riemannian manifolds with boundaries, states that the integral over M of a polyform
¥ =3 W), which is equivariantly closed, i.e. d¢W = 0, receives contributions only from the fixed-point locus,
My, of the symmetry generated by &, up to a set of terms on OM:

D

. [
L=l a3

—2
5]

Z / nA(dn)’ AV (p_o_ajy,

= Jom

where * denotes the pullback over Mo, e¢(N) is the equivariant Euler form of the normal bundle N to Mo,
and 1) = [€]26,dz".
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To do so, we introduce the equivariantly closed and gauge-invariant polyform

yla

(7] =F — LSIGA—{— LSIQA‘

(3.77)

p—r+00

such that
Pl N/ Qla (3.78)
Na [F]

By means of the localization theorem we reduce the integral above to the fixed points of &7,
namely at the tip of N,
— g, A ‘

olo ~ o [L&GA\ ~ 2\/§m(u‘ila —ioﬁ;a), (3.79)

p—0 p—>+oo:|

where iA[a denotes the ¢-component of the one-form iA evaluated along the rod I,, whose

A, =) k=Y k=2 k. (3.80)

b<a b>a b<a

explicit expression is

As we will explain below, if I, is a horizon rod then the definitions of the electric fluxes (3.75)
and the potentials (3.76) reduce to the usual ones of electric charges and electrostatic potentials
associated to each horizon. However, also in case I, is not a horizon rod the above fluxes have
been argued to play a role (at least semiclassically) in the first law of thermodynamics [34,35].

For the moment we will specialize the above definitions to the subclass of single-horizon
solutions, for which the thermodynamic relations found in [35] apply. The same expressions for
fluxes and potentials can also be considered in the case of multi-horizon solutions, though the
thermodynamical interpretation in that context is less clear.

First of all, we should compute the electrostatic potential of the horizon, denoted as 'e,
which is related to the boundary condition . Analogously to (2.38), we define the electrostatic

potential associated to the horizon rod as
ola = —i/ (Aa - \/gidr) , I, : horizon rod, (3.81)
ONG
where A, is a regular gauge field in a patch that contains the horizon and extends up to the
boundary. Here, N, is the asymptotic circle generated by the orbits of the rod vector &;,, being
N, the associated normal space. The integral (3.81) can be mapped, using Stokes’ theorem, to
a flux integral of the form (3.76):

P+ V3 dr = —1/ F, (3.82)
BNG, a

which can be computed following our equivariant argument discussed above, giving

pl+V3 [ dr =2V37 (iAIa —iw[a> :4\/§W<Zkb+ ”“5> : (3.83)

47
BNa bga
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By performing the integral equivariantly we then found a relation between ¢’e, that relates
to a boundary integral (on the left-hand side), and a bulk quantity (on the right-hand side)
~ the coefficients of the one-forms iA and i at the horizon rod I,. This relation provides an
example of a UV/IR relation (see [57]) obtained through BVAB localization theorem [58]. As

a consequence, the electrostatic potential at the horizon is given by

ol = 4V37) k. (3.84)

b<a

We now wish to relate ¢! to the boundary condition ¢, defined in (2.38). The regular gauge
field in the patch that contains the horizon rod and extends smoothly up to the asymptotic

three-sphere is found by solving the following three conditions

leg, (iAeraa) L= 0= 1, (i/uqudoza) o 1, : horizon rod, (3.85)
a S 0,s
for a closed one-form
da, = a{dr + a9 dé + oV dy . (3.86)
Egs. (3.85) are solved by taking
4
o —0=a), o) = AT, 35
a b<a
Then, the regular gauge field asymptotes to
4
Ag = A =13 [ 14 25 kg | dr = idMdr. (3.88)
ng
b<a

Here, we introduced the horizon potential ®/=, measuring the boundary holonomy of the gauge
field along the orbits generated by the rod vector &;, .

Finally, to compare (3.84) to (2.38), recall that the rod vector generating the horizon can
be expressed as (3.3), showing that its orbits wind around the thermal circle generated by the
first vector of (2.35) n, times. Then, using the expression for the asymptotic gauge field (3.88),

we conclude that ¢’e is related to the boundary condition ¢ as

I
pe 4437
= = E kp . 3.89
¥ o b (3.89)

n
a b<a

In order to compute the flux Qe (3.75) across the bolt B, when I, is a horizon rod, we recall that

Note that this quantity could also be computed by an integral of the form (3.76):
1

Na

idle = ﬂ/ F, I, : horizon rod.
Na
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one can always find a spatial hyper-surface ¥ (in homological terms, a four-dimensional chain)
whose boundary is the disconnected union of the horizon bolt (at p — 0) and an asymptotic
three-sphere (at p — +00), 0%, = B, U S3. (see e.g. [59]). Therefore, by interpreting the flux

integral

i i
Qle — — [*F — —As A F] , I, : horizon (3.90)
167 Ba \/§

as a Page-charge, this turns out to be independent of which specific p = const slice of X, we
choose as integration manifold. In particular, the flux can be evaluated across the asymptotic
three-sphere, showing the equivalence with the standard definition of the electric charge

i

= —— F 3.91
Q=—y5 [+ (3.91)

using that A A F' is suppressed asymptotically.

We next focus on non-horizon rods. In this case we fix the normalization of the integrals
(3.76) and (3.75) so as to match the conventions of [35]:'°

1 1 i
pla=—_—— [ F, —’a_—/ *F— —A,ANF|, I, : bubble. 3.92

2T /Na Q 8 /s, V3 a a ubble ( )
The bubble potential ®'* whose definition, except for the chosen normalization, is analogous
to the one for the electrostatic potential, can be computed using the equivariant localization

theorem as above, obtaining

ol = —2v3i ) k. (3.93)

b<a

Note that the bubble potentials associated with the semi-infinite rods vanish, ®/0 = ®&!s = 0.
Finally, eq. (3.93) may be combined with (3.84) by recalling that if I, is a horizon rod, then
I,_1 is not. Doing so, one finds a relation between an electrostatic potential ¢’e and the bubble

potential associated to the adjacent bubbling rod, ®fa-1,
olt = 4Bk, + 2mi Blo-t | I, : horizon, I, 1 : bubble. (3.94)

3.5 Thermodynamics of single-horizon solutions

For solutions with a single horizon, a first law of black hole mechanics which takes into account
the presence of topologically non-trivial cycles was presented in [35]. In this section, we consider

the supersymmetric versions of these thermodynamical relations, and at the same time we

Indeed, Q' is related to the magnetic fluz introduced in [35]. In the Euclidean finite-3 setup, the bolt B,
is a three-cycle, while in the Lorentzian case it reduces to a two-cycle formed by the spatial sections of B,, times
the non-compact time direction. As discussed in section 3.3, this two-cycle can be a disc, a tube, or a spindle.
The magnetic flux is defined in [35] by integrating ¢ (xF' — %Aa A F) over this two-cycle, and corresponds to the

Lorentzian counterpart of our integral. In other words, our @’¢ provides an uplifted Euclidean version of these
fluxes, from which it differs by a factor of 8 due to the integration over 7. We also note that the integrals (3.92)
are different from those considered in the Lorentzian analysis of [36,37].
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extend them to account for the orbifold solutions constructed above (with n, # £1). In the
remaining part of the section we will denote the horizon rod by I, = H, and we will also use
the label “H’ to characterize quantities associated with the horizon.

The Bekenstein-Hawking entropy associated to the horizon rod, defined as 1/4 the area of

the corresponding bolt, reads

S =npB6", (3.95)
where 67 is the length of the horizon rod. Translated into our conventions, the first law of [35]
reads
H wi w? Lo 3!
BAE = dS+poMdQ + = dJ, + —dJ_+ ) Ql+ddl. (3.96)
ny ny

I.#H

Here, the charges entering the formula are the asymptotic ones given in (2.26) and (2.29), while
the horizon angular velocities can be read from (3.13). The electrostatic potential ®* has been
defined in (3.88). The unusual ingredient arising because of the non-trivial topology of the

solution is the last sum over the non-horizon rods, I, # H. Imposing supersymmetry,
E =3Q, (3.97)

gives us a supersymmetric version of the first law,

1
dS + — (M dQ + W dJy +wHdi ) + D Qfdel = 0. (3.98)
H I.#H

The analysis of [35] also provides a Smarr formula,

3 3 1
BE = =8+ —— (Wil Jp +wJ ) + 80" Q+ - > Qldle, (3.99)
2 2Ny 2
I.#H
whose supersymmetric version reads
s+ L wHJ++wHJ_+gs0HQ +EZQ%<1>I&=0. (3.100)
ny \ T - 3 3

I.#H

This relation can be combined with the quantum statistical relation satisfied by the orbifold
saddle,

1

[=-8—— (T +u T +¢"Q)

o (3.101)
Tl

= —S—E(Jwt—i‘(l—nH—QPH)J—)—W—J——<PQ7

to derive a simplified expression for the on-shell action that depends only on gauge field data,

namely the conserved electric charge and various fluxes:

r=1 [—QDHCH > Qe @fa} . (3.102)

SLomn
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We will verify the validity of this formula in the explicit examples discussed in the following
sections.

The quantum statistical relation (3.101) and the first law (3.98) together imply differential
relations for the on-shell action. This is obtained by allowing small enough variations of the
continuous boundary conditions w_ and ¢ while keeping fixed the discrete integers (ng, pa)

introduced above. According to (3.13) and (3.89), this corresponds to the variations

W s fngydo_, @ = e 4 nyde,  ®le - ol 4 dple (3.103)

Assuming the first law holds, we then find

dl = —J_ dw_ - Qdp+ »_ Qldd'. (3.104)
In#H

Therefore, the charges Q, J_ and the electric fluxes Q= can also be determined from the on-shell

action by taking the partial derivatives with respect to the conjugate variables

oI oI

ol
_&07_7 Q__%v

ol — o o A (3.105)

J_:

3.6 Quantization conditions for a compact gauge group

In this section, we derive quantization conditions for the bubble potentials (3.93) and allowed
shifts for the electrostatic potentials (generalizing (3.89)), arising in case of compact abelian
gauge group. This leads us to introduce a new integer, ¢,, for each compact rod I,.

In the gravitational path integral we sum over all field configurations X, either bosonic or
fermionic, that satisfy the following periodic identifications when going once around the three

independent U(1)’s generated by the Killing vectors in (2.35):
X(r+B ¢+2m ¢ +iw) ~ (1) X(1,6,9),
X(r,¢+2m 1 =2m) ~ (-1)'X(1,6,9) , (3.106)
X (1,0,9 +4m) ~ X(7,0,9) .

These identifications are intended to be valid when working in a gauge for the vector field A in

(2.3) specified by the choice o = 7% 7, in which the gauge field A asymptotes to
A—>i<§+\/§>d7, p— 00, (3.107)

where ¢ is the boundary condition defined in (2.38).

The identifications (3.106) must be compatible with the requirement that the geometry
supports a smooth spin structure. In our setup, this means that any field must pick a (—1)F
phase when transported around the orbits generated by any rod vector &;,, as long as one works

in a gauge that is regular in a patch containing the rod I, where £;, contracts. More concretely,
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we must impose

x, <T+naﬁ,¢+2m¢+2ﬂ [m—una (1+;‘;)D o (CUFXL (1. 6, 0) . (3.108)

where the subscript X, means that we are working in the aforementioned regular gauge. The

gauge transformation relating A and A, is given by

Ay = A—iV3 <daa + \/(gBdT> : (3.109)

where we recall that «, is a function of the form «, = agT)T + ac(;b)qb + a((lw)v This implies that

X, (1, &, 1) = exp [\/ﬁex (aa + \/‘gﬁfﬂ X (1,6,1) (3.110)

where ey is the charge of the field X under the U(1) gauge symmetry. Compatibility between
(3.108) and the identifications (3.106) is equivalent to demanding the transition function in
(3.110) to be single-valued when going once around the U(1) generated by &7,. We note that
in ungauged supergravity these conditions are trivially satisfied since all supergravity fields are
uncharged under the U(1) gauge symmetry. However, if we consider the UV completion of the
theory — e.g., via an embedding in string theory — then a microscopic description must exist
in which microstates charged under the gauge symmetry are present to account for the entropy.
Typically, in these examples the gauge group turns out to be a compact U(1), then the states
have quantized charges of the type ey € Ze, being e the fundamental unit charge in the theory.
Then, under these assumptions, the requirements above provide a quantization condition for
each rod I,, as we will now discuss considering separately bubbling and horizon rods.

The transition function in (3.110) is single-valued when going once around the U(1) gener-

ated by &7, if the following condition is obeyed
Ngp + 27T\/§L§I da, = 27 i , Go € 7. (3.111)
a e

For bubbling rods, n, = 0, we can use (3.93) to find

ola
te, dag = =2 ky = 7 (3.112)

b<a

Therefore, eq. (3.111) applied to a bubbling rod yields quantization conditions:
edle = ¢, . I, : bubble. (3.113)
On the other hand, for a horizon rod, n, # 0, we use (3.84) and (3.85) to derive

2mV3 1, dag = —p'*. (3.114)
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Using this in (3.111), we conclude that the electrostatic potentials assigned to each horizon (e

are related to the boundary condition ¢ via

ols = ngp — 27Tiq—a, I, : horizon. (3.115)
e

For a horizon rod, we can further use (3.94) to find

Ng
(da + Ga1) + —22 (3.116)

—i
ke = —— )
2v/3e 473

and . .
a—1 — Qa+1
ke + ko1 = e (3.117)
analogously to the expressions we found in (3.10) and (3.11) for the coefficients of the harmonic
functions H and w_.

We have thus extended the map between the horizon electrostatic potential (3.84) and
the boundary condition ¢, previously given by (3.89), by including integer shifts q,. We now
examine how these quantized parameters g, modify the quantum statistical relation (3.101) and
its differential form (3.104). Specializing to the case where there is only a single horizon, the

quantum statistical relation takes the form

I=-S—27niJ, —w_ J_ —¢Q,

=1 qu
Jy = nH(J++(1_nH_2pH)J—_ - ),

(3.118)

where we use the notation of section 3.5. Combining this with the first law (3.98) yields its
differential version. A key distinction now is that the discrete parameters ng, p,, as well as ¢, /e
are all held fixed. In particular, the bubble potentials, ®o, are not allowed to vary anymore
(d®fe = 0) due to (3.113), in contrast with the derivation leading to (3.104). As a result, the

on-shell action I satisfies the simple differential relation
dl = —J_dw_- —Qdyp, (3.119)

which shows that, once all quantization conditions are imposed, the only continuous variables

of I are just the chemical potentials w_ and .

4 Revisiting two-center solutions

In this section we revisit the two-center supersymmetric non-extremal black hole solution pre-
sented in [39,40|. This comprises just one compact rod, with rod vector the generator of the
Euclidean horizon. Our scope is twofold: on the one hand we want to motivate further the need
to consider a complexified version of the solution, and on the other hand we wish to illustrate

the discrete shifts and orbifolds introduced in section 3 in the simplest possible setup.
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4.1 The complex saddle

We start by considering the basic rod vector (3.3) with n = 1,p = 0, that is

I3 iw_

& = 5 -0r+ 05+ 50y, (4.1)

where we use H rather than I to label the horizon rod. Then the horizon temperature and an-
gular velocities coincide with the asymptotic boundary conditions, specified by demanding that
the first basis vector in (2.35) has closed orbits. In [39,40], reality conditions on the parameters
were chosen so that the metric is real and positive definite. This makes it straightforward to
study regularity of the solution and also gives a real Euclidean on-shell action. It was noted
in [40] that this finite-5 solution can interpolate between the extremal black hole of BMPV
(for which 8 = oo) and a horizonless topological soliton (which is reached via a § — 0 limit),
however in order to see this one needs to implement suitable analytic continuations of the pa-
rameters appearing in the real, Euclidean solution (in addition to Wick-rotating the Euclidean
time back to Lorentzian signature). Therefore, in order to be able to reach the Lorentzian
solutions by a continuous limit, one must give up reality of the metric and the gauge field.
Here we review this argument and further motivate it. While it is not clear in general what
conditions should a complex metric satisfy, the discussion in section 3 shows that cancellation
of Dirac-Misner strings as well as smoothness along the collapsing orbits of the rod vector can
be achieved even in the complexified setup.

The two-center solution is given by choosing the harmonic functions (2.21) as [40]

hy R
H="NY1" " With hy+hg=1,
N rs
1 1 k3 1 1
K=k — - — iM=-"(——5—
! (rN 7“5> ’ ! 2 <h?VTN h%rg> ’ (4.2)

1 1
L=1+Kk
* (hNTN+hSTS> ’

where 7, s denote the distance between the two centers (horizon north pole N and south pole
S) in the R? base.

We first consider the case where the parameters hy,k,0 are all real (with § > 0). Then
the functions H, L are real, while K, M are purely imaginary. The metric in (2.3) is real and
positive-definite provided

f'H = K>+ HL > 0. (4.3)

For our two-center solution, this condition reduces to

k2
hn hg

+hyrs+hsry >0, (4.4)

which must be satisfied for all 7 g > 0. This requirement imposes that both coefficients of the
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harmonic function H be positive, which is equivalent to
0<hy<l1. (4.5)

The chemical potentials fixing the boundary conditions are related to the parameters as

w4 = 27, w_ =2mi(hs — hy), ¢ = 4v/37k, (4.6)
k2
B = driwy = —Ariwg = —27k <3—|— W) . (4.7)

The Euclidean on-shell action reads in terms of the chemical potentials:

3
T P
= , 4.8
12¢/3 wiws (4.8)
where we recall that wi = w; £ we. The conserved charges are:
hy —h V3 k2
. 0.3 1N S
J+ = —37T1k(5, J_ = 7T1k W’ Q = hNhS . (49)
The entropy, defined as 1/4 the area of the bolt of the Killing vector (4.1), is given by
S = n8s = vy | _ T2 _onig (4.10)
= 7630 = Ty —= — —J% — 27, . )
3v3 4 *

We see there is a direct correspondence between the free coefficients of the harmonic functions
(hn, k), the chemical potentials (w_,¢), and the charges (J_,Q) which play a role in the
supersymmetric index.

However, as previously stated, the reality conditions on the parameters assumed above are
too limiting. Indeed, they give a real on-shell action I, real ¢ and purely imaginary angular ve-
locities w., while one may expect that the chemical potentials appearing in the grand-canonical
index can take more general complex values. This indicates that we have not considered suf-
ficiently general field configurations. Also, as emphasized in [40], it is not clear if a purely
imaginary value for both angular velocities wy 2 is acceptable, as the fugacity e“? appearing in
the index trace (1.6) would be just a phase and the sum over microstates may not converge.
Finally, the angular momenta Jy are purely imaginary in the solution, which then cannot be
directly connected to (rotating) Lorentzian solutions. So at this stage we would not be able to
answer the question of whether the extremal solutions can arise as suitable limits of the index
saddles. These limitations can be overcome if we allow for complexifications of the parameters.
Let us briefly recall how in this way the saddle solution is connected with known Lorentzian
solutions, referring to [40] for more details.

In order to reach the extremal black hole we require that the two centers merge, i.e. we
take 6 — 0, so that § — oo as it can be seen from (4.7). Note that now the rod vector (3.3)
(rescaled by () is just Oy, as it should for an extremal horizon. Then J; — 0, however the
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angular momentum J_ remains finite and purely imaginary.'® In order to fix this we allow hy

to take complex values and impose the conditions
hs = hy, keR. (4.11)

In this way all conserved quantities (4.9) are real. Then one can check that, after Wick-rotating
back to Lorentzian time by taking 7 = it, this gives precisely the real solution of BMPV (here
in the case of just one independent electric charge), parameterized by Im hy, k.

A different limit leads to a topological soliton, namely a Lorentzian solution having a non-
trivial topology despite the absence of a horizon. This is obtained by taking 5 — 0 while keeping
w1, wa, @ finite. From the middle expression in (4.10) we see that then the entropy vanishes, as it
should in a horizonless solution. However, from the expression for 3 in (4.7) we see that 5 = 0 is
not possible for a positive distance §, unless we analytically continue k = ik while holding Ay, hg
real, which allows us to solve the condition by setting § = %’Sizhg (in Lorentzian signature, this
corresponds to solving a bubble equation). This also gives real J1 and Q). Then, Wick-rotating
T = it, we recover the Lorentzian horizonless solution of [60,61] (in the case of equal charges).
Notice that in this 8 — 0 limit the identifications (2.34) only involve the ¢, coordinates, while
7 becomes a mere spectator. Also, the rod vector (4.1) does not involve 9, anymore and thus
transforms into a bubbling rod vector of the type (3.5). The mutual compatibility between
these identifications imposes the quantization condition w_ = 27i(1 — 2p), with p € Z, which
is equivalent to the quantization of the solution parameters, hy € Z (hence hg =1 — hy € Z).
Another feature of this 8 — 0 limit is that the solution develops orbifold singularities, C2/ Ly
at the north pole, and C?/Zy, at the south pole [60,61].

Given the motivations above, we are led to consider complexifications of the two-center
solution. In particular, the parameters hy, hg = 1 — hy, k take complex values. In this way,
w_,  and B are generically complex, as well as the other thermodynamic quantities, namely,
the action, the charges and the entropy. This has the advantage to straightforwardly allow for
the two different limits giving rise to well-behaved Lorentzian solutions reviewed above.

The complex solutions have the same asymptotic behavior as (2.30), however the coordi-
nates (7, ¢, ¥) should be taken complex now, since the identifications (2.34) involve complex
periodicities. As argued in section 3, one can nevertheless introduce real, untwisted angular
coordinates, cf. (3.20). In the present case these are given by

2T 1

Ta:77-_¢7 ¢a:¢+¢+6(w+—w,)7, ¢a:¢7 (412)

and can be used in order to analyze regularity of the metric.

SExcept in the case hy = hs = 1/2, which gives J+ = 0, that is the static black hole of Strominger-Vafa.
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4.2 Discrete families of saddles from shifts and orbifolds

We continue revisiting the two-center solutions by elaborating on the infinite family of shifts and
orbifolds labelled by the integers (n, p, ¢) introduced in section 3. These (n, p, q) solutions satisfy
the very same boundary conditions, hence they potentially contribute to the same gravitational
index. They are analogous to the shifted and orbifolded solutions first discussed in [62] in the
context of asymptotically AdSs x S° black holes solutions to type IIB supergravity, however
they have not been studied in the asymptotically flat context so far. Also in our case the Killing
spinor is not charged under the supergravity gauge field, implying that the orbifold acts in the
five extended dimensions and not in the internal space of any higher-dimensional uplift. This
simplifies the study of the topology.

Recall that the two integers (n,p) specify how the rod vector, corresponding to the horizon
generator, is related to the basis of U(1)? isometries. This is illustrated in eq. (3.3). The rod

vector reads (cf. (3.12))
1

T oor

where the horizon inverse temperature and angular velocities are given by

&n (8™ 0r —iwlt 0y +iw™ 9y) | (4.13)

" =np, wf = 27i, wh = nw_ +27i(1—n—2p) . (4.14)

Also, the horizon electrostatic potential reads

" = ny — 2riq, (4.15)
where the shift by the additional integer ¢ should be introduced when the gauge group is U(1).!7
We will assume that both p and p—1 are coprime to n. According to the analysis in section 3

(cf. (3.63), (3.64)), the horizon has lens space topology

L(|n|, 14+2) = S%/Z,, (4.16)
where a is an integer defined through the equation
alp—1)—bn =1, a,beZ. (4.17)

The local form of the solution is exactly the same as in subsection 4.1, however the values
taken by the parameters hy, hg, k, § in terms of the (fixed) boundary conditions now depends
on n,p,q. Indeed, the expressions in (4.6), (4.7) now provide the horizon inverse temperature
B, angular velocities wi{, and electrostatic potential ¢, which are related to the chemical

potentials 3, wi, ¢ as in (4.14), (4.15). Solving for hy, hg, k, we obtain the expressions

ﬂ—HD, hS:nw—l.—Fl—n—p, k = n———gq

i ©
4.1
27 27 2\/§< 27 ) ’ (4.18)

hN:n

17Compared to the previous section we are setting e = 1.
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which are the specialization of (3.10) and (3.116) to the present case.'® The remaining param-
eter, 4, is given by
2mk3

5= — :
h2,h2 (nf3 + 67k)

(4.19)

where one should use (4.18) in order obtain an expression in terms of the chemical potentials
and the integers (n,p, q).
The saddle-point contribution of the (n,p, ¢) solutions to the gravitational index is given by

the Euclidean on-shell action. This reads

n,p,q W, @) = . H, H
12v3 n wiwl
3 (4.20)
™ (np — 27iq)

123 nnwy + 27 (1 —n — p)| [nwy + 2wip]’

the overall factor of % being due to the action of the orbifold.

The expressions (4.9) for the angular momenta and the electric charge in terms of the
solution parameters remain unchanged, however one should again recall that the map between
the parameters and the chemical potentials 8, wy, ¢ depends on (n,p,q). The entropy, defined

as 1/4 the area of the bolt of the horizon generator, is given by
L ou
Sppqg = —mB70 =7h0. (4.21)
n

In terms of the charges of the (n,p, ¢)-solution, the same expression reads

Sova = L avm L T oy (4.22)
n7p7q—n T 3\/5 17 Tl . .

The quantum statistical relation (3.101) is then satisfied.

It would be interesting to compute non-perturbative corrections to the action of these
(n, p, q) solutions by evaluating the contribution of wrapped branes in a concrete scenario where
the solution is uplifted to string or M-theory, as done in [62] in the asymptotically AdS5 x S°
type IIB setup. These corrections may help determine which of the solutions are stable against

brane nucleation and thus be regarded as genuine saddles of the gravitational path integral.

5 Three-center solutions, black ring and black lens

This section is devoted to the study of solutions with three centers, that is two compact rods.
From the general analysis of section 3, we know that if one is a horizon rod then the other

must be a bubbling rod, since two horizon rods cannot be next to each other. Hence, the

8Note that in the regime where the metric is real and thus both w1, ws are purely imaginary, the condition
0 < hy < 1 ensuring a positive-definite metric can be satisfied by fixing the integer p so that 0 <n 2 +p < 1.
This fails if 5% € Z.
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configuration we are going to study is unique up to orientation (the presence of the additional
bubbling center breaks the equatorial Zs symmetry of the two-center solutions).

In section 4 the relevance of regarding the non-extremal two-center solution as a complex
solution was emphasized, although there is a choice of the parameters such that the metric is
real and positive definite. We find this is even more compelling in the three-center case, since
it is not even possible to define a Fuclidean section such that the metric is real and positive.

The section is organized as follows. First, we present the solution and provide the relations
between its parameters and the grand-canonical variables, specializing the general expressions
obtained in section 3 to the case with three centers. Then, we analyze in detail the thermo-
dynamic properties of the solution; in particular, we compute its on-shell action. Finally, we
discuss how the finite-8 solutions interpolate between extremal black holes with non-spherical
horizon topology, such as black rings [18] and lenses [19,20], and horizonless topological soli-
tons [21-23], which arise in the § — 0 limit.

5.1 Three-center solutions

Let us begin by specifying the general class of solutions described in section 2 to the case of
three centers. We take the first center, placed at z; = d1, to be the bubbling center. Instead,
the second and third centers, placed at zo = % and z3 = —g, will correspond to the north (V)
and south (S) poles of the Euclidean horizon.

We next restrict our attention to solutions with ny = 1 and py = 0, implying that the rod

vector (3.3) degenerating at the horizon, Iy = H, is given by

s

T o

lw_
&y 0 + 8¢ + ﬁaw . (5.1)

Instead, the Killing vector contracting at the bubbling rod, I, is
5[1 = 8¢ + (2p1 — 1) aw . (52)

This rod structure is illustrated in figure 3. The harmonic functions of the three-center solution

are given by

h h h k k k
H="230N 05 K =24 N, 05
1 N rs 1 N rs
5.3
U I T T B SR S
hiri  hnry  hsrs’ Qh%ﬁ Qh?VTN Qh%TS ’
where we recall that the parameters h, and k, satisfy
hi+hn+hs =1, ki +ky +ks = 0. (5.4)

To express the coefficients of the harmonic functions in terms of the boundary conditions (and
the integers characterizing the rod structure) we specify (3.8), (3.10), (3.89) and (3.93) to the
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Figure 3: Rod structure of the three-center solution, with the bubbling rod I; and the horizon
rod H. For each rod we indicate the corresponding rod vector.

case at hands, which yields

1 w_ 1 w_

hi = p1, hn = 5 —pm— hs = 5+

— 5.5
2 Ami’ (5:5)

and
oh oh %) %)

, Ky = 4 = — 5.6
2v/31 N 9B (56)

, kg = i
437 S 4/37

Finally, § and &; are determined in terms of 8 and the remaining parameters via the first in
(3.26), which gives the conditions

wp = 0, B = 4driwy = —4riwg. (5.7)

These can be explicitly expressed in terms of the parameters of the solution via (2.22),

3ky hy (ki ky\? hg ki kg)®
0= 21 42N 42 5.8
2h +2(51—(5 <h1 h]v) +2(51+(5 <h1 h5> ’ ( )
hnhs (ky  ks\®  2hyhi (ky ki )®
— —or |3k NS N . .
p= [3 NETS <hN h5> M TR (hN h1> (5:9)

As already discussed in section 3.3, the bolt associated with the bubbling rod is topologically
a branched S3. In turn, the allowed topologies for the horizon bolt are S* x S? (corresponding
top; = 1), or L(‘l —p1|, 1) >~ 53/2‘1_1,1‘.

5.2 Thermodynamics

The mass E = /3 Q, electric charge Q and angular momenta J+ of the solutions were already

given in (2.26) and (2.29). Specializing to the case at hands, one gets

- 0 (kK K
Jp==3nmi |k (01 +5 ) +knd|, Jo=-7i|l5+5+35]),
2 2 h%  h
Poovs (5.10)
/3 kiKY, kS -
=mV3 | —+—+>),
© (hl hy hs>
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where in the expression for J; we have used the second in (5.4) in order to explicitly show that
it only depends on the distances between the centers. The topology of this three-center solution
allows us to associate a non-trivial electric flux @' to the bubbling rod. This was defined in

(3.92), reported again here for convenience,

oh — ;/B [*F\/igAl/\F] : (5.11)

Let us recall that the notation A; stands for a gauge in which the vector field is regular in a
patch containing the integration region, Br,. This amounts to fixing the closed one-form da
appearing in (2.3) by demanding that the contraction LfIIAl vanishes at the fixed locus of any

U(1) isometry degenerating inside the patch. Since this must contain By, a first condition is

= 0. (5.12)

I

L,EIlAl’II = lgp, (i;l—l—doq)

On top of this, one has two additional conditions coming from the extra U(1) isometries that

degenerate at the endpoints of the bubbling rod,

Le A =0, Ley Al =0, (5.13)

p=0,2=4; p=0,2=46/2

where
& = 28¢ and fN = 2£&,——|—2h]\[ 61/, (5.14)
T

are the 27m-periodic U(1) Killing vectors degenerating at the bubbling center and the north pole,

respectively. A closed one-form dey satisfying the above regularity requirements is

day = — 1 (dzp +dé— dr. (5.15)

Amhy > Ak
dr | —
h1

B B

A convenient way of computing Q' is to note that the integral in (5.11) can be manipulated

as follows:

1 T I3 i

Qh = —= Glz—/bq—Gl :—/ vy, Gi=+xF— —A NF, (5.16)
8 Jai, 4 Jp 8 Joap V3

where D denotes the disc parametrized by the coordinate z € [§/2, 01] and v, , whose boundary

0D is the circle parametrized by i1 at z = 6/2 (to be precise, this is a disc with a conical

deficit). Given a Killing vector &, the local one-form vg is defined by [40]

dl/g = LgG. (5.17)
For the specific choice ¢ = 0;,, we have
153 iw_
Ve o vy + or + vy, (5 8)
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where V' = 0, and U = 9y, = 0y,. The second term in the above equation cannot contribute
to the integral over dD in (5.16), which explains why only vy appears in the last equality. The

expression for vy was already computed in [40], which we just quote:
vy = V32 (dr + iwg (A + ) +i0) — (f n agﬂ) Ay (5.19)

Thus, we have all the ingredients to evaluate the integral, which yields the following result

kv ki)?
ol = 2v3x%ihy (hz - hi) : (5.20)

Finally, the Bekenstein-Hawking entropy S is computed as 1/4 the area of the horizon bolt,
S =wpd. (5.21)

Expressed in terms of the charges @, J4+ and ®'1, it reads

1 )2
S:—zmlj+_plj_+‘1)]<Q_ n (é))]

2 123 p?
Q  x@i2 1P o« Qal (14 p)(@n)3]°
VA 00| Ft g ) ‘4[“’1‘1”‘ > T AR (- p)
(5.22)

This expression will be derived again via the Legendre transform of the on-shell action in
appendix C.2.
Having explicitly computed all thermodynamic quantities, we can explicitly verify that the

supersymmetric first law (3.98),
dS + ¢dQ +wy dJy +w_dJ_ + QN dalr = 0, (5.23)

is satisfied if h; (which is an integer) is held fixed in the variation. Assuming now the quantum

statistical relation
I=-8S—¢pQ—-—wiJy —w_J_, (5.24)

we can obtain a prediction for the on-shell action prior to embarking ourselves in the direct
computation. Plugging the expressions we have obtained for the thermodynamic variables, we

find that it is given by

3 _ (13113
=" _|Z¥ (prp — w2 @) , (5.25)

12¢/3 | wiw2 a pIws (prwi + (p1 — 1) wo)

which is the expression advertised in (1.7). Moreover, we have verified that I = % (Qh @l — »Q),
consistently with the Smarr formula of [35]|, whose supersymmetric version has been given in
eq. (3.100).
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In appendix C we show that the above expression for the on-shell action also follows from
a direct computation, i.e. not relying on the validity of the quantum statistical relation. This
computation requires some care since the gauge Chern-Simons term in the supergravity action
needs to be evaluated patchwise.

One can check that regimes of the parameters exist such that the real part of the on-shell
action is positive while the real part of the chemical potentials is negative, as it is required by

naive convergence criteria of the partition function.

5.3 Relation to the two-center black hole saddle

As a sanity check, we can verify how the relations above reduce to those for the two-center black
hole saddle of section 4.1 in the appropriate limit. In order to achieve this, we should demand

that the on-shell action (or, equivalently, the entropy) does not depend on ®/. Namely, treating

®"1 as a continuous variable, as in (5.23), we demand that oh = 8251 = 0. This condition is
solved by
ol = p 2 (5.26)
w2
In this regime, the on-shell action (5.25) simplifies to [ = —~ 2’ , which reproduces the result

12¢/3 wi w2
for the black hole saddle found in [40]. Notably, in the black hole saddle, the bubble potential

®"1 is not set to zero, whereas the flux Q7 is.

At the level of the parameters of the solutions, imposing (5.26) is equivalent to setting

h1

kp = —————
! hi + hy

kg . (5.27)
With this choice, the two centers at z1 = 61 and zo = % coincide. This follows from eq. (5.8),

which is now solved by taking
261 =96. (5.28)

Thus, the three-center solution collapses into a two-center configuration, which corresponds to

the black hole saddle in the non-extremal case. In this limit, the harmonic functions simplify

as:
H:h1+hN_‘_@, iK:_ki+kj’
e T T (5.29)
kZ k? k3 1 1 '
L=1+ > T M= < i > '
(hi+hny)ry  hsrs 2 \(hi+hn)ry  hgrs
From these expressions, we identify the black hole parameters as
Mt =h+hy, WM =hg, KB =—kg. (5.30)
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5.4 Connecting to Lorentzian solutions

In this section we investigate which well-behaved Lorentzian solutions are continuously con-
nected to the Euclidean saddle constructed above. By well-behaved Lorentzian solution we
mean a solution admitting a real metric after Wick-rotating back to Lorentzian time, and car-
rying real conserved charges, entropy and fluxes. From the expression of the entropy in terms
of the charges (5.22), it is evident that it is not possible to have real charges and entropy si-
multaneously unless some constraint on the former is imposed, which is equivalent to fixing
B. As in the two-center case, there are two physically-inequivalent constraints. The first cor-
responds to taking 8 — oo, and gives rise to extremal black holes with non-spherical horizon
topology [18-20, 63, 64|. The second corresponds to taking 8 — 0 and leads to horizonless
topological solitons [21,22| carrying zero entropy. This means that, as we vary 3, the Euclidean
saddle continuously interpolates between the two physical configurations (up to a specific an-
alytic continuation of parameters), extending the findings of [40] to more general classes of
solutions. Since the on-shell action (5.25) is independent of 3, as expected for the saddle of a

supersymmetric index, the same expression continues to hold after both limits.

5.4.1 Extremal limit

Let us assume for a moment that there exists a complexification of the solution yielding real
and finite charges and entropy in the extremal limit. From the expression of the entropy in

(5.22), one concludes that in this limit the charges must satisfy the constraint

T (P)2
12\/5( p%) ) =0, (5.31)

otherwise the entropy would not be real. Using the explicit expression for the charges (5.10),

(1= p) i+ (14 1) Jo+ @D <Q—

the potential (5.6) and the inverse temperature (5.9), one can indeed verify that the above
constraint is equivalent to taking the extremal limit, in which the horizon rod contracts to a
point,

d—=0 = B — 0. (5.32)

As we explicitly show below, the resulting two-center solution describes an extremal and super-
symmetric (BPS) black ring/lens. For p; # 1, we can solve (5.31) for J; and obtain the entropy
from (5.22),

_ Q . w@h2 \' o« r@nyp )
s = w0 (Grmitm) 5 mi) O
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Alternatively, for p; # —1 we can solve the constraint for Js, obtaining

V3 12p1(1—p1)

4(1-p1) | @ T (®h)? N Ph m (21)? 2
[ + ] - 1+p1']1+1—|-p1 <Q+6\/§pl(1—pl)>] |
(5.34)

Let us now discuss a complexification of the solution leading to real charges and entropy in

the extremal limit. One way to achieve this is by imposing
hs = hy, ks = —ky - (5.35)

Further using (5.4), one has that h; and k; are related to the real and imaginary parts of hy

and ky by
1—hy .
Re hN = 9 s k1 = —2i ImkN s (5.36)
so that Re hy is half-integer quantized. The extremal § — 0 limit of the harmonic functions is
1-~h h 1 1
H = LR K:21mkN<—>,
T T1 T 1 (5 37)
k3 2 k3 3 '
hN r hl 71 h?V r h% ™

where r is the distance to the origin of R3, where the horizon poles meet. The extremal solution
is then parametrized by three real parameters (Imhy, Reky, Imky) and an integer (h1). As we
can see, the harmonic functions associated to this extremal solution are real, which implies that
the Lorentzian continuation of the solution is also real. The charges of the extremal solution

are simply obtained by imposing (5.35) in the expressions provided in (5.10),

k3 Imky)?
Jy = —6m Imky 47, J_ =27 (Imhév —|—4(h2N)> ,
N 1
, (5.38)
k2 Imk
Q = 231 Reﬂ_gw 7
hy hi
where ;
hy ky  2iImky
= — I h — . )
O = T S Tmky m[ N (hN T ) ] (5.39)

This follows from solving (5.8) in the § — 0 limit. In turn, the bubble potential ®/1 is given by
dl = —4v/3Tmky . (5.40)

This shows that charges Q, J+, as well as ®/1, are real in the extremal limit. Additionally,

one can verify that the constraint (5.31) is satisfied, further implying that the entropy is real.
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Instead, the chemical potentials associated to the extremal solution, which are given by

1
w_ = 4ri <h*N — 2) , © = 4mV/3Kly, (5.41)
remain complex. Consequently, the corresponding on-shell action is also complex. In contrast,
to the extremal black hole with a spherical horizon analyzed in section 4.1 one associates real
chemical potentials w_, ¢, and hence a real on-shell action, by using eq. (4.11) into (4.6), at
least in the case where no shifts or orbifolds are considered. This is one of the distinctive

features of these solutions.

Topology of the Lorentzian solution. Since in the extremal limit the horizon rod contracts
to a point (the origin of R?), we are just left with one compact rod, I;. Moreover, since the
thermal circle is decompactified we can Wick-rotate back to Lorentzian time, ¢t = —ir. The

Lorentzian metric induced on the bolt associated to the surviving rod, By, , is given by
dsg, = —f>(dt+wydgn)’ + fHH T At + fTIH A2, (5.42)

where ¢¥1 = 1+ (1 — 2h1) ¢. The analysis of the topology of this bolt is analogous, to a large
extent, to that of section 3.3. The main difference lies on the fact that the time coordinate ¢ is
non-compact. In particular, the behavior of the metric functions near a bubbling center is the

same as in the finite-3 solution, namely

f=ow®, m=m

_7-1

+0(), wy = O(r1). (5.43)

Thus, we have again that the Killing vector 9y, = 0, contracts at the bubbling center, where
space ends in a conical singularity if |h1| # 1. On the contrary, the U(1) generated by this Killing
vector has finite size at the horizon center, leading to the conclusion that By, has R x Disc/Zy, |
topology, with the R factor being parametrized by the Lorentzian time.

Let us now turn to the analysis of the near-horizon geometry. To this aim, it is convenient

to recast the metric in the following form

ds? = V [+ x = Y 2wy (At +@)] =Y T H f(dE+0)2 4 f T Hds%s,  (5.44)
where )
_ 2, 2

and expand it about the origin of R3, for 7 — 0. The near-horizon behavior of the harmonic
functions depends crucially on hq, which forces us to consider separately the cases h; # 1 and

hy = 1. These describe an extremal black lens and an extremal black ring, respectively.
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Near-horizon of extremal black lens (h; # 1). The behavior of the metric functions near

the horizon is

o C1-M Qg
f=fr+o@?), Y = ‘hN’2f+O(r), wy = 7+O(r0) : (5.46)

where f and w,, are constants. Using this information, one finds that the near-horizon expansion
of (5.44) is given by

2 1—h |hN\2f3 2 1,2 dr?
ds® = f —(1_h1)3r dt* + —-
4
d—n) —— (5.47)
n ) (d¢+cosed¢) + (62 +sin? 0dg?) + ..
\hn|?f f
where o hid

We recognize the AdSs factor characterizing the near-horizon geometry of extremal black holes
in the first line of (5.47). In turn, the second line corresponds to the induced metric at the hori-
zon. Locally, this is the metric of a squashed three-sphere. However, the periodic identifications

of the angular coordinates

(¢.9) ~ (6427, d+2r) ~ <¢, b+ - f”m) (5.49)

tell us that, as in the non-extremal case, the horizon has lens-space topology
L(|1 = ha|,1) = S%/Zy 4, (5.50)

This corresponds to the extremal black lens of [19,20]. A completely smooth geometry in the
domain of outer communication is obtained for h; = —1, see below. By writing the explicit
expression for f ,

k% (Imky)®  (Reky (1 — hy) + 2ImkyTmhy )

F—1
= 2Re— +4 = , 5.51
/ hn 1—h (1 —hy)|hy|? (5.51)

we can verify that the combination % appearing in the near-horizon geometry (5.47) is

positive, ensuring that the metric has the correct signature.

Near-horizon of extremal black ring (h; = 1). The behaviour of the metric functions for

r—0is
= 4 (Imky)? 01 Lol v _ (Imky)? Lo 8 (Imky)® 67 Lot
N 72 r)’ | T Wy = r3 r2 )’
(5.52)
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The near-horizon geometry reads

P g, &

ds? = 4 (Imky)? |- — N
(k) 16 (Imky )" r2

(5.53)
(Imky)?

2 dy? + 4 (Imky)? (d6? + sin? 0 dg?) + ...,

+
where ¢ = 1) — ¢. This corresponds to the near-horizon geometry of the extremal black ring

found in [18], whose event horizon has S* x S? topology.

5.4.2 The black lens

Among the solutions constructed in this section, two particular cases play a special role as
they describe completely smooth supersymmetric non-extremal geometries. These correspond
to solutions where hy = =£1, ensuring that the orbifold singularity at the bubbling center is
absent. In the following we specialize the formulae for the on-shell action and chemical potential
to these notable cases, focusing on the extremal 8 — oo limits. Interestingly, the Lorentzian
counterpart of these solutions is well known.

Let us start from the case hy = —1. From (5.47) we see that the extremal horizon has
L(2,1) =~ S3/Zs topology. This corresponds to the extremal black lens constructed in [19,65].
This solution is described by the following harmonic functions [19]:

H="--, K= k<—> . L= 1+f+k2, Moo (5.54)

r1 ro 2rp
These coefficients are related to the ones we used in section 5.4.1 by

A k3 N 2
k= 2Imky, m:1m<h%>, l:2Re<N>. (5.55)

The conserved charges carried by the solution are obtained by setting h; = —1 in (5.38)
and (5.39). Moreover, the analysis of the extremal limit of section 5.4.1 implies the following

constraint among the charges:

1 __ " (%) —
2J; + &' <Q 55 (@) ) =0. (5.56)

The corresponding entropy is given by

S = 4ﬁ\/2 <\% - 214 (<I>Il)2>3 — % <J2 — 247\;3 (<I>h)3>2, (5.57)

which is consistent with the results of [19,65], up to conventions.

Similarly, the on-shell action for the supersymmetric extremal black lens is obtained by
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setting p; = —1 into (5.25),

3 )3
+ wo Pt

PR N G L N (5.58)
123 |wiwe w2 (2wa 4+ wr)

where the chemical potentials turn out to be given by the following complex combinations
wy =27 (Imhy +1),  wy=—2rImhy, ¢ =437 (Reky + ilmky) . (5.59)

while &1 reads
ol = —4v/3Tmky . (5.60)

5.4.3 The black ring

Let us now set h; = 1. From (5.53), it follows that the extremal horizon has S* x S? topology.
This corresponds to the supersymmetric black ring studied in [18,63,64]|. Setting h; = 1 in

(5.37) indeed gives the harmonic functions that characterize such solution (see for instance [29]),

) 2 A~ 3
=1 K:k<1—1>, L—1+£—k—, M=TCE 56
1 T 2r1

where the map between (12:, Z, m) and the coefficients we used in section 5.4.1 is the same as in

(5.55). The charges of the black ring must satisfy the constraint

2.Jy 4+ @1 <Q — W (<1>11)2> =0, (5.62)
while the entropy takes the simple form
= T oh 24 (I)Il _ lq)h
I\/Q +144 ) 7 J . (5.63)

These expressions are in agreement with the results for the supersymmetric black ring obtained
in [63].

We find that the angular velocity w; is real, while the other potentials are complex,
wi =2rImhy,  wy=2r(i—Imhy), ¢ =4V37 (Reky +ilmky) . (5.64)

Again, the bubble potential is'?
ol = —4v/3Tmky . (5.65)

9This corresponds, up to normalization, to the dipole charge that characterizes the thermodynamics of the
black ring [34,64]. The relation between these two quantities has been explained in [35].
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Finally, the on-shell action for the supersymmetric black ring turns out to be

R <3g02 — 30 @M wy + (@fl)2w2) : (5.66)

12V/3 wi ?
Therefore, starting from the non-extremal saddles and taking an extremal limit, on the
one hand we have correctly reproduced the known extremal entropy of the supersymmetric
black lens and black ring, and on the other hand we have assigned for the first time non-trivial

chemical potentials and on-shell action to these solutions.

5.4.4 Topological solitons

Finally, we discuss a different limit leading to a horizonless topological soliton. Besides the
reality conditions discussed above, another choice that ensures the charges @), Ji and the

potential &1 remain real is the obvious one:
ky =iky, kg = ikg, ki = iky, ki+kn+ks=0, (5.67)

with kn 51, hn,s1 € R. However, under this analytic continuation, the entropy given by (5.22)
becomes purely imaginary. This follows from the fact that the argument of the square root in

(5.22) turns negative:?’

0 m@hpE \' n @ w(eh) @)
(1_h1)<\/§+12hl(1—h1)> _4<(h1—1)<]—_QQ_24\/§h%(1—h1)> =

(5.68)
3

s
N 'S

Thus, the only possibility to get a real quantity is that S vanishes. This is equivalent to the

following constraint among the charges?!

A(1=h) V3 2 _ _ il )3
“avar 9 (Qﬂmlu_hl)@ ))+(1 e <J2 28R (1) >> (5.69)

+hJo (B4 hit@h Q) =0,

leading to a horizonless solution [40|. From (5.21), one further deduces that this condition is

equivalent to 8 — 0, which in terms of the parameters reads

3 3
3ky _hs (ky _ks\" M (kv k)" _ (5.70)
2hn 20 \hy  hs)  201—06 \hx

20An alternative way to see this is to note that the inverse temperature 8 in (5.9) also becomes imaginary
under this continuation of the parameters.
21 This constraint can be understood as imposing Py = 0 in (C.23).
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This constraint, together with (5.8), which we reproduce here for completeness,

3 3
B ks (ki ks\' by (k) o)
2 hy 201+ 6 \ hy hg 201 — 0 \ hy hn

constitutes the system of two bubble equations arising in three-center microstate geometries
of [21,22].

From a global perspective, in the § — 0 limit what used to be the thermal isometry in
(2.35) does not advance the Euclidean time anymore. As a result, the global identifications

(2.34) become those relevant for a bubbling geometry,

(7, &, ) ~ (T, 6+ 2, 1/;+27r(71+2(h1+hN))> ~ (T, &4 21, b — 27) ~ (1, &, + 47)
(5.72)
where consistency of the angular identifications requires hy g1 € Z [21,22|. Once these condi-
tions are imposed, we can safely Wick-rotate back to Lorentzian time, obtaining a well-behaved
horizonless solution. The resulting spacetime is smooth up to certain discrete orbifold singu-
larities, which we discuss below.
For this solitonic solution, the harmonic functions remain real, ensuring that the metric after
Wick-rotating back to Lorentzian time is also real. However, the assigned chemical potentials

become imaginary:
wy = 27ihg, wo = 2mi (hy + h1) , © = —4V3rikg. (5.73)

As a result, the on-shell action (5.25) is also imaginary. In fact, the angular velocities must be
multiples of 27i, i.e. w2 € 2miZ. Following the general argument developed in section 3.6, we
can argue that also ¢ becomes a multiple of 27i. This is the same outcome we noticed in the
two-center solution discussed in section 4.1, and appears to be a general property of horizonless
topological solitons. So these solutions appear to be relevant just in a particular limit of the
gravitational index where the fugacities trivialize. It would be interesting to investigate the
trace over microstates given by (1.6) in this limit.

The horizonless solution obtained sending 8 — 0 has two compact rods, I1 and Iy. The

associated rod vectors are
f]l = 8¢—(1—2h1)6¢, f[N = 8¢—(h5—h1\7—h1)8w. (5.74)

Since both are bubbling rods, we have that the Killing vector Jy contracts at all endpoints,

implying that their fixed loci have R x ¥, 5, topology. The analysis of the topology is

a+1}
analogous to that of section 3.3, with the exception that time is no more periodic. For an odd
number of centers we can get rid of orbifold singularities by setting |h,| = 1 for all a’s [24]. In

the present three-center case, this leads to three distinct fully regular cases:

hi=hy=—hg=1, hi=—hy=hg=1, hi=—hy=—hg=-1. (5.75)
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6 Conclusions

In this paper, we considered pure five-dimensional supergravity with boundary conditions such
that the gravitational path integral computes a grand-canonical supersymmetric index. We
investigated candidate saddles of this gravitational index, namely supersymmetric yet non-
extremal complexified solutions to the supergravity equations satisfying the boundary conditions
and having finite action. Assuming U(1)3 symmetry, we classified the solutions using the rod
structure formalism, and studied their topology by analyzing the fixed loci of their isometries.
We found a rich array of possibilities, which correspond in general to multi-horizon solutions
with many bubbles. The fixed loci can have S3, S? x S and lens space topologies, as well as
versions of these geometries with conical singularities. We illustrated the relation of the angular
velocities and electrostatic potential of each horizon with the chemical potentials appearing
in the index, and also discussed the role of the specific gauge potentials associated with the
bubbles. Since the latter potentials are not associated with an asymptotic symmetry, they are
not expected to represent additional variables of the index. Rather, it appears we should sum
over their allowed values (when the gauge group is U(1), we have seen these are indeed integers).

For the notable case of the three-center solution, we explicitly computed the on-shell action
providing the saddle-point contribution to the index. We also illustrated how these solutions
are related to known Lorentzian solutions — BPS black rings or lenses and horizonless bubbling
solutions — by taking suitable limits. We observed that the chemical potentials and on-shell
action remain finite in this limit, and verified that the Legendre transform of the on-shell action
reproduces the correct Bekenstein-Hawking entropy. While the action of the black ring and black
lens can be taken with a positive real part, and the chemical potentials with a negative real part,
ensuring naive convergence conditions, both the action and chemical potentials associated with
the horizonless solutions are purely imaginary, making it unclear whether the latter should be
regarded as true saddles of the grand-canonical index. It would be very interesting to compare
these findings with a microscopic evaluation of the index in string theory.

Relatedly, an important issue that needs clarification is what the allowed complexifications
of the parameters controlling the solutions in this paper are. More generally, it would be
important to clarify what are the criteria for a candidate saddle of the gravitational index to
be counted as a true saddle. After filtering the candidate saddles based on the allowability
conditions, it should be possible to compare the on-shell actions of the competing saddles with
different topologies for a given value of the chemical potentials. This would allow to discuss
the various phases of the gravitational index and potentially find a recipe for resumming the
saddle-point contributions. Different allowability criteria have been proposed recently, based
on positive-definiteness of p-form kinetic terms [66,67] — assessed in a supersymmetric context
in [68] — or wrapped brane stability [62]. However, no conclusive statement has been made so
far. The ultimate criterion to decide whether a candidate saddle does or does not contribute to
the path integral would be to determine whether it is crossed by the integration contour. This
is a hard question which would require applying Picard-Lefschetz theory in the context of the

gravitational path integral; one may try to attack it by working in a simplified setup at first.
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Again, a comparison with a microscopic computation, of the type that is sometimes possible
when a conformal field theory holographic dual is available, would shed light on this issue.

Another natural question is whether one can exploit the technique of equivariant localization
in order to efficiently compute the on-shell action of our five-dimensional solutions, as done for
various classes of even-dimensional supersymmetric solutions starting with [69]. Assuming that
a solution exists, this may allow to determine the on-shell action just based on the rod structure
and the boundary conditions, without knowing its full explicit form. For the simplest case with
just one compact rod, this problem was addressed in [40] by localizing with respect to a Killing
vector with a fixed circle. For a general rod structure, however, the approach of [40] needs to
be revisited. This is because in the situation where different U(1) isometries degenerate and,
relatedly, the gauge field A is not globally defined, it is currently unknown how to construct
the globally well-defined equivariantly-closed form needed to implement the BVAB localization
argument. Also the fact that the finite-temperature supersymmetric solutions presented here
do not appear to allow for a real positive-definite metric represents a further complication, since
the standard form of the localization theorem assumes a Riemannian manifold.

One may also consider dimensionally reducing along one of the isometries so as to apply
equivariant localization in four dimensions, which is better understood. Reducing along the
orbits of dy (which commutes with the action of the preserved supercharges) would allow
to make contact with the study performed in four-dimensional gauged supergravity in |70, 71],
where gravitational instanton solutions are studied that have a structure similar to the bubbling
solutions discussed here. Reducing instead along the orbits of the supersymmetric Killing vector
0, would perhaps make it possible to apply the method developed in [72] in the context of five-
dimensional gauged supergravity, which however would also need to be extended to locally
defined gauge fields. We leave the investigation of how to efficiently combine the rod structure
information with equivariant localization for future work.

While here we provided the general framework for solutions with multiple horizon compo-
nents, it would be interesting to study in detail explicit examples of these configurations, as
well as to consider solutions where the centers are not necessarily aligned along a symmetry
axis. Very recently, saddles of the four-dimensional gravitational index comprising these fea-
tures have been studied in [45], and it would be interesting to make the connection between the
four-dimensional and the five-dimensional cases more explicit.

Although in this paper we worked in minimal supergravity and thus with a single U(1) gauge
field, our results straightforwardly generalize to the case where vector multiplets are included.
Multi-charge saddles of the gravitational index with a single compact rod were presented in [40],
see also [38] for the three-charge case. Recently, the case corresponding to the D1-D5-p brane
system with one of the three charges turned off was studied in [73], where a finite-temperature
version of the small black ring was given. We note that the solutions of [73] necessarily have
running scalars, so there is no limit in which they reduce to the solutions of minimal supergravity
presented here, which in the D1-D5-p system correspond to solutions with the three charges set

equal. It will be interesting to investigate rod structures in the generic three-charge case, thus
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exploring the index associated with the full D1-D5-p brane system.
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A Expression for @

The purpose of this appendix is to derive eq. (2.10). Namely, we want to solve

3
x3dd = HAM — MdH + B (KdL — LdK) , (A1)

for the general choice of harmonic functions made in (2.6), under the assumption that all centers

are placed on the z-axis. We start noticing that

i = Z [homa — mohg + g (koly — nga)} cos 0,do + iy, (A.2)

a=1

where w, satisfies the same equation as w but ignoring the constant term in all the harmonic

functions. This implies that

-1 -1 -1
rd i, = Z;Cabdf}; =22 Ca (dff; - d’;b> , (A.3)
a

a b>a

where

3
Cup = hgmy — hpym, + 5 (kaéb — kbfa) . (A4)

We can solve (A.3) for each pair of centers labelled by a, b separately, and then sum up all the

contributions. The result is

i, = |cyw — ZZ Cab ra+5abcos€a] do, (A.5)

1) T
o boa ab b
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where ¢, is an arbitrary integration constant and ., = z, — 2, (emphasis is put on the fact

that there is no absolute value). Now we note that

7a + 0gp COS O, Ta + O0ap  Ogp + T cOSH,

= (14 cosby)
Ty Ty Ty
(A.6)
Ta + Oab
= (14 cosf,) <—1 + ) +cosf, —cosbOp +1.
Ty

Hence, fixing ¢, =), Zb> o 5%, we have

0, = ZZ ab (cos By — cosby) Ao + ireg , (A.7)

a b>a

where

Wreg = Z Z (5 1+ cosb,) < 'a j:b(sab> do. (A.8)

a b>a
One can check that wyeg is regular in the entire z-axis, being this statement independent of the
sign of d45. Finally, we want to re-write the first term in (A.7) in the form ) coeff, cos ,d¢,
so that it combines with the first term in (A.2). To this aim, we assume that the centers are

ordered in a way such that &4, > 0 if b > a. Then,

ZZ(S — cosb,) Zzéb ZZ—COSH

a b>a a b<a a b>a

“X3 et

a  b#a

(A.9)

where in the first equality we have exchanged the labels a, b in the first term, while in the second
equality we have used that Cp, = —Cyp and that dqp = |dgp| if b > a and 0py = —6gp = |ap| if

b < a. All in all, the general expression for @ is

i(.:):leaCOSQ dqb+zz ab —I-cosﬁa)( ra+(5ab> do, (A.10)

r
a b>a b

where

iw, = homg — Moha +3(k0£ — lokg) Z (A.11)

|5ab’

Note that because of the assumption 04 > 0 if a < b, only the absolute value of §,; appears in
(2.10).
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B Lens spaces

We recall here the definition of a Lens space and highlight some properties that are needed in
the main text.

Given a unit S parameterized by (Z1, Z2) € C?, with |Z1|?> + |Z2|? = 1, and given coprime
integers (p,q), the Lens space L(p,q) ~ S°/Zy, is defined by the orbifold identification

i — 27
(Z1, Zs) ~ (e%zl,eT %) . (B.1)

Since p and q are coprime, the orbifold is freely acting and the resulting space is a smooth
manifold.

We can take Z; = sinde'®, Zy = cos?el??, with ¥ € [0, 5] and ¢1, ¢ satisfying the
identifications

(1, 02) ~ (¢p1 +27m,¢2) ~ (¢1,¢2 +27). (B.2)

These are the angular coordinates of footnote 5. The orbits of dy, and Jy, are 2m-periodic and
smoothly collapse to zero size at either endpoint of the ¢ interval. The orbifold introduces the

new identification

(¢1,¢2) ~ (¢1 + 2:7 P2 — 27];q> , (B.3)

hence the nowhere vanishing vector

1 !
A= —04p ——=0 (B.4)
P $1 p ¢2
also has 2m-periodic orbits. It describes an S fibration over a two-dimensional base which in

general is a spindle. The same expression can be written as
8(151 = qa(]ﬁz +P)\, (B5)

showing that going once around the circle that smoothly collapses at ¥ = 0 is the same as

going q times around the circle that smoothly collapses at ¥ = 7 and p times around the

non-vanishing fibre.

In the main text, we deal with orbifold identifications of the type

2 2
1 ) — 7TC12>’ (B.6)

(¢1,02) ~ <<251+ b -

where both qp, g2 are coprime to p. We thus have a 27-periodic nowhere-vanishing vector A
such that

q1 8¢1 = q2 a¢>2 +P5\- (B-7>

It is not hard to see that this orbifold in fact defines the lens space L(p,aq2), where a is an
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integer determined by the equation
aqp +bp =1, a,be Z, (B8)

which can always be solved for coprime qi,p by the Bézout lemma. The equivalence is seen
as follows: applying a times the identification (B.6) and using a}% = % — b, we land on (B.3)
with g = aqg; conversely, applying q; times the identification (B.3) with ¢ = aqs, and using
292 _ 92
75 =3
Starting from (B.7), it is straightforward to see that the vector A specifying the lens space

—bqa, we arrive at (B.6).

circle fibration is given by
1+ b
A= — A4 o2

—= 0y, . B.9
Q Q b2 ( )

C The on-shell action and its Legendre transform

C.1 Evaluation of the on-shell action
Here we compute the on-shell action I of the three-center solution studied in section 5. This is

given by the sum

I = Ly + Iguy

1 1 i

- Rusl— -FAxsF+——FAFAA
167 M( LT g ARt s )

1

- &T/W a'z (VK — v/ Kiss)

where OM is the cutoff boundary of the regulated spacetime at large but finite distance, h

(C.1)

denotes the determinant of the induced metric at such boundary and /C its extrinsic curvature.
To remove divergences, we perform a background subtraction using a reference flat background
with the same asymptotics, characterized by hpig and Kiig.

A subtle issue arises in the computation of the on-shell action due to the presence of the
Chern-Simons term. Since A is not a globally defined one-form, the integral [ F A F A A is
ill-defined and must be treated with care. A similar issue was encountered in early studies of
black rings [74], where it was noted that the Page charge, used to compute the electric charge
and angular momentum, is not well-defined for the same reason. The way out of this problem
involves introducing an appropriate number of patches and summing their contributions while
including a compensating term along the patch overlaps.

To address this issue, we introduce the relevant patches. We define the open set

2 (- 2614+6)2
22

* 51—
281 —
<€+ vl )

while Uy, is defined as the complement of Ur,. The patch Uy coincides with the one defined in

Z/lll = (7_7 17[)7 P QZ), Z) : < 17 e>0 ) (C2)
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(3.85); this covers the horizon rod and extends to the asymptotic region. Instead, Uy, does not
extend to the asymptotic region. The parameter ¢, which controls the size of the region Uy,
is a positive small quantity, whose exact value should not affect the final result. Indeed, many
expressions simplify in the limit € — 0, as we discuss below.

The boundary of the closure of Uy, , denoted by dUy, , is the surface parametrized by

p=c¢csinb, z:2514+5+(5+2514_6> cosf . (C.3)

261 (14cos 8)+(1—cos 0) .
7} . This

shows that in this limit, the set ¢, shrinks onto the bolt By, , leading to the simplifications we

Taking the limit ¢ — 0, this region collapses to p = 0, with z =

will exploit below.
The gauge field can be constructed patch-by-patch. The gauge fields in the two patches are

related by the transformation

Ay = Ay —iV3d (g —ay) , (C.4)
where k 47h 47k 47k
1 TN TKN TKS

o = —— _|_ _ T — 7-’ [0 = 77'7 C5

1= (¢> v ) - w= (C5)

as we showed in (3.87) and (5.15). Having introduced the two patches, we now extend the
approach of [74] to properly define the integral of the Chern-Simons form in our setup. In order
to define the integral properly, we start from a gauge invariant quantity. The natural quantity
to consider is the six-form FAFAF = d(F AF A A). To define an appropriate integration
manifold, we assume the existence of a smooth six-dimensional extension of the spacetime,
denoted by Mg, such that its boundary coincides with the five-dimensional spacetime under
consideration. This ensures that M is cobordant to a point. Additionally, we extend the two
patches Uy, and Uy, smoothly into Mg, denoting these extensions by Z:I\H and LA{h. We can then

write a well-defined integral as

/ F/\F/\F:/A F/\F/\F—i—/A FAFAF. (C.6)
Mg U NMeg Z/l]lﬂ./\/lﬁ

Integrating by parts gives

/ F/\F/\F:/ FANFNAy+ F/\F/\A1+/
Mg Uy Ur,

(AH —A1)/\F/\F. (C?)

81/{11 NMeg

Using the gauge map (C.4), this expression simplifies to

/ F/\F/\F:/ F/\F/\A'H-i-/ F/\F/\Al—i\/g d(al—aH)/\Al/\F.(C.S)
Mg Uy

Z/{[l 81/[[]_

Following [74], we take this sum of three terms as the formal definition of the Chern-Simons
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integral in five dimensions:

/ FAFANA = FANFAF. (C.9)
M Mes
We now turn to the explicit evaluation of the on-shell action (C.1). Using the trace of

Einstein equations, the bulk term simplifies to

1 1 1
I = — FAG —_— FANG — — d — NALNF, C.10
bulk = e /u y H+ A8 " T . (a1 — oyy) 1 ( )

where G = x5 F — %A/\F . The size of the patch Uy, is controlled by the parameter € introduced
in (C.2). In the limit € — 0, the volume of Uy, collapses to zero. Consequently, any smooth

five-form integrated over U, must vanish. In particular,

lim FAGL = 0. (C.11)
e—0 Z/{Il
This follows from the fact that any smooth form in Uy, , such as F'A G, must have a component
along the direction dual to &7, that vanishes on By, , where &7, contracts. We may integrate by

parts the first term in (C.10) and reduce it to a boundary term by using the Maxwell equations,

/ FAGy = Ay NxsF — Al AxgF — i\/g d (Oq - Oéq.[) N*5F' . (C.12)
Uy, M aur, aur,

For the same reason as above, we conclude that

lim Al ANxsF = 0. (Cl?))
e—0 81/{11

However, d (o — ag) is not a smooth one-form in Uy, in particular its norm diverges at the
bolt Br,. As a result, terms involving da contribute additional non-trivial corrections to the
on-shell action, which would be absent in the case of a globally defined gauge field. Taking this

contribution into account, the bulk action simplifies to

1 .
Lhyux = — Ay N *xsF — — d — NG O(e). C.14
bulk 17 Jopq "N\ X5 137 o, (o —ayy) n+ O(e) ( )

It is straightforward to show that the contribution from the asymptotic region of the spacetime
yields
1 5P

— | a F=-20. 1
187 Jou M 3@ (C.15)
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The second term can be computed explicitly in the € — 0 limit, giving

iv3 iv3

——— lim d(al—aH)AGl = —— [L d(Ozl—Oé'H):| Gy,
487 =50 Jou, 24 [ 5, (C.16)
oh
— 1
3 e
where to obtain the second line we used (3.92), (C.5), (5.6), (5.20).
We are now left to compute the boundary terms of (C.1) [40]:
1 r? B
Igny = —— i d'z — 0, f ' sinh = —Q. 1
GHY 8w r—%r—ipoo OM v 2 9 f i \/§Q (C 7)

Putting everything together, we finally obtain that the on-shell action is given by

1= (#1Q" — Q)

B . gp3 B (plgo—WQ(I)Il)B (C18)
12v3 |wiwe  p2ws (prwr + (pr — D wa) |’

which is consistent with (5.25).

C.2 Legendre transform

The entropy (5.21), expressed as a microcanonical function of the conserved charges, is related
to the on-shell action (5.25) by a Legendre transform. This transformation is performed with
respect to the thermodynamic variables ¢ and wi 2, subject to the constraint w, = 2xi [12].
According to the quantum statistical relation (5.24), the Legendre transform is implemented

by extremizing the following functional:
S =extyy wrws, Ay [ — 9Q — w11 —waJs — A (w1 + w2 — 27i)] (C.19)

where A is a Lagrange multiplier enforcing the constraint on the angular velocities. Since [ is

an homogeneous function of degree one with respect to ¢, wi 2, it follows that

S = 27iA. (C.20)
The extremization equations
o1 ol
__ vt Jro = — —A C.21
Q 8@ ) 1,2 80.)172 ) ( )
yield a quadratic formula for A,
Py+PA+A =0, (C.22)
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where the coefficients are given by

123 pi

_4(1l-m) [ Q T 123 T 132
== (\/5 " 12p1 (1 —p1) (@) ) - <J2 C12v3p2(1—p1) (%) ) 2

s 13
*(b‘mmmﬂyﬂm“y))ﬂ'

Solving for A,
i ., P
A:—§\/4P0—P1 -5 (C.24)

I1\2
Pl—(l—Pl)J1+(1+P1)J2+‘I’h<Q— : (q))>7

we find the entropy

S =

Q ™ ((I)Il)2 3 T oh T7(1+p )((1)11)3 i
VAL <ﬁ+12p<1—m> ‘4<“’1‘”"“ 2 Q_24\/§p%1<1—p1>>

oh T ((1311)2
—2mi | J —p1J + — - — .
771[ + D1 5 ( 12\/3 p%
(C.25)

Using the explicit expression for the charges (5.10), one can verify that this expression agrees

with the Bekenstein-Hawking entropy (5.21).
Finally, the electric flux (5.20) can be determined by differentiating the action with respect

to @1 )
ol oS T (p1 o — ®1wy)

T 00h T 90 T 4\ Bp(piwr + (p1 — Dan)

(C.26)
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