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ABSTRACT: In this paper, we study the ensemble average of boundary CFT (BCFT) data
consistent with the bootstrap equations. We apply the results to computing ensemble av-
erage of copies of multi-point correlation functions of boundary changing operators (BCO),
and find the results in agreement with one copy of the Virasoro TQFT. Further, we consider
ensemble average of CF'T path-integrals expressed as tensor networks of BCO correlation
functions using the formalism developed in [1-3]. We find a natural emergence of local-
ity and a loop-sum structure reminiscent of lattice integrable models. We illustrate this
universal structure through explicit examples at genus zero and genus one. Moreover,
we provide strong evidence that, at leading order in large-c, the results match those of
three-dimensional Einstein gravity. In the presence of closed CF'T operator insertions, gen-
eralized free fields emerge, with their correlation functions governed by the shortest paths

connecting the insertions.
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1 Introduction

Quantum chaotic systems are known to exhibit universal behaviors. The eigenstate ther-

malisation hypothesis (ETH) suggests a remarkably general universality of expectation

values of simple operators in highly excited states [4, 5]. This, and its generalisations
thereof has been considered in the context of 2D conformal field theory (CFT) [6], leading
to constraints and predictions for the universal behavior of operator product expansion
(OPE) coeflicients for heavy states in CFTs [7], and further refined in the context of CFTs
with large central charge (large-c) [8, 9.



Meanwhile, the inclusion of wormhole geometries in the semi-classical sum over bulk
saddles strongly suggests that a generic gravitational path-integral could be dual to an
ensemble of CFTs [10, 11]. There is growing evidence that the semi-classical limit of
gravity should be viewed as a coarse-grained description of its CFT dual, and simple
observables, such as few-point functions, may not be sensitive to all microscopic details
of the theory. This motivates the study and construction of ensembles of large-c CFTs
that realize ETH-like behavior and reproduce features of semi-classical gravitational duals.
A natural approach is to treat OPE coefficients and conformal dimensions as random
variables [8, 9, 12, 13], and to construct distributions that reproduce universal features
such as ETH. Recent works have shown that suitable Gaussian random matrix models
for the CFT data can match semi-classical gravitational results for various correlation
functions. It is proposed that one can treat the OPE coefficients and conformal dimensions
of operators as random variables [8, 9, 12, 13|, and construct distributions that reproduce
universal behaviour such as the ETH.

Each individual CFT is expected to obey local consistency conditions such as crossing
symmetry. However, it has been proposed that semi-classical gravity may be insensitive
to small violations of these constraints, suggesting that the ensemble of CFTs dual to
gravity could admit slight deviations. Accordingly, one can relax these constraints and
impose them perturbatively, order by order in an expansion in the large-c. An explicit
construction of such an ensemble was proposed in [12, 13|, where the ensemble average
extends beyond the Gaussian approximation in [7]. Remarkably, this approach reproduces
a sum over bulk geometries corresponding to different three-manifolds, in agreement with
the structure of the Virasoro TQFT [14].

In a complementary direction, in [1, 2], we proposed a discretization of CFT path
integrals by decomposing smooth rational CFT (RCFT) path integrals into products of
open pairs of pants—specifically, three-point functions of boundary-changing operators
(BCOs). We further showed in [3] that this framework extends to the irrational Liouville
theory, indicating that it may be applicable more generally to large-c holographic CFTs.!

It is thus very tempting to extend the discussion in [8, 9, 12, 13] to the open sector
of CFTs, and to model the structure coefficients of BCOs as random variables. Boundary
CFT (BCFT) also exhibits universal behaviour of heavy states [15, 16], providing additional
motivation. Inspired by these developments, we propose a generalization of the random
tensor models for BCO structure coefficients, which are approximately Gaussian at leading
order, with crossing relations imposed order by order in 1/c.

In this paper we first propose a distribution for the OPE coefficients involving the
BCOs, and discuss non-Gaussianities analogous to discussion in [12, 13, 17, 18], that restore
crossing symmetry at subleading orders. We then consider averages of products of BCO
correlation functions, and find a precise connection between this averaged structure and a
single copy of the Virasoro TQFT proposed in [14].

Next, we apply this framework to compute CF'T path integrals over various 2D mani-

"We emphasize that Liouville theory is not a holographic 2D CFT in the conventional sense; see [3] for
detailed discussion.



folds—each decomposed into a product of BCO correlation functions as described above—and
then take the ensemble average. Remarkably, this computation reduces to a sum over
loop configurations, reminiscent of those appearing in well-known lattice integrable mod-
els [19, 20]. We further generalize our analysis to include operator insertions in the 2D
path integral. In this case, geodesic lines connecting the inserted operators dominate in
the presence of a background loop ensemble, leading to the emergence of generalized free
field behavior. As we will show, the emergence of bulk locality and generalized free fields
appears to be a universal feature of large-c CFTs. We provide evidence that is matches
with the usual 3d pure gravity results.

We illustrate the computation of path integrals on genus-zero and genus-one surfaces
as two explicit examples, obtaining universal results.

Our paper is organised as follows. In Section 2 we will start with a review of relevant
results on the ensemble average of closed CF'T structure coefficients. Then we will generalise
our discussions to include ensemble average of BCFT data, and discuss the implementation
of crossing symmetry in the open sector. In Section 3, we compute ensemble averages
of products of BCO correlation functions and establish their connection to the Virasoro
TQFT. In Section 4, we apply this framework to study triangulation of CFT path-integrals,
expressed in terms of BCO correlation functions on manifolds of various topologies. We
also discuss average of few point closed correlation functions expressed in terms of averages
of BCO and bulk boundary couplings, and demonstrates the emergence of generalised free
fields. We conclude with a summary and outlook in Section 5. Reviews of useful prior
results, and our conventions and normalisations, are provided in the appendices.

At the final stage in the preparation of the current manuscript, we are made aware
of the new paper [21], which has some overlap with our current paper on the ensemble
average of BCFT data. Our discussion here however focuses on the alternative perspective
of ensemble average of triangulated smooth path-integrals and their implications.

2 Ensemble average of CFT and BCFT

In this section we discuss generalising ensemble average of large-c closed CFT data to
include BCFT data in the average. We first review the asymptotic behaviour of large-c
CFTs and BCFT. We will make some natural assumptions about our ensemble, similar to
the approach in [9, 12]. Then we introduce the Gaussian variance for the OPE coefficients.
Analogous to the crossing symmetry violation problem in bulk CFT, which is carefully
examined in Appendix A.3, we need to introduce non Gaussianity to restore the crossing
symmetry. To avoid clutter, we also include a review of bulk CFT and BCFTs with
some necessary but well-known details in Appendix A, ensuring completeness without
interrupting the flow.



2.1 Asymptotic behaviour of heavy states in closed CFTs

In this paper, we consider an ensemble of generic large-c CFTs, each potentially with a
different spectrum.? The spectra of irrational large-c CFTs can be generically divided into
two regimes. It involves a regime of heavy states above the black hole threshold, in which
the conformal dimension h > %. Virasoro representations form a continuous collection in
this regime. There is also a regime below threshold where Virasoro representations come
at discrete points for 0 < h < %.

Liouville Parametrization for 2D CFTs

There is a convenient parametrisation of Virasoro representations in terms of the Liouville
coupling b for central charge ¢ > 1,

1 2
c:1+6<b+b> =1+6Q* 0<b<l, (2.1)

Conformal dimensions can be labeled by the Liouville momentum P, or equivalently a
complex number « := % + ¢ P of which the conformal dimension is

h=a(@Q-a)= C3124—]32. (2:2)

The heavy states mentioned above correspond to P > 0.3

Universal Cardy density of states

The spectrum of the closed CFT can be encoded in the torus path integral Zcpr(7,7),
where 7 is the torus modulus. This partition function can be decomposed in terms of

Virasoro characters:
ZCFT(T, 7_'> = / dPLdPRp(PL, PR)XPL (T)XPR (’7_') (23)

where p(Pp, Pr) denotes the density of states, which, for CFTs with a discrete spectrum,
consists of a sum over delta functions localized on the spectrum.

Under the high-temperature limit corresponding to 7 — 0, the vacuum character
X1(—1/7) dominates in the dual channel for a unitary CFT with a gap above the vacuum.
This yields a universal expression for the density of heavy states h > ¢, known as the
Cardy formula [22],

p(Pr, Pr) = pg ™" (PL)py ™™ (Pr),  po(P) = Sa,p[1], (2.4)

where Sy p = 4v/2sinh (27bP) sinh (#) as reviewed in the appendix.

2An alternative interpretation is that the ensemble arises from coarse-graining over energy windows
within a single theory. Since the resulting physics is expected to be universal for large-c holographic CFTs,
we will not distinguish between these two perspectives in this paper.

3The P < 0 states are not independent from P > 0.



The density of states can also be expressed in terms of conformal dimensions h, which
can be converted from the above expression in terms of P to its more familiar form

pOCardy(h)dh _ pg}ardy(P)dP’ p(()]ardy(h) N 627r e(h—5) ‘ (2.5)

Asymptotics of OPEs

By similar considerations, it is shown that the structure coefficients between three primary
operators to take the asymptotic value [7]

CijkCiik ~ Co(PLi, Prj, PLi)Co(Pris Prj, Pri), (2.6)

when at least one of the primary operators gets heavy. The normalisation conventions for
the structure coefficients are reviewed in the appendix, and Cj is given in (A.13).

2.2 Asymptotic behaviour of heavy states in BCFTs

Here we provide a brief review of asymptotic behaviour of heavy states in BCFTs. In
addition to bulk CFT operators, there are boundary changing operators (BCOs) living
on the boundary. We use \I/?B to denote the i-th primary BCO, inserted between the
boundaries labeled by « and B. In this paper we always denote the boundary conditions

with Greek letters a, 3,7 .... Primary operators are labeled by alphabet i, j,k,.... The
two point function for BCOs inserted on the real line is given by
aBs.
< 7 (wl) j (372)> |x12’2hi, ( )
where x;; := x; — z;, and gia’8 satisfies giaﬁ = giﬁ ®. The three point function of these
operators are?
o
(W7 (1) 9] (22) W) (23)) = 4 (2:8)

o] wog Pk g P

The overall constant Ciajiv is called the (open) structure coefficient of 3-point BCOs. It is
easy to see that the structure coefficients respect cyclic symmetry

v g

af By . .
Cz‘j/lj = le;/i , JA = A . (2.9)

which can be graphically represented as the rotational symmetry of the triangle (see the
definition of the triangle in (B.11)). In the following diagrams, we always use red to denote

4Notice that the structure coefficient is defined to be the coefficient appearing in the three point function,
and it is different from the OPE coefficients up to the normalization factor in the two point function (2.7).
We also adopt a slightly unusual ordering convention for the labels in the structure coefficients, which is
chosen to more closely match our corresponding diagrammatic notations.



the conformal boundary, blue to represent (states correponding to) BCOs, and black for the
conformal blocks, which is defined on the dual graph for the blue lines. A more detailed
discussion of our convention can be found near (B.9) in the appendix. Notice that two
point functions can be obtained through three point functions by setting one operator to
be 1 and identify boundary condition properly, we have

9P = cabe. (2.10)
We have fixed the normalisation for bulk operators as (0;(0)O;(1)) = 1 so we are not
completely free to choose the normalisation for BCOs. For convenience we adopt the same
convention as in [16], setting

4" = CHi" = \/9a95, (2.11)
where g, denotes the disk partition function with boundary condition «, also referred to
as the g-factor, as introduced in (A.23).

Density of states in the open Hilbert space

For the BCO, there is an analogous universal open density of states, derived from open-
closed duality [15, 16]. The path-integral Z_ s (7) on the cylinder with conformal bound-
ary conditions labeled « and 3 respectively on the top and bottom boundary, is related to
the open density of states pos(P) via

open
Zegitom (T Z Pap (P)xP(T). (2.12)

As reviewed in the appendix (A.37), the Cardy’s condition implies

PN (P) = gagsS1p[l]+ > BLBiSE, P[],

O e,;-lts:(l:oqed (213)
Using (A.22) and (A.20), one sees that
SPZ»,P[]-] N e—4ma; P o; = % +1P; € (0, %) (2 14)
S1,p(1] 2 cos(4nPP;)e2"@F P, € (0,00)

in the limit where the operator is heavy, i.e., P — oco. The second term in (2.13) is
exponentially suppressed compared to the first leading term for fixed P;. The analogue of
Cardy’s formula for density of states of the open Hilbert space is thus given by

oy (P) ~ gagspo(P), P — 0. (2.15)

Asymptotics of BCO OPEs and bulk-boundary couplings

Similar to the OPE coefficients Cjji of bulk operators, the boundary structure coefficient
Caﬁ’Y

ik exhibits asymptotic behavior, when at least one of the operators is heavy [15, 16]. It



is given by

‘(jgiw‘ —-(33i7(72ﬁa ~ Co(P, Pj, P). (2.16)

In addition, near the boundary «, a bulk operator O;(z) with conformal dimensions (h;, h;)
can fuse with boundary operators, leading to a bulk-boundary two-point function,

cg

where h; is the conformal dimension of W$®. One can also consider inserting both bulk
operators O; in the presence of conformal boundary a and BCO W§. Analogously, there
exists asymptotic behavior for the bulk-to-boundary coefficient when one of the operators
become heavy [15, 16]

|C& % ~ Co(P, By, Pj) Py, P, — o0 or P — o0, (2.18)

2.3 Ensemble average of CFTs and BCFTs

In holographic CFTs, which exhibit a large gap and a sparse spectrum below threshold, the
validity of the above results for heavy states extends further [23]. For example, the density
of states in (2.1) can be approximated by a continuous integral over the entire range of
heavy states, in other words,

p(Pr, PR)APLdPR ~ p5™™ % (Pp)pS™™ ™ (Pr)dPLdPr, Pp,Pr>0 . (2.19)

This reflects a universal behavior of 2D holographic CFTs in line with the ETH.
In [8, 9], it was proposed to treat the OPE coefficients as random variables, with variances
governed by the universal expression in (2.6). Together with the approximate density of
states, this statistical data defines an ensemble of large-c CFTs.

As briefly reviewed above, both the closed CFTs and open CFTs exhibit universal
asymptotic behaviors in the large-c limit [7]. It suggests that one could consider an ensemble
of BCFTs, much like the case of closed CFT [9].

2.3.1 Ensemble average of closed CFT

In [12, 13], it was proposed that one can systematically construct the statistical moments
of the random OPE coefficients within this ensemble by leveraging the consistency condi-
tions of two-dimensional CFTs—commonly referred to as bootstrap constraints—such as
modular invariance and crossing symmetry. A key idea in these constructions is to allow
the structure constants to fluctuate slightly away from exact satisfaction of the bootstrap
equations, which are treated as effective potentials. As a result, the constraints are only
approximately satisfied, with corrections organized in an expansion in 1/c.

To extend our discussion to BCFT, let us first review the ensemble average in closed
CFT.

First, in [9], it is assumed that C;;; = 0. Overlines are used to denote taking averages.
The leading non-vanishing contribution arises from the Gaussian average of pairs of closed



structure coefficients, given by

CijkCr ., = Co(hi, hy, hi)Co(hs, Bj, hi) [0310jmOkn + signed permutation]

(2.20)
+ [0:j01m0k10n1 + signed permutation] ,

where
Cl*mn = (_1)Jl+Jm+JnClmn = Unml (221)

with J; denoting the spin of operator ;. The “signed permutation” means those terms
come from the permutations of indices [, m,n and one should include a sign (—1)Ji+‘]j+‘]k
if the permutation is the odd permutation. Note that we have included explicitly in the
above an extra term, which takes explicit care of the identity operator in the spectrum,
with C;;1 = 1. The averaged four-point correlation function is crossing symmetric under

the averaging,

I ! -
> CijmChim >L< > CiinCltn| n —0. (2.22)

J

J k

However, higher moments of the averaged four-point functions still violate crossing symme-
try if the distribution is simply Gaussian [12, 17]. For example, the average of the square
of the crossing equation is non zero,

(G991 (2, 7) — Gloy (w, 3_5))2 # 0, (2.23)

where G}, (z, T) and ngkl(x, 7) are defined as the s-channel expansion (A.6) and ¢-channel
expansion (A.7) respectively. 1,2 represents fixed external operators O; 2. If the crossing
symmetry is retained perfectly, generally one would like to impose for any integer n,

(Gf’jkz(xvi’) — Gz, i)>n = 0. (2.24)

For n = 2, equality is ensured if one introduces 4-th moment of the OPE statistics [12, 17]

. * *
CUmkalClin njk‘c

popop [P (229)
\/C'O(Pi,Pj,Pm)Co(Pm,Pk,Pz)Co(H7B,Pn)CO(Pn,PpPk) /

P, B P,

Here the subscript ¢ represents the connected contribution on top of the Gaussian con-
tribution,” with the Virasoro 65 symbol defined in (A.15). In [24], the authors explain

5To simplify the expression we do not write the most general expression which contains the delta function
and signed permutations as in the Gaussian variance (2.20).



if they supplement the Gaussian ensemble with this 4-th moment, the ensemble average
of (G5934(2,2)Gl934(2, 2)) will coincide with the computation by four-boundary wormhole
and implement the crossing symmetry.

Furthermore, it appears that enforcing crossing symmetry for the ensemble-averaged
four-point function does not necessarily guarantee crossing symmetry for ensemble-averaged
higher-point functions [17, 18], in contrast to what holds in an exact CFT [25, 26]. We
examine this point thoroughly in Appendix A.3 and explain how to restore the crossing
symmetry at higher point correlation functions by introducing higher moments. For ex-
ample, (2.25) is also required to restore the crossing symmetry in six-point correlation

function.

2.3.2 Ensemble average of BCO structure coefficients

Since the structure coefficients exhibit similar universal formula (2.16), we can also intro-
duce the ensemble of BCFT following the same spirit. Practically, we describe the ensemble
average by specifying the (higher) variance of the random BCO structure coefficients. We
assume that

Coy =0, (2.26)

and propose that the variance should take the analogous form of (2.20) as,

Cqﬂvcapk _ fOthv fUpA +

ijk “mml — J4 nml (2 27)
Co(P;, Py, Pr) (060080450310 jmOkn + 9ap08s0420indj10km + dac08r0~yp0imdindrl) ,
with
ff;gv = gﬁgvéaﬁéijékl + v g’ygaéﬁvfsjkéil + \/gag,é’fs'ya(skiéjl . (2-28)
Note that setting Cfﬁ'y = 0 (or Cjjr = 0) may seem unnatural. However, it has been

argued that such terms are subleading in the large-c limit. To illustrate this, consider the
limit Py — oo with fixed Py, in which the diagonal heavy-heavy-light boundary structure
coefficient Cg, 5?_[ takes the form:

afBB ~ 1 ( al 50) SPHPX[PO] . (2‘29)
ORI fgags \ 5 X0) po(Pr)

This formula is not universal since it depends on the bulk operator O,, the lightest bulk
operator that couples to \I/*gﬁ . Nevertheless, if we take Py — oo the expression is indeed ex-
ponentially suppressed, supporting the above claim in [9]. Taking the above considerations

into account, we propose (2.27). We assume ijiv =

0, while introducing an additional
term fg£7 in the variance to explicitly capture contributions from the identity operator.

In fact, f; A= Cfﬁ‘ﬁ . Similar to the closed case, this modification is crucial for preserving

crossing symmetry, and we will demonstrate this explicitly in this context shortly below.

We comment that, in the ensemble-averaged results, the boundary conditions are com-
pletely factorized from the primary labels in the BCFT structure coefficients, unlike in



exact CFTs.% As a result, the variance we propose in (2.27) can be viewed as essentially a
“half” or a “single” copy of that in the closed sector. This is natural, as a BCFT contains
only a single copy of the Virasoro algebra. We also note that spin is not a good quantum
number for BCOs, and thus relations like (2.21) do not apply to them. The variance (2.27)
is designed to preserve the cyclic symmetry (2.9) of the structure coefficients.

The variance (2.27) also respects crossing symmetry of averaged BCFT four-point func-
tions, which means for given external operators ¢, j, k,l and boundary condition «, 3,7, p,
the averaged four point function satisfies

= (2.30)

where the black line denotes the conformal block with the implicit summation in the
intermediate channel. More explicitly,

1
5 B B ap

2 o Ciim! r’fﬂﬁ‘ >—< Z SOl n| e

m

ik

where the prefactors involving g-factors arise from the normalization of two-point functions,
and we have canceled the common normalization factor 1/ (gagggwgp)l/ 2 for the BCOs on
both sides of the equation. The non-trivial case that needs to be verified is when o = S,

v = \1;?7 = U7, UPP = U = U5”. Assigning the normalization correctly, we apply

SFor example, in rational CFTs, they combine into the quantum 65 symbols (27, 28].

~10 -



the variance formula (2.27) for the right hand side and it becomes

1 2
1
Z N ff:‘;’ car I = V9205 / dPpo(Py)Co(PL, P, P)
n v
! (2.32)
1 2 ’
1 2
P, P,
= \/g’ygp/dPnFan ! n = \/ngp _!'__ .
P, P,
1 2
1 2

As mentioned in the above review of large-c asymptotics, we approximate the summation
by the integral with the density of states po(P,), i.e.,

d> = / APy Gppo(Pn)- (2.33)

This will be used repeatedly in the following. The left hand side of the equation becomes

2
Z Cfi? Cras >L< Z ~V/919a/Fadsbnn >L<
1 1 2
1 2
= V9v9p >—}——< )
1 2

which is exactly consistent with the right. Since the boundary indices factorise, this com-

(2.34)

putation is essentially identical to checking crossing invariance of the four-point function
of the closed sector for only a chiral half. As discussed in detail in section A.3, crossing in
higher point correlation functions is violated unless we introduce non-Gaussianities. The
discussion in section A.3 can be inherited directly here. The extra ingredient is to add
appropriate boundary labels (also the correct normalization) and remove the square since
we only have one copy of Virasoro algebra of the results in section A.3. Let us discuss the
4-th moment for CZQFV as an example. Consider the 6 point correlation function with fixed
boundaries and boundary changing operators, we can expand it into two distinct channels,

- 11 -



representing in the following graph

3.3 3 3
gl 2 ¢ gl A
’ 2
> T =X 4 : (2.35)
iP5,k 2 (3 k 2 i,k 1 J k 2
o I«
P 1 P b 1 1 B

One can verify that if we require the equality exists up to level of the average value, in
addition to Gaussian variance, we need to introduce the 4-th moment for the right hand
side to balance the equation, i.e.,

1 PP P
corerecBboMel — = /C3:4Cr12Ca:3C1 i . 2.36
3jk k12 Y2i3 V1ji |, gagﬁgyg,\\/ 3k~ k12%-2i3% 151 P3 P; P, (2.36)
where we use the abbreviation
Cijk = C[)(.PZ', Pj, Pk) . (237)

Following similar procedure described in Appendix A.3 we can fix the crossing symmetry
violation problem level by level in the BCFT case.

2.3.3 Ensemble average of Open-Closed coupling coefficient

We also extend the discussion of ensemble average to include the open-closed coupling
coefficients. Using the asymptotic formula (2.18) for bulk-to-boundary structure coefficient,
we propose that its variance formula takes an analogous form”

CaCy = Co(Pi, Pry Py)dagdindi - (2:38)

Let us now verify that this ensures the ensemble-averaged BCFT two-point function on
a cylinder is independent of the choice of channel decomposition. In a general BCFT,
consider a cylinder with boundary conditions « and £, and insert two boundary operators
v and \Iljﬁ % on the respective boundaries. There are two equivalent ways to decompose

"This perspective on random open-closed coupling coefficients has also been discussed in [29].

- 12 —



the corresponding path integral, analogous to (A.35) and (A.36)

aa af aq .
(V5 \ijﬁ>cyl: Z mcﬂkﬁqm J 04(
voP wePensl,
- (2.39)
_ B .
= Z CrmiCinj | J B -

Om € Hcloscd

Now that these OPE coefficients are random variables, we need to check whether the
constraint remains satisfied after averaging. Given the variance (2.27) and (2.38), the
non-trivial case is when o« = 3, i = j # 1. Following the notation in [16] we define the
conformal block in the open channel as F(9Pagel) (P, P;; P;) and the conformal block in the
closed channel as F(@recklace)(p P - Py and we suppress the moduli dependence (the
length of the cylinder and the relative position to insert operators) explicitly. The first line

will give
Z Cﬁgacﬁgaf(abagel) (Pka Plﬂ Z 5k15l J—_-(abagel) (P Pl P ) J—_-(abage]) (l, B; Pz),
k,l
(2.40)
while the second line will give
D CuCF e Py P )
e (2.41)
= / APy dPrypo(P)po(Prn) Co(Pr, P, P) FLOPeMc) (P Pri )
0
The kernel relates these two conformal blocks are written in the form
age o 1-2pt necklace D
*F(abgl)(Pkapl§Pi):/O dPp, dP Kgipj;kH[P]f(a . )(Pmapmypz) (2‘42)
The exact form of the kernel Kg;:yllfptl)gk P [P;] is complicated. Fortunately, for P, = 1 and
P, = P, we have
K2R [P = po(Pm)po( Pon) Co (P, P, P). (2.43)

P P 1P

Therefore, equation (2.41) reduces to the result F(@P28) (1 P;: P;), which satisfies the boot-
strap constraint as desired.

~13 -



3 Ensemble average of multi-copy BCO correlation functions

In this section, we consider ensemble average of multi-copy BCO correlation functions, and
show the connection to the Virasoro TQFT.

In [9] the authors compute the ensemble average of multi-copy correlation functions
for CF'T bulk operators. It is observed that the results in the large-c limit agrees with the
on-shell pure gravitational action computation of associated Euclidean wormhole [10]. In
[14, 24] the authors extended the result to quantum level using the Virasoro TQFT and
get more interesting results. In particular, they identify non Gaussianity of the ensemble
average with multi-boundary wormhole in gravity. These considerations can be readily
generalised to averages of BCO correlation functions. In this part we will present several
examples, and comment on their relations between Virasoro TQFT and wormholes. Related
discussions appear also in [21, 30].

Consider two copies of the same disk, each being a BCO three point correlation func-
tion. They share the same conformal boundary conditions and BCO insertions.

v

g g
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The above correlation functions give
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The g-factors arise from the normalization of correlation functions using two-point func-
tions. Up to normalization, this coincides with the partition function of the Virasoro TQFT
on a three-punctured sphere times an interval [24].

Zir 6,‘4@ = Co(P1, P, P3) . (3.3)

From the perspective of AdS/CFT correspondence this is unsurprising. The gravitational
path integral Zgpay. ~ | Zyir(M)|? and it is equal to the partition Zgpr of the CFT living on
the boundary of the bulk manifold. BCO correlation functions generally take the form of a
chiral half of the closed CFT. Hence the result from ensemble average of BCFT should be
the “square root” of the closed CF'T, which matches directly with one copy of the Virasoro
TQFT computation.
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In a more interesting example the four-boundary wormhole emerges. Consider the
following configuration of disk three point BCO correlation functions with various edges
and conformal boundaries shared between disks.

(3.4)
The ensemble average of the above follows directly from the four-moment (2.36)
1 P 1 P 2 P, s
———————1/C125C345C14.C , 3.5
ngpgoan? ¥ 12 CnsCraeCan {Pg Py Pt} (35

which exactly reproduces the Virasoro TQFT result for four-boundary non-Gaussianity
wormbhole up to the previous normalization factor

- P Py P,
= \/C125C345C14:Cas; {P3 P, Pt} : (3.6)

This suggests that we could use one copy of Virasoro TQFT to compute the higher moments
of structure coefficients C'f‘jg”’, which is expected to produce solutions to the bootstrap
constraints of higher-point correlation functions. To read off the correspondence between
the results of ensemble average with 3d geometries, for every disk three point function in
the ensemble average one replaces it with the three punctured sphere

aBy _
Cijk = —

<

i

and draw the corresponding Euclidean multi-boundary wormhole M. The correct answer
for the higher moment will be upto normalisation given by the normalisation of the BCOs
and also factors of g, from each conformal boundary condition, the Zy;,(M). Another
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remark is that, since BCOs do not have braiding structure, certain Virasoro TQFT re-
sults involving non-trivial braiding vanish in BCFT. This is encoded in the averaged two
point correlation function of BCO structure coefficients in (2.27). OPE coefficients with
exchanged primary indices (as opposed to cyclic permutation of the primary along with
boundary indices) are considered as independent variables, rather than related by phases
following from their braiding as in (2.21). Graphically speaking, one does not allow the
blue lines, representing the BCOs insertion to intersect.

We can also consider higher point disk correlation functions. This introduces moduli
into the manifold. Consider a four point BCO correlation function (¥ w5707 w7%), with
fixed operator ¥5" in the intermediate channel

1 1
_ 1 4By onBa 3
231 132
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1 1 3 1
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9B~/ 9a9y 5 5

This is quite similar to the handle wormhole result derived from Virasoro TQFT,

1 1
1 1
| Y |-omnm > o

whose outer boundary is a four punctured sphere and inner boundary consists of two iden-
tified three-punctured sphere. Note however, in BCFT correlation functions, the moduli
that would appear in the conformal blocks are real. For example, the moduli in (3.8)
appearing in the conformal block is the real cross ratio n in (A.24), whereas the closed
conformal blocks depend on a generically complex moduli.

One can easily generalize to other examples. For instance, consider k copies of 4 point
correlation function with 2k BCO insertions

Zy, = G,;l X
o (W ) (U ),
(3.10)
where (G}, is the normalization factor
1 1 1
Gy = (ga1ga29a39a4)2 (ga1ga4ga39a5)2 cee (gagk,lgaggazgal) 2. (3‘11)

~16 -



The graphical representation (take &k = 3 as an example) is given by
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Expanding the correlation function in the same channel we will have
G—l
_ 3
By = Y T O O™ Cap O™
Yo Jos P1:P2,P3
1 4 4 6 6 2
> b1 i : D2 i : b3 i
2 3 3 5 b 1 (3.13)

G—l 00
= 3)1/2/ dPpo(P)Co(Py, P2, P)Co(P3, Py, P)Co(Ps, P, P)
0

(9a1 9o
1 4 4 2
« : P i : P i 66 : P i
2 3 3 5 5 1
which is again similar to the result of Euclidean cyclic wormhole computed by Virasoro
TQFT.

4 Ensemble average of the closed CFT path-integral from triangulation

It was proposed that the path-integral of a 2D CFT can be expressed as a discrete tensor
network made up of BCO correlation functions [1-3]. This is reviewed in Appendix B.
Since the path integral is a product of boundary structure coefficients, it suggests that
in the large-c limit, the path-integral should exhibit universal behavior following from the
average of the collection of BCO OPE coefficients defined in the previous section. In the
following, we will consider the leading large-c averages of different 2D CFT path-integrals.

4.1 Path-integral over a single connected manifold with no insertion

Recalling that in the discretisation of the path-integral reviewed in (B.8), we assign the
vacuum Ishibashi state |1)) at the rim of each hole, which is expressed as a weighted sum
of Cardy states |B,). This weighted sum has advantages related to considerations from
generalized symmetries [31, 32], and it projects out relevant perturbations. In this paper,
however, we will adopt a simpler treatment of the holes. Note that each Cardy state can
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be written as

1Ba) = g0 1)) + D BLIP)), (4.1)
1€Sgap
where we assume that there is a gap Sgap in the spectrum above the vacuum state. In
the small hole size limit considered in this paper—analogous to the high-temperature limit
in the derivation of the Cardy formula [22]—the contributions from these operators are
suppressed, and we can approximately express the Ishibashi state as

1)) ~ 92" |Ba) - (4.2)

Similar to the extension of validity for the density of states in the large-c limit [23], we
expect the suppression of non-vacuum Ishibashi states to be further enhanced at large c.
Consequently, each Cardy state approximates the vacuum Ishibashi state up to normaliza-
tion with even better accuracy in the large-c limit, and we will not use the weighted sum
over Cardy states to recover the vacuum Ishibashi state in this paper. The path integral
expression then reduces to

1
— 1 — af
Im = }%{IQON(R) H Yo Zion}s Loy = Z HZ(k,;),(i,I),(j,J)' (4.3)
ac{ay} {i,I} A

where R is the size of the holes and N (R) is a normalization factor as specified in (B.15).
As we discussed in the appendix, these normalization factors arise from shrinking the holes.
They have no impact on our discussion and are often omitted in what follows. Now all the
OPE coefficients are random variables, and we can compute the ensemble average of this
product of OPEs. More precisely, we should compute

~1 ; TR
7 o ij
Zu=lm N(R) [ ] 9o D IICo0——E— (4.4)
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where we have used the assumption that g, are independent variables from the BCO
structure coefficients, and thus can be moved out of the averaging freely.

Contrasting the computations in section 2, where the external operators are fixed, in
the path integral (4.4) we need to sum over all the degrees of freedom and we need to be
careful about what principles should be applied during the computation. Recalling the
variance (2.27) or the higher moment (2.36), where the factor g, only enters as an overall
normalization, it is expected that the dependence on the boundary labels will be completely
factorized after taking the average.

To manipulate the rest of the expression, we need to pick a specific triangulation to
start with. A natural question is whether the result is independent of the triangulation.
For rational CFTs or the Liouville CFT, given the boundary «, 3, v, p and external primary
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operators i, j, k, [, one can show that [1-3]

B

Zijkl = wa ~ A p = (4.5)
}

o

which can be proved via crossing symmetry, the Pentagon equations and orthogonal relation
encoded in the 65 symbols. It was shown that the above equality is sufficient to convert
any triangulation to any other. However, the ensemble average allows fluctuations violating
crossing symmetry in a mild way. Independence based on crossing symmetry is thus no
longer taken for granted, and should be explored with care. Let us examine (4.5) in our
setting and illustrate that the independence of triangulation still holds. Once again, it is
only meaningful that the equation holds in the sense of averaging, i.e.,

i l
1 S
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—_— coees T C U C m r
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Vs (4.6)
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Let us first explain the normalization factor before the expression in the left hand side
of the equation. To avoid mess we have simultaneously canceled the normalization fac-
tor (gagﬁgaygp)_l/2 of the external operators %, 7, k,I on both sides of the equations. The
remaining normalization factor in the left hand side comes from intermediate operator in-

1/2

Cardy boundary state in terms of the vacuum Ishibashi state as in (4.3). Previously we

sertions, which give 9;2 (90989+9,)" '~ The extra g;l factor comes from expressing the

have computed the right hand side in equation (2.34) which does not vanish when a = f,
i=j=1and k =1 = 2% Hence, what we need to check is

1 2

1 SN X B
o D— Col O Crr eyt . 4.7
giga\/mm;7s msl ™~ 1Inm~rn2 ~2sr m r ()

8 Again, the labels 1,2 corresponds to operators ¥$”, and W5” respectively.
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Noting the arrangement of these indices, by using our variance formula (2.27) and Wick
contractions, we can simplify further

1 2
S
o 3 GO BT ][
n
1 2
1 2
1 S
Wm;SCmslcrn2ésn m r
n
1 2 (4.8)
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5 [ dPum(P,) >Q< ,
1 2

where in the third line we replace the discrete summation to the continuous integral over
states above threshold. The crossing kernel (A.12) is used to obtain the last equality.
Repeating similar computation in [3], we isolate the loop from the rest by crossing relations

1 n 2 1 22
\/ngp/OOOdPnpo(m >Q< =¢ngp/0°°dPnpo<Pn> >Q<
1 2 1 2
1 2
- V75 >1< ,
1 2

which completely agrees with (2.34). Here we take the small hole limit in the last step and
ignore the regularization factor coming from this hole shrinking operation, as described
in (B.13). Thus, we have demonstrated that in the context of ensemble averages—given the
external operators and boundary conditions—the triangulation made up of four triangles
and the triangulation composed of two triangles (4.5) yield the same result.
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Nevertheless, this is not sufficient for complete triangulation independence. It is nec-
essary to verify that the manipulations above (i.e. equation (4.5)) hold locally when the
above graph forms a subregion of a higher point correlation function to be averaged. As dis-
cussed in detail in Section 2 and Appendix A.3, local crossing symmetry embedded within
higher-point correlation functions is not automatically guaranteed by enforcing crossing
symmetry only at the level of four-point functions. In the following we carefully examine
the triangulation independence by considering diagrams involving more triangles.

Leading-order diagram and loop model

Consider discretisation of the path-integral with a regular triangulation as shown in Fig-
ure la). Such triangulations naturally contain building blocks involving Z;;x; discussed in
the previous section. Therefore without loss of generality we can consider manipulating
this patch, assuming that it is part of a larger graph. We will return to triangulation inde-
pendence of the path-integral shortly. Let us use T to denote the sets of all triangles (see
Figure 1a). From what we have discussed, we know that the path integral can be written

% 1}4
¢ ¢ ¢ ®
[ 35 —
....... :‘ I_ ‘
- —
¢ ¢ ® ®

(a) (b)

Figure 1. (a) The denser triangulations. One can think that the diagram we draw represents the
portion far away from the edges of the triangulations. This triangulation contains two types of
vertices, A and B. Type A vertices are shared by four triangles while Type B vertices are shared
by eight. (b) A possible two-two pairing P where two triangles form a pair if they are circled in
green. In particular, this diagram is actually an example of the leading order diagram.

in the form of (4.4)

- —_— ryAlBlCz
P ( ! ga) > e g (4.10)
acay {a;,A;} 1€F 90;98; 9
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where we use label ¢ to represent the i-th triangle in the set ¥ and «;, 5;, Vi, a;, b;, ¢; are the
corresponding edge and corner labels of the i-th triangle. The key point is to simplify the
average value of the product of open structure coefficients. Given the specific triangulation
shown in figure 1la, by Wick contraction we have

H O‘lﬁ@"/z Z H azl Bi1Viq Cavqﬂig’hz
a;bjc; allbllc21 a12b12022 : (411)
i€T PEP (i1,i2)€P

Let us set the total number of triangles to be A, with N even. Here P is one of the
configurations among (N — 1)!! possible two-two pairings. We use P to denote the sets of
these configurations. For example, suppose the triangles are labeled by {1,2,... , N —=1,N},
one possible pairing P in P is {(1,2), (3,4),...,(N = 1,N)}. Figure 1b depicts one of the
possible pairing configurations.

In the path integral with BCO insertions, all the indices representing primaries and
descendants need to be summed. Notice the structure of the variance (2.27), which includes
many Kronecker delta functions, and each term is essentially constraining the labels on the
edges, or equivalently, restrictions on the phase space over which one performs integration.
As a result, the term that leads to the fewest restrictions on the integration phase space
would be enhanced by a larger phase space volume. Such phase space enhancements are
maximum when there is the largest number of constraints automatically satisfied in the
configuration following from the discretisation. For example, neighbouring triangles share
at least one edge, whose primary labels match by construction. Thus constraints from
the ensemble average imposing their equality do not lead to a reduction of the integration
phase space, giving the leading contributions.

Meanwhile, there is a very important exception to the above counting, though a bit
counterintuitive. Namely, one should not view the delta function containing the identity,
such as d41, as an extra restriction on the phase space. We can clearly see this from
the previous calculation (Eq. (2.32) and (2.34)). In (2.32), all the delta functions are
trivially satisfied, and after summing over the intermediate primary operators, the result
is the same as in Equation (2.34), where in the dual channel the operator is set to the
identity. In other words, crossing symmetry suggests that imposing an intermediate edge
to the identity should contribute at the same order as integrating an edge through P above
threshold. Therefore, to single out the genuine constraints on phase space, we should only
count the terms containing delta functions that do not involve the identity.

With this principle, we can further simplify the equation (4.11). It is obvious that
adjacent triangles share one common edge. In other words, at leading order, we only need
to consider pairings of adjacent triangles two by two, denoted by B, i.e.,

H Lﬁ;’}/z ~ § H 0%1611’711 041251'271'2
a;bic; azlbzlczl angzgciz ' (412)
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For example, in the Figure la, triangle 1 can in principle pair with any other triangle.
However, due to the phase space consideration, triangle 1 can only pair with 2, 3, or 4;
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pairing with 5 is relatively suppressed. Previously, we mentioned that correlations exist
between different OPE coefficients—even when they are far apart. This threatens locality
of the CFT path-integral. However, it is clear that locality is actually preserved to leading
order. The computation is also tremendously simpliefied since we only need to focus
on the correlations between OPEs represented by adjacent triangles. In the following,
approximately equality ~ implies equality to the leading order.

Now the basic building blocks of a generic diagram with our choice of triangulation
are the following two kinds of pairing of adjacent triangles

l
Q
i l « P
k
r : (4.13)
o 3 P
) B Y
k )
J J
Substitute the expression of each triangle and apply the averaging we have
o}
i l ¢ l
1 e —
I OB xBpa
. . gag,ﬁ %gvgp Em: gmi ~lmk
Y & P )
ik 7ok
i l
1 ( 8 ¢Bpa (4.14)
~ Cimidspadin + Fii fitr) :
gagﬁm; JmatypHilty jmi Jlmk
J k
o}
.ooa
1 T, Z(_\/\\Z Rocﬁw
_ o SN + R™
\/W yprUE]g ,,’/l_l\ \\ ’L]kl
¢--~_e-X - %

T B g P

The first term here comes from the initial term in the sum, and we have bundled the
remaining terms into the term R;ﬁ?ﬁ , which can be shown negligible shortly. For clarity,
we have drawn the boundaries and corners of the triangles. The identity label corresponds

to exchanging the identity primary family, which includes all the descendants in the family.
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Similar computation for the second block will produce
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We will also explain what terms are in the ellipsis shortly.

Importantly, the ensemble average of our diagram reduces to one composed of these
building blocks. The averaged result is reminiscent of loop models in integrable lattice
models [19, 20], where the full transfer matrix is made up of squares composing of these
parallel segments. The resultant diagram of conformal blocks (or the path integral) would
then form a sum over closed loops since they have no where to end, unless there are external
boundaries. Note that each closed loop corresponds to a trivial satisfaction of a constraint,
which is analogous to analysis of matrix models in the large N limit. The more closed loops
there are, the more phase space enhancement there is. Hence, the leading-order diagram
is the one that contains the maximum number of closed loops.

Now the problem has been converted to one of finding a configuration where adjacent
triangles are paired in such a way that, after ensemble averaging, the maximum number
of closed loops is obtained. We can think of this simple combinatorial problem as follows.
In our grid, there are two types of vertices: Type A, which is shared by four triangles,
and Type B, which is shared by eight triangles (see A, B in figure 1a). It is evident that
if we want to maximize the number of closed loops, these loops should be as short as
possible. We define the length of a loop by the number of triangles it traverses. Based on
this definition, a loop that encompasses only a Type A vertex has a length of 4, while a
loop that encompasses only a Type B vertex has a length of 8. And incorporating more
vertices necessitates longer loops. Therefore, one could single out the leading contribution
by packing into the diagram all possible loops, each containing a single Type A vertex.
The remaining loops are then filled, each containing one Type B vertex. It is evident that
choosing the first term in the last line of (4.14) as the basic unit, we can use the following
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square block to tile the entire triangulation
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which yields all the possible diagrams with the maximum number of closed loops. Notice
that this is actually what we computed previously in (4.9), up to extra factors that follow
from normalization factor of the i, j, k, [ external operators. Figure 1b is one of the possible
configurations and it leads to the diagram shown on the left panel of the following figure.

(a) (b)
Figure 2. (a) The leading-order diagram obtained by the pairing of Figure 1b, formed by the

square block (4.16). (b) The identity network after contracting the closed loops.

Repeating the computation in (4.9), we can further simplify the diagram by shrinking the
loops in the following way

----- @:' @: (4.17)

which leads to the network of identity blocks shown in figure 2b.
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Contributions of Rfﬁ]’\

We argued that a term denoted Roﬁf‘ in (4.15) is negligible to leading order. In the
following we will justify this claim. Explicitly, substitute the equation (2.28) we get
i l

(':u'ﬁ'y)\ 04’}’5 Bpa
ijkl gagﬁ\/m ]mz lmk

k
J (4.18)
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Similar computations can be done to obtain the terms in ellipses in (4.15). One can
easily verify that if we use these building blocks ((4.15) and (4.18)), the resulting diagram
contains fewer closed loops than the one shown in figure 2a. Therefore, in the large-c limit,
the contributions of diagrams composed of these blocks are relatively suppressed.

Independence of triangulations

In the following we would like to inspect any dependence of the ensemble averaged path-
integral on triangulations. There are two aspects to be verified. First, whether the result
is invariant for different triangulations with the same total number of triangles. More
precisely, consider two triangulations related by crossing as shown in figure. (la), In Ap-

(a) (b)

Figure 3. Two possible configurations obtained by one crossing move of Figure 1a. (a) Obtained
by crossing move of one of the building block (4.14). The highlight part produces a structure of
4-th moment (2.36). (b) Obtained by crossing move of one of the building block (4.15). Similarly,
the highlight part produces 4-th moment. Introducing non-Gaussianity helps us retain the crossing
symmetry.

pendix A.3 we explain how to maintain the crossing symmetry by adding higher moments.
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Applying ensemble average of the configuration shown in figure la, these higher moments
are not visible in the computation due to the fact that this triangulation stacks together
conformal blocks in the same channel. However, when considering configurations shown in
Figure 3, the higher moments are crucial for us. Let us explicitly evaluate the left configu-
ration in Figure 3 as an illustration of this point. We can focus on the part highlighted in
yellow, since other parts of the diagram remain in the pattern as in (4.16), i.e

2 2
_ 9" X pak Bory BN [y
= 73/2 3/2 3/2 1/2 Z Cionn Cnji Cir’ Cimk &
9o 9g 9x 9490  klmmn m
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J

J
(4.19)
where we write the 4-th moment (2.36) in terms of the crossing kernel for convenience. The
normalization reduces to be of order g L. Notice that we can integrate over Py to get
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(4.20)
Since po(1)Cpim is another crossing kernel (A.12), we can absorb it in a crossing transfor-
mation
{ ?
: O . ~
e [Tap 00(Pp)dP,po(Pp)Cj; Z ' 0w
\/%Tp o n n mPO\L'm)jin | - | \/M | s (421)
J J L
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where we again apply the similar trick as we used in equation (4.9), assuming the hole
is infinitesimal. We can see that it exactly matches with the result (4.16). Hence, we
confirm that, in the presence of higher moments, different triangulations related by crossing
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transformation produce the same results.

Second, we would like to check invariance when number of total triangles change. More
specifically,consider a sparser grid compared to that in Figure la. The final result always
yields a network composed solely of the identity. Since identities can fuse and undergo
crossing move arbitrarily, it is not difficult to prove that the resulting identity network is
equivalent. This greatly simplifies our calculation, since we are allowed to pick appropriate
triangulation that is most convenient.

Note that we have not considered triangulation invariance for path-integral on mani-
folds with arbitary topology, or with conformal boundaries,, which will be left for future
work.

In the rest of this section we compute ensemble averaged path-integrals on the two
simplest Riemann surfaces, with genus 0 (the sphere) and genus 1 (the torus). Again it
can be explicitly shown that their results are independent of triangulation. We will also
comment on how to interpret those results from the perspective of gravitational dual.

4.1.1 Genus 0

As the simplest example, consider a closed sphere. Picking the simplest triangulation, and
applying (4.4), we have

Zg2 =
9a9p9~ az,b,:c ‘ Ja 9597 % 4 22)

where the descendants indices are implicit. Following the discussion above, the leading

contribution to the ensemble average gives

vy a v
T — Caﬁvcvﬂa
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where we take the small hole limit for the hole labeled by § and recover the actual BCO
insertions (the blue line) instead of using the conformal block. The integration of P,
actually gives the path integral of the cylinder, with two boundary conditions «,, i.e.,

Zg2 /0 dPy [gagypo(F)]

oG~

where chl(OW) represents the path integral along the cylinder with circumference 7 (the
size of the hole) with two boundary conditions labeled by «,7, as defined in (A.32). We
have already argued that under large-c limit, the Ishibashi state can be approximated by
the Cardy state normalized by g., the result exactly matches the known sphere partition
function [33, 34]

(4.25)

The calculation on the sphere is very simple: after applying the ensemble average, all closed
loops become contractible loops, since the sphere has genus zero. It is straightforward to
verify that different triangulations ultimately yield results analogous to that in (4.23). A
more nontrivial example is the computation of the partition function on the torus.

4.1.2 Genus 1

Consider evaluating the ensemble averaged path-integral on a torus with the following
triangulation,

(@ 5 a

— 1
ZT2 ==

= . 4.26
9a9p9~9p P P ( )

« 6 (07

The opposite sides of the parallelogram must be identified to form a torus. As will be
evident, factors of g from the Cardy states would cancel out in the final result here too.
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The leading contributions in the ensemble are given by

(0% 5 [e% [e% 5 (07

p p p p (4.27)
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where triangles of the same color are paired in the Wick contraction, as computed in
equation (4.14). Those pairs of triangles form the square block as (4.16). These diagrams
lead to the following result,

Zrow [ dRdRm(Pool(P) . (428)
0

o [0 [0 (07

where the purple line delineates the unit cell representing the torus, and the two distinct
colored lines correspond to conformal blocks forming closed loops. It is not immediately
clear how to read off closed Virasoro characters from this combination of open ones. In the
case of RCFT, this issue was solved numerically [2]. To make progress without resorting to
numerics, we need some assumptions about the shape and sizes of the triangles. Suppose
the two loops in (4.28) are far apart, the descendants of the identity family propagating
between the lines are suppressed. To be allowed to make this approximation for loops
winding either cycles, it is natural to make the choice 7 = 4. With this approximation, it
appears that the propagation of the two colored lines can be approximated by xp, (7 = 7)
and xp, (T = —i) respectively. Holomorphic and antiholomorphic blocks for a square unit
cell are real and cannot be distinguished. In this approximation, the path-integral could
be written as

2 = /OOO dPydPypo(Pa)po(Ps) | xp,(T)xP,(T) + XP, <— 1> XP, (—1>]

T T

(4.29)
= [xo(7)* + Ixo(=1/7)]* .

This result admits a natural gravitational interpretation, as it corresponds to the contribu-
tions to the torus partition function from the 3D thermal AdS and BTZ black hole saddles
with solid torus topology [35].

Now we would like to verify to what extent our results are independent of triangulation.
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Suppose we now consider a simpler triangulation, with the same moduli 7 = 1,

(6 b (6 b
- C f Baa ,Baoz Baa ~faa c f
Zr2 = P Z a > ade Coef Ched Cage a a
@ 5(1, b,c d gagﬁabc d e
d7 7f die f
« o b
b
(4.30)
Applying Wick contraction
B B B B
Cai:acbc?acbe?iaca?ea ( 431)
~ CadcCuacdddfdab + CadeCedbOecOab + /9a98CadclcfOeddpr + /9a9Chrefddcdefdal,
we could then simplify (4.30) to
a
oo :
/ po(P)dPy | o~ 1+ ol A+ ol | +L-Loo (4.32)
0 b < 1

At first glance this result appears different from the one we have already obtained in (4.28).
Nevertheless, it can be verified that the topological charge of those results are the same by
a further series of crossing transformations in (4.28). Meanwhile, consider a triangulation
with more triangles. Using the same set of collection of contracting small loops and a
series of crossing relation, the result reduces to an identity network that winds around the
A-cycle and B-cycle of the torus, which is the same as the result with very few triangles.
Crossing transformations to a specific triangulation should produce the same result. But
matching that result to closed Virasoro characters because it involves translating the geo-
metric information of the triangle to the moduli of manifold, which is difficult in general.
Only in very special choice of triangulation, such as the one in leading to (4.28), is the
conversion to closed conformal blocks appearing to be possible.

4.1.3 Diagonal closed CFT from open CFT data

In the above we made extra restrictions to the shape of triangles and the modulus of the
torus, to argue that closed Virasoro blocks can be read off more readily in this limit. We
would like to supply extra evidence that this can be done more generally. The discrete
formulation was initially formulated for rational CFTs. Therefore if anything we should
expect that such tricks can be applied to the discrete torus partition function and recover
known results about their torus partition functions on the torus. Let us illustrate this with
diagonal rational CFTs as an explicit example. We first use four triangles to discretize the
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torus partition function as we did above, and get®

b c
B o X
21 =TT ST

B o B

b c
(4.33)
b c
_ BB paaB ~Baa ~Baf f a f
Zwawﬁ Z fab ~abd ~dce “efc d e .
a,b,c
de,f
b c

For simplicity, we shifted our triangulation comparing to earlier sections, and focus on
purely imaginary modular parameter 7 in this section. As introduced in Appendix B, for
rational CF'T, the weight is given
S
wo = SISy, = Sy, dy = 222 (4.34)
S11
where d, is the so-called quantum dimension. We first exchange the b, f and ¢, f legs,
introducing phase factors arising from braiding [25, 26],

S S
Z Wawp Z e~ im(hythy—ha) ,—im(hethy— he)caﬂﬁcglzﬂcggaceﬂﬁﬁ NG e/ T
a,b,c
d e,f
b c
(4.35)
Then we perform three crossing moves turning the conformal blocks into,
S f f
Py Pd Py Py Py Py
c |= F
b ¢ d e ggppapg PcPc ngh p
’ 9glh
b ¢ b <
(4.36)

9Here, we adopt a slightly different convention from the one used earlier: C denotes the normalized
three-point structure coefficients, following the convention in [1, 2], where they take the simplified form
shown in (4.38) when expressed in the Racah gauge.
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Consider the kinematical regime where we have a very fat torus, and a small f bubble giving
a contribution proportional to the quantum dimension dy. Up to some overall constant
normalization factors, the answer from the triangulation becomes,

Z d dﬁdf Z —im(hy+hy— ha) m(thrhffhe)Caﬂﬁcslzﬁcggaceﬁﬁccﬁ

a,b,c

of (4.37)
Py Py
P. P,

P, P,

F Ye(T
P,1 Pf Pf Xb(T)X (T)

For diagonal rational CFTs, we can go to the “Racah gauge” [1, 36], where the BCFT
structure coefficients are related to quantum 65 symbols as,

P, P; P,
Coe = (didjdy) V" 07 4.38
’LJkJ ( 1] k) Pa Pb Pc ( )
The crossing kernel can be also written as
P P; P, P; P, P, P d;
F ! =/dsd / Fp, L 4.39

Combining with the tetrahedral symmetry of the 65 symbols
-PinPkR PjPiPkR Pz‘PkPjR P, Py, Py R’
and the identity associated with the Hexagon identity [25, 26],

Z ewrhé F

we can perform the sum over a and e, and see that the phases are all cancelled, leading to,

deFpoa

fbc

P; P,
P, P,

P, P
P, P,

, P P
FPSPq — e—ZTr(hp-i-hq—hi—hk—hj—hl)FPqu PZ Pl , (441)
7 1k

P, Pf P, Py

P g | W

PgP,

P, P,
Pg Pg

Pg Py

Py | O

Fp,p,

= 2 de Py Py
f,i),c

Z jjligabc L oxo(1)Xe(7)

(4.42)

_D2ZXb
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In going to the second equality, we use the orthogonality of the crossing kernels, where
N 36 is non-zero only when fusion between the three primaries is allowed. In the final step,
we apply the Verlinde formula and the unitarity of the modular S-matrix [37]. Here, D
denotes the total quantum dimension.

4.2 Path-integral over manifolds with operator insertions and generalized free
fields

In our model, we can also study path integrals with closed CFT operator insertions. We
will see how the structure of generalized free fields emerge in the loop model coming from
the large-c ensemble.

Let us focus on a pair of identical closed operator insertions O}, ,. We choose a triangu-
lation such that both operators lie within the same triangle. This triangle then corresponds
to a disk correlation function involving two bulk CFT operators and three BCOs. This
correlation function can be computed by performing the bulk-boundary OPE twice, fol-
lowed by evaluating the resulting BCO five-point correlation function. Diagrammatically,
this process is illustrated in the left and middle panels of Fig. 4.

Figure 4. The correlation function with two bulk operator insertions in a triangle can be computed
by performing the bulk-boundary OPE twice, reducing it to a five-point function of BCOs.

Here, the “whistle” refers to the bulk-to-boundary OPE, where a bulk operator Oy,
is expanded into boundary operators labeled by p and ¢. For clarity, we depict the whistle
outside the triangles in our diagrams.

When we consider triangles not directly connected to the whistles, the ensemble aver-
aging rule remains unchanged and reproduces the loop model structure described above.
Now consider averaging over the component connected to the whistles: the average over
the bulk-to-boundary OPE coefficients effectively identifies the p and ¢ legs, as in (2.38).
Combining these observations, the dominant contribution is given by the right-hand side
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of Fig. 4. Plugging in the formulas for the averaged OPE coefficients, this gives

1 1 b, P 1 1 B
Z ‘C(hh P‘2 >_:_4< - /deO(P)CO(Ph7Ph7P) >_:_4<
Py P P P P Pr

h h

(4.43)

:Ph

This means the final result arises by first fusing the two bulk operators into the bulk identity
operator, and then projecting onto the identity on the boundary. Essentially, this indicates
that the averaged effect of the bulk-to-boundary OPE behaves as if the boundaries were
absent, and simply reproduces the structure of a two point function.

More generally, as discussed near (4.15), ensemble average of any nearest neighbour
pair of triangles produce parallel line segments crossing through the region. i.e. there is
a form of Gauss law, and non-trivial lines cannot end in the middle of nowhere. In the
presence of the insertion of an extra triangle connected to the whistle, a line can end in
the whistle. Therefore whistle plays the role of a source of these block lines. Therefore,
the ensemble average of such configurations would produce a line connecting one whistle
insertion to another, in a background of loops, essentially by Gauss’s law. These lines are
open CFT propagators, and thus naturally lines of longer physical length are relatively
suppressed. Therefore, in complete generality, the leading contribution of these two point
functions are controlled by the shortest path connecting these whistles in a background of
closed loops.

We can even consider insertion of more whistles. Since lines can only end on whistles
and they cannot either end or cross in the bulk to leading order in the ensemble average,
these correlation functions would admit a leading contribution of lines joining pairs of
whistles, as if they were computed by Wick contraction of pairs of insertions. The schematic
diagram is shown in Figure 5. The correlation function of these closed CFT operators thus
admit an interpretation as a generalised free field in the ensemble average.

5 Conclusions

In this paper, starting from the asymptotic behavior of Boundary Conformal Field Theory
(BCFT), we extend the idea of ensemble averaging from bulk Conformal Field Theory
(CFT) to BCFTs, constructing the ensemble by treating the OPE coefficients as random
variables. We generalize the constructions of [8, 9, 12, 13] to BCFT data, and propose
ensemble averages for both BCO structure coefficients and open-closed coupling constants.
We discuss in detail how four-point crossing symmetry is preserved by (2.27), and how
higher-point crossing symmetry requires the introduction of non-Gaussianities, similar to
the situation in closed CFT ensemble averages.
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Figure 5. Schematic diagram for inserting four whistles. These three are possible diagrams
contributing to the averaged correlation functions. Each consists of pairs of whistles connected
by lines. As explained these lines cannot intersect or end in the bulk, thus leading to correlation
functions that take the form of wick contracting pairs of insertions.

We computed multi-copy observables in the BCFT ensemble, focusing in particular
on multi-copy correlation functions. Since a BCFT preserves only a single copy of the
Virasoro algebra, it is natural to expect that all results in BCFTs should correspond to
the “square root” of those in closed CFTs. Based on the AdS/CFT duality, we anticipate
that these results should match those of the Virasoro TQFT, whose partition function is
roughly the “square root” of the bulk gravity partition function. Indeed, we observed this
correspondence, confirming the consistency of our approach and providing deeper insight
into the relationship between boundary and bulk theories.

In prior works, a novel discretization method for CFTs on a surface was proposed, uti-
lizing a triangulation of the CF'T path integral in terms of three-point functions of BCOs.
The path integral is thereby expressed as a product of open structure coefficients of BCOs,
which naturally motivates considering the ensemble average of these path integrals in the
large-c limit. Applying the ensemble average we propose, the path integral reduces to a
sum over loops. By analyzing the volume of phase spaces that contribute to the ensem-
ble average, we identify the leading-order diagrams—those with the maximum number of
loops—as the dominant contributions. Importantly, we demonstrate that our results are
independent of the choice of triangulation. From these diagrams, we extract the asymp-
totic behavior of the path integral in the large-c limit, showing that it is independent of
the specific choice of CFT, suggesting a universal structure. While there are subtleties in
reading off closed CF'T conformal blocks from open ones, by considering special geometries,
such a comparison becomes possible. In these limits, we present strong evidence that the
torus path integral matches the result obtained from the solid torus computation in pure
three-dimensional gravity.

The ensemble average of the BCFT thus appears to provide a more microscopic per-
spective on the emergence of gravity. It would be interesting to investigate subleading con-
tributions to the ensemble averages. We expect that non-locality would begin to emerge,
as triangles that are spatially farther apart in the triangulated path integral should also
contribute through Wick contractions in the ensemble average. These are important issues
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that we hope to explore in future work.
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A Review and conventions for CFT and BCFT structure coefficients

A.1 Bulk operators structure coefficients

To set notations, we denote bulk operators of a CFT inserted at point z on the complex
plane by O;(z), where i is the label of the primary. By the state-operator correspondence,
these operators correspond to a state |O;(z)) defined on a closed circle S*. The Hilbert
space of states, denoted Hclosed, 1S given by

Hclosed = @iESXSMiﬁVi & V{, (Al)

where S x S means the spectrum of the CFT on the circle, M, 7 is the multiplicity and V;
(V;) is the irreducible representation of holomorphic (antiholomorphic) Virasoro algebra
labeled by i (i). The bulk operators have conformal dimension h; and h;, with scaling
dimension A; = (h; + h;)/2 and spin J; = (h; — h;)/2.

Consider a bulk operator O; with conformal dimension (h;, h;). The two point functions
and three point functions in the complex plane are completely fixed by conformal symmetry.
The three point functions for primary operators O; ; is of the following form
<Oi<21,Zl)Oj(ZQ,EQ)Ok(Zg,,%)) = T v Xcljk

2 2 (anti-holomorphic)

: (A.2)

where z;; = 2z; — 2j, hyjr = h;y + hj — hy. Here Cyj;, is the three point structure coefficient
of the bulk operator, satisfying

Ciji = Cjy = (1) itk Cyyp, (A.3)

where the first equal holds if the spins of the operator are integers or half integers. Also one
can consider Cy; and find G}y = (1)t T+ Cy ) = Cji. Note that we have implicitly
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used the normalization that the two point correlation function for primary operators O; ;
on the sphere is

(Oi(21,21)0j(22, 22)) 52 = % (A4)

%12 %12

Correlation functions involving descendants can be obtained from those of primaries using
conformal symmetries, and they share the same structure coefficients with the primaries.
We will therefore only discuss primaries explicitly. Another important quantity is the four
point correlation function

(01(21,21)0s (22, 2) 0523, %) Os(z, 7)) = [ [ 2" [ 2 G @), (a5

1<J 1<J

where h = ", h;, h = Y. h; and z (Z) is the holomorphic (anti-holomorphic) cross ratio

x o= 2224 (.= 2122343 The function G(z,Z) can be expressed in terms of the conformal
Z13%24 Z13%224

blocks s
Groza(w,%) = Y CramCam Fiaza (m|z) Frazy(m|2), (A.6)

where F7yq,(m|x) is called the s-channel Virasoro conformal block depending on the con-
formal dimensions h1 234, and the cross ratio = (similar for the anti-holomorphic part
Flosa(ml|z)). For convenience, we adopt the notation representing the conformal blocks in
the following way

1 1 1 1
Fya(mlr) = >L< - Flalmlz) = >L< @A
2 3 2 3

and define

1 4 . 1 41 i
>L< = Fiyga(m|2) Frpa(mlz) = >L< >L< .
2 3 2 32 3

(A.8)
From now on, when we use the notation |A|?, it denotes the product of A (the holomorphic
part) and its anti-holomorphic part A4, i.e., |A|? :== AA. G(z,%) can be also computed via
expansion in a different channel

_ =t _
G(z,z) = Z CainCosnFlosa(n|l — 2)Fygu(nfl — ), Flogy(n|l —2) = 5 v (A9)
q

2 3

where Flys,(m|1 — z) is called the t-channel Virasoro conformal block and F* is related to
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F? by the crossing kernel

1 4

1 4
>L< => Fq [; g] tl - (A.10)
2 3 t

2 3

Some useful identities involving the crossing kernel

The crossing kernel F satisfies a series of consistency equations.'® The crossing kernel is
the same when we permute the external indices in the following way

Py Py Py P P, P3
F —F —F Al
PP\ pop, PP\ pop, PP | p p ( )
When P, — 1, P = PQ, P = P4, we have
b P
Lr, | 2| = Co (P, Ps, Py po(Pr), (A.12)
P P
where Cy(P;, P}, Py) is
Ty (20T, (% P P+ in)
Co(P1, P2, P3) = (A.13)

V(@) TTo1 T (Q £ 2iP))

where I'y () is the double Gamma function and I'y(z+y) := I'y(x+y) [ (x—y). Co(Pr1, P2, Ps)
actually relates to the DOZZ formula of Liouville theory, by scaling the operator of py(P)
C P, P, P
Co(P1, P, P3) = DOZZS( s 3)- (A.14)
Hj:l po(P)

If there is no ambiguity we often use the abbreviation Cjo3 as defined in (2.37). It is
convenient to rewrite the crossing kernel in terms of 65 symbol. Using Racah-Wigner
normalization we could write

_ (P) CO(P27P37Pt)CO(P17P47Pt) Pl P2 PS (A15)
POl Co(Py, P2, Ps)Co(P3, Py, Ps) | Ps Py P, |~ .

198ee the recent review in [38]
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Geometrically, the 65 symbol corresponds to a tetrahedra

, (A.16)

and the symmetry mentioned in (A.12) can also be interpreted as the tetrahedral symmetry.

The crossing equation for ¢ > 1 conformal blocks takes the following form that involves
a continuous integral

t : (A.17)

Modular transform and torus Virasoro blocks

Modular transformation of torus one-point block is implemented by the modular matrix

Spy,p, [F0]
- H n

If Py =1iQ/2, the conformal block reduces to the Virasoro character and we have

o (—1) _ /0 " APS A (7). (A.19)

T

with
SPl,PQ [1] = 2\/§COS (47TP1P2) PP ?é 1. (AQO)

In addition, if P, = iQ)/2 labels the vacuum, we usually denote the corresponding Virasoro
character as y1(7) and we have the following equality for the identity block

><1 <_1> _ /0 " APSL p[Lxe (7). (A.21)

T

and
S1.p[1] = 4V2sinh (27bP) sinh (27;13) : (A.22)
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A.2 Boundary CFT

Now consider introducing conformal boundaries. Consider bulk operator inserted in the
upper-half plane (which is conformally related to a disk) with conformal boundary « im-
posed on the real line. Such a one point function is generically non-zero. The coefficient
B:, in (A.31) is referred to as the disk one-point function coefficient, i.e.,

(ONa = 2 (Mo 1= 90 = B (A.23)

The one point function of the bulk identity operator g, is actually the disk partition
function given the boundary condition «, and is sometimes called the g-function.

Consider four point correlation function of BCOs

A = (O (@) U5 (22) U3 (w5) 03 (2a)) = [[ ;TG ). (a2a)

1<J

where h = %Z?_l h; and the cross ration is n := 72234 Notice that the four point
- 13724

correlation function for BCOs takes the form of the holomorphic part in the correlation

function of bulk operators. The function G(n) can be expanded in two distinct channel

(around n =0 and n = 1)

Gy = > OBPCHY Fios (sl = >

U, erHopen ‘I’?WEHggen

A.25
. (A.25)
1 4
A A A
G(n) = Z fhta ;/2?,& 1234(t|1* n) = Z B 7 A
‘IjteHopen \IltBAE,HE;\en
2 3
Y

and they need to be consistent with crossing symmetry, which implies bootstrap constraints
on the open structure coefficients. Together with the transformation between the s channel
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conformal block and ¢ channel conformal block (A.10), we have

« Ao 14 Ao A
ZCiYQSBCsSJF [2 Cflt C;YQSB’ (A26)

Ishibashi states and Cardy states

In the following, we will need a few facts about BCFTs i.e. The CFT path-integral is
performed on a manifold with boundaries. As explained in [39], consider conformal field
theory on the upper half plane H := {z € C|Im z > 0} with the real axis as the boundary.
conformal invariance is preserved when the stress tensor satisfies the following condition
along the real axis

T(2)],er = T(2)] cn- (A:27)

At the junction of the boundary « and (3, one can insert the boundary changing operator
(BCO) \II?B () with conformal dimension h; with = parametrizing the position along the
one dimensional boundary. If the theory lives on the upper half plane with the real axis as
the boundary, x € R. The Hilbert space of states on the boundary is

Hggen = @ieSaﬁM?ﬁviaﬁ? (A28)

where S denotes the spectrum of the line with two boundaries o and 3 at the two end
points. The Hilbert space of the states on the boundary only contains one copy of Virasoro
algebra, which is a direct consequence of the condition (A.27). Mapping the upper half
plane with conformal boundary condition « to the disk, the boundary defines the so-called
Cardy states |Ba) in Heclosed[39], satisfying the following condition obtained from mode
expansion of (A.27)

(Ln —L_n) |Ba) =0, neZ. (A.29)

Setting n = 0 we directly get that the state | B,) have vanishing spin, belonging to the scalar
sector of Helosed, which we denote by H:f: ;. We can construct a set of basis states |B, 1))
satisfying (A.29). These basis states are called Ishibashi states[40]. They are constructed
form each primary family ¢ with vanishing spin. They take the form

oo d(N)

B,i)) = > Y i,N;j) @i, N3 j). (A.30)

N=0 j=1

The vacuum Ishibashi state introduced in (B.1) is one special case of (A.30).
A local conformal boundary condition corresponds to the boundary state can be written
as the linear superposition of Ishibashi states

> BulBa). (A.31)

1EHSS

closed

These coefficients B:, are solutions to the Cardy condition [39], which is essentially the
open-closed duality on the cylinder.
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Bulk-Boundary correspondence and Cardy’s condition

Consider the path integral chl(ag) along the cylinder with circumference 7 and two bound-
ary conditions labeled by «, 3.

(07

Z e (T) = : (A.32)

N—

T

Inserting a complete set of basis states on the interval between the boundary «, 8 we can

get
6 (o)
open [0 open
Z3en M = ()= > i) = /0 dPp% (P)xp(T),  (A.33)
TP e o
where nf‘ﬁ are the multiplicities and p,7;™" (P) is the spectrum density. Formally we can
write 5
pz%en(P) = Z n? (P —F). (A.34)
vl e

We can also insert bulk operators in another channel which gives

1
closed [ ) _
chl(aﬂ) < 7_> -

(A.35)
i 1210 1 > closed 1
= > BiBiy(-=)=[ dPpagi(P)xr (=),
- T 0 T
Oie%zfésed
where we also formally define
closed _7 i 13 )
pagel(P) = > BLBRS(P—P). (A.36)

O, M,

closed

Cardy’s condition is the requirement that the open and closed CFT competition agrees.
Using the modular transformation (A.19) between yp(7) and xp(—1/7), the equivalence
of these two channels implies

P = [ dPS e L), (A.37)
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Substitute the definition of pg}gsed(P) we have
PN (P) = gagsSpa[ll+ Y BLBiSprl[l].

OiEHSCA (A-38)

closed
i

A.3 Revisit crossing symmetry

In this part we revisit the crossing symmetry violation problem and carefully examine in
what sense the crossing symmetry survives. Notice that the label of boundary condition
and the label of inserted operators factorize when we take ensemble average, the crossing
symmetry violation problem in BCF'T ensemble average is exactly the same as in the CFT
ensemble average. To avoid unnecessary complications caused by too many indices, in this
part we discuss the problem in the closed CFT.

This non-Gaussianity is necessary to restore crossing symmetry in higher-point func-
tion. Consider higher point correlation function, such as 6-point correlations. Given three
distinct operators O 23, none of which equals the identity operator, we can consider the
6 point correlation function expanding in the necklace channel

2 3 3 2
Glozzon (20 %) == Y C01iCijCsjiCora ‘ ‘ ‘ ‘ : (A.39)
i:jzk 1 R ].
t J k
In the meanwhile we can also expand it in another channel
2
2 3
Gagaon (21, 71) == > C15iCai3CsjrCan Y T T : (A.40)
i7j»k 1 - 1
j k

In CFT these two expansions are equivalent due to crossing symmetry. However, it is no
longer guaranteed when we consider CFT ensemble. Taking average of the OPE coefficients,
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we have

2
2 3 3 2
Gloz301 (2is 2i) = Z C21iC3i;C35kC2x1 ‘ ‘ ‘ ‘
i.jik 1 , 1
T 7 k
2
2 3 3 2
= Z 2103y, C3ijc§kj ‘ ‘ ‘ ‘
i-gk 1 —— 1
1 7 k
2
A4l
. 3 3 2 (A-41)
= / dP;dP;po(F;)po(P;)C12:Csij ‘ ‘ ‘ ‘
0 1 . 1
VR B

3 3

N~
92— N — 2
1
1 1

where we apply the the Wick contraction in the second line and only keep the non zero
contributions. The last line uses the crossing kernel of identity block (A.12) again. A similar
computation of the correlations functions can be repeated in another channel. However, if
we only include the Gaussian variance

Gyg301 (21, 51) = > C3xCr12C55,C \z( T T =0. (A.42)
1 ,

i?ij

Crossing symmetry at this level is restored in the presence of the 4-th moment modifica-
tion (2.25) to the Gaussian variance, which gives

G{23321(Zia zZ;) =

/ dP,dP,dPypo(Py)po( P} )po(Pe) %
0

2 3 (A.43)

C12kCrajpo(P) ! \Z( T T ,
1 1

Jj ok

P, P

Fp, p
Py, P; Pl P]

where we write the 4-th moment in terms of the F block and use the symmetric property
of the crossing kernel (A.11) to exchange the labels for convenience. The inclusion of this
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F block enables us to move the diagram back to the original channel, i.e.,

2
N I

G{23321:/ dP;jdPypo(Pj)po(Pr)C12:Cr3;
0

. s (A.44)

%
9 — 2
1
1 1

It can be seen that including higher-order moments is necessary to maintain crossing sym-
metry, at least in the sense of averaging. The key idea is that one needs a crossing kernel
F to move the diagram back to its original channel and this modification can only come
from higher moment. Moreover, even including 4-th moment, the crossing symmetry is
still violated if we consider more complicated diagrams. Let us provide another concrete
example here and explain general interesting structures inside. Given external operators
O1,2,3,4 and consider the 8 point correlation functions. Expanding it in the necklace channel
and taking the average we will have

234 4 3 2
Gly344301 (205 Zi) = Z C21iC3iCuk Cari C31m Comi ||| |
i,5,k,l,m 1 5 k[ M 1
2
234 4 3 2
= > CoC3y,, Csi5C5, CagnCly, I I A
i,7,k,l,m i ] Ll m
2
o 234432 (A.45)
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2
1 1
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where the dashed line represents the identity 1 as noted previously. Again, if we consider
the expansion in another channel, which is related by acting two F-move on the necklace
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diagram, we have

2
2 3
Clsaa0n (21, %) = Z C32iCijC11j Cai Caim Coma ?F44 32 . (A.46)
i7j7k7lvm 1 ‘7 | | | 1
k1 m

If the ensemble only involves non zero variance and 4-th moment which contributes at most

one crossing kernel, one can verify that G{g344321(zi, z;) is still zero and hence the crossing
symmetry breaks again. To restore the crossing symmetry one needs to introduce 6-th
moment

¥ * * _
C4klc3lm0m12c23ici4jcjk1L =

2
v/ Car1C31m Crn12C23iCia; Ciik1 {P4 P; P,} {PQ P; P; }

(A.47)
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which also appears in the six boundary wormhole computation in [24]. One can verify that
we can arrive at the same result as (A.45) once this higher moment is included. We have
two comments in order. First, we explicitly demonstrated that there is no perfect crossing
symmetry if we viewed the OPE coefficients as random variables. We can only preserve
the crossing symmetry to the restricted level, to a specific number of external operators
and specific moments. We need to introduce infinite moments if we want the theory to be
truly crossing invariant.

Second, the higher moment can be derived through similar considerations of crossing
invariance and it mush have similar form shown in (A.47). In [9], the authors compute
higher point correlation function in a specific channel. To reproduce the same results via
other channels one needs to include more and more complicated moments. One way to
write these higher moments is via checking crossing symmetry in higher point correlation
functions like we discuss above. The alternative way is to use the Feynman rules introduced
in [24] or the tensor model [13]. One can also easily construct the corresponding tensor
model of BCF'T ensemble.

B Review of the triangulation formulation of 2D CFT path-integrals

In [1-3], the authors propose a rigorous discrete formulation of the path-integrals of rational
CFTs and Liouville theory, the latter of which is an important example of irrational CFT.
Here we briefly review this construction.

Suppose we have a 1+1 D CFT path-integral Zx4 over a Riemann surface M. We can
dig a small hole of radius r on the surface M and pick a conformal boundary condition
labeled « on the rim of the hole. This boundary condition admits a description as a closed
CFT state |Bq,), known as a Cardy state in the dual channel[39]. To remove these holes,
we consider a weighted sum over these conformal boundaries so that the dual state reduces
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to the vacuum Ishibashi state, namely

oo d(N)

S wa |Ba) = (1)), =3 Y [1.N:) @ [T V). (B.1)

N=0 j=1

where d(N) represents the degeneracy of the N-th descendant. The weight w, can be
derived explicitly. Particularly, for diagonal RCFTs

= Si?s,, (B.2)

where S, is the modular S matrix relating characters evaluated on a torus with modulus

7 and —1/r
o (—i) = %:Sa/sxxs (). (B.3)

In Liouville theory [3], this weight is given by the Cardy density of states[22]
Wo = po(Pa) = 4V2sinh (27bP,) sinh (276~ Py, (B.4)

and the summation of o will be replaced by a continuous integral due to the fact that Li-
ouville CF'T has a continuous spectrum. Here we use Liouville parametrization introduced
in section 2. With the tiny holes, the path integral is expressed as follows,

Zm=Y_| Tl wo| Zany (B.5)
{ow} \ac{a}

where Zy, 1 denotes the path-integral of the CFT in the presence of a collection of holes
labeled by boundary conditions {a, }. Between two distinct holes with boundary conditions
«a and B, we can insert the resolution of the identity using the complete orthonormal set
of states |, I) in the open Hilbert space Hggen bounded by the two boundaries «, 3. The

1= > D i1 (B.6)

P ensfn 1

identity is, explicitly,

Note that the states are normalised,
(i, 113, J) = 0561, (B.7)

This insertion of identities on chosen edges connecting two holes lead to a triangulation of
the path-integral as shown in figure 6a. The path integral of the CFT is expressed as

Z{av}_ZHZk:K)(zI)(]J) Im = Z H Wa Hzifﬁfrz)zl ) (k,K)

{1y A {on} it} \oc{an)
(B.8)

The factor Z(k K).(0),G.T) corresponds to the path-integral on a triangle with fixed edge
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Figure 6. (a) Schematic diagram for the triangulation of the two dimensional surface M. The red
circle represents the conformal boundary while the blue solid line represents the states we inserted
between the boundary. (b) The clipped triangle that forms the triangulation. where «, 8, labels
the boundary, ¢, j, k label the primaries and I, J, K represents the descendants. For convenience we
usually use the right hand side notation, where we use red dots to represent boundary and also add

the dual graph (black solid line) to represent the three point conformal block %-IijK .

states, and it is conformally related to the three point function of BCOs inserted on the
real line in the upper half plane i.e.

&, 3. ¥j,7(0)
afy _
2w = B K ~ (B.9)
8 ' ol oo ] p Y oo
i, I \I/k’K(O) \Pi,[(l)

The right hand side denotes the three point function of BCOs in the upper-half plane, with
the BCOs inserted at the junctions 0, 1, co between conformal boundaries. The conformal
map governing the shape and size of the triangles is described in detail in [2, 31]. Since
these specifics are not central to our discussion, we do not elaborate on them here. Putting
these results together, we have

afy
Zaﬁv _ Cij k IJK

(k,K),(0.1),(3.0) — Vijk (B.10)

Here, C’f‘ji7 is the three-point structure coefficient defined in (2.8), ggﬁ is the two-point
normalization factor appearing in (2.7), as we consider normalized three-point functions

when we insert a complete basis of states, and /7K

ik encapsulates the three-point conformal
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block. Graphically we can define

« gy d

J — 1 By — K
k = mqjk , kK = Vijk - (B.11)
A i1

Triangulation independence is guaranteed by the crossing symmetry of the BCFT, Pen-
tagon equation and orthogonality relation of 6j symbol. One can use those properties to
prove that holes can be closed if the radius of the hole is small, similar to the equation (4.5)
we have

> wy A = (B.12)

A

During the proof the last step is to prove the hole can be shrunk, as we frequently use in
the main text, e.g., the equation (4.9). We need to simplify the following expression

o )
| arm(r) - (B.13)

1I

J J

where we use 7 = 5—; to represent the circumference of the hole. More precisely, suppose
the actual radius of the hole on the flat plane is R, and the lattice spacing is L, then
—m/e = —In(L/R). The ¢ — 0 limit corresponds to make the hole infinite small R — 0.
On the right hand side the vacuum Ishibashi state is evolved by the closed CFT Hamiltonian
H=1Ly+ Lo — ¢/12 in the closed channel and the bubble contributes

fus T c use 2 s =
e (Lotlo=13) |1)) = & (\1> + Ee—%L_QL_Q 1) +> : (B.14)

Therefore to recover the CFT path integral, we need to divide every hole by a factor of e6e
and we package all these terms into the normalization factor N(R). The full expression
for the path integral is

. H af
Im = }1%1%/\/(1%) > IT wa )1l Z e 10 (1)), (e JC) (B.15)
{O‘U}v{iJ} (XE{O&U} A

Since it does not play any role in our discussion, in the main text we always ignore the
normalization factor A'(R) and shrink the hole directly, as how we wrote in (4.9).
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